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Abstract

In this paper, we apply the method of Fourier transform and basis rewriting developed
in [1] for the two-dimensional quantum double model of topological orders to the three-
dimensional gauge theory model (with a gauge group G) of three-dimensional topolog-
ical orders. We find that the gapped boundary condition of the gauge theory model is
characterized by a Frobenius algebra in the representation category Rep(G) of G, which
also describes charge splitting and condensation on the boundary. We also show that
our Fourier transform maps the three-dimensional gauge theory model with input data
G to the Walker-Wang model with input data Rep(G) on a trivalent lattice with dangling
edges, after truncating the Hilbert space by projecting all dangling edges to the trivial
representation of G. This Fourier transform also provides a systematic construction of
the gapped boundary theory of the Walker-Wang model. This establishes a correspon-
dence between two types of topological field theories: the extended Dijkgraaf-Witten
and extended Crane-Yetter theories.
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1 Introduction

Exactly solvable lattice models are a useful tool for studying topologically ordered matter
phases (topological orders, for short). For instance, the Kitaev quantum double model (QD)
[2], the Levin-Wen model (LW) [3], and the twisted quantum double model (TQD) [4] de-
scribe two-dimensional topological orders, while the Walker-Wang model (WW) [5] and the
twisted gauge theory (TGT) model [6] describe three-dimensional topological orders. In two
dimensions, the QD model and the LW model are related by Fourier transform and basis rewrit-
ing [1, 7, 8], while the relationship between the TGT model and the WW model is still less
understood.

1.1 Key results

In this paper, we apply the method of Fourier transform and basis rewriting developed in [1]
for the two-dimensional QD model of topological orders to the three-dimensional untwisted
gauge theory (GT) model of three-dimensional topological orders. The following are the key
results.

• The Fourier-transfomed GT model with input data G and the WW model with input data
Rep(G) are exactly identical by comparing their Hilbert spaces and Hamiltonians. A full
set of gapped boundaries, including rough boundaries which has not been explored in
the existing literature, can thus be constructed for the WW model with input data Rep(G)
through the Fourier transform method.

• Similar with the two-dimensional cases, the gapped boundaries of the WW model and
the Fourier-transfomed GT model are specified by the Frobenius algebra AG,K , where
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finite groups G and K are the bulk and boundary input data of the original GT model
respectively. The Frobenius algebra AG,K explicitly indicates charge condensation and
splitting at the boundary.

1.2 Backgrounds and motivations

Two-dimensional topological orders have been well studied though the QD model, which is
the Hamiltonian extension of the untwisted Dijkgraaf-Witten theory [9], and the LW model.
Despite the apparent differences between the QD model and LW model, the two are intimately
related: They are dual to each other in the sense that the QD model with a finite gauge group
G as its input data can be mapped to the LW model with input data Rep(G) (the representation
category of G) via Fourier transform [1,7,8]. Both the QD and LW models have been extended
to the case with gapped boundaries, called the extended QD [10–13] and LW models [14–16].
While the gapped boundary of the extended QD model is specified by a subgroup K ⊆ G of
the bulk gauge group G, that of the extended LW model is specified by a Frobenius algebra
object of the input fusion category of the bulk. The extended QD and LW models can also
be mapped to each other via Fourier transform and basis rewriting [1]. The boundary input
data K ⊆ G of the extended QD model is mapped to the boundary input Frobenius algebra
AG,K ∈ Obj(Rep(G)). The gapped boundaries of two-dimensional topological orders are well
understood through anyon condensation1 [12, 14, 22–28], where the charge condensation at
the boundary is observed from the input data of the boundary via the Fourier transform [1].
This Fourier transform and basis rewriting also manifest the full electromagnetic (EM) duality
in these models [1]. It is believed that the understanding of the relationship between the
QD model and the LW model is now complete. The EM duality in the TQD model is also
studied [28].

In contrast to two dimensions, the models of three-dimensional topological orders and their
exact relations are less understood. The TGT model is believed to describe all possible three-
dimensional topological orders with point-like bosonic excitations [29,30]. The TGT model is
specified by an input finite gauge group G and a 4-cocycle ω ∈ H4[G, U(1)], and the gapped
boundary of the TGT model is specified by a subgroup K and a 3-cocycle α ∈ H3[G, U(1)] [6].
We will explore charge condensation in the untwisted TGT model, i.e., the GT model, which
reveals the relationship between the bulk and the gapped boundary of the GT model. In two
dimensions, the bulk charges may split and partially or fully condense at the boundary, depend-
ing on the gapped boundary condition [1]. In three dimensions, however, the phenomenon
of boundary charge condensation has not been fully understood from the perspective of the
lattice model [31]. Although layer construction offers another approach to understanding
charge condensation at the boundary of certain three-dimensional topological orders [32,33],
most current understandings of this phenomenon are either categorical and abstract or lim-
ited to specific cases [31, 34]. Therefore, investigating the splitting and partial condensation
phenomena in concrete lattice models of three-dimensional topological orders with general
input data would be worthwhile. In this paper, we generalize the method of Fourier trans-
form and basis rewriting developed in [1] from two to three dimensions to investigate the
gapped boundaries of a three-dimensional GT model. We prove that the boundary theory of
the Fourier-transformed model is also characterized by the Frobenius algebra. Then, similar
to the two-dimensional extended LW model with input data Rep(G), the charge of the con-
densates is described by the Frobenius algebra and the splitting process originates from the
multiplicity of the objects of Rep(G). Thus, we explain these phenomena using only the input
data of the three-dimensional model.

1The underlying mathematics of anyon condensation was firstly presented in RCFT [17]. Then, the concept of
anyon condensation was firstly introduced in the context of (2 + 1)-dimensional TQFT [18, 19]. The first works
discussing anyon condensation in lattice models were [20,21].
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On the other hand, the three-dimensional WW model is specified by an input unitary
braided fusion category (UBFC) and describes a family of three-dimensional topological or-
ders [35,36]. In this paper, we show that our Fourier transform, extending the mapping pro-
cess from QD models to LW models into three dimensions, indeed maps a three-dimensional
GT model with input data G to a WW model with UBFC Rep(G) as its input data on the level of
Hilbert spaces and Hamiltonians.2 Furthermore, the Fourier transform of the gapped bound-
aries of the three-dimensional GT model also gives a full systematic construction of the gapped
boundaries of the WW model with UBFC Rep(G) as input data. Here the phrase “UBFC Rep(G)”
means the representation category of finite group G equipped with a braiding structure. Prior
to our work, a canonical smooth boundary was described explicitly in three-dimensional toric
code and double-semion, with a detailed discussion of the resulting boundary excitations [38],
and a second class of gapped boundary conditions for WW models was discussed in detail and
in full generalty [39]. Nevertheless, no systematic construction of the rough boundary Hamil-
tonian of the WW model has been established. Our understanding of the relationship between
the TGT model and the WW model is also limited to some special cases, such as the example of
the Z2 ×Z2 twisted gauge theory model, which is shown to share the same modular matrices
with the corresponding WW model [36]

In this paper, we focus on three-dimensional GT models defined on cubic lattices with
boundaries, with input data being a finite group G in the bulk and a subgroup K ⊆ G within
the boundary. The more complicated cases, i.e., the twisted gauge theory models and twisted
boundaries, are our ongoing work and will be reported elsewhere. The Fourier-transformed
basis of the Hilbert space of the GT model leads us to rewrite the model on a slightly different
trivalent lattice Γ̃ with a tail (dangling edge) attached to each vertex. This lattice is precisely
where the WW model lives on with an enlarged Hilbert space. This enlargement is necessary
since the original WW model has a Hilbert space insufficient for accommodating the full spec-
trum of charge excitation, which is analogous to the extended LW model [40] where tails are
added to enlarge the orginal Hilbert space of the LW model. After the Fourier transform, the
bulk input data becomes a UBFC Rep(G), while the boundary degrees of freedom are projected
into Frobenius algebra AG,K , as in the case of Fourier-transformed QD model in two dimen-
sions. We also show that the Fourier-transformed GT model with input data G on the revised
lattice Γ̃ can be mapped to a WW model with input data Rep(G) on the same lattice after trun-
cating the Hilbert space by projecting all dangling edges to trivial representation. Since both
GT and WW models with gapped boundaries serve as Hamiltonian extensions of the extended
untwisted Dijkgraaf-Witten and extended Crane-Yetter topological field theories, our results
also establish a correspondence between these two types of topological field theories.

Our paper is organized as follows. Section 2 reviews the three-dimensional GT model
with gapped boundaries. Section 3 Fourier transforms and rewrites the extended GT model.
Section 4 verifies the emergent Frobenius algebra structure on the boundary. Section 5 proves
that our Fourier transform indeed maps the three-dimensional GT model to the WW model.
Finally, the appendices collect a review of the WW model and certain details to avoid clutter
in the main text.

2 Three-dimensional GT model with gapped boundaries

The GT model with gapped boundaries is a Hamiltonian extension of the Dijkgraaf-Witten
topological gauge theory with a finite gauge group. Without taking twist into consideration,

2The Fourier transform discussed in this paper is similar to the transformation between the electric and magnetic
bases of the non-Abelian lattice gauge theory firstly introduced by Kogut [37]. For a concrete comparison, see
Section 3.2.
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Figure 1: A part of an oriented cubic lattice, on which the three-dimensional GT
model with gapped boundaries is defined. Each edge of the lattice is assigned with
a group element of a finite gauge group G. The thick lines comprise the boundary
while the dashed lines comprise the bulk.

the model can be defined on an arbitrary lattice with one or multiple boundaries. Topological
invariance enables us to define the model on a specific lattice for simplicity. In this paper, we
consider an oriented cubic lattice Γ with boundaries, part of which is shown in Figure 1.

The input data of the bulk theory is a finite gauge group G. The total Hilbert space is the
tensor product of the local Hilbert spaces of each edge of Γ , which is spanned by the basis
{|g〉}g∈G . The total Hilbert space is thus given by

HGT
G =

⊗

e∈Γ
He =

⊗

e∈Γ
spange∈G{|ge〉} , (1)

where e is an edge in Γ . The local basis vector |ge〉 is invariant if we reverse the direction of
the edge e and take the inverse of ge as ḡe = g−1

e simultaneously. In this paper, we will work
with the fixed orientation shown in Figure 1. The inner product in the local Hilbert space is
simply 〈g ′e|ge〉 = δg ′g . The Hamiltonian of the model is the sum of a bulk Hamiltonian and a
boundary Hamiltonian:

HGT
G,K = HGT

G +HGT
K . (2)

Here and hereafter, an operator with an overline is a boundary operator. The bulk Hamiltonian
consists of the sum of vertex operators and that of plaquette operators:

HGT
G = −

∑

v∈Γ\∂ Γ

AGT
v −

∑

p∈Γ\∂ Γ

BGT
p , (3)

where the sums run over all vertices and plaquettes in the bulk of Γ . The vertex operator AGT
v

acts locally on the six-valent vertex v:

AGT
v

�

�

�

�

g

h
i j

k

l

v

�

=
1
|G|

∑

x∈G

Ax
v

�

�

�

�

g

h
i j

k

l

v

�

=
1
|G|

∑

x∈G

�

�

�

�

x g

hx̄
i x̄ x j

xk

l x̄

v

�

, (4)

where Ax
v is a local discrete gauge transformation given by the group element x ∈ G, and thus

Av is the gauge transformation averaged over G. Clearly, AGT
v is a projector which projects out

local states that are not invariant under the gauge transformation. The plaquette operator acts
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locally on the four edges bounding the plaquette p:

BGT
p

�

�

�

�

g

h i

j

p

�

= δg j̄ īh,e

�

�

�

�

g

h i

j

p

�

, (5)

which is also a projector that projects out local states with non-vanishing flux through the
plaquette p. All plaquette operators and vertex operators commute.

The gapped boundary condition of the three-dimensional GT model is characterized by a
subgroup K ⊆ G and a 3-cocycle α ∈ H3[G, U(1)]. In this paper, we will focus on boundaries
with the trivial α, i.e. α ≡ 1. The boundary Hamiltonian consists of respectively the sums of
boundary vertex, plaquette, and edge operators:

HGT
K = −

∑

v∈∂ Γ

AGT
v −

∑

p∈∂ Γ

BGT
p −

∑

e∈∂ Γ

CGT
e , (6)

where the sums run over all the boundary vertices, plaquettes, and edges on the boundary ∂ Γ
of Γ . The definition of the boundary vertex operators and plaquette operators are similar to
the bulk operators: AGT

v is again defined as a gauge transformation averaged instead in the

subgroup K , and the definition of BGT
p is just the same as BGT

p . The edge operator CGT
e is a

projector:

CGT
e

�

�

�

�

l
e

�

= δl∈K

�

�

�

�

l
e

�

, (7)

which projects the boundary degrees of freedom into the subgroup K . The boundary vertex,
plaquette, and edge operators all commute with each other and with the bulk vertex and
plaquette operators. Therefore, the total Hamiltonian (2) is exactly solvable. The ground
states are the common +1 eigenstates of all operators in the total Hamiltonian. The ground
state degeneracy (GSD) can be computed by

GSD= Tr

 

∏

v∈Γ\∂ Γ

AGT
v

∏

p∈Γ\∂ Γ

BGT
p

∏

v∈∂ Γ

AGT
v

∏

p∈∂ Γ

BGT
p

∏

e∈∂ Γ

CGT
e

!

