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Abstract

Extending many-body numerical techniques which are powerful in the context of simple
model calculations to the realm of realistic material simulations can be a challenging
task. Realistic systems often involve multiple active orbitals, which increases the com-
plexity and numerical cost because of the large local Hilbert space and the large number
of interaction terms or sign-changing off-diagonal Green’s functions. The two-particle
self-consistent approach (TPSC) is one such many-body numerical technique, for which
multi-orbital extensions have proven to be involved due to the substantially more com-
plex structure of the local interaction tensor. In this paper we extend earlier multi-orbital
generalizations of TPSC by setting up two different variants of a fully self-consistent the-
ory for TPSC in multi-orbital systems. We first investigate the strengths and limitations
of the approach analytically and then benchmark both variants against dynamical mean-
field theory (DMFT) and D-TRILEX results. We find that the exact behavior of the system
can be faithfully reproduced in the weak-coupling regime, while at stronger couplings
the performance of the two TPSC variants strongly depends on details of the system.
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1 Introduction

Solving the many-body problem of interacting electrons remains a central challenge in con-
densed matter physics. Analytical solutions can only be found in rare cases [ 1,2], necessitating
the development of advanced numerical methods such as Density Functional Theory [3, 4],
Quantum Monte Carlo (QMC) [5-10], DMRG and other Tensor network approaches [11-
13], Dynamical Mean-Field Theory and its extensions [ 14-19], variational (neural) quantum
states [ 10,20-25] or various diagrammatic methods [26-31]. With the use of these approaches
the community gained insights into correlated electron physics, e.g. by developing an under-
standing of Mott physics [32-35], (unconventional) superconductivity [36-40], the pseudogap
phase [41,42], magnetism, spin liquids [43-45] and charge ordered states [46—48]. In recent
years, a coherent picture has emerged for some single-orbital models, with a variety of numer-
ical approaches producing consistent results for ground state energies, mass renormalizations,
etc. [49-51], which shifts the frontiers of method development to more complex models and
setups.

Going beyond single-orbital models, it is natural to consider multi-orbital extensions which
are relevant for real materials. In such multi-orbital models, the complexity of the orbital struc-
ture introduces new competing energy scales, as exemplified by the Hund’s metals [52-56]
which turn out to be relevant for a large variety of materials including iron-based supercon-
ductors [54, 57-60], ruthenates [61, 62] and molybdates [63], to mention a few. This more
intricate local structure of the interaction tensor has profound consequences for a number
of numerical approaches, e.g. leading to a sign problem in some QMC variants [64] and, in
general, to a larger numerical cost. Thus, extending numerical techniques to multi-orbital sys-
tems poses often not only an analytical but also a computational challenge which has to be
overcome. Furthermore, approximations known to work well in the single-orbital case are not
guaranteed to be equally adequate for multi-orbital systems.

Numerical studies can provide guiding principles and insights into the microscopic mech-
anisms behind emergent phenomena. However, in cases where the employed numerical ap-
proach fails qualitatively or quantitatively, as for example in the case of some iron-based su-
perconductors where neither DFT nor DFT+DMFT predict correct Fermi surfaces [65-67], it
is important to extend the techniques and improve their accuracy. A promising route for the
study of correlated materials is to extend the formalism beyond DMFT, which is a dynami-
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cal but local approach, by combining it with another numerical approach which captures the
effects of spatial and temporal fluctuations [14]. For this, two different strategies have been
considered in recent years. One idea is to include finite distance correlations in the DMFT itself,
at the cost of a more complicated impurity problem, as in the case of cellular DMFT [68-70]
and the dynamical cluster approximation [71,72]. Alternatively, one can extend the locality-
approximation of DMFT from the self-energy to some vertex-functions, as done for example in
TRILEX [18] and D-TRILEX [73, 74], the dynamical-vertex approximation [17,75] and other
schemes [14,76-78]. These approaches however typically require the calculation of local ver-
tex functions, which is a time consuming and challenging task for complicated models [79].

One very successful numerical method for systems with weak to intermediate correlations
is the two particle self-consistent (TPSC) approach [80-82], which was first formulated for
the single-band Hubbard model [83, 84], and subsequently extended to multi-site [85, 86],
non-SU(2) [87, 88], multi-orbital [66,89-91] and non-equilibrium [92, 93] problems. Fur-
thermore, it has been combined with DMFT to extend its range of validity [94-96]. TPSC has
been applied extensively to single-orbital models [80,97-104], for which it yields remarkably
accurate results [50] at a comparably low numerical cost. Its combination with DMFT does
not require the calculation of a vertex, but only the two-particle density matrix, which can be
evaluated at much lower numerical cost. If this methodology works reliably in multi-orbital
systems, TPSC and TPSC+DMFT will become prime contenders for the study of complex cor-
related materials.

Motivated by these prospects, we present and benchmark in this paper two different vari-
ants of a fully self-consistent multi-orbital TPSC approach by establishing sum rules taking
into account the SU(2) symmetry of the system. This allows us to determine all required two-
particle expectation values (TPEV) from exact sum rules, overcoming approximations that had
to be applied in earlier formulations [89,90].

The paper is structured as follows: In Section 2, we derive the central equations of multi-
orbital TPSC from scratch. In Section 3.1, we analyze a density-density interaction-only model
analytically within TPSC, and point out potential pitfalls. In Section 3.2 we analyze the effects
of a strong Hunds coupling. Next, in Section 3.3, we benchmark the accuracy of the self-
consistently determined two-particle expectation values, by comparing the TPSC results to
DMFT calculations. In addition, we compare the self-energy, spin and charge susceptibilities
to D-TRILEX [19] and discuss the implications of these results for the applicability of our TPSC
formulations to realistic multi-orbitals models.

2 Multi-orbital TPSC

In this chapter we present two variants of the multi-orbital TPSC formalism. The derivation
follows closely analogous derivations for the single-orbital case [80,82]. In the following we
will consider a general tight-binding Hamiltonian with local and instantaneous interactions

H= tolfaosf(rll - r;)cly,s’(ré)colhsl(r/l)
¢Y)

1"‘5/8 183184/ F +
+ EVO;/O§/01/34/C(;3,,53,(r/)cl,)4,,s4,(r/)COZI,SZI(r/)Coll,Sll(r/)J

where Cg?sl (r,) annihilates (creates) an electron at orbital 0, with spin s; at the lattice position
1. Lo, 0,(r1 —r3) is the hopping matrix element between two orbitals at distance ry —r3
and V, 113250?;53 , is the local interaction matrix element. All primed variables are summed over.
For the rest of the paper we will work in the Baym-Kadanoff formalism, thus the operators
Co, 5, () acquire a dependence on the imaginairy time ¢, ; (r, 7). We introduce the four vector
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7 = (r,7) as a short hand to compactify our notation. Furthermore, we define the anti-
symmetrized interaction tensor

51525354 1 (~slszsgs4 )
V01020304 - EP V01020304 5 (2)

where P is the anti-symmetrization operator. From now on, we will work with the antisym-
metrized interation. In App. B we perform the analogous derivations starting from a Hubbard-
Kanamori type instead of a general anti-symmetrical interaction tensor, which leads to an
equivalent set of self-consistency equations. We will restrict ourselves to the case of an SU(2)
symmetric model. To reduce the complexity, we rewrite the interaction tensor in terms of its
even and odd SU(2)-transforming components [105]

$1598384 __ _
V01020304 - U01020304551,53 552,54 U01020403 551,84552,53 : 3)

Lastly, we restrict ourselves to inter-orbital-bilinear type interactions [106] (still allowing for
intra-orbital interactions within this bilinear form), thus the spin independent interaction ten-
sor simplifies to

U,

01020304 — D01’04501’03 502,04 + 601,03 501,04 502,03 + P01,03 501,02 503,04 ’ )

where each of the contributions is native to a different diagram type: D has the form of a
resummation in the direct particle-hole channel, C has the form of a crossed particle-hole
one and a particle-particle resummation leads to terms of the form of P. TPSC can also be
formulated without this restriction, however restricting the interaction allows for an easier
understanding of the equations and processes involved.

The central equation on which TPSC is built is the equation of motion [80], linking the
product of the single particle self-energy and the Green’s function to the tensor contraction
of the two-particle interaction with a two-particle expectation value (TPEV). The TPEV can
then be re-expressed in terms of a generalized susceptibility. For a derivation of the equation
of motion, see Appendix A up to Eq. (A.19). With the assumption of an SU(2)-symmetric
inter-orbital bilinear-type interaction, the equation of motion simplifies to

1

S1,S $1/,8 S4/,S97,537,S

2011,(}1/(713 T/l)Gollll,O:z(T/]’ 73) = EVOJ//,O?,OZ//,(}] (TTC(,)B,,SS,(71)602/52/(TI)CO4/,S4/(Tl)co'g,sg(TB)) (5)
1 "

= EU04/,02/,03/,01 (TTC(;B,,S4,(Tl)coz/sl(71)‘:04/,54/(71)(:

1 ; ;

- EU04/,02/,01,03/ (TTC%,,S‘V(Tl)coz/s‘v(71)%4/,51(71)603,53(73»

= U04/,02/,03/,01 (TT C23,754, (T 1 )C02/51 (T 1 )Co4/ Sq/ (7 1 )C;rs,ss (73» (7)

= (Do4/,ol <TTCZ4,’S4, (Tl)col,sl (71)C04/,s4/ (Tl)CZB’SB(TB»)) (8)

+ Col,o3/ (TTCZ3,’S4, (71)C03/sl (Tl)col,s4/ (TI)CZS,SB(TB»

“
[

(73)) (6)

03,53

+ Poy oy (Toch o (T1)C0y5, (F1)Coy s, (T, (720)) -

The factor of 2 canceling the 1/2 stems from applying the remaining crossing symmetry (ex-
changing in-going and out-going indices at the same time), then swapping two operators and
renaming summation indices. Furthermore, in the P channel the only contribution to the spin
sum which is non-zero is s; # s:‘ due to the Pauli-principle.

The equation of motion relates single-particle to two-particle properties, which in turn
are linked to three-particle properties. Therefore, the set of equations is not amenable to
an exact solution due to this hierarchical structure of the equations. Instead, we proceed by
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approximating the two-particle expectation values on the right-hand side by their Hartree-
Fock decoupling. However, to improve over Hartree-Fock, in TPSC one introduces parameters
for the prefactors which are chosen such that the local and static limit of the two-particle
expectation values fulfill exact local susceptibility sumrules [80]. In the multi-orbital case this
means that we consider the limit 7, = 73, 0; = 05 and s; = s3. Technically, the choice of the
Ansitze is completely arbitrary, here we restrict ourselves to the cases in which the different
interaction terms do not mix. The Hartree-Fock decoupling with the Ansétze introduced then
reads

s S 57,8
011 (};/(71) 1)G011//,;3(T;;73)

~ (DS‘V’Sl (Gs4/’s4/ (71 71)Gsl’53 (T1573) — Gl (713 71)GoY o (15 ’53))

047,01 047,04/ 01,04 047,03

9)

~51,5 s /,Sar 51,8 Sa,
+ Coroy ( oy,0w (T15 ’Fl)Gf)l, 2, (71573) — Goy 6, (713 Tl)Goj,o:(Tl; 73))

Bt (G311 (1157106 (713%3) — G35t (71571)GS% (71373)))

where § = —s. One important thing to keep in mind is that TPSC will partially inherit short-
comings of this underlying Hartree-Fock decoupling (we will discuss this in more detail in
Sec 3.1). On the other hand, from Eq. (8) we find in the local and static limit

S »S1/ S$17,S / .
T (71,76 0, (51, 71) = (Do 0, (Tl (51)Coy 5, (B2, (F1)c0,,(71))
- C01,03/ (TTCZS,M(’51)%3/51(’51)621,51(71)001,54/(71» (10)

= Poyon (To€) ¢ (51)Coys, (T1)c] | (71)c0, 5 (71))) -

By combining Eq. (9) and Eq. (10) we obtain the explicit form of the Ansitze. It should be
noted that there is an ambiguity in the way we define the prefactors: we can either define them
as objects depending on one or on two spin indices. In the former case, we end up with three
independent vertices, while in the latter case, we end up with five. (The ansatz proportional to
P always depends only on a single spin.) The origin of this ambiguity is the freedom of pulling
the sum over the internal spin in Eq. (8) into the Ansatz (leading to TPSC3) or performing
the Ansatz inside the sum (leading to TPSC5). Whether both of these choices are valid in the
sense that no artificial SU(2) symmetry breaking is introduced has to be checked by deriving
the interaction vertex induced by them. Again we stress that there is technically a much larger
group of possible Ansitze due to the freedom of shifting contributions to different interaction
terms.

