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Abstract

We compute scalar products of off-shell Bethe vectors in models with 0,,,; symmetry.
The scalar products are expressed as a sum over partitions of the Bethe parameter sets,
the building blocks being the so-called highest coefficients. We prove some recurrence
relations and a residue theorem for these highest coefficients, and prove that they are
consistent with the reduction to gl,, invariant models. We also express the norm of on-
shell Bethe vectors as a Gaudin determinant.
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1 Introduction

Integrable systems, characterized by their infinite number of conserved quantities, occupy a
central place in mathematical physics. These systems, appearing prominently in models of
statistical mechanics and quantum field theory, exhibit remarkable solvability due to their un-
derlying algebraic structures. For instance, in quantum many-body physics, the Lieb-Liniger
[37,38] model describes a one-dimensional Bose gas with delta-function interactions. It is
exactly solvable and has become a cornerstone in the study of cold atomic gases, particularly
in regimes where quantum fluctuations dominate. Experiments with quasi-1D Bose-Einstein
condensates have directly verified the predictions of this model, including properties like the
Tonks—-Girardeau [18,58] gas behavior. In quantum field theory, integrable systems appear in
two-dimensional models, such as the sine-Gordon and Thirring models [57]. The sine-Gordon
model, for instance, supports solitonic excitations with an exact S-matrix [59]. This has impli-
cations for understanding non-perturbative effects and dualities. In statistical mechanics, the
2D Ising model [42] is an exactly solvable lattice model that provides exact results for phase
transitions. In string theory and AdS/CFT correspondence, integrability plays a vital role. The
planar limit of N = 4 super Yang-Mills theory is conjectured to be integrable, allowing for the
computation of anomalous dimensions of operators via integrable spin chain techniques [40].
This has led to the development of the so-called integrability bootstrap program for solving
gauge theories in the planar limit. A key tool for solving these systems is the Bethe Ansatz, first
introduced by Hans Bethe in 1931 in the context of the Heisenberg spin chain, which provides
exact solutions for eigenstates of certain Hamiltonians [8].

The Bethe Ansatz leads to the construction of Bethe vectors (see [32] for gl and [51] for oy
invariant models), eigenstates expressed in terms of rapidities satisfying the Bethe equations.
More generally, the expression of Bethe vectors without assuming that the rapidities obey the
Bethe equations lead to the concept of off-shell Bethe vectors. In that context eigenstates
of the transfer matrix will be called on-shell Bethe vectors. Bethe vectors (on-shell and off-
shell) are foundational for understanding the spectrum of integrable models and play a central
role in calculating physical observables such as correlation functions [9]. The scalar product
of (off-shell) Bethe vectors is particularly important, as it provides overlaps between Bethe
states, allowing the evaluation of matrix elements of operators. An example of the use of this
scalar product can be found in [19], where the scalar product of Bethe states in gl invariant
models is used to study the exact overlaps for all integrable two-site boundary states. The
use of scalar products of Bethe vectors to study form factors and correlation functions for gl,-
related models was implemented in the works of the Lyon group [10,27-29,39]. A key tool
in the thermodynamic limit of these correlation functions relies on a determinant form for the
form factors, itself inherited from a determinant form for the scalar products of Bethe vectors.
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Determinant form for form factors of gl; models have been developed in [7,46,48], and in [43]
for form factors of gly;; models. More generally, such calculations are crucial for studying the
dynamics and thermodynamics of integrable systems [52].

Depending on the spin chain model one considers, different results have been obtained
for scalar products of Bethe vectors. For gl, and gl; invariant models, the expression of the
scalar product as a sum over partitions of the Bethe parameter sets has been obtained in [26]
and [50] respectively. The general case of gl,, invariant models has been dealt in [22].

The expression for the norm as a determinant of some matrix was suggested by M. Gaudin
for the Lieb-Liniger model [16]. Hence the name of Gaudin determinant. Later, the same type
of expression was suggested for the XXZ Heisenberg spin chain in [17]. This was subsequently
proven in [31] for gl, models, in [50] for gl; models and in [23] for gl,,, models. An alter-
native expression for the norms of eigenstates in gl,, based models was calculated using an
approach based on the quantized Knizhnik-Zamolodchikov equation [41,55,56]. An expres-
sion of the scalar product as a determinant, when one of the Bethe vectors is on-shell, has been
computed in [52] for gl, invariant models.

The first accounts on o, invariant integrable models go back to the mid-eighties [11,49],
in connection with the 1d non-linear Schrodinger equation on symmetric spaces. The general
approach of algebraic Bethe Ansatz for o,, invariant integrable models was done in the nineties
[51]. Then, o0, symmetric models appear in the context of integrable quantum field theories,
first with the o5 sigma model [14], and then for o,, sigma models [2,4] and o,, invariant
Gross-Neveu models [5] in the context of AdS/CFT correspondence. In the present paper, we
present the case of 0,,,; invariant models. We compute the scalar product of Bethe vectors
in 0,,, invariant models as a sum over partitions. As for other models, the expression makes
appear the so-called highest coefficients, and we provide recurrence relations and some residue
formulas for these coefficients. We also compute the norm of on-shell Bethe vectors as a Gaudin
determinant. We show that our results are consistent with the results already obtained for g,
invariant models, and also with the case of 05 models, studied in [36].

The plan of the paper is as follows. In section 2, we introduce the algebraic framework
we will use in this paper. In section 3, we present some general properties of Bethe vectors,
such as action formulas, recurrence relations and co-product formula, that have already been
established elsewhere [33-36]. Section 4 contains the first main result of the paper: an ex-
pression of the scalar product of off-shell Bethe vectors as a sum over partitions of the Bethe
parameter sets, see theorem 4.6. The expression makes appear as a building block the so-called
highest coefficient. In section 5, we use recurrence relations for Bethe vectors to deduce re-
currence relations for the full scalar product, see proposition 5.1, and the highest coefficient,
see propositions 5.2 and 5.3. We also present a reduction to gl,, invariant models, as well as
a specialization to the o5 case. Section 6 presents some analytical properties of the highest
coefficients, see proposition 6.1 and its application to the scalar product, see section 6.1. The
norm of on-shell Bethe vectors is dealt in section 7. We show that it takes the form of a Gaudin
determinant, see theorem 7.4. The conclusion is presented in section 8, where possible ap-
plications and extensions of our work are elicited. Two appendices are devoted to technical
proofs.

2 Integrable models with o0,,,; symmetry

The Yangian Y(05,41). The models we are considering have a 0,,,; invariance. They are
constructed within the Yangian Y (05,;), defined through a (2n + 1) x (2n + 1) monodromy
matrix T(z) obeying the celebrated FRT relations [13]:

R(z —w) T1(2) To(w) = To(w) T1(2) R(z —w), (1

3
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where the R-matrix for the Yangian Y (0,,.,1) [60] is defined by

n

n
C C
R@z) =181+ P———Q, P= D>le®e, and Q= Y. e ®e, ;, (2)

i,j=—n i,j=—n

with k = n—1/2 and the spectral parameter z. In (2), we have labeled the indices from —n
to n, and e, ; is the elementary matrix with 1 at position (i, j) and 0 elsewhere. We define the
transposition as

t
(ei) =eji- ®)
We use the same notation for the transposition anti-morphism (-)" in the algebra of monodromy
matrix entries determined by this matrix transposition

(T(Z))t= Z ei,j®(Ti,j(z))t: Z (ei,j)t®Ti,j(Z): Z e ;®T_j_i(z). 4)

i,j=—n i,j=—n i,j=—n
Decomposing the monodromy matrix as

n

T(z) = Z e ® T (=),

i,j=—n

we get

[T, Tt w)] = —— (T 0Ty ) = Te s () Ty (w)

. n )
p——— p;n (81t Ty Ty (W) = 61y Ty (WIT;(2))..

These relations imply that T(z)"- T(z + cx) is central, and we will impose
T()'-T(z+cx)=T(z+ck) - T(z)' =1. (6)

Indeed, starting from any model, a simple rescaling of the monodromy matrix by a function
f(2), T(z) = f(2)T(2), will ensure that the condition (6) is fulfilled.

The generalized models. From the monodromy matrix, one introduces an algebraic transfer
matrix

n
T@)= . T;;(). 7)
j=—n
The FRT relation ensures that [7(z), 7(w)] = 0, so that, upon expansion in the spectral
parameter, the transfer matrix generates an Abelian subalgebra of the Yangian.

To get a physical model, one needs to specify a representation of the Yangian algebra.
Typically, one takes a tensor product of evaluation representations to get a spin chain on a
periodic one-dimensional lattice. However, most of the calculations concerning the Bethe
vectors can be performed at the algebraic level, leading to the notion of generalized models.
In these models, one solely imposes the conditions

T; i(2)|0) = A;(2)[0), and T;;(2)[0) =0, —n<j<i<n, (8)
where |0) is the so-called vacuum state and A;(z) are some functions of one variable. The
functions A;(z), i = 1,2,...,n are arbitrary free functions, while the remaining ones, due to
the relation (6), are constrained by the relation

1 L A (Z _1)
A‘—'(Z): — > j:()’]-y"':n) (9)
’ A'](‘Z]) sl:‘rll A’s(zs)
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where z, =2 —c(s—1/2),s=0,1,...n.
The ‘real’ physical models are obtained by giving an explicit form for the functions A;(z).
For example, one can consider

Ai(z) = a(z), —n<j<n,
I =a@)(1+5)
M@ =@ (1-——),

%2+ CK

22 :
o-~(gieg)

where a(z) has been fixed in such a way that (6) and (9) are satisfied. This choice of 1;(z)
corresponds to a spin chain model of L sites, each of them carrying a fundamental ((2n + 1)-
dimensional) representation of the 0,,,; Lie algebra. In this spin chain, the monodromy matrix
is realized as a product of R matrices:

To(z) = a(z)" Rop(2) - -Ro1(2).

Let us insist that this is just an example of the models we deal with. In the following,
we will keep the functions A;(z) free, up to the relation (9), and the monodromy matrix as
algebraic, just obeying the relations (5), (6) and (8).

Notations. We will use different sets of parameters, indexed by an integer s running from 0
to n—1 and called the color of the set: a®) = {u(ls) ey uff)}. As a convention, sets (and subsets)
will be always noted with a bar, as in the preceding exafnple. The cardinality of these sets will
be noted |a®)| = r,. Collections of such sets will be noted as {a®,a™*V,... a0} = {ﬂ(s)}izi
and the full collection of sets as & = {a@,a,...,a(" D} = {ﬁ(s)};l:_é. As an additional nota-
tion, ¥, will be the subset complementary to the element v, in the set v: \71(5) =700\ {v,ES)}.
We will also use sums over partitions of these sets in two or three subsets, e.g. @° - {}, 1} },
where @i} and i; are disjoint (possibly empty) subsets such that &; Uiy = @°. Let us stress that
the subsets may be empty, although in general this does not occur in a partition. For example,

> Gl iy) = G(,) + Guy,uy) + Glug, 1y) + G(@, D).

