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Abstract

We find new N = (2, 2) and N = (0, 2) dualities through the twisted compactifications of
4d supersymmetric theories on S2. Our findings include dualities for both N = (2, 2) and
N = (0, 2) non-Abelian gauge theories, as well as N = (0, 2) Gauge/Landau-Ginzburg
duality.
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1 Introduction

Two-dimensional (2d) supersymmetric theories serve as simplified models that capture the
essential features of broader quantum field theories. Additionally, many 2d supersymmetric
theories exhibit exact solvability, allowing exact computation of physical observables such as
correlation and partition functions. These exact results provide profound insights into the
non-perturbative aspects of quantum field theory. They not only shed light on infrared physics
but also reveal rich mathematical structures, including the geometry of the target space in
non-linear sigma models and representations of infinite-dimensional symmetries.

The foundational groundwork for 2d N = (2, 2) and N = (0, 2) supersymmetric gauge
theories was laid in [1]. Building on this foundation, the study of dualities in 2d supersymmet-
ric theories has advanced significantly. In particular, N = (2,2) gauged linear sigma models
have been instrumental in the study of Calabi-Yau sigma models and mirror symmetry. Most
research has focused on Calabi-Yau manifolds in toric varieties, leading to the discovery of
dualities and the understanding of phases in N = (2,2) Abelian gauge theories. Although
progress on non-Abelian gauge theories has been limited, dualities for N = (2,2) non-Abelian
gauge theories were proposed in [2,3]. These dualities are scrutinized from the viewpoint of
exact partition functions (see [4] and references therein), and mathematics [5].

The N = (0,2) triality proposed in [6] is the first crucial progress along this line of investi-
gation in 2d N = (0, 2) gauge theories. Recently, a large class of dualities of N = (0, 2) quiver
gauge theories has been proposed in [7] through the twisted compactification of Lagrangian
class S theories [8]. In this paper, we further explore this direction, finding new 2d N = (2, 2)
and N = (0, 2) dualities from 4d supersymmetric theories.

The structure of this paper is as follows. In Section 2, we examine the twisted compact-
ification of Lagrangian class S theories of type A, and generalize the construction to a wider
family of 2d N = (2, 2) quiver gauge theories. Through the computation of elliptic genera,
we explicitly demonstrate that these theories are independent of the duality frame. In Section
3, we provide a detailed study of various 2d N = (0,2) dualities, beginning with a discus-
sion on 2d (0,2) Seiberg-like dualities for SU gauge groups (§3.1). We then extend 2d (0,2)
Seiberg-like dualities to new trialities in §3.2. Building on these results, we will uncover vari-
ous new (0,2) dualities. First, we derive dualities between SU and Sp gauge theories in §3.3.
The next two subsections (§3.4 and 3.5) systematically examine dualities in SU gauge theories
with different types of chiral matter, including anti-symmetric, and symmetric representations.
In §3.6, we investigate SO and Sp gauge theories with adjoint chiral matter and their duali-
ties to free chiral theories. Finally, section 3.7 investigates theories with both symmetric and
anti-symmetric chiral multiplets, providing a duality to a Landau-Ginzburg model. Various
appendices are provided to supplement the main text.

In a sense, this paper serves as a sequel to [7]. Interested readers are encouraged to refer
to [7] alongside this paper.

2 N = (2,2) dualities

In this section, we consider the twisted compactification of Lagrangian class S theories [8]
on S2, which leads to 2d N = (2,2) quiver theories. Specifically, we focus on a particular
topological twist referred to as “flavored” reduction in [9].

We will perform a topological twist of the holonomy U(1)S2 of S2 with a particular U(1)R
R-symmetry of 4d N = 2 SCFT. Treating the theory as a 4d N = 1 theory, for the twisted
compactification to be well-defined, the U(1)R charge r of a 4d N = 1 chiral multiplet must
be integral [10]. Furthermore, if all charges are non-negative integers, we can focus on the
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vanishing sector of the gauge magnetic flux on S2 [9]. In this case, a 4d N = 1 chiral multiplet
with U(1)R-charge r becomes (1 − r) (0,2) chiral multiplets if r < 1, or (r − 1) (0,2) Fermi
multiplets if r > 1. However, the 4d chiral multiplet with r = 1 does not contribute to the 2d
theory.

A 4d N = 2 SCFT is endowed with SU(2)R×U(1)r R-symmetry. Here, we pick R= 2R− f
for the topological twist where U(1)R ⊂ SU(2)R and U(1) f is a flavor symmetry that distin-
guishes the half-hypermultiplets (q, q̃). The symmetry analysis for supercharges and the fun-
damental fields is given in Tab. 1. Since the 4d N = 2 supercharges are uncharged under
the U(1) f flavor symmetry, the four supercharges Q1

−,Q2
+, Q̃1

+̇, Q̃2
−̇ are neutral under this twist.

They have two opposite charges under the U(1)T2 rotation group of R2 (or T2 in this paper)
where the 2d theory lives, resulting in N = (2,2) supersymmetry. Note that U(1)−R+ f /2 cor-
responds to the U(1)V vector R-symmetry in 2d while U(1)r is identified with the U(1)A axial
R-symmetry in 2d.

The adjoint Φ in 4d N = 2 vector multiplet has charge 0 under U(1)2R− f so that it becomes
a 2d (0,2) adjoint chiral multiplet. Consequently, 4d N = 2 vector multiplet gives rise to 2d
N = (2, 2) vector multiplet. Under this twist, the half-hypermultiplets (q, q̃) transform into
2d (0,2) chiral and Fermi multiplet, forming a (2,2) chiral multiplet. Here, the U(1) f flavor
symmetry plays an important role. In summary, under this twisted compactification, we obtain
the following mapping

4d N = 2 vector multiplet ⇝ 2d N = (2,2) vector multiplet,

4d N = 2 hypermultiplet ⇝ 2d N = (2,2) chiral multiplet.

In class S theories of type AN−1, punctures are labeled by partitions of N , and these theories
generally lack a Lagrangian description. To perform the (2,2) reduction, we focus on class S
theories with Lagrangian descriptions. The fundamental building block, in this case, is a sphere
with two maximal punctures and one minimal puncture, corresponding to N2 hypermultiplets
with a flavor symmetry group U(N2). This group contains a subgroup SU(N)a×SU(N)b×U(1)c .

Table 1: Symmetries of 4d N = 2 supercharges and fields. The 4d N = 1 chiral
fields (q, q̃) form an N = 2 hypermultiplet, while Φ represents the N = 1 adjoint
chiral in an N = 2 vector multiplet. The fifth column indicates the U(1) f flavor
symmetry that differentiates between q and q̃. The topological twist of U(1)S2 with
U(1)R+ 1

2 (r− f ) gives rise to N = (0, 2) supersymmetry, whereas twisting with U(1)2R− f

results in N = (2, 2) supersymmetry.

SU(2)1 SU(2)2 SU(2)R U(1)r U(1) f U(1)T2 U(1)S2 U(1)(0,2) U(1)(2,2)

Q1
− −1

2 0 1
2 1 0 −1 −1 0 0

Q1
+

1
2 0 1

2 1 0 1 1 2 2
Q2
− −1

2 0 −1
2 1 0 −1 −1 −1 −2

Q2
+

1
2 0 −1

2 1 0 1 1 1 0
Q̃1
−̇ 0 −1

2
1
2 −1 0 −1 1 1 2

Q̃1
+̇ 0 1

2
1
2 −1 0 1 −1 −1 0

Q̃2
−̇ 0 −1

2 −1
2 −1 0 −1 1 0 0

Q̃2
+̇ 0 1

2 −1
2 −1 0 1 −1 −2 −2

q 0 0 1
2 0 1 0 0 0 0

q̃ 0 0 1
2 0 −1 0 0 1 2

Φ 0 0 0 2 0 0 0 1 0
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1c

Nb

Na

Figure 1: Basic building block U (2,2)
N for SU(N) theory.

In the (2,2) reduction, U(1)c plays the role of the U(1) f introduced earlier, used in the topolog-
ical twist. Under this twisted compactification, it reduces to N2 N = (2, 2) chiral multiplets.
This reduced (2,2) theory, denoted U (2,2)

N , serves as the basic building block for the N = (2, 2)
theories we consider, and its quiver is depicted in Fig. 1.

Using elliptic genera, we will study N = (2,2) quiver gauge theories constructed from the
building block U (2,2)

N . The minimal review of the elliptic genera is given in Appendix B. The

contribution to the elliptic genus from the basic building block U (2,2)
N , which consists of N2

chiral multiplets, is

I(2,2)
UN
(a, b, c) =

N
∏

i, j=1

ϑ1(yai b jc)

ϑ1(ai b jc)
, (1)

where we impose the condition
∏N

i=1 ai = 1=
∏N

i=1 bi for the SU(N) fugacities.
We construct N = (2,2) quiver gauge theories by gauging the flavor symmetries of the

building blocks U (2,2)
N . To gauge the SU(N) flavor symmetries, we include the contribution

from the SU(N) vector multiplet in the Jeffrey-Kirwan integral of the elliptic genus

I(2,2),V
SU(N) (ζ) =

1
N !

�

η(q)3

ϑ1(y)

�N−1 N
∏

i, j=1
i ̸= j

ϑ1(ζi/ζ j)

ϑ1(yζi/ζ j)
, (2)

where the condition
∏N

i=1 ζi is imposed on the gauge fugacities. We do not introduce a super-
potential in a quiver theory.

As in the case of N = (0,4) theories [7], the N = (2, 2) elliptic genera for quiver types of
genus greater than zero also turn out to be remarkably simple. First, consider the theory of
genus one with one minimal puncture, which consists of the free chiral plus the SU(N) gauge
theory with adjoint chiral. The SU(N) gauge theory with adjoint chiral is indeed the N = (4, 4)
vector multiplet, where the potential for the scalar fields is

V =
1

2e2
Tr
�

σ,σ†
�2
+

e2

2
Tr
�

φ,φ†
�2
+

1
2

Tr
�

φ†,σ†
�

[σ,φ] +
1
2

Tr
�

φ†,σ
�

[σ†,φ] . (3)

Here, φ is the lowest component of the N = (2,2) adjoint chiral while σ is the scalar in
the N = (2,2) vector multiplet. Therefore, the moduli space is spanned by the mutually
commuting eigenvalues of φ and σ up to the action of the Weyl group, which leaves the
maximal torus U(1)N−1 of the gauge group unbroken. Consequently, the vacuum moduli space
of the theory is

C×
tC × tC

SN
, (4)

where tC is the Cartan subalgebra of SL(N ,C). The IR CFT is the orbifold CFT with this target,
and therefore the central charge is

cL = cR = 3(N2 − (N2 − 1)) + 6(N − 1) = 3+ 6(N − 1) . (5)
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Figure 2: Quiver theory of genus one with n punctures.

The first term accounts for the contributions from N2 chiral multiplets and N2 − 1 gauginos,
while the second term arises from the unbroken gauge group U(1)N−1. The elliptic genus of
the theory is then expressed as1

I(2,2),N
g=1,n=1 =

∮

JK

da
2πia

I(2,2)
UN
(a, a−1, c)I(2,2),V

SU(N) (a)

=
ϑ1(yN cN )ϑ1(y)
ϑ1(cN )ϑ1(yN )

=
ϑ1(yc)
ϑ1(c)

·
ϑ1(yN cN )ϑ1(c)ϑ1(y)
ϑ1(yc)ϑ1(cN )ϑ1(yN )

.

(6)

Similar to [7, Eqn. (3.37)], the first term represents the contribution from a free hypermulti-
plet, while the second term corresponds to the elliptic genus of an N = (4, 4) vector multiplet.
The chiral ring of the symmetric product (tC × tC)/SN is generated by the operators Tr

�

φ iσ j
�

for i + j > 0. The elliptic genus of the N = (4, 4) vector multiplet is expected to be expressed
in terms of contributions from these chiral operators, along with Fermi fields that impose their
relations. Remarkably, these contributions cancel out, resulting in the compact form of the
elliptic genus given above. Currently, the authors do not have an explicit formulation of the
relations among the generators or a detailed understanding of the cancellation mechanism.
(For the SU(2) gauge group, such a chiral ring relation is given in [11, §2.2.3].)

Let us consider the quiver theory of genus one with n punctures as illustrated in Fig. 2.
The theory can be understood as the (2,2) reduction of the corresponding Lagrangian class
S theory. At a generic point on the moduli space of chiral multiplets, the diagonal Cartan
subgroup U(1)N−1 is unbroken at the infra-red. Therefore, the corresponding twisted chiral
field can take the vacuum expectation value. Therefore, the complex dimension of the vacuum
moduli space is 2(N − 1) + n, and the central charge of the IR CFT is

cL = cR = 3n(N2 − (N2 − 1)) + 6(N − 1) = 3n+ 6(N − 1) , (7)

where the first term accounts for the contributions from n sets of N2 chiral multiplets and n
sets of N2−1 gauginos, while the second term arises from the unbroken gauge group U(1)N−1.

1Disclaimer: In this paper, we present numerous conjectural identities for elliptic genera, such as (6), expressed
in terms of JK residue integrals. However, these identities are not rigorously proven. Instead, we verify them by
explicitly computing JK residue integrals up to rank five and performing q-expansions up to O(q2). Establishing
formal proof of these identities remains an intriguing open problem.
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· · · · · · · · · · · ·1c1 1c2
gauging

1a

Figure 3: U(1) gauging.

Performing the JK residue integral, we verify the equality of the elliptic genus indeed takes the
form of a product of (6):

I(2,2),N
g=1,n (c1, . . . , cn) =

n
∏

s=1

ϑ1(yN cN
s )ϑ1(y)

ϑ1(cN
s )ϑ1(yN )

, (8)

where ci are the U(1) flavor symmetries associated to the n puncture. Thus, this indicates
that the elliptic genera receive local contributions from minimal punctures for this class of
N = (2, 2) theories.