, (8)

where the trace is taken over the total Hilbert space (1). The elementary excitations in the
model without boundary are charges on the vertices and loop-like excitations. A charge at
vertex v arises when Av = 0; a loop-like excitation occurs when Bp = 0 on a series of pla-
quettes which forms a loop [41, 42]. If the gapped boundary is included, there still exists
one more type of elementary excitations, that is, the bulk string-like excitations that terminate
at gapped boundaries (see Figure 2). In three dimensions, the braiding between point-like
charges is trivial, while the braiding between loop-like excitations or string-like excitations
is highly non-trivial. Thus, despite some recent progress [29, 42–45], our understanding of
loop-like excitations in three-dimensional topological orders is still incomplete.

3 Fourier transform the three-dimensional GT model with gapped
boundaries

In this section, we Fourier-transform the basis of the Hilbert space of the three-dimensional GT
model with gapped boundaries from the group space to the representation space, which allows
us to rewrite the three-dimensional GT model with gapped boundaries on a trivalent lattice.
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Figure 2: Charge excitation (red dot) and string-like excitation (deep blue dashed
line, consisting of a series of light blue plaquettes where the local flatness condition
is violated) that terminates on the boundary in the three-dimensional GT model with
gapped boundaries.

We then Fourier-transform the boundary Hamiltonian of the three-dimensional GT model. The
transformation given by (32), (33) and (39), is determined by the data {Cµνρ, Rρµν}, where
Cµνρ is the 3 j-symbol of the irreducible representions of the input finite group G, and Rρµν is
the R-matrix of the representation category Rep(G). Generally, given the input finite group G,
the data {Cµνρ, Rρµν} cannot be uniquely determined, which gives a series of transformations.
In the following subsection, we will introduce a convention to uniquely determine the 3 j-
symbol, while the discussion of the R-matrix will be left to subsection 3.2.

3.1 A graphical tool for group representation theory

To make derivations easier in this paper, especially the Fourier transform, we employ the sub-
sequent graphical tools for group representation theory as put forth in [46]. Denote by LG
the collection of every unitary irreducible representation Vµ (up to equivalence) of a finite
group denoted by G. We will use Greek indices µ to label irreducible representations and
Latin indices mµ to label the basis of the representation space Vµ.

Duality map The duality map ωµ is an intertwiner

ωµ : C→ Vµ ⊗ Vµ , 1 7→
∑

mµ,nµ∗

Ωµmµnµ∗
emµ ⊗ enµ∗ , (9)

where µ∗ ∈ LG is the dual of the irreducible representation µ ∈ LG . The dual representation µ∗

is equivalent (but not necessarily identical) to the complex conjugate representation of µ. The
intertwining property ofωµ implies that the complex matrix Ωµmµnµ∗ maps µ to µ∗ by similarity
transformation

(Ωµ)−1Dµ(g)Ωµ = (Dµ
∗
(g))∗ , (10)

where Dµ(g) is the representation matrix of group element g. We also require that Ωµmµnµ∗

satisfies the normalization condition Ω†Ω= 1.
Within the normalization condition, the matrix Ωµ can only be determined up to a phase

factor. If µ is self-dual, then the transpose of Ωµ is also a duality map, which implies that
Ωµ = βµ(Ωµ)T with βµ = ±1. It can be proved that βµ is completely determined by µ and
thus can be viewed as an intrinsic property of µ, called the Forbenius-Schur (FS) indicator.
Moreover, if µ is not self-dual, we always set βµ = 1.
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Graphically, the duality map and its inverse have presentations

µ µ∗

mµ nµ∗

≡ Ωµmµnµ∗
,

µ∗ µ

mµ∗ nµ

≡ [(Ωµ)−1]mµ∗nµ . (11)

Being an intertwiner, the duality map commutes with group actions, namely

µ µ∗

mµ nµ∗

g g =
µ µ∗

mµ nµ∗

, (12)

where we have introduced the graphical presentation for group actions:

g

µ

mµ

nµ

= Dµmµnµ
(g) , (13)

and the contraction of Latin indices is presented by concatenating two lines. Note that the
direction of all lines in our graphical presentation are upward by default. A line with label µ
directed downward should always be regarded as the line with label µ∗ directed upward.

Since all irreducible representations µ ∈ LG are unitary,

[Dµmµnµ
(g)]∗ = Dµnµmµ

( ḡ) ⇒













µ

g

mµ

nµ













∗

=
µ

ḡ

nµ

mµ

. (14)

Then, (10) can be graphically presented as

µ

g

µ∗

nµ∗

µ∗
mµ∗

=
µ∗

ḡ

mµ∗

nµ∗

. (15)

3 j -symbol Frequently in later derivations, we will need 3 j-symbols to deal with the cou-
pling of three representations of G. A 3 j-symbol is a tensor Cµνρ;mµmνmρ that is defined as an
intertwiner:

Cµνρ : Vµ ⊗ Vν ⊗ Vρ → C , |µmµ,νmν,ρmρ〉 7→ Cµνρ;mµmνmρ . (16)

A 3 j-symbol is depicted as

µ ρ
ν

mµ

mν

mρ ≡ Cµνρ;mµmνmρ ,
µ ρ

ν
mµ

mν
mρ
≡ (Cµνρ;mµmνmρ)

∗ . (17)
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The normalization condition of 3 j-symbols can then be presented as

∑

mµmνmρ

Cµνρ;mµmνmρ(Cµνρ;mµmνmρ)
∗ = µ ρν = 1 . (18)

Being an intertwiner, a 3 j-symbol is invariant under group actions, namely

µ ρ
ν

mµ

mν

mρ

g
g

g
=

µ ρ
ν

mµ
mν

mρ . (19)

In this paper, we will also use a lot of Clebsch-Gordan (CG) coefficients Cρµν : Vµ ⊗ Vν → Vρ
and Cµνρ : Vρ → Vµ ⊗ Vν, which can be defined using 3 j-symbols and duality maps:

C
ρ∗mρ∗
µν;mµmν ≡

µ ρ
ν

mµ
mν

ρ∗

mρ∗

≡
ρ∗

µ ν
mµ mν

mρ∗

=
∑

mρ

Cµνρ;mµmνmρΩ
ρ
mρmρ∗

, (20)

C
µν;mµmν
ρ∗mρ∗

≡ µ ρ

ν
mµ

mν

ρ∗

mρ∗
≡ ρ∗

µ ν

mµ mν

mρ∗

. (21)

The CG coefficients enable the following basis transformation:

|µmµ〉 ⊗ |νmν〉=
∑

ρ,mρ

C
µν;mµmν
ρmρ |ρmρ〉 , (22)

which is the foundation of rewriting the basis of the Fourier-transformed Hilbert space on a
trivalent lattice.

For later convenience, we list a few properties of 3 j-symbols as follows. For a generic group
G, we can always construct such 3 j-symbols satisfying the following properties [46]:

Γclosed

µ ν ρ

µ
ν

ρ

mµ mν mρ

=
1
|G|

∑

g∈G

Γclosed

µ ν ρ

mµ mν mρ

g g g
=

Γclosed

µ ν ρ

mµ mν mρ

, (23)

where Γclosed means that the part of the graph does not have any open edges. Moreover, we
have the following orthogonality conditions:

∑

ρ

d̃ρ

µ ν

m′µ m′ν

ρ

mµ mν
µ ν

= δmµm′µ
δmνm′ν

, µ ν

ρ′
m′ρ

ρ

mρ

=
1

d̃ρ
δρ′ρδm′ρmρ , (24)
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where d̃µ = βµdµ is the quantum dimension of the representation µ.
Similarly to duality maps, a 3 j-symbol Cµνρ is also determined up to a complex number.

In order to construct symmetrized 6 j-symbols via 3 j-symbols, we further require that

Cµνρ;mµmνmρ = βρCρµν;mρmµmν , (25)

and that
(Cµνρ;mµmνmρ)

∗ =
∑

mµ∗mν∗mρ∗

Cρ∗ν∗µ∗;mρ∗mν∗mµ∗Ω
ρ∗

mρ∗mρ
Ων
∗

mν∗mν
Ωµ
∗

mµ∗mµ
. (26)

Combining the two requirements above and the definition of 3 j-symbols, we can completely
determine all 3 j-symbols for a given finite group G. Note that (25) yields βµβνβρ = 1 if Cµνρ
does not vanish. Some examples are listed in [46].

Symmetrized 6 j -symbol A 6 j-symbol F : L6
G → C is defined by

ν∗ µ∗

κ∗

λ

η

=
∑

ρ

Fµνληκρ
ν∗
µ∗ κ∗

ρ

η

, (27)

where we have omitted Latin indices mµ, mν, . . .. The above expression relates the two equiv-
alent ways of decomposing the tensor product representation Vν∗ ⊗Vµ∗ ⊗Vκ∗ . Composing both
sides of the above equation by the duality maps and the 3 j-symbols in an appropriate way as:

ν∗ µ∗ κ∗

λ
η

η∗

η
ρ

=
∑

ρ′

Fµνλ
ηκρ′

ν∗ µ∗ κ∗

ρ′

η

η∗

η
ρ

,

which by the second equation of (24) becomes

Fµνληκρ = d̃ρ η
∗

η

η

µ∗ν∗

λ κ∗

ρ

≡ d̃ρGµνληκρ . (28)

Here we introduce the symmetrized 6 j-symbols, given by Gµνληκρ = Fµνληκρ/d̃ρ. In terms of 3 j-
symbols and duality maps, we have

Gµνληκρ =
∑

all m’s and n’s

Ωµmµnµ∗
Ωνmνnν∗

Ωλmλnλ∗
Ωηmηnη∗

Ωκmκnκ∗
Ωρmρnρ∗

× Cκλ
∗η

mκnλ∗mη
Cη
∗ν∗ρ

nη∗nν∗mρ
Cρ
∗µ∗κ∗

nρ∗nµ∗nκ∗
Cµνλmµmνmλ

.
(29)
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Graphically, symmetrized 6 j-symbols can be presented either by a planar graph or a tetrahe-
dron

Gµνληκρ =
η∗

η

η

µ∗ν∗

λ κ∗

ρ

= η∗

ρ

ν∗

µ∗

λ κ∗

≡ η

ρ
ν

µ

λ κ

. (30)

The tetrahedral symmetry of Gµνληκρ then follows from (30).

Other conventions The great orthogonality theorem of finite group representations will be
often used in our paper; it can be presented graphically as

1
|G|

∑

g∈G

µ

g

mµ

nµ

ν

ḡ

mν

nν

=
1
dµ
δµνδmµnνδnµmν , (31)

which yields

1
|G|

∑

g∈G

µ

g

ν

ḡ

=
1
dµ
δµν µ .

Here and hereafter, the horizontal lines should be understood through the following conven-
tion:

≡ , ≡ .

3.2 Fourier transform on the Hilbert space

The Fourier transform of the operators in the Hamiltonian requires defining the Fourier trans-
form of the Hilbert space of a three-dimensional GT model with gapped boundaries with G as
input data. In this subsection, we will first discuss the Fourier transform on the local Hilbert
space of a vertex. Then, we will show that to define the Fourier transform on the total Hilbert
space, the braiding structure must be introduced.

A sketch of the Fourier transform on the Hilbert space In this subsection, we describe this
Fourier transform step by step. The explicit transformation will be dealt with a little later. Our
focus here lies in the logic and physics of the basis transformations.

Step 1: Fourier transform the local Hilbert space

The total Hilbert space H of the model is the tensor product of all local Hilbert spaces He on
the edges. The basis vector |g〉 of He Fourier-transforms as:

|µ, mµ, nµ〉=
vµ
p

G

∑

g∈G

Dµmµnµ
(g)|g〉 , (32)
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g

h

i

j

l

k

FT

µ

ν

ρ

σ

λ

η

mν

nν
nσ

mη

nρ

nη
mρ

mµ

nλ

mσ

mλ

nµ

Figure 3: The Fourier transform of a six-valent vertex in the bulk of the lattice Γ on
which the three-dimensional GT model is defined.

where vµ = d1/2
µ . The basis transformation (32) is exactly the finite group version of the

transformation between the electric and magnetic bases of non-Abelian lattice gauge theory:

| j, m, m′〉=
∫

SU(2)
dU
p

2 j + 1D j
mm′(U)|U〉 ,

where D j
mm′(U) is the Wigner D-matrix, and dU is the Haar measure on the SU(2) group man-

ifold. We dub the Fourier-transformed basis {|µ, mµ, nµ〉} the local rep-basis. The local rep-
basis {|µ, mµ, nµ〉} and the group-basis {|g〉} have the same dimension due to

∑

µ∈LG
d2
µ = |G|.