={uy ,up JH{iy, iy }

We define the functions

u—v+c u—v+c/2
f(u’v) = —, f(uﬁ v) = —/7
u—v u—v
flu,v) u—v+c flu,v), when s =0,
h > = = b B =
(w,v) g(u,v) c vs(wv) igl;:)) , otherwise, 10
_c _ AW
= W

To lighten the presentation of the results, we will use the following convention. For any
function depending on one or two variables, if a set appears as a variable, then one has to
consider the product of this function at all elements of the set. For instance for a set a®) of

cardinality r,, f@®,v) = ]_[?:1 f(ugs), V). As a rule, we will also set f(@,7v) = 1.
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Bethe vectors. Usually, Bethe vectors are defined as eigenvectors of the transfer matrix
T(z)B(@) = t(z; 1) B(a),
(z;0) = Ag(2)f (@, 20)f (z,a”)

+ Z A (2)f (ﬁ(s)’ 2)f (z, ﬁ(s—l)) +A_(=)f (ﬁ(s—l)’ z_1)f (2, ﬂ(s)) )
s=1

provided the Bethe equations are obeyed

f(u(o) —(0))f(u(1) u(o))

(0) —
ao(u, ") = @ © (0)) k=1,...,ry,
(S)f (Sk) ’ k(+1) (s) 11
", w7) F@u”)
as(u(ks))z kB k=1,...,r,, s=1,...,n—1

@) f )’

We will call these vectors on-shell Bethe vectors because their Bethe parameters obey the Bethe
equations (11).

If we do not require the Bethe equations to be satisfied, we will call the corresponding
vector an off-shell Bethe vector. Bethe vectors (on-shell or off-shell) are polynomials of the
monodromy matrix entries acting on the vacuum vector state:

B(@) = P({T;(™), -n<i<j<n,1<k<r,0<s<n—1})[0)=B@I0). (12)

The polynomials which define the off-shell Bethe vectors in (12) are not arbitrary. They are
constrained by requiring that the Bethe vector B(i1) becomes an eigenvector of the transfer
matrix when the Bethe equations are satisfied. In fact, these constraints are not sufficient to
uniquely define the Bethe vectors, a coproduct property is needed that we introduce later in
section 3.4. A precise definition of Bethe vectors can be found in [34]. In (12), B(i1) is called
a pre-Bethe vector.

Besides the transposition (3) we define a usual matrix transposition

(ei,j)/ =€ji- (13)

As for the transposition (3), we use the same notation for the transposition anti-morphism (-)’
in the algebra of monodromy matrix entries determined by this matrix transposition

n

(T(Z))/ = Z l](z)) Z (el] ® Tl](z) - Z el_] Tj,i(z)' (]—4)

i,j=—n i,j=—n i,j=—n
Being extended to the vacuum vectors
(o[=10)",  [0)y={ol’, (15)

this transposition anti-morphism allows to define the dual Bethe vectors as follows
/
c@®,...,a" M) = (B@?,...,a" ")), (16)

where according to (14) ( ](u)) = T; ;(u). Indeed, the anti-morphism transposition (-) maps
Yangian left highest weight representations to right highest weight representations. The rela-
tion (15) just states that the left highest weight vector |0) can be mapped to a right highest
weight vector (0|. Since there is an isomorphism between left and right representations, the
condition (15) does not impose any constraint on the type of representations. As a conse-
quence, all the definitions given above also apply to dual Bethe vectors.

6


https://scipost.org
https://scipost.org/SciPostPhys.19.1.023

e SciPost Phys. 19, 023 (2025)

3 Properties of Bethe vectors

In this section, we present different properties of off-shell Bethe vectors by (BVs) that will be
needed for the calculation of their scalar products.

3.1 Action formula on BVs

To describe the action of the monodromy entry T; ;(z) on the off-shell Bethe vector B(iz) we
define the extended sets w® = a® U {z,2,} fors = 0,1,...,n— 1 with 2, = 2 —c(s — 1/2).
The action formula has been given in equation (3.5) of [33] as a sum over partitions
w) {W(s) "(5) ﬁf)}, with cardinalities

2, s<i<n, 0, s<j<n,
|vT/f5)|: 1, —s<i<s, and |v'vgf)|= 1, —s<j<s, (17a)
0, —n<i<-—s, 2, —n<j<-s,
02+ o7 667 = ). ar)

Remark 3.1 The condition (17b) should be automatically satisfied since we have a partition.
However, in some particular cases (depending on i, j and the cardinalities of @i), the conditions
(17a) may contradict this condition: in that case, the corresponding term should be discarded,
leading to a vanishing of the action formula for the corresponding T; (). An example of such
case is given below, for the reduction to the gl, case.

For two collections of sets ¥ = {x(®, 1, ..., "D} and y = {7, 7V, ..., (=D} we
define the function

n—1 — -
o _ B h(y(s+1) x(s))
Q — (5), (s) 4 . 18
We also define the functions ®; ;(w)
7(0)
_ gz, ™) o -
q)i,j(W) =—0i0_;j m Q(Wllwu) Q(Wulwm)Q(W1|Wm), (19)
where
-1, ifi<l, 20)
o; =
Yol1, ifix1.

Let us stress that ®;;(w) does not depend on the functions A;. Note also that although the
expression of ®;;(w) does not seem to depend on i and j, this dependence is hidden in the car-
dinalities of the partitions, as detailed in (17). The function ®; ;(w) depends on an additional
boundary set w(™ = {z,z,} with a fixed partition

wW={z}, V=g, W ={z}. (21)
The action of the monodromy matrix entries on BVs reads [33]
n—1
T;j(2) - B(@) = A,(2) ) | (]_[ as(wg:b) ®; (W) B(W,), (22)
part \.s=0

where the sum goes over partitions w'*) - {W(s) v (S) gf)} with the subsets cardinalities given
by (17).
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Relying on the Yangian Y (05,1 ), we assume that the monodromy matrix has the following
dependence on the formal parameter z

T(=)= 815+ p, Tiylml(s/c) ™, (23)
m=0
and we define the zero modes T; ; = T; ;[0] as
. Z
Ti; = lim - (Tl-,j(Z)—&-,j). (24)

These zero modes satisfy the commutation relations of the o0,,,; algebra
[Tij Tiil= (5i,z Tej—06;k Ti,l) — (5]',—1 Te—i—06i«k T—j,l) : (25)

Lett, fors =0,1,...,n—1 be the operators

n

to= >, (T L01—A[L0]), (26)

i=s+1

such that t, |0) = 0 and (0|t, = 0. The adjoint action of the operators t, on the monodromy
entry T; ;(z) reads

n

[ty T ()] = > (80— 80i+60—i—80;) Toj2). 27)

{=s+1

For i < j, relation (27) always yields a non-negative eigenvalue equal to either O, 1 or 2
depending on relations between the indices s, i, and j.

Proposition 3.1 The operators t, being applied to the BVs and dual BVs measure the cardinalities
of their Bethe parameters:

t,-B(@)=r,B(@), C@)-t,=rC@{E), s=0,...,n—1. (28)

Proof: This proposition can be proved by induction on the total cardinality |i], using (27) and
the recurrence relations for the Bethe vectors (30) described in the next section. We will prove
only the first equation in (28) since the second one results from the application of the anti-
morphism (16) to the first. The base of the induction is the case when all sets are empty:
according to the definition (26) t,-B(@) =t,-|0) =0 fors =0,1,...,n—1. Assume now that
the first equation in (28) is valid for || = r and any s, and apply an operator t, to both sides
of the recurrence relation (30). Using (27) and the description of the cardinalities (31) we
find that
ty - B(,29) = (r, + 8, ) B(1,29).

Since |{i1,2}| = r + 1 (see definition (29) below), this proves the induction and finishes the
proof of the proposition 3.1. O

3.2 Recurrence relations for BVs

To lighten the presentation we introduce notation

(8,20) = ({a} @21 {59}, 2,). (29)
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for any fixed £ = 0,1,...,n—1. It can be shown that the BVs in the 0,,,; invariant models
obey several types of recurrence relations [35]. For a given £ the recurrence relations relevant
for this paper take the general form'

) L L L Tyy(2) - B(,)
B(i,z) = Z Z Z( l_[ as(ufl))> Wfﬁ)(u,z)m, (30)

i=—n j=(+1 part \ s=(+1

where the sum is on partition of ) {ﬂl(s), aﬁs), 11]5]5)}, with cardinalities depending on i and j

as follows

2, i<—=s<0,
for0<s</{: |afs)|= 1, —s<i<s, Iﬂgf)|=0,

0, s<i,

1, i<—{, (31
fors=1¢: a®| = , id|=o,

0, —{<i,

1, i<-s, _ 1, s<j,
for{ <s<n—1: |ﬂ1(5)|: _ |ugls)|: ' J

0, —s<i, 0, j<s.

The function \Ili(lj)(ﬂ,z) is a rational function that does not depend on the functions a,. Its
explicit expression depends on the indices i, j and £ as follows.

In the case £ > 0, they take the form

—_(¢— _( _(¢
g(z, Ul( 1))h(u,( ),Z)g(ugI H),z)
g(z, a="D)h(z,a®O)h(@®, z) g(a+v, z)

0, - -
v@2) =0 Qala) a,ld),  (32)

where notation 4, , means the union &, U i1,. According to our convention for the products of
the rational functions Q(i, , ity) = Q(i, |, )Q(, i, ). Note that for £ > 0, we must have n > 2.

In the case £ =0, we have

(20, g(@V, 2)

i+1 g(ZO: a(O)) h(z, a(o)) g(ﬂ(l), 2)

\Ili(g)(ﬂ’ Z) =0 Q(ﬁl |ﬂ11) Q(ﬂl,ﬂ |am) 5 (33)

with the cardinalities

|ﬂ(0)|= 1, 1fl<0: |ﬂ(0)|=0,
! 0, otherwise, .
(34)

|ﬂ(s)|= 1, if s<—i, |l_1(s)|= 1, ifS<j, s=1 n—1
! 0, otherwise, " 0, otherwise, T

The recurrence relation (30) with the function (33) is valid also in the case n = 1 and coincides
with the recurrence relation given in [36].

