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Abstract

The A-theory takes U-duality symmetry as a guiding principle, with the SL(5) U-duality
symmetry being described as the world-volume theory of a 5-brane. Furthermore, by uni-
fying the 6-dimensional world-volume Lorentz symmetry with the SL(5) spacetime sym-
metry, it extends to SL(6) U-duality symmetry. The SL(5) spacetime vielbein fields and
the 5-brane world-volume vielbein fields are mixed under the SL(6) U-duality transfor-
mation. We demonstrate that consistent sectionings of the SL(6) .45-brane world-volume
Lagrangian yield Lagrangians of the 7 -string with O(D,D) T-duality symmetry, the con-
ventional string, the M5-brane with GL(4) duality symmetry, and the non-perturbative
M2-brane in supergravity theory. The GL(4) covariant Lagrangian of the M5-brane de-
rived in this manner is a new, perturbatively quantizable theory.

Copyright M. Hatsuda et al. Received 2025-01-27 L)
This work is licensed under the Creative Commons Accepted 2025-06-17 o
Check for

Attribution 4.0 International License. Published 2025-07-07 updates
Published by the SciPost Foundation. doi:10.21468/SciPostPhys.19.1.009

Contents

1 Introduction
1.1 An overview of .A-theory formalism
1.2 Summary
1.3 Dimensional reduction procedure

a b NN

2 Theories with manifest duality symmetries and sectionings
2.1 Diamond diagrams
2.2 Representations
2.3 Constraints and sectionings 1

= 00 o


https://scipost.org
https://scipost.org/SciPostPhys.19.1.009
mailto:mhatsuda@juntendo.ac.jp
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.19.1.009&amp;domain=pdf&amp;date_stamp=2025-07-07
https://doi.org/10.21468/SciPostPhys.19.1.009

e SciPost Phys. 19, 009 (2025)

3 A5-brane Lagrangians 16
3.1 A5-brane Lagrangian with SL(5) U-duality symmetry 16
3.2 World-volume covariant A5-brane Lagrangian with SL(6) duality symmetry 17

4 Lagrangian of D-dimensional string from O(D,D) 7 -string 18
4.1 O(D,D) T-string 18
4.2 String from O(D,D) 7 -string 20

5 Lagrangians of string via 7 -string from .45-brane 22
5.1 7T -string from A5-brane 22
5.2 String from 7 -string 24

6 Lagrangians of M2-brane via M5-brane from .A5-brane 25
6.1 M5-brane from .A5-brane 25
6.2 Non-perturbative M2-brane from M5-brane 29

7 Discussion 31

References 32

1 Introduction

1.1 An overview of .A-theory formalism

Superstring theory is regarded as a strong candidate for a unified theory that encompasses all
four fundamental interactions. However, rather than a single theory, it currently exists in the
form of six distinct theories: five superstring theories and M-theory. These six theories are
intricately connected via S-duality and T-duality, forming a hexagonal network of dualities.
Each of these six theories is defined on its own characteristic brane, and together they pro-
vide complementary descriptions of the broader structure of superstring theory. A key open
question is what kind of theoretical framework can provide a unified formulation of these six
theories.

S-duality and T-duality are unified as U-duality, whose structure reflects the group-theoretic
inclusiveness of these dualities. The symmetry group of a theory with manifest S-duality is
given by GL(D+1) which extends the spacetime diffeomorphism group GL(D) by incorporating
the S-duality group SL(2) as a subgroup. GL(D+1) and the T-duality symmetry O(D,D) are
embedded within the exceptional group Ep_; which serves as the symmetry group of U-duality.
U-duality is therefore expected to relate all six superstring theories in a coherent manner. A
theory that explicitly manifests this U-duality symmetry is referred to as “.A-theory”, and major
objective is to construct a perturbative formulation of this theory that facilitates a systematic
analysis of its quantum aspects (see [1] for review).

In 1995, Witten proposed M-theory as a strong coupling limit of the type IIA superstring
theory via S-duality [2]. The low-energy effective theory of M-theory is 11-dimensional su-
pergravity, whose diffeomorphism symmetry is GL(11), combining the 10-dimensional diffeo-
morphism and the SL(2) S-duality symmetry. We refer to a world-volume theories that exhibit
manifest GL(D+1) symmetry as M-theory. In 1996, Vafa proposed F-theory as a framework
related to the type IIB superstring theory via S-duality [3]. For further discussion, see, for
example [4].
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In 1993, Siegel proposed a string theory guided by the T-duality symmetry O(D,D) [5-
7]. This framework employs the idea of doubling spacetime coordinates, where the 2D-
dimensional spacetime coordinates are treated as vectors in the O(D,D) representation [8].
The geometry generated by the O(D,D) covariant current algebra is the stringy gravity theory
with B-field, where gauge fields are parameters of the coset O(D,D) over the doubled Lorentz
group. We refer to this as 7-theory and the T-duality covariant string as 7 -string. Later Hull,
Zwiebach, and Hohm proposed a theory of O(D,D) covariant background fields, known as Dou-
ble Field Theory (DFT) [9,10]. This theory serves as the low-energy effective gravitational de-
scription of 7 -string theory. In order to consistently reduce the doubled 2D-dimensional space-
time to the physical D-dimensional spacetime, the section condition was employed, which cor-
responds to the zero-mode of the Virasoro constraint S=0. For detailed reviews, see [11,12].
The T - theory was extended to incorporate N' = 2 supersymmetry including Ramond-Ramond
gauge fields based on the doubled non-degenerate super-Poincaré group [13-17]. All bosonic
component fields represent supersymmetrized O(D,D) while fermions represent only O(D-
1,1)2. Incorporating S-duality requires extending the symmetry to the exceptional U-duality
group. Consequently, the exceptional group Ep,; is expected to be related to a subgroup of
the doubled non-degenerate super-Poincaré group.

Siegel, Linch and Polacek subsequently proposed brane theories guided by the U-duality
symmetry ( Ep,; ) [13,18,19]. Since the representation of exceptional groups varies with
dimension, the theory is labeled by the spacetime dimension D when reduced to string the-
ory. This is called D= D A-theory. According to the classification of Lie algebras, removing
a specific node in the Dynkin diagram of Ep,; reduces it to the GL(D+1) Dynkin diagram.
This corresponds to reducing the spacetime dimensions of A-theory using the Virasoro con-
straint, recovering the aforementioned M-theory. Conversely, removing another node in the
Ep41 Dynkin diagram reduces it to the O(D,D) Dynkin diagram. This corresponds to reducing
the world-volume dimensions of .A-theory using the Gauf3 law constraint /=0, recovering the
aforementioned 7 -theory. As a consequence of these dual reductions, .A-theory is consistently
described by branes covariant under the exceptional group. Both the spacetime coordinates
and world-volume coordinates of the branes are representations of the exceptional group, en-
suring that the brane current algebra is covariant under the exceptional group. Moreover, a
perturbative Lagrangian describing these branes on their world-volume has been constructed.
In the previous papers [18-24, 24-31] we refer these models as “F-theory”, but we have re-
named our formulation from “F-theory” to .A-theory in our most recent work [1], in order to
present it as a general framework that includes all spacetime dimensions and accommodates
all duality symmetries.

Exceptional Field Theory (EFT) applies DFT concepts to exceptional groups [32—-44]. The
symmetry of exceptional groups was initially discovered as a partial dimensional symmetry of
background fields in 11-dimensional supergravity [45,46]. The generalized diffeomorphism
in EFT is characterized by the “Y-tensor”, which reflects the structure of the exceptional group.
This Y-tensor, Y™V, is related to the group invariant metric in .A-theory, denoted by n™"™,
through the relation YMN pQ = pMNmy pqm Where M,N,--- are the spacetime indices and m
is the world-volume index. These indices correspond to different representations of the ex-
ceptional group. The origin of the Y-tensor lies in the Schwinger term of the current algebra,
{>y(0), Py} = NyNm@™6(0 — o), where the world-volume derivative ™ is defined
through the commutator with the Virasoro constraint, S™ = %nMN "™ D>y B>y . The section con-
dition given by the Y-tensor, Y™¥ 8,0y = 0, is related to the zero-mode of the Virasoro
constraint in A-theory. Specifically, the zero-mode component of the constraint S™ takes the
form S™|g modes = MM N™0,,0y = 0, establishing a direct connection between the section con-
dition in EFT and the Virasoro structure of .A-theory. Active research continues on expressing
exceptional groups through brane current algebra [47-54].
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This paper focuses on the 5-brane that describes D=3 .A-theory with SL(5) U-duality sym-
metry. In the case of D=3, the theory provides a nontrivial yet tractable example that includes
various types of branes and permits explicit computations. The Virasoro algebra, when ex-
tended to incorporate brane degrees of freedom, involves Gaul law—type constraints that are
intrinsic to the brane. These constraints facilitate the dimensional reduction of the brane
world-volume. Such an extended Virasoro algebra serves as a useful prototype for generaliza-
tion to higher dimensions. Furthermore, the construction of the Lagrangian in this framework
constitutes a significant milestone toward extending the formulation to higher-dimensional
cases. We clarify how the usual string, and 7 -string and membrane of 11-dimensional su-
pergravity (M2) emerge. Specifically, we derive the Lagrangians for the conventional non-
perturbative M2-brane, the O(D,D)-covariant 7 -string, and the conventional string from the
A-theory 5-brane (A5) Lagrangian.