Furthermore, using the great orthogonality theorem, we can prove that the rep-basis is also
orthonormal: 〈µ′, m′, n′|µ, m, n〉 = δµ′µδm′mδn′n. We can Fourier transform He on each indi-
vidual edge independently, resulting in a linear superposition of the rep-basis states, shown in
Figure 3. Here, the orientations of the rep-basis states inherit from those of the group-basis
states.

Step 2: Rewrite the rep-basis to get a trivalent lattice

Although the rep-basis is orthonormal and has the same dimension as the group basis {|g〉}, it
cannot describe the states of a lattice model because it does not contain vertices. Therefore,
we need to rewrite the rep-basis state and identify it as a trivalent lattice.

Recall the definition of CG coefficients (22), which can be graphically presented as a basis
rewriting:

�

�

�

�

µ ν

nµ nν

mµ mν

�

=
∑

λ,mλ

vλ











λ

µ ν

mµ mν

mλ











�

�

�

�

λ

µ ν
nµ nν

mλ

�

. (33)

The orthonormality of the rewritten basis still comes from the normalization condition of the
3 j-symbol. The rewritten basis also has the same dimension as the rep-basis due to the defining
property of the 3 j-symbol. By the equation above, we can fuse the six representations and six
Latin indices in a specific order at the vertex, as depicted in Figure 4.

Step 3: Add a dangling edge

As shown in Figure 4, we first fuse µ and λ by contracting there indices mµ and nλ, resulting
in a linear combination of irreducible representations {α} with a free end labeled mα. Then,
we fuse α and σ by contracting their indices mα and nσ, which results in another linear com-
bination of irreducible representations {β} with another free end. Repeating this procedure
and, in the end, we need to fuse ν and δ. As ν and δ are not always the same, in order to
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µ

ν

ρ

σ

λ

η

mν
nν
nσ

mη

nρ

nη
mρ

mµ

nλ

mσ

mλ

nµ µ

ν

ρ

σ

λ

η

mν

nν
nσ

mη

nρ

nη
mρ

mα

mσ

mλ

nµ

α

µ

ν

ρ

σ
λ

η

mν

nρ

nη

mσ

mλ

nµ
α
β

γ
δ

s
ms

Figure 4: Rewrite the rep-basis as defined on a trivalent lattice. In the first step,
we fuse µ and λ by contracting their indices mµ and nλ, which results in a linear
combination of irreducible representations {α} with a free end and labeled by mα.
Repeating this procedure and in the end, we fuse δ and ν and obtain a tail attached
to the original vertex with an free end, labeled by (s, ms).

maintain the correct number of local degrees of freedom, we need to add an extra dangling
edge s with a free end labeled by ms, as shown in the final result in Figure 4. Such a dangling
edge will be labeled by {s, ms} and called a tail for short.

So far we have rewritten the basis of the total Hilbert space as defined on an actual trivalent
lattice Γ̃ , with a tail attached to each of the original vertices. Note that these tails do not belong
to any plaquette in Γ̃ . If we restrict the total Hilbert space to a subspace in which the degrees of
freedom on the tails are all projected to the trivial representation, the newly obtained lattice
Γ̃ can serve as a suitable lattice for defining a WW model. We will discuss the relationship
between our Fourier-transformed GT model and the WW model in section 5 and revisit this
point therein.

The Fourier transform of a boundary 5-valent vertex To better understand the Fourier
transform and basis rewriting illustrated in Figure 3 and Figure 4, let us consider the local
Hilbert space of a boundary 5-valent vertex in detail. By doing so, we aim to obtain a precise
linear transformation of the basis with commensurate coefficients. In our graphical represen-
tation and by (32), the Fourier transform of the group-basis to the rep-basis of the local Hilbert
space reads

�

�

�

� µ

λ

η

ν

ρ

nρ

nν
mν

nη

mηmρ

nµ

nλ
mµ

mλ

�

=
vµvνvρvηvλ
p

|G|5

∑

jikgh∈G

















g

hi

j
k µ

λ

η

ν

ρ

nρ

nν
mν

nη

mηmρ

nµ

nλ
mµ

mλ
















�

�

�

� g

h
i j

k

�

.

(34)

Here, the edges i, j, g, and h are lying on the boundary, while the edge k lies in the bulk. We
denote the group-basis and rep-basis states in the above equation as | jikgh〉 and |µνρηλ〉.
Then, we can rewrite the rep-basis by first fusing µ and ρ, resulting in a set of representations
{α}, and then fuse α and λ to get β , and then fuse β and η to get γ, and finally we fuse γ and
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ν, resulting in a dangling edge {s, ms}. Using (33), this procedure yields four 3 j-symbols with
some indices contracted, yielding the expansion coefficients:

|µνρηλ〉=
∑

αβγ∈LG

∑

s,ms

vαvβ vγvs





















 s ms
ν

nν

γ
ηmη
β

α
ρmρ

λ
nλ

µ

mµ






















�

�

�

� µ

ν

ρ

λ

η

mν

nρ

nη

mλ

nµ
αβ

γs
ms

�

, (35)

where the coefficients vαvβ vγvs are introduced such that the rewritten basis is still orthonor-
mal. We denote the rewritten rep-basis state at the vertex by |Ψsms

〉 and write down the inverse
transformation as:

|Ψsms
〉=

∑

mµmρmη
nλnνms

vαvβ vγvs

























s ms

µ
mµ

γ

η
mη

β

α

ρmρ

λ
nλ

ν

nν
























|µνρηλ〉 . (36)

The linear transformation (35) rewrites the subspace spanned by {mµ, mρ, mη, nν, nλ} of the
local Hilbert space spanned by {µνρηλ}. Under this transformation, the degrees of free-
dom mµ, mρ, mη, nν, and nλ, which are all independent of each other, are transformed into
α,β ,γ, s, and ms, which are not all independent, while other degrees of freedom remain un-
changed. In fact, as the 3 j-symbol ensures an intertwiner space at each vertex, α,β , and γ are
determined by the choice of all the irreducible representations labeling those edges with an
open end in the local Hilbert space spanned by |Ψsms

〉, i.e., µ,ν,ρ,η,λ, and s. Thus, we may
simplify by labeling the new transformed basis as |Ψsms

〉, while keeping all the other labels
in the graph unobvious, which causes no confusion because in the actual calculation, e.g., in
computing the inner product of two such local basis states, i.e., 〈Ψ′s′m′s |Ψsms

〉, the prime in Ψ′

indicates that the hidden labels in Ψ should all be primed as well. In the next subsection, we
will see another advantage of this simplified notation.

Equations (36) and (34) then lead to the following inner product:

〈 jikgh|Ψsms
〉=

vµvνvρvηvλvαvβ vγvs
p

|G|5



























sγ

β

α

ν

h
λ

mλ

j
µ

nµ

η

ρ

g

k

i

ms

nη

nρ

mν


























, (37)

which directly defines a transformation between the rewritten rep-basis and the group-basis at
a boundary vertex. We prove in Appendix B that the local basis states |Ψsms

〉 are orthonormal
and complete so that the inner product defined above is indeed a well-defined basis transfor-
mation of the local Hilbert space.
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µ
ν

ρ
σ

Figure 5: A whole plaquette in the bulk, where the edges labeled by µ and ν are
crossing with each other, as are edges labeled by ρ and σ.

The Fourier transform when edges cross with each other So far, our description of the
Fourier transform on the Hilbert space is still incomplete, because the total Hilbert space of
the Fourier-transformed three-dimensional GT model cannot be trivially viewed as the tensor
product of the Fourier-transformed local Hilbert spaces of single vertices defined above. In
fact, as will be explained in the following context, a braiding structure must be added.

Without loss of generality, let us consider the state in the Hilbert space with a whole pla-
quette in the bulk, as shown in Figure 5. One can observe that when a larger Hilbert space
is considered, edges unavoidably cross with each other in the rewritten rep-basis. Therefore,
defining the inner product between the states that include crossing edges in the rewritten
rep-basis and those in the group-basis becomes necessary. To achieve this, let us consider the
following inner product.

­

g

h �

�

�

� µ

ν
mν

nν

mµ nµ

·

≡
vµvν
|G| g µmµ nµ

h

mν

nν

ν
?
=

vµvν
|G|

Dµmµnµ
(g)Dνmνnν

(h) , (38)

where the first equivalence comes from the Fourier-transformation of the basis vector of He

(32), and the equality with a question mark “
?
=” is the evaluation of the graphical presentation

if edge crossing is treated trivially.

Clearly, the convention given by “
?
=” is insufficient because it cannot distinguish the over-

and under-crossing relation between the two edges. Nonetheless, we can indeed find a rea-
sonable convention to evaluate the graphical presentation in (38) that encodes the crossing
information of the edges in the inner product by introducing a braiding structure. Using the
F -move given by the first equation in (24), formally we have:

g µmµ nµ

h

mν

nν

ν

=
∑

ρ

d̃ρ
h

mν
ν

gmµ

nµ

nν

µ
µ

ν
ρ

≡
∑

ρ,mρm′µm′ν

d̃ρDµmµm′µ
(g)Dνmνm′ν

(h)Rµνρ C
µν;m′µm′ν
ρmρ C

ρmρ
νµ;nνnµ ,

(39)
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where we have introduced new equivalences in the second row above. Namely

µ ν

ρ
mρ

mµ mν

≡ Rµνρ
µ ν

ρ

mρ

mµ mν

= Rµνρ C
µν;mµmν
ρmρ ,

µ ν

ρ
mρ

mµ mν

≡ Rµνρ
µ ν

ρ

mρ

mµ mν

. (40)

Therefore, during the Fourier transformation, we first fix a projection of the 3D lattice onto
2D, and that any edges that cross in this projection will pick up an R-matrix when evaluating
the inner product between the Fourier-transformed basis and the group basis.

Here, R : L3
G → C is called an R-matrix, which cannot be expressed explicitly in terms of

the duality maps and 3 j-symbols of the representations of a finite group G. To determine the
R-matrix, we impose the following symmetry constraint of the rewritten rep-basis (where Latin
indices mµ, mν, . . . are omitted):

�

�

�

�

µ ν

ρ

σ ·

=

�

�

�

�

µ ν

ρσ

·

. (41)

As a result, the R-matrix elements must be a complex phase and satisfy the Hexagon identity
[5]. Moreover, as the topological spins of simple objects in Rep(G) are always 1, the R-matrix
elements must satisfy Rµνρ Rνµρ = 1. Such an R-matrix can always be found for a gauge theory
[3]. We will see in section 5 and Appendix A that, with the R-matrix defined above, we can
properly evaluate the matrix elements of the plaqette operator acting on the local Hilbert space
shown in Figure 5 in the Fourier-transformed three-dimensional GT model, just as what was
done in the WW model [5].

The data consisting a label set LG , quantum dimension d̃ : LG → C (where d̃µ = βµdµ), 6 j-
symbol F : L6

G → C, and an R-matrix form a unitary braided fusion category (UBFC) Rep(G),
which is the input data of the Fourier-transformed three-dimensional GT model with input
data G. Therefore, as the UBFC Rep(G) is given, we can define the Fourier transform of the
total Hilbert space through (39) and the local Hilbert space Fourier transform (37). Note that
although the 6 j-symbol F of the category Rep(G) can be uniquely determined through the con-
vention introduced in subsection 3.1, multiple solutions may still exist for the R-matrix. From
a single GT model with input data G, we can then construct a series of Fourier transformations
with different R matrix, resulting in a series of Fourier-transformed model, corresponding to
the different choices of the braiding structure for the representation category Rep(G). Never-
theless, these Fourier-transfomed models are all physically equivalent to the original model,
and hence are also equivalent to each other. (For a more detailed argument, see the end of
Section 5.2.) Therefore, we will not specify the braiding structure of Rep(G). We verify that
(39) preserves the orthonormality and completeness in Appendix B. Some examples for the
data {LG , d̃, F, R} corresponding to the finite group G are given in Appendix C.

3.3 Fourier transform of the boundary vertex operators

We are now ready to study how a boundary vertex operator AGT
v acts on a local basis state |Ψsms

〉.