The single spin dependent TPSC3 Ansétze are defined as (fixing the external spintos; =1)

(nT nT )+(nT nl )
04,01 = Dog,0, T P (11)
X, (e (nd) = (ngis,) (i)

(n,nd,) + (ning])

Col 03 = Col 03 > (12)
’ ’ T, T
>, (5 Ty = (i 0,) (o)
) (n opit )
P01»02 = 01,02 22 02’01 (13)

(bt Y ndl Y = (nd o) (nh o)

where we dropped the dependence on the single spin as the SU(2) symmetry of all quantities
on the right hand side implies X' = X! (where X stands for an arbitrary ansatz). In the TPSC5
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case the two-spin dependent Ansétze read

Sq4_S1
254,51 (no4n01 (14)
D =
O RO () (s ) — (o) (o)
. <n31s53n53,51>
Cgiffg = C01’03 $1,83 53,5103 0153 S1 ’ (15)
<n03 ) (nol ) - <n01,03> <n03,01>
51,51 51,51
P o=p, , —— {Tlogor oy : (16)
2,01 2:91 ;51,51 S1551\ /.51 $1
<n02,01> <n02,01> <n02,01) <n02,01)

In these equations, we introduced a short hand notation which allows us to drop redundant

arguments, i.e. nf,ll’sz =cf (7)co,5,(7) and n‘:’,ll = nf}l’foll = cgl’sl(r)col’sl(’c). Note that we

dropped the time and posifc)iz(’;il argument as n only depends, due to translational invariance, on
the difference between the arguments on the right hand side, which are identical. In principle,
the two approaches should yield compatible results as long as the underlying assumptions of
the approach are valid. Furthermore, it should be noted that if the initial model contains
no inter-orbial hopping between orbitals which are interacting, the renormalizations of P for
both TPSC3 and TPSC5 as well as CT in TPSC5 are singular and thus the local and static
limits cannot be captured in the standard fashion. Therefore, the question arises on how
to renormalize these components in such a case. The first option is to stay at the level of
plain Hartree-Fock which does not renormalize these couplings leading to an overestimation
of their contribution. The second option is to use the freedom of the Ansatz and employ
the same rescaling as we use for the other components. In principle, as long as the trace
consistency check (equivalence of left and right hand side in Eq. (10)) is fulfilled, both variants
are reasonable. However the former is expected to break down rapidly at stronger coupling,
while the latter maintains the Kanamori-Briickner-like scaling [80]. We will maintain the first
variant for easier comparability with earlier multi-orbital TPSC approaches [86,89].

As is usual for TPSC [80, 82,86], the unknown local and static TPEVs are determined self-
consistently. Specifically, the TPEVs are calculated from susceptibility sum-rules, for which one
requires the susceptibility, which we determine using the Bethe-Salpeter equation. The inter-
action which is put into the Bethe-Salpeter equation is derived as the functional derivative from
the Ansatz equation — thus closing the self-consistency. In order to obtain the two-particle inter-
action, see Eq. (A.22) in Appendix A, one reformulates the equation of motion into an explicit
equation for the self-energy, as shown here for the case of TPSC5 (the equations for TPSC3 are
obtained by using the symmetries between the different components of the Ansétze):

/ 7
51,53 . — RS451 ~S4:54 . — %351 (351,53 .
201’03(71: 73) - 64:1,4:3 (Dof‘,ol Gog,o;(rl’ 71)551,53 501,03 D03’01 G01,03(71’ 71)
251555 55,53 . ~S1,53 51,53 . (17
+ C01,03Gol,03(71> Tl)ésl,sg - Col,oéGo;,o;(Tl’ 71)601,03

+ P GO (T1571)85, 5, — Pol GOl (15 71)551,53) .

03,01 ~ 03,01 03,01 ~ 03,01

It should be noted that the self-energy we arrive at is purely spin-diagonal (due to the Green’s
function being spin diagonal) and =" = £b! holds due to the symmetry of the Hamiltonian
which is inherited by the Ansatz.

The irreducible vertex in the direct particle-hole channel is defined as the functional deriva-
tive of the self-energy w.r.t the Green’s function

S1,S.
52011,34(71, 7’-4)

Fslszs354
3,52 '
5G03;02 (73; 72)

01020304(71:72’73’ 74) = (18)

Therefore, the vertex contains functional derivatives of the Ansitze themselves which are a
priori unknown. The way to circumvent their appearance is to calculate the vertex in the

6
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Pauli matrix basis [80], transforming spin into n = S°, §¥ = §!, §¥ = $2 and S* = S>. The

-/ v
transformation between the Pauli (I'S' 5" ) and diagrammatic (I*1°2%3-*4) spin space is defined
by

Sisi — 1 E i 51552553554 J
].—‘01020304(71,72, T3, 74)— 5 0'51,54].—‘01020304 (Tl, To, T3, 74)0'5—2’5—3. (19)
$1,52,53,54

Thus the irreducible vertex in physical spin space is

51,8
52011 34(71) 74)

Sisi _1 E : i
F01020304(71; T2,73, 74) - E 0-51,54 5Gs3,52 ( )052,53 :
§1,52,53,54 035050735 T2

(20)

A detailed derivation of the interaction from the self-energy is given in App. C, here we only
show the final results of this calculation. For TPSC5 we find that the interaction is determined
by

rs’s’ (71,7171, 71) = 66,,0,00,,05 (DM —prt )+501 0,0 pht

01020304 03,01 03,01 02,04704,01
+ 801050030, (C = ClT )+ 64,.0,80,,0,CL) (21)
01,03 7 02,04 01,04 01,04 7 02,03 01,03
Tl
+ 501,02 603,04Po3,01 .
In the case of TPSC3 this equation is further simplified to
5% (%1,%1,%1,%1) = Po. 0,80..0,80,.0, + Cor 0,80,.0,801.0, + Do, 0;60,.0,0 (22)
010503048 “1> ¥ 1> V1> 1 03,01 01,03~ 03,04 01,03 7 02,03~ 01,04 04,01 04,02~ 01,03 ?

which is again the standard form of the inter-orbital bilinear vertex. Notably, for TPSC5 we
observe that D'" and C'T do not appear independently in any of the equations, meaning that
we technically do not have five but only four independent vertex components. We observe
that both Ansétze fall into the required form of an SU(2) symmetric interaction, justifying a
posteriori that we kept both possibilities. While for the other diagonal spin components, the
identical result is found, in the charge channel, no cancellation of the functional derivatives
of the Ansétze exists. Hence this vertex cannot be calculated directly. Therefore, we have to
resort to a two-step procedure [80]. The procedure is as follows: first one obtains the TPEV
from the self-consistent solution of the spin channel, while in a next step one fits the charge
channel vertex such that the sum rules derived below are fulfilled.

For the next step we need the susceptibilities. In an SU(2) symmetric system, the Bethe-
Salpeter equations decouple, enabling a separate evaluation of charge and spin susceptibilities,
which substantially reduces the numerical effort [87]. We obtain the spin susceptibility as

1
_ ., 0:8%s3
xol 03,02,04(8) = X0, 0.0, 04,(q)( 5 0,5353) (q), (23)
X 09/04/,09,04

where we shuffeled index 2, 3 and 4 compared to the Appendix C to obtain an equation in the
form of a matrix-matrix product. The susceptibilities are then used to calculate the required

TPEVs, which read
(mhnl),  (lnl), (el =—(al onb ), llnl ). @4

04 01 04 707 04,01 01,04 02,01 02,01
These are calculated by utilizing the orbitally-resolved sum rules of the susceptibility given
by [95]

Z X01030204(Q) = 101030204 = (Tra13B24) — (a13) {Baa) - (25)

Here, a and f3 are either spin operators or density operators. For spin operators in an SU(2)
symmetric system (a,3) has to be zero, so that we can drop the single particle contribution in
the following.


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026

e SciPost Phys. 19, 026 (2025)

First, we rewrite the sum rule for the spin-z susceptibility

s3s3 o o o g
X01,03,02,04 - Z <n‘)103 n0204 o n0103 n0204> (26)
nl —nal l
- 2< 0103 0204 n0103n0204> . (27)

By differentiating cases with pairwise identical indices we arrive at the following set of equa-
tions

1=3=2=4 = ;55  =2(nl)-2(nln!), (28)
1=3#2=4 = 30, =2]n] —nlnl), (29)
1=4#3=2 = 255, =2( (1-n) )-2(] nb,). GO
1=2#£3=4 = 7,0, ., =20nl), BD

where we utilized the Pauli principle in the special case where all indices are identical. How-
ever, these equations are not sufficient to fix all unknowns. To do so, we use the fact that the
susceptibility is SU(2) symmetric, i.e. ;(Slsl = )(5252 = )(5353. This allows us to obtain more
sum rules by evaluating the expression for the other components (note that $'/2 means S for
the upper sign and S? for the lower sign):

slizglz o
x01,03,02,04 ==+ <( 03l 01T + Co ) 01l) (Co4l OzT + Co 47 Ozl)) (32)

T -
i(( 03l 01TC04L 02T> ( 03TC01LC(')4TC02l> (33)
+ <C03lC01TCo4TC02l> <C(,)3TC011C(')4lC02T>) >

which, analogously to the spin-z susceptibility, are inspected for pair-wise identical indices:

_ — si2gtz 1111 ! 7
1=3 ;é 2=4 b X01,01,02;02 =2 (ﬂ: <Tl01 n02> (nozol Tl0102>) , 34
_ — stzsiz it Lt
1=4#3=2 = Lo ononor = (ny,) +2 (:F (noanZ) (nOZnol)) , (35)
51/251/2 _ l l
1=2#3=4 = 55" =2(l all ). (36)

Due to SU(2) symmetry, all expectation values with a %+ in front have to be zero. Thereby,
we have a system with four unknowns and six equations, which at first glance seems to be
overdetermined. However, one realizes that the limit 1 = 2 # 3 = 4 gives the same sum rule
irrespective of the spin-channel, thus leaving us with four equations for three unknowns:

_ _ 5353 _
1=3#2=4 = %01,01,05,0 2 ( 01 Oz mntl?z) =2 (nithn;oz) ’ (37)
_ _ 5383 —
1=4 5& 3=2 e 101,02,02,01 =2 ( (1 a nT )) 2 <n°102 0201> (38)
= <n > 2 <n02 Ol> *

These equations are not independent — as long as we fulfill three of the equations, the fourth
one is automatically fulfilled. Hence, the system is not over-determined and the TPEVs can be
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calculated as

5383

<no > —X
S 2 01,02,02,01
(noznol) = 5 , (39)
§3s3
X
S N . 01,01,02,02
(noznol) = (noznol) + — (40)
s3s3
101,01,02,02
<nlloznllbOl) - 2 ’ (41)
XSSSB
T " _ 7401,032,01,02
<n01,02n01,02> - 2 . (42)

In summary, the self-consistency loop consists of the Ansatz equations for TPSC3
(Eq. (11,12,13)) or TPSC5 (Eq. (14,15,16)), from which the vertex follows in the form of
Eq. (22) or Eq. (21). The vertex in turn determines the susceptibility, calculated according to
Eq. (23), from which the TPEVs can be extracted utilizing the sum rules (Eq. (39,40,41,42)).
This loop can be solved in various ways — in its core it is a minimization or multidimensional
root finding problem. Once a minimum is found, the TPEVs are used to determine the charge
vertex by fitting to the sum rules in the charge sector. These are derived analogously to the
spin sum rules and read for pair-wise identical indices:

1=3#2=4 = g, o =20l +n]nl)—(n,)(n,), (43)

1=4#3=2 =z, =2 (1=n])+2(n] nl ) (44)
— (o) (o)

1=2#3=4 = x5 o =20l 2l ) —(ng0,) (0,0,) - (45)

Since we have only three equations irrespective of the type of Ansatz we picked, this part
of the calculation is identical for both TPSC3 and TPSC5, as long as we fit a charge vertex
parameterized in the inter-orbital bilinear form.

In the following we analyze this approach both numerically and analytically and discuss
its strengths and shortcomings.

2.1 Differences to earlier approaches

Multi-orbital TPSC formalisms were already presented in Ref. [89] and Ref. [90]. Here, we
briefly discuss the differences between the proposed approach and these earlier attempts of
generalizing TPSC to a multi-orbital setting. First and foremost, the proposed procedure here
is fully self-consistent, i.e. no additional symmetry constraints have to be enforced beyond the
structure of the bare vertex. The self-consistent double occupancies seem to cure the issue
of negative components of the charge vertex - thus the internal consistency check is fulfilled
as long as both minimizations converge to a solution. However, utilizing more sum rules
complicates the numerical root search, so that the computational cost of the present approach
is higher. We include both the particle-hole symmetrized (see App. D) and the usual version
of the Ansitze in our implementation. However, in this paper, we only consider half-filled
systems, so that the results between the particle-hole symmetry enforcing and the usual Ansatz
do not differ. Apart from these differences, the sum rules utilized in Ref. [89] and Ref. [90] are
a subset of the sum-rules employed here, see App. B.1, and we checked that by constraining
the equations we can reproduce the previous results.
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U

Figure 1: Pictorial view of the prototypical two-orbital Hubbard model considered in
this work.

3 Benchmarking

Before benchmarking the variants numerically, we will try to provide an analytical under-
standing of when the approach is suitable and when it is not. The models utilized in these
benchmarks are variations of a multi-orbital Hubbard model, where each site contains two
orbitals, see Fig. 1. The Hamiltonian of this model reads

A= > tcl o+ Hux, (46)
5,(1,7),0

where i, j are lattice sites and o labels the orbitals at each site. Here we introduced a Hubbard-
Kanamori interaction, which has the following form

HIK = ual b + > ((U—20)a) a +(U =30 S

02
0170, 47
TS SN At oAt A A
Jcol,TCOhlcoz/,lCOz,T +Jcol,TCol,Lcoz,lC02,T) :
We again stress that primed variables are implicitly summed over, here we made one of these
sum explicit to catch the special case of equal orbitals. To extract the form of the vertex

components P, C and D, one first determines U, ,, ,. ,, by fixing a specific spin configuration,

e.g. 711!, in the full interaction tensor v§;§§;33534 In a second step we utilize the Kronecker

deltas in Eq. (4) to decompose U into the components. The on-site interaction is put into D.
The three components read

Dol,o4 =U~— (1 - 501,04)2J s (48)
C01,03 =(1- 501,03 W, (49)
Py o0, =108 0,)J. (50)

If not mentioned otherwise, the two orbitals are not kinetically coupled, we set t = 1 and
give all other quantities relative to t. The orbitals have a coupling on the two-particle level
due to the Hubbard-Kanamori interaction, which is parameterized by the on-site interaction
U and the Hunds coupling J. Such a model and its variations have been studied extensively
in former works [19, 90, 95], to which we will compare our results. To analyze this model
analytically, we consider two limiting cases, the one in which no Hunds coupling is present
and the case in which the Hunds-coupling is U/3.