1.2 Summary

In this paper, we focus on the SL(5) U-duality symmetry and clarify the relation between the .A-
theory five-brane (A5-brane) and conventional branes. The 45-brane is a 5-brane that exhibits
manifest SL(5) U-duality symmetry, and it is described by a perturbative Lagrangian described
using the SL(5) rank-two antisymmetric tensor coordinate [1,18,30]. The A5-brane theory
is reduced, through the duality reduction procedure, to the 7 -string with O(3,3) T-duality
symmetry, the M5-brane with GL(4) duality symmetry, and the String with GL(3) symmetry.
The interrelation among these theories forms a diamond-shaped diagram. In this paper, we
present the sectioning procedure along this diamond contour. Additionally, we detail reduc-
tion procedures from the 7 -string Lagrangian to the conventional string Lagrangian, and from
the M5-brane Lagrangian to the conventional non-perturbative M2-brane Lagrangian [55].
We further generalize the dimensional reduction of S-duality, as applied to 11-dimensional
supergravity and its relation to type IIA supergravity [2], to the case of T-duality, as discussed
in subsection 1.3. For S-duality, Agying < 1/Aging, the dimensional reduction is realized by
taking the limit Ay, < 1 in the metric. For T-duality, characterized by R/ Vo' — Vo' /R with
string length lgying = Va’, the dimensional reduction is achieved by taking the large-radius
limit R > v/a’, such that the O(D,D) spacetime for the 7 -string reduces to the conventional
D-dimensional spacetime. Finally, we propose a perturbative M5-brane Lagrangian in a su-
pergravity background derived from the .A5-brane, as given in equation (109).

In section 2 the relationships among the .A5-brane, M5-brane, 7 -string, and String the-
ories are elucidated through diamond diagrams based on duality symmetries. The diamond
diagram represents a contour in the U-duality plane, which is parametrized by two quantities:
the string coupling and a scale defined by the string length. The branes are described in terms
of field strengths, where the spacetime coordinates possess the gauge symmetry generated by
the Gaul’ law constraint. These field strengths and their associated gauge parameters, along
with the world-volume and spacetime coordinates, transform as representations under the
relevant duality symmetries. The world-volume diffeomorphism is generated by the Virasoro
constraints S = 0. Dimensions to reduce are determined by solving the Virasoro constraints
S = 0 for spacetime and by solving the Gauf3 law constraints ¢/ = 0 for world-volume.

In section 3 both the SL(5) and the SL(6) covariant Lagrangians of the A5-brane are given,
where the SL(6) manifests the 5-brane world-volume Lorentz symmetry. Duff and Lu [56,57]
showed that the membrane theory exhibits the SL(5) duality symmetry by the Gaillard-Zumino
approach. In general, the symmetry of Lagrangian formulation is larger than that of the corre-
sponding Hamiltonian formulation. In .4-theory, the U-duality symmetry in the Hamiltonian
formulation, G-symmetry, is enhanced to a novel duality symmetry in the Lagrangian for-
mulation, A-symmetry. This symmetry enhancement in higher-dimensional cases (D < 6) is
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summarized on page 6 of [22] and page 14 of [1]. It was shown that the brane world-volume
metric is also transformed conformally under the SL(5) duality transformation as well as the
spacetime background fields in [56,57]. This mixing between spacetime and world-volume is
a manifestation of the extended SL(6) duality symmetry transformation. The SL(6) vielbein
includes both the SL(5) spacetime vielbein and the 6-dimensional world-volume vielbein, so
the spacetime and world-volume are mixed under the new duality symmetry SL(6). The SL(6)
formulation is useful to reduce to other branes: Since the string world-sheet directions and the
spacetime directions are direct sum, the SL(6) vielbein is in a block diagonal form as shown
in subsection 5.1. On the other hand, the brane world-volume directions share the spacetime
directions unlike the string as shown in subsection 6.1.

In section 4, we begin with the O(D,D) string Hamiltonian and apply the double zweibein
method [58,59] to derive the 7 -string Lagrangian. We then present the reduction procedure
from the O(D,D) T -string Lagrangian to the conventional string Lagrangian in D dimensions,
following an approach analogous to that in subsection 1.3. It is shown that the Wess—Zumino
term can be obtained by adding a total derivative term.

In section 5, we start from the .A5-brane Lagrangian and present the reduction procedure
leading to the T -string Lagrangian. The O(D,D) background gauge field is reformulated using
SL(4) tensor indices in such a way that it couples naturally to the SL(4) tensor coordinates of
the T -string. Subsequently, by applying the procedure described in section 4, we derive the
conventional string Lagrangian.

In section 6 we begin with the SL(6) covariant .45-brane Lagrangian which leads to a
new perturbative M5-brane Lagrangian. We further reduce it to the conventional M2-brane
Lagrangian. The “perturbative” M5-brane Lagrangian is formulated as a bilinear expression
in terms of currents, while the “non-perturbative” M2-brane Lagrangian comprises the sum of
the Nambu-Goto and Wess—Zumino terms. The dimensional reduction from the M5-brane to
the M2-brane is implemented via the “non-perturbative projection” 3™ = €'/ 9;x™3;, in (114)
and the gauge fixing of the world-volume metric in (120). The Nambu-Goto Lagrangian is
obtained by the gauge choice of the world-volume vielbein, while the Wess-Zumino term is
obtained by adding the total derivative term.

1.3 Dimensional reduction procedure

In [2], it was pointed out that under an S-duality transformation between the 10-dimensional
type IIA theory and the 11-dimensional supergravity theory, the structure of the supersymmetry
algebra remains invariant, although the interpretation of the central charge changes. The
global superalgebra, involving supercharges Q and Q’ of the opposite chirality, 10-dimensional
momenta P, and a central charge W, is given by {Q,Q} ~ P ~ {Q’,Q’}, {Qa,Q;j} ~ O W

The central charge W is interpreted as the Ramond-Ramond (RR) DO-brane charge in 10
dimensions, and as the momentum in the 11th dimension in 11-dimensional supergravity. The
11-dimensional spacetime reduces into the 10-dimensional spacetime in the weak coupling
limit e** < 1,

dimensional
_

dst, = glldx™dx" + > (dy —Apdx™)? ds}, = ghhldx"dx", (1)

reduction
with the 11-th dimensional coordinate y and the string coupling Ayying = e3#/2 The 11-
dimensional momentum W is maintained as the DO-brane charge in the 10-dimeniosnal IIA
theory after the dimensional reduction.

This framework is generalized to incorporate T-duality. We compare the superalgebra of
the 2D-dimensional 7 -string theory, which exhibits manifest T-duality, with the type II su-
peralgebra of conventional string theory in D dimensions. The global type II superalgebra
involves two supercharges, Q and Q’, and the D-dimensional momentum P, and is expressed
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as {Q,Q} ~ (P +P), {Q,Q'} ~(P—DP), where P is a central charge. In D dimensions, P is
interpreted as an NS-NS charge, while in 2D dimensions, it corresponds to the additional mo-
menta associated with the extended spacetime. By restoring the o’ dependence in the O(D, D)
momentum-winding vector, (p,,, %@,xm) = (Pm> % p™), the canonical conjugate coordinates
become (x™, a’y,,). At small compactification scales (R < v/a’), the winding modes become
light and are readily excited, whereas at large scales (R > v a’), they become heavy and only
the momentum modes remain dynamically relevant. Manifest T-duality is broken by choos-
ing a specific background such that the 2D-dimensional spacetime effectively reduces to the
D-dimensional one in the limit R > va':

dimensional

ds3y = gmadx™dx" + a'*(dy,, — dx'By,)g™(dy, — dx*By,) ds? = gndx™dx".

(2)
Here, y,, denotes the additional D-dimensional coordinates, and B,,,, is the NS-NS gauge field.
The additional momenta in the extended dimensions are preserved as NS-NS charges after the
dimensional reduction.

This dimensional reduction procedure corresponds to the gauge fixing of the dimensional
reduction constraint which is the first class constraint in Hamiltonian formulation. The dimen-
sional reduction constraint and the gauge fixing to reduce the conventional string are discussed
in [60] for a flat space case. The dimensional reduction constraint is the y component of the
symmetry generator, Ey = 0. The gauge fixing condition J,y = 0 reduces the set of conven-
tional string operators, the physical momentum P, # O and left/right covariant derivatives
P, + 3,x. In Lagrangian formulation the momentum is replaced by Py = 8L/dX. It is gen-
eralized to the brane case, and then the dimensional reduction constraint turns out to be the
Virasoro constraint in which one of the momenta is replaced by the 0-mode [19]. For zero-
mode momenta p,, p, and momenta including all modes P,, P,, the dimensional reduction
constraint By = 0 is expressed by the Virasoro operator as p,, - P, + p, - P, =0— P, =0.

Although the equation of motion derived from the doubled Lagrangian, when combined
with the self-duality condition, coincides with that obtained from the original Lagrangian, the
self-duality condition causes the doubled Lagrangian to vanish [61]. In particular, the self-
duality condition J,x = €,,,0"y reduces the Lagrangian of the O(D, D) T -string in flat space
to zero, as follows

reduction

L:%(XZ—X/2+_)./2—)//2)

It is also mentioned that the naive section y = 0 the 7 -string Lagrangian in curved background
does not reduce to the expected string Lagrangian in curved background as

1 Smn — B8 B, —B g™ a_x"
L==(3.x™ 3 mn m n m
2( + +ym)( gmlBln gmn a_yn

selfduality
_

y=0 1
— E +xm (gmn _BmlglkBkn) a_xn .

The following points are also noteworthy. Integrating out the (dy +- - - )? term is possible in
the case of a constant background. However, for a general non-constant background, the path
integral over dy in exp [—f(dy +---)g(dy+--- )] yields a Jacobian factor ,/g in the path
integral measure, which in turn generates an additional term in the effective action. Using the
equation of motion is again valid in the constant background case, but it does not reproduce
the conventional string Lagrangian when the background fields g(x, y) and B(x, y) are non-
constant. Furthermore, imposing both conditions d,y —0,xB=0 and J.y—J_xB =0
is inconsistent, since the integrability condition is violated in curved backgrounds where
[0,,0_ ]y # 0. Several studies have been devoted to refining the reduction to the conven-
tional string Lagrangian, resulting in a variety of interesting approaches [43,50,61-64].