In [35] another type of recurrence relations was also considered when the set @® is extended by the shifted
parameter z,. In this paper we will not use these so-called shifted recurrence relations.
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3.3 Recursion formula for dual BVs

From the recurrence relations (30), applying the transposition anti-morphism (13), we get

recurrence relations for dual BVs. For a given £ =0, 1,...,n— 1, they take the general form
{ n i—1 =
Cy) - Ty j(2)
C(,2®) = 7)) wl0(,2) ——=—, 35
6.49= 3 3 3 [] e o0 B2 e

j=—ni={+1part s=(+1

with cardinalities

2, j<—s<0,
foro<s<?: POI={1, —s<j<s, 79 =0,

0, s<j,

1, j<—t, (36)
fors=1¢: R J , 7Ol=o0,

0, £<j,

1, j<-s, _ 1, s<i,
for{ <s<n—1: |171(5)|= J . |V]](Is)|= .

0, —s<j, 0, i<s.

The functions \IIJ(.ZI.)(T/,Z) are deduced from the expressions (32) and (33).

3.4 Coproduct property for BVs

We remind the well-known expression for the standard coproduct for the monodromy matrix:

AWMM=;mMmmw=Zﬂhm%w

k

Since pre-Bethe vectors B(ii) are certain polynomials of the monodromy matrix entries
T;, j(ug)) one can address the question to calculate their coproduct. In general, this is a quite
non-trivial combinatorial problem which was solved for gl, invariant BVs in the 80’s [31] and
lately for gl, invariant BVs in [55]. In the latter paper a trace formula for the pre-Bethe vec-
tors was used to prove the coproduct properties of gl,, invariant BVs. Lately, an alternative
approach to obtain the presentation for the U,(gl,) invariant pre-Bethe vectors in terms of the
Cartan-Weyl generators of the quantum affine algebra was proposed [30]. Both approaches,
the trace formula and the Cartan-Weyl presentation, produce slightly different expressions for
the pre-Bethe vectors. Nevertheless, these expressions are different only by terms which are
annihilated on the vacuum state, but the calculation of the coproduct of BVs in the Cartan-Weyl
approach is rather simple. It uses the relation between the standard and Drinfeld coproducts
of the simple root Cartan-Weyl generators in quantum affine algebra proved in [12].

An extension of the Cartan-Weyl approach for the description of the off-shell Bethe vectors
in gl(m|n) invariant models was achieved in [21] and for 0,,,; invariant models in [33]. In
order to develop this description one has to replace the Yangian by its double. In the current
presentation for the Yangian double DY (0,,,,1), the Bethe vectors take the form of a projection
of currents:

B() = B(@)|0) = P*(F(@))|0), (37)

where P is a projection on the intersection of different Borel subalgebras in the Yangian
double and F(it) is a product of Cartan-Weyl generators in a certain order. For more details
on the projection method in 0,,,; models, see e.g. [33]. In this framework, the coproduct of
pre-Bethe vectors can be computed assuming that there is the same relation between standard

10
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and Drinfeld coproduct for the Yangian doubles as for the quantum affine algebras and using
the Drinfeld coproduct of the currents. One gets

n—1
A(B@)) ~ > (@ la) B@) @ B@) [ (18 Tu@ @) T s @@ ™), 38

part s=0

where the equivalence ~ means an equality modulo terms which are annihilated on the tensor
product of the vacuum states |0) ® |0). The sum runs over partitions ‘) - {ﬁl(s), aﬁs)}. Since,
as far as we know, the trace formula for o0,,,; invariant Bethe vector is not known, the Cartan-
Weyl generators approach is a unique way to find formulas for the pre-Bethe vectors and their
coproducts in o0,,,; invariant integrable models.

In the following we will use the formula (38) in a composite model, where the mon-
odromy matrix is splitted into two submodel monodromy matrices: A(T(u)) = TR TMW).
Correspondingly the eigenvalues A (u) factorize in the same way, and for instance
a,(u) = aEl](u)agz](u). The coproduct property allows to compute the Bethe vector of the
composite model as the product of Bethe vectors corresponding to the submodels:

n—1
A(B@) = Y 0@la)B@) B2 @) [ [«2@), (39)
s=0

part

where BlU(#,) and Bl?l(i,) are BVs for the submodels based on T['(u) and T!?I(u) respec-
tively. Note that the Bethe equations (11) can be rewritten in the form

n—1
A (ﬁI(S)) =
=0

(g |ay)

———, for any partitions i) {ﬂl(s), ﬂl(f)} , s=0,...,n—1. (40)
Q(w,|a,)

©n

This implies that for on-shell BVs, there is an alternative form to the coproduct formula:

_ a@la)B@)BRE,) A7 (B@)
A(B(u)) = Z 1 [11,-0) T e (41)
part nszo s (uI ) s=0 %s (u § )

where A% = ¢ o A with o (Al B[2]) = Al21 gl1],

4 Sum formula for the scalar products in Y (0,,,1) models

The sum formula for the scalar product of BVs in Y (0,,, ;) models expresses the scalar product
as a sum over partitions of rational functions and product of a, functions. It has been proven
in the case of Y(gl,) models in [25], and then generalized in [50] for Y (gl3) and in [22,24]
for Y(gln) and Uq(ﬁ\[n) models. The goal of this section is to prove it for Y(05,,7) models
and is summarized in the theorem 4.6.

As usual in integrable systems, we define the scalar product of the Bethe vectors B(v) and
B(1) as S(v|i) = C(v) B(@).

Lemma 4.1 (i) The scalar product S(v|ii) is symmetric in the exchange i «— V.
(ii) It is also invariant under any permutation within the set i) and within the set 7).

(iii) S(¥|2) = 0 whenever there is at least one color s such that [v¢)| # |a®)].

11
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Proof: Since S(¥|i) is a scalar, we have

S(¥|a) = S(@|a) =B@) C(¥) = C(@)B(v) = S(i|v).

Hence the first claim. The second one is a direct consequence of the same property for BVs
themselves. Finally, using operators t; defined by (26) from

C@) (£, B(@) = 29| C(7) B(@) = (C(M)t,) B(@) = [#©)| C(7) B(@),

we get the last claim. O

Lemma 4.2 The scalar product S(v|i) depends on the functions as(ug.s)) and as(vlgs)),

1<j,k<r,s=0,...,n—1, but not on the functions a (u(p)) or a (vlgp)), p # s. Moreover,

each Bethe parameter uE.S) or (5) occurs at most once in the function a.

The proof of this lemma can be found in appendix A. O

Proposition 4.3 The scalar product S(v|ii) can be written as

S(v|u) = ZW(VI,V |, i) l_[a (v(s))a (u(s)) (42)

part s=0

where the sum is taken over partitions i  {@®,d®} and 7 + (#©, 5} with 39| = 1@},
s=0,...,n—1.

The functions W (¥,, v;|i,, ;) do not depend on the eigenvalues A;, j =0,...,n. As such, they
do not depend on the model under consideration, they depend only on the R-matrix.

Proof: From lemma 4.2, we know that the scalar product is a sum of terms with functions a,

involving at most once each Bethe parameter u® or v,Es). This can be realized as a sum over
partitions as written in the expression (42) with coefficients independent from the A’s. Then,
it remains to prove that the partitions obey the equalities |v($)| = Iu(s) |. For such a purpose,
we consider a composite model corresponding to a splitting T(u) = T2 (u) TMH(u) of the
monodromy matrix, with a,(u) = aEl](u)agz](u).

From the coproduct property for BVs (39), using

(Y®()Y oA=A%0(),

where ()’ is the transposition anti-morphism defined by (14), we deduce

A(C) = Y a7 () () ]_[ al(5®), (43)
part
where Q(#,|7,) is defined as in (18). The sum in (43) runs over partitions ) {171(5), 17,,(5)} and
[11(4,) and C[21(3,) are dual BVs for the submodels based on T!'(v) and TI?I(v) respectively.
Then, the scalar product C(v) B(i1) takes the form

—1

S(7l) = AGS(TI) = Y Q(ayla,) 3 17,) St a,) S, |a,) ]‘[am(uw)a HEE). (44

part s=0

Since, from lemma 4.1, for the scalar products S (1] and s[2 to be non-zero, we need to have
159 = 12| and || = @], we get the result. O

12
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Proposition 4.4 The coefficients W (V,, v, |i,, ii;) in S(V|i) can be expressed as

W@, Wyli, @,) = Qa|d,) QE,[9,) Z@d,) Z(@d,) , (45)
where Q is defined in (18), and the highest coefficients Z(¥,|ii,) and Z(¥,|ii,) are defined by
Z(Wla) =w(,0lh,2), and Z(H i) =W(D,%|@,1,),
with the normalisation W (3, |, @) = 1.

Proof: To prove this property, we use the fact that the coefficients W (¥,, ¥;|i,, &i;) do not depend
on the model under consideration. We fix two partitions a® - {ﬂi(s), ﬂi(is)} and 70 - {171(5), 171(15)}

such that Iu(s)l = |v(s)| and |u(s)| = |vi(is)|, and consider a model? where we have
dl@z)=0, if e, and d?@)=0, if zea®. (46)
Considering expression (42), since a,(z) =0 when z € v( U u(s) we obtain
S(la) = W@, ¥y, ;) H o, (7)) a, (@) (47)

On the other hand, we see that in (44), for the product [ [\, ! a[z](u(s)) a 1](v(s)) to be non-zero,

we need to have u( $) (5) and v(s) C v(s) But because of the constraint on the cardinalities
of the subsets |#] = |v(s)| and |u(s)| = |v(s)| it leads to 1) = (s) and 7 = (s) , so that
n—1
S(7la) = Sy i) S 1w) a2 ) | | al2@) o). (48)
s=0

Now, we can use again relation (42) to compute the scalar products SI(v;|iz;) and SI2)(%|@y).
We detail the calculation of S[Y(¥;]ii;), the other case being similar. We need to perform

partltlons u( ) | {uffl), (s)} and 17(5) F{ 1(131), (S)} which will make appear terms with a fac-

tor ]_[ 1](1/1(151)) a[l](u(s)) However, because of (46), only the partition corresponding to
vl(j) =g Wlll have a non-zero contribution. Since |vl(lsl)| = |u1(151)| we get
n—1
M(wila;) = w(@, wile, ;) | [N@),
s=0 (49)

—
sPlm) =w,ola,2) [ |26,
s=0

Plugging these expressions in (48) and comparing it with (47) gives relation (45). O

Corollary 4.5 The highest coefficient Z(¥|i) is invariant under any permutation of v**) and any
permutation of i, for any s.
It obey the symmetry relation
Z(@|n) = Z(@|v). (50)

This relation is sufficient to ensure the symmetry of the scalar product given in (i) of lemma 4.1.