10
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3.1 Model with pure density-density interactions

First, let us consider the multi-orbital model described above with density-density interactions
only. Furthermore, we assume half-filling, i.e. (n, ;) = 0.5, such that we have one particle per
orbital. Due to the absence of inter-orbital hoppings the non-interacting susceptibility has a
block diagonal form:

Lo 0000, 8> @) = kz Goyo,(k, )Go,,(k —q, v =) =8, 5,6,,0,%°(q, ), (5D
Y

where y°(q, w) is the susceptibility of the respective single-band model, q is the momentum
and w the Matsubara frequency. Furthermore, we consider a pure density-density type interac-
tion with identical intra- (U) and inter-orbital (U’) Hubbard interaction (zero Hund’s coupling
J):

Hint = Z Uni,ol,sni,oz,s' + (1 - 50102) U/ni,ol,sni,oz,s . (52)

1,071,092,

This interaction in combination with the kinetic term leads to a vanishing 0 (see App. (A.2)
Eq. A.39 or Ref. [91]). Since J = 0 there is no spin selectivity and we thus expect

(nlnl) = (ngni). Furthermore, since U = U’, there is no energy difference for double oc-

o™
cupying the same or different orbitals, and hence (ngn%) = (ngné). This also implies that the

double occupancy (ngné) should decrease less rapidly with U than in the case with U’ = 0
(which then is equivalent to the single-orbital Hubbard model). With this in mind we now
turn to TPSC.

For a pure density-density interaction, the only non-zero Ansatz (TPSC3 and TPSCS5 are
giving identical results in this specific case, so we discuss TPSC3 here) is the one for D:

S48,
~ _ D 254 (n04n01> 53
04,07 — 04,01 Sq_S S1S4 451 ° (53)
Z nAnl — o4 ot
54 04" 701 0104770401

As we are at half-filling and have no inter-orbital coupling, the Hamiltonian is diagonal in
orbital space, i.e. (CZI’SICOZ,SZ> =0.56,, 0,05, 5, Therefore the denominator simplifies to

D imind — g ngt =0.5-0.256, . (54)

01
S4

The numerator is obtained via the Ansatz equations and thereby via the interacting suscepti-
bility. Inserting the explicit form of the vertex derived from the Ansatz, as well as the non-
interacting susceptibility, we arrive at

1
Xol’02,03,04(q) (O) = Z 501,03/ 501/,03X0(q3 6()) ( A a8 ) > (55)
017,03/ 1— on(q > CO) 01/,02,037,04

where the fraction denotes an inversion. The matrix we need to invert reads in index notation

(i - Dio(q: w)) = 501,03502,04 - 501,03 502/,04/D01,02/X0(q» w)502/,04502,o4/ > (56)

01,02,03,04

which has a block diagonal structure. Utilizing that the inverse matrix of a block diagonal
matrix is again block diagonal, we arrive at

1

m . (57)

X01,03,09,0,(@> @) =84 0,80, 0,2°(q, @)

11
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We note that the interacting susceptibility is identical to the one of a single-orbital model
with the same renormalized interaction value. The only non-zero components of the suscep-
tibility are 11111 and yi199;- Thus, from Eq. (39) and Eq. (40) it immediately follows that
(ngnl) = (ngnl) = (ngné), as we expected from the arguments above. Inserting these findings

into the Ansatz equations yields

5 (nllnl4)(1—601,o4)+(nllnﬁ4)
04,01 0.5—0.256

=4U(n n!). (58)
01,04

Due to the symmetries we found, the right hand side is orbitally independent and gives the
same equation for the renormalized interactions as the single-orbital case [80,82]. This result
is also independent of what filling we initially chose and is a general feature of the considered
model.

Therefore, in contrast to our expectations, the specific form of the susceptibility implies
that the converged TPSC loop will result in the same double occupancy as the one for the
one-orbital model. In other words, adding an inter-orbital interaction of the same strength
as the bare interaction does not make a difference for the double occupation predicted by the
method. This is in contrast to the physically expected result discussed above — in the single-
orbital model in the strong coupling limit, we would expect zero double occupancy. However
in the two-orbital model, different states in which no orbital is doubly occupied and states
in which one orbitals is doubly occupied are degenerate in energy, so the double occupancy
should converge towards a nonzero value.

To pinpoint what TPSC is missing in this case we go back one step and consider a molecular
system. Here, multi-orbital TPSC is essentially amounting to a small correction with respect
to the underlying Hartree-Fock treatment, meaning we essentially benchmark the validity of
the Hartree-Fock decoupling. The simplest such system we can write down are two coupled
dimers, visualized for a four dimer case in Fig. 1, without Hund’s coupling J. The hopping
t again is set to 1 and U is varied. We compare the results between ED and TPSC, or better
said Hartree-Fock. The behavior described above is reproduced, see Fig. 2a. Further, since the
susceptibility does not gain any strong T dependence, implying that the frequency dependence
also does not change drastically, as shown in Fig. 2b. Therefore, we expect the vertex to be still
reasonably well described by the static limit. The questions therefore are, first, where does the
deviation stem from and second, why does this issue occur here but not in the single-orbital
model?

Let us first answer the second question. In the single-orbital case we fix the local and static
expectation values to be the exact ones as determined by the sum rules. Crucially, the single site
contains no further internal structure meaning that the exact local expectation value is always
proportional to the non-interacting one. Thus representing this expectation value locally by a
renormalized Hartree-Fock expectation value works, i.e., we can always get the correct value
of the double occupancy by multiplying the non-interacting double occupancy with a single
number.

Multi-orbital systems have additional degrees of freedom, which enter the local and static
contribution. However, we still approximate the TPEVs in Eq. (8) by a Hartree-Fock decou-
pling. To make matters simple, let us first discuss the zero temperature limit. In this limit,
the perturbative many-body theory Hartree-Fock variant we use to decouple the expectation
values becomes equivalent to the variational Hartree-Fock variant. Thus, let us consider the
ladder one for now. Variational Hartree-Fock approximates the ground-state by a single-Slater
determinant. However, in cases in which the ground state is degenerate, all of the degener-
ate states of the local Hilbert-space influence the expectation values. Thereby, the TPEV’s we
obtain from Hartree-Fock are biased by the introduction of an artificial preference to a single
state which was selected arbitrarily. Of course, TPSC is a finite temperature method - so while

12
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Figure 2: (a) Comparison between TPSC and ED at 3 = 2 for different U atJ = 0. We
observe the same phenomenology as expected from our analytical analysis. (b) Time
dependence of the density-density correlator for a single (SO) and a two-orbital (MO)
two-site Hubbard model from ED at 8 = 2. No enhancement of the time dependence
is visible, and hence this cannot explain the larger deviation to DMFT in the multi-
orbital case.

this argument explains what we observe at sufficiently low temperatures, it can only give us
a hint about the physical origin. To better understand the issue let us consider a single dimer
(i.e. a single site in Fig. 1) at half-filling with a Hubbard-Kanamori interaction. For simplicity,
let us call the two orbitals a and b. The Hamiltonian then contains only interaction terms and
reads

H= Y vnl b +((U—2)AlA) + (U =30 A —Jel &, 80 &1 +T80 el &1801). (59)
i€{a,b}

This Hamiltonian can be readily diagonalized in the subspace containing two electrons (|7, l,),
[T dn)s [Tos lads 1Tas To)s Has db)s [T, Lp)). We find three different groups of eigenstates: The first
one is three-fold degenerate with eigenvalue U — 3J and spanned by |T,, 1), [e lp) and
(e dp) = 115> 4a))/ V2. These three states form the S = 1 sector. Next, we do have two states
with eigenvalue U —J, (|T4, 1p) + 115, 4a))/v2 and (174, la) =115, 45))/ V2. And lastly, a single
eigenstate with eigenvalue U +J, (|14, Lo) +1Tp, 1p))/ V2.

In this specific case, in the absence of J we directly observe that the local self-energy, see
Eq. 17, becomes a diagonal matrix independent of the orbital, as the Fock term vanishes (this
is also true for the case discussed in Sec. 3). Thus, fixing the particle number absorbs the
Hartree-Fock correction into the chemical potential. Therefore, the Hartree-Fock solution at
fixed particle number is the same as the non-interacting model - directly explaining why above
we observed that adding the inter-orbital interactions was reproducing the single-orbital case.
Since the TPSC ansatz in this limit starts from a point indistinguishable from the single-orbital
case due to the approximations made, it generates the same correction and follows the same
trajectory.

3.2 Analysis of the model with J =U/3

If J = U/3, the same-spin density-density interaction becomes exactly zero. This choice is
interesting, as it is the limiting case where the approach in Ref. [90] and TPSC5 show the best
agreement compared to DMFT, see Fig. 3. What is the origin of this apparent improvement?

First, we should note that this is not a magic value at which the results suddenly agree,
but there appears to be a steady improvement with increasing J. Second, we observe that
for J = U/3 the same-spin interaction is exactly O and stays at that value throughout the
calculation in TPSC5. In TPSC3 this interaction will gain a nonzero value, leading to the
instability we observe in Fig. 3.
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Since we found in the last section that the problems arising can be traced back to the
Hartree-Fock ansatz, the question is whether we can again understand the improvement as an
inherited effect. To test this, we again consider the half-filled dimer described above. At T =0
we again have to consider degeneracies: We found three groups of eigenvalues above, whose
eigenvalues split with increasing J. Thus, while the point U = 3J is not special, the separation
between the excited states and the ground state sector grows linearly with J. Furthermore,
the S = 1 subspace is special, as two states only contribute to a single TPEV ((ngnl)) and the
other state essentially behaves like the single-orbital model. Thus, at T = 0 we would expect
already better performance of the ansatz as the degeneracy is lifted. Therefore, one should be
able to approximate the exact TPEV’s by a scaling in all components but the (ngnl) one, which
is incorrectly estimated because of the degenerate states being incorrectly represented in the
perturbation theory. This is exactly what is observed for both TPSC5 and in Ref. [90]. How is
this lifting of the ground state degeneracy influencing the behavior at nonzero temperature?
- At the first glance, it does not directly, as still the introduction of the Hund’s coupling merely
changes the numerical value of the self-energy but it still remains a diagonal matrix without
any orbital selectivity. Therefore, the starting point is again the non-interacting model, just
as before. However, introducing J allows for a differentiation of equal orbital and unequal
orbital cases leading to a better correction within TPSC. Thus we conclude that in the end
the improvement is related to the structure of the equation changing by the introduction of a
Hund’s coupling. Further, we note that we can analogously understand the improvement by
considering the number of degenerate ground-states within the local Hilbert-space.’

From these observations and the connection at T = 0 to variational Hartree-Fock, we can
extract guiding principles of when to expect TPSC to work reliably in a multi-orbital setting
and when not: If there is a gap in the local spectrum between the ground state and the excited
states, TPSC should perform better than if the states are closer in energy. Furthermore, when
analyzing the nature of the states, we can extract which TPEV is expected to deviate strongly
and which not. In other words, in cases in which Hartree-Fock produces a sensible starting
point, TPSC is expected to perform well. Whether this is the case or not strongly depends
on the validity of approximating the self-energy to be static. On the other hand, at very low
temperatures, we expect the envelope diagram to give a sizable contribution near the Fermi-
level inducing a non-local and non-static irreducible vertex [107, 108]. Additionally, it was
shown in an RG analysis that in the low temperature limit, the vertex is only RG relevant at
the Fermi-surface again implying a momentum and Frequency dependence strongly confined
in both spaces [28]. Therefore, the local and static approximation of the vertex becomes more
and more inappropriate at lower temperatures which is why TPSC is expected to fail at very
low temperatures.

In summary, the regimes in which multi-orbital TPSC is guaranteed to work well are the
region in which Hartree-Fock in itself provides a sensible starting point, e.g. the weak-coupling
limit and cases in which the self-energy is well approximated by a static function. Furthermore,
the vertex has to be approximately local and static. The former criterion we can try to gauge
by considering the spectrum of the local Hilbert-space due to the connection to the variational
Hartree-Fock flavor. The latter one is not clear a priori and requires other numerical simula-
tions to be fully gauged. Notably, the issue described above is partially resolved when starting
from DMFT TPEVs [91, 95], since fixing the double occupancies through an external source
prevents the negative feedback from a wrong starting point.

IThat this analogy works so well is a consequence of the true many-body Green’s function being better repre-
sentable by Hartree-Fock in the limit of a gapped ground state.
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Figure 3: Comparison between density-density correlations obtained with TPSC3
(green), TPSC5 (red), TPSC from Ref. [90] (blue) and DMFT (pink dots) for the two-
orbital Hubbard model defined in Eq. (46) at 8 = 2, for different U and J values.

3.3 Numerical benchmarks

Keeping the above described shortcomings in mind, we are now exploring the range of applica-
bility of multi-orbital TPSC by testing the reliability of TPSC3 and TPSC5 through comparison
to more accurate numerical approaches. In a first step, we exclusively aim at validating the
quality of the predicted TPEVs, as these form the basis for the TPSC approach. For this we com-
pare to both DMFT and D-Trilex. It should be stressed that while neither of the approaches are
exact, both methods have proven to be suitable for the considered parameter regime [19,50].