6
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Instead we propose the reduction procedure from 7 -string Lagrangian to the conventional
string Lagrangian: (1) adding the total derivative term —3d,(e"”x™3d,y,,) to derive the Wess-
Zumino term, then (2) the dimensional reduction (2) as

1 —B,,8%B, —B,;8" d_x"
L= (0" a+ym)( g gmn )( 5y )—au(e“wavym)
n —Jn

(3)

dimensional m n
reduction (1.2) 3+x (gmn + an)a_x '

This is the expected string Lagrangian up to the normalization factor two which can be ab-
sorbed by the Lagrange multiplier. The section conditions of spacetime fields ®(x, y) are con-
sistent with the Lagrangian where the section y = 0 can be chosen as ®(x).

This procedure is similar to the usual dimensional reduction where the reduction is done
in the local flat Lorentz coordinate. i.e. Suppose that we have a line element dx* = dx E,,*.
We decompose the doubled coordinate dx” into dx® and dy, in the local Lorenz frame, and
then discard (dy,)?. Since the metric (#)-tensor) in local flat spacetime is already diagonal, in
practice we can just apply this reduction by deleting certain blocks of 7-tensor similar to (2).

The main purpose of this paper is to carry out the above reduction procedure in several
specific cases. In general, however, the procedure can be schematically summarized as follows.

1. We start with the current algebra defined on an extended space of coordinates,
where both momentum and winding modes have their corresponding conjugate coordi-
nates. The Hamiltonian is written as a sum of self-dual and anti-self-dual constraints:
H=gH+gH+5,8™+5,8™+Y™U,, where H,H are the T component of the Vira-
soro constraints and its dual counterpart, S™, S™ are the c™ components of the Virasoro
constraints and its dual counterpart. 4, is the Gaufd law constraint specific to branes.

2. The Lagrangian is obtained via a Legendre transformation of the Hamiltonian H. This
has been performed in previous works for various theories [1]. Schematically, the La-
grangian takes the form L = &Jgp - 1) - Jgg + A - Jg - 1) - Jgp + - - -, where J‘;‘D /55 are the
selfdual and anti-selfdual currents. They are coupled with vielbein, and thus they have
flat indices. ® and A are Lagrange multipliers which are functions of g,s™, ,5™. One
can gauge fix A = 0 by the suitable choice of original parameters.

3. Separate coordinates and currents into the physical part and the auxiliary part as
XM — x™ y# and JA — J¢ J* where x™ represents the physical coordinates for the
target string or brane theory, and y* denotes auxiliary coordinates. Dimensional reduc-
tion is then performed according to equation (2).

4. The reduced Lagrangian L’ = J%gp# 4] bE can be shown to reproduce the desired string
or brane action, up to the absence of the Wess—Zumino (WZ) term. We find that adding
a total derivative term to the Lagrangian restores the WZ term

L + Total derivative = JaSD"f)abeﬁ + js‘f‘Dﬁa,jjﬁE + Lyyz -

Here, the current J¢ is modified by the addition of the total derivative term and is sub-
sequently eliminated through the dimensional reduction (2). This procedure yields the
correct WZ term.
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A-theory
Epti(p+1)/Hp
bispinor
/ N
M-theory T -theory
GL(D +1)/S0O(D) 0(D,D)/SO(D)?
D+1 2D
N v
S-theory
GL(D)/SO(D)
D

Figure 1: G-symmetries of D = D theories and spacetime dimensions.

2 Theories with manifest duality symmetries and sectionings

2.1 Diamond diagrams

The duality web of the G-symmetry in .A-theory is represented by the diamond diagram shown
in Fig. 1, as studied in [19]. The G-symmetry, associated with the coset group G/H, plays
the role of a duality symmetry. The coset parameter serves as the gauge field of the duality-
covariant geometry, incorporating the spacetime vielbein as well as the NS-NS and R-R gauge
fields of superstring theory.

The relationships among these duality groups are illustrated using Dynkin diagrams, as
discussed in [1]. Removing a single node from the Dynkin diagram of Ep, (p41) reduces it to
that of either GL(D+1) or O(D,D), depending on which node is removed. Further removing
one more node from the Dynkin diagram of GL(D+1) or O(D,D) leads to that of GL(D).

In this paper we focus on D=3 case where the G-symmetry is SL(5) and the diamond
diagram becomes Fig. 2. This SL(5) duality symmetry is enlarged to SL(6) for the (5+1)-
dimensional world-volume covariance in Lagrangian [1]. We named this enlarged symmetry
“A-symmetry”. This A-theory unifies the spacetime and the world-volume, in a sense that the
coset parameter of A/L=SL(6)/GL(4) includes not only the spacetime vielbein field but also
the world-volume vielbein field.

In this paper, we focus on the D=3 case, where the G-symmetry is SL(5) and the diamond
diagram corresponds to Fig. 2. This SL(5) duality symmetry is further enhanced to SL(6) in
order to accommodate the (5+1)-dimensional world-volume covariance in the Lagrangian for-
mulation [1]. We refer to this enlarged symmetry as the “A-symmetry”. The resulting A-theory
unifies the spacetime and world-volume structures, in the sense that the coset parameter of
A/L =SL(6)/GL(4) includes not only the spacetime vielbein field but also the world-volume
vielbein field. We note that H = SO(D) is used instead of SO(D-1,1) for simplicity. Conse-
quently, a Wick rotation is required to properly account for the time component in this section
and elsewhere.

2.2 Representations

In duality covariant theories, spacetime and world-volume coordinates transform as represen-
tations of the duality symmetry (A-symmetry or G-symmetry), which determines the world-
volume dimension. The Gauf} law constraint generates gauge symmetry of the duality covari-
ant spacetime coordinate, making the brane current correspond to a field strength.
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A-theory
A/L = SL(6)/GL(4)
15
G/H = SL(5)/S0(5)
10
/ N
M-theory T -theory
G/H = GL(4)/SO(4) G/H = 0(3,3)/SO(3)?
4 3+3
N /
S-theory
G/H = GL(3)/SO(3)
3

Figure 2: A- and G-symmetries of D = 3 theories and spacetime dimensions.

The D=3 M, T, S-theories are obtained from the D=3 A-theory [18,30]. We list repre-
sentations of duality groups in Tab. 1; the world-volume derivative 6™, the gauge parameter
A™, the spacetime coordinate XM, and the field strength (the current) Fy; = npnmd™XY
(JHM = 0,X M u=(7,0)). Nynm is the G-symmetry invariant tensor which enters the cur-
rent algebra, where the SL(5) invariant metric iS Nan; = Nm,mynynyl = Emymynynyl- L0€ World-
volume dimension of M-theory is still 1 ® 5 where four dimensions are embedded in the 4
spacetime x™ and one dimension is embedded in the internal space, so we denote as 1 @ 4(5).

The field strengths and currents together with the gauge transformations are given con-
cretely as follows.

1. A5-brane field strengths

(a) World-volume covariant .A5-brane field strength

The SL(6) A-symmetry covariant .A-theory is described by a 5-brane with the man-
ifest SL(6) new duality symmetry which manifests 6-dimensional world-volume
Lorentz symmetry, namely world-volume covariant .45-brane.

anpzia[mxnp]’ 5Aan=a[m)Ln]’ m=0,1,...,5. 4

(b) A5-brane field strength

The SL(5) G-symmetry covariant .A-theory is described by a 5-brane with manifest
SL(5) U-duality symmetry, namely A5-brane.

FTmn —xmn_ a[myn] ,

§,xmn = glmanl,
Fomms = S m @XM | (5)
5 Y™ = Am_gmA0.

2. M5-brane field strength

The GL(4) M-theory is described by a 5-brane with the manifest GL(4) duality symme-
try, namely M5-brane. We focus only on 4-dimensional subspace of the 5-dimensional
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Table 1: Representations of the duality groups of theories.

Theories | World-volumes Gauges Spacetimes Field strengths
Groups d A X F
A-theory 6 6 15 20
SL(6) ™, w=0.5 AT X FrAp
A-theory 185 185 1085 10® 10
SL(5) 8°%,0™, m=1..5 | A%,A™ xmn ym F." Fymn
M-theory 1@ 4(5) 194 401 486
GL(4) 3%,0™, 1 | A% AT x™ Yy F:™, Fomn
T -theory le1 0 383 3e303 03
0(3,3) 0%,0%, m=123 Xy L e masd " o
S-theory le1 0 3 383
GL(3) 3°,89, se123 x™ I T i

world-volume which is embedded in the 4-dimensional spacetime. This M5-brane ex-
tends over both the main space (i.e., the duality-covariant space) and the internal space.
Four of its world-volume directions lie in the main space while the remaining directions
lie in the internal space, specifically one world-volume direction in the Hamiltonian for-
malism, or two in the Lagrangian formalism. Considering the critical string action in
the full spacetime structure is an interesting subject, although it lies beyond the scope
of the present discussion. The relationship between the main space and the internal
space is schematically illustrated in Figure 2 the “slug diagram” (see page 27 in [20]
or page 14 in [1]). In the case of D = 3 the main space coordinate is represented by
a bispinor X*#, and the world-volume coordinate by an antisymmetric bispinor o{*#1,
with @ = 1,...,4. The internal space coordinate is given by a bispinor Y["‘//j/], where
a’ =1,...,8. The total number of supersymmetries is 32, which corresponds to the prod-
uct of the dimensions of the spinor indices 32 = 4 x 8. It is noted that the assignment of
the duality symmetric space in .A-theory differs from that in conventional formulations.
In A-theory, the duality-symmetric space is assigned to the main “spacetime” rather than
the internal space, such that all tensor gauge fields are automatically incorporated into
the coset parameter of Ep,;/H.

Physical currents are as follows.

Fm—im 4 gmy
5x™m = gmA,
=—€p, ..m,0"x™, (6)

5AYZ—7L

10
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The following currents are auxiliary written by auxiliary coordinates y™, Y™,

5, ymn = g[m,w]’
BAYEZA..E, (7)
O, AL =01A.

These currents constitute the SL(5) A-symmetry together with (6), and they are used to
lead the non-perturbative M2-brane Lagrangian.