2The existence of such model is shown in appendix B.
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Proof: From relation (49), we deduce that there is a model where for instance

n—1
sPwla) = zGla) | [a2P).
s=0
The scalar product being invariant under the permutations, we deduce that in this model the
highest coefficient is also invariant. Since the highest coefficient is independent of the choice
of the model, we conclude it is always invariant.
Starting from symmetry relation S(ii|v) = S(¥|it) and using the sum formula, we get

PRUCRATNS ﬂa D) o (@) = > W (@, 1,17, ) 1‘[a (@) o, (7).

part s=0 part s=0

Since a’s are free functionals, we can project this relation on ]_[ a, (¥, s)) as(ﬂﬁs)) for a fixed
but arbitrary partition. This leads to

W(vl"_’n|ﬁ1,ﬂu) = W(an: L_l1|1_/]1, ‘_’1); (51)

which is valid for any partition. Setting v, = &, = & in this relation, we get (50). Note that
from proposition 4.4, one deduces that relation (50) is sufficient to ensure (51) and implies
the symmetry of the scalar product. O

Gathering the results obtained in this section we get as a final formula for the scalar product

Theorem 4.6 The scalar product S(v|it) = C(v)B(it) obeys the following sum formula

n—1
Sl = Y | Qi) Q1) Z@a) 2(@1%) | |09 e @), (52)
part s=0

where the sum is taken over partitions a*) - {ﬁl(s) s)} and ) F {v(s),vns)} with |v(s)| = |uls)|
s=0,...,n—1. Z(v|Qt) is called the highest coefficient and does not depend on the choice of the
model, i.e. it does not depend on the functions a.

Remark that the relation (52) looks formally identical to the sum formula for Y (gl,) models,
but with the restriction that the terms associated to s = 0 have a different form, see definitions
(10). This implies that when i(®) = #©) = @&, we get exactly the sum formula for the Y (gl,)
models, as expected.

5 Recursion relations

From the recurrence relations detailed in section 3.2, we can deduce some recurrence rela-
tions obeyed by the scalar product. Their iterative action allows to express scalar products of
Y (05,41) models in terms of scalar products of Y(gl,_y_1) ® Y(04,,3) models. To lighten the
presentation, we will use the notation (17,2“)) introduced in (29).

Proposition 5.1 For £ > 0, the scalar product obeys the following recurrence relation, with
[0 = [#O] + 1 and [a®¥] = |9 otherwise.

1 1 ) _(s)
S#,29)a) = Z Z Z( s=trr %% ))(l_[ as(Wy ))

j=—ni=(+1 part l_[s =(+1 s( )

&, (W) W7, 2)S(7,|w,), (53)

where the functions <I>l~j(ﬂ/) and \P(e)(ﬂ z) are given in (19), (32) and (33). The sum is on

(S) - (5)

partitions W) = (a9 g, 2.} F {w; (5)} and 79 + {v(s) '(s) IES)} with cardinalities given

in (17) and (36).
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Proof: Direct consequence of the recurrence relation (35) and the action formula (22). We

used the relation
7Le+1(2) l_[
a,(z).

s={+1

O

Note that because of the scalar product S(v;|w,) in the rhs of the recurrence relations, we
must also have |¥,| = |w,|, which could lead to additional constraints on the partitions. We
show it is not the case when £ = n — 1, the proof for the other values of £ being similar. To
compare the two sets ¥, and w,, we use

W) —4 = |a¥] -2, j<—-s<0,

i W —3=1a®|-1, |jl<s<n,

|W£s)| — ) _6) ) (54)
W —2 =1a'|, s<1],
0, s=n,

that is deduced from the cardinalities (17a). Moreover, the lemma 4.1-(iii) implies that
79 =a®|, s<n—2, and [P V=g V|-1. (55)
It allows to rewrite (17a) as

P92,  s<—j,

fors<n—2: W = P9 -1,  |jI<s,
71, s<j. (56)
~=(n—1) .
v -1, =—
fors=n—1: |W1(1n_1)|: l_ _1| J_
[P, jl<n—1.

On the other hand, from (36), we deduce that

79| —-2, j<—s<o0,

fors<n—2:  [P=411-1, ljl<s,
9], s<j. 57)
-(n—1) .
v > Sn—l,
fors=n—1: |f,]fn—1)|= |_ _1| |.J|
|V(n )|—1, ]:n’

which shows that indeed we have || = |w,|. Then, the only constraints on partitions in (53)
are given by (17) and (36).

5.1 Recursion for the highest coefficient

There are different recursion relations for the highest coefficients, depending on the color on
which we perform the recursion. It also depends on the way we compute the recursion, which
amounts to say whether we deal with Z(v|i) or Z(v|it) = Z (| V).

Proposition 5.2 We remind the notation (29). The highest coefficient obeys the recurrence rela-
tion

4
2@,z )= D > @ ()Y, (7,2) Z(5 1), (58)

j=—n part
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where
= (s) ﬂ(s), OSSS£,
=0 (59)
{u¥),z}, L+1<s<n-—1,
and the sum is on partitions ¥ F {9} and 3© F (3, 5} with cardinalities
2, j<-s, 2, j<-s,
for0<s<4: PP =11, —s<j<s, 9| =41, —=s<j<s,
0, s<j, 0, s<j, (60)
1, j<-s, _ 2, j<-—s,
fore<s<n—1: [§9)|= ’ : x| = J _
0, —s<j, 1, —s<j<s,
with the convention vV = @ and x(™ = x = {z}. The function &, ;(x) is given by®
p11,1(%) = gz, @) h(@ Y, 2) Q% 1%,), (61)
while the function \I/( 1 (V,2) reads for £ >0
) _ Q(‘_)Ih_/n)
\IlJ €+1(v’z) - -(—1) =(0) -(0) =(0+1) ? (62)
g(z, v )h(z, v)h(vy 7, 2) g(viE+D), z)
and for £ =0
_(0) -
s Q

" (@0, 70) g (1D, 2)

Proof: We consider expressions modulo terms that contain at least a as(vlgs)) or a a,(z) or a
a,(z,) term. We note =~ this equivalence relation. The sum formula (52) leads to

n—1

$(7,2011) =~ z(alv,20) [ Ja,@®). (64)
s=0

Starting from the recurrence relation (53) and using (52) for the scalar product S(v,|w,),
the scalar product S(7,z0|a) also reads
0

1 1 (s) )
S, 200 = Z Z Z( s=t+1 % (Vn ))(l_[ a,(wy ))

j=—ni=(+1 part l_ls_e+1 s( )

~ ZZI Zn: Z( ; z+1 aIEE}(S))) (l_[s 0 %s (W(S)))
s=t+1 %

j=—ni=0+1 part

_ ), - -
@, () U7, 2)S (7, )

x & (W) ¥\ (7,2) ]_[ a (W) Z(w,|7,) .
=0

To compare the two expressions, we need to select the partitions such that

7@ =0, for (+1<s<i—1, (65a)
{W(S) -EIS)} =a®, for 0<s<{, (65b)
{w(s) gf)} ={a®,z}, for £+1<s<n-—1. (65¢)

3Strictly speaking, there should be a factor —o_; in &, ;(X) and a factor o, in P! i +1(V z). However, in the

(7,2) these terms cancel since —o_;0;,; =1, so that we dlscarded them.

product &, , J(x)\I/ _iOjs

A+1

16


https://scipost.org
https://scipost.org/SciPostPhys.19.1.023

e SciPost Phys. 19, 023 (2025)

Looking at the cardinalities (36) for ¥, one sees that Iv(s)l = 0 most of the time. The only
cases when we have |v]]I )l =1 correspond to { < s < i. But this cannot occur because the sum
over i runs from £ + 1 to n. In other words, the condition (65a) is always obeyed. Regarding
the parameters w, conditions (65b) and (65c) imply that W(s) = {z,2,} for 0 < s < { and
'fs) = {z,} for £ +1 < s < n—1. Then, we can replace the sum over partitions of w*) by

a sum over partitions of x®) = a® for 0 < s < ¢ and ¥ = {a®,z} for { +1 <s < n—1.
(s)

Moreover, looking at the cardinalities (17) for w;”’, we see that we must take i = £ + 1 to have
cardinalities compatlble w1th the sets w '( ) given above.

From the subsets w ) and &) = {w(s) ‘(3)}

76)
_(S):{{z,zs , 0<s<{, 1 )_((S):{us’ 0<s<¢, 66)

(@® 2}, €+1<s<n-—1,

described above and the boundary subsets w(") = {z,} and M = w,ﬁ”) = {z} one can calculate

h(z,1®)
g(‘zl)a(o))
which proves the equality (61) from (19). The equalities (62) and (63) follows from the

definitions of the functions \If](.el.)(f/,z) (32) and (33) since \7155) =gforalls=0,1,...,n—1.
Altogether, we get

Qw,[w,) QW [wy) = Qw,|%) = k g(z,a) @@, 2), (67)

S, 20) l_[a @) Z D20 (R, (,2) Z(R19),

j=—n part

which leads to the relation (58). O

Proposition 5.3 The highest coefficient also obeys the following recurrence relation

Z(#,20|0) = Z Zfb g(w)\ll (v 2) Z (Vg |lwy), (68)
i=(+1 part
with for £ > 0
~(0)
B 9) = S 720 he 1) g, ), (©9)
qj(l)(v 2) = Q(Vy|Vy) 70)

g(z, VD) h(z, v O) h(70, 2) g (3, 2)

while for £ =0

i 0(W) = — g(z,a ") QW lw,), 71)
v (5,2) = Q(v“lv‘“)(l) (72)
’ H(z0, 7@)g (1), 2)
The sum is over partitions #® F {7, 5} and w® - (W™, w®} with
Wl ={a® 2,2}, for 0<s<{, w® ={a® 2}, for £<s<n-—1. (73)
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The cardinalities are given by

foro<s<t: |[$®|=0 fort <s<n—1: [¥¥]|= Los<t, (74)
T " ’ - " 0, i<s,
and (fori=£+1)
2, s<i, _ @, s</t,
=47 Wy = (75)
1, i<s, {2z}, £ <s.