3.3.1 Comparison to DMFT - TPEV’s

First, we compare the results from TPSC to DMFT. For this, we consider the same model as
Ref. [90], which we already introduced above, see Eq. (46). The inverse temperature is set to
P = 2, thus no sharp features in momentum space appear. We run the simulations on a 24 x 24
momentum mesh and utilize the sparse-ir [109-111] to compress the single particle Green’s
function with w,,,, = 30 and a tolerance of 1072 for the singular values. For completeness,
we also include the results from the implementation proposed in Ref. [90] (here named TPSC).
The DMFT calculations are performed using w2dynamics [64].

The considered model can be seen as a worst-case scenario as in the absence of inter-orbital
hopping the off-diagonal occupations are guaranteed to be zero. Hence, the P-channel as well
as the opposite spin C-channel (in the case of TPSC5) Ansatz equations are ill-defined, making
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Figure 4: Comparison of different self-energy components at the first Matsubara
frequency between TPSC3 (blue), TPSC5 (orange), TPSC from Ref. [90] (green)
and D-TRILEX (purple) at different U indicated by different background colors and
J =0.25U. The inverse temperature is fixed to § = 2.
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Figure 5: Comparison of %; ; at different momentum points (indicated in the bottom
right corner) as a function of Matsubara frequency between TPSC3 (blue), TPSC5 (or-
ange), TPSC from Ref. [90] (green) and D-TRILEX (purple) at U = 2 and J = 0.25U.
The inverse temperature is fixed to 3 = 2.

a renormalization of the corresponding vertices impossible. In other words, the corresponding
Hartree-Fock decouplings always results in a net-zero contribution of these terms to the self-
energy. Interestingly, even though the Ansatz equations might break down, the derivation
remains valid — we can still renormalize these components, albeit in a less controlled fashion.
We found that fixing the renormalization of the channels to that of the one channel in which

the Ansatz is not ill-defined works for a wide range of parameters.

Both proposed TPSC approaches show promising results in the weak-coupling regime, but
the deviation from DMFT rapidly increases with stronger interactions. The error is largest
in the absence of Hund’s coupling and becomes smaller for larger J, as expected from our
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Figure 6: Comparison of the charge (upper row) and spin (lower row) susceptibility
between TPSC3 (blue), TPSC5 (orange), TPSC from Ref. [90] (green) and D-TRILEX
(purple) at different U and J = 0.25U at 3 = 2.

discussion above. In general TPSC5 seems to outperform TPSC3, even though both fulfill the
internal consistency check in the small to intermediate coupling region. Notably, there is no
significant improvement in the case of large Hund’s couplings when compared to the approach
put forward in Ref. [90].

3.3.2 Comparison to D-TRILEX - Self-energy and susceptibilities

In addition to the quality of the TPEV’s we can also asses the quality of interacting charge and
spin susceptibilities as well as the self-energy. In the following we will compare our results to
D-TRILEX results provided by the authors of Ref. [19]. For this, we consider a model of the
form of Fig. 1 where an additional hopping imbalance is introduced between the red and blue
orbitals

H=—= > tycl Casj+Hux, (60)

a,(i,j).s

with t,.q =1 and ty,. = 0.75. U is in the following given in units of t .4, while J is fixed to
0.25U. To obtain smooth curves along the irreducible path without the need for interpolation
we enlarge the momentum mesh to 120 x 120. Furthermore, we compare quantities obtained
without analytical continuation to rule it out as a source of error.

First, let us consider the self-energy at the lowest Matsubara frequency (Fig. 4). Qualita-
tively, all TPSC variants agree with D-TRILEX at both interactions values considered. Quanti-
tatively, the TPSC results are not fully agreeing with each other which is somewhat expected
from the different formulations. We note that TPSC3 appears to be furthest away from the
D-TRILEX self-energy for this specific model, while TPSC5 and Ref. [66] appear to be better
agreeing.

An analogous picture emerges when comparing the self-energy calculated with the differ-
ent methods at different momentum points as a function of Matsubara frequency, see Fig. 5.
We observe qualitative agreement but quantitative deviations. Note that at high frequency the
noise of the DMFT impurity solver utilized to obtain the starting point in D-TRILEX becomes
observable, especially in the real part of the self-energy.
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A similar picture emerges for the susceptibility, see Fig. 6: all TPSC variants over(under)-
estimate the spin(charge) susceptibility in comparison to D-TRILEX, in agreement with what
was reported in Ref. [95]. However, the overestimation is weaker for TPSC5 and stronger for
TPSC3. Most notably, the charge susceptibility is even more strongly suppressed than in prior
TPSC formulations. This disagreement between the TPSC variants is a consequence of the
vertex having a different from, see App. B.1, which leads to problems in the absence of J, see
Ref. [90] but better agreement to the reference data at large J, see Fig. 3.

4 Conclusions and outlook

In this paper we introduced two variants of a fully self-consistent multi-orbital TPSC approach
dubbed TPSC3 and TPSC5. We analyzed the structure of the equations and showed analytically
that in the limit of vanishing Hund’s coupling the Ansatz equations result in the same TPEVs
as for the single-orbital model, which is unphysical. Furthermore, we provided an explanation
for this behavior in terms of the underlying Hartree-Fock decomposition and its connection to
the variational Hartree-Fock approach, as well as the general criteria under which a static self-
energy is expected to be sufficiently accurate. By considering the local Hilbert space we also
provided an understanding of why the approach performs better at larger J/U. Notably, this
understanding allows to assess the expected quality of the results from TPSC by inspecting the
local spectrum. On a qualitative level, we found that the TPEVs from TPSC5 outperform the
ones from TPSC3 when compared to DMFT. In the limiting case of J = U/3 the new variants
do not outperform the conceptually simpler but approximate approach suggested in Ref. [90].
While TPSC itself cannot be improved much without fundamentally modifying the basic
approach, the recently proposed combination of TPSC and DMFT [91, 95] not only partially
resolves the issue of wrong TPEVs due to the Hartree-Fock decoupling but also ensures the
correct handling of correlations at the zeroth-order level. Thus, in multi-orbital systems, the
application of TPSC in combination with DMFT appears as the most promising route to correct
for the flaws uncovered in the present work and in Ref. [91]. A major advantage of TPSC in this
formulation is that no vertex needs to be extracted from the DMFT simulation, which offers a
numerically much cheaper alternative to D-TRILEX and related approaches [14,19].
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A Kadanoff-Baym formalism
In the following we derive the central equations for the multi-orbital TPSC approach, follow-
ing Ref. [80,90]. We will only consider objects with the same number of in- and out-going

legs. Therefore, we will stick to the definition that the first half of the indices are always
in-going legs, while the second half are outgoing legs. Furthermore, to keep the equations
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more managable we will use numbers as a short hand for a collection of quantum numbers
1=1(0,81,71,71). A Kronecker-delta in numbers is defined as the product of the Kronecker
deltas/Delta-distributions of the individual quantum numbers.

Our starting point is the Green’s function generating functional [112]

g[¢] =—In (<TTe_CJJB/Sy(TB/)Col/Sl/ (TI’)¢01/51/,03/53/ (Tl/’T3/)>S) — —ln(<TTS[¢])5) =1n (Z[d)]) , (Al)

where the expectation value over the sources is calculated with regard to the action of the full
system S. Primed variables are summed over. The external source field ¢ has been introduced
as a mathematical trick and at the end of the calculation it should be set to 0. The single-
particle Green’s function is obtained as the functional derivative of G with respect to ¢,

5G[$] __(TTS[qb]col,sl(rl)cg“s,%(rg))S

SO (73,71) Z[¢] (A.2)
= (Trcol,sl(Tl)cis’ss(’r?,))q&

Sl 53

0103¢( 1,7 3)_

The subscript ¢ indicates that the expectation value is to be calculated with the source fields
added. With this, we perform a Legendre transformation resulting in the vertex generating
functional or Luttinger-Ward functional ®[G]. The first functional derivative of ®[G] is the
self-energy

o0®[G
*1-%3 .d)(Tl:TB) S2.S [ ] . (AB)
01,032 5G02’011 4,(’53,’51)

In the next step, we derive the equation of motion and through that obtain the Dyson equa-
tion relating the dressed Green’s function and the self-energy. Our starting point is a general
Hamiltonian with local and static interactions

1

51,52,53,54 T
H = till’sg (rl,rS)COSS (T3)Col sl(r1)+ 2U01,022,33,404 03, 53( ) 24 54

(F)ca,s, (F)eo, o, (F). (A4)

In this case, the Heisenberg equation of motion (in imaginary time) reads

a’rscoS,sS(r&TS) = [H, C05 ss(rS,TS)] (A-S)
s 1,83/
011’ 033’(r1’ r3) [ 03/ 53/( I/S)Col’,sﬂ(r/l)’ C05135(r5)i|H (A6)
]- 817,897,837 554/ T AT / / /
+ EUolx,ozx,03/,04/ [%3,53(" )C04,54(r )Coz,sz(r )Col,sl(r )’ Cos,ss(rS)]H
s )
—6 8 L ({el o, M) Cogsg (1)} o, (P, (A7)
]- S$1/ 589/ ,83/ 5S4’
+ §U01/,022/,33/,34/ ([ 03/ 53,( ) Or4, 54,(r/)5 COS,SS(rS):I COZ/,SZ/(r/)coll,sl/(r/))H
S17,8
= —t0) 0y (I 75)C01 5, (115 T5)80,,00 0555 O g (A.8)

1 517,897,837 ,5 4/

" ’
- 5 01/,097,03/,047 (( 03, 53 ,(r )504/ 05 54/,555r’,r5 - 503/,05 553/,555r’,rsc(;4,,s4,(r ))
X c02/ SZ/(r )Colx,slx(r/))H
s \S
- 011// ()Ss(rl:rs)colz sl/(rl,TS) (A9)
1

$17,597,53/,S $1/,S97,55,83/ E
- 1/582/,83/,85  _ 7751/552/555,53 i
+ 2 (Uolz,ozx,o3/,05 U011,02/,05,03/) Cog/’sg/(rSJ TS)COZ/SZ/(rSJ TS)COI/,SI/(rS’ TS) s

g
351759/ 53/ 55
01/ 02/ 03/ »,05

where we used that the Hamiltonian commutes with itself at any time to pull the time evolution
operator out of the commutator. The time evolution operators are indicated by the subscript
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H on the respective outermost commutator or bracket. Furthermore, we remark that in the
case of an anti-symmetrized interaction U we have I' = aU, where the prefactor a depends on
the exact definition of the anti-symmetrization.

In the next step, we derive the equation of motion of the Green’s function, where we first
have to perform a partial time ordering such that the derivative commutes with the time order-
ing operator (for brevity, we will use numbers as a shorthand for a collection of all quantum
numbers, whenever they all do share the same index, i.e. 1 =(04,51,71,71)),

—Z40;,G13=0y, ((TTS[Cb]ClC;r) O(t,—73)— <T75[¢]C§C1) O(t3—11)) (A.10)
= (3;, T.S[$1erch) O(1 — T3) — (8:, T, S[Plcscr) ©(T3 — 71) (A.11)
+{Telercy +c3¢1)8[91) (71— 73) .
=51,§}[¢]

To evaluate the time derivative we first have to time order the exponential and cre-
ation/annihilation operators partially, leaving out the time ordering w.r.t the argument of the
annihilation operator of the exponential. We perform this fist for the first contribution

T —[# / i /.9/Cq1 — (M1 T T
<8T1TTS[¢]C1CS'>:<TT8T16 [sy draesvwe cie Jo dT3C3’¢1';3’Cl’c3'> (A.12)

-J! resrcy — [ T yrarcy
:<TTe [ deaesdvaa (0;,c1)e Jot dracy puives 63'> (A.13)

1

—[° el ey i _ f JarCar T
n <TTe le drycy 13 57/3”[1 [C§/¢1/;3/01/,C1] e fo dT3C;/¢] 13/C1 C?',>
=(T.S[¢1(8;,c1)cd)—(T:S[P 1y 1crcl) . (A.14)

The second contribution follows analogously and both of them can be recombined by utilizing
the time ordering. From this we directly find

1
0:,Gi3= —Z (T:S[¢] (3T1C1) c3) —¢1,1Gr 53— 51 3- (A.15)

Now, let us insert the equation of motion for the annihilation operator,
_ S1/,S9/,537,51 + "
871 G1,3 - _1"01/,022/,033/,01 <TTC03,,33, (Tl )COZ/SZ/ (Tl)colz,slz (Tl )C03s33 (73)>¢ (A'16)
— tl/’l 5’6/1,1'1 G1/,3 - ¢1/,1 G1/,3 - 51,3 . (A17)

By setting the interaction and the sources to zero, we identify the non-interacting Green’s
function as

0)y-1 _
(GO 3 =(—0:,613—t136:,,) - (A.18)
Furthermore, we identify the self-energy as
$1,81/ / $1/,8 / Sal S0l ,S3/,8 4
2011,(}1/(71: Tl)Goll/,OE;(T], 73) = Fo:/,ozz/,()33/,(1)1 (Trcéa/,sy(71)Cozzsz/(71)co4/,s4/(71)0(',3’53(73))4) 5 (A19)
such that we arrive at the following Dyson equation for the interacting Green’s function:
1 _ (~(0)y—1
Gi3= (Gt ))1,3 —¢31— 13- (A.20)
Note that due to the definition of the source-field term, there is an index swap in this equation

compared to all other quantities appearing on the right hand side of the equation.
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The two-particle expectation values on the RHS of Eq. (A.19) are directly linked to the
generalized two-particle susceptibility, which is defined as the second functional derivative of

glel:

51,53
Xsl 54( T ) 07,03; d)(T]TS)
07..04\T 1
; o 7270 (A.21)
(TTC03 53( 3)Co4 54(74)C02,82(72)C01,51(Tl)> ’
- (Trcol,sl(’rl)co3’s3(73)> <T Co,, 32(72)C04 54(74)>¢
while the two-particle vertex is given by
ST (1., 1,)
L (71.g) = gt (A.22)
5G03 52(73: 72)

With these definitions we obtain the Bethe-Salpeter equation connecting the interacting and
non-interacting susceptibilities:

_ 5(613635)
O=—F—— (A.23)
P24
1 0(Ga5) + ° (Gl y _$u17 3/) G (A.24)
/ 3/’3 .
L3 O0pos S5P24
5 (31 +213)
S 1234 = 011 56 Gz 3 (A.25)
2,4
52 Y
=G14G3+ Gy ——— -2 3,3 (A.26)
Oh24
521/ 3/ 5G2/ 4/
—G]_ 4G23+G11 —G 3,3 (A.27)
606Gy g P4
=G14G23+ Gy 1/Gy 3l 3 a2 X2 244 (A.28)
=X ?,2,3,4 +x ?,3/,3,1/F1’,3/,4’,2/X 22,44 (A.29)
= X034t 01330 0342 Xy 244 (A.30)

For numerical purposes it is often beneficial to reorder the indices such that the equations can
be written as a matrix-matrix product.