That is, we need to find the Fourier-transformed version ÃGT
v of AGT

v . Since the group-basis and
the rewritten rep-basis {|Ψsms

〉} are both orthonormal and complete in the local Hilbert space,

16

https://scipost.org
https://scipost.org/SciPostPhys.19.1.018


SciPost Phys. 19, 018 (2025)

we can compute the action of ÃGT
v by inserting resolution of identity:

ÃGT
v |Ψsms

〉=
∑

µ′ν′ρ′η′λ′

α′β ′γ′s′ms′
nµ′nρ′nη′mν′mλ′

|Ψ′s′ms′
〉〈Ψ′s′ms′

|
∑

jikgh∈G

AQD
v | jikgh〉〈 jikgh|Ψsms〉

=
∑

µ′ν′ρ′η′λ′

α′β ′γ′s′ms′
nµ′nρ′nη′mν′mλ′

|Ψ′s′ms′
〉〈Ψ′s′ms′

|
∑

jikgh∈G

1
|K |

∑

x∈K

|x j, i x̄ , xk, x g, hx̄〉〈 jikgh|Ψsms〉

=
∑

µ′ν′ρ′η′λ′

α′β ′γ′s′ms′
nµ′nρ′nη′mν′mλ′

∑

jikgh∈G

1
|K |

∑

x∈K

�

〈Ψ′s′ms′
|x j, i x̄ , xk, x g, hx̄〉〈 jikgh|Ψsms

〉
�

|Ψ′s′ms′
〉 .

We leave the simplification of the two inner products in the above expression in Appendix B
but present the result here:

ÃGT
v |Ψsms

〉=
∑

m′s

1
|K |

∑

x∈K

Ds
msm′s
(x)|Ψsm′s

〉 ≡
∑

m′s

(Ps
K)msm′s

|Ψsm′s
〉 . (42)

We observe that the Fourier-transformed vertex operator ÃGT
v is automatically diagonalized in

the entire local Hilbert space of the considered vertex spanned by |Ψsms
〉 but the small subspace

— the representation space Vs of s, which is spanned by ms. Here, Ps
K = (1/|K |)

∑

x∈K Ds(x)
is a projector in Vs. As the eigenvalues of a projector must be 0 or 1, a linear transformation
Vs → Vs, |ms〉 7→ |m̃s〉 can be applied to diagonalize the matrix Ps

K . This transformation will
also transform the basis |Ψsms

〉 to |Ψsm̃s
〉. In such a basis, (42) can be simplified as

ÃGT
v |Ψsm̃s

〉= Ps
K |Ψsm̃s

〉= δ(s,m̃s)∈LA
|Ψsm̃s
〉 , (43)

where the set LA collects all the +1 eigenstates of ÃGT
v or its representation Ps

K . More precisely,
we can write

LA := {(s,αs)|Ps
K |Ψsαs

〉= |Ψsαs
〉, s ∈ LG} . (44)

The states |Ψsm̃s
〉 with (s, m̃s) /∈ LA are zero eigenstates of ÃGT

v , and are thus excited states.
These excitations emerging at the end of the dangling edges, labeled by a pair (s, m̃s), are
point-like charge excitations at the boundary.

In bulk, the Fourier transform of the vertex operator is similar to the derivation above
when K = G. The bulk vertex operator projects all degrees of freedom on the tail to the trivial
representation, that is, Av|Ψsms

〉 = δs=0|Ψsms
〉. Therefore, point-like charge excitations in the

bulk are on those non-trivial tails.

3.4 Fourier transform of the boundary edge operators

We then investigate how the Fourier-transformed boundary edge operator C̃GT
e acts on a lo-

cal basis state in the rewritten rep-basis of the Fourier-transformed GT model with gapped
boundaries. According to (7), CGT

e acts on the edge between two vertices. Consequently, in

the rep-basis, a local basis state on which C̃GT
e acts would involve the two end vertices of edge

e. In what follows, we denote the local basis states in the group-basis acted by a boundary
edge operator as:

|Ψl〉 :=
�

�

�

�

l
g

hi

j
x

y

z
w

�

, (45)
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and denote the local basis states in the rewritten rep-basis as:

|Ψνπφλsm̃s ,rm̃r
〉=

�

�

�

�

µ ν
s
m̃s

ρ

σπ

φ
ηλ

r
m̃r

δ γ

β αψ
κ

ε

�

, (46)

where we have omitted some Latin indices, and the indices m̃r and m̃s diagonalize the bound-
ary vertex operators acting on the two vertices in (46). In the rewritten rep-basis, the bound-
ary edge operator is not diagonalized only on the subspace spanned by the degrees of freedom
m̃s, s,ν,π,φ,λ, r, and m̃r . Thus, the boundary edge operator can be viewed as an operator
acting on the open plaquette outlined by these edges.

Similar to the Fourier transform of vertex operators, we can compute the matrix elements

of C̃GT
e in the local basis by inserting resolution of identity:

〈Ψν
′π′φ′λ′

s′m̃′s ,r
′m̃′r
|C̃GT

e |Ψ
νπφλ
sm̃s ,rm̃r

〉= 〈Ψν
′π′φ′λ′

s′m̃′s ,r
′m̃′r
|

∑

ghi jl x yzw∈G

CGT
e |Ψl〉〈Ψl |Ψ

νπφλ
sm̃s ,rm̃r

〉

=
∑

ghi jl x yzw∈G

δl∈K〈Ψ
ν′π′φ′λ′

s′m̃′s ,r
′m̃′r
|Ψl〉〈Ψl |Ψ

νπφλ
sm̃s ,rm̃r

〉

=
∑

ghi jl x yzw∈G

∑

(t,αt )∈LA

|K |
|G|

dt D
t
αtαt
(l)〈Ψν

′π′φ′λ′

s′m̃′s ,r
′m̃′r
|Ψl〉〈Ψl |Ψ

νπφλ
sm̃s ,rm̃r

〉 ,

(47)

where use is made of that

δl∈K =
∑

(t,αt )∈LA

|K |
|G|

dt D
t
αtαt
(l) . (48)

The proof of the the above equation and the simplification of the two inner products in (47)
are left in Appendix B. Here, we just write down the result:

〈Ψν
′π′φ′λ′

s′m̃′s ,r
′m̃′r
|C̃GT

e |Ψ
νπφλ
sm̃s ,rm̃r

〉

=
∑

(t,αt )∈LA

|K |
|G|

d̃t ṽν ṽπ ṽφ ṽλ ṽs ṽr[ṽ
′]Rπσφ Rπ′σ

φ′
C st;m̃sαt

s′m̃s′
C rm̃r

t r ′;αt m̃r′

× Gµ
∗νs∗

ts′∗ν′ G
ρπν∗

tν′∗π′G
σ∗φπ∗

tπ′∗φ′ G
ηλφ∗

tφ′∗λ′G
tλ′∗λ
δr∗r ′

=
∑

(t,αt )∈LA

|K |
|G|

d̃t ṽν ṽπ ṽφ ṽλ ṽs ṽr[ṽ
′]Rπσφ Rπ′σ

φ′
(Cr ′∗ t∗r,m̃r′∗ m̃t∗ m̃r

)∗(Ωr ′∗)−1
m̃r′ m̃r′∗

(Ωt∗)−1
αt m̃t∗

× (Cs′∗st,m̃s′∗ m̃sαt
)∗(Ωs′∗)−1

m̃′sm̃s′∗
Gµ
∗νs∗

ts′∗ν′ G
ρπν∗

tν′∗π′G
σ∗φπ∗

tπ′∗φ′ G
ηλφ∗

tφ′∗λ′G
tλ′∗λ
δr∗r ′ ,

(49)

where ṽµ =
q

d̃µ, and ṽµ · · · ṽν[ṽ′] := ṽµ · · · ṽν ṽµ′ · · · ṽν′ is introduced as a shorthand notation.

The local state |Ψνπφλsm̃s ,rm̃r
〉 may be a +1 or zero eigenstate of the boundary vertex operators

acting on the relevant vertices. In general, we would like to study the matrix elements of

C̃GT
e in the local basis states free of any charge excitations. This is accomplished by acting

the boundary vertex operators on the states |Ψνπφλsm̃s ,rm̃r
〉 to project out all the charge excitations.

Equivalently, we can simply replace the indices m̃s and m̃r in (49) by αs and αr in (44) and
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zw
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δ

ε
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θ

κ

λ
ι

ξ

φ
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m̃r

s m̃s

(a) (b)

ψ

Figure 6: The local Hilbert space where the boundary plaquette operators BGT
p and

B̃GT
p act on. (a) is the group basis, denoted as |wx yz〉, and (b) is the rewritten rep-

basis, denoted as |Ψµανδεσζρικrm̃r ,sm̃s
〉. Here we have ignored all the group element labels

and irreducible representation labels which will not appear in the matrix elements
of the boundary plaquette operator.

obtain

〈Ψν
′π′φ′λ′

s′αs′ ,r ′αr′
|C̃GT

e |Ψ
νπφλ
sαs ,rαr
〉

=
∑

(t,αt )∈LA

|K |
|G|

d̃t ṽν ṽπ ṽφ ṽλ ṽs ṽr[ṽ
′]Rπσφ Rπ′σ

φ′
(Cr ′∗ t∗r,m̃r′∗ m̃t∗αr

)∗(Ωr ′∗)−1
αr′ m̃r′∗

(Ωt∗)−1
αt m̃t∗

× (Cs′∗st,m̃s′∗αsαt
)∗(Ωs′∗)−1

α′sm̃s′∗
Gµ
∗νs∗

ts′∗ν′ G
ρπν∗

tν′∗π′G
σ∗φπ∗

tπ′∗φ′ G
ηλφ∗

tφ′∗λ′G
tλ′∗λ
δr∗r ′

=
∑

(t,αt )∈LA

|K |
|G|

ṽt(ṽν ṽπ ṽφ ṽλ[ṽ
′])usur[u

′]Rπσφ Rπ′σ
φ′

Gµ
∗νs∗

ts′∗ν′ G
ρπν∗

tν′∗π′G
σ∗φπ∗

tπ′∗φ′ G
ηλφ∗

tφ′∗λ′G
tλ′∗λ
δr∗r ′

× fr ′∗αr′ t∗αt rαr
fs′∗αs′ sαs tαt

,

(50)

where in the last equality we define a map f : LA× LA× LA→ C as

fc∗αc aαa bαb
=
∑

m̃c∗

uaubuc(Cc∗ab;m̃c∗αaαb
)∗(Ωc∗)−1

αc m̃c∗
, with (a,αa), (b,αb), (c,αc) ∈ LA , (51)

where ua =
p

ṽa.

3.5 Fourier transform of the boundary plaquette operators

Finally, we discuss the Fourier transform of the boundary plaquette operators B̃GT
p . The local

Hilbert space where B̃GT
p acts on is shown in Figure 6.

We can calculate the group elements of B̃GT
p through a similar procedure of the calculation

in the previous section, resulting in

〈Ψµ
′α′ν′δ′ε′σ′ζ′ρ′ι′κ′

r ′m̃′r ,s′m̃′s
|B̃GT

p |Ψ
µανδεσζρικ
rm̃r ,sm̃s

〉

=
∑

δxwz̄ ȳ ,e〈Ψ
µ′α′ν′δ′ε′σ′ζ′ρ′ι′κ′

r ′m̃′r ,s′m̃′s
|x yzw〉〈x yzw|Ψµανδεσζρικrm̃r ,sm̃s

〉

=
∑ ∑

t∈LG ,mt

1
|G|

dt D
t
mt mt
(xwz̄ ȳ)〈Ψµ

′α′ν′δ′ε′σ′ζ′ρ′ι′κ′

r ′m̃′r ,s′m̃′s
|x yzw〉〈x yzw|Ψµανδεσζρικrm̃r ,sm̃s

〉 ,

(52)

where the first summation is over all the relevant group element labels in the group basis state
|x yzw〉, including those that we haven’t explicitly specified in Figure 6. Here, we shall focus
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on the boundary degrees of freedom (r, m̃r) and (s, m̃s), which will be projected into the set LA
by boundary vertex operators. We want to find out whether the Fourier-transformed boundary
plaquette operators would introduce new structures on the set LA, like what we have found in
the Fourier transformation of the boundary edge operator where a map f : LA× LA× LA→ R
emerges. The answer is however negative.

Since evaluating (52) is very tedious, and since a similar procedure will be shown in sec-
tion 5, we simply present the result of (52):

〈Ψ′|B̃GT
p |Ψ〉=

∑

t∈LG

d̃t ṽµ ṽα · · · ṽκ[ṽ′]Rµs
κ Rφεσ Rµ

′s
κ Rφε

′

σ′
Gλικtκ′ι′G

θρ∗ι
tι′ρ′∗ · · ·G

sκµ
tµ′κ′ , (53)

where |Ψ〉 = |Ψµανδεσζρικrm̃r ,sm̃s
〉, 〈Ψ′| = 〈Ψµ

′α′ν′δ′ε′σ′ζ′ρ′ι′κ′

r ′m̃′r ,s′m̃′s
|, and the ellipsis between those 6 j-

symbols represent other 6 j-symbols corresponding to the vertices along the boundary of pla-
quette p.