3. T-string currents

The O(3,3) T -theory is described by a string with the manifest O(3,3) T-duality symme-
try, namely 7 -string.

m,m, _ ym,m
JT—l—Z =X

(8)
_1 m,m
nglmz = ieml...M80X—3—4 .
: : : m _1 il
It is convenient to represent in terms of x™ and Y = 3€malY -
r — —
JTm — xm ,
— m
JO'Tl_'llﬁ”lz _eﬁllﬁlzﬁlgao'x 35
AL LS ©)
_1 Mym
Jarﬁl - Eeﬁilrﬁzm3aay 23,
m=1,2,3

4. S-tring currents

The GL(3) S-theory is described by a string with the manifest GL(3) spacetime diffeo-
morphism symmetry, namely a 3-dimensional string.

JTﬁl — J'(ﬁl ,
(10)
Jomymy, = €y igms o X -
Some minus signs come from the mere notation €534 = 1 = —€473. It is denoted that these

o [e]
currents are flat currents, and in later sections flat current symbols F or J will be used to
distinguish from curved background currents.

2.3 Constraints and sectionings

The theories in Hamiltonian formulation are constructed by the current algebra with manifest
duality symmetries [18]. The Spacetime translation is generated by the covariant derivative
>y1(0). The p-brane current algebra with G-symmetry covariance is given by

[>u(0), y(0)] = 2ifyn" >L(0)8(0 — ')+ 2inyNmd" 6P (0 — o). (11)

11
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A5-brane
10-dim. spacetime

S/ N U
M5-brane T -string
4-dim. spacetime 3+ 3-dim. spacetime
U\ )
String

3-dim. spacetime
Figure 3: Diamond diagram of Sectionings of branes of D = 3 theories.

Branes are governed by the brane Virasoro constraints S™ = % >ynM¥Nmp>y = 0 and
H = 1>, AN >y = 0 together with the GauR law constraints U, = 0 which is required
by the closure of the Virasoro algebra. ™" is the H-invariant metric. Theories are related by
sectionings; The Virasoro constraint S™ = 0 gives the section conditions to reduce the space-
time dimensions, and the Gaul3 law constraint ¢/, = 0 is used to reduce the world-volume
dimension as Fig. 3.

The spacetime covariant derivatives, constraints and section conditions are given [18,30]
in Fig. 3 concretely as follows.

1. A5-brane in 10-dimensional spacetime

The 10-dimensional spacetime is described by the rank-two anti-symmetric tensor co-
variant derivative >, ., as

DTT'llfrlz = Pmlmz + _eml"'mSam3Xm4m5 > (12)

2
where P, is canonical conjugate of X™" with [P,,,(c),X*(c")] = %5%5,’?5(5)(0 —o)
andm=1,...,5.

The SL(5) covariant current algebra of .A5-brane is given by

— 95 5
[ >,y (0), P, (0] = 2i€, . 8565 (0 — o). (13)

The 5-dimensional world-volume diffeomorphism is generated by the Virasoro con-
straints S™ = 0 while the world-volume time diffeomorphism is generated by H = 0.
The Gauf} law constraint I/,,, = O generates the gauge symmetry of the spacetime coor-
dinate. These constraints are given by [1] as:

1
S = 16 Dmlmzemml M4 Dm3m4 =0,
1
H = 16 [>m1m25m1["15n2]m2 Dnlnz — 0’ (14)
um =a" [>mn =0

The SL(5) covariant constraints S™ = 0 and U/, = 0 are background independent. These
constraints are used as the dimensional reduction and section condition by replacing

12
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Table 2: Constraints, dimensional reduction conditions and section conditions of A5-
brane.

Virasoro : S™ Gauld law : U,
o, %,
mmyq---m
dimensional reduction | € 4Pm1m2(0)8X(r,n A P’“”(O)aan
' i T G, G, g 0
mm msgm
section condition 8X0 1My 8X0 3My do, aX(i)nn

the spacetime momentum P;(o) with the derivative of the 0-mode of the spacetime
coordinate X(I)W . These operators act on fields (X) and ¥(X) as

9% ax)=0=—-2"a@x)- wx,)

oxMaxiy YT T ax )t Y axy 0 (15)
a o 0
do, a)(_Mq>(O’X(0)) =0= do, CP(G’X(U))ED(_M\P(U’X(G))’

where fields may be functions on ¢ as ®(o,X(c)) and ¥(o,X(0)).

2. MS5-brane in 4-dimensional spacetime

The dimensional reduction of the spacetime is obtained by solving the Virasoro constraint
in Tab. 2 as

9 P, (c)=0. (16)

PM(O-) =0, m=1,...,4 = emmuma ax™m: mgmy
0

This condition makes X™™ = y™™ to be non-dynamical and reduced dimensionally.
The remaining spacetime is 4 dimensions Ps,, = p,,, # 0.

The 4-dimensional spacetime is described by the covariant derivative P>,. The 6-
dimensional covariant derivative P, is maintained to construct SL(5) current algebra

m:pm:

- (17)

m, ,.m
= —€,, ... —3X—4
mym, my -y >

with X°™ = x™ and Ps;, = ppp Which is not confused with the 0-mode momentum.
The SL(5) current algebra of M5-brane is

[ Pu(0). Pa(c)] =0,
[P, (0). P, (01)] = 2i€m, ., 8745 (0 — ), (18)
[ Dﬂlﬂz(o-)’ szﬂ(o-/)] =0,

where the last algebra forces to 8° = 0.

13
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Table 3: Constraints, dimensional reduction conditions and section conditions of
M5-brane.

Virasoro: ST | Gauld law : U,,

dimensional reduction % pm(0)(@ [menly pm(0)3™
. .. m 0
section condition none mn_—
oxy

The Virasoro operators of M5-brane are

.
Sm— %3[mxn]pﬂ,

5_1
S = z€p (0T xT2)(0Ts x4), (19)

AMn

H = 3PPy + 16O XYl 11 M, (9122 x21)

\ Z/{5 = aﬂpﬂ.

These constraints lead to the following dimensional reductions and section conditions.

3. 7T -string in 6-dimensional spacetime

The dimensional reduction condition of the world-volume is obtained by solving the
Gauld law constraint in Tab. 2 as

0t=0, Py(o)=0 = o"P,,,(c)=0. (20)

These conditions make 9° = % # 0 and X™ to be non-dynamical (constant). The
remaining spacetime is 6 dimensional Py, = Py 7 O

The 6-dimensional spacetime is described by the covariant derivative >,,. The 4-
dimensional covariant derivative vanishes >, =0

1
> m, = Pm,m, + Eeml...m485xmﬂ4 , 21)
with X™ = M
The O(3,3) current algebra of T -string is
I: Dﬂlﬂz(a)’ Dmgm(al)] = 2i€ﬂl"'ﬂ4805(0 - O'/),

with 8°=4a,.

The Virasoro operators of 7 -string are

m, msm, > (22)
H=2Lp Al p Jmy [>n1n2 ,
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with S® =0 =U,,.

The Virasoro constraint S°> = 0 leads to the following dimensional reduction and the
section condition.

4. String in 3-dimensional spacetime

(a) From 7T -string to String
The dimensional reduction of the spacetime is obtained by solving the Virasoro
constraint in Tab. 4 as

Pin(0)=0, m=1,23 = Py, (0)eh ™ =0. (23)

3Ny

SAEIRS

X

This condition makes X™™2 = y™™: to be non-dynamical (constant). The remain-
ing spacetime is 3 dimensions P, = ps # O.

(b) From MS5-brane to String

The dimensional reduction condition of the world-volume is obtained by solving
the Gaul} law constraint in Tab. 3 as

d"=0, Pu(0)=0 = P,0™=0. (24)

In the 4-dimensional spacetime 9° is considered to be 0. These conditions make
o4 = % =8, # 0 and X to be non-dynamical (constant). The remaining space-
time is 3 dimensions P, = p;; 7 O.

The 3-dimensional spacetime is described by the covariant derivative P4;. The 3-
dimensional covariant derivative vanishes P>y s,

(25)
mlﬁlz Eﬁllﬁlzﬁlao'xm’

with X*™ = x™ and o> = o via T -string and X°™ = x™ and c* = o via M5-brane.

The GL(3) current algebra becomes

[ D, (0), D (0] = i€, mm, 856 (0 — o). (26)

Table 4: Constraints, dimensional reduction conditions and section conditions of 7 -
string.

Virasoro : S™ GauB law : U,

%,
. . . -
dimensional reduction pmlmz(a)e—1 M — none
ox
0
. . 1%} .m0
section condition e iy —— none
m,m, myim,
dx, ax,

15
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This is equivalent to the O(D,D) current algebra which is given by >, = (P, >™) with
DM = %emmlmz >, m, and the O(D,D) invariant metric Ny N = €, m,m, aS

[ >y (o), DN(OJ)] =inNyy9,6(0c—0’). (27)

The Virasoro operators become

S =padox™ = 3Py Py,
(28)

A

fi 1 7 | MN
"Mpa+ 50: X" Nmadex" = 3PyN " Py,

H= %pﬁzﬁ

with the double Lorentz invariant metric H™". There are no further conditions of the
Virasoro and the Gaul$ law constraints; S =0 =U,,,.

3 A5-brane Lagrangians

3.1 A5-brane Lagrangian with SL(5) U-duality symmetry

The SL(5) U-duality symmetry is manifestly realized by the .45-brane. The spacetime back-
ground is described by the vielbein which is a SL(5)/SO(5) coset element E,,* satisfying

a a a a, a J—
Eml 1Em2 2Em3 3Em4 4Em5 5€a1a2a3a4a5 - €m1m2m3m4m5: (29)
with m,a =1,...,5. The background metrices with tensor indices are

A b
Gmn = EmanabEn > (30)
A A b b
Gmlmz;nlnz = EmlalEmzaznal[blnbz]azEnl 1E’lz 2.