In an SU(2) symmetric system, we can furthermore use that all occurring quantities are
diagonal in physical spin-space, thus resulting in spin-channel-specific equations which read
(pulling out spin indices from the numbers)

st S] i j
X1234= (11234"'%1 331/ 11,34 2’12/24’4)031,53‘732,34 (A.31)
§%,5% 0;5%,5° | _ 0:5°,5% 1.5%,5° §%,5%

S X134 = X234 T X331 0502 X0 544 (A.32)
50,50 0;5°,5° 0;5°,5° 50,50 50,50

S K134 = X1234 X133 103 w0 X2 a4 (A.33)

where S,.S,, S, S, and S, S, are related by SU(2) symmetry and S% indicates the case in which
ol = 021,52 =05, 5,
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A.1 Self-energy

In the following we will derive the equations required for the level-1 self-energy evaluation.
For the following calculations, we assume an anti-symmetrized interaction tensor

S /,897,82/,8 + T
211’533(71: 73) 0:,022/,33/,(1)1 <TTC2)3,’53, (71)0;2’52(7/5)602/52/ (71)C04/,s4/ (Tl))qb (A34)

—18S553 s
x (G )Oé,03(T5’T3)

1 1S47,597,83/,81 ( Syt 559/ ,53/ 85/
- Uo4/,02/,o3/,01 X04/,02/,03/,05/(71: 71,715 75’) (A.35)

G o758 15655
O‘:/ (?;/(T1311)G022//,()5;/( 1T 5))(G )5 3( 5573)

847,897,583/, S4758c75837 584! Sal 5S¢/ 5547 »Sp!
i 4759275937591 4755¢/5937 59 a d’ b
Uo4/,02/,o3/,01()(o4/ 0./,03/,0 /(71: Tl’Ta’)Fo 1,01 od/,ob/(Ta’:Tc’:Td’; Tb’)

So/,Sq/
x GOZ/ od/(’vl) Td’)5ob/,o3 asb/,s36rb/,ﬂ:3 (A.36)

Sor,S3/
+0 o 51'1,173G02 3 (Tl,’rl)

9/,03/

547,53/
- G04/,03/ (Tl, 71)502/,03 552/,53 511,13)

1 15475597,53/,51 Sq7 5875831,/
Uo4/,02/,o3/,01 (Xo4x,ocx,o3x,oa/ (71: Tes T, Ty (A-37)

047,03 547,53

Sa’ 5S¢/ 5547553 SolsSq/
Foa/,OE/,Od/,Og(Ta/: Ters Tdrs 73)G02/,0d/ (71: Td’)

+26

So/,S3/
047,03 554/,53 5‘:1,73 G022/,(;33/ (71: T1 )) .
Here, the latter term corresponds to the Hartree-Fock selfenergy, while the former corresponds
to the Schwinger-Dyson equation.

A.2 Zeroth order self-energy

Within TPSC the Luttinger Ward functional for an SU(2) symmetric model with local initial
interactions is approximated as

<I)[G:| = 03/ 01/(T17 1)(2F01/02/03/04/ - F01/02/D4/03/)GO4/,02/(T,15 T/]) * (A‘38)

For a diagrammatic representation of the Luttinger-Ward functional within the TPSC approxi-
mation we refer the reader to Ref. [80] as such a representation is identical between single and
multi-orbital. As discussed elsewhere [80,90,91] such a form of the Luttinger-Ward functional
induces a local and static self-energy, which has to be accounted for in our calculations. We
recall the definition of the self energy

0®[G]

56 (rnny 2k — I G (7,78 . (A.39)
5G03,01(T3’Tl) ( 01,097,03,04/ 01,02/,04/,03) 047,09/ 1» 7105, 5,

Z:01,03("':1: 73) =
Notably, for general Hubbard-Kanamori parameters, the shifts induced by such a self-energy
term are nontrivial and cannot be absorbed into the chemical potential, in contrast to the single
band case. Thus, the zeroth order self-energy corrects the non-interacting Green’s function and
needs to be included in our calculations.

B Alternative derivation starting from Hubbard-Kanamori

In this Appendix, we derive the central equations for TPSC assuming that the bare Hamiltonian
contains a Hubbard-Kanamori interaction and is SU(2) invariant. In this special case, we start
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from a simplified equation of motion derived by Zantout et al. [113] (see Eq. (5.323))

D (51, 75)G (%5, 73) == D Us o, (o, 5(71)co, 5(71)c) ((73)

- Z (Uo4,ol _Jo4,ol) (no4,s(71)Col,s(Tl)CZB’S(TB»

04701
+ Z Jo4,01 ((CZ4’§(T1)C04,5(71)Col,E(Tl)CZS,s(TSD)

04701

+ D Topor ({6 (7)o, 5(T1)c0, (7], ((73))) -

04701

(B.1)

In the derivation in the main text, the first two terms are encompassed in D, the third one in
C and the fourth one in P. We proceed again by performing a Hartree-Fock decompsition:

n (71,7 B)G;iog(rg,rg)fvz 0001 G0, (F1,71)GE, (71,7T3)

+ Z (Uo4,01 04,01)( 040 (TlaTI)Gol 03(71:73)

04701
_Gf,im(ﬂ, Tl)Gf)f,%("l: 1:3)) (B.2)
S5 5,8
+ Z J04,01G01,o4(71) 71)G04’03(’L‘1, Ts)

04701

+ Z JO4,01 04 01(71’ T].)Go ,03 (71’73)

04701

where we introduced the Green’s function as G” (’cl, T3) = (cg3 (73)co,5(71)). The next
step is to introduce Ansitze such that the equal- tlme equal-position limit is exactly recovered
(01 = 04 and 7; = 7,). Here we have the freedom to regroup terms for the Ansétze either
such that the Green’s-functions do match (which is the form written above), or such that the
prefactors do match. The former corresponds to TPSC5, the latter corresponds to TPSC3. As
a reminder, we use the same short hand notation for redundant indices we introduced in the
main text, i.e. n*2 = c) (77 r)c, o (t,r)and n} =n"t =c'  (7,r)c, . (T,1)
01,02 01,81 01 01,01 01,51 °? 01,514 72
In the first case, we 1ntr0duce

T (T TR)GE ) (T4, 1) N — > Lo, 0,Gor (71, 71)GE, (T1,75)

= D By, (G52, (71,7106, (71,72)

04701

_Gf)’ls,04(}v1’Tl)G(S)’:,oZ(TI’TZ)) (B.3)

+ D Fopo G, (71, 71)GS (71, 75)

04701

+ D 80,06, (71,7)G, (71,73),

04701
where the Ansitze are defined as

(n ,‘(’51)71 , (1))
&04,01 = UO4,01 il 53 o b (B'4)

5,5 5,8
04,04'%071,07

~ (no4s(71)n01 5(71»

/304’01 = (U04’01 _J04,01) $s 2 (B.5)

n04,04n01,01 - n01,04 04,01
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( (71)C0 s(Tl)Co S(Tl)c (71»
Fopor = Jopo, —— e (B.6)

n01>04 n04,01

~ (CZ 5(71)Co4,s(71)co4,§(71)cz 5(72))
G000 =Jos0, : : (B.7)

n S,S
04,01 04,01

Here, we identify the Ansdtze from TPSC5 by comparing the equations, i.e.
PV =a DM —EM =4, =Fand P=56.

For the second type of Ansétze, we first regroup all terms with U as prefactor together and
two of the J terms such that we arrive at

5 (TL TG, (T5T) N = ) 6o 0 (Zﬂ = 8y.0,05,5)G % GF o (71,73)
04 s’

—(1=8,,0,)G5, G5, (71,75))

01,04 04,02
+ Z Xoy.0, (Z Gf,1504(’51,’51)Gf,f,02(71,’52) (B.8)
04701 s/
oo PTG, (71,72))
+ Z Vo,0,G, 040 (71>’51)G0 02(71172)

04701

where the Ansitze are defined as

1-6 Mo,s(T1)M0, 5(T1)) + (11, 5(T1)1,, 5 (71)
504’01 _ UO4’01( 01,04)( 04, 1Mo, 1 ) ( 04, 1Mo, 1 >, (B9)

s’.s’ S,S S,
Zs’ n04’04n01;01 n01;04n04:01

(no4,§(71)nol,s(71)> + (‘:24,5(71)604,5(71)501,5(71)621,5(71))

}204,01 = (1 - 601,04)“’04,01 s’ 8,8 5,5 8,8 » (B.10)
s’ 101,04 04,0, — oy,04M07,0,

~ ( 015(71)Co4,s(71)co4,s(71)co 5(72))

’(/)04,01 = ‘]04,01 55 8,8 ’ (B.11)

104,01 04,09

Here we can identify the Ansitze from TPSC3 by é =D, 7 =€ and 1 =C.

B.1 Reproducing results from Ref. [90] and Ref. [89]

With the explicit re-derivation along the same lines as in Ref. [90], we find that to reproduce
their Ansatz equations, we have to take the equations derived for TPSC5 and fix both €™ and P
to the non-renormalized Hund’s coupling. Furthermore, the interaction has to be constrained
to

3¢3 ~
LSS o =8ov0,0050, (Dil, — DI, +CIT Y+ CI Boy.0, + Poy.0,01.0,8050,  (B-12)

01020304 04,01 04,01 01,03~ 03,02

i.e., we need to neglect the contribution of the same spin terms to the orbital combination
503,02 501,04'

Comparing our approach to Ref. [89], The vertex differs in the charge channel as the Hund’s
coupling is neglected. Additionally, as in Ref. [90] no renormalization for the Hund’s coupling
terms is introduced. Thus again we have to constrain the interaction accordingly. In both
cases, the utilized sum rules are a subset of the ones we employ.
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C Derivation of the interaction from functional derivatives

In the following, we will derive the interaction vertices directly from the functional derivative
of the self-energy. Since TPSC3 is formally a special case of TPSC5, we will stick with the
spin dependent vertices and evaluate the special case in the end. Before starting, we note that
formally, we can rewrite the Ansétze in equilibrium utilizing SU(2)-invariance as [80]

2D, ,, ((n3n3) + (ngingh))

~NS1,54 __
01,04 — c , , , 5,5 >
(52 + n3)) (ndh) + () ) = () + () ) () + ()
. Co 0, (5 5" + (03 miy™))
01,04 — . S . . ) s >
() + (ng™)) (< )+ () ) = (15 0) + (1500 ) ((1510,) + (1501) )
( 51,51 51,51 >
Nsl _ 04017 704,01
POt ) ety — (15 0,) (S 0r)

By rewriting the Ansétze like this, we make it transparent that they are symmetric functional
of G° under the exchange of G' and G'. Thereby, we explicitly find that

5xo0 X7
5Go.// - 5GO—.// B

(C.1)

holds in the limit of zero external field, which is the limit we are ultimately interested in. This
we will use later to argue that all terms proportional to functional derivatives of the Anséatze
do cancel.