While factors Rµs
κ and Rµ

′s
κ′

in (53) depend on s, which labels the tail, these R-matrices do
not introduce any new structures on LA because s should be viewed as an element of LG here.

In fact, each Fourier-transformed boundary plaquette operators B̃GT
p is an identity operator

within the subspace spanned by (s, m̃s) and (r, m̃r). Hence, unlike ÃGT
v and C̃GT

e , the boundary

plaquette operators B̃GT
p do not project out any degrees of freedom on the tails attached to the

relevant boundary vertices, and thus do not provide any new gapped boundary condition for
the Fourier-transformed three-dimensional GT model.

So far we have Fourier-transformed and rewritten the three-dimensional GT model with
gapped boundaries on a trivalent lattice Γ̃ . In the sequel sections, we shall study the physics
revealed by the Fourier transform.

4 Emergence of Frobenius algebras and boundary charge conden-
sation

In this section, we first examine the gapped boundary condition of the Fourier-transformed GT
model, then characterize the gapped boundaries by charge condensation, and finally explain
why the Fourier transform makes the physics at the gapped boundaries of the GT model more
explicit than it was before the transformation.

4.1 The gapped boundary condition of the Fourier-transformed model

In the previous section, we have found that each Fourier-transformed boundary vertex op-

erator ÃGT
v projects the degrees of freedom (s, m̃s) on the tail attached to the vertex v into

a set LA. Along with the Fourier-transformed boundary edge operators, an emergent map
f : LA× LA× LA→ R appears. Nevertheless, within the subspace spanned by (s, m̃s), the rele-
vant boundary plaquette operators behave as identity operators. Hence, the gapped boundary
condition of the Fourier-transformed three-dimensional GT model can be specified by a pair
(LA, f ), which is determined by the input data G and the boundary condition K of the original
GT model.

As proved in the two-dimensional case [1], the gapped boundary condition (LA, f ) indeed
forms a Frobenius algebra A, which is an object in the UBFC Rep(G). Generally, an element
of LA is denoted as a pair (s,αs) (or simply sαs), where s is a simple object of a UBFC F. The
multiplicity of s in A is denoted by |s| and refers to the number of different pairs (s,αs) with
the same s. The multiplication is a map f : LA × LA × LA → C that satisfies the following
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associativity and non-degeneracy:
∑

cαc

faαa bαbc∗αc
fcαc rαr s∗αs

Gabc∗
rs∗ t ṽc ṽt =

∑

αt

faαa tαt s∗αs
fbαb rαr t∗αt

,

fbαb b′∗αb′0 = δbb′δαbα
′
b
βb ,

(54)

where 0 is the unit element of A and has multiplicity 1, i.e. 0≡ (0, 1), and ṽc =
Æ

d̃c with d̃c the
quantum dimension of element c. That the Frobenius algebra A defined above is an object of
the corresponding UBFC F is understood by writing A as A=

⊕

s|sαs∈LA
s⊕|s|, which is generally a

non-simple object in F. For computational convenience, one may also write A=
⊕

(s,αs)∈LA
sαs

,
explicitly treating different appearances of s as distinct elements of A.

Therefore, we conclude that the gapped boundaries of the Fourier-transformed three-
dimensional GT model are specified by the Frobenius algebra AG,K = (LA, f )G,K , which is de-
termined by the input data G and the boundary condition K of the original GT model through
(44) and (51).

4.2 Charge condensation at the gapped boundary

We will subsequently see that the boundary input data AG,K of the Fourier-transformed model
precisely mirrors the charge condensation at the boundary. Recalling (43), each pair (s,αs) la-

bels a local +1 eigenstate |Ψsαs
〉 at vertex v of the projector ÃGT

v . All eigenstates with matching
hidden labels form a subspace within the ds-dimensional representation space Vs. The dimen-
sion |s| of this subspace is determined by the count of (s,αs) pairs with the same s. Following
the emergence of the Frobenius algebra, this dimension |s| is identified as the multiplicity of
s found in AG,K . This identification has a strong connection with the charge condensation in
three-dimensional topological orders. We quickly summarize this relationship as follows.

In two-dimensional topological orders, there exist only point-like excitations called anyons,
including charges, fluxes, and dyons. The anyon condensation in two-dimensional topological
orders has been extensively studied recently [17–22,24–28,47,48]. On the other hand, point-
like excitations in three-dimensional topological orders are pure charges, with additional loop-
like and string-like excitations present. Nevertheless, the investigation of charge condensation
in three-dimensional topological orders remains limited to specific cases [34].

Generally, in an n-dimensional topological order C, certain types of elementary excitations
may condense and cause a phase transition that takes the topological order to a simpler child
topological order U . In an extreme case, U could be merely a vacuum (a symmetry-protected
topological phase precisely speaking) [28, 47, 49], rendering the original topological order
entirely broken. This process can also be viewed from the perspective of creating a gapped
domain wall that separates C and U [26]. When U is a vacuum, we say that certain types of
elementary excitations of C can move to and condense at the gapped boundary between C and
the vacuum.

Although a general classification of loop-like excitations in three-dimensional topological
orders is very complicated [50–52], except for those in three-dimensional GT models with
finite Abelian gauge groups, the charge excitations in the three-dimensional GT model are al-
ways classified by irreducible representation of the input data G. We can thus investigate the
charge condensation in three-dimensional topological orders through the three-dimensional
GT model with gapped boundaries with bulk input data G and boundary input data K ⊆ G.
Let us consider the situation where K = {e}, known as the rough boundary condition. Recall-
ing Eqs.(43) and (44), all irreducible representations in LG must also be included in LA. This
means that LA = {(s,αs)|s ∈ LG ,αs = 1, 2, . . . , ds}. Since the charge excitations in the bulk are
labeled by s ∈ LG , and since each pair (s,αs) is an independent component of AG,K , we say
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that the pure charge s divides into ds parts, each of which condenses at the boundary. Conse-
quently, the multiplicity of the charge s in the boundary condensate is ds = |s|, which coincides
with the multiplicity of s in the Frobenius algebra AG,K . In situations where K is a nontrivial
subgroup, it could be that for some s, only a subset {(s,αs)|α= 1, 2, . . . , |s|< ds} ⊂ LA is found.
That is, even though the pure charge s splits into ds pieces, only |s| pieces contribute to the
boundary condensate. For example, letting G = S3 and K = Z2, we have LA = {(0, 1), (2, 1)},
where 0 denotes the trivial representation and 2 denotes the two-dimensional irreducible rep-
resentation of S3. We thus have |2| = 1 < d2 = 2, which means that the charge labeled by 2
splits into two pieces, only one of which labeled by (2, 1) condenses at the boundary.

From the above discussion, we can see that in three-dimensional topological orders, the
charge condensation at the boundary is completely described by the boundary condition. This
statement can also be understood through the layer construction. The layer construction of-
fers another interpretation for condensation of charge excitations at the boundary of a three-
dimensional topological order [32, 33, 53]. Here, three-dimensional topological orders are
achieved by sequentially stacking two-dimensional topological orders. For instance, a three-
dimensional GT model with input data G can be built by stacking the QD model with input
data G as well. The layers are then glued together by condensing specific types of quasiparticle
pairs between them. Nevertheless, at the final layer of the two-dimensional topological order,
which is the boundary of the three-dimensional topological order, excitations at the bound-
ary are allowed to condense separately. Different boundary conditions correspond to different
condensates at the boundary.

5 Mapping the three-dimensional GT model to WW model

The two-dimensional QD model with group G as input data has already been proven to be iden-
tified with an LW model with UFC Rep(G) as input data, via the Fourier transform [1]. A natural
question arises: Will the Fourier transform map the GT model, i.e., the three-dimensional ver-
sion of the QD model, to the WW model, i.e., the three-dimensional version of the LW model?
The answer is yes. In this section, we will show that the Fourier transform defined in subsec-
tion 3.2 indeed maps the three-dimensional GT model with input data G to the WW model with
UBFC Rep(G) as input data. Since the original WW model does not have a boundary Hamilto-
nian, and since there has not been any fully systematic construction of the gapped boundary of
the WW model, we shall consider the bulk first and then the boundary. We also suppose that
all representations of G are self-dual for simplicity, as was done in [5]. It is straightforward
to generalize to the case where non-self-dual representations exist. Details of the definition of
the WW model can be found in Appendix A.

5.1 Mapping the bulk Hilbert space

By (33) and the basis rewriting in Figure 4, one can always rewrite a Fourier-transformed
six-valent vertex as a trivalent lattice, as shown in Figure 8, with an extra tail attached to
the vertex. The edges are labeled by irreducible representations µ ∈ LG of group G. As the
representations of a finite group G form a UBFC Rep(G), the sub-Hilbert space of the Fourier-
transformed three-dimensional GT model where all degrees of freedom on the tails are re-
stricted to the trivial representation, denoted as H̃GT

0 , is the same as the Hilbert space of the
WW model without charge excitations. Since (33) requires that each vertex in the rewritten
rep-basis of the Fourier-transformed three-dimensional GT model satisfies the fusion rules, all
the states in H̃GT

0 are already the +1 eigenstates of the vertex operators in the WW model.
Charge excitations can be studied in the larger Hilbert space that contains non-trivial tails.
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Nevertheless, in the following we focus on the plaquette operator and work in the Hilbert
space H̃GT

0 .

5.2 Mapping the bulk Hamiltonian

In order to Fourier-transform the bulk plaquette operator of the GT model, we consider two
plaquette states, |Ψabcdpqruvw〉 defined in (A.4) and state |g1 g2 g3 g4〉 defined by

|g1 g2 g3 g4〉=
g1

g4

g3g2

p . (55)

As discussed earlier, state (A.4) can also be viewed as a state in the Hilbert space of the
Fourier-transformed GT model. Therefore, by (37), we can construct the inner product be-
tween the two states above as

〈g1 g2 g3 g4|Ψa···w〉=N × va · · · vw

a

b

c
d

d ′

v
v′

w

w′
a′ p p′

q
q′

b′

c′
r
r ′uu′

g2

g3

g1

g4
, (56)

where we have collected all unimportant coefficients into N , and we also neglect all the Latin
indices mq′ , . . . Note that

N =
vp′ vq′ vb′ vr ′ vu′ vd ′ vv′ vw′ va′

|G|2

will not be affected by the action of the plaquette operator.
Inserting resolution of identity, we can write the action of the plaquette operator B̃GT

p of
the Fourier-transformed GT model as

B̃GT
p |Ψabcdpqruvw〉

=
∑

g1 g2 g3 g4∈G

BGT
p |g1 g2 g3 g4〉〈g1 g2 g3 g4|Ψabcdpqruvw〉

=
∑

g1 g2 g3 g4∈G

δg1 g2 ḡ3 ḡ4,e|g1 g2 g3 g4〉〈g1 g2 g3 g4|Ψabcdpqruvw〉

=
∑

g1 g2 g3 g4∈G

∑

s∈LG ,mt

1
|G|

dsD
s
msms
(g1 g2 ḡ3 ḡ4)|g1 g2 g3 g4〉〈g1 g2 g3 g4|Ψabcdpqruvw〉 .

(57)
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In order to compare B̃GT
p to BWW

p , by means of our graphical tool, we re-express (57) as

B̃GT
p |Ψabcdpqruvw〉 (58)

=
∑

g1 g2 g3 g4∈G

∑

s∈LG

d̃s

|G|
N va · · · vw

a

b

c

dd ′

v
v′

w

w′
a′ p p′

q

q′

b′

c′

r
r ′

uu′

s

g1
g1

g4g4

g3g3

g2
g2

|g1 g2 g3 g4〉 ,

where use is made of

g1

g2

s

s

g4

g3

= βsD
s
msms
(g1 g2 ḡ3 ḡ4) . (59)

It is the braiding structure (41) of the representation category Rep(G) that enables us to put
the loop s everywhere we want in the entire graph containing all edges. Note that here the
crossing between loop s and edges c′ and q′ are inevitable if we want to place loop s along this
plaquette correctly.