Unlike class S theories, we consider U(1) gauging in 2d N = (2, 2) theories when gluing
the building blocks UN . However, gauging a U(1) node results in a theory that is no longer a
(2,2) reduction of a class S theory. Nonetheless, as in Fig. 3, we can gauge the anti-diagonal
part of U(1) while preserving the diagonal U(1) as a global symmetry.
At the level of the elliptic genus, the U(1) gauging procedure is given by

IT1
(c1, . . .)IT2

(c2, . . .) →
η(q)3

ϑ1(y)

∮

JK

da
2πia

IT1
(ad, . . .)IT2

(a−1d, . . .) , (9)

where d is the diagonal U(1) flavor fugacity.
Let us consider the quiver theories of genus two, which involves the U(1) gauging. There

are two types of quivers, as shown in Fig. 4. In the theory of genus one with one puncture,
the Cartan subgroup U(1)N−1 is unbroken. For the genus-two theory, the Cartan subgroup
U(1)2(N−1) of the gauge group SU(N)× SU(N) is unbroken. Consequently, the corresponding
twisted chiral fields can take the expectation value, and the central charge of the genus-two
theory is

cL = cR = 3(2N2 − 2(N2 − 1)− 1) + 12(N − 1) = 3+ 12(N − 1) . (10)

Here, the first term accounts for the contributions from two sets of N2 chiral multiplets and
two sets of N2 − 1 gauginos, along with an additional single U(1) gaugino. The second term
originates from the unbroken gauge group U(1)2(N−1). Since the two quiver descriptions have
different Lagrangians, they have different expressions by JK residue integrals for the elliptic

1cNa Nb

Na

Nb

1c

Figure 4: Genus two theories.
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genera

I(2,2),N =
η(q)3

ϑ1(y)

∫

JK

da
2πia

db
2πib

dc
2πic

I(2,2)
UN
(a, a−1; dc)I(2,2)

UN
(b, b−1; dc−1)I(2,2),V

SU(N) (a)I
(2,2),V
SU(N) (b) ,

I(2,2),N =
η(q)3

ϑ1(y)

∫

JK

da
2πia

db
2πib

dc
2πic

I(2,2)
UN
(a, b; dc)I(2,2)

UN
(a−1, b−1; dc−1)I(2,2),V

SU(N) (a)I
(2,2),V
SU(N) (b) .

However, the explicit evaluation of the JK residue integrals verifies their agreement:

I(2,2),N = I(2,2),N =
η(q)3ϑ1(y)
ϑ1(yN )2

∮

JK

da
2πia

ϑ1(yN aN dN )
ϑ1(aN dN )

ϑ1(yN a−N dN )
ϑ1(a−N dN )

= N
ϑ1(y)ϑ1(yN d2N )
ϑ1(yN )ϑ1(d2N )

,

(11)

indicating that they are dual to each other. This suggests that the IR theory is independent
of specific descriptions of genus-two theories, implying an underlying TQFT structure in this
class of theories.

For a (2, 2) quiver theory of genus g > 0 constructed from the U (2,2)
2 theory, the minimum

number of U(1) gauge groups required is g − 1. Hence, extending the previous results, we
can consider a (2,2) quiver theory of genus g > 0 with n punctures, where the numbers of
SU(N) and U(1) gauge groups are 2(g−1)+n and g−1, respectively. At a generic point in the
moduli space of the chiral multiplets, we conjecture that the U(1)g(N−1) gauge group remains
unbroken. Consequently, the central charge of the theory is:

cL = 6g(N − 1) + 3(n+ g − 1) = cR . (12)

For this class of theories, the elliptic genus depends only on (g, n), and is independent of
the quiver descriptions (or frames), which is expressed as

I(2,2),N
g>0,n (c1, . . . , cn) = I(2,2),N

g=1,n (c1, . . . , cn)
g−1
∏

i=1

Nϑ1(y)ϑ1(yN d2N
i )

ϑ1(yN )ϑ1(d2N
i )

, (13)

where I(2,2),N
g=1,n is given by (8). Thus, theories with different quiver descriptions are all dual to

each other. Moreover, the integral formula (11) guarantees that the above form of the elliptic
genera is consistent with the TQFT structure as

I(2,2),N
g=g1+g2,n1+n2−2 =

η(q)3

ϑ1(y)

∫

JK

da
2πia

I(2,2),N
g1,n1

(. . . , dg−1a)I(2,2),N
g2,n2

(dg−1a−1, . . .) ,

I(2,2),N
g+1,n−2 =

η(q)3

ϑ1(y)

∫

JK

da
2πia

I(2,2),N
g,n (. . . , dg a, dg a−1) .

(14)

As a result of JK residue integrals, these elliptic genera are all expressed as simple products
of theta functions, suggesting that they are dual to N = (2, 2) Landau-Ginzburg models. The
challenge lies in identifying the correct superpotential. The method for this is given by using
S2 partition functions [12] based on the techniques of [13–15]. We leave this problem for
future investigation.

Furthermore, one can introduce FI parameters for the U(1) gauge groups and discrete theta
angles for SU(N) gauge groups. It is also desirable to study the phases of the N = (2,2) quiver
theories considered in this paper with respect to these parameters, following the approach
of [1].
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N3

n3

N2N1

X2X1

Ψ

M

~ w �

N3

n2

N2N1

eX2

eX1 eΨ

eM

Figure 5 (SU-dual): 2d (0,2) duality for SQCDs with SU gauge groups, where
n3 =

N1+N2−N3
2 and n2 =

N1+N3−N2
2 (N1 ≥ N2 + N3). The solid line represents a chiral

multiplet while the dashed line represents a Fermi multiplet.

3 N = (0,2) dualities

In this section, we explore deeper into the rich landscape of 2d N = (0,2) dualities. 2d
N = (0, 2) supersymmetric theories are an important class of quantum field theories with chi-
ral supersymmetry. They appear in contexts ranging from heterotic string worldsheet models
to effective theories on branes. Despite having only two supercharges, techniques developed in
recent years allow us to study their rich dynamics. In particular, understanding their infrared
behavior and uncovering possible dualities remains a central topic of interest.

A foundational breakthrough in this direction was the discovery of the triality of 2d
N = (0, 2) U(N) gauge theories [6], which demonstrated that three distinct unitary gauge the-
ories become identical in the infra-red. This phenomenon closely parallels 4d N = 1 Seiberg
duality. Inspired by this example, more examples of 2d (0,2) dualities are found by reducing
known 4d dual pairs on S2 with topological twist [7, 9, 11, 16, 17]. In particular, Seiberg-like
dualities for 2d N = (0, 2) SU and Sp gauge theories were uncovered by compactifying their
4d N = 1 counterparts on S2 [9, 17]. Similarly, 2d N = (0, 2) gauge/Landau-Ginzburg (LG)
dualities emerged from the twisted compactification of 4d N = 2 SCFTs [7].

Motivated by these developments, we extend 2d N = (0, 2) Seiberg-like dualities to novel
trialities for Sp and SO gauge groups. Moreover, using these dualities (or trialities) as building
blocks, we derive a broader class of 2d N = (0,2) dualities.

3.1 Comments on 2d (0,2) Seiberg-like dualities with SU gauge groups

Let us first review the duality of 2d N = (0,2) SU gauge theories obtained by the twisted
compactification of the original 4d N = 1 Seiberg duality [18] on S2. This duality is illustrated
in Fig. 5 (SU-dual).2

The two dual theories are described as follows:

• The first theory is an SU(n3) gauge theory with:

– N1 fundamental chiral multiplets X1,

2This duality was originally discovered in [9], which we regrettably overlooked in the first version of our paper.
In that version, we presented a special case of this duality in a manner that might have implied it was our original
derivation. We would like to clarify that full credit for this discovery belongs to [9]. The purpose of this subsection
is to elucidate key subtleties and provide additional insights into the duality.
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– N2 anti-fundamental chiral multiplets X2,

– N3 anti-fundamental Fermi multiplets Ψ,

where Z ∋ n3 =
N1+N2−N3

2 . Additionally, the theory contains a gauge-singlet meson M ,
which couples via the superpotential:

W = Tr(ΨMX1) . (15)

• The second theory is an SU(n2) gauge theory with:

– N1 anti-fundamental chiral multiplets eX1,

– N2 fundamental Fermi multiplets eΨ,

– N3 fundamental chiral multiplets eX2,

where Z ∋ n2 =
N1+N3−N2

2 . This theory also contains a gauge-singlet meson eM , which
couples via the superpotential:

W = Tr
�

eΨ eX1 eM
�

. (16)

For the duality to hold, we impose the condition:

N1 ≥ N2 + N3 . (17)

The charges of each multiplet under the global symmetry are summarized in the following
table:

Table 2: Charges of each multiplet under global symmetries in the dual pair of theo-
ries depicted in Fig. 5 (SU-dual).

X1 X2 Ψ M eX1 eX2 eΨ eM
SU(N1) □ 1 1 □ □ 1 1 □
SU(N2) 1 □ 1 1 1 1 □ 1
SU(N3) 1 1 □ □ 1 □ 1 □
U(1)1 −1 0 0 1 1− N1

n2

N1
n2

N1
n2

−1
U(1)2 0 1 0 0 0 0 −1 0
U(1)3 0 0 1 −1 0 −1 0 1

Why the triality fails with SU gauge groups: However, unlike in the case of the unitary
gauge group, this duality does not extend to a triality. The failure of triality when transitioning
from U(Nc) to SU(Nc) can be attributed to the absence of a Fayet-Iliopoulos (FI) term, as
explained below.

The 2d N = (0, 2) triality [6] is an equivalence of three unitary gauge theories in the
infrared. This triality can be understood through the relationship among the target geometry
of the non-linear sigma models in the infrared [19, 20]. The target geometry involves the
tautological bundle S of rank k and the quotient bundle Q of rank (n− k) on a Grassmannian
Gr(k, n), related by the short exact sequence:

0 −→ S −→On −→Q −→ 0 .

For the 2d N = (0, 2) triality [6], an essential bundle isomorphism plays a key role:

S

↓
Gr(k, n)

∼=
Q∗

↓
Gr(n− k, n) .

(18)
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This isomorphism reflects the interchange between the tautological bundle S and the dual of
the quotient bundle Q∗ under the duality transformation Gr(k, n)←→ Gr(n− k, n).

For unitary gauge groups, one can introduce the Fayet-Iliopoulos (FI) term ζ. For a positive
FI term (ζ > 0), one of the triality theories flows to the non-linear sigma model with the target
space

S⊕N3 ⊕Q⊕N2

↓
Gr(n3, N1)

∼=
S∗⊕N2 ⊕Q∗⊕N3

↓
Gr(n2, N1) ,

(19)

where ni =
−Ni+Ni+1+Ni+2

2 (indices are considered mod 3). Conversely, for a negative FI term
(ζ < 0), the target space configuration is:

S∗⊕N3 ⊕Q∗⊕N1

↓
Gr(n3, N2)

∼=
S⊕N1 ⊕Q⊕N3

↓
Gr(n1, N2) .

(20)

Permuting the indices (N1, N2, N3), we see that (0,2) triality manifests as equivalence among
these target spaces. We refer to [20, Fig. 5] for a detailed illustration.

However, the triality does not hold, namely, the three theories are inequivalent in the infra-
red if we use a special unitary gauge group SU(Nc) instead of U(Nc), removing Fermi fields in
the determinant representation of the unitary gauge group. In fact, elliptic genera distinguish
the three theories if the gauge groups are special unitary groups SU(Nc).

One key obstruction is that the condition (17) for the duality in Fig. 5 (SU-dual) is incom-
patible with the triality condition Ni + Ni+1 ≥ Ni+2 [6]. Furthermore, the FI term cannot be
introduced for an SU(Nc) gauge group. Hence, the two geometric configurations described by
(19) and (20) cannot be connected through an SU(Nc) gauge theory. In fact, this underpins
why the triality fails when naively changing from U(Nc) to SU(Nc).

Non-linear sigma model: With the SU gauge groups, the dual pair in Fig. 5 (SU-dual) flows
to the non-linear sigma model with the same target manifold

det(S)⊕ S⊕N2 ⊕Q⊕N3

↓
Gr(n3, N1)

∼=
det(Q∗)⊕Q∗⊕N2 ⊕ S∗⊕N3

↓
Gr(n2, N1) .

(21)

In fact, the condition (17) ensures that the base Grassmannian is defined as the moduli space
of subspaces in CN1 . Note that, due to the SU gauge group, the N1 (anti-)fundamental chirals
parametrize

det(S)

↓
Gr(n3, N1)

∼=
det(Q∗)

↓
Gr(n2, N1) .

(22)

where det(S) and det(Q∗) denote the determinant line bundles of S and Q∗, respectively. Thus,
the proposed duality for SU gauge groups can be understood as the equivalence of the target
geometries in (21).

Central charges: Since the target space is non-compact, one of the fundamental assump-
tions of c-extremization in [21, 22] is violated. Specifically, the issue arises because a non-
holomorphic current may exist for the flavor symmetry associated with the non-compact di-
rection. This current cannot mix with the R-symmetry current, which invalidates the naive
application of c-extremization [17,22].
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To address this issue, it is necessary to identify the chiral operators that parametrize these
non-compact directions and assign them an R-charge of 0. In our example, while the Grass-
mannian itself is compact, the total space (22) of the determinant line bundle, parametrized
by N1 (anti-)fundamental chirals, is non-compact. Since these N1 (anti-)fundamental chirals
transform with the same charge under the U(1)1 flavor symmetry, their R-charges must all be
set to zero.

Consequently, in both dual theories, the R-charges of all chiral fields must be uniformly set
to 0. Additionally, the R-charge of the Fermi field is fixed at 1 to ensure that the superpotential
retains an R-charge of 1 [17,22].

With this assignment, we verify the agreement of the central charges for the dual theories:

cL = 2(n2
3 + N1N3 + 1) , cR = 3(n2

3 + N1N3 + 1) . (23)

Note that the right-moving central charge is three times the dimension of the target space (21).
Let us compare this with the case of N = (0,2) triality studied in [6]. For unitary gauge

groups, the (anti-)fundamental chiral multiplets in the theory simply parameterize a compact
Grassmannian manifold (without the determinant line bundle in this case). In addition, the
presence of a superpotential imposes further constraints on the R-charges of the supermul-
tiplets. Consequently, the c-extremization must be performed to determine the R-symmetry.
Hence, although the vacuum moduli space is non-compact as seen in (19) and (20), the ap-
plication of the c-extremization is still required.

Other checks for the duality: It is also straightforward to check that ’t Hooft anomaly
matches under the duality for each global symmetry. In addition, the elliptic genera can be
computed using the JK residue integral:

IA =
1

n3!