The selfdual and anti-selfdual currents in a flat background F b /ﬁm” and in a curved
background Fgp, /S—Dab in terms of (5) are given as

[e]
mymy, _ pMiMmz 1 _m;-m A1 AT
FSD 1 =Fq —3€ ! 5Smg,Fa;m4m5 +gninT? ZFU;nlnzﬁ

(3D

[e]
__mymy _ p™mM2 _ 1 _my-ms — gpMing 4Many
FSD - FT 26 Smgpa;m4m5 81 n Fo;nlnz >

Fop a5 = F

SD/3D e (32)

SD/SD

where 7" becomes G™" in a curved background. g and s,,, are 5-brane world-volume vielbein
fields which are introduced as Lagrange multipliers of Virasoro constraints.
The Lagrangian of the A5-brane Lgs) is given [1] as

Igys) = f dtd®o Ly,
1 ab 1z aby2 1 ac b 1 a; asas 405
LSL(S) = 5¢FSD F@ab + E(b(F@ )+ ElabFﬁ Fﬁ c— Zeal"'asl Fﬁ F@

. (33)
$ o

o ¢ o o
- mymy __Mgmy T p__mpmy __Mgmy
- FSD Gmlmz;m3m4F5D + 8 FSD Gm1m2;m3m4FSD

4
ﬁ'_nlz + 16 Aoml ﬁ'_mzms I:-)v_m4m5
1L,1'SD g mims SD SD >

with symmetric traceless tensors A3’s.

16
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3.2 World-volume covariant .A5-brane Lagrangian with SL(6) duality symmetry

The G=SL(5) U-duality symmetry is enlarged to A=SL(6) by cooperating with the 6-
dimensional world-volume Lorentz covariance. The SL(6)/SO(6) coset parameter includes
not only the target space vielbein SL(5)/SO(5) but also 6 components of the world-volume
vielbein. The background vielbein E,ﬁ‘i € SL(6)/SO(6) satisfies

By ™ By Biny ™ B, Eiing ™ Ein ™ € ,05040505 = €iviytiingsiing (34)
with m,a=0,1,...,5.
This SL(6) covariant vielbein (34) includes the 5-brane world-volume vielbein fields g and
S, as
E Ey¢ oo
Ei=| 0 =] 8 , (35)
E,' E,° —E’“ E,.°
with i1 = (0,m), d = (0,a) and m,a=1---,5. It is denoted that the E,,* component of SL(6)
vielbein (34) is different from the SL(5) vielbein E,,® in (35) up to the determinant factor. The

number of degrees of freedom of the SL(6) vielbein is sum of the spacetime vielbein and the
world-volume vielbein as

2
This is generalized for a p-brane of .A-theory symmetry with A/L coset as

(62—1)—6X5=((52—1)—52—4)+6. (36)

A G
dim —=dim —+(p+1). 37
im - im - (p+1) (37)

The SL(6) covariant field strengths are given by a simple form; the one in a flat background
F™AL ( the same as (4) ) and the one in a curved background F abt gg

O , A% 1 A A% A% O A A% ~ 2 A
anl — Ea[mxnl]’ Fabc — anlE,ﬁaEﬁbEic . (38)

The selfdual and the anti-selfdual field strength (31) and (32) are written in terms of the SL(6)
current (38) with 0 0 — = J, and 012345 _ 1 55

A 1 N
SD/@ a,ay; _ =g (FOalaz + 6€0c11c12aSCl4asFa3a4a5) . (39)

Then the A5-brane Lagrangian (33) is rewritten in terms of the SL(6) covariant field strength
(38). The world-volume covariant .A5-brane Lagrangian Lg; ) is given [1] as

Isi6) = J d°c Lgi(6)

1 1 s e
Leie) = —E<I>Fa1“2“3Fala 3 + 5 Mt F“C152Fbclcz Eeal...&GAgalFa2a3a4Fa5a6b “0)
1 1o
= _72 <I>lemzmgGm1mzm3 m4m5m6Fm4m5m6 + 8A le 12G PHEL! 4Fnl3l4

[e]
/N\ 1y Fm2m3m4Fm5m6n

+ —_—

12 m m6
where @, A; are Lagrange multipliers with symmetric traceless tensors A,;’s. The background
metrices with tensor indices are

G i i = Egy B ©8, 1 Ay 1 Eq DE, b2

mymmy;mnyny my my a1[by "1byla, "My ny 2

e a s —=F. i, Gop, G3p B, A ABIABZABS
G ; _Eml Em2 Em3 ndl[blnbzmzmbs]ésE”l E”2 E”s .

mymyms;ngnyhg

(41)

17
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4 Lagrangian of D-dimensional string from O(D,D) 7 -string

In this section we derive the O(D,D) T -string Lagrangian from the O(D,D) Hamiltonian by the
double zweibein method [58,59]. Then the reduction procedure from the O(D,D) 7 -string
Lagrangian to the conventional string Lagrangian is presented.

4.1 O(D,D) 7 -string

We begin with the sigma model string Lagrangian

I= J d’c L,
. (42)
L= —3 9,x" (v —hh"" g, + €""B,)0,x",

with yu = (7, o). In the conformal gauge the Lagrangian becomes

1 . ) .
L= E(xmgmnxn _x/mgmnx/n)_xmanx/n

_1 .m ../m Emn an 1 0 x"
Gee( R)00)(E) e

1
= 5 +xm(gmn + an)a_xn 5
with x = d_x, x’ = d,x and d,x = x + x'.
The Hamiltonian is given by the Legendre transformation where the canonical momentum
of x™ is given by p,,, = dL/ox™,

H=p,x™"—L
_ 1 m gmn gmlBln Pn
B 2(pm x )( _Bmlgln Emn _BmlglkBkn x (44)
1
= S = X" Bi)g™" (pn + Brgex ) + X g x "}

The background field is the O(D,D) matrix GMN written in terms of the vielbein E,M as
EM — h,B EgN g™, h €SO(D—1,1) and g € O(D,D)

EMnynEs" =g (45)

The background metric GMV in the string Hamiltonian (44) is given as

mn ml

B

GMN:( 8 8 by ):EMAABEN,
_Bmlgln gmn_BmlglkBkn A B

(46)
E M _ eam ealBlm
A 0 en’ ?
while its inverse is given by
&mn _BmlglkBkn _Bmlgln An B
GMN = gmlBl gmn = EM T’ABEN >
" 47)

E A __ ema _Bmleal
M — 0 eam .

18
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This O(D,D) background metric is utilized in the Lagrangian with manifest O(D,D) T-duality
symmetry.

The O(D,D) covariant space is constructed in such a way that the O(D,D) covariant deriva-
tive >,,(o) algebra satisfies the same algebra of >, = (p,,, x"™) up to the normalization

/ . / 571
[Pu(o), Py(o)]=2inyN0,6(0c —0"), NuN = ( sm m ) . (48)

The covariant derivative >, is realized in terms of the doubled coordinate X™ and P,, with
[Py (0),XN(0)]=—i6),6(0c —0”) as

[;M =Py + X" yur» (49)

which is left moving current in the doubled space. The right moving current is also introduced
as

By =Py—32,X"nNu» (50)
which satisfies the same current algebra (48) with opposite sign. The number of canonical
variables of the doubled space are 4D, while the physical one is 2D. The 2D equations >, = 0
is the usual selfduality condition to suppress 2D unphysical degrees of freedom, so we call &,

“anti-selfdual current”. Another current >, is selfdual current.
There are two sets of Virasoro operatros written in terms of the selfdual current and the
anti-selfdual current

o7 (51)

‘H and S satisfy the Virasoro algebra
[S(0),S(6)}H =i{S(0) + S(0)}0,6(0 — ),
[S(0), H(o")}] = i{H(0) + H(0")}8,6(0 — o), (52)
[H(0), H(o")}] = i{S(0) + S(0)}8,6(0 — o),
while 7 and S satisfy the same Virasoro algebra with opposite signs on the right hand side.
As seen in the Hamiltonian in curved background (44) currents >;; coupled to the vielbein
* b =EMB,, B,=EMB,. (53)

In curved background the Virasoro constraints become

H:%DAﬁABDB:%DMGMNDN, { ﬁ:l}‘BAﬁABBB:fl‘BMGMN By, 54
o o "‘_ ~ AB~ _ ~ ~
S= %r N = %r >ynMN D>y, =z 0P By =3 BynMV By

The O(D,D) covariant Hamiltonian is given by the sum of all these Virasoro constraints
with Lagrange multipliers which are doubled zweibeins [58]

H=gH+sS+3H+38

1 (55)
=3 [PAMABPB + 2PN ncpX”® +X/ATIACMCD7)DBX/B] ,

with P, = Py,E,M and X4 = X’ME,;A. We used the fact that the covariant derivatives are
rewritten as >, = P, + X"®ng, and 5, = P, — X’Bng, by the orthogonal condition (45).
Matrices M2 and N8 are given as

AAB g+§AAB+s+§nAB,

B s &)
NAB_ '\AB+ AB,

5 5
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with the inverse of M“B as

2
(g + 82— (s+9)2
The Legendre transformation of the Hamiltonian (55) with (56) leads to the following
Lagrangian

M,

(g +8)7ap — (s +8)na5} - (57)

. 1
L=P,XM—-H = EJ+AM_1 A (58)

{ J A =X+ (@0 + 50" X, =)

JA=XA— (g0 + s )X,
with X4 = XME, A
The Lagrangian in (58) can be written in terms of the selfdual current and the anti-selfdual
current which is equal to J_ in (59). The selfdual and anti-selfdual currents are given by

{ Jop? = (XA —sX"™) + gnBnpcX’C, (60)

Je5t = (XA —sX"™) — g BnpcX’© .