The starting point for the derivation is the definition of the self-energy in terms of the
Anséatze

/

Sy,S S S

451 4 4

o, 00 O M ' (T1571)0s, 5,

51,5 D $3,8 $1,S.
2 1 3 (71: 73) 171,173 (D 601,03 DOZ OllGoll 03 (71, 71)

F51555 93,55 251,55 51,53
+ Co1 03G01,03(71:71)551 S3_Co O3GO o (71:71)50 03 (C.2)

51,81 (51,5 $1,51 (25155
+ B G 1(71971)65153_131 LG 1(71171)55153)'

03,07 03,0 03,07 03,071

The vertex in Pauli-matrix spin space is given as

ici ]_ . 5221,53 ("L'l’ ’51)
StS) _ L
F01020304(71’ T2, 74,171) = E Z ol 3

51,54 53,52 59,83 °
51,52,53,54 5G03 02(73: 72)

Before the explicit calculation, we recapitulate that all Ansitze obey the following symmetries:
xM=xb and xbT=xM. (c4)

Furthermore, they are Hermitian (X' = X) and real. These properties further imply that
the self-energy obeys X*1*2 = %5, ;. Therefore, we have only two distinct cases defined by
different spin alignments in the denominator and numerator. First, let us focus on the case
St =8i =83, for which we have to evaluate

o 0104(”51,71) o% 0104(71>71)

5GIT, (73,72) 8GN, (73,72)

siss
F01020304(T1> T2, T4 T1) =

(C.5)
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To make the derivation more manageable, we perform it term by term, thus leaving us with
six contributions from Eq. (C.2). The first contribution reads

~sh 1 s S ~shl s B
5(DOZ,01 04 4(’51,71)) 5(DOZ’°1 v 4(71,71))
(C.6)
01,0 01,0
v 6G o;,02(73> 72) v oG o;,oz(TS: 72)
~S4/,T 54/
—_5 54,54 (771 71) 5Do4/,01 _ 5Do4/ 01 .7
01,0 5 .
- 5Gyy0,(73,73)  6Gglo,(73,75)
5Gs‘l,"5‘/‘, T1;7T
"‘S4/,T "‘84/,‘[ 04’04( 1 1)
- (Do4/,01 - D04/,01) 1 -
6Go;,02(73> 72)
— Hti _pht
- 5’51,’52571,74501:04502,03 (D03,01 DOg,Ol) : (C.8)

Here the first term in the second line vanishes due to SU(2) symmetry. Note that if we would
have spin-orbit coupling the time-reversal symmetry would not lead to a cancellation of this
contribution, in contrast to the single-band case [87]. The second contribution reads

HT> Hid
5(D‘I4T01 01, 04(71 Tl)) 6(Di4,01 0104(71’71))

5Gg3T,02(T3’ T2) 5Go;,02(73; T5)
DT Dbl
= 80105003040 01,7, 05,0, D0, +GI, (71571) 001 _ 04,01 C.9)
01,03 702,04 771,72 7 T1,T4 04 o1 5G(I£OZ(’L'3, T3) 5GZ;,02(’53, T3)
= 571,‘52571,14501,03502,0452;;1 . (C.lO)

The first terms proportional to C reads
1,85/ 7,83/ ~1,8as 7,83/
5 (oGt (mien))  6(Coy,Galnd (v130))
5GJlo,(73,72) 5Gy o, (73,75)
=-5 AT @t )

01’03602’04571’72571’T4( 01,04 01,04
=154/ 1,S4
6C, % 5C4
_ GZ‘;’:;:’(Tl; ,.51) = 01,04 _ 01,04 (C.11)
5GO;’02(73’ 72) 6G0;,02(73J 72)

= 571,725’51,’54501,03502,04 (él’T - CT’T ) 5 (C12)

01,04 01,04

the second term

-1 A1,
5 (C(IITOB’ G03/ 03/( 13 T]_)) 5 (C01,03/ G03/ 03/( 1, Tl))
Yo,
5GH, (75,7,) P56 (15,7,)
= +80,.0,00,0,0%,,5,07,7,C"

T1,T4 709,03

56N 5Ch
s Gl,l (Tl; Tl) 01,03/ _ 01,05/ (C.13)
01,04 = 03/,03/ 5G£;T,02(’53, T3) 5G<I§T,Oz("’-3’ 72)

+ 501’04

5,y 0.CMT (C.14)

71,72671,74501,04 09,03 01,033

=0

while for the terms proportional to the P Ansatz we find (for this the second term drops out
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due to the spin off-diagonal component of the Green’s function being 0)

s5pT spLT
_ 04,01 _ 04,01 ( (q,' m .
1,71)—G (’51,71))
(5G2;T02(73: 72) 5G3;T02(73: TZ) 04 n o0 (C.15)
5Giiol(71§71) GlTol( 1571) e o
B 7 ) Po;,ol = 71,72 5”1,74501,02603,041)0;,01 :
5G03,02(739 72) 5G03,02(73, 72)
Putting everything together we find
ox (Tl Tl) ox (Tl Tl)
3¢3. O O ’ O O ’
0515925504(’51>72,’51>74) = == (C.16)

GE;IOZ(TB’ 72) 6G(I;T02(73: 72)
- 571’72571"’4 (501:04502:03 (DT’l - DT’T ) + 501,036 pi

03,01 03,01 02,0477 04,01

+ 80, 0,60,.0, (clT — ¢ )+501,045 ol

01,04 01,0 02,03 701,03

+5. 5. . phl ) (C.17)

01,09 03,04 03,01
To get the vertex for TPSC3 we have to set D™ =D and €™ = N = C. Here, we have to
keep in mind that only D™ contains contributions for equal orbitals.
53533

01020,304(71’ 2715 T4) = 571,72571,74 (501,04502,031)03 o T 501,04502,03 C01,03 + 501,02 503,04P(Es(,:011)8‘)

D Particle-hole symmetric Ansitze

In the following, we will explicitly derive the particle-hole symmetrized Ansatz equation. To
this end we recapitulate the ansatz equations from TPSC5

— () 1)
01,04 01,04 (n 4) (n01> (n211,’834> (nsot’i;) ?
. (o, ngy™")
Cél’i)‘l =C, o 4 1 , (D.Z)
VR (g™t ) — (g o, ) (MGlo,)
( 51,51 81,51 >
o _ 0401 "%04,01
Poi,o4 - P01’04 51,51 51,51 (D-3)
< 0401) <n0401> - <n04,01> <n04,01>

The symmetric version of the Ansatz equations of TPSC3 is obtained by performing the sum
over s, in both the enumerator and the denominator.

To obtain a particle-hole symmetric set of Ansétze, we explicitly average the usual Ansatz
with their particle-hole transformed counterpart ¢’ — ¢ and vice versa. This results in

51,54 _ D01,O4 ( <ni)i n211>
01,04 — B B
Y20 (g (ngy) — (nos,) (o)

(1—ne) (1=m5))) )
ok

(D.4)

(1 - ni)i) (1 - nf)11> - (551,54501,04 - nf)ll’,sg4> (551,54501,04 - nf)i’,soll
251,54 C01’04 <n‘;14754n«;41,51>
Coros = — —— - - (D.5)
<n04 > <n01 > <n01,04> <n04,01>

(85,5, =m0y ) (85,5, —m00™")) )
) J

51,8 5458 B
(551,54 - n014’ 4) (531,54 - no41’ 1) - (501,04 - no‘;,o4> (501,04 - ni>14,01
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51,51 81,81
P — Pol,o4 ( <no4ol no4,ol>

01,04 5 51, 3
P2 (o) (et = (gl 0,) (0% 0,)

(D.6)

51,51 5_1,81>
04017704,01
51,51 51,81 51 S1 )
<n0401> (n0401> - <501,04 - n04,01> <601,04 - n04,01)
These modified Ansatz equations should be used whenever one studies a particle-hole sym-
metric system.

E Comparison to ED

In this appendix, we compare the results from TPSC with ED. Due to the restriction to finite-
size systems in ED, this is essentially a comparison of Hartree-Fock with ED, since the fixing
of the local double occupancies only gives minor corrections on top of Hartree-Fock. This
comparison is complementary to the analytical considerations in Sec. 3.1. There, we traced
back the breakdown of TPSC to the incorrect description of the local thermal expectation
values by Hartree-Fock. To emphasize this, we show data at two temperatures 8 = 0.5t, 2t,
see Fig. 8. Furthermore, by reducing the filling we also find better agreement with ED in the
dimer case, see Fig. 7a, while adding a kinetic inter-orbital coupling at half filling does not
improve the results, see Fig. 7b.