∮

JK

da
2πia

n3
∏

i=1

∏

j ̸=i ϑ1(aia
−1
j ) ·
∏N3

j=1 ϑ1(a−1
i d j x3)

∏N1

j=1 ϑ1(ai b
−1
j x−1

1 ) ·
∏N2

j=1 ϑ1(a−1
i c j x2)

η(q)n
2
3+3n3+N1N3−2

∏N1

i=1

∏N3

j=1 ϑ1(x1 x−1
3 bid

−1
j )

,

IB =
1

n2!

∮

JK

da
2πia

n2
∏

i=1

∏

j ̸=i ϑ1(aia
−1
j ) ·
∏N2

j=1 ϑ1(aic
−1
j x−1

2 x
N1
n2

1 )

∏N1

j=1 ϑ1(a−1
i b j x

− n3
n2

1 ) ·
∏N3

j=1 ϑ1(aid
−1
j x−1

3 x
N1
n2

1 )

η(q)n
2
2+3n2+N1N2−2

∏N1

i=1

∏N2

j=1 ϑ1(x2 x−1
1 c j b

−1
i )

.

We verify the identity IA = IB up to the rank-five integral. Notably, when N1 = N2 + N3, an
additional condition is required:

xN1
1 = xN2

2 xN3
3 . (24)

3.2 From 2d (0,2) Seiberg-like dualities to new trialities

In addition to SU gauge groups, the twisted compactification of 4d N = 1 dualities with Sp
gauge groups [23] on S2 was first explored in [9], and later refined in [17]. This leads to the
2d (0,2) duality between Sp SQCD and a Landau-Ginzburg theory. Following their approach,
we will find a new 2d (0,2) duality from the twisted compactification of the Intriligator-Seiberg
duality [24] for the SO gauge group on S2. Furthermore, in this subsection, we extend these
2d (0,2) Seiberg-like dualities to new trialities.

Sp gauge group: The twisted compactification on S2 is applied to 4d N = 1 dualities with
Sp(2N) gauge groups [23], leading to the identification of a 2d N = (0,2) duality between
Sp(2N) SQCD (AS-1) and an LG model (AS-3) [9,17]. In this work, we further generalize this
result and propose a new triality, which we will outline below.

Before proceeding, let us remark on an important distinction between the 2d N = (0, 2)
Seiberg-like dualities involving the SU and Sp gauge groups. A key difference is that Sp gauge
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AS-1

Sp(2N) 2N+2

~ w �

AS-3

2N+2

AS

+Ψ

AS-2

2N+22NAS +Ψ

~

w

�

~

w

�

Figure 6 (AS-dual): A triality among three distinct theories: (AS-1) an Sp(2N) gauge
theory with 2N + 2 fundamental chirals, (AS-2) an SU(2N) gauge theory with one
anti-symmetric and 2N +2 fundamental chirals, coupled to a neutral Fermi multiplet
Ψ, and (AS-3) a Landau-Ginzburg model consisting of (N + 1)(2N + 1) chiral multi-
plets coupled to a Fermi multiplet Ψ.

theories only have chiral multiplets in the fundamental representation, whereas SU gauge
theories involve both fundamental and anti-fundamental chirals in their duality. Consequently,
upon the compactification on S2, we obtain a duality between a 2d N = (0,2) Sp(2N) gauge
theory and a Landau-Ginzburg (LG) model. However, to our knowledge, a duality between
two 2d N = (0, 2) Sp(2N) gauge theories has not yet been discovered.

AS-1. Sp(2N) gauge theory with 2N + 2 fundamental chirals Z and no superpotential.

AS-2. SU(2N) gauge theory with one anti-symmetric chiral X and 2N +2 fundamental chirals
Y . Additionally, there is a neutral Fermi multiplet Ψ, forming a superpotential

W = Ψ Pf X . (25)

AS-3. LG model of one Fermi Ψ and (N + 1)(2N + 1) chirals, forming an anti-symmetric
(2N + 2)× (2N + 2) matrix A with a superpotential

W = Ψ Pf A . (26)

The U(1)x charges of the fields are given as follows:

Ψ A Z X Y

U(1)x −(2N + 2) 2 1 2N+2
N

1
N

. (27)

As a simple check, their central charges agree as

cL = 2N(2N + 3) , cR = 3N(2N + 3) . (28)
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The elliptic genera also agree

I = −η(q)
2N(N+3)

2N N !

∮

JK

da
2πia

N
∏

i=1

ϑ1(a±2
i )
∏

j>i ϑ1(a±j a±i )
∏2N+2

j=1 ϑ1(xa±i b j)

=
η(q)(2N2+9N−3)ϑ1(x−(2N+2))

(2N)!

∮

JK

da
2πia

2N
∏

i=1

∏

i ̸= jϑ1(ai/a j)
∏

i< j ϑ1(x
2N+2

N aia j)
∏2N+2

j=1 ϑ1(x
1
N ai b j)

=
η(q)N(2N+3)ϑ1(x−(2N+2))
∏

i< j ϑ1(x2 bi b j)
. (29)

We find this triality by considering the (0,2) reduction of 4d N = 2 SCFTs [7,9] on S2. For
a 4d N = 2 theory with gauge group G, the β-function is given by

β∝ 2T (adj)−
∑

i

T (Ri) , (30)

where T (R) denotes the Dynkin indices of a representation R for a half-hypermultiplet. On the
other hand, the gauge anomaly of the corresponding (0,2) theory is expressed as

Tr(γ3G2) =
∑

i

T (Ri)− T (adj) . (31)

Since only half of the 4d half-hypermultiplets become (0,2) chiral multiplets upon reduction
(see Tab. 1), the condition for the vanishing β-function in 4d N = 2 theory is equivalent to the
condition for the vanishing 2d gauge anomaly. Therefore, the (0,2) theory obtained from the
Lagrangian 4d N = 2 SCFT is well-defined. In [7], the (0,2) reduction of 4d N = 2 Lagrangian
SCFTs of type A class S is considered. The elliptic genera of these theories can be expressed in
a surprisingly simple form, involving products of theta functions and eta functions. In some
cases, the LG dual theories are identified.

Here, we consider the 4d N = 2 SCFTs: Sp(2N) gauge theory with 2N + 2 fundamental
half-hypermultiplets, and SU(2N) gauge theory with one anti-symmetric and 2N + 2 funda-
mental hypermultiplets. These theories arise from D4-NS5-O6− brane system (See [25, §3.1]).
Their (0, 2) reductions yield the AS-1 and AS-2 theories shown in Fig. 6 (AS-dual), and they
turn out to be dual to a (0,2) LG model (AS-3). Notably, the integrand of the elliptic genus
(29) coincides with that of the corresponding 4d N = 2 Schur indices (up to the modification
of the U(1)x -charges due to the superpotential (25)) [7,9].

Additionally, we find a similar triality with the flavor group SU(N) with odd N , which
is given in Appendix C.2. As another generalization, we also propose a duality between the
following theories (Fig. 7).

Sp(N − 3)

N U(1)
Nx

x

−x

~ w �

N

2x

AS

Figure 7: A duality between a free theory with N(N − 1)/2 chirals and Sp(N − 3)
gauge theory with N fundamental chirals, one fundamental Fermi multiplet and N
neutral mesons.
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• Sp(N−3) gauge theory with N fundamental chirals X , one fundamental Fermi multiplet
Ψ and N neutral mesons M with a superpotential

W =ωαβΨαXβ ,i M
i , (32)

where ωαβ is the symplectic form that projects the tensor product □ ⊗ □ to the trivial
representation for representations of the gauge group Sp(N − 3).

• A free theory with N(N − 1)/2 chirals.

This duality is used frequently in what follows. The elliptic genera are given by

I = η(q)
(N2+2N−9)/2

2(N−3)/2 N−3
2 !

∮

JK

da
2πia

N−3
2
∏

i=1

ϑ1(a±i x−N )ϑ1(a±2
i )
∏

j<i ϑ1(a±i a±j )
∏N

j=1 ϑ1(xa±i b j)
·

1
∏N

i=1 ϑ1(xN−1 b−1
i )

=
∏

i< j

η(q)
ϑ1(x2 bi b j)

. (33)

This duality is used to derive other dualities in what follows.

SO gauge group: We also consider the twisted compactification of the 4d N = 1 Intriligator-
Seiberg duality [24] on S2, which results in a duality between a 2d N = (0,2) SO SQCD (Sym-
1) and an LG model (Sym-3). This procedure is detailed in Appendix C.1. Like in the case
of the Sp gauge group, the compactification of the 4d N = 1 duality on S2 does not produce
a duality between two SO gauge theories, as it involves only fundamental chiral multiplets.
Moreover, we extend this duality to a triality, as illustrated in Fig. 8 (Sym-dual).

Sym-1. SO(N) gauge theory with N −2 fundamental chirals Y . Additionally, there is a gauge
neutral chiral X and Fermi Ψ, forming a superpotential

W = Ψ(X 2 + det A) , (34)

Sym-1

SO(N) N − 2

~ w �

X +Ψ+

Sym-3

N − 2

Sym

+Ψ

Sym-2

N − 2NSym +Ψ

~

w

�

~

w

�

Figure 8 (Sym-dual): A triality among three distinct theories: (Sym-1) an SO(N)
gauge theory of SQCD type with N − 2 fundamental chirals coupled to a neutral
chiral X and Fermi Ψ, (Sym-2) an SU(N) gauge theory with one symmetric and N−2
fundamental chirals, coupled to a neutral Fermi multiplet Ψ, and (Sym-3) a Landau-
Ginzburg model consisting of (N − 2)(N − 1)/2 chiral multiplets coupled to a Fermi
multiplet Ψ.
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where A is defined by the projector ηαβ of the tensor product □ ⊗ □ to the trivial
representation for SO(N) gauge group as

Ai j := ηαβYα,iYβ , j . (35)

Sym-2. SU(N) gauge theory with one symmetric chiral Z and N − 2 fundamental chirals W .
Furthermore, there is a neutral Fermi multiplet Ψ, which forms a superpotential

W = Ψ det A , (36)

where
Ai j = ZαβWα

i Wβ
j . (37)

Sym-3. LG model of one Fermi Ψ and (N − 2)(N − 1)/2 chirals, forming a symmetric
(N − 2)× (N − 2) matrix A with a superpotential

W = Ψ det A . (38)

The U(1)x charges of the fields are given as follows:

Ψ A X Y Z W

U(1)x −2(N − 2) 2 N − 2 1 2(N−2)
N

2
N

. (39)

These theories have the same central charges

cL = N(N − 3) , cR =
3N(N − 3)

2
. (40)

Furthermore, the elliptic genera agree

I = 2η(q)(N
2−3χ)/2ϑ1(x−2(N−2))

2⌊(N−1)/2⌋⌊N/2⌋!ϑ1(xN−2)

∮

JK

da
2πia

∏⌊N/2⌋
i< j ϑ1(a±i a±j )
∏⌊N/2⌋

i=1

∏N−2
j=1 ϑ1(xa±i b j)

�
∏⌊N/2⌋

i=1 ϑ1(a±i )
∏N−2

j=1 ϑ1(x b j)

�χ

= −
η(q)

1
2 (N

2+3N−6)ϑ1(x−2(N−2))
N !

∮

JK

da
2πia

N
∏

i=1

∏

i ̸= j ϑ1(ai/a j)
∏

i≤ j ϑ1(x
2(N−2)

N aia j)
∏N−2

j=1 ϑ1(x
2
N b j/ai)

=
η(q)N(N−3)/2ϑ1(x−2(N−2))
∏

i≤ j ϑ1(x2 bi b j)
, (41)

where χ ≡ N mod 2.
In fact, we arrive at this triality by considering the (0,2) reduction of the 4d N = 2 SCFTs:

SO(2N) gauge theory with 2N−2 fundamental half-hypermultiplets, and SU(2N) gauge theory
with one symmetric and 2N − 2 fundamental hypermultiplets. These theories arise from D4-
NS5-O6+ brane system (See [25, §3.1]). Their (0, 2) reductions yield the Sym-1 and Sym-2
theories shown in Fig. 8 (Sym-dual), and they turn out to be dual to a (0, 2) LG model (Sym-3).

3.3 Duality between SU and Sp gauge theory

It is natural to ask whether the duality between the Sp and SU gauge theories (i.e. AS-1 and
AS-2) in Fig. 6 (AS-dual) can be generalized to include the fundamental Fermi multiplets. To
explore this, adding anti-fundamental Fermi multiplets to the AS-2 theory, we consider the
following theory:
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• SU(N1 − N2 − 2) gauge theory with one anti-symmetric chiral X (U(1)x -charge 2), N1
fundamental chirals Y and N2 anti-fundamental Fermi’s Γ where N1 − N2 is even. In
addition, there is one free Fermi multiplet Ψ (U(1)x -charge N = N1−N2−2), forming a
superpotential

W = Ψ Pf X . (42)

The elliptic genus of the theory is

ISU =
ϑ1(xN )η(q)(N

2+9N−6)/2

N !

∮

JK

da
2πia

N
∏

i=1

∏

j ̸=i ϑ1(ai/a j) ·
∏N2

j=1 ϑ1(a−1
i c j y2)

∏

j<i ϑ1(x2aia j)
∏N1

j=1 ϑ1(ai b j y−1
1 )

. (43)

We aim to establish a duality with an Sp gauge theory by adding anti-fundamental Fermi
multiplets to the AS-1 theory. (See the right panel of Fig. 10.) However, as we shall see,
the resulting Sp gauge theory lacks the U(1)x symmetry. Therefore, we perform a sequence
of duality transformations starting from the theory described above (illustrated in Fig. 9) and
then apply a Higgsing procedure to eliminate the U(1)x symmetry. Let us explain this process
step by step.

N1

N2

AS N1-N2-2

~

w

�

6 (AS-dual)

+Ψ

42 . . . N1-N2-4 N1-N2-2

N1

N2

+Ψ + X

~

w

�

5 (SU-dual)

42 . . . N1-N2-4 N2 + 2 N2

N1

~

w

�

5 (SU-dual)

+Ψ + X

N1

N1 − 2 N1 − 4 . . . N2 + 4 N2 + 2

N2

+Ψ + X

Figure 9: A chain of dualities. Starting with the first theory (top), we apply AS-dual
between AS-2 and AS-3 repeatedly to obtain the quiver gauge theory shown in the
second line. Next, we apply SU-dual to the SU(N1−N2−2) gauge group in the second
theory, resulting in the third theory. Finally, successive applications of SU-dual to the
remaining SU gauge groups, proceeding from right to left, yield the fourth theory at
the bottom. The additional Fermi and chiral fields Ψ and X are included as indicated
throughout the chain, and they form a superpotential term W = ΨX .
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Sp(N)

N1 N2

−y1 y2

~ w �

N1

N1 − 2 N1 − 4 . . . N2 + 4 N2 + 2

N2

y1 −
N1y1
N1−2

N1y1
N1−2 −

N1y1
N1−4

N1y1
N2+4 −

N1y1
N2+2

N1y1
N2+2 − y2

y2 − y1

Figure 10: A duality between the quiver gauge theory with SU gauge groups and
Sp(N1 − N2 − 2) gauge theory. The labels with a linear combination of y1 and y2
represent U(1) flavor chemical potentials for the corresponding bifundamental fields.