To evaluate the graph in the equation above, we introduce the convention

C
µ0,nµ
µ,mµ Cν,nν

0ν,mν
=

1
ṽµ ṽν

δnµmµδnνmν , (60)

which can be expressed graphically as

µ ν = ṽµ ṽν
µ ν ,

where the dotted line is graced by the trivial representation. It is easy to prove that convention
(60) is consistent with the first equation in (24) and the F -move (27). We can then apply F -
moves in the graph in (58) and obtain

B̃GT
p |Ψabcdpqruvw〉=

∑

g1 g2 g3 g4∈G

∑

s∈LG

d̃s

|G|
Rq′b

q Rc′r
c Rq′b′′

q′′ Rc′r ′′
c′′ F a′pa

sa′′p′′F
p′qp
sp′′q′′ · · · F

w′aw
sw′′a′′

× d̃a d̃b d̃c d̃dN va · · · vw

×

a

b

c

dd ′

v′′v′

w′′

w′
a′ p′′ p′

q′′

q′

b′

c′

r ′′
r ′

u′′u′

s
g1

g1

g4g4

g3g3

g2
g2

a′′
a′′

b′′

b′′
c′′

s
sc′′

d ′′

d ′′

s |g1 g2 g3 g4〉 . (61)
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Then, applying the second equation in (24) and using the intertwiner property of 3 j-symbols,
we find that the graph in the above equation is equal to

〈g1 g2 g3 g4|Ψa′′b′′···w′′〉
d̃a d̃b d̃c d̃d ×N va′′ · · · vw′′

.

The results above enable us to write the matrix elements of the Fourier-transformed plaquette
operators of the three-dimensional GT model explicitly as

〈Ψa′′···w′′ |B̃GT
p |Ψa···w〉=

∑

s∈LG

d̃s

|G|
va · · · vw

va′′ · · · vw′′
Rq′b

q Rc′r
c Rq′b′′

q′′ Rc′r ′′
c′′ F a′pa

sa′′p′′F
p′qp
sp′′q′′ · · · F

w′aw
sw′′a′′

=
∑

s∈LG

d̃s

|G|
ṽa · · · ṽw[ṽ

′′]Rq′b
q Rc′r

c Rq′b′′

q′′ Rc′r ′′
c′′ Ga′pa

sa′′p′′G
p′qp
sp′′q′′ · · ·G

w′aw
sw′′a′′ ,

(62)

where the second equality is due to that Fµνληκρ = d̃ρGµνληκρ (28) is used.
Taking into account that D2 =

∑

s∈LG
d̃2

s =
∑

s∈LG
d2

s = |G|, we find that B̃GT
p is exactly

the same as BWW
p . Therefore, as far as bulk is concerned, after the Fourier transform and

basis rewriting, and finally projecting all the degrees of freedom on the tails to the trivial
representation, the three-dimensional GT model with input data G has the same Hilbert space
and Hamiltonian term-by-term as the WW model with input data Rep(G).

We can then discuss the relationship between the ground states and excited states of the
three-dimensional GT model and the WW model. As the Hamiltonian and the Hilbert space
of the three-dimensional GT model are exactly mapped to the Hamiltonian and the Hilbert
space of the WW model, the ground states of the two models are also related by the Fourier-
transform. Hence, the ground-state degeneracies of the two models are also the same, which
indicates that the two models realize the same phases of matter. We then consider the exi-
tation states. One type of bulk excitations in three-dimensional GT model is loop-like excita-
tion, which occurs when BGT

p = 0 on a series of plaquettes forming a loop. As the Fourier-
transformed plaquette operator B̃GT

p is exactly identified with BWW
p , it follows that the excited

states associated with loop-like excitations in the three-dimensional GT model analogously
map to the excited states of the WW model, with loop-like excitations living at the same po-
sitions of the lattice. A similar argument also holds for charge excitations which occur when
AGT

v = 0. Therefore, we conclude that the three-dimensional GT model with input data G and
the WW model with input data Rep(G) exactly describe the same topological order. Moreover,
different WW models with input data Rep(G) equipped with different braiding structures are
also equivalent. Starting with a GT model with input data G (denoted by GTG), given the
UFC Rep(G) equipped with a set of R-symbols, we can define a Fourier transform, which maps
the Hamiltonian of the GT model to the Hamiltonian of a WW model term by term. This
transformation (denoted by FTR) is a unitary linear transformation that does not affect the
spectrum of the Hamiltonian and the ground state degeneracy. Therefore, the resulting WW
model (denoted by WWRep(G),R) is physically equivalent to the original GT model GTG . Never-
theless, if we choose another set of R-symbols denoted by R′, we will get another WW model
WWRep(G),R′ via the transformation FTR′ , which is also physically equivalent to the original GT
model GTG . Therefore, the two WW models WWRep(G),R and WWRep(G),R′ are related through
the transformation FTR′ ◦ FT−1

R , and hence must be physically equivalent.

5.3 Mapping the boundary

Recall that as aforementioned, the gapped boundary theory of the WW model has not been
fully systematically constructed before, except for smooth boundaries and some special cases.
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Figure 7: Upper: The original boundary lattice. Lower: The Fourier-transformed
boundary lattice. Red wiggly lines are tails attached to original vertices, with degrees
of freedom taking value in Frobenius algebra AG,K . The degrees of freedom on the
black straight lines still take value in Rep(G).

Now that we have already mapped the bulk Hilbert space and Hamiltonian to the WW model
via Fourier transform, the Fourier-transformed boundary of the three-dimensional GT model
with input data G also offers a full systematic construction of the gapped boundary theory
of the WW model with input data Rep(G). The construction is understood as follows. The
boundary lattice is shown in Figure 7. The boundary Hilbert space is the tensor product of the
local Hilbert spaces on those edges and tails. The black edges are labeled by the objects of the
UBFC Rep(G), while the tails are labeled by elements in the Frobenius algebra AG,K ∈ Rep(G).
The boundary Hilbert space can thus be expressed as

HWW =

�

⊗

e∈∂ Γ̃

span je∈Rep(G){| je〉}

�

⊗

�

⊗

t∈boundary tails

span jt∈AG,K
{| jt〉}

�

. (63)

The boundary Hamiltonian consists of respectively the sums of boundary vertex, plaquette,
and edge operators:

HWW = −
∑

v∈∂ Γ̃

AWW
v −

∑

p∈∂ Γ̃

BWW
p −

∑

e∈∂ Γ

CWW
e . (64)

The boundary vertex operator AWW
v is the identity operator if the labels of the three edges (or

tails) around v obey the fusion rules; otherwise it is 0. The boundary plaquette operator BWW
p

is given by (53). The boundary edge operator CWW
e acts on the local Hilbert space corresponds

to edge e of the original cubic lattice, as shown in (46), with its matrix elements given by
(50). Since these local operators are obtained from the boundary Hamiltonian of the three-
dimensional GT model via Fourier transform, they commute with each other. Therefore, the
total Hamiltonian of the WW model is still exactly solvable.
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A The Walker-Wang model

The Walker-Wang model is defined on a three-dimensional trivalent vertex Γ , which is de-
formed from a three-dimensional cubic lattice. At each six-valent vertex of the cubic lattice,
the deformation is depicted in Figure 8.

The input data of the model is a UBFC, in which the string types will be labeled by Latin
letters a, b, c, . . . ∈ L, are assigned to the edges of Γ . The Hilbert space HWW of the model is
spanned by all labels of the edges in the lattice Γ . The definition of UBFC also includes a set
of symmetrized 6 j-symbols G : L6 → C and a set of R-symbols R : L3 → C. The 6 j-symbols
give the following basis transformation:

a b
c

m

d

=
∑

n

ṽm ṽnGbam
dcn

a
b c

n

d

, (A.1)

and the R-symbols encode the braidings:

a b

c
= Rab

c

a b

c
. (A.2)

In the WW model, we also assume multiplicity-free in the fusion rules and self-duality of all
labels, so edges in our lattices are not oriented. The Hamiltonian of the model is

H = −
∑

v∈Γ
AWW

v −
∑

p∈Γ
BWW

p , (A.3)

where v ranges over all vertices in the trivalent lattice Γ , and p ranges over all plaquettes
in Γ which correspond to the original squares of the cubic lattice. For |Ψ〉 ∈ HWW, we have

⇝

Figure 8: Deform a vertex in a three-dimensional cubic lattice to a trivalent lattice in
the WW model.
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a

b

c

d
d ′

vv′
w

w′
a′

p p′
q
q′

b′

c′

rr
′

uu′
(a)

s

a

b

c

d
d ′

vv′
w

w′
a′

p p′
q
q′

b′

c′

rr
′

uu′

s

a′′ a

b

q

q′

q′′

s

b

q
q′

q′′

s b

q′

q′′

s

b′′
bq′

q′′

s

b′′

(b)

Figure 9: (a) Fusing the simple loop labeled by s with the edge labeled by a. (b)
In order to fuse the string labeled by s with edge labeled by b, first we have to act
a R-symbol at the vertex and then apply the basis transformation (A.1); otherwise
the string s will fuse with edge labeled by q′, which is not in the boundary of the
plaquette.

Av|Ψ〉 = |Ψ〉 if the three labels around vertex v obey the fusion rules; otherwise Av|Ψ〉 = 0.
In order to derive the plaquette operator BWW

p , we consider the following plaquette with the
relevant labels:

a

b

c

d
d ′

vv′
w

w′
a′ p p′

q
q′

b′

c′
r
r ′uu′

. (A.4)

Then, analogous to the LW model, we define BWW
p =

∑

s(d̃s/D2)Bs
p, where D2 =

∑

s∈L d̃2
s , and

the action of Bs
p on the state (A.4) is to fuse a simple loop labeled by s with the edges around the

plaquette, through the basis transformation (A.1), as shown in Figure 9(a). However, things
get tricky when we encounter the vertex where q, q′, and b meet. As shown in Figure 9(b),
explicitly applying the basis transformation (A.1) results in a state where string s fuses with
q′, which is not what we want. Thus, we have to twist the vertex using (A.2) before applying
(A.1), and twist the vertex back finally to recover the original lattice. The same procedure is
also applied when dealing with the vertex where c, c′, and r meet. Therefore, compared to
the LW model, we get four extra R-symbols in the expression of the matrix elements of Bs

p.
Denote the state (A.4) as |Ψabcdpqruvw〉, then the explicit expression of the matrix elements

of Bs
p is given by

〈Ψa′′···w′′ |Bs
p|Ψa···w〉= ṽa · · · ṽw[ṽ

′′]Rq′b
q Rc′r

c Rq′b′′

q′′ Rc′r ′′
c′′

× Ga′pa
sa′′p′′G

p′qp
sp′′q′′G

q′bq
sq′′b′′G

b′cb
sb′′c′′G

c′rc
sc′′r ′′G

r ′ur
sr ′′u′′G

u′du
su′′d ′′G

d ′vd
sd ′′v′′G

v′wv
sv′′w′′G

w′aw
sw′′a′′ .

(A.5)

Note that in order to evaluate the above expression, here we use the following convention to
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remove the bubble:

�

�

�

�

a

a′

b c
·

=
ṽb ṽc

ṽa
δa′a

�

�

�

�

a
·

, (A.6)

which is different from our graphical presentation (24).

B Some proofs

Here we prove that the rewritten rep-basis defined in (36) is orthonormal and complete.

〈Ψ′s′m′s |Ψsms
〉=

∑

jikgh∈G

〈Ψ′s′m′s | jikgh〉〈 jikgh|Ψsms
〉 (B.1)

=
vµvνvρvηvλvαvβ vγvs[v′]

|G|5
∑

jikgh∈G





























s′γ′

β ′

α′

ν′

hλ′
m′
λ

j
µ′

n′µ

η′

ρ′

g

k

i

m′s
n′η

n′ρ

m′ν




























∗


























sγ

β

α

ν

h
λ

mλ

j
µ

nµ

η

ρ

g

k

i

ms

nη

nρ

mν


























=
vµvνvρvηvλvαvβ vγvs[v′]

|G|5
∑

jikgh∈G































s′
γ′
β ′

α′
µ′

ḡ

λ′ m′
λ

ī
ν′

m′ν

η′

ρ′

h̄

k̄

j̄

m′s

n′η

n′ρ

n′µ
























































sγ

β

α

ν

h
λ

mλ

j
µ

nµ

η

ρ

g

k

i

ms

nη

nρ

mν


























=
vνvλvαvβ vγvs[v′]

|G|2
δµ′µδη′ηδρ′ρδn′µnµδn′ηnηδn′ρnρ

∑

ih∈G

























µρη
i

ī

h

h̄

α

β

γ
s
ms

s′

m′s

α′
β ′

γ′

λ

λ′
ν′
ν

m′ν

mν

mλ

m′
λ

























= βαvβ vγvs[v
′]δµ′µδν′νδη′ηδλ′λδρ′ρδα′αδn′µnµδm′νmνδn′ηnηδm′

λ
mλδn′ρnρ

∑

m,n



















η αβ

γ
s
ms

s′

m′s

β ′

γ′

λ

λ
ν

ν

n

n

m

m



















,
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where (24) is used, and the βα comes from vαvα′δα′α/d̃α. Although the ends labeled by m
and n in the graphical presentation in the last line of the above expression are summed, they
cannot be connected explicitly. In order to evaluate the above graphical presentation, we use
the following trick:

∑

n

β λ

λβ ′∗

α

n

n

=
∑

n

λ

λ

α

n

n

λ∗

λ

β

β ′∗

=
∑

n′

λ

λ

α n′

n′

λ∗

λ∗

β

β ′∗

=
∑

n′

β

α
n′

n′

λ∗

β ′

λ∗

= βλ
∑

n′

β

β ′∗

α

λ∗

λ∗

n′

n′
= βλ

β

β ′∗

α λ∗ , (B.2)

where the normalization condition of duality map and (25) are used. Noting that

η α
β ′

γ′ λ
=

η αβ ′

γ′ λ
β ′β ′∗

=
η α
β ′∗

γ′ λ
, (B.3)

we can simplify the graphical presentation in (B.1) as

η αβ

γ
s
ms

s′

m′s

β ′

γ′

λ

λ
ν

ν

n

n

m

m
= βνβλ η α

βγ
s
ms

s′

m′s

β ′γ′

λ∗ν∗ =
βνβλβββγβs

dβdγds
δβ ′βδγ′γδs′sδm′sms

. (B.4)

Inserting the above expression into (B.1) yields

〈Ψ′s′m′s |Ψsms
〉= βνβλβαβββγβsδµ′µδν′νδη′ηδλ′λδρ′ρδα′αδβ ′βδγ′γδs′s

×δn′µnµδm′νmνδn′ηnηδm′
λ

mλδn′ρnρδm′sms
.