Proof: From (52), we have

n—1

$(,2001) ~ 2(7, 20 ay(2) | [, (7)),
s=0

where ~ stands for expressions modulo terms that contain at least one factor as(ugs)) for some
j and some s, or at least one factor a,(z) for some s # £, or at least one factor* a,(z,) for some

s. Starting from the recurrence relation (53) and using (52) for the scalar product S(v,|w,),
we get

J4 n ( i-1 a (V(S))) (l_[ a (W(S)))

S( (Z)l )_ s {+1 s=0
s ‘ ]an;:l; l_[s =({+1 s(z)

) o ([Tt 08) (T 050)

SHIPIP)

j=—ni=(+1 part l_[s =(+1 s(z)

(W) W (7,2)S(7,|w,)

(W) ¥ (7, 2) r[ o, (7) Z(5|wy).

s=0

This implies that we must have wﬁf) =@ for0<s</and w,Ff) = {z} for { <s < n—1. Looking
at the cardinalities (17), it implies that we must have j > £. Since the sum over j runs up to
¢, it implies that j = ¢, so that

n n—1
S@OW~ Y D eu(m 3,2 2@ ) 4 @) a9, (76)
i={+1 part 5=0

From (19) and (17), we obtain (69) and the cardinalities (75). Looking at the v part, since

j=1¢, one sees that |[#®)] = 0 for any s, and we get a partition 7 I {#), 5} with cardinal-
ities (74), deduced from (36) for the specific values of i and j. Then, from (32) and (33) we
obtain (70) and (72). O

5.2 Reduction to Y(gl,,) models

It has been shown in [35], that when £ > 0 and there is no Bethe parameters of color 0, the
recurrence relations for Bethe vectors in Y (04,,;) models reproduce the recurrence relations
for Bethe vectors in Y (gl,,) models. Since the starting point (the vacuum state) is identical,
it implies that the Bethe vectors in Y (0,,,;) models, when they have no Bethe parameters
of color 0, are identical to the ones of Y(gl,,) models. Indeed, such Bethe vectors are built

#Factors a(z,) do not appear in (42), so that this requirement is useless here. However, this exclusion is needed
in the following.
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using solely the entries T;;(z), 1 < i < j < n of the monodromy matrix. It is easy to see
from (5) that these entries obey the commutation relations of Y (gl,,), showing the embedding
Y(gl,) € Y(o2n41)-

Thus we expect this relation to hold also at the level of scalar products and highest coeffi-
cients. In other words, for £ > 0 the recurrence relations (58) and (68) may be compared with
the recurrence relations for the highest coefficients obtained in the papers [22,34]. In the first
paper only the case { = n— 1 was considered, while in the second paper the general case of
1 < < n—1 was investigated in the case of U,(gl,) invariant models. These results can be
easily translated to the case of gl,, invariant models and compared with the results obtained
above and specialized to the gl case.

To perform this specialization we consider the above relations for the highest coefficient
in the particular case 7(© = 1) = . In that case v '( ) = = @, which implies that wﬁo) = @ and
the relations are valid for highest coefficients of Y(g[n) models. We detail them below. We
will also show that they generalize some formulas already obtained in the context of Y (gl,,)
models.

Proposition 5.4 For Y (gl,,) models, the highest coefficient obeys the recurrence relation for £ > 0

Z(a|7,29) —ZZ%HJ(»@ w0 5,2) Z(x ), (77)

j=1 part

where

l_[ h(x (s) —(s 1))
]]I > ]1
B (0) = 8, TR, )| [0, 50) =

(78)
il l‘[:zz (x(5+1) —(S))

—(s+1) -(s))

_(— _ _ _ _ca. h(¥ v
¥ 9, (5,2) = (80, Wiz, 1O) RO, ) g (1, 2)) ]_[r(v“), ©) W (79)
I > VT

The summation is over partitions of ) F {)'C,Es),a'c,gs)} and v¢) + {171(5),17]55)} with cardinalities
given in (60). We recall that 76 = 7® fors <{ and 6 = {ﬁ(s),z}for s> 4.

Proof: We consider the recurrence relation of the highest coefficient, equation (58), in the
particular case ¥© = 7© = g© = @, which implies that x(o) (O) = @. Since x(o) =,
the cardinalities (60) imply that we must take j > 0, and that there is no partition of ¥
when s < j. Moreover, since j < £ and ¥ = i when s < ¢, in (61) we can split the prod-
uct on s in two parts. It leads to (78). To get (79), one notices that |\71(5)| =0ifs<jors>{.0O

Proposition 5.5 For Y(gl,) models and { > 0, the highest coefficient also obeys the recurrence
relation

n
2@y, 2 = Y > 8 (1) ¥ )3,2) Z(71%,), (80)
i=¢+1 part

where

i—1 l_[ h( (S+1) (s))
@,(%) = h(z, @ D)g@®, )| [ (=, %) i

5 (81)
s=1 l_[s 1 (X15+1) (5))
o OV peot hE, 787
5,2) = (302, 7D h(z, 1O) RO, 2) g (5D, 2)) ]:[ 1 (78,780 T()) (82)
s={+1 Vi > VI
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The sum runs over partitions ¥ F {x®, ), £} and #© + (59,5, 5}, where ¥© = 7@
fors < £ and ¥®) = {@®, 2} for s > €. The cardinalities are given by

- (s) 1, 0<s<i, -(s) g, 0<s</{,

E
! 0, (+1<i<s, m {z}, £<s,
(83)
1, I<s<i

5(8)| = =(s)| — > >

v =0, Vs, Py =
| ! \ | " | {0, otherwise.

Proof: We consider the recurrence relation of the highest coefficient, equation (68), in the
particular case ¥(¥) = 1(® = @. In that case, (9 = {z,2,} with |VT/$0)| = 2, so that there is no
partition for w(®). Then, as a first step, we get

(s+1) - (S))

h
&y (W) = h(z,a"g@®, )M, 2)h(w, Zo)l_[Y (), w®) 10

— o oL 84
g,y

The factor h(v"u ,%o) implies that z; & wﬁ” so that z; € w( ). Then due to the fac-

tor h(w(SH) '(S)) we get z, € WE ). Hence, we can replace the sum on partitions of
W) = {@®) g, z,} by a partition on ) with &) = g for s < ¢ and ¥® = {@®, 2} for s > ¢.
The connexion between W) and £ is given by w® = {x®, 2.}, #'® = £ and w® = 2.
It leads to (81). The cardinalities for x are deduced from those of w, see (75). It allows to
reduce the productons from1<s<n—1tol1<s<i—1.
In the same way, the cardinalities on v are deduced from (74) and allow to reduce the
product on s. O

The rational version of the BV scalar product computed in the paper [34] reads
S$(vl@) = C(7) B(@)

=D . Z(la) Z(@y|%) ) ay (@)™
; AL Uy |V, l_[a v a\u (85)
n—1 n—2

% (f(v(s) 70 £ @®,a® ) (f(f/]f”l), vI(S))f(ﬂI(s-i_l)’ﬂ]ES)))_l

s=1 =1

©

In order to compare this scalar product with the scalar product (52) one has to renormalize
the Bethe and dual Bethe vectors as follows

n—1 n—2 n—1
B(@) = [ [a,@) ] [r@eD,a ] [r@®, o) B,

s=1 s=1 s=1

n—1 n—2 n—1 (86)
@ =[ [a,0N[ [aEE D, 5[ [aGEW, 79y €@).

s=1 s=1 s=1

Comparing now the scalar product (52) for these Bethe vectors with the scalar product (85)
one gets the relation between the highest coefficients Z(¥|i) and Z(¥|i)

Z(al¥) = Z(alv) ﬁ R, GV RGET, 7)
RS B A TCORTO)ICORTO) M
s=

(87)

which allows to compare the recurrence relations obtained in [34] and specialized to the ra-
tional case with the relations (77) and (80) above.
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After renaming the sets of Bethe parameters, one of the recurrence relations for the highest
coefficient found in the paper [34] can be written in the following form

Z Z g(V(s+1) (S))f(VI(S)a VHS))

Z(@@|v,20) =
(il ) 7z, 70— 1))f(v(e+1) 2) FO, 76-1)

] 1 part s_]

‘< fz. um)l—[g(x“*” w0 (&, 27 (88)
S fEE, )

5 - i—1 (- — - i—1 (- — - _
x Z({xOP L EOPEOY T KL pORT,

where in (88) 171(() = {z}, 17[,“) = 7) and the summation goes over partitions of the sets de-
scribed in proposition 5.4. The recurrence relation (88) for £ = n—1 coincides with the relation
(4.26) of [22].

Multiplying now both sides of the recurrence relation (88) by the product

h(z, ﬁ(l_l))h(f/(l-ﬂ) z) l_[ h(fl(s+1), 17(5)) ﬁ h(ﬁ(s+1),ﬂ(s))

) 89
W, TO)h(0,5) L 3G, 50) L Th@e 2o (89)

and using the relation
ﬁ h(ﬁ(s+1),ﬂ(s)) B h(ﬁ(h—l)’z) n—1 h()_((5+1),)_((5)) 0)

h(@®),a®) — h(z,a®) 11 h(x®),x6)

which follows from the definition of the sets )'c(s) one gets the recurrence relations (77) with
the functions &, ;(w) and \IJ( +1(V,2) given by equalities (78) and (79) respectively.

Analogously, renaming the sets of Bethe parameters in the second recurrence relation for
the highest coefficient in [34], one can present it in the form

. o g, 7 N F Y, 0
Z(V’Z(Z)Iu)_f(z 5= 1))f(v(z+1) %) Z Z l_[

i=0+1 part s=(+1 f(V(SH),Vn(IS))
x f(@® )l—[ g&, 2 F Y, %) )
'tz (s) e
s=1 f(X )

xz({v@}‘,{v@}m,{v@}“ O, (20,
where again in (91) 171(12) = {z}, 1711“) = 70 and the summation goes over partitions of the sets
described in proposition 5.5. Multiplying both sides of the recurrence equality (91) by the
product (89) and using the relation

ﬁ R@ESD, @) h(z,aD) ﬁ h(x6+D 56

- , 92
h@®,a®)  h@®,z) h(x®), £) (92)

which follows from the definition of the sets ) in proposition 5.5 we find the recurrence
relation (80) with the functions ®; ,(w) and \Ifggl.)(fz,z) defined by the formulas (81) and (82)
respectively.

5.3 Recurrence relations for Y(gl,) and Y (05) models

It was checked in [33] that the action formulas (22) are also valid in the case n = 1. Similarly,
it was verified in [35] that the recurrence relations (30) and correspondingly (35) coincide
with the recurrence relations obtained in [36] for Y (03) models.
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On the other hand, due to the isomorphism between Yangians Y (05) and Y (gl,) the highest
coefficients in 05 invariant models should be related to the highest coefficients in gl, invariant
models. To describe this relation we first consider the recurrence relations (77) and (80) in
the case n =2, { =1 and provide their solutions in terms of the Izergin determinant.