We begin by recursively applying the duality between the AS-2 and AS-3 theories in Fig. 6
(AS-dual). Specifically, we apply this duality to the SU gauge node that contains a single anti-
symmetric chiral multiplet, as demonstrated in [17, 26]. This transformation yields a linear
quiver theory with SU gauge groups, as shown in the second line of Fig. 9. It is important
to note that for SU(2), the anti-symmetric representation is trivial. Consequently, the dual
description includes an additional chiral multiplet X and a superpotential term W = ΨX ,
where Ψ is a Fermi multiplet. In this intermediate theory, the bifundamental chiral multiplets
between gauge groups, as well as Ψ and X , are charged under the U(1)x symmetry.

Next, we recursively apply the SU Seiberg-like duality from Fig. 5 (SU-dual) to each gauge
node, proceeding from right to left. This sequence of dualities ultimately produces the theory
shown at the bottom of Fig. 9, where all the theories in Fig. 9 are dual to each other.

The final theory is characterized by the superpotential

W = ΨX + Tr
h

Γ Y (1) · · ·Y
�

N1−N2
2

�
i

, (44)

where Γ denotes the Fermi meson, and each Y (i) is a bifundamental chiral multiplet transform-
ing under the SU(N2+2i)×SU(N2+2i−2) gauge or flavor groups for i = 1, . . . , N1−N2

2 . These
fields are charged under a linear combination of the U(1)y1

and U(1)y2
global symmetries. At

this point, the U(1)x symmetry can be removed by giving the vacuum expectation value 〈X 〉,
effectively decoupling the chiral multiplet X and the Fermi multiplet Ψ. This procedure com-
pletes the elimination of the U(1)x symmetry and ensures that the global symmetry structure
of the resulting theory matches that of the target Sp gauge theory.

As a result, we propose a duality between the Sp gauge theory and the quiver gauge theory
with SU gauge nodes obtained through this sequence of dualities and Higgsing, as illustrated
in Fig. 10. The specifics of these dual theories are detailed below:

• The quiver theory with SU gauge groups features a superpotential:

W = Tr ΓY (1) · · ·Y (
N1−N2

2 ) , (45)

where Γ is the Fermi meson, and Y (i) represents the bifundamental chiral fields between
the SU(N2+2i) and SU(N2+2i−2) gauge/flavor groups (i = 1, . . . , N1−N2

2 ). The elliptic
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genus of the theory is

Iquiver =

N
2
∏

k=1

1
(N1 − 2k)!

∫

JK

da
2πia

N
2
∏

k=1

∏N1−2k
i ̸= j ϑ1

�

a(k)i /a
(k)
j

�

∏N1−2k+2
i=1

∏N1−2k
j=1 ϑ1

�

y
−2N1

(N1−2k+2)(N1−2k)

1 a(k−1)
i /a(k)j

�

×
η(q)

1
4 (3N1−N2)N
∏N1

i=1

∏N2
j=1 ϑ1

�

y2 y−1
1 b−1

i c j

�

∏N2+2
i=1

∏N2
j=1 ϑ1

�

a
( N

2 )
i c−1

j y−1
2 y

N1
N2+2

1

�

, (46)

where the fugacity a(0) = b.

• Sp(N1−N2−2) gauge theory with N1 fundamental chirals and N2 fundamental Fermi’s.
The elliptic genus of the theory is

ISp =
η(q)

N2
2 +3N

2
N
2

N
2 !

∮

JK

da
2πia

N
2
∏

i=1

ϑ1(a±2
i )
∏

j<i ϑ1(a±i a±j ) ·
∏N2

j=1 ϑ1(a±i c j y2)
∏N1

j=1 ϑ1(a±i b−1
j y−1

1 )
. (47)

Note that, throughout this subsection, we assume that N ≡ N1 − N2 − 2 is even.
In fact, the central charges of both theories match:

cL = (N1 − N2 − 2)(N1 − N2 + 1) , cR =
3
2
(N1 − N2 − 2)(N1 − N2 + 1) . (48)

Furthermore, we have verified that the elliptic genera agree, Iquiver = ISp, up to the rank-six
JK integrals (N1 = 7 and N2 = 1 case).

At the level of elliptic genera, the Higgsing procedure can be understood in the following
way. The elliptic genus (43) reduces precisely to (47) when the U(1)x flavor fugacity is turned
off:

lim
x→1

ISU = ISp . (49)

Since all theories shown in Fig. 9 are dual to each other, their elliptic genera must coincide with
(43). Consequently, the identity (49) holds equally between the second theory in Fig. 9 and
the Sp gauge theory. Furthermore, reversing the direction of arrows in the quiver diagrams on

Sp(2m) 2m+2 N

N2

N1

x x
. . .

x
Sp(N)

N2

N1

w w �

x→ 0

Figure 11: The quiver gauge theory on the left features an Sp(2m) gauge group at
the most left, followed by multiple SU gauge nodes in the middle, where the ranks
increase by two at each step from left to right, with 2m < N . The quiver theory on
the right represents an Sp(N) gauge theory. The two theories are related by Higgsing
at the chemical potential x is set to be zero. The elliptic genus of the left quiver
gauge theory matches that of the right Sp(N) gauge theory when the U(1)x fugacities
associated with the bifundamental chiral fields are turned off.
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both sides establishes a similar Higgsing relation between the two theories depicted in Fig. 11.
Specifically, once the U(1)x fugacity associated to the bifundamental chials is turned off, the
elliptic genus of the quiver theory on the left-hand side in Fig. 11 coincides with that of the
Sp gauge theory on the right-hand side. This relation will play a role in deriving additional
dualities in subsequent subsections. (See Fig. 14 and Fig. 16.)

3.4 SU gauge theories with anti-symmetric chiral

Using the dualities above, we can derive another duality. In this subsection, we will show a
duality between SU gauge theories with one anti-symmetric chiral, (anti-)fundamental chirals,
and potentially fundamental Fermi multiplets.

We consider an SU(NA) gauge theory with the following matter content:

• One anti-symmetric chirals Y .

• n1 anti-fundamental chirals X1.

• N fundamental chirals X2.

• m1 anti-fundamental Fermi Ψ where m1 is either zero or one.

• A Fermi meson Γ , transforming as (□,□) under the flavor symmetries SU(n1)× SU(N).

• A chiral meson M1, transforming as (−1,□) under the flavor symmetries U(m1)×SU(N).

• A chiral meson M2, transforming as (1,□) under the flavor symmetries U(m1)×SU(n1).

• A Fermi meson Λ, transforming as = ∧n1−2□ under the flavor symmetry SU(n1).

• 1−m1 neutral chiral P under the flavor symmetries U(m1).

The gauge group is determined by anomaly-free condition, which is given by

NA = N + n1 −m1 − 2 . (50)

The superpotential takes the form

W = ΓX2X1 +ΨM1X2 +Λ
i jXα1,iX

β
1, jYαβ . (51)

The dual theory has a similar structure: it consists of an SU(NB) gauge theory, where the
matter content is modified by replacing n1 and m1 in the original theory with n2 and m2,
respectively, where m2 ∈ {0,1}. The gauge anomaly-free condition in the dual theory is given
by

NB = N + n2 −m2 − 2 . (52)

Note that the duality holds only under the condition

N ≥ m1 +m2 + 2 . (53)

As illustrated in Fig. 12, this duality can be derived through a sequence of duality trans-
formations. Roughly speaking, an SU anti-symmetric chiral multiplet is replaced by an Sp
gauge group with a bifundamental chiral multiplet via the duality in either Fig. 6 (AS-dual) or
Fig. 7. Thus, the process begins by applying one of these dualities—selecting Fig. 6 (AS-dual)
or Fig. 7 depending on whether NA is even or odd. Following this initial step, the duality shown
in Fig. 5 (SU-dual) is applied. To obtain the final dual theory, a second application of either
Fig. 6 (AS-dual) or Fig. 7 is required, depending on whether the intermediate gauge group
rank is even or odd. This systematic procedure ultimately leads to the dual theory.
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Table 3: Summary of symmetries for Theory A (upper one) and Theory B (lower one)
in Fig. 12.

X1 X2 Ψ M1 M2 Γ Y Λ P

SU(NA) □ □ □ 1 1 1 1 1
SU(N) 1 □ 1 □ 1 □ 1 1 1

SU(n1) □ 1 1 1 □ □ 1 1
U(1)0 −1 1 −NA− 1 NA −NA 0 2 0 −NA

U(1)1 0 −1 N 1− N N 1 0 0 N
U(1)2 1 0 −n1 n1 1− n1 −1 0 −2 −n1

eX1 eX2 eΨ eM1 eM2 eΓ eY eΛ eP

SU(NB) □ □ □ 1 1 1 1 1
SU(N) 1 □ 1 □ 1 □ 1 1 1

SU(n2) □ 1 1 1 □ □ 1 1
U(1)0

NA
NB

− NA
NB

NA+
NA
NB

−NA NA 0 −2 NA
NB

0 NA

U(1)1 − N
NB

N
NB
− 1 − N

NB
1 0 1 2 N

NB
0 0

U(1)3 1 0 −n2 n2 1− n2 −1 0 −2 −n2

The symmetries of the theory are summarized in Tab. 3. It is straightforward to verify that
the ’t Hooft anomalies of each flavor symmetry match under the duality, providing a consistency
check for this duality.

Moreover, the elliptic genera for these theories are expressed as

IA =
η(q)

N2
A+9NA−4

2

NA!

∮

JK

da
2πia

NA
∏

i=1

∏

j ̸=i ϑ1(aia
−1
j ) ·
∏m1

j=1 ϑ1(a−1
i e j x

−1
0 )

∏

j<i ϑ1(x2
0aia j) ·
∏N

j=1 ϑ1(ai b
−1
j x0 x−1

1 ) ·
∏n1

j=1 ϑ1(a−1
i c j x

−1
0 x2)

×

∏n1
i=1

∏

j<i ϑ1(x−2
2 c−1

i c−1
j )

η(q)
n1(n1−1)

2 −N(m1−n1)−m1n1−1+m1

N
∏

i=1

∏n1
j=1 ϑ1(bic

−1
j x1 x−1

2 )
∏m1

j=1 ϑ1(bie
−1
j x1)

·
ϑ1(e1)m1−1

∏m1
i=1

∏n1
j=1 ϑ1(eic j x2)

,

IB =
η(q)

N2
B+9NB−4

2

NB!

∮

JK

da
2πia

NB
∏

i=1

∏

j ̸=i ϑ1(ai a
−1
j )·
∏m2

j=1 ϑ1(a−1
i f j x

−1
0 y−1)

∏

j<i ϑ1(x2
0 y2ai a j)·
∏N

j=1 ϑ1(ai b
−1
j x0 y x−1

1 )·
∏n2

j=1 ϑ1(a−1
i d j x

−1
0 y−1 x3)

×

∏n2
i=1

∏

j<i ϑ1(x−2
3 d−1

i d−1
j )

η(q)
n2(n2−1)

2 −N(m2−n2)−m2n2−1+m2

N
∏

i=1

∏n2
j=1 ϑ1(bid

−1
j x1 x−1

3 )
∏m2

j=1 ϑ1(bi f −1
j x1)

·
ϑ1( f1)m2−1

∏m2
i=1

∏n2
j=1 ϑ1( fic j x3)

, (54)

where n1 + n2 +m1 +m2 is even. The fugacities f1, e1 and y are defined as

f1 = xNA
0 x−n2

3 , e1 = x−NA
0 xN

1 x−n1
2 , yNB = x−NA−NB

0 xN
1 . (55)

For the special case where N = m1 +m2 + 2, an additional condition must be satisfied:

x (1−m1)N
1 x−(1−m1)n1

2 x−(1−m2)n2
3 = x (m2−m1)(n1+m2)

0 . (56)

This condition originates from (24), which is based on the relation N1 = N2 + N3 in Fig. 5
(SU-dual).
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6 (AS-dual)

Fig 7

NA
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n1

N

U(m1)

U(m2)

Sp(NA+n2-m2-2)
AS

n2
w w �

5 (SU-dual)
NB

n1

AS

n1

N

U(m1)

U(m2)

Sp(NB+n1-m1-2)

AS

n2

~

w

w

6 (AS-dual)

Fig 7

AS

eY

NB

n2

AS

eΛ

n2 N

U(m2)

eX1 eX2

eΨ

eΓ

eM1eM2

Theory B

Figure 12: Duality between SU(NA) and SU(NB) gauge theories with 1AS where
NA = N + n1 − m1 − 2 and NB = N + n2 − m2 − 2. Note that m1 and m2 are ei-
ther zero or one.

The elliptic genus IA is independent of the SU(n1) fugacity and the U(1)2 fugacity x2.
Likewise, IB is independent of the SU(n2) fugacity and the U(1)3 fugacity x3. Furthermore,
the agreement between IA and IB has been verified up to the rank-five JK integrals through
an expansion in q.

When m1 = 0 and N = 2, 3,4 in Theory A, Theory B becomes an LG model, as shown
in [26]. To obtain the LG dual found in [26], we first transfer the Fermi mesons Γ and Λ
from Theory A to Theory B, where they are reinterpreted as chiral mesons. By appropriately
choosing n2 and m2, as described below, the LG duality can be established.

• N = 2 and even n1: Set n2 = 2 and m2 = 0 in Theory B. This results in a gauge group
rank NB = N + n2 −m2 − 2 = 2. Using the duality in Fig. 6 (AS-dual), where SU(2) is
identified with Sp(2), the corresponding LG dual theory [26, §3.1] is obtained.

• N = 2 and odd n1: Assign n2 = 1 and m2 = 0, reducing the gauge group rank to NB = 1.
This corresponds to an LG theory [26, §3.2].