(B.5)

Finally, using the fact that βµβνβρ = 1 when Cµνρ ̸= 0, we have βνβλβαβββγβs = 1, and thus
it is proved that the basis |Ψsms

〉 is orthonormal.
The proof of completeness is as follows:
∑

µ···s

∑

mν···ms

〈 jikgh|Ψsms
〉〈Ψsms

| j′i′k′g ′h′〉

=
∑

µ···s

∑

mν···ms

dµdνdρdηdλdαdβdγds

|G|5



























sγ

β

α

ν

h
λ

mλ

j
µ

nµ

η

ρ

g

k

i

ms

nη

nρ

mν
























































s
γ

β

α

µ

ḡ ′

λ mλ

ī′
ν

mν

η

ρ

h̄′
k̄′

j̄′

ms

nη

nρ

nµ





























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=
∑

µ···s

∑

mνmλms

dµdνdρdηdλdαdβdγds

|G|5

s

ms

ms

s
ī′

i ν

ν

mν

mν

g̃ k̃ j̃

h

h̄′

γ

γ

η β

β

λ

λ

mλ

mλ

α

α

ρ

µ

, (B.6)

where g̃ = g ḡ ′, k̃ = kk̄′, and j̃ = j j̄′. Then, note that

k̃ j̃

α

α

ρ

µ

= k̃ j̃

α

α

ρ µρ∗

ρ∗

µ∗

µ∗

=
1
|G|

∑

l1∈G

l1

α

l1 k̃

ρ∗

ρ
l1 j̃

µ∗

µ
, (B.7)

where (23) is used. Using the similar method, we can simplify (B.6) as
∑

µ···s

∑

mν···ms

〈 jikgh|Ψsms
〉〈Ψsms

| j′i′k′g ′h′〉

=
∑

µ···s

∑

mνmλms

dµdνdρdηdλdαdβdγds

|G|5
∑

l1 l2 l3 l4∈G

1
|G|4

(B.8)

× l4

ν
mν

i

ī′

mν

l4

s
ms

ms

l4 l3

γ∗

γ

l3 g̃

η∗

η

l3 l2

β∗

β

l2

λ

mλ

h

h̄′

mλ

l2 l1

α∗

α

l1 k̃

ρ∗

ρ

l1 j̃

µ∗

µ

.

Let us consider the first term in the graphical representation above, which reads
∑

mν,k,l

Dνmνk(i)D
ν
kl(l4)D

ν
lmν
(ī′) = Tr Dν(il4 ī′)≡ Trν(ĩ

′l4) , (B.9)

where ĩ′ = ī′i. Recalling that

δl,e =
∑

µ∈LG

1
|G|

dµ Tr Dµ(l) , (B.10)

we find that the term (B.9) gives a factor of δĩ′ l4,e. Similarly, the second term of (B.8) gives

δl4,e and the sixth term gives δh̃′ l2,e with h̃′ = h̄′h. The third term of (B.8) reads
∑

mnkl

Dγ
∗

mn(l4)(Ω
γ)−1

mkDγkl(l3)Ω
γ∗

nl =
∑

mnkl

βγ(Ω
γ∗)−1

kmDγ
∗

mn(l4)Ω
γ∗

nl D
γ

kl(l3) (B.11)

=
∑

kl

βγ[D
γ

kl(l4)]
∗Dγkl(l3) = βγ Trγ(l̄4l3) , (B.12)

where (10), the unitarity of Ωµ, and the definition of βµ, (Ωµ
∗
)T = βµΩµ are used. Therefore,

the third term gives βγδl̄4 l3,e in (B.8). (B.8) thus can be further simplified as
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∑

µ···s

∑

mν···ms

〈 jikgh|Ψsms
〉〈Ψsms

| j′i′k′g ′h′〉

=
∑

l1 l2 l3 l4∈G

βαβββγβµβρβη ×δĩ′ l4,eδl4,eδl̄4 l3,eδl̄3 g̃,eδl̄3 l2,eδh̃′ l2,eδl̄2 l1,eδl̄1 k̃,eδl̄1 j̃,e .
(B.13)

Noting that βαβρβµ = 1 and βββγβη = 1, we finally get

∑

µ···s

∑

mν···ms

〈 jikgh|Ψsms
〉〈Ψsms

| j′i′k′g ′h′〉= δī′ i,eδg ḡ ′,eδh̄′h,eδkk̄′,eδ j j̄′,e = 〈 jikgh| j′i′k′g ′h′〉 , (B.14)

which implies that
∑

µ···s

∑

mν···ms

|Ψsms
〉〈Ψsms

|= 1 , (B.15)

i.e., the basis |Ψsms
〉 is complete.

We then prove that the rewritten rep-basis with braided edges defined by (38) and (39) is
orthonormal and complete. We define

|µν〉 :=
�

�

�

�

µ

ν
mν

nν

mµ nµ

·

, |gh〉 :=
�

�

�

�
g

h ·

. (B.16)

Thus

〈µ′ν′|µν〉=
∑

g,h∈G

〈µ′ν′|gh〉〈gh|µν〉

=
∑

g,h∈G

vµvν[v′]

|G|2
∑

ρ,ρ′
d̃ρ d̃ρ′

















ν′ µ′nν′ nµ′

ρ′

g h
µ′ ν′

mµ′ mν′
















∗

ν µnν nµ

ρ

g h
µ ν

mµ mν

=
∑

g,h∈G

vµvν[v′]

|G|2
∑

ρ,ρ′
d̃ρ d̃ρ′R

µ′ν′

ρ′
Rµνρ

µ′ ν′

mµ′ mν′

ρ′

ḡ h̄

µ′ν′
nµ′nν′

ν µnν nµ

ρ

g h
µ νmµ mν

=
∑

ρ,ρ′
d̃ρ d̃ρ′R

µ′ν′

ρ′
Rµνρ δµ′µδν′νδmµ′mµδmν′mν

ρ′

µ′ν′
nµ′nν′

µ ν

ν µnν nµ

ρ

=
∑

ρ,ρ′
d̃ρ′δρ′ρδµ′µδν′νδmµ′mµδmν′mν

ν′ µ′

nν′ nµ′

ρ

nν nµ
ν µ

= δρ′ρδµ′µδν′νδmµ′mµδmν′mνδnµ′nµδnν′nν , (B.17)

which proves the orthonormality.
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To prove the completeness, we need to compute
∑

µ,ν

∑

mµmνnνnµ

〈gh|µν〉〈µν|g ′h′〉

=
∑

µ,ν

∑

mµmνnνnµ

dµdρ
|G|2

∑

ρ,ρ′
d̃ρ d̃ρ′

ν µnν nµ

ρ

g h
µ ν

mµ mν

















ν µnν nµ

ρ′

g ′ h′
µ ν

mµ mν

















∗

=
∑

µ,ν

∑

mµmνnνnµ

dµdρ
|G|2

∑

ρ,ρ′
d̃ρ d̃ρ′R

µν
ρ Rµν

ρ′

ν µnν nµ

ρ

g h
µ νmµ mν

µ ν
mµ mν

ρ′

ḡ ′ h̄′

µν nµnν

=
∑

µ,ν

∑

mµmν

dµdρ
|G|2

∑

ρ,ρ′
d̃ρ d̃ρ′R

µν
ρ Rµν

ρ′

ρ

ν µ

ρ′

µ ν

mµ mν

ḡ ′ h̄′

g h
µ νmµ mν

=
∑

µ,ν

∑

mµmν

dµdρ
|G|2

Dµmµmµ
(g ḡ ′)Dνmνmν

(hh̄′)

= δg ḡ ′,eδhh̄′,e = δg g ′δhh′ = 〈gh|g ′h′〉 .

Thus
∑

µ,ν

∑

mµmνnµnν

|µν〉〈µν|= 1 , (B.18)

i.e., the basis |µν〉 is complete.

Details of the action of the operators ÃGT
v are as follows.

ÃGT
v |Ψsms

〉

=
∑

µ′···s′
n′µ···m

′
s

∑

jikgh∈G

1
|K |

∑

x∈K

�

〈Ψ′s′ms′
|x j, i x̄ , xk, x g, hx̄〉〈 jikgh|Ψsms

〉
�

|Ψ′s′ms′
〉

=
∑

µ′···s′
n′µ···m

′
s

∑

jikgh∈G

1
|K |

∑

x∈K

vµvνvρvηvλvαvβ vγvs[v′]

|G|5
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
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

s′γ′

β ′

α′

ν′

h
λ′

m′
λ

j

µ′
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η′

ρ′

g

k
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m′s
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m′ν

x

x̄

i

x

x







































∗
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

















sγ

β

α

ν

h
λ

mλ

j
µ

nµ

η

ρ

g

k

i

ms

nη

nρ

mν


























|Ψ′s′ms′
〉

=
∑

µ′···s′
n′µ···m

′
s

∑

jikgh∈G

1
|K |

∑

x∈K

vµvνvρvηvλvαvβ vγvs[v′]

|G|5

×
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


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

s′γ′

β ′

α′

ν′

h
λ′
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λ
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ρ′

g

k

i

m′s
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m′ν

x





























∗


























sγ

β

α

ν

h
λ

mλ

j
µ

nµ

η

ρ

g

k

i

ms

nη

nρ

mν


























|Ψ′s′ms′
〉

=
∑

µ′···s′
n′µ···m

′
s

∑

jikgh∈G

1
|K |

∑

x∈K

vµvνvρvηvλvαvβ vγvs[v′]

|G|5

×































γ′
β ′

α′
µ′

ḡ

λ′ m′
λ

ī
ν′

m′ν

η′

ρ′

h̄

k̄

j̄

n′η

n′ρ

n′µ

x̄ m′ss′

























































sγ

β

α

ν

h
λ

mλ

j
µ

nµ

η

ρ

g

k

i

ms

nη

nρ

mν


























|Ψ′s′ms′
〉 .