a)
— TPSC3
0.06 A 0.06 A
0.05 A 0.05 A
0.04 0.04
b) — TPSC3
0.25 A 0.25 4
0.175 A
0.24 1 0.24 -
~~~~~ 0.150
0.23 4 0.23 - 0.1o5
(no, 110, | ) ' (no, 111,1)
0 1 0 1 0 1
U U U

Figure 7: Comparison between TPSC and ED at 8 = 2, for different U at J = 0
at quarter filling (panel a) and with a kinetic inter-orbital coupling of unit strength
(panel b). For these comparisons we include the zeroth order self-energy correction.
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The model we study is again akin to Fig. 1 and its Hamiltonian is given by

H= Z t (cgs,cl’s/ + c{ S,CO’S/) + HIK (E.1)
(o

where we use the same Hubbard-Kanamori interaction as in the main text, see Eq. (47). As
in the main text U and J are measured in units of t, which is set to 1. We consider the weak
coupling limit in which TPSC (Hartree-Fock) should give the correct leading order behavior.
For the ED calculations, we use pyED [114] from the TRIQS framework [115]. The results for
all three methods as a function of U and J are plotted in Fig. 8. Both TPSC3 and TPSC5 show
indeed the correct leading order behavior for all TPEVs, irrespective of the ratio of U and J.
Furthermore, we observe that TPSC5 performs significantly worse when J becomes unphysi-
cally large, while TPSC3 stays much closer to the ED result. The TPEV do match well between
TPSC3 and ED throughout the whole range of examined parameters. In general, the deviation
is strongest in the pair-hopping component, in which the error monotonously increases with
J. We stress again that since we stay in the weak-coupling regime, these benchmarks have no
direct implications for applications in the strongly correlated regime.

To complement the results presented in Fig. 2, we show the same comparison of ED and the
TPSC variants at lower filling (upper panel) and with additional inter-orbital kinetic coupling
introduced in Fig. 7. The results do qualitatively agree with Fig. 2. As expected, the TPEV are
closer to ED at lower filling.
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Figure 8: Comparison between TPSC3 (blue), TPSC5 (yellow) and ED (red) for the
model defined in Eq. (E.1) at 3 = 0.5 on the top and 8 = 2 on the bottom, for
different U and J combinations. We include the zeroth order self-energy in both

TPSC variants.

30


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026

e SciPost Phys. 19, 026 (2025)

References

[1] H. Bethe, Zur Theorie der Metalle, Z. Phys. 71, 205 (1931), doi:10.1007/bf01341708.

[2] J. M. Luttinger, An exactly soluble model of a many-fermion system, J. Math. Phys. 4,
1154 (1963), doi:10.1063/1.1704046.

[3] P Hohenberg and W. Kohn, Inhomogeneous electron gas, Phys. Rev. 136, B864 (1964),
doi:10.1103/PhysRev.136.B864.

[4] W. Kohn and L. J. Sham, Self-consistent equations including exchange and correlation
effects, Phys. Rev. 140, A1133 (1965), doi:10.1103/PhysRev.140.A1133.

[5] A. W. Sandvik and J. Kurkijarvi, Quantum Monte Carlo simulation method for spin sys-
tems, Phys. Rev. B 43, 5950 (1991), doi:10.1103/PhysRevB.43.5950.

[6] W. M. C. Foulkes, L. Mitas, R. J. Needs and G. Rajagopal, Quantum Monte Carlo simu-
lations of solids, Rev. Mod. Phys. 73, 33 (2001), doi:10.1103/RevModPhys.73.33.

[7] S. Zhang and H. Krakauer, Quantum Monte Carlo method using phase-free
random walks with Slater determinants, Phys. Rev. Lett. 90, 136401 (2003),
doi:10.1103/PhysRevLett.90.136401.

[8] K. Van Houcke, E. Kozik, N. Prokof’ev and B. Svistunov, Diagrammatic Monte Carlo,
Phys. Procedia 6, 95 (2010), doi:10.1016/j.phpro.2010.09.034.

[9] J. Gubernatis, N. Kawashima and P Werner, Quantum Monte Carlo methods: Algorithms
for lattice models, Cambridge University Press, Cambridge, UK, ISBN 9781107006423
(2016).

[10] EBecca and S.Sorella, Quantum Monte Carlo approaches for correlated sys-
tems, Cambridge University Press, Cambridge, UK, ISBN 9781316417041 (2017),
doi:10.1017/9781316417041.

[11] S. R. White, Density matrix formulation for quantum renormalization groups, Phys. Rev.
Lett. 69, 2863 (1992), doi:10.1103/PhysRevLett.69.2863.

[12] U. Schollwock, The density-matrix renormalization group in the age of matrix product
states, Ann. Phys. 326, 96 (2011), doi:10.1016/j.a0p.2010.09.012.

[13] J. L. Cirac, D. Pérez-Garcia, N. Schuch and E Verstraete, Matrix product states and pro-
jected entangled pair states: Concepts, symmetries, theorems, Rev. Mod. Phys. 93, 045003
(2021), doi:10.1103/RevModPhys.93.045003.

[14] G. Rohringer, H. Hafermann, A. Toschi, A. A. Katanin, A. E. Antipov, M. 1. Katsnel-
son, A. L. Lichtenstein, A. N. Rubtsov and K. Held, Diagrammatic routes to nonlocal
correlations beyond dynamical mean field theory, Rev. Mod. Phys. 90, 025003 (2018),
doi:10.1103/RevModPhys.90.025003.

[15] W. Metzner and D. Vollhardt, Correlated lattice fermions in d = oo dimensions, Phys.
Rev. Lett. 62, 324 (1989), doi:10.1103/PhysRevLett.62.324.

[16] A. Georges, G. Kotliar, W. Krauth and M. J. Rozenberg, Dynamical mean-field theory of
strongly correlated fermion systems and the limit of infinite dimensions, Rev. Mod. Phys.
68, 13 (1996), doi:10.1103/RevModPhys.68.13.

31


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026
https://doi.org/10.1007/bf01341708
https://doi.org/10.1063/1.1704046
https://doi.org/10.1103/PhysRev.136.B864
https://doi.org/10.1103/PhysRev.140.A1133
https://doi.org/10.1103/PhysRevB.43.5950
https://doi.org/10.1103/RevModPhys.73.33
https://doi.org/10.1103/PhysRevLett.90.136401
https://doi.org/10.1016/j.phpro.2010.09.034
https://doi.org/10.1017/9781316417041
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1103/RevModPhys.93.045003
https://doi.org/10.1103/RevModPhys.90.025003
https://doi.org/10.1103/PhysRevLett.62.324
https://doi.org/10.1103/RevModPhys.68.13

e SciPost Phys. 19, 026 (2025)

[17] A. Toschi, A. A. Katanin and K. Held, Dynamical vertex approximation: A
step beyond dynamical mean-field theory, Phys. Rev. B 75, 045118 (2007),
doi:10.1103/PhysRevB.75.045118.

[18] T. Ayral and O. Parcollet, Mott physics and spin fluctuations: A unified framework, Phys.
Rev. B 92, 115109 (2015), doi:10.1103/PhysRevB.92.115109.

[19] M. Vandelli, J. Kaufmann, M. El-Nabulsi, V. Harkov, A. Lichtenstein and E. Stepanov,
Multi-band D-TRILEX approach to materials with strong electronic correlations, SciPost
Phys. 13, 036 (2022), doi:10.21468/scipostphys.13.2.036.

[20] C. Gros, Physics of projected wavefunctions, Ann. Phys. 189, 53 (1989),
doi:10.1016/0003-4916(89)90077-8.

[21] M. C. Gutzwiller, Correlation of electrons in a narrow s band, Phys. Rev. 137, A1726
(1965), doi:10.1103/PhysRev.137.A1726.

[22] N. Lanata, T.-H. Lee, Y.-X. Yao and V. Dobrosavljevi¢, Emergent Bloch excitations in Mott
matter, Phys. Rev. B 96, 195126 (2017), doi:10.1103/PhysRevB.96.195126.

[23] D. Guerci, M. Capone and M. Fabrizio, Exciton Mott transition revisited, Phys. Rev. Mater.
3, 054605 (2019), doi:10.1103/PhysRevMaterials.3.054605.

[24] D. Luo and B. K. Clark, Backflow transformations via neural networks for
quantum many-body wave functions, Phys. Rev. Lett. 122, 226401 (2019),
doi:10.1103/physrevlett.122.226401.

[25] J. Robledo Moreno, G. Carleo, A. Georges and J. Stokes, Fermionic wave functions
from neural-network constrained hidden states, Proc. Natl. Acad. Sci. 119, e2122059119
(2022), doi:10.1073/pnas.2122059119.

[26] N. E. Bickers and S. R. White, Conserving approximations for strongly fluctuating elec-
tron systems. II. Numerical results and parquet extension, Phys. Rev. B 43, 8044 (1991),
doi:10.1103/PhysRevB.43.8044.

[27] G. Esirgen and N. E. Bickers, Fluctuation-exchange theory for general lattice Hamiltoni-
ans, Phys. Rev. B 55, 2122 (1997), doi:10.1103/PhysRevB.55.2122.

[28] W. Metzner, M. Salmhofer, C. Honerkamp, V. Meden and K. Schénhammer, Functional
renormalization group approach to correlated fermion systems, Rev. Mod. Phys. 84, 299
(2012), doi:10.1103/RevModPhys.84.299.

[29] L. Hedin, New method for calculating the one-particle Green’s function with application to
the electron-gas problem, Phys. Rev. 139, A796 (1965), doi:10.1103 /PhysRev.139.A796.

[30] C. Gros and R. Valenti, Cluster expansion for the self-energy: A simple many-body method
for interpreting the photoemission spectra of correlated Fermi systems, Phys. Rev. B 48,
418 (1993), doi:10.1103/PhysRevB.48.418.

[31] D. Sénéchal, D. Perez and M. Pioro-Ladriére, Spectral weight of the Hubbard
model through cluster perturbation theory, Phys. Rev. Lett. 84, 522 (2000),
doi:10.1103/PhysRevlLett.84.522.

[32] N. E Mott, The basis of the electron theory of metals, with special reference to the transition
metals, Proc. Phys. Soc. A 62, 416 (1949), doi:10.1088/0370-1298/62/7/303.

32


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026
https://doi.org/10.1103/PhysRevB.75.045118
https://doi.org/10.1103/PhysRevB.92.115109
https://doi.org/10.21468/scipostphys.13.2.036
https://doi.org/10.1016/0003-4916(89)90077-8
https://doi.org/10.1103/PhysRev.137.A1726
https://doi.org/10.1103/PhysRevB.96.195126
https://doi.org/10.1103/PhysRevMaterials.3.054605
https://doi.org/10.1103/physrevlett.122.226401
https://doi.org/10.1073/pnas.2122059119
https://doi.org/10.1103/PhysRevB.43.8044
https://doi.org/10.1103/PhysRevB.55.2122
https://doi.org/10.1103/RevModPhys.84.299
https://doi.org/10.1103/PhysRev.139.A796
https://doi.org/10.1103/PhysRevB.48.418
https://doi.org/10.1103/PhysRevLett.84.522
https://doi.org/10.1088/0370-1298/62/7/303

e SciPost Phys. 19, 026 (2025)

[33] M. Imada, A. Fujimori and Y. Tokura, Metal-insulator transitions, Rev. Mod. Phys. 70,
1039 (1998), doi:10.1103/RevModPhys.70.1039.

[34] C. S. Hellberg and S. C. Erwin, Strongly correlated electrons on a silicon surface: Theory
of a Mott insulator, Phys. Rev. Lett. 83, 1003 (1999), doi:10.1103/physrevlett.83.1003.

[35] W.E Brinkman and T. M. Rice, Application of Gutzwiller’s variational method to the metal-
insulator transition, Phys. Rev. B 2, 4302 (1970), doi:10.1103/PhysRevB.2.4302.

[36] G. Esirgen and N. E. Bickers, Fluctuation exchange analysis of superconductiv-
ity in the standard three-band CuO, model, Phys. Rev. B 57, 5376 (1998),
doi:10.1103/PhysRevB.57.5376.

[37] C. Honerkamp and M. Salmhofer, Temperature-flow renormalization group and the com-
petition between superconductivity and ferromagnetism, Phys. Rev. B 64, 184516 (2001),
doi:10.1103/physrevb.64.184516.

[38] P W. Anderson, Twenty-five years of high-temperature superconductivity - A per-
sonal review, J. Phys.: Conf. Ser. 449, 012001 (2013), doi:10.1088/1742-
6596/449/1/012001.

[39] V. Crépel and L. Fu, New mechanism and exact theory of superconductivity from strong
repulsive interaction, Sci. Adv. 7, eabh2233 (2021), doi:10.1126/sciadv.abh2233.

[40] B. Edegger, V. N. Muthukumar and C. Gros, Gutzwiller-RVB theory of high-temperature
superconductivity: Results from renormalized mean-field theory and variational Monte
Carlo calculations, Adv. Phys. 56, 927 (2007), doi:10.1080/00018730701627707.

[41] E Krien, P Worm, P Chalupa-Gantner, A. Toschi and K. Held, Explaining the pseudogap
through damping and antidamping on the Fermi surface by imaginary spin scattering,
Commun. Phys. 5, 336 (2022), doi:10.1038/s42005-022-01117-5.

[42] W. Wu, M. Ferrero, A. Georges and E. Kozik, Controlling Feynman diagrammatic expan-
sions: Physical nature of the pseudogap in the two-dimensional Hubbard model, Phys. Rev.
B 96, 041105 (2017), doi:10.1103/PhysRevB.96.041105.

[43] M. Louis Néel, Propriétés magnétiques des ferrites ; ferrimagnétisme et antiferromag-
nétisme, Ann. Phys. 12, 137 (1948), doi:10.1051/anphys/194812030137.

[44] L. Savary and L. Balents, Quantum spin liquids: A review, Rep. Prog. Phys. 80, 016502
(2016), doi:10.1088/0034-4885/80/1/016502.

[45] C. Broholm, R. J. Cava, S. A. Kivelson, D. G. Nocera, M. R. Norman and T. Senthil,
Quantum spin liquids, Science 367, eaay0668 (2020), doi:10.1126/science.aay0668.

[46] R.Kaneko, L. E Tocchio, R. Valenti and E Becca, Charge orders in organic charge-transfer
salts, New J. Phys. 19, 103033 (2017), doi:10.1088/1367-2630/aa887b.

[47] C.-W. Chen, J. Choe and E. Morosan, Charge density waves in strongly correlated electron
systems, Rep. Prog. Phys. 79, 084505 (2016), doi:10.1088/0034-4885/79/8/084505.

[48] D. Subires, A. Korshunov, A. H. Said, L. Sdnchez, B. R. Ortiz, S. D. Wilson, A. Bosak
and S. Blanco-Canosa, Order-disorder charge density wave instability in the kagome
metal (Cs,Rb)V3Sbs, Nat. Commun. 14, 1015 (2023), d0i:10.1038/s41467-023-36668-
w [preprint doi:10.48550/arXiv.2209.13342].

33


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026
https://doi.org/10.1103/RevModPhys.70.1039
https://doi.org/10.1103/physrevlett.83.1003
https://doi.org/10.1103/PhysRevB.2.4302
https://doi.org/10.1103/PhysRevB.57.5376
https://doi.org/10.1103/physrevb.64.184516
https://doi.org/10.1088/1742-6596/449/1/012001
https://doi.org/10.1088/1742-6596/449/1/012001
https://doi.org/10.1126/sciadv.abh2233
https://doi.org/10.1080/00018730701627707
https://doi.org/10.1038/s42005-022-01117-5
https://doi.org/10.1103/PhysRevB.96.041105
https://doi.org/10.1051/anphys/194812030137
https://doi.org/10.1088/0034-4885/80/1/016502
https://doi.org/10.1126/science.aay0668
https://doi.org/10.1088/1367-2630/aa887b
https://doi.org/10.1088/0034-4885/79/8/084505
https://doi.org/10.1038/s41467-023-36668-w
https://doi.org/10.1038/s41467-023-36668-w
https://doi.org/10.48550/arXiv.2209.13342

e SciPost Phys. 19, 026 (2025)