• N = 3 and even n1: Choose n2 = m2 = 0, yielding NB = 1, which directly describes an
LG theory [26, §3.3].

• N = 3 and odd n1: Set n2 = 1 and m2 = 0, giving NB = 2. Applying the duality in Fig. 6
(AS-dual), we obtain the LG dual [26, §3.4].

• N = 4 and even n1: Select n2 = m2 = 0, resulting in NB = 2. The LG dual [26, §3.5]
follows from the duality in Fig. 6 (AS-dual).

• N = 4 and odd n1: Assign n2 = 0 and m2 = 1, leading to NB = 1. This implies Theory
B is an LG theory [26, §3.6].
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Sym

Y

NA

n1

Sym

Λ

n1 N

U(m1)

X1 X2

Ψ

Γ

M1M2

Theory A

Sym

eY

NB

n2

Sym

eΛ

n2 N

U(m2)

eX1 eX2

eΨ

eΓ

eM1eM2

Theory B

Figure 13: Duality for SU(NA) and SU(NB) gauge theories with 1Sym where
NA = N + n1 − m1 + 2 and NB = N + n2 − m2 + 2. Note that m1 and m2 are ei-
ther zero or one.

The duality holds under the condition in (53), which explicitly excludes the cases where
the number of fundamental chirals is N = 1 or N = 0. Alternative dualities for these excluded
cases are discussed in Appendices C.3 and C.4.

3.5 SU gauge theories with symmetric chiral

In a similar manner, we establish a duality between SU gauge theories containing one sym-
metric chiral multiplet, as depicted in Fig. 13. The gauge groups of the dual theories are given
by

NA = N + n1 −m1 + 2 , NB = N + n2 −m2 + 2 . (57)

The matter content and superpotential closely resemble those of the previous duality, with the
key difference being the replacement of anti-symmetric representations by symmetric repre-
sentations. To keep our discussion concise, we do not repeat the detailed discussion of matter
content and symmetries.

Essentially, through the duality depicted in Fig. 8 (Sym-dual), an SU symmetric chiral can
be replaced by an SO gauge group with a bifundamental chiral. Consequently, as in Fig. 12, this
duality is derived by sequentially applying the known dualities illustrated in Fig. 8 (Sym-dual)
and 5 (SU-dual).

The expressions for the elliptic genera of these theories are provided below:

IA =
η(q)

N2
A+3NA−4

2

NA!

∮

JK

da
2πia

NA
∏

i=1

∏

j ̸=i ϑ1(aia
−1
j ) ·
∏m1

j=1 ϑ1(a−1
i e j x

−1
0 )

∏

j≤i ϑ1(x2
0aia j) ·
∏N

j=1 ϑ1(ai b
−1
j x0 x−1

1 ) ·
∏n1

j=1 ϑ1(a−1
i c j x

−1
0 x2)

×

∏n1
i=1

∏

j≤i ϑ1(x2
2cic j)

η(q)
n1(n1+1)

2 −N(m1−n1)−m1n1−1
·

N
∏

i=1

∏n1
j=1 ϑ1(bic

−1
j x1 x−1

2 )
∏m1

j=1 ϑ1(bie
−1
j x1)

·
ϑ1(e2

1)
−m1ϑ1(e1)m1−1

∏m1
i=1

∏n1
j=1 ϑ1(eic j x2)

,

IB =
η(q)

N2
B+3NB−4

2
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∮
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2πia
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∏
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−1
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−1
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, (58)
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where the fugacities f1, e1 and y are defined as

f1 = xNA
0 x−n2

3 , e1 = x−NA
0 xN

1 x−n1
2 , yNB = x−NA−NB

0 xN
1 . (59)

The elliptic genus IA does not depend on the SU(n1) fugacity or the U(1)2 fugacity x2, while
IB is independent of the SU(n2) fugacity and the U(1)3 fugacity x3. Moreover, the agreement
between IA and IB has been confirmed, via an expansion in q, up to the rank-five JK integrals.

3.6 Dualities with adjoint chiral

Consider the 4d N = 4 SCFT. Its (0,2) reduction results in the (0,2) gauge theory only with
a (0,2) adjoint chiral multiplet φ, which is indeed a (2,2) vector multiplet. The IR central
charge of the N = (2,2) pure Yang-Mills theory with gauge group G is given by

cL = cR = 3 rank G . (60)

As we will demonstrate, the theory is indeed dual to rank G free N = (2, 2) chiral multiplets.

Sp(2N)+1Adj: Since the duality for the SU(N) gauge theory with a single adjoint matter
field is well-studied in [7,27], we now extend our analysis to other classical gauge groups. We
begin by considering the Sp(2N) gauge theory with an adjoint chiral field.

A useful observation is that Adj ∼= Sym for the Sp(2N) gauge group. This allows us to
apply the duality depicted in Fig. 8 (Sym-dual). As illustrated in Fig. 14, a sequence of duality
transformations relates Sp(2N) + 1Adj to Sp(2N − 2) + 1Adj and SU(2) + 1Adj, with an extra
chiral multiplet X and a Fermi multiplet Ψ.

Furthermore, it is known [7, 27] that the SU(2) + 1Adj theory is dual to an N = (2, 2)
twisted chiral multiplet consisting of a free N = (0, 2) chiral multiplet Tr Y 2 and a Fermi
multiplet Γ . We claim that they form a superpotential

W = ΓX , (61)

so that eliminates both the chiral multiplet X and the Fermi multiplet Γ . As a result, the duality
transformation establishes an equivalence between Sp(2N)+1Adj and Sp(2N −2)+1Adj with
the additional free chiral multiplet Tr Y 2 and the Fermi multiplet Ψ.

This duality recursively reduces the rank of the Sp(2N) gauge group, and at the end, we
obtain the following duality:

Sp(2N) + 1Adj ⇐⇒ N free chirals + N free Fermi’s. (62)

Note that N free chirals correspond to the gauge-invariant operators made out of the adjoint
chiral Z:

Tr
�

Z2k
�

, k = 1 , . . . , N , (63)

and N free Fermi’s are necessary to form N = (2, 2) twisted chiral multiplets. The duality can
be verified by the JK residue computation

IAdj
Sp(2N) =

η(q)3Nϑ1(y)N

2N N !

∮

JK

da
2πia

∏N
i< j ϑ1(a±i a±j ) ·
∏N

i=1 ϑ1(a2±
i )

∏N
i≤ j ϑ1(ya±i a±j )

= (−1)N
N
∏

k=1

ϑ1(y2k−1)
ϑ1(y2k)

.

(64)
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2

Sym

2
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Figure 14: The recursion relation of Sp(2N) + 1Adj. The leftmost diagram repre-
sents the original Sp(2N) gauge theory with one adjoint chiral. Using a sequence
of duality transformations, this theory is mapped to a different description. In par-
ticular, from the third to the fourth diagram, we first apply the duality in Fig. 5
(SU-dual) to the SU(2N) gauge node, followed by the duality in Fig. 8 (Sym-dual)
applied to the Sp(2N − 2) gauge node. As a result, the theory is ultimately mapped
to Sp(2N −2)+1Adj and SU(2)+1Adj, along with additional chiral X and Fermi Ψ,
forming the superpotential (61). This establishes the recursion pattern, illustrating
how Sp(2N) gauge group transforms into Sp(2N −2) gauge group, and iterative ap-
plications of this procedure lead to lower-rank cases.

SO(n)+1Adj: Now, let us consider the SO(n) gauge group. Note that Adj∼= AS for the SO(n)
gauge group. Depending on whether n is even or odd, we can apply the dualities presented in
Fig. 6 (AS-dual) and Fig. 7.

As illustrated in Fig. 15, these dualities, when followed by the duality in Fig. 8 (Sym-dual),
establish an equivalence between the SO(n) + 1Adj theory and the Sp gauge theory with an
adjoint matter field, supplemented by additional chiral and Fermi multiplets. This connects
the SO(n) case to the previously discussed duality for Sp(2N) + 1Adj in Eq. (62).

In the upper part of Fig. 15, the SO(2N) + 1Adj theory is dual to the Sp(2N − 2) + 1Adj
theory, along with an additional free chiral multiplet X and a Fermi multiplet Ψ. Examining
the U(1) charge, we identify that the chiral multiplet X corresponds to the gauge-invariant
operator Pf Z , where Z represents the adjoint chiral superfield of the SO(2N) gauge theory.
Consequently, this duality leads to the relation:

SO(2N) + 1Adj ⇐⇒ N free chirals + N free Fermi’s, (65)

where the N free chiral multiplets correspond to gauge-invariant operators constructed from
the adjoint chiral superfield Z:

Pf(Z) , Tr
�

Z2k
�

, k = 1, . . . , N − 1 . (66)

In the lower part of Fig. 15, a similar sequence of dualities establishes that the
SO(2N + 1) + 1Adj theory is dual to the Sp(2N − 2) + 1Adj theory, again with an additional
free chiral multiplet X and Fermi multiplet Ψ. By examining the U(1) charge, we recognize
that the chiral multiplet X corresponds to the gauge-invariant operator Tr Z2N , where Z is the
adjoint chiral multiplet of the SO(2N + 1) gauge theory. Incorporating Eq. (62), we arrive at
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the following triality:

SO(2N + 1) + 1Adj ⇐⇒ N free chirals + N free Fermi’s
~

w

�

~

w

�

Sp(2N) + 1Adj

(67)

where the N free chiral multiplets correspond to gauge-invariant operators constructed from
the adjoint chiral multiplet Z:

Tr
�

Z2k
�

, k = 1 , . . . , N . (68)

In both even and odd cases, N free Fermi multiplets are necessary to form N (2,2) free twisted
chiral multiplets.

In fact, the explicit computations of the elliptic genera verify the results

IAdj
SO(2N) =

2η(q)3N

2N−1N ! · ϑ1(y)N

∮

JK

da
2πia

N
∏

i< j

ϑ1(a±i a±j )

ϑ1(ya±i a±j )

= (−1)N
ϑ1(yN−1)
ϑ1(yN )

·
N−1
∏

k=1

ϑ1(y2k−1)
ϑ1(y2k)

,

(69)

IAdj
SO(2N+1) =

2η(q)3N

2N N ! · ϑ1(y)N

∮

JK

da
2πia

N
∏

i< j

ϑ1(a±i a±j )

ϑ1(ya±i a±j )
·

N
∏

i=1

ϑ1(a±i )

ϑ1(ya±i )

= (−1)N
N
∏

k=1

ϑ1(y2k−1)
ϑ1(y2k)

.

(70)

It is easy to verify the identities of the elliptic genera coming from the isomorphisms be-
tween gauge algebras:

IAdj
SO(4) = (I

Adj
SU(2))

2 , IAdj
SO(5) = IAdj

Sp(2) , IAdj
SO(6) = IAdj

SU(4) . (71)

The chiral algebra of the 4d N = 4 theory with gauge group G admits the free-field realization
by the bcβγ system [28]. The elliptic genus (69, 70, 64) is the vacuum character of the
corresponding bcβγ system up to a factor [29]. Consequently, the elliptic genera are reducible
module characters of the chiral algebra of the 4d N = 4 theory with the corresponding gauge
groups.

3.7 SU gauge theories with symmetric and anti-symmetric chirals

We now consider the SU(N) gauge theory that includes both symmetric and anti-symmetric
chiral multiplets. As discussed earlier, an SU symmetric chiral multiplet can be replaced by an
SO gauge group with bifundamental fields, while an SU anti-symmetric chiral multiplet can be
replaced by an Sp gauge group with bifundamental fields. We then apply a sequence of duality
transformations to obtain an LG dual model. This procedure closely parallels the approach in
the previous subsection, where we derived a recursion relation to systematically reduce the
ranks of the gauge groups.

The replacement of the SU anti-symmetric chiral multiplet with an Sp gauge field depends
on whether N is even or odd—specifically, via Fig. 6 (AS-dual) for even N and Fig. 7 for odd
N . Therefore, we divide the discussion into two cases: even and odd N .

Consider the case that N is even. As shown in Fig. 16, a sequence of the known duali-
ties provides a “recursion relation” of SU+1Sym+1AS theories in terms of the ranks of gauge
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groups. Starting with SU(N)+1Sym+1AS, supplemented by additional 1 chiral multiplets Z (0)

and 3 Fermi multiplets Ψ(0)1,2,3, with a superpotential

W =Ψ(0)1 det X (0) +Ψ(0)2 Pf Y (0) +Ψ(0)3

�

(Z (0))2 + B(0)(2)
�

. (72)

As shown in Fig. 16, a series of duality transformations systematically map the theory to a
similar theory: SU(N − 2)+1Sym+1AS, along with additional chiral multiplets Z (1), eZ (1) and
Fermi multiplets Ψ(1)1,2,3,4. (Here, Ψ(0)2 forms a superpotential with a newly generated chiral field

P(1), which then decouples from the remaining theory. Since Ψ(0)2 and P(1) do not contribute
to either the central charge or the elliptic genus, we will ignore it in the subsequent discussion
for convenience.) The superpotential of the dual side takes a similar form:

W = Ψ(1)1 (det X (1)+ eZ (1))+Ψ(1)2 Pf Y (1)+Ψ(1)3

�

(Z (1))2 + B(1)(2)
�

+Ψ(0)3

�

(Z (0))2 + Tr
�

(A(0))2
��

,
(73)

where B(i)(n) is a neutral baryon with U(1)x (i)×U(1)y(i) charge (2n, 2(N−2i−n)) that defined
as:

B(i)(n)≡ εα1...αN−2iεβ1...βN−2i Y (i)
α1β1

. . . Y (i)
αN−n−2iβN−n−2i

X (i)
αN−n−2i+1βN−n−2i+1

. . . X (i)
αN−2iβN−2i

. (74)

Moreover, the dual side also has an SU(2)+1Sym theory with the symmetric tensor A(0),
and couples, via (73), with the chiral Z (0) and Fermi Ψ(0)3 from the original theory, as shown

Adj

SO(2N)

~ w �

6 (AS-dual)

Sp(2N − 2)

X+

SO(2N)

~ w �

8 (Sym-dual)

Adj

Sp(2N − 2)
+X

+Ψ

Adj

SO(2N + 1)

~ w �

Fig. 7
Sp(2N − 2)

SO(2N + 1)

U(1)

~ w �

8 (Sym-dual)