In the third equality the fact that 3 j-symbols are intertwiners is used. Applying the great
orthogonality theorem and the trick introduced in (B.2), we have

ÃGT
v |Ψsms

〉=
∑

µ′···s′
n′µ···m

′
s

δµ′µ · · ·δλ′λδn′µnµ · · ·δm′νmν
1
|K |

∑

x∈K

βλβν

µρη

α
βγs

ms

s′

m′s

α′

β ′γ′

ν∗ λ∗

x̄

|Ψ′s′m′s〉
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=
∑

m′s

1
|K |

∑

x∈K

βλβνβαβββγβsD
s
msm′s
( x̄)|Ψsm′s

〉

=
∑

m′s

1
|K |

∑

x∈K

Ds
msm′s
(x)|Ψsm′s

〉 . (B.19)

Details of the action of the operators C̃GT
e are as follows. Recall that

〈Ψν
′π′φ′λ′

s′m̃′s ,r
′m̃′r
|C̃GT

e |Ψ
νπφλ
sm̃s ,rm̃r

〉=
∑

g···w∈G

∑

(t,αt )∈LA

|K |
|G|

dt D
t
αtαt
(l)〈Ψν

′π′φ′λ′

s′m̃′s ,r
′m̃′r
|Ψl〉〈Ψl |Ψ

νπφλ
sm̃a ,rm̃r

〉 . (B.20)

Similar to the calculation in section 5, we can firstly evaluate Dt
αtαt
(l)〈Ψl |Ψ

νπφλ
sm̃a ,rm̃r

〉, which
reads

Dt
αtαt
(l)〈Ψl |Ψ

νπφλ
sm̃s ,rm̃r

〉=
vνvπvφvλvsvr vµvρvσvηvδ

p

|G|

µ ν
s
m̃s

ρ
σ

π

φ
η λ

r
m̃r

δl

l

tαt

αt , (B.21)

where some edges and Latin indices irrelevant to the calculation are omitted. Note that the
braiding between the lines t and σ is unavoidable if we want to evaluate the expression cor-
rectly. Then we can use the convention (60) and apply F -moves to the graph in the equation
above and obtain

µ ν
s
m̃s

ρ
σ

π

φ
η λ

r
m̃r

δl

l

tαt

αt

=
∑

s′
d̃s′ µ ν

s

m̃s

ρ
σπ

φ
η λ

r
m̃r

δ
l

l

t

αt

αt

s′

s
t

=
∑

s′ν′π′
d̃s′F

µ∗νs∗

ts′∗ν′ F
ρπν∗

tν′∗π′R
πσ
φ

µ ν′s′

m̃s

ρ

σ

π′

φ

η
λ

r
m̃r

δl

l

t

αt

αt

s
t

π

=
∑

s′ν′π′φ′λ′
d̃s′F

µ∗νs∗

ts′∗ν′ F
ρπν∗

tν′∗π′R
πσ
φ Fσ

∗φπ∗

tπ′∗φ′ R
π′σ
φ′

Fηλφ
∗

tφ′∗λ′
µ ν′s′

m̃s

ρ

σ
π′

φ′

η λ r
m̃r

δ
l

l
t

αt

αt

s
t

λ′
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=
∑

s′ν′π′φ′λ′
d̃s′F

µ∗νs∗

ts′∗ν′ F
ρπν∗

tν′∗π′R
πσ
φ Fσ

∗φπ∗

tπ′∗φ′ R
π′σ
φ′

Fηλφ
∗

tφ′∗λ′ d̃λ′

×
µ ν′

s′

m̃s

ρ

σ
π′

φ′

η
λ r

m̃r

δ

l
l

t

αt

αt
t

s
t

λ′

λ′
t∗

λ

=
∑

s′ν′π′φ′λ′r ′
d̃s′F

µ∗νs∗

ts′∗ν′ F
ρπν∗

tν′∗π′R
πσ
φ Fσ

∗φπ∗

tπ′∗φ′ R
π′σ
φ′

Fηλφ
∗

tφ′∗λ′F
tλ′∗λ
δr∗r ′

µ ν′
s′

m̃s

ρ

σ
π′

φ′

η λ′
r ′

m̃r

δ

l

αts
t

r
t∗

t
αt

=
∑

s′ν′π′φ′λ′r ′
d̃s′F

µ∗νs∗

ts′∗ν′ F
ρπν∗

tν′∗π′R
πσ
φ Fσ

∗φπ∗

tπ′∗φ′ R
π′σ
φ′

Fηλφ
∗

tφ′∗λ′F
tλ′∗λ
δr∗r ′ C

st;m̃sαt
s′m̃s′

C t∗r;m̃t∗ m̃r
r ′m̃r′

(Ωt)−1
m̃t∗αt

×
p

|G|
vν′ vπ′ vφ′ vλ′ vs′ vr ′ vµvρvσvηvδ

〈Ψl |Ψ
ν′π′φ′λ′

s′m̃s′ ,r ′m̃r′
〉 . (B.22)

Substituting the result above back to (B.20) and using the completeness and orthonormality
of our basis, we get

〈Ψν
′π′φ′λ′

s′m̃′s ,r
′m̃′r
|C̃GT

e |Ψ
νπφλ
sm̃s ,rm̃r

〉

=
∑

(t,αt )∈LA

|K |
|G|

dt vνvπvφvλvsvr[v
′]−1d̃s′ d̃ν′ d̃π′ d̃φ′ d̃λ′ d̃r ′

× Rπσφ Rπ′σ
φ′

Gµ
∗νs∗

ts′∗ν′ G
ρπν∗

tν′∗π′G
σ∗φπ∗

tπ′∗φ′ G
ηλφ∗

tφ′∗λ′G
tλ′∗λ
δr∗r ′

× (Csts′∗;m̃sαt m̃s′∗
)∗(Ωs′)−1

m̃s′∗ m̃s′
(Ct∗r r ′∗;m̃t∗ m̃r m̃r′∗

)∗(Ωt)−1
m̃t∗αt

(Ωr ′)−1
m̃r′∗ m̃r′

=
∑

(t,αt )∈LA

|K |
|G|

d̃t vνvπvφvλvsvr[v
′]−1d̃s′ d̃ν′ d̃π′ d̃φ′ d̃λ′ d̃r ′

× Rπσφ Rπ′σ
φ′

Gµ
∗νs∗

ts′∗ν′ G
ρπν∗

tν′∗π′G
σ∗φπ∗

tπ′∗φ′ G
ηλφ∗

tφ′∗λ′G
tλ′∗λ
δr∗r ′

× (Cs′∗st;m̃s′∗ m̃sαt
)∗(Ωs′∗)−1

m̃s′ m̃s′∗
(Cr ′∗ t∗r;m̃r′∗ m̃t∗ m̃r

)∗(Ωt∗)−1
αt m̃t∗

(Ωr ′∗)−1
m̃r′ m̃r′∗

. (B.23)

Finally, let us check:

vνvπvφvλvsvr[v
′]−1d̃s′ d̃ν′ d̃π′ d̃φ′ d̃λ′ d̃r ′ = vνvπvφvλvsvr[v

′]βν′βπ′βφ′βλ′βr ′βs′ . (B.24)

Keeping mind mind that

βµ = βsβν = βs′βν′ =
Æ

βsβνβs′βν′ ,

βδ = βλβr = βλ′βr ′ =
Æ

βλβrβλ′βr ′ ,

βσ = βπβφ = βπ′βφ′ =
q

βπβφβπ′βφ′ ,

(B.25)

we have
vνvπvφvλvsvr[v

′]βν′βπ′βφ′βλ′βr ′βs′ = ṽν ṽπ ṽφ ṽλ ṽs ṽr[ṽ
′] , (B.26)
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which completes our proof of (49).
The proof of (48) is as follows: multiplying the both sides of (48) by Dt

m̃t m̃
′
t
(l̄) and then

summing over l ∈ G will give

1
|K |

∑

l∈G

δl∈K Dt
m̃t m̃

′
t
(l̄) =

∑

(t,αt )∈LA

dt

|G|

∑

l∈G

Dt
αtαt
(l)Dt

m̃t m̃
′
t
(l̄)

=
∑

(t,αt )∈LA

δαt m̃t
δαt m̃

′
t
≡ δ(t,m̃t )∈LA

δm̃t m̃
′
t
.

Recalling the definition of LA, we find that the LHS of the equation above is

1
|K |

∑

l∈G

δl∈K Dt
m̃t m̃

′
t
(l̄) =

1
|K |

∑

l∈K

Dt
m̃t m̃

′
t
(l) = δ(t,m̃t )∈LA

δm̃t m̃
′
t
= RHS .

Thus (48) is proved. Requiring K = {e} in (48) gives (B.10).

C Examples

C.1 G is Abelian

When G is Abelian, LG has a group structure and is isomorphic to G itself. The fusion rule is
given by

µ⊗ ν= µ+ ν , (C.1)

where + is the group multiplication of G. For all µ ∈ LG , we have µ∗ = −µ and d̃µ = 1. The
3 j-symbols and 6 j-symbols are given by

Cµνρ = δµνρ , and Gµνληκρ = δµνλδηκλ∗δνηρ∗δµρκ , (C.2)

where δµνρ = 1 if µ+ ν+ ρ = 0 (Here 0 denotes the identity element of the group G.) and
δi jk = 0 otherwise. Finally, R-symbols can always be trivial, i.e.,

Rµνρ = 1 , (C.3)

for all µ+ ν+ρ = 0.
To study the boundary condition, we then set G = Zn1

×Zn2
×· · · . The group elements of G

can be written as g = (g1, g2, . . .)where gi = 0,1, . . . , ni−1, and the irreducible representations
of G can be written as µ = (µ1,µ2, . . .) where µi = 0, 1, . . . , ni − 1. The representation matrix
can be explicitly expressed as

Dµ(g) = exp
�

2πi
�

µ1 g1

n1
+
µ2 g2

n2
+ . . .

��

. (C.4)

Then, for subgroup K , the boundary vertex operator is given by

δs∈LA
=

1
|K |

∑

k∈K

exp
�

2πi
�

s1k1

n1
+

s2k2

n2
+ . . .

��

. (C.5)

Moreover, if G = Zn and K = Zm, such that m|n, we have

δs∈LA
=

1
m

m−1
∑

k=0

exp
�

2πi
ks
m

�

=
1− exp(2πis)

m[1− exp(2πis/m)]
, (C.6)
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where the element k ∈ Zm is labeled as kn/m in Zn. Therefore, only when s = jm, j ∈ N, we
have δs∈LA

= 1. Thus we have LA = 0, m, 2m, . . . , n−m and

AZn,Zm
= (LA,δabc)∼= Zn/m = Zm/Zn . (C.7)

In general, not all Frobenius algebras in Rep(Zn1
× Zn2

× · · · ) are given by (C.5). Those
Frobenius algebras beyond (C.5) correspond to gapped boundaries with non-trivial twist.

C.2 G = D3

The dihedral group D3 has six group elements {1, s, r, r2, sr, sr2}, where s2 = 1 and r3 = 1. The
irreducible representations of D3 are the trivial representation, the sign representation, and
the two-dimensional definition representation, denoted by 0,1,2, respectively. More explicitly,
we have

D0(g) = 1 , ∀g ∈ D3 ,

D1(e) = D1(r) = 1 , D1(s) = −1 ,

D2(e) =





1 0

0 1



 , D2(r) =
1
2





−1 −
p

3
p

3 −1



 , D2(s) =
1
2





−1 0

0 1



 .

(C.8)

These representations are obviously real and self-dual (which means that those duality maps
defined by (10) are just identity matrices), and hence βµ = 1 for all µ ∈ LD3

. The quantum
dimensions of these irreducible representations are given by d̃0 = d̃1 = 1, d̃2 = 2. The non-
trivial fusion rules of Rep(D3) are

1⊗ 1= 0 , 1⊗ 2= 2 , 2⊗ 2= 0⊕ 1⊕ 2⊕ 2 , (C.9)

and hence δ000 = δ011 = δ022 = δ122 = δ222 = 1. The non-vanishing 3 j-symbols of D3 are

C000 = C011 = 1 ,

C02m2n
=

1
p

2





1 0

0 1





mn

, C12m2n
=

1
p

2





0 i

−i 0





mn

,

C212m2n
=

1
2





0 1

1 0





mn

, C222m2n
=

1
2





1 0

0 −1





mn

.

(C.10)

Symmetrized 6 j-symbols of Rep(D3) can then be calculated from (29). The nonzero 6 j-
symbols are

G000
000 = G000

111 = G011
011 = 1 ,

G000
222 = G011

222 =
1
p

2
,

G022
022 = G022

122 = G022
222 = G122

122 = −G122
222 =

1
2

.

(C.11)

All other non-zero 6 j-symbols are obtained through the tetrahedral symmetry. Given the data
{d̃,δ, G}, the R-matrix R : L3

D3
→ C can be solved from the hexagon equations:

∑

µ

d̃µGαβµ
∗

γεφ
Gγαδ

∗

βε∗µ
Rεµγ = Gαγδ

∗

βε∗φ
RδαγR

φ

βγ
,

∑

µ

d̃µGε
∗βδ
γαµ Gε

∗αµ

βγφ
Rεαδ = Gε

∗βδ

αγφ
RδαγR

φ

αβ
,

(C.12)
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where all Greek indices belong to LD3
. The non-trivial R-matrix is

R1
22 = −1 . (C.13)

The data {d̃,δ, G, R} describes the unitary braided fusion category Rep(D3).
Using (51), we can obtain four emergent Frobenius algebras corresponding to the four

distinct subgroups of D3:

• K = D3, LA = {0}, A= 0, f000 = 1.

• K = Z3, LA = {0,1}, A= 0⊕ 1, f011 = 1.

• K = Z2, LA = {0,21}, A= 0⊕ 2, f212121
= 2−1/4, f02121

= 1.

• K = {e}, LA = {0,1,21,22}, A= 0⊕ 1⊕ 2⊕ 2. Non-trivial multiplications are given by

f12122
= −i , f12221

= i , f222121
= 2−1/4 , f222222

= −2−1/4 .

Note that f212121
= 0 because C212121

= 0.

More explicitly, let us consider the case K = Z2 = {e, s} which has been briefly discussed
in Section 4.2. We have

P2
Z2
=

1
2

∑

x=e,s

D2(x) =
1
2





0 0

0 1



 . (C.14)

Hence, only half of the two-dimensional space V2 or half of the charge-2 condenses at the
boundary.
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