The selfdual and anti-selfdual currents in the flat background, Jg; /S_DM = Jgp /S—DAEAM , are
written as

{ JSDM _ (XM _SX/M) + g,rA’MN,',)NLX/L ) 61

JggM = (XM —sx'™M)— giMNpy XL,

It is denoted that H" becomes GMY in a curved background. The resultant O(D,D) covariant
Lagrangian for a 7 -string is given [58] as

IZJdeO'L,

L = ¢pJsp a5’ + PIss NaslssE + PJs5 Maslss

=M GunIss" + PIs" Gundss + DI undss -

(62)

The first term is the kinetic term, while the rest are constraints that are squares of the anti-
selfdual currents. The Lagrange multipliers ¢, ¢ and ¢ are related to the doubled zweibeins
as

1
¢=£, 1

h = N2, 2 =2
¢_2g[(g+§)2;(s+§)2] {6+ +g* - g%}, (63)
d;: s+s

(g (s+9?
4.2 String from O(D,D) 7 -string

We break the O(D,D) T-duality symmetry of 7 -string into the GL(D) symmetry of the usual
string. The background gauge field of 7-string is O(D,D)/O(D—1,1)? coset parameter which
includes the D-dimensional metric g,,, and B,,, field, while the background gauge field of a
string is GL(D)/SO(D-1,1) coset parameter which includes only g,.,. In this subsection we
use the coordinate XM = (x™, y,,) with off-diagonal 1,y to describe 7 -string, while the
left/right moving coordinate with diagonal 7,y = (1,—1) was used in the reference [58].
The Weyl/Lorentz gauge of the zweibein [58] is given as

u_ [ &7 &7 \_ (1 g-—s
€1 _(g_T e |7\ 1 Sg—s ) (64)
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The left/right moving modes with the zweibein is e.X = ¢./9,X. The selfdual and anti-
selfdual currents (61) are expressed as

{ JiSD/ﬁ =& —sxM £ g™y, = £ XM £ gNeG Yy, 65)
Jsp/spim = Im =S¥ £ 8NmnX™ = €Y £ gNmno X",
with . .
e, X =£,"8,X, el}:( EZT zf’ ):( (1) _15 ) (66)
The condition of vanishing the anti-selfdual current in s = 0 and g = 1 gauge leads to the
selfduality constraint in flat space as 9,y = €,,,0 "x with 0 =—0;. In the gauge ¢ = and

$ =0 = ¢, corresponding to g = § and s + § = 0, the O(D,D) covariant Lagrangian (62) is
written as

1

iJSDATA)ABJEB = (X —sX')AnAB(X —sX )B X/CTICD’VAIDAﬁABﬁBFTIF &
= —(X—SX )MEMATIABENB(X sX )N_EX/MﬂMLEA 7 EB Nk X
1
= _€+X GMNS—X
28
1
= —¢ XME, g ExBe_XxN
28
(67)
The orthogonality condition is used in the second equality, 7,;;G**ngky = Guyn, 5O

Eyna = nunEgY, is used in the last equality. In terms of x™,y,, coordinates it is given
by

1 An B
i‘]SD NasJ5p
_ 1 m gmn_BmZglkBkn —Bngl” e_x"
= 2g (€+X €+ym)( gmlBln gmn ey, )
:i(é‘ xMe Y ) ema _Bmleal Nab 0 enb 0 e_x"
2g + +Jm 0 eam 0 nab _Bnkebk ebn e Y,

1

= g [£+xmgmn8—xn + (5+ym - 8+XlBlm)gmn(8—yn + Bnks—xk)] .

We break the O(D,D) symmetry into the GL(D) symmetry by the dimensional reduction (2).
The resultant Lagrangian is the kinetic term of the usual string with the zweibein field;

1
Lo=— e, x™ g, e_x". (69)

2g

In order to obtain the Wess-Zumino term we add the total derivative term
. . 1
3u(e"'x™0,y) =xy —x'y = —£(8+x E.y—€.Y €.X), (70)
to the O(D,D) Lagrangian L (68)
1 n
g SDAnABJS_DB - 3u(e“vxmavym)

1
= i {8+xmgmn82x + (E+ym - £+xlBlm - €+xlglm)gmn(€—yn + Bnke—xk + gnke—xk) 71
+ e, X" gmne_x" + 26, x"Be_x"}.
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By the dimensional reduction (2) the Lagrangian with the total derivative term reduces into the
string Lagrangian in curved background with the Wess-Zumino term as the curved world-sheet
version of (43),

1
Lo+ Lyy = E €4 X™(gmn + Bmn)e—_x". (72)
The zweibeins in (72) and (42) are related as

2 hOl
s R 73)

5 Lagrangians of string via 7 -string from .45-brane

In this section, we derive the 7T -string Lagrangian from the .45-brane Lagrangian. The re-
sulting 7 -string Lagrangian is formulated in terms of an SL(4) rank-two antisymmetric tensor
coordinate, which is coupled to the string background. We then present the reduction proce-
dure from the 7 -string Lagrangian to the conventional string Lagrangian.

5.1 7 -string from .45-brane

The 0(3,3) 7 -string from .45-brane is described by the SL(4) rank-two anti-symmetric ten-
sor coordinate X™ = (x™, y™) with m = 1,---,4 and m = 1,2,3 as listed in Tab.
1. The SL(6) rank-two tensor coordinate is decomposed as SL(6) — SL(5) — SL(4) as
Xrﬁﬁ — (XOH =Y", an) — xmn — (XSQ =Yn Xm) — xmn — (X4rh — xrh’ xmn — yﬁlﬁ)
withm=0,1,---,5and m=1,---,5. The 6-dimensional world-volume derivative is reduced
into the string world-sheet derivatives as om = (0° = ., 3° = J5, 0 =0). The SL(6) field
strength for the 7 -string has the following components

Fomn— g xmn  pSmn_g ymn o [OSm _ () — pmal (74)

The SL(6) vielbein for the 7 -string has a block diagonal form as

. . 1
Eoo E05 Ey E 0 0
Ema = E56 ESS Esg = _i 1 0 . (75)
g
Emo Em5 Eq* 0 0 g1/4Em£

The selfdual and the anti-selfdual currents are the following combinations of the SL(6) field
strengths in (74) with (38) as

A 1 A a
JSD/S_Dgng =g (FOgﬂz + 560212252324}752324) . (76)

The zweibein fields g and s are part of the SL(6) vielbein (75) in the new SL(6) duality symme-
try formulation in (38), contrast to that the world-volume vielbein fields are separated from
the SL(4) spacetime vielbein Eﬂa— in the SL(5) formulation in (31) and (32) as

Jop /5% = j’SD M2E, B Ey, %,
(77)

o ].
m,m, __ m,m AN, AM,N npn
’S /S__1_2 £ X my 4 — 7l 3l (_enlu-n )SO.X 30y
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with (64). The minus sign in the last equation is caused from emlmzmsx’ﬁ3 = —€, im iy

The O(3,3) invariant metric 7)),y becomes SL(4) invariant metric Em, e, The current in (77)

X4ﬁ13
is written in terms of x™ and y™" as

(78)

o

jSD/S_D4m TS SR géeﬁlﬁlﬁzy/ﬁlﬁz = xM & %erhﬁlﬁzsayﬁlﬁz )
JSD/Erﬁlrﬁz = i _ gy 4 gelai 3/ — g yrinihy 4 ey g yft
which is related to the O(D,D) vector currents (65) with y™ = e™ly;.

In order to obtain the usual 3-dimensional string Lagrangian we express the spacetime
vielbein E,,¢ € SL(4)/SO(4) in terms of the 3-dimensional metric g7 and the B; field. The
0(3,3) vector index contraction and the SL(4) tensor index contraction are assumed to be
equal up to the normalization as

] . i 1. 1
dXMEA = dx™E; + dy,E™A = dAX ¥ Egi + idxm"E,ﬁﬁA = EdXMEmA. (79)

We rewrite the O(D,D) vielbein in (47) in terms of tensor indices for D=3 case as

a .1 dya,b
EMA:( e Baiesel
0 €m.m mel" ealazb
g4 g b (80)
142
— 4m 4m _ a,a, a a
= C( Eppn% E. - 00 ) = CEp m, 7 = CEm, 7 Em, 1™
1772
with a normalization factor c. The vielbein with the tensor indices can be written as the product
of the one with the vector indices

Eoa_ E ES | _ i 1 —Blef
m Em4 Ema 0 e-" ?
g L maip (81)
2 b
e=dete;".
The background gauge field in the tensor index is now
1 a,;a, A A b,b
Gun = 62122;2122 = 2_2Eﬂ1ﬂz_1_2 T)E1 (b, néz]ﬂz Eﬂlﬂz_l_z
_ ( Gan  Griyry )
Gryigin Giyiigii ity (82)

_ e—l( i T_Bpgm[pgﬁ]qéq grh[r'zlgﬁz]l_Nl ) )
—BPg5im, 8wyl &l &ty linty
where metric of the stability group is denoted as 7, to distinguish from 7.
The 7 -string Lagrangian is obtained from the world-volume covariant .A5-Lagrangian (40)

I= f d*c L, (83)
@ ; : 1w it 1 ; 1 :

L= (_( 0a,a,)2 4 ( F59192)2) + 503 FOuGpS, 4 A Fade Féf)g + S e Faepb,
+ % ([\601:591921:%24 + R OF 018 o83as — A5 F0018; FO8;a, ]\351:021221:52324) i
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with n66 =—1 and ngg = 1. Although currents are written as field strengths, there is no gauge
symmetry of the coordinate 6X™2. The 7 -string Lagrangian in the SL(4) tensor coordinate is
given by

1 R R -1 . n
L= 53Jsp" %1, b, Mb, 1, g2 + ¢ 5255 Mg, b, Nb,1a, 55102

__a,4, aa
+¢22 SD =2 al...g4 SD 3=4

o -1 o o (84)
=¢ _JSDmlmz Gmlmz;ﬂlﬂz‘]ﬁnlﬁz +¢ E‘]SDﬁmlmz Gmlmz nn Js]:)nln2
YA ey
with the background metric Gmlmz;2122 in (82).
The 7-string Lagrangian in the gauge ¢ = g2e and A ah=0= f\ai’ as
2
— _8 € ((pba,a,2 _ (p5a,9,)2
L= 2((F 1%)2 _(F 12)). (85)
The SL(4) covariant Lagrangian (84) in the gauge ¢ = and $ =0= ¢ is given as
L= Jg il
= 2g sp "aBYsp
= 2g S Ommnyn, X0 (86)

= L (e,x™ g, y™mM2) &mn T_Bpgm[pgﬁ]qéq &mln,; 87,] B e_;_c’ﬁ_
2 i " _Bp e = 1= mymy .
& 8plm, &1yl 8my [ty 87y Iy

5.2 String from 7 -string

We break SL(4) symmetry of 7 -string into GL(3) for the usual string, where the reduction of
the spacetime coordinate is performed as X = (X" X™) = (x™, y™) — x™. We repeat
the same procedure of subsection 4.2. The SL(4) Lagrangian (86) is rewritten analogously to
(67)

1

A 1 - _

2 s sty = £€+xmg,ﬁﬁe_x”

1 . L 87)
+ ﬂ (€+ym1m2 — €+x[m13mz]) &y [ty &ty Iy (g_ynmz + B[n1£_xn2]) .