Adj

Sp(2N − 2)
+X

+Ψ

Figure 15: A chain of dualities provides the relation between SO+1Adj and
Sp+1Adj. In the upper part of the diagram, the SO(2N) + 1Adj theory is dual to
the Sp(2N − 2) + 1Adj theory, with additional free chiral X and Fermi Ψ. The chiral
X corresponds to the gauge-invariant operator Pf Z , where Z is the adjoint chiral of
the SO(2N) gauge theory.
In the lower part of the diagram, a similar chain of dualities relates the
SO(2N + 1) + 1Adj theory to Sp(2N − 2) + 1Adj, again with additional free chiral
X and Fermi Ψ. Here, the free chiral X corresponds to the gauge-invariant operator
Tr Z2N , where Z is the adjoint chiral of the SO(2N + 1) gauge theory. Consequently,
SO(2N + 1) + 1Adj is dual to Sp(2N) + 1Adj.
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+Z (1) +Ψ(0)1

+Ψ(0)3 + Z (0)

+Ψ(0)2 + P(1)

N
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Fig 11

+Ψ(0)1

+Z (0)

+Ψ(0)3

+Z (1)

N

SO(N + 2)

N − 2

Sp(N − 4)

~ w �

5 (SU-dual)

+Ψ(0)3

+Z (0)

+Ψ(0)1

+Z (1)

N − 2N − 2

SO(N + 2)

2

Sp(N − 4)

~ w �

8 (Sym-dual)

6 (AS-dual)

+Ψ(1)1

+Ψ(1)2

+Ψ(1)3 (= Ψ(0)1 )

+Z (1)

+Ψ(1)4

+eZ (1)

Sym

AS

N − 2

+Ψ(0)3

+Z (0)

Sym

2

Figure 16: The first quiver on the left corresponds to the theory SU(N)+1AS+1Sym,
along with three Fermi’s Ψ(0)1,2,3 and one chiral field Z (0). By applying the Fig. 8 (Sym-
dual) and Fig. 6 (AS-dual) transformations, we obtain the second quiver, which de-
scribes a new theory. This new theory generates two neutral chirals P(1), Z (1): P(1)

couples with Ψ(0)2 and decouples from the other fields in the theory. From the third
to the fourth diagram, we first apply the duality in Fig. 5 (SU-dual) to the SU(N −2)
gauge node, followed by the same duality applied to the SU(N) gauge node. As a
result, the theory is ultimately mapped to SU(N−2)+1Sym+1AS and SU(2)+1Sym,
along with additional chirals Z (0), Z (1), eZ (1) and Fermi’s Ψ(0)3 ,Ψ(1)1,2,3,4. This establishes
the recursion pattern, illustrating how SU(N) gauge group transforms into SU(N−2)
gauge group and iterative applications of this procedure lead to lower-rank cases.

in the last quiver of Fig. 16. Again, the SU(2)+1Sym theory is dual to one chiral Tr
�

A(0)
�2

and

Fermi with opposite charges with the chiral Z (0) and Fermi Ψ(0)3 . As a result, their combined
contribution to the elliptic genus cancels out:

ϑ1(x−2 y−N+2)
ϑ1(x4 y2N−4)
︸ ︷︷ ︸

SU(2)+1Sym

·

Ψ
(0)
3
︷ ︸︸ ︷

ϑ1(x
−4 y−2N+4)

ϑ1(x
2 yN−2)
︸ ︷︷ ︸

Z (0)

= 1 . (75)

Although their contributions to the elliptic genus cancel out, these fields are not entirely neg-
ligible, as their combined central charge contribution from SU(2)+1Sym, Ψ(0)3 , and Z (0) is 3.
This establishes a recursive pattern of SU+1Sym+1AS demonstrating how an SU(N) gauge
group systematically reduces to SU(N −2) through a series of duality transformations, as em-
phasized in Fig. 16. We summarize the charges of the fields in the SU(N)+1AS+1Sym theory
in Tab. 4, as well as the charges of the fields in the SU(N − 2)+1AS+1Sym theory obtained
after performing this series of duality transformations.

By repeatedly applying this process, the gauge group rank is systematically reduced, al-
lowing the theory to be expressed in terms of lower-rank cases. The duality recursion reaches
its lowest order in the case of SU(2)+1Sym+1AS along with additional Fermi and chiral fields.

With this definition of B(i)(n), it is straightforward to observe that

B(i)(0)∝ det Y (i) , B(i)(N − 2i)∝ det X (i) . (76)
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Table 4: We start from the theory in the left table, which includes the Sym chiral X (0)

and the AS chiral Y (0) under SU(N), as well as three Fermi fields Ψ(0)1,2,3 and a chiral

field Z (0). After performing the duality depicted in Fig. 16, we obtain the fields in the
right table, which include the Sym chiral X (1) and the AS chiral Y (1) under SU(N−2),
four Fermi fields Ψ(1)1,2,3,4, and two chiral fields Z (1) and eZ (1). The U(1)x(i) and U(1)y(i)
charges are introduced for convenience, but they can also be rewritten in terms of
U(1)x(0) and U(1)y(0) using the recursion relations: x (i+1) = 4

N−2i−2 x (i) + N−2i−4
N−2i−2 y(i)

and y(i+1) = N−2i+2
N−2i−2 x (i) − 2

N−2i−2 y(i).

SU(N) U(1)x (0) U(1)y(0)
X (0)
αβ

2 0

Y (0)
αβ

0 2

Ψ
(0)
1 1 −2N 0
Ψ
(0)
2 1 0 −N
Ψ
(0)
3 1 −4 −2N + 4

Z (0) 1 2 N − 2

SU(N − 2) U(1)x (1) U(1)y(1)
X (1)
αβ

2 0

Y (1)
αβ

0 2

Ψ
(1)
1 1 −2(N − 2) 0
Ψ
(1)
2 1 0 −(N − 2)
Ψ
(1)
3 1 −4 −2(N − 2) + 4
Ψ
(1)
4 1 −2N + 2 2

Z (1) 1 2 (N − 2)− 2
eZ (1) 1 2N − 4 0

This allows us to identify part of the free field relations between the two dual theories:

Ψ
(i)
3 = Ψ

(i−1)
1 , Z (i) = Tr

�

(X (i−1))N/2
�

, eZ (i) = B(i−1)(4) . (77)

At the final stage of the duality sequence, we obtain N−2
2 copies of SU(2) + 1Sym, along

with N + 1 Fermi multiplets, N − 1 chiral multiplets, and an SU(2) + 1AS+ 1Sym theory, as
illustrated in Fig. 17. The corresponding superpotential takes the form:

W = Ψ
( N−2

2 )
1

�

det X (
N−2

2 ) + eZ (
N−2

2 )
�

+Ψ
( N−2

2 )
2 Pf Y (

N−2
2 ) +Ψ

( N−2
2 )

3 det X (
N−2

2 )

+
1
∑

i=0

Ψ
(i)
3

�

(Z (i))2 + Tr
�

(A(i))2
��

+

N−2
2
∑

i=2

Ψ
(i)
3

�

eZ (i−1) + (Z (i))2 + Tr
�

(A(i))2
��

.
(78)

For SU(2), the antisymmetric representation is trivial. As discussed earlier, SU(2) + 1Sym
is dual to a pair of chiral and Fermi fields. Therefore, the recursive duality takes the following
form

SU(N) + 1Sym+ 1AS+ 3 Fermi’s+ 1 chiral
with superpotential (72)

�

3N
2

�

chirals +
�

3N
2 + 1
�

Fermi’s
with superpotential (78)

w

w

�

~

w

w

SU(N − 2) + 1Sym+ 1AS+ 6 Fermi’s+ 4 chirals
with superpotential (73).

(79)

At each step of this iterative procedure, we neglect the fields Ψ(i)2 and P(i+1), as they de-

couple from the theory due to the superpotential term W = Ψ(i)2 P(i+1). The matter content on
the right side of the first row is obtained by applying this duality iteration to the final stage,
as illustrated in Fig. 17.
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Sym

A(i)

2
∑

N−4
2

i=0

+Ψ(i)3 + Z (i)

+
∑

N−2
2

i=1

+Ψ(i)4

+eZ (i)
+

Sym

X (
N−2

2 )

AS
Y (

N−2
2 )

+Ψ
( N−2

2 )
1,2,3

+Z (
N−2

2 )
2

Figure 17: In the final stage of the iterative procedure, we have N−2
2 copies

of SU(2)+1Sym, where A(i) is the corresponding symmetric tensor with charges
(2, N − 2i − 2) under U(1)x (i) × U(1)y(i) . Since each SU(2)+1Sym is dual to a pair
of Fermi and chiral fields, so these SU(2)+1Sym theories are dual to N−2

2 pairs of
chiral and Fermi fields. Additionally, we have a total of N + 1 Fermi fields, denoted
as Ψ(i)3,4, and a total of N − 1 chiral fields, denoted as Z (i) and eZ (i). Finally, there

is the last-stage SU(2)+1AS+1Sym, where Y (
N−2

2 ) is the AS tensor and X (
N−2

2 ) is the
Sym tensor. As previously mentioned, the AS representation of SU(2) is trivial, so
this SU(2)+1AS+1Sym theory is dual to two chiral fields and one Fermi field. The
corresponding final superpotential is given by (78).

For free Fermi and free chiral fields, we assign an R-charge of 0. For interacting Fermi and
chiral fields, we assign R-charges of 1 and 0, respectively. With these assignments, we compute
the central charge of the theory as:

cL = 2N − 4 , cR = 3N − 6 . (80)

The elliptic genus for even N is given by:

I = η(q)
3N−4

N !
ϑ1(x−2N )ϑ1(y−N )ϑ1(x−4 y4−2N )

ϑ1(x2 yN−2)

∮

JK

da
2πia

N
∏

i=1

∏

j ̸=i ϑ1(ai/a j)
∏

j≤i ϑ1(x2aia j) ·
∏

j<i ϑ1(y2aia j)

= (−1)
N
2 +1ϑ1(x2N )

η(q)

N−2
2
∏

i=1

ϑ1(x4i+2 y2N−4i−2)
ϑ1(x4i+4 y2N−4i−4)

. (81)

When N is odd, we can start with the theory SU(N)+1AS+1Sym, along with three Fermi’s
Ψ1,2,3 and a free chiral Z . By applying a series of dualities as illustrated in Fig. 18, we can trans-
form it into the even case (N − 1), which corresponds to the theory SU(N − 1)+1AS+1Sym,
along with three Fermi’s Ψ(0)1,2,3 and one chiral Z (0). This allows us to use the aforementioned
formulas and dualities for iterative derivation. The corresponding charges for these two theo-
ries are provided in Tab 5. Through this duality, we can apply the iterative dualities illustrated
in Fig. 16, ultimately resulting in N−1

2 + 3 free Fermi’s and N−1
2 + 2 free chirals.

The superpotential for the odd N case is given by:

W = Ψ1 det X +Ψ2B(2) +Ψ3B(3) . (82)

We identify some of the relations of the two sides as:

Ψ
(0)
1 = Ψ3 , Ψ

(0)
3 = Ψ1 , Z (0) = Tr

�

X N/2
�

. (83)
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Sym
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~ w �
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N

+Ψ1 +Ψ2

+Ψ3 + Z

+Z (0)

SO(N + 2)

Sp(N − 3)

U(1)

~ w �

5 (SU-dual)
N − 1

+Ψ1 +Ψ2

+Ψ3 + Z

+Z (0)

SO(N + 2)

Sp(N − 3)

U(1)

~ w �

8 (Sym-dual)

6 (AS-dual)

+Ψ(0)1 (= Ψ3)

+Ψ(0)2

+Ψ(0)3 (= Ψ1)

+Z (0)

+Ψ2 + P(0)

+Z + Γ (0)

Sym

AS
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Figure 18: A chain of duality transformations relate SU(N)+1Sym+1AS to
SU(N − 1)+1Sym+1AS where N is odd. In the final quiver, Z (0) and P(0) are chiral
fields generated during the duality process, while Ψ(0)2 and Γ (0) are newly generated
Fermions. The boxed components do not contribute to the elliptic genus. Further-
more, Ψ2 couples to P(0), Z is a free chiral field, and Γ (0) is a free Fermion.

Table 5: The table on the left corresponds to the charge table of the theory
SU(N)+1AS+1Sym with three Fermi’s Ψ1,2,3 and one free chiral Z field when N is
odd. The table on the right represents the theory obtained after applying a series
of transformations as depicted in Fig. 18, namely SU(N − 1)+1AS+1Sym with three
Fermi’s Ψ(0)1,2,3 and one chiral Z (0). Here, U(1)x (0) and U(1)y(0) are introduced for con-
venience, but they can be rewritten in terms of U(1)x and U(1)y , with the charge
relations given by x(0) = 3

N−1x+
N−3
N−1y and y(0) = N+2

N−1x−
2

N−1y.

SU(N) U(1)x U(1)y
Xαβ 2 0

Yαβ 0 2
Ψ1 1 −2N 0
Ψ2 1 −2 −2N + 2
Ψ3 1 −6 −2N + 6
Z 1 4 2N − 4

SU(N − 1) U(1)x (0) U(1)y(0)
X (0)
αβ

2 0

Y (0)
αβ

0 2

Ψ
(0)
1 1 −2(N − 1) 0
Ψ
(0)
2 1 0 −(N − 1)
Ψ
(0)
3 1 −4 −2(N − 1) + 4

Z (0) 1 2 (N − 1)− 2

The corresponding elliptic genus when N is odd is:

I = η(q)
3N−4

N !
ϑ(x−2N )ϑ(x−2 y−2N+2)ϑ(x−6 y−2N+6)

ϑ(x4 y2N−4)

∮

JK

da
2πia

N
∏

i=1

∏

j ̸=i ϑ1(ai/a j)
∏

j≤i ϑ1(x2aia j) ·
∏

j<i ϑ1(y2aia j)

= (−1)
N+1

2
ϑ(x6 y2N−6)
η(q)

N−3
2
∏

i=1

ϑ(x4i+4 y2N−4i−4)
ϑ(x4i+2 y2N−4i−2)

. (84)

4 Conclusions

This paper has uncovered new dualities in 2d N = (2, 2) and N = (0, 2) supersymmetric
theories, expanding the known landscape of 2d dualities and showing their connections to 4d
physics. Table 6 summarizes the 4d N = 1 and N = 2 theories considered in this work, along
with the corresponding 2d dualities obtained via twisted compactification on S2. Furthermore,
we derive additional 2d dualities from these constructions.
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Table 6: Summary of 4d N = 1 and N = 2 theories and their corresponding 2d
N = (2,2) and N = (0, 2) dualities obtained via twisted compactification on S2.
Each entry in the right column points to the relevant section or figure where the
associated 2d duality is discussed.