Izergin determinant. For a set @ of cardinality |i| = r we introduce the following triangular
products of g functions

5= [] g, o@= [] sl,u). (93)

1<a<b<r 1<a<b<r

The Izergin determinant is the rational function KEC)(f/lﬂ) depending on two sets of formal
variables v and @ of the same cardinality |V| = || =r

g(va, ub)

KIO(718) = h(7, 0) 6,(2) 8,(7) det |} s

(94)

a,b=1,...,r

It satisfies different properties described in the book [54]. Its dependence on the parameter c
occurs through the functions g(u, v) and h(u, v). In particular, the Izergin determinant satisfies
recurrence relations which can be written in the form

- _ flg, ) o) -
KO, 2[i) = £ (z, T, th) (e )
O(5,2la) = £ (2 u); he) Kralm)
- = - 16 || C - 1=
K(al7,2) =f(u,z)zh(a—pz) K (@,]7),
part
for any sets it and v with cardinalities |&i] = || + 1. In (95) the summation goes over the

partitions  F {i, @i;} such that the cardinality |i,| = 1.

Highest coefficients for gl, invariant models. The recurrence relations (77) and (80) for
the highest coefficients Z(i1|v,2) and Z(v,z|i) in gl, invariant models takes the form

L fed) o f@a)  Z@l)
22 = e S (o 2) pz hz, i) A, i) Mg, ) (96)

and _ o -
Z(l—/’zh—l) — f(u)z) Zf(ul’ull) Z(vlull) (97)

h(z, W)h(V,2) &4 h(it,2) h(d, @) h(dy, @)

part

respectively. Comparing these equalities with the recurrence relations for the Izergin determi-
nant (95) we conclude that they can be solved as follows

KO ()

2 = e DR, )

(98)

Note that for the ’old’ normalization of the Bethe vectors B(i1) and C(#) the highest coefficient
Z(ii|v) in Y (gl,) based model coincides with the Izergin determinant Kﬁc)(flIﬁ).

Highest coefficients for o3 invariant model. Let us write explicitly the recurrence relations
for the highest coefficients in Y (05) models. In that case we have n = 1, £ = 0, it = a©,
7 = 70 with cardinalities |[7| + 1 = |a| = r.
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The recurrence relation (58) given by the proposition 5.2 takes the form

0
Z(@ly,z)= Y, > @@ ¥),2) Z(5,5,), (99)
j=—1 part
where £ iy 1) (80, 7)1, 7,)
)= zZ,U un:um . 8\Zp, Vi)V, Vy
@00 = (e ) Fieen ) (100
Using (100) the recurrence relation (99) takes the form
_o o [l o f@ i) o
2ln ) =605 2y 2O
(101)

+ LB S 01,70 2 26,
%0,V part %, Uy

where in the first line of (101) sum goes over partitions of the set i1 I {ii, ti; } with cardinalities
|ti;| = 1, and in the second line of (101) sum goes over partitions of the sets ¥ - {¥,, V,} and
u b {a,, i, } with cardinalities |V,| = 1, |i,| = 2.

Analogously, one can present the recurrence relation (68) given in the proposition 5.3 for
the case n =1 and £ = 0 in the form

Pt > e, ) () 251, (102)

Z(v Zl ) f( 20,V part

and sum in (102) goes according to (74) and (75) which tell that there is no partition of the
set v and the set w = {i, 20} = {w,, w,} (73) is parted with cardinality |w,| = 2

Proposition 5.6 Both recurrence relations (101) and (102) are satisfied by the following expres-
sion for the highest coefficient of the scalar product in Y (03) integrable models

Z(a|p) = 211 KD (5|a) . (103)

Proof: The explicit proof of this proposition requires the use of the summation identity for the
Izergin determinant which can be found in the book [54]. O

As it was expected from the isomorphism between Y (03) and Y (gl,) at ¢ — ¢/2 the highest
coefficients in these models are proportional to the Izergin determinants with the parameters
¢/2 and c respectively.

6 Analytical properties of the highest coefficients

Another type of recurrence relations can be obtained when considering the limit v](s) —u® for

some j and s. It provides the pole structure of the highest coefficient (HC) when the Bethe
parameters of the Bethe vector and the dual Bethe vector coincide.

Proposition 6.1 For given fixed p=0,1,...,n—1and k=1,2,. in the limit v;

we have the equivalence

) _, (p)
> Tps Uy

z@@l9) ~ g@P, v AP @|9) Z(@l9) + reg.,

h(u(p+1) (P))h(V(P) —(p 1))

A%p)(ﬂl‘_/)z}/p(u(p) (p))Yp(V(p) (P)) (104)

e kN W, a-0) g (70D, o)

= P lDec ),
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@ _, (p)
U

where il = ﬂ\{u } \{v(p )} and reg denotes terms that are regular in the limit v,
By convention u( D= 17( D= u(”) =70 = g

Proof: We prove the property through a recursion on n, the rank of 0,,,,1.
First we note that for n = 1, the generalized models for Y (03) are equivalent to those for
Y (gl,), see [36]. One can deduce the scalar products as

So,(711) = 217 (n(@, @) h(7,7) Sy, (FD) (105)

c—c/2

which was shown in the previous section on the level of the HC. This implies that all the
properties, which have already been proved in the Y(gl,) context, are valid for n = 1. In
particular, the residue property is already proven for n = 1.

Remark 6.1 Assuming that i® = 7© = @ we may also compare the property (104) with the
Proposition 3.1 of [23]. Using the notation of the present article, we rewrite the equation (3.17)

of [23] as
f(V]Ep)’ ]Ep))f(u(kp)’ —5{[)))

FEED, v P, ate-0)

Z(al)| U@ = g, uP

Z(U|v) + reg. (106)

To do the comparison, we need to use the formula (87) which describes the relation between the
highest coefficients for the scalar product of the Bethe vectors with the normalization used in this
paper and the same objects for the normalization used in [23]. This difference in normalization
produces an additional factor for the residue property of the highest coefficients

E(p)(ﬂ, 5= _ﬁ h@®,a®)  h@E®,$$)) R@EED, 49y EEHD 7))

1 h@6HD,a@®)) (6D, 50))  h(4©), i) R, )
h(uip)’ (kp))h(uip), —5{[’)) h(VIEP)’ I((P))h(vlgp)’ —l({P))
h(@e D, uP ), @) nEED, vP)r(E, 7-1)

Using the expression (104) for Ag{p )(ﬁlfl), it is easy to see that the product Eg{p )(ﬁ, 17)A(kp )(ﬂ|17) just
reproduces the factor in (106).

Now, suppose that the property is true for Y (04,,,;) models with m < n, and consider the
HC for Y (0,,,41) models. We show that the relation (104) is valid for Y (0,,,1) models through
a recurrence on r,,_; = |2 V|. When r,,_; = 0, then we are back to a highest coefficient of
Y (05,_1) models, and the relation is true by the induction hypothesis on n. We suppose now

that it is true for r,_; < r and consider a highest coefficient with |[a(™V| =r.

We first look at the case p < n—1, with v(p ) u?{p ). We consider the recurrence relation

— @ _, (p)
(58) with £ = n— 1. Obviously, poles corresponding to the limit v,/

in the highest coefficient Z (i, |V,) when vlgp ) (p ) ()

induction hypothesis to get

may appear only

andu,’ € u](lp ). In that case, we can use the

2@l ~ g v AP (&,19,) Z(&,15,) + reg.,

where ﬂl(p ) = 12/1(p ), V]fp ) = {12/,?) ), (P }, with v =¥\ {vlgp )} and similarly for . We have also for
0<p<n-—2

h(v(p) -(p— 1)) jnﬁ, 2)

(15 y_ () ,,P)
N (V,Z) — Yp(v Y ) > (107)
Jn I (V(P‘f'l), (P)) (g(Z,V(n 2)))617,”—2
o) h(il _(p+1) (p))
(@,2) = 1, (u® -(p))— (,2) (108)
Tl] (p—1 n’] 5 ]
g(®,a? ™)
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with the convention that 7"V = i) = @. This leads to the following formula

Z@p®,..., 7,21 = g, viP) Z D BTN @, 9,2 AP (@17,

]——n part

° —1),2 s 2
X @,;(1,2) 9 (0,2) Z( %) +reg.,

where BIJ) (u v,%) is deduced from formulas (107) and (108), and A(p )(u |V;) takes the form
(104) by the induction hypothesis on Tn1-

Now, looking at the expression of B] (u v,%) and A(p )(UHM) it is easy to see that
jon—1,- _ ®m 15y — AP m145 (1—1)
Bp,k (u) VDZ)Ak (u]I|v]I) _Ak (u|{V,Z " }) . (109)

When doing the calculation, one has to single out the case p = n—2, because it makes appear
%, as shown in (107). Note that the r.h.s. in (109) does not depend on the partition, nor on j.
Then, since

n—1
S S 6,02 WV, 2) 2 [H) = 2@, ., 507D, 2),

j=—n part

we get the expression for r,,_; = r. This ends the recurrence for p <n—1.

We now look at the case p =n—1. If 7] = |39 = 0, then Z(a|p™,..., 7" D) corre-
sponds to a Y (gl,,) model, for which the residue property holds. The exact comparison with
the results (3.17) of the paper [23] was presented in the remark 6.1.

For [a(?] = |#(9] > 0, we consider the recurrence relation (58) with £ = 0, in the limit
V]Ep ) u(kp ), with p > 1. By the recurrence hypothesis, we have

2@, ~ g v AP (@, 19,) Z (8,15, + reg.