By the dimensional reduction (2) the Lagrangian (86) reduces to the kinetic term of the string

(69).

The total derivative term which is added to obtain the Wess-Zumino term (70) becomes

“32g —— (e xMe_y™Ms —g_xMg ym2m3)eml,ﬁ2,,—13 =——3 (6" x™ 3 ym2m3em1m2m3)
(88)
= 25, (ewrxmmg xmome, Y.
Adding this term to the SL(4) Lagrangian (86)
L oo Mippde? + 3, (eH VX ™M 3 xmsms 8
2g" s> Map’so t (X0, X B Bse, ) (89)

] 9 o o . S
=2 {5+Xmgﬁu‘z€—xn + 2_2(3+)’m1m2 — e x[MBml 4 e4xPeq1,,8" ™ ™) gm 17, &ty Ity

x(e_y™mz 4 Blig M2l gﬁlklg’_lzkze];l,-(zk3 e xk3) e, xMgane x" + 28+x’ﬁB,ﬁ,—1£_xﬁ} .
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After the dimensional reduction (2), the Lagrangian with the total derivative term reduces into
the usual string Lagrangian with the Wess-Zumino term (72),

1 _ ]
Lo+ Lwz = — €4x"(&ma + Bra)e_x".
g

6 Lagrangians of M2-brane via M5-brane from .45-brane

6.1 M5-brane from A5-brane

The GL(4) M5-brane from A5-brane is described by the GL(4) vector coordinate X°1 = x™@
[18] as listed in Tab. 1. The SL(6) rank-two tensor coordinate is decomposed as
SL(6) — SL(5) — GL(4) as X™ = (X" = vy, X"™) - X™ = (X = xI XMt = ymn)
and Y™ = (Y° =Y, Y™). The 6-dimensional world-volume derivative is reduced into the 5-
brane world-sheet derivatives as 8™ = (8° = 8, 8°> =0, 8™ = 3,™). The SL(6) field strength
for the M5-brane has the following components

FOSm =g x™ 4 omy
I?Smn — 3[m E]

FOmn 2 _)’ a[mYn]
pmnl _ %a myn_l]’

(90)

where the auxiliary coordinates y™ and Y™ are preserved to begin with the SL(5) A-symmetric
M-theory Lagrangian [30].
The SL(6) vielbein for the M5-brane with SL(5) A-symmetry is given by

. 1
. Eo’ Eo* - 0
Em() Ema _S_m gl/SEma
g

It is stressed that the world-volume vielbein fields g, s,,, and the spacetime vielbein E,,* cannot
be in block diagonal form unlike 7 -string case (75). The selfdual and anti-selfdual currents in
curved background given by (32) based on (31) are the following combination of the SL(6)
field strengths in (90) with (38) as

A 1 A
FSD/S_DalaZ =g (FOalaz + 5eOalazaga4asFa3a4as) . (92)

The GL(4) covariant selfdual and anti-selfdual currents in flat space are derived from the ones
of SL(5) (31) givenin [1] as

o

F =F, M — geMhlalss, Foo oo+ g™ Fg,,

—m
SD/SD 05,
_ Amn
=£; x—i g™ (eay)n,
o
m,m, __ m;m m, - 1 _m,m Amon
Fopjgo™ime = F, Ml 4 MM, Fo — LeM Misep o & gl iatap

= ey £ gt 1nm2”2(8 Xy, >

(93)

mn,

where ™" becomes G™" in a curved background. The brane world-volume derivatives are
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given as a generalization of the world-sheet zweibein dependence in (64) as

( m — m__ 1 _mn,n,n
=F =—3e1= 3521FU;2223

=x"+0%Y +5,0 [myenl)
gfymlmz = Ffrmlmz + emlwmsﬂgFU;ﬂ4
= ymm, _ glmym,] 4 %Smsa[mlymzmﬂ_,_ssa[ml xmel
) (94)
(80'y)m = Fa;m

_1 n,,,M,n
- §€M1ﬂzﬂga_l‘y_2_3 2

(&) m,m, = Fomm,

m m
= — —3Xx—4
\ eml.,,& X .

The 11-dimensional supergravity background includes the gravitational metric g,,,, and the
three form gauge field C,,,;. We focus on the 4-dimensional subspace of the 11-dimensional
space, where the background fields are g,,,, and C,,,; whose number of degrees of freedom is
1044 = 14. The dimension of the coset SL(5) / SO(5) is also 24—10 = 14. The vector vielbein
E,,* € SL(5)/SO(5) with GL(4) indices where m = (5,m) and m=1,---,4 is given by [65]

5 a 3/5 o=2/57n, a
E o= ( E55 Esa _[ € e —2/5C eaE ,
Em Em‘ 0 e em~

| 95
Cm — §€w12223 lem2m3 . ( )
e =det emg,

with detE,,* =1 = ™" ™E, “E, “2E %E %E, % = "%, The tensor vielbein is the
1 2 3 4 5
product of the vector vielbein (95) as

Emlmzalaz = E[mlalEmz]az
B ( Esy,t  Esph® ) B ( ellPe, 2 —e /50, [tie, %] ) (96)
Eﬂlﬂz 5a Eﬂlﬂz 4,4, 0 e_4/5 eml [21 engz]
The background gauge field in tensor index is now
— _ 1 aas A A b1by
Gun = Gmlmz;nlnz - ?Emlmz nal[blnbz]azEnlnz

_ ( Gm Gﬂ;ﬂ1 n,
“\ Gumn Gmm.:
m;m,;n m;m,;nn,

— o8/ €’ gmn — éggm[gfgﬂ]géi éLgl[ﬂl &n,Im ©7)
&p[m, Em, 1nC? &m,[n, 8n,Im,

ol4 ~q Al
:ez/s( Zmn O ) o5 O 88T C8ln B |
0 0 8 p [m, gﬂz ]ECR gm1 [n, gﬂz Im,
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Inverse of these background gauge fields are given by [65]

g [(BsD Esm)_( e eiem ©8)
@« TUES E™ )T\ 0 eem )0
Eala2m1m2 — E[al m]Eaz]mZ

~ ESQSQ Es,™M™ \ [ em _é[mleg[ﬂz] (99)
- EQle om E2122 e - 0 eeﬂ1 (my eﬂz 1o} ’

GMN — GMimamny — %Eala2m1mzﬁa1[b1f)bz]GZEblbzmnz

Gmn G,

:( Gy G My I, )

_ o2/ gt gm["lé 1o]
=e _C‘[ﬂ1 gmz]ﬂ e gm [Tll gnz ., + C[m1 gmz][nl an]

0 0 mn mln, Fn,]
_ .8/5 —2/5 g™ 4
=€ ( 0 gml[ﬂl gﬂz]ﬂz ) te ( —¢lmy gﬂz]ﬂ Clm, gﬂz][ﬂl Cnl ) - (100)

The M5-brane Lagrangian is given by the SL(5) covariant Lagrangian (33) with replacing
GL(4) indices as

1
=—¢(FSDGFSDQ+ZFSDabFSDab)+ & (2 + 52

b b
n —)\FEEFEC + A Fsp®Fas, + = Aab( Fes4Fesl + Fos %P5t c) (101)
— 621 _4( )LSFﬁl—ZF“?’—“ — %A 1FSD“G'223F§24) .

The Lagrangian in terms of the curved currents F;};’ 5 is simpler than the one in terms of the

flat currents F D /ﬁm”. The concrete expression of the Lagrangian of the M5-brane in a curved
background (101) is given as follows. We begin by the SL(5) covariant Lagrangian (33) in the
gauge ¢ = and d=0=2Ns

1 A B 1 o o
gFSD T)ABFE = @FSDmlszmlmz;nlnzFﬁnlnz

1 g
[p— mymy nmn; _ o mymyp;nyiy
- 8TX Gmlmz;nlnz gTX 8 Fo‘mlsz ’ FU ning

1 g 0
= g(gl_xmgq_ymlmz) [ez/s ( ? O )

+e_8/5( —C2 gm[pgn]qc C gl[nlgnz]m ):|( ETXE ) (102)

gp[mlgmz]n 8m,[n,8n,Im, goyml

g g/s[ O 0
- E((Soy)m(gax)mlmz) |:e / ( 0 gml[&gﬂz]mz )

pe2s[ 8™ _gmimem! (&0 )
—Clm gmz]ﬂ clmy gﬂz][& Crel (Eo'x)ﬂ1ﬂz

:L0+Ly,
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with
e2/5 e8/5
Lo= < —€cXBgmnecx® — (€02 )mym, 8™ 1 22 (£ X )y,
g
—8/5
e - .
L)’ - g (Sf‘ymlmz - ng[ml sz]) gﬂ1[ﬂ1gﬂz]ﬂz (gryﬂlﬂz + C[El ngﬂz]) (103)
ge—2/5

I ((%J’)m‘i' (Eo'x)ﬂlél_) g™ ((%J’)g— él‘(‘gax)l_n) .