4d theories 2d dualities

N = 2 Lagrangian class S theories N = (2, 2) dualities in §2

N = 1 Seiberg dual theories N = (0, 2) duality in Fig. 5 (SU-dual)

N = 1 Intriligator–Pouliot dual theories

N = 2 Sp(2N) + (2N + 2)F N = (0,2) triality in Fig. 6 (AS-dual)

N = 2 SU(2N) + 1AS+ (2N + 2)F

N = 1 Intriligator–Seiberg dual theories

N = 2 SO(N) + (N − 2)F N = (0,2) triality in Fig. 8 (Sym-dual)

N = 2 SU(N) + 1Sym+ (N − 2)F

N = 4 SYM theory N = (2, 2) pure-YM/LG duality in §3.6

Specifically, we derive new 2d N = (0,2) dualities by the twisted compactification of 4d
N = 1 dualities on S2. We also show that the (0,2) reduction of a 4d N = 2 SCFT yields
2d N = (0, 2) gauge theory that is dual to a Landau-Ginzburg model—even when the parent
theory does not belong to class S. This indicates that Gauge/LG dualities with N = (0, 2)
supersymmetry arising from N = 2 SCFTs in 4d are more general than previously understood.
As shown in [30], every 4d N = 2 SCFT admits a chiral algebra structure derived from its
Schur BPS sector. Building on the results of [16, 31], it was proposed in [7] that the elliptic
genus of the (0, 2) theory obtained from a Lagrangian class S theory of type A can be expressed
as a linear combination of characters of the corresponding chiral algebra. It would be intrigu-
ing to investigate whether such a correspondence between elliptic genera and chiral algebra
characters extends more broadly to the (0, 2) reductions studied in this work.

While we have found various novel 2d dualities, this study certainly represents only a
modest step into what is undoubtedly a vast and intricate domain, with many open questions
remaining to be explored. One natural avenue for future investigation is to seek brane con-
structions that realize the new dualities and trialities presented in this work. Brane setups
have proven to be a powerful tool in understanding 2d (0,2) gauge theories, as demonstrated
in [32–35]. Identifying brane realizations of these newly discovered dualities could provide a
more systematic framework for understanding their structure and potential generalizations.

Another promising direction is to explore connections between these new dualities and
integrable structures. The interplay between 2d supersymmetric gauge theories and integrable
systems has been studied in [36–38], and it would be interesting to investigate whether the
dualities we have found correspond to known integrable models or lead to new integrable
structures.

2d supersymmetric theories represent exceptionally fertile ground in theoretical physics.
Although intensive study has been devoted to 2d supersymmetric theories since the founda-
tional work [1], our understanding of both N = (2, 2) and N = (0,2) theories remains limited.
Despite their rich theoretical landscape, a vast “Terra incognita” remains largely unexplored.
We believe that the following topics need further study:

• Further discovery and analysis of N = (2,2) and N = (0,2) non-Abelian dualities.
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• Supersymmetric enhancement from N = (0,2) to N = (2,2) theories.

• Construction and investigation of N = (2,2) and N = (0,2) non-Lagrangian theories.

• Supersymmetric boundary conditions in N = (2, 2) and N = (0,2) theories.

We conclude this short paper with the hope that motivated readers will further develop this
field.
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A Conventions

For symplectic groups, we use the notation Sp(N), where N is twice the rank, ensuring that N
is always even. For various SU, Sp, and SO gauge theories, we frequently adopt the following
concise notations for a representation of a chiral multiplet under a gauge group:

• Fundamental representation: F.

• Anti-fundamental representation: AF.

• Adjoint representation: Adj.

• anti-symmetric representation: AS.

• Symmetric representation: Sym.

Additionally, all quiver diagrams for N = (0,2) theories follow the conventions outlined below,

• Gauge node for a gauge group G: G

• Flavor node corresponding to a flavor group F with chemical potential f: F
f

• Chiral multiplet:

• Fermi multiplet:

• In the case of the SU(N) group, we simply write N in both flavor and gauge nodes.
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• For representations of SU(N) groups, an inward-pointing arrow indicates a multiplet in
the fundamental representation F, while an outward-pointing arrow denotes a multiplet
in the anti-fundamental representation AF. For example, N1 × N2 chiral mesons in the
representation N1 ⊗N2 under the flavor group SU(N1)× SU(N2) are represented as:

N1 N2 .

• For clarity, the charges and chemical potentials of the U(1) flavor symmetries associated
with various multiplets are sometimes indicated in the quiver diagram. For instance, the
chiral multiplet carries a charge of 2 under the U(1)x flavor symmetry is represented as
follows:

2x .

Here, the fugacity x is related to the chemical potential x by x = e2πix.

B Fundamentals of 2d N = 2 theories

In this appendix, we provide a concise review of 2d N = 2 supersymmetric theories relevant
to this paper. To ensure that our discussion is self-contained, we present the necessary back-
ground and clarify the notation used in the main content and analyses of this paper. Specif-
ically, we examine the anomaly coefficients in 2d N = (0,2) supersymmetric theories and
explain the computation of elliptic genera for both N = (0,2) and N = (2,2) supersymmetric
theories.

Given that (0, 2) theories are chiral, it is crucial to pay attention to anomalies. Consider a
(0, 2) theory with a global symmetry F described by a simple Lie algebra. The ’t Hooft anomaly
coefficient kF associated with this symmetry can be determined by

Trγ3 f a f b = kFδ
ab , (B.1)

where f a are the generators of F , γ3 is the gamma matrix that quantifies chirality, and the
trace is taken over the Weyl Fermions in the theory.

In particular, the anomaly associated with the U(1)R-symmetry is related to the right-
moving central charge cR as

cR = 3 Tr
�

γ3R2
�

. (B.2)

To determine the U(1)R-charges of various fields, c-extremization is performed [21,22] if the
theory meets the following two assumptions:

1. The theory is bounded, and the energy spectrum is bounded from below.

2. The vacuum moduli space is compact, and the ground state wavefunction is normaliz-
able.

If chiral multiplets parametrize compact directions, we need to apply the c-extremization on
them. However, if there is no restriction on R-charges by a superpotential, the chiral fields
spanning non-compact directions must have zero R-charge.

In fact, the vacuum moduli space in every N = (0, 2) theory considered in this paper
is non-compact, and all the chiral multiplets span some non-compact directions, making c-
extremization inapplicable. In such cases, the right-moving central charge is determined as
three times the complex dimension of the moduli space, which serves as the target space of
the non-linear sigma model in the infra-red limit [7].
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Once cR is determined, the left-moving central charge can be obtained from the gravita-
tional anomaly, which is the difference between the number of chiral and Fermi multiplets

cR − cL = Tr(γ3) . (B.3)

To study 2d supersymmetric theories, the elliptic genus is a powerful observable that can
be evaluated from the UV description [39,40]. In this paper, we consider the elliptic genus in
the Ramond sector defined by

I(0,2)(q, z) = TrR(−1)F qHL qHR
∏

a

z fa
a , (B.4)

where the left- and right-moving Hamiltonians are 2HL = H + iP and 2HR = H − iP, respec-
tively, in the Euclidean signature. In a superconformal theory, these operators correspond to
the zero-mode generators L0, L0 of the superconformal algebra. Due to supersymmetry, only
the right-moving ground states (HR = 0) contribute to the elliptic genus in the Ramond sector.
Consequently, the elliptic genus is a holomorphic function of q.

Given a Lagrangian of N = (0, 2) theory, the computation of the elliptic genus is straight-
forward [39, 40]. Let us review the contributions from different types of multiplets. The
contribution of an N = (0, 2) chiral multiplet in a representation λ of the gauge and flavor
group is

I(0,2)
chi (q, z) =
∏

w∈λ

i
η(q)
ϑ1(zw)

, (B.5)

where w is a weight of the representation λ. The contribution of an N = (0,2) Fermi multiplet
in a representation λ of the gauge and flavor group is given by

I(0,2)
fer (q, z) =
∏

w∈λ

i
ϑ1(zw)
η(q)

, (B.6)

The contribution of an N = (0, 2) vector multiplet with gauge group G is

I(0,2)
vec (q, z) =

(−iη(q))2 rkG

|WG|

∏

α∈∆
i
ϑ1(zα)
η(q)

. (B.7)

where ∆ is the set of roots of the gauge group G. Then, the elliptic genus of an N = (0, 2)
quiver gauge theory can be schematically expressed as the Jeffrey-Kirwan (JK) residue integral
[40–43]

I(0,2) =

∮

JK

∏

gauge

dz
2πiz

I(0,2)
vec (q, z)
∏

matter

I(0,2)
chi (q, z)I(0,2)

fer (q, z) . (B.8)

Note that the notations and conventions are the same as in [7]. The Dedekind eta function
is defined as

η(q) = q
1

24

∞
∏

n=1

(1− qn) , (B.9)

where q = e2πiτ and Imτ > 0. The Jacobi theta functions are defined by

ϑ1(z|q) := −i
∑

r∈Z+ 1
2

(−1)r−
1
2 zrq

r2
2

= iq1/8z1/2
∞
∏

k=1

(1− qk)(1− z−1qk)(1− zqk−1) . (B.10)
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For the sake of brevity, the q is often omitted, and we simply write ϑ1(z).
For N = (2, 2) theories, the elliptic genus in the Ramond-Ramond sector is given by

I(2,2)(q, y, z) = TrRR(−1)F qHL q̄HR y−J
∏

a

z fa
a , (B.11)

where J represents a left-moving U(1)R symmetry.
To understand the contributions of N = (2, 2) multiplets, note that a N = (2,2) chiral

multiplet can be decomposed into N = (0,2) chiral and Fermi multiplets. Consequently, the
contribution of an N = (2,2) chiral multiplet with R-charge r in a representation λ of the
gauge and flavor group is

I(2,2)
chi (q, y, z) =
∏

w∈λ

ϑ1(y1−r/2zw)
ϑ1(y−r/2zw)

. (B.12)

In addition, an N = (2, 2) vector multiplet consists of N = (0,2) vector and adjoint chiral
multiplets. Thus, the contribution of an N = (2, 2) vector multiplet with gauge group G is

I(2,2)
vec (q, y, y, z) =

1
|WG|

�

η(q)3

ϑ1(y)

�rkG
∏

α∈∆

ϑ1(zα)
ϑ1(yzα)

, (B.13)

where |WG| is the order of the Weyl group associated with the gauge group G.
Similarly, performing the JK residue integral, we obtain the elliptic genus of an N = (2, 2)

quiver gauge theory as

I(2,2) =

∮

JK

∏

gauge

dz
2πiz

I(2,2)
vec (q, y, z)
∏

matter

I(2,2)
chi (q, y, z) . (B.14)

In this paper, we extensively use elliptic genera to check new dualities and trialities. How-
ever, the identities of elliptic genera presented here remain conjectural and are not rigorously
proven. Instead, we verify these conjectures by explicitly evaluating elliptic genera using JK
integrals up to rank five and performing q-expansions up to O(q2).

C Some details on 2d N = (0, 2) dualities

This appendix presents the detailed and technical aspects of the 2d N = (0,2) dualities dis-
cussed in §3. While the main text focuses on key results, some derivations, additional dualities,
and further supporting evidence are presented here. Although these details are too technical
for the main discussion, they are essential for an understanding of the underlying structure of
N = (0, 2) dualities.

C.1 Twisted compactification of 4d Intriligator-Seiberg duality on S2

We consider the twisted compactification of 4d N = 1 Intriligator-Seiberg duality [24] on S2,
resulting in a 2d (0,2) SO gauge theory dual to Landau-Ginzburg model. Our approach follows
a method similar to that used in [9]. Tab. 7 summarizes the matter contents of the 4d N = 1
Intriligator-Seiberg duality where the theory in the right has a superpotential

W = Q̂iQ̂ j Mi j . (C.1)
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SO(Nc) Nc − 2

Sym

Nc − 2 ~ w � SO(Nf −Nc + 4) Nf −Nc + 2

Sym

Nf −Nc + 2

Figure 19: A trivial 2d N = (0,2) duality obtained from the compactification of 4d
N = 1 Intriligator-Seiberg duality on S2.

Upon compactification on S2, we reassign non-negative integer R-charges ra to each fun-
damental chiral multiplet in the left theory and r̂a to those in the right theory [10]. In 4d, the
U(1)R SO(Nc)SO(Nc) mixed gauge anomaly can be calculated as

Tr RGG = TSO(□)
N f
∑

a=1

(ra − 1) + TSO(adj) = 0 . (C.2)

This anomaly cancellation imposes the following constraint on the R-charges of the fundamen-
tal chirals:

N f
∑

a=1

ra = N f − Nc + 2 . (C.3)

Similarly, in the dual theory, the anomaly condition leads to:

N f
∑

a=1

r̂a = Nc − 2 . (C.4)

To satisfy these conditions, we assign ra = 1 for a = 1, . . . , N f − Nc + 2 and ra = 0 for
the remaining indices. The dual R-charges are then given by r̂a = 1− ra. Consequently, the
R-charges of the mesons in the symmetric representation of the dual theory are determined
as:

r(Mab) = 2− r̂a − r̂b , a ≤ b . (C.5)

Following [10], upon compactification on S2, the 2d (0,2) chiral multiplets arise from 4d
fields with integral R-charges less than 1, while 2d (0, 2) Fermi multiplets originate from 4d
fields with integral R-charges greater than 1. 4d fields with R-charge exactly equal to 1 do not
contribute to the 2d theory.

Thus, we arrive at the conclusion that the 2d (0,2) SO(Nc) gauge theory with Nc − 2
fundamental chirals is dual to the SO(N f − Nc + 4) gauge theory, which includes N f − Nc + 2
fundamental chirals, (Nc−2)(Nc−1)/2 chiral mesons, and (N f −Nc+2)(N f −Nc+3)/2 Fermi
mesons. After transferring the chiral mesons to the other side, we obtain the duality depicted
in Fig. 19.

Table 7: Matter contents of 4d N = 1 SO Intriligator-Seiberg duality.