One can also compute

© ) ((P)—(Pl)) ()
05 oy — v (50 @) Sk N 0
v(v,z2) =y, v ———— ¥ (vz)
LN p\'1 07k _(p+1
J g(vI(P+) (P))
») ~(p+1) (p))
®15(@,2) = 7, (), 1) M) o @1,(lL,2),
g,z ™)

leading to

—1 1
(V(P) -(p )) (u(P+ )’ (P))

Bj,O (l,_l, 17,2) =y (17(17)’ V(p)) —r ( (P)’ —(p)) LAY I
P,k p\71 g VI(P+1), V(p)) p k it (u(p) _(p— 1))
Once again we get
B0 (a,7,5) AP (@,]7,) = AP (al{7,2*}). (110)

It proves the identity (104) for r,_; =r and 1 < p < n—1 and concludes the induction proof. O
We checked that using the recurrence relation (68) instead of (58) leads to the same

residue formula (104). As in the proof above, for a given color p, one can consider any recur-
rence relation (68) with p # ¢ —1,£,{ — 2 to do the proof.
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6.1 Residue formula for the scalar product

From the residue for the highest coefficient, we can deduce a similar relation for the scalar

(p) ()

product. We consider S(i1|v) in the limit u;* — v,”". First, we prove that this limit is non-

singular. Then, we show that the coefficient of the derivative of ap(ug(p )) can be interpreted
as a scalar product of a similar type. Starting from the sum formula (52), the terms in which

(kp ) e ul(p ) and v]Ep ) (p ) or alternatively u(p ) e u]EP ) and v,Ep ) e ﬁ(p ) have no singularities in
the limit u(p ) vlgp ) The two contributions with u(p ) (and v(p )) in the subsets qu ) (and v(p )

or in the subsets u]([p ) (and vIEp )) have a spurious singularity that needs to be dealt with. In the
first case, applying the residue formula for the highest coefficient (104), we get:

$:(71@) = Y gv®, uP)a, (vPIAL (3 1,)2a,|2,)0(F,17,)

part
n—1 (111)
x Z(1a)Z(@,|7) | [ Gay @) + reg.,
s=0

where it =1 \ {u(kp)} and v =17\ {vlgp)}. In the second case we get

S,(7l) = g, vP)a, (uP )AL (,17,)0(a,|2,)Q(7, 7,

part
1 (112)
x Z(@a)Z () | [ aE)a @8 + reg.
s=0

Using the expression (104) of AP ), we get

$1010) = g0, u)a, () D QP 1) ) )R a,)

k k
part
n—1
x Q@12 G122 @[5 | [ oa(G)ag@?) +reg.,
5=0 (113)
S, (1) = g, v, () > v P ) v P WP d,)
part
n—1
X Q5 7)9,|8)Z (3 3)Z Gy 3 [ | (7))t () + reg.
s=0

Gathering the two contributions, and using the fact that i, = i, in S; and @, = i, in S, (and
similarly for v), we get

1) = (o () — o, () g, vP)
x > P e, v P (i)

part (114)
n—1
X QU PG Z (a2 @ [9) | | e (Fag (@) + reg.
s=0
Expression (114) is well-defined in the limit v(p ) uip ) and we obtain

(pgun( S = —ca (@) ) 2w B0 W) i)

part
n—1 (115)
X QO @IENZ G122 @l | [ o )ag@) + reg.,
s=0
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where reg means the regular terms do not depend on the derivative of a, when vlgp ) u(kp ),

The equation (115) can be considered as

y %1m S(Wa)=——ca (u(p))Q(ulu(p))ﬂ(vlu(p))S(mOd)(vlu) +reg., (116)
P

where S™M°d (%) is a scalar product of the form(52) but with other functions:

Q(u(kp) |z(s))

(mod) _
a (z2) = ——a,(=2). (117)
s Q(Z(S)M%))
More explicitly,
a9V @) = a,1(2) £ (z,u®), almd(z) = a,(z), for|s—p|>1,
(»)
rp(uy ;%) 1 (118)
a™(z) = a,(z )"—@, ot ()= i (2) —o—
Tp(zu; ) flu”,2)

(»)

Moreover, if we require that Uy satisfies Bethe equation (11)

a, M) = oP 1), (119)
we obtain equality
u(P))
lim S(F|a) = — —— Qu®|d) Q@) STDG|i) + reg., (120)
(p) g{) ap( ( ))

where reg means the regular terms do not depend on the derivative of a, when VIEP ) u(kp ),

7 Gaudin formula for the norm

The Gaudin formula expresses the norm of on-shell BVs as a determinant of some matrix,
the Gaudin matrix [15]. This property has been proven in the context of Y(gl,) models in
[31] and in [50] for Y(gl3) models. For Y(gl,) and Y (gl ,) models, see [23] for a general
presentation. This implies that for Y (0,,,,1) models, the property is proven for BVs of the form
B(@,a®, ..., a"), since they correspond to Y (gl,,) BVs. Moreover, since generalized models
for Y (03) are equivalent to those for Y (gl,), see [36], it is also valid for n = 1. The goal of this
section is to prove that the Gaudin formula is valid for all on-shell BVs in Y (0,,,;) models.

7.1 Gaudin matrix for orthogonal models

We start with the Bethe Ansatz equations (BAEs):

F£@®,a®) f@sm,a)

16) —heonl
as(UI )= f(u(s) —(S))f(u(s) ils— 1)) et ,
(0) 7(0)
oy 1) 1D, 5
ao(uI ) f( _(0) (0))f(u )
]] > I

that hold for arbitrary partitions of the sets ) into subsets {uI , Uy )} with 2t = g = ™.
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We introduce

POINO! () ~(s—
) = a (u(_s))f( RCE ™ j=1,...
J ST f( (s) -(s))f(u(s+1) u(s)) >

0 (0
007 — oy (y(® i@ ) _
FJ (u)_ aO(uJ ) (0) _(0) -1 (0) 5 ] - 1,...,7"0,
i, 1) @, u?)

so that the BAEs for the partitions a®) - {u§s), ﬁS.s)} read 1"].(5)([1) =1.
The Gaudin matrix G(it) for the 0,,,; models is a block matrix

G(a) = ( (Sp)(u))s p=0,1,..,n—1"
where the block G®P)(i2) has size r, x rp- The entries in each block are defined by

(SP)( )_

()
d ) lnFj (a). (121)
U

Let us note that in the context of generalized models the functions a, are free, so that F(S)

function depending on two sets of variables it and a@ = {as(ug.s)), 1<j<r,0<s<n— 1},

considered as independent variables, so that we should write Fj(s)(ﬂ; a) instead of Fj(s)(ﬂ). We
keep the latter notation to lighten the presentation. In the same way, the matrix G depends
on two sets of variables i and X with

) d -
xW=—c=1
] C dz n aS (z) Z:uES) > - —_

To present the explicit expression of the entries of G, we introduce the rational functions

2c.c c? 850
K(S) 5 = - 5 I > = b S: 1_ -
CN=GTea IS oe—yy ¢ ( 2 )¢

Then, we have

GiP@=0, when |s—p|>1,
1 1
G D@ = I(u?), uf™v),
G;S},{S‘f‘])(a) — _I(ug‘f‘])’ u(s)) ,
rs (122)
oKD= (X@—zmuf% &)
(=1

Ts+1
1 1
S S | KO0,
(=1

Notice that for any s and j, we have the relation

n—1 Tp

5:2) ) =
DG P @ =xY. (123)

p=0k=1

Due to the property of BVs, and the results obtained in the gl, models, we know that
G(g,aW,..., a1y = Gg[n(ﬂ(l), ..., 7" V), where Gy, (@) is the Gaudin matrix for gl,, models,
see [23,31,41].
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7.2 Korepin criteria for orthogonal models

The Korepin criteria corresponds to a list of properties for a series of functions F™ of 2||F||
variables, with 7 = (rg,7q,...,7—1) and ||F|| =rg+ 11 +... + 11 > O:

Definition 7.1 (Korepin criteria) Let F', be a series of functions of 2||7|| variables (X;i). We
say that the functions F" obey the Korepin criteria if they obey the following properties

1. The functions F™ are symmetric under the exchange of any pairs (XJ(.S), uS.s)) — (X IES), (ks))
2. The functions F™ are polynomials of degree 1 in each XJ(S) .

3. For ||F|| = 1 with s the unique color such that r, = 1, we have FF(ng), (15)) X(s)
4. The coefficient ofX](.s) in FT(X; ) is equal to a function FF(Y;9):

dF"(X; u)

= F7(Y;9), (124)
X!

. . . = r > -
where the variables entering the new function F" (Y ; V) are expressed as

-/ _
P =(rg, 1, eesTs1sTs— L Tgq1se e Tnet1)

VO = v = xO —kOW®,u, 1<k<j,
VO = 7O =x® —kOu®), k<,
v£s+1) — u(ks+1); Yk(s+1) X(s+1) + I(u(s+1), gs)), 1<k<r 1 (125)
vlgs_l) = u(ks_l); Yk(s_l) =X,(<S Dy I(ug.s),u,(:_l)), 1<k<ryq,
Vlgp)zu;p); Yk(p)ZX,(CP), 1<k<r,, |s—p]>1.

5. FF(X;@) =0 if all X](.S) =0.
The Korepin criteria allow a characterization of the functions F:
Lemma 7.2 The Korepin criteria fix uniquely the functions F'.

Proof: Let F™ and F” be two series of functions obeying the Korepin criteria. We prove by
recursion on ||7|| that the functions F and £ coincide.

By point 3. we have immediately that for ||#|| = 1, F* = F’. Suppose now that when
I7|| < r, we have F" = F™ and consider 7 with ||F||=r+1, F" and FT.

By point 4. and the recursion hypothesis, we deduce that

9 FOv.mY_ BF(%. 7
0 (FF(a)—F (X;m) =
j

Since by point 2. the functions are of degree 1 in XJ(.S), it implies that they coincide up to a

term independent from X. Finally, point 5. shows that they coincide exactly at X = 0, which
ends the proof. O

For our purpose, we define the functions
FrXa)=detG@, |7l =lal=IX|. (126)
For generalized models, where no specific representations have been chosen, the variables X

are independent from the variables i, so that F” is a true function of 2||7|| variables.
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Proposition 7.3 The functions F" defined in (126) satisfy the Korepin criteria.

Proof: We prove the properties of the criteria point by point.

Point 1: The exchange of any pair amounts to exchange the two corresponding lines and
the two corresponding columns in the matrix G. Then, since each F' is a determinant, it is
invariant under this exchange.

Points 2. and 3. are obvious from the explicit form (122) of G.

To get the point 4, when computing or O(i)u) we expand the determinant along the column

containing X](. ), showing that 31;)(:(;;#) is just the minor of the diagonal element containing
j

X ©) 1t is thus a determinant of the same form, but with a modification of the variables X l({p )

()

and u, * as mentioned. The shift of the variables Yk(p ) allows to add the terms K (S)(ug.s),u(s)),

I (ugjﬂ), S.s)) and I (ug.s), 1871 that should appear in the sums occurring in the diagonal terms.
Point 5. follows from the relation (123), which implies the vanishing of det G. O

7.3 Norm of on-shell BVs for orthogonal models

Theorem 7.4 Let B(it) be an on-shell Bethe vector, and C(v) a dual Bethe vector with |v| = |i.
Then,

n—1 7
hm S(¥|i) = l1m C()B(1) = l_[ l_[ l_[ Q(u(s)Iu(p)) det G(i)
s, p=0k=1 [=1 (127)
_1 rg
— h l_[ v ®, 4y — h@®),av) det G(@)
S > - >
Lty L @, a6)
k#L
where G(i1) is the Gaudin matrix (121).
Proof: Let
n— s Tp
-y )y, (PN-1 1: TR (7
N@= [T [ee ™™ imcms@, (128)

s, p=0k=1 [=1
where i satisfy Bethe equation (11).