In the gauge g = e~°/> Lagrangians take simple form as
e o0sar 0sb_ 1544, . 5b,b
Lo==5 | F o apF™= = 2 F 0 a, (b, M, 30, B2 |
101 1 (104)
LJ’ = _£ I:EFOngZ ,ﬁ21§1 ﬁézngOQIQZ - 6 it ﬁ91é1 'flﬂzéz TA}%Q@ Félé2é3:| ?

with m = (0, m).

The SL(5) U-duality symmetry of the Lagrangian (104) is broken to GL(4) symmetry by
the dimensional reduction similarly to (2). Then the kinetic term of the new perturbative
Lagrangian for a M5-brane in the 4-dimensions is given by

L= g[(xm omy +5,0mxllyg, (X% + 32Y + 5,01k
105

1 [m, ,.m,] [ny y1,] ( )
- Za X gﬂ1[ﬂ1 gﬂz]ﬂza e

The total derivative terms to obtain the Wess-Zumino term for the M5-brane are given
analogously to the string case (70) with the gauge d™s5 = 0 as

1
8Txm(8o'y)ﬂ_ E(Eax)ﬂ1ﬂz grymlmz

_1. . {ar(xmlamZymng (106)

2 Emyem,
+ O (oM MMy Y Gy yMaMy _ 9y My My ym, 255xmzam3xm4)} ,
where the s, dependent terms are cancelled out because of the totally antisymmetricity of 5
indices
1 1
eml___msﬁ((a[mlxﬂ])822y2324 + 5(3@4)(21)8[2},22%]) — eml___wsﬁaa[mlxaamzymsmd =0.

(107)
Adding the total derivative term (106) to the M5-brane Lagrangian (101) in gauge ¢ = %,

—3/5

g =2e73/5 ¢ = 0= A’s the Lagrangian for the M5-brane becomes

1 . 1
QFSDAMBFS_DB — e x™(&gY ) + E(Eax)mlmzer)’&% =Lo+Ly+Lwz,

e 1
Lo= Z [ngmgMg‘TxE— Z(gax)mlngml[nlgﬂz]mz(gax)ﬂlﬂz] >

171 ~
y = E[Z (ecymime —eoxlmCmad + (e, g™ g2 ) g, 1, 80,1,
X (sTyﬂlﬂz + Clg x4 egiiky gﬂsz(on)klkz)

- ((gay)m + (sax)ﬂléé + eg'rxl'gl_m) gM ((Say)ﬂ_ CN‘k("?ax)k_n + eg@{;‘,rxk) :| P

Lwz = &:x™C™2 (g6 X ), m, - (108)
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Dimensional reduction L, — O gives the M5-brane Lagrangian with the Wass-Zumino term.
The obtained new M5-brane Lagrangian in the supergravity background (42) is

LMS = Lo+ Lwz,

%zgkﬂ%ﬁﬂY+Wﬁ%ﬂmm&ﬂ+ﬁY+%ﬂ%@)
1 (109)
- Zra[ml xmz]gml[ﬂl gﬂz]mza[ﬂl XEZ]] ’

1
Lwz = (&5 + O Y)Cn mym, 92270 4 (OB )(OF0 X i, Cony o, 1

6.2 Non-perturbative M2-brane from M5-brane

A non-perturbative membrane action in the 11-dimensional supergravity theory is given by
[55]

I=fd30L, L=Ly+Lyy,
(110)

{ Ly=—T,/—det3,xmd,X"gmp ,
_T
Lyz = 3;€""°9,x™ 3,x™238,x™3 Cpp, pm, ms »

with the spacetime index m =0, 1,---,10 and the world-volume index u = 0, 1, 2. The canon-
ical coordinates are x™ and p,,, and the spacial world-volume coordinate derivative is &; with
i = 1,2. The Hamiltonian is given by [65] where p,, = dL/dx™
H=p,x™"—L
= AoH . + AN,
HT = % Danab >y + % Dalaznal[blnbz]az D102 B
H; = 0;x"p,, .

(111)

Here >, = (>,, D) isrelated to >y = (>, = p,,,, D™ = €9, x™ djx™2) as Py = EMp,,
for the background gauge field E,”. E,M includes g,,, and C,,,;. The Virasoro constraint
S™ = 0in (19) is related to the constraint #; = 0 in (111) which generates o-diffeomorphism
by multiplying the world-volume embedding operator in (114) as S™ = H,e"/ g;x™.

We focus on the 4-dimensional subspace where the supergravity background is a repre-
sentation of the SL(5) U-duality symmetry, E,™ € SL(5)/SO(5). The currents >,, and >,
are 4 and 6 components of SL(4) with m = 1,---,4, which are unified into a SL(5) tensor

>on = (P, Pn) with m = 1,---,5. The currents for a M2-brane in 4-dimensional space
(111) obtained from the membrane Lagrangian (110) are written as
> = s
= pﬂl y (112)
>inm, = 3€m,m, € 01X 0

Commutators of (112) are given as
[ (), Palc)] =0,
[ >, (0), DEZQ’(O'/)] = 2ieml...m4eij8jxﬂ48i5(2)(0 —a)), (113)
[Dmlmz(")’ D%w(a/)] =0.

The p-brane current algebras with the non-perturbative winding modes dx™ A--- Adx™r are

obtained similarly in [66].
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Now let us compare the SL(5) current algebra of the non-perturbative M2-brane (113)
with the one of the M5-brane (18). The perturbative M5-brane current algebra in (18)
reduces into the non-perturbative M2-brane algebra in (113) by reducing the 5-dimensional
world-volume of the A5-brane into the 2-dimensional world-volume of the non-perturbative
M2-brane as

o™ = €' 9,x5;. (114

The operator J;x™ is an embedding of the membrane world-volume to the 5-brane world-
volume (where the 5-th brane coordinate is in the internal space). It has the constant form
O;xm = 5].m in the static gauge for the ground state [1].

Now we plug the world-volume projection (114) into the MS5-brane Lagrangian (109).
The first term in the Y = 0 gauge is given by

(.X'm + SLEijanmaiXL)gM(xﬂ + Skei/jlajzxﬂai/xk)
= (x9)% + 2s£xgeifajx£aixé + (sheijajxgaixé)z (115)
=hoo —2A'hg; + A'ATRy;,

with
hij = aixa—ajxa_ = aixﬂgﬁajxﬂ, aixg = emgaixﬂ, (116)

and the membrane vielbein A' and the 5-brane vielbein s,
Al= sgeijajxg, Sq = €q" S - 117

The second term is given by

171 mn ij 2 1 ij m n
5 (56—1112611 ajxll aixb) = —5(6 ]Bjx—aix—)z = —det h;;, (118)
where the following relation is used in the last equality of (118)
det hyj = =i by hypel = Setl 5,x88,x, 8,50 xyel = 2(eUgx85,xL)? 11
et ij= EG ij l'/jle = Ee (X jxg i X j/Xée = 5(6 jx— ix—) . ( 9)
We choose the following gauge of the membrane world-volume metric
/_thO . hOi ) -1
Using with the relation
det h;j =h h®, (121)
the kinetic term L, in (109) becomes
S Y XA h%h RO h
Lo=517v-h=v~= 00 +2 0i+m ij (122)

ey

This is nothing but the Nambu-Goto Lagrangian for a membrane. The Wess-Zumino term Ly
is obtained by using the world-volume projection (114) into (109) as

i 1
= xM e 9. xM2 9. x M3 = —ehp my m, M
Lyz = x™ € 0;x™20;x Con,mym, T 9, x™ 0, x™2 0, x Conymym, -

(123)
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Together with the Nambu-Goto term (122) the non-perturbative M2-brane Lagrangian is ob-
tained from the perturbative .A5-brane as

IMszdBO-L’ L=L0+sz,

Ly= —\/ —det G, x™0,x g mp » (124)

1
— _MVp m, m, ms
Lz 3!6 aux 0,x 8px lemzm .

This is the expected M2-brane Lagrangian (110) where we set T = 1.

7 Discussion

In this paper we have shown how the conventional strings and membrane are obtained from
A-theory five-brane with the SL(5) U-duality symmetry.
The following topics are interesting for future problems.

1.

From A5-brane to D-branes: The .A-theory background vielbein field includes the R-R
gauge fields which couple to D-branes. The Nambu-Goto Lagrangian will be obtained
analogously to the non-perturbative M2-brane Lagrangian as in subsection 6.2 with spe-
cial care of the B-field. The Wess-Zumino term will be obtained by adding total derivative
term with the B-field cloud, in such a way that the gauge transformation rule of the R-R
gauge field involves the B-field.

From .A-theory branes to the non-perturbative M5- and NS5-branes: The superstring
theories admit the NS5-brane solutions which couple to the B-field magnetically. M-
theory features the M5-brane whose U-duality symmetry is realized by the current al-
gebra [67], while type IIB superstring theory contains both the NS5-brane and D5-brane
related by S-duality. These 5-brane Lagrangians are expected to be derived from .A5-
brane and all such 5-branes should be connected via duality transformations. It is inter-
esting to clarify the structure of the 5-brane WEB including .A5-brane for Lagrangians
analogous to the one for current algebras [68].

From open .A-theory branes to heterotic strings and type I string: The Lagrangians of
open A-theory branes [26], which involve the SO(32) and E8 xE8 gauge groups, as well
as other half-BPS branes, are of particular interest.

Quantization of A- and M-branes: The main motivation for constructing the pertur-
bative .4-brane Lagrangian is to facilitate a simpler quantization procedure. Quantum
effects in string theory, including winding modes of strings and branes, play a crucial
role in understanding Planck-scale physics, such as the resolution of the early-universe
singularity. Quantizing .4-theory may provide valuable insights into a unified description
of string spectra and S-matrices [69-72].

. Higher dimensional cases: A-theories in dimensions D>3 possess U-duality symmetry

Ep,1 [46,73-75]. In these cases, the spacetime and world-volume dimensions become so
large that they necessitate a new interpretation of the unphysical components of space-
time and world-volume. The construction of .A-theory may offer a new perspective on
the fundamental description of string theory.
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