SO(Nc) SU(N f ) U(1)R

Q □ □
N f −Nc+2

N f

SO(N f − Nc + 4) SU(N f ) U(1)R

Q̂ □ □ Nc−2
N f

M 1 Sym
2(N f −Nc+2)

N f

36

https://scipost.org
https://scipost.org/SciPostPhys.18.6.180


SciPost Phys. 18, 180 (2025)

It is evident from Fig. 19 that the dual theories are independent of the rank of the gauge
groups. By evaluating the elliptic genus

I =
2η(q)

3N−3χ−2
2
∏

i≤ j ϑ1(x2 bi b j)

2⌊(N−1)/2⌋⌊N/2⌋!

∮

JK

da
2πia

∏⌊N/2⌋
i< j ϑ1(a±i a±j )
∏⌊N/2⌋

i=1

∏N−2
j=1 ϑ1(xa±i b j)

�
∏⌊N/2⌋

i=1 ϑ1(a±i )
∏N−2

j=1 ϑ1(x b j)

�χ

=
ϑ1(xN−2)
η(q)

, (C.6)

we conclude that the theory is dual to one free Fermi field.
By reorganizing the field content, we obtain the 2d (0, 2) version of the Intriligator-Seiberg

duality between Sym-1 and Sym-3 in Fig. 8 (Sym-dual).

C.2 Triality with SU(N) flavor symmetry for odd N

We have identified a new triality, as illustrated in Fig. 6 (AS-dual), in which the flavor symme-
try is SU(N) with N being even. Building on this discovery, we now present a closely related
triality that arises when the flavor symmetry is SU(N) with N being odd. This new case ex-
hibits analogous structures while introducing subtle differences in superpotentials due to the
parity of N . We propose that the following three theories become equivalent in the infra-red.

AS-1’. Sp(N −1) gauge theory with N fundamental chirals P, one fundamental chiral Q, and
no superpotential.

AS-2’. SU(N − 2) gauge theory with one anti-symmetric chiral X , N fundamental chirals Y
and N chiral mesons Z . Additionally, there is a neutral Fermi multiplet Ψ, forming a
superpotential

W = Ψ(εα1···αN−2 Xα1α2
· · ·XαN−4αN−3

Y i
αN−2

Zi) . (C.7)

AS-3’. LG model of one Fermi Ψ, N chiral mesons Z and 1
2 N(N − 1) chirals, forming an anti-

symmetric N × N matrix A with a superpotential

W = Ψ(εi1···iN Ai1 i2 · · ·AiN−2 iN−1
ZiN ) . (C.8)

The U(1)x and the U(1)y charges of the fields are given as follows:

P Q Ψ A X Y Z

U(1)x 1 0 −N 2 2N
N−2

2
N−2 1

U(1)y 0 −1 1 0 0 0 −1

. (C.9)

A straightforward verification shows that the central charges of these theories agree, which
are given by

cL = (N + 2)(N − 1) , cR =
3
2
(N + 2)(N − 1) . (C.10)

Furthermore, we verify that their elliptic genera agree

I = −η(q)
(N2+4N−5)/2

2
N−1

2
N−1

2 !

∮

JK

da
2πia

N−1
2
∏

i=1

ϑ1(a±2
i )
∏

j<i ϑ1(a±i a±j )
∏N

j=1 ϑ1(a±i b j x) · ϑ1(a±i y−1)

=
η(q)

N2+7N−20
2 ϑ1(x−N y)

(N − 2)!
∏N

i=1 ϑ1(bi y−1 x)

∮

JK

da
2πia

N−2
∏

i=1

∏

j ̸=i ϑ1(ai/a j)
∏

j<i ϑ1(aia j x
2N

N−2 ) ·
∏N

j=1 ϑ1(ai b
−1
j x

2
N−2 )

=
η(q)(N

2+N−2)/2
∏

i< j ϑ1(x2 bi b j)
ϑ1(x−N y)
∏N

i=1 ϑ1(bi y−1 x)
. (C.11)
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C.3 SU gauge theory with one anti-symmetric and one fundamental chiral

In §3.4, we studied the dualities of SU(n) gauge theories with one anti-symmetric chiral multi-
plet. For the duality in Fig. 12 to hold, the number of fundamental chirals must satisfy N ≥ 2,
as required by condition (53). Here, we consider the special case where the number of funda-
mental chirals is reduced to one, i.e., N = 1.

As illustrated in Fig. 21, a sequence of dualities leads to an equivalence between an SU(n)
gauge theory and an Sp(n+m− 3) gauge theory, where m is either 0 or 1 such that n+m is
odd. The matter content and superpotentials for both theories are detailed below.

• Theory A: an SU(n− 1) gauge theory with the following matters:

– One anti-symmetric chiral Y .

– One fundamental chiral X2.

– n anti-fundamental chirals X1.

– One free Fermi Ψ that transforms as (1−n, m) under the symmetries U(1).0×U(1)1.

– A Fermi meson Γ .

The superpotential of the theory takes the following form:

W =

�

Ψ Pf Y + Tr ΓX1X2 , when n is odd,

Ψεα1...αn−1 Yα1α2
. . . Yαn−3αn−2

X2,αn−1
+ Tr ΓX1X2 , when n is even.

(C.12)

AS-1’

Sp(N -1)

N U(1)
y

~ w �

AS-3’

N U(1)
y
+Ψ

AS

AS-2’

N -2

AS

N U(1)
y

+Ψ

~

w

�

~

w

�

Figure 20: A triality among three distinct theories: (AS-1’) an Sp(N−1) gauge theory
of SQCD type with N+1 fundamental chirals, (AS-2’) an SU(N−2) gauge theory with
one anti-symmetric, N fundamental chirals and N chiral mesons, coupled to a neutral
Fermi multiplet Ψ, and (AS-3’) a Landau-Ginzburg model consisting of 1

2 N(N − 1)
chiral multiplets and N chiral mesons coupled to a Fermi multiplet Ψ.
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• Theory B: an Sp(n+m−3) gauge theory, where m is either zero or one such that n+m
is odd, with the following matters:

– One fundamental chiral eX1 with charge (□,□, 1) under the flavor symmetries
Sp(n+m− 3)× SU(n)×U(1)2.

– One fundamental chiral eX2 with charge (□,−m) under the symmetries
Sp(n+m− 3)×U(m)1.

– One chiral meson Z that charges (□, 1− n, n− 1) under SU(n)×U(1)0 ×U(1)2.

– One fundamental Fermi Λ with charge (□, n− 1,−n) under
Sp(n+m− 3)×U(1)0 ×U(1)2.

– One Fermi meson eΓ with charge (□, 1,−1) under SU(n)×U(m)1 ×U(1)2.

– One single free Fermi eΨ with charge (n−1, 1,−n) under U(1)0×U(1−m)1×U(1)2.

The superpotential of theory B is given by:

W = TreΓ eX1 eX2 + TrΛeX1Z . (C.13)

The central charges agree as

cL = n2 − n− 2 , cR =
3
2
(n2 − n− 2) . (C.14)

Moreover, the elliptic genera agree and are expressed as follows:

IA =
η(q)

n2+5n−14
2

(n− 1)!

∮

JK

da
2πia

n−1
∏

i=1

∏

j ̸=i ϑ1(ai/a j)
∏

j<i ϑ1(x2
0aia j) ·
∏n

j=1 ϑ1(a−1
i c j x2 x−1

0 ) · ϑ1(ai x
−1
1 x0)

× ϑ1(x
1−n
0 xm

1 )
n
∏

i=1

ϑ1(c
−1
i x1 x−1

2 ) , (C.15)

IB =
η(q)NB(NB+6)/2

2
NB
2

NB
2 !

∮

JK

dg
2πig

NB
2
∏

i=1

ϑ1(g±2
i )
∏

j<i ϑ1(g±i g±j ) · ϑ1(g±i y−1)
∏n

j=1 ϑ1(x2 g±i c j) · ϑ1(g±i x−1
1 )m

×
ϑ1(y−1 x1)1−m
∏n

i=1 ϑ1(x1 x−1
2 c−1

i )
m

η(q)(m−1)(n−1)
∏n

i=1 ϑ1(yc−1
i x−1

2 )
, (C.16)

where NB = n+m− 3 and y = x−(n−1)
1 xn

2 .

+Ψ

AS

2x0Y

Theory A

n− 1

U(1)n

x0

X2

x2-x0

X1

−x2

Γ

~ w �

6 (AS-dual)

n+m odd

m ∈ {0, 1}

Sp(n+m-3)

n− 1

U(1−m)n

U(m)

x0x2-x0

x0

−x2

−x2

~ w �

5 (SU-dual)

Sp(n+m-3)

U(1)
y

Λ

Sp(n+m-3)

U(1−m)n

U(m)
eX2

x2

eX1

-x2

Z
eΨ

−x2

eΓ

Theory B

Figure 21: A duality between SU(n) and Sp(n + m − 3) gauge theories, where m
is either 0 or 1 such that n + m is odd. The transformation between Theory A and
Theory B follows AS-dual and Sym-dual, as indicated. The chemical potential is given
by y = nx2 − (n− 1)x1.
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AS

n− 2

n

~ w �

6 (AS-dual)

even n

+Ψ

Sp(n− 4)

n− 2

n
~ w �

5 (SU-dual)

Sp(n− 4)

2

n

w w �

Merge

SU(2)

and

Sp(n−4)

Sp(n− 2)

n

~ w �

6 (AS-dual)

⊕ n−2
2

AS

n

+Ψ

⊕ n−2
2

Figure 22: A sequence of transformations applied to the SU(n−2) gauge theory with
one anti-symmetric chiral and n anti-fundamental chirals where n is even. In the
transition from the third to the fourth diagram, the Sp(n−4) and SU(2) gauge nodes
are merged into a single Sp(n−2) node. This merging introduces an additional factor
of (n−2)/2= |W (Sp(n−2))|/|W (Sp(n−4))×W (SU(2))|, reflecting the ratio of Weyl
group orders in the elliptic genus. Additionally, at this step, the direction of the arrow
between nodes 2 and n is reversed from (2 ← n) to (2 → n), utilizing the identity
ϑ1(z) = −ϑ1(1/z). For the 4th and 5th quiver diagrams, we consider a disjoint union
of (n − 2)/2 copies of the theory. Through these transformations, we establish an
identity between the elliptic genera at each step of the sequence.

C.4 SU gauge theory with one anti-symmetric and no fundamental chiral

Finally, we examine the case where there is no fundamental chiral multiplet, i.e., N = 0.
This corresponds to an SU(n− 2) gauge theory with one anti-symmetric chiral multiplet and
n anti-fundamental chirals. One approach to studying this case is to directly compute the
elliptic genus using the JK residue integrals. Alternatively, we can derive the result through a
sequence of known dualities and operations.

In this case, we consider transformations that provide the identities of the elliptic genus,
focusing only on the field contents while ignoring detailed aspects of the theory, such as the
superpotential. As before, this depends on whether n is even or odd: we apply the duality in
Fig. 6 (AS-dual) or Fig. 20 to the anti-symmetric chiral multiplet, followed by a sequence of
additional dualities and transformations.

Let us consider the case of even n, and Fig. 22 illustrates a series of transformations that
provides the identity of elliptic genera. Based on this identity, we propose the duality between
the following two theories:

• An SU(n−2) gauge theory with one anti-symmetric chiral X , n anti-fundamental chirals
Y , and a neutral Fermi multiplet Ψ. The superpotential is given by:

W = Ψ Pf X . (C.17)

• A disjoint union of n−2
2 copies of a theory with 1

2 n(n − 1) chirals, forming an anti-
symmetric n× n matrix A, and a Fermi multiplet Ψ, with the superpotential:

W = Ψ Pf A . (C.18)

The U(1)x charges of the fields are summarized as follows,

X Y Ψ A

U(1)x
2n

n−2 − 2
n−2 −n 2

. (C.19)
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AS

n− 2

n

~ w �

+Ψ

Fig. 20

odd n

Sp(n− 3) U(1)

n− 2

n

~ w �

5 (SU-dual)

Sp(n− 3) U(1)

2

n

w w �

Merge

SU(2)

and

Sp(n−3)

U(1)

Sp(n− 1)

n

~ w �

Fig. 20

⊕ n−1
2

AS

n

+Ψ

⊕ n−1
2

Figure 23: A sequence of transformations applied to the SU(n − 2) gauge theory
with one anti-symmetric chiral and n anti-fundamental chirals where n is odd. In
the transition from the third to the fourth diagram, the Sp(n− 3) and SU(2) gauge
nodes are merged into a single Sp(n−1) node. This merging introduces an additional
factor of (n−1)/2= |W (Sp(n−1))|/|W (Sp(n−3))×W (SU(2))|, reflecting the ratio
of Weyl group orders in the elliptic genus. Additionally, at this step, the direction
of the arrow between nodes 2 and n is reversed from (2← n) to (2→ n), utilizing
the identity ϑ1(z) = −ϑ1(1/z). For the 4th and 5th quiver diagrams, we consider a
disjoint union of (n− 1)/2 copies of the theory. Through these transformations, we
establish an identity between the elliptic genera at each step of the sequence.

The elliptic genera are given by

I = −η(q)
n2+5n−20

2 ϑ1(x−n)
(n− 2)!

∮

JK

da
2πia

n−2
∏

i=1

∏

j ̸=i ϑ1(ai/a j)
∏

j<i ϑ1(x
2n

n−2 aia j) ·
∏n

j=1 ϑ1(a−1
i b j x−

2
n−2 )

=
n− 2

2
ϑ1(x−n)
η(q)

∏

i< j

η(q)
ϑ1(x2 bi b j)

.

(C.20)

Now we turn to the case of odd n, and Fig. 23 illustrates a sequence of transformations
that provide the identities of the elliptic genus. Based on this, we propose a duality between
the following two theories

• An SU(n−2) gauge theory with one anti-symmetric chiral X , n anti-fundamental chirals
Y , and one Fermi multiplet Ψ. The superpotential is given by:

W = Ψ det X . (C.21)

• A disjoint union of n−1
2 copies of a theory with n(n−1)

2 chiral multiplets A, and one Fermi
multiplet Ψ. The superpotential is given by:

W = Ψ det A . (C.22)

The U(1)x and U(1)d charges of the fields are summarized as follows:

Ψ X Y A

U(1)x −2n 2n
n−2 − 2

n−2 2
. (C.23)
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Therefore, under the duality, there is a correspondence between the operator Ψ(det B)2 and
Ψ. The elliptic genera are given by:

I = −η(q)
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