From lemma 7.2 and property 7.3, it is sufficient to prove that the N (&) obeys the Korepin
criteria in the limit v — .

* Point 1. It is a direct consequence of the symmetry property for the Bethe vectors.

* Point 2. It is the result of the equation (120).

¢ Point 3. We start with the Bethe vectors and dual Bethe vectors

ss+1(u@))

(5))
5-10), and (") = (0]

s+1s(V

(s)
B(u;’) = (s))

s+1(u s+1(V

where for 1 = {@,...,d, u(ls),Q,...,Q}, we wrote IB%(u(ls)) for B(&1) and similarly for
C(vgs)). From the commutation relations (5) and the conditions (8), it is easy to get

a, (W) — a, (V)
llgé) __']’55) ?

cOBL) =—
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which leads to

d
lim C(vgs))]B%(u(ls)) =—c—a,z)
) ) Z z

vlS _>u15 d

_ (5)yy(5)
Lo a(u; )X

Now, the Bethe equations (11) in this case read as(u(ls)) =1, so that the scalar product

is exactly X7 ) in the limit v( - u(1 s) Moreover, since there is only one Bethe parameter,

the normahsatlon factor in (128) is 1, so that we get the result.

* Point 4. It follows directly from formula (120), taking into account the normalization in
(128).

 Point 5. When X(s) 0,a (V(s)) =a (u(s)) + O((v(s) (.s))z), we can replace as(v](.s)) by

aS(ug. )), so that the sum formula (52) rewrites

n—1
S(vla) = (]_[ as(a“))) lim So(71),

s=0
So(P11) = D, Z([1) Z (8, |%,) (129)
part
) ) ) ) h( (5+1) (5))h(‘—)(5+1) -(S))
xl—[Y(u() ())Y(V() ())l_[ U

0 g (s+1) -(s))g(v(s-H) -(s))

So(V|@1) is a particular case of scalar product where all a,(z) = 1. This corresponds to a
particular model where T; ;(z) = 6;;. But in that case, the only non zero Bethe vector is
|0), which is not considered here.”> This implies that Sy(¥|i1) = 0 as soon as |ii| > 0, and
proves Point 5. O

8 Conclusion

Now that scalar products and norms of Bethe vectors for 0,,,; models have been computed,
several promising directions for future research can be identified. Naturally, the extension to
05, and sp,, models is a necessary next step. Surprisingly, preliminary investigations suggest
that while the algebraic structure remains comparable, the technical aspects of the computa-
tions become significantly more intricate. At present, we do not possess a clear interpretation
of this discrepancy, but we aim to revisit this issue in future work.

Furthermore, the deformed case — namely, quantum affine algebras associated with or-
thogonal and symplectic Lie algebras — should also be investigated. Similarly, the superalgebra
versions of these models, involving 0sp,,,,-invariant models, are also worth studying. In par-
ticular, the case of 0sp,),-invariant models is of special interest since it is the 'supersymmetric’
version of the celebrated XXX (gl,-invariant) model. We expect that most of the properties of
XXX model (determinant form for scalar products and form factors, see below) to be still valid
for this supersymmetric XXX model’.

Another important research avenue is the computation of form factors, and ultimately,
correlation functions. The techniques developed for gl,-invariant models are applicable in this
context. First, one can compute diagonal form factors — i.e., those corresponding to diagonal
entries of the monodromy matrix — by employing a twisted transfer matrix; see [45] for results

SWe recall that the Korepin criteria apply to functions F™ with ||7|| > 0.
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in the gl; case. Subsequently, off-diagonal form factors may be obtained from diagonal ones
via the zero mode method, as detailed in [47].

Within this program, the thermodynamic limit L — oo is of fundamental importance for
the evaluation of correlation functions. A determinant representation of scalar products of
Bethe vectors becomes essential for taking this limit. Once such determinant expressions are
obtained, they directly facilitate the computation of form factors, as outlined above. Unfortu-
nately, explicit determinant formulas are known only in limited cases: for instance, gl, models
and their quantum deformations (such as the XXZ spin chain) [52], for gl; models [6] and
their quantum deformation [53], and for gl,; models [20]. More general expressions are still
lacking. However, one may hope that existing formulations of scalar products as sums over
partitions could be transformed into determinants of block matrices, in the same way it has
been done in [6,53].

Detailed studies of specific models are also highly desirable. For instance, a Bose gas model
based on so; symmetry — essentially a spin-1 extension of the “standard” Bose gas studied four
decades ago [26] — would be of considerable interest. Notice that the correspondence estab-
lished in proposition 5.6 of the present paper ensures that the scalar products of Y (03) models
have a determinant form. Comparison between this 05 bose gas, and the two component bose
gase based on gl; and studied in [44] would be very interesting. Additionally, the o5 model
is particularly noteworthy, as it is the first instance in which a genuine departure from the
structure of gl, models occurs. Since o5 is a rank 2 algebra, like gl;, one may hope to carry
analytical computations as far as has been achieved for gl;. Unique features distinguishing the
various symmetry classes should begin to emerge in such a study.
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A Proof of the lemma 4.2

We prove this lemma using a recursion on n, the rank of 0,,,,;. Since the property has already
been proved for gl,, it is also true for o3, i.e. when n =1.

Through iterative applications of the relation (35) with £ = n—1, we can express a dual
BV as

CcEO, . 5Dy = Z STerh GO, gDy

]1 Jr,1 1
o BT M
y (C(]?]EO),., —(n 2)) n]rn T'n—1 _ nh V1 ,
A, G0D)

where \I!(n ]1) (#, ..., 7" 1) are rational functions that do not depend on the eigenval-
n—1

ues A; (v) j = —n,...,n, where r,_; = \17(”_1)| In (A.1), the sum runs on all values of

© 56} s=0

Jis++sJr,_, =—N,...,n—1 and over partitions of the sets 7O - {3 ,n—1.
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In the same way, from the action formula (22), we get by iteration

n.j (ﬁn Dy... ]((n Uy
- Al (p(n— 1))’1 (ﬂ):Z(““(W“))) ..... jr_ (W BOWy), (A.2)

part

with now w¥) = {g®, (=D (=1 _ (s —1/2)} with s = 0,...,n— 2. This shows that the
functions a, appearing in the r.h.s. of (A.2) do not depend on the parameters {#(?, ..., #("=2)},
Moreover, each operator T, ;(u) contributes to the color n—1 by a factor

-2, if j=-—n,
-1, if |jl|<n.
Hence, the r.h.s. in (A.2) is formed of BVs with no color n — 1, and as such corresponds to
an 0,,_, model with Bethe parameters w, c {a®), 7", $(""1) _¢(s —1/2)}. Then, by the
recursion hypothesis, we know that the scalar products (C(v( ), .. ’(n 2))B(WH) depend only
on a,(#™) and a,(w™). This shows that fors = 0,...,n—2, the set 7©) enter only in the
functions a. This property is preserved by the product occurring in the r.h.s. of (A.2). By
symmetry in the exchange ii < ¥ this property also applies to the sets @), s =0,...,n—2.
It remains to show that the property is also valid for the sets @™~ and 7"V, For such
a purpose, we perform the same calculation as above with the recursion (35) for an integer ¢

such that® £ #n—1 and |79 £ 0. To simplify the presentation, we take { = n — 2, the other
cases being similar.

cE®,..., 7Dy = N e (e )

NSl _g SN—2 part

n—lSil,N.,irnizSn
x CHO, ..., 307, @, 50 (5, (A3)
n—2) —2
O, (32 = Til’jl(vl ) Ty 2( E: 2 )
L] - An_l(v(l‘l 2)) ?

where 1 (resp. J) stands for iy,...,1. , (resp. ji,...,Jr ,)-

It remains to act with OLJ—(&(“_Z)) on B(it) using iteratively the action formula
(22). As fas as a, functions are concerned, it produces terms ]_[sn:_é as(wF)), where
w®) = (@®, 72 $(n=2) _ (s —1/2)}. This shows that the set 7"~ enters only in the a,_;
f_lérrll_clt)ion, as expected. By symmetry in the exchange ii «— 7 this property also true for the set
i .

Finally, from the construction done above, it is clear that each Bethe parameter vi(s)
()

and

each Bethe parameter u;’ occurs at most once in al®). O

B Existence of a suitable model

We first remind that from Theorem 5.16 in [1], the finite dimensional irreducible modules of
Y (0,,41) are classified by monic polynomials Py(u), ..., P,_;(u) such that
As(w) _ P(u+c) Ao(w) _ Po(u+c/2)

A’S+](u) - Ps(u) > S = 1;-..,n_1, and Al(u) = Po(u) . (B.].)

®Note that if such £ does not exist, we are dealing with gl, BVs with Bethe parameters "V, for which the
lemma 4.2 has been already proven.
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We are looking for a module where relations (46) are obeyed. We denote p, = Iﬂi(s)I and

qs = Iﬁi(is)l. Let us consider two irreducible modules:

1. One with polynomials
Ds Po
Ps(z)zr[(z—c—ugf)), s=1,...,n, and Po(z)=l_[(z—c/2—u§<0)), (B.2)
k=1 k=1
where ﬂi(s) = {u(ks) , k=1,...,p,}, and associated to the monodromy matrix T/ (u).

2. One with polynomials
qs do
Qs(z):l_[(z—c—vlis)), s=1,...,n, and Qo(z)zl_[(z—c/Z—v]EO)), (B.3)
k=1 k=1

where ﬁi(is) = {v,Es) , k=1,...,q,}, and associated to the monodromy matrix T ().

We consider the composite model based on T (u) and T™®(u). By construction, we have

aEl](u):M, =1,...,n—1, and a([)l](u):QO(u_'_C/z),
Qs(u) QO(u) B4
[2] -5 7 — _ [2] _ b
as (u) Ps(u) > 1, P 1] 1 , and aO (u) Po(u)

In view of the expressions (B.2) and (B.3), for generic values of the Bethe parameters, we
clearly have
aEl](z) =0, ifze ﬁi(is) , and agz](z) =0, ifzea", (B.5)

i

as required.
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