[49] M. Qin, C.-M. Chung, H. Shi, E. Vitali, C. Hubig, U. Schollwéck, S. R. White and S.
Zhang, Absence of superconductivity in the pure two-dimensional Hubbard model, Phys.
Rev. X 10, 031016 (2020), doi:10.1103/PhysRevX.10.031016.

[50] T. Schéifer et al., Tracking the footprints of spin fluctuations: A multimethod, multimes-
senger study of the two-dimensional Hubbard model, Phys. Rev. X 11, 011058 (2021),
doi:10.1103/PhysRevX.11.011058.

[51] M. Qin, T. Schifer, S. Andergassen, P Corboz and E. Gull, The Hubbard model:
A computational perspective, Annu. Rev. Condens. Matter Phys. 13, 275 (2022),
doi:10.1146/annurev-conmatphys-090921-033948.

[52] P Werner, E. Gull, M. Troyer and A. J. Millis, Spin freezing transition and non-
Fermi-liquid self-energy in a three-orbital model, Phys. Rev. Lett. 101, 166405 (2008),
doi:10.1103/PhysRevLett.101.166405.

[53] K. Haule and G. Kotliar, Coherence-incoherence crossover in the normal state of iron
oxypnictides and importance of Hund’s rule coupling, New J. Phys. 11, 025021 (2009),
doi:10.1088/1367-2630/11/2/025021.

[54] Z. P Yin, K. Haule and G. Kotliar, Kinetic frustration and the nature of the magnetic and
paramagnetic states in iron pnictides and iron chalcogenides, Nat. Mater. 10, 932 (2011),
doi:10.1038/nmat3120.

[55] A. Georges, L. de’ Medici and J. Mravlje, Strong correlations from Hund’s coupling, Annu.
Rev. Condens. Matter Phys. 4, 137 (2013), doi:10.1146/annurev-conmatphys-020911-
125045.

[56] L. de’ Medici, Hund’s induced Fermi-liquid instabilities and enhanced quasiparticle inter-
actions, Phys. Rev. Lett. 118, 167003 (2017), doi:10.1103/PhysRevLett.118.167003.

[57] H.Ishida and A. Liebsch, Fermi-liquid, non-Fermi-liquid, and Mott phases in iron pnictides
and cuprates, Phys. Rev. B 81, 054513 (2010), doi:10.1103/PhysRevB.81.054513.

[58] J. Paglione and R. L. Greene, High-temperature superconductivity in iron-based materials,
Nat. Phys. 6, 645 (2010), doi:10.1038/nphys1759.

[59] H. Hosono, A. Yamamoto, H. Hiramatsu and Y. Ma, Recent advances in iron-
based superconductors toward applications, Mater. Today 21, 278 (2018),
doi:10.1016/j.mattod.2017.09.006.

[60] S.Backes, H. O. Jeschke and R. Valenti, Microscopic nature of correlations in multiorbital
AFe,As, (A=K, Rb, Cs): Hund’s coupling versus Coulomb repulsion, Phys. Rev. B 92,
195128 (2015), doi:10.1103/PhysRevB.92.195128.

[61] J. Mravlje, M. Aichhorn, T. Miyake, K. Haule, G. Kotliar and A. Georges, Coherence-
incoherence crossover and the mass-renormalization puzzles in Sr,RuO,, Phys. Rev. Lett.
106, 096401 (2011), doi:10.1103/PhysRevLett.106.096401.

[62] Y. Maeno, S. Yonezawa and A. Ramires, Still mystery after all these years - Un-
conventional superconductivity of SroRuO,-, J. Phys. Soc. Jpn. 93, 062001 (2024),
doi:10.7566/jpsj.93.062001.

[63] H. Wadati et al., Photoemission and DMFT study of electronic correlations in SrMoO;:
Effects of Hund’s rule coupling and possible plasmonic sideband, Phys. Rev. B 90, 205131
(2014), doi:10.1103/PhysRevB.90.205131.

34


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026
https://doi.org/10.1103/PhysRevX.10.031016
https://doi.org/10.1103/PhysRevX.11.011058
https://doi.org/10.1146/annurev-conmatphys-090921-033948
https://doi.org/10.1103/PhysRevLett.101.166405
https://doi.org/10.1088/1367-2630/11/2/025021
https://doi.org/10.1038/nmat3120
https://doi.org/10.1146/annurev-conmatphys-020911-125045
https://doi.org/10.1146/annurev-conmatphys-020911-125045
https://doi.org/10.1103/PhysRevLett.118.167003
https://doi.org/10.1103/PhysRevB.81.054513
https://doi.org/10.1038/nphys1759
https://doi.org/10.1016/j.mattod.2017.09.006
https://doi.org/10.1103/PhysRevB.92.195128
https://doi.org/10.1103/PhysRevLett.106.096401
https://doi.org/10.7566/jpsj.93.062001
https://doi.org/10.1103/PhysRevB.90.205131

e SciPost Phys. 19, 026 (2025)

[64] M. Wallerberger, A. Hausoel, P Gunacker, A. Kowalski, N. Parragh, E Goth,
K. Held and G. Sangiovanni, w2dynamics: Local one- and two-particle quanti-
ties from dynamical mean field theory, Comput. Phys. Commun. 235, 388 (2019),
doi:10.1016/j.cpc.2018.09.007.

[65] J. Fink et al., Evidence of hot and cold spots on the Fermi surface of LiFeAs, Phys. Rev. B
99, 245156 (2019), doi:10.1103/PhysRevB.99.245156.

[66] K. Zantout, S. Backes and R. Valenti, Effect of nonlocal correlations on
the electronic structure of LiFeAs, Phys. Rev. Lett. 123, 256401 (2019),
doi:10.1103/physrevlett.123.256401.

[67] S. Bhattacharyya, K. Bjérnson, K. Zantout, D. Steffensen, L. Fanfarillo, A. Kreisel, R.
Valenti, B. M. Andersen and P J. Hirschfeld, Nonlocal correlations in iron pnictides and
chalcogenides, Phys. Rev. B 102, 035109 (2020), d0i:10.1103/physrevb.102.035109.

[68] G. Kotliar, S. Y. Savrasov, G. Pilsson and G. Biroli, Cellular dynamical mean
field approach to strongly correlated systems, Phys. Rev. Lett. 87, 186401 (2001),
doi:10.1103/PhysRevLett.87.186401.

[69] H. Park, K. Haule and G. Kotliar, Cluster dynamical mean field theory of the Mott transi-
tion, Phys. Rev. Lett. 101, 186403 (2008), doi:10.1103/PhysRevLett.101.186403.

[70] A. L Lichtenstein and M. I. Katsnelson, Antiferromagnetism and d-wave superconductiv-
ity in cuprates: A cluster dynamical mean-field theory, Phys. Rev. B 62, R9283 (2000),
doi:10.1103/PhysRevB.62.R9283.

[71] M. H. Hettler, A. N. Tahvildar-Zadeh, M. Jarrell, T. Pruschke and H. R. Krishnamurthy,
Nonlocal dynamical correlations of strongly interacting electron systems, Phys. Rev. B 58,
R7475 (1998), doi:10.1103/PhysRevB.58.R7475.

[72] M. H. Hettler, M. Mukherjee, M. Jarrell and H. R. Krishnamurthy, Dynamical cluster
approximation: Nonlocal dynamics of correlated electron systems, Phys. Rev. B 61, 12739
(2000), doi:10.1103/PhysRevB.61.12739.

[73] E. A. Stepanov, V. Harkov and A. I. Lichtenstein, Consistent partial bosoniza-
tion of the extended Hubbard model, Phys. Rev. B 100, 205115 (2019),
doi:10.1103/PhysRevB.100.205115.

[74] V. Harkov, M. Vandelli, S. Brener, A. I. Lichtenstein and E. A. Stepanov, Impact of par-
tially bosonized collective fluctuations on electronic degrees of freedom, Phys. Rev. B 103,
245123 (2021), doi:10.1103/PhysRevB.103.245123.

[75] J. Kaufmann, C. Eckhardt, M. Pickem, M. Kitatani, A. Kauch and K. Held, Self-
consistent ladder dynamical vertex approximation, Phys. Rev. B 103, 035120 (2021),
doi:10.1103/physrevb.103.035120.

[76] C. Taranto, S. Andergassen, J. Bauer, K. Held, A. Katanin, W. Metzner, G. Rohringer and
A. Toschi, From infinite to two dimensions through the functional renormalization group,
Phys. Rev. Lett. 112, 196402 (2014), doi:10.1103/PhysRevLett.112.196402.

[77] T. Ayral and O. Parcollet, Mott physics and collective modes: An atomic approxi-
mation of the four-particle irreducible functional, Phys. Rev. B 94, 075159 (2016),
doi:10.1103/PhysRevB.94.075159.

35


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026
https://doi.org/10.1016/j.cpc.2018.09.007
https://doi.org/10.1103/PhysRevB.99.245156
https://doi.org/10.1103/physrevlett.123.256401
https://doi.org/10.1103/physrevb.102.035109
https://doi.org/10.1103/PhysRevLett.87.186401
https://doi.org/10.1103/PhysRevLett.101.186403
https://doi.org/10.1103/PhysRevB.62.R9283
https://doi.org/10.1103/PhysRevB.58.R7475
https://doi.org/10.1103/PhysRevB.61.12739
https://doi.org/10.1103/PhysRevB.100.205115
https://doi.org/10.1103/PhysRevB.103.245123
https://doi.org/10.1103/physrevb.103.035120
https://doi.org/10.1103/PhysRevLett.112.196402
https://doi.org/10.1103/PhysRevB.94.075159

e SciPost Phys. 19, 026 (2025)

[78] A. N. Rubtsov, M. I. Katsnelson and A. I. Lichtenstein, Dual boson approach to
collective excitations in correlated fermionic systems, Ann. Phys. 327, 1320 (2012),
doi:10.1016/j.a0p.2012.01.002.

[79] J. Kunes, Efficient treatment of two-particle vertices in dynamical mean-field theory, Phys.
Rev. B 83, 085102 (2011), doi:10.1103/PhysRevB.83.085102.

[80] Y. M. Vilk and A.-M. Tremblay, Non-perturbative many-body approach to the
Hubbard model and single-particle pseudogap, J. Phys. I 7, 1309 (1997),
doi:10.1051/jp1:1997135.

[81] A.-M. S. Tremblay, B. Kyung and D. Sénéchal, Pseudogap and high-temperature super-
conductivity from weak to strong coupling. Towards a quantitative theory (review article),
Low Temp. Phys. 32, 424 (2006), doi:10.1063/1.2199446.

[82] A.-M. S. Tremblay, Two-particle-self-consistent approach for the Hubbard model,
in Strongly correlated systems, Springer, Berlin, Heidelberg, Germany, ISBN
9783642218309 (2011), doi:10.1007/978-3-642-21831-6_13.

[83] Y. M. Vilk, L. Chen and A.-M. S. Tremblay, Theory of spin and charge fluctuations in the
Hubbard model, Phys. Rev. B 49, 13267 (1994), doi:10.1103/PhysRevB.49.13267.

[84] Y. M. Vilk, L. Chen and A.-M. Tremblay, Two-particle self-consistent theory for spin and
charge fluctuations in the Hubbard model, Phys. C: Supercond. 235, 2235 (1994),
doi:10.1016/0921-4534(94)92339-6.

[85] S. Arya, P V. Sriluckshmy, S. R. Hassan and A.-M. S. Tremblay, Antiferromagnetism in
the Hubbard model on the honeycomb lattice: A two-particle self-consistent study, Phys.
Rev. B 92, 045111 (2015), doi:10.1103/physrevb.92.045111.

[86] K. Zantout, M. Altmeyer, S. Backes and R. Valenti, Superconductivity in correlated BEDT-

TTF molecular conductors: Critical temperatures and gap symmetries, Phys. Rev. B 97,
014530 (2018), doi:10.1103/physrevb.97.014530.

[87] D. Lessnich, C. Gauvin-Ndiaye, R. Valenti and A.-M. S. Tremblay, Spin Hall conductivity
in the Kane-Mele-Hubbard model at finite temperature, Phys. Rev. B 109, 075143 (2024),
doi:10.1103/PhysRevB.109.075143.

[88] L. Del Re, Two-particle self-consistent approach for broken symmetry phases,
SciPost Phys. 18, 077 (2025), doi:10.21468/SciPostPhys.18.3.077 [preprint
doi:10.48550/arXiv.2312.16280].

[89] H. Miyahara, R. Arita and H. Ikeda, Development of a two-particle self-consistent method
for multiorbital systems and its application to unconventional superconductors, Phys. Rev.
B 87, 045113 (2013), doi:10.1103/PhysRevB.87.045113.

[90] K. Zantout, S. Backes and R. Valenti, Two-particle self-consistent method
for the multi-orbital Hubbard model, Ann. Phys. 533, 2000399 (2021),
doi:10.1002/andp.202000399.

[91] C. Gauvin-Ndiaye, J. Leblanc, S. Marin, N. Martin, D. Lessnich and A.-M. S. Tremblay,
Two-particle self-consistent approach for multiorbital models: Application to the Emery
model, Phys. Rev. B 109, 165111 (2024), doi:10.1103/PhysRevB.109.165111.

[92] O. Simard and P Werner, Nonequilibrium two-particle self-consistent approach, Phys. Rev.
B 106, 1L.241110 (2022), doi:10.1103/PhysRevB.106.1.241110.

36


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026
https://doi.org/10.1016/j.aop.2012.01.002
https://doi.org/10.1103/PhysRevB.83.085102
https://doi.org/10.1051/jp1:1997135
https://doi.org/10.1063/1.2199446
https://doi.org/10.1007/978-3-642-21831-6_13
https://doi.org/10.1103/PhysRevB.49.13267
https://doi.org/10.1016/0921-4534(94)92339-6
https://doi.org/10.1103/physrevb.92.045111
https://doi.org/10.1103/physrevb.97.014530
https://doi.org/10.1103/PhysRevB.109.075143
https://doi.org/10.21468/SciPostPhys.18.3.077
https://doi.org/10.48550/arXiv.2312.16280
https://doi.org/10.1103/PhysRevB.87.045113
https://doi.org/10.1002/andp.202000399
https://doi.org/10.1103/PhysRevB.109.165111
https://doi.org/10.1103/PhysRevB.106.L241110

e SciPost Phys. 19, 026 (2025)

[93] J. Yan and P Werner, Spin correlations in the bilayer Hubbard model with perpendicular
electric field, Phys. Rev. B 109, 155113 (2024), doi:10.1103/PhysRevB.109.155113.

[94] N. Martin, C. Gauvin-Ndiaye and A.-M. S. Tremblay, Nonlocal corrections to dynamical
mean-field theory from the two-particle self-consistent method, Phys. Rev. B 107, 075158
(2023), doi:10.1103/PhysRevB.107.075158.

[95] K. Zantout, S. Backes, A. Razpopov, D. Lessnich and R. Valenti, Improved effective vertices
in the multiorbital two-particle self-consistent method from dynamical mean-field theory,
Phys. Rev. B 107, 235101 (2023), doi:10.1103/physrevb.107.235101.

[96] O. Simard and P Werner, Dynamical mean field theory extension to the nonequi-
librium two-particle self-consistent approach, Phys. Rev. B 107, 245137 (2023),
doi:10.1103/physrevb.107.245137.

[97] J. Otsuki, Two-particle self-consistent approach to unconventional superconductivity, Phys.
Rev. B 85, 104513 (2012), doi:10.1103/PhysRevB.85.104513.

[98] Y. M. Vilk and A.-M. S. Tremblay, Destruction of Fermi-liquid quasiparticles in two dimen-
sions by critical fluctuations, Europhys. Lett. 33, 159 (1996), do0i:10.1209/epl/i1996-
00315-2.

[99] S. Allen, A. -M. S. Tremblay and Y. M. Vilk, Conserving approximations vs. two-
particle self-consistent approach, in Theoretical methods for strongly correlated electrons,
Springer, Berlin, Heidelberg, Germany, ISBN 9780387008950 (2004), doi:10.1007/0-
387-21717-7_8.

[100] S. Allen and A.-M. S. Tremblay, Nonperturbative approach to the attractive Hubbard
model, Phys. Rev. B 64, 075115 (2001), doi:10.1103/PhysRevB.64.075115.

[101] B.Kyung, J.-S. Landry and A.-M. S. Tremblay, Antiferromagnetic fluctuations and d-wave
superconductivity in electron-doped high-temperature superconductors, Phys. Rev. B 68,
174502 (2003), doi:10.1103/PhysRevB.68.174502.

[102] S. R. Hassan, B. Davoudi, B. Kyung and A.-M. S. Tremblay, Conditions for magnetically
induced singlet d-wave superconductivity on the square lattice, Phys. Rev. B 77, 094501
(2008), doi:10.1103/PhysRevB.77.094501.

[103] C. Gauvin-Ndiaye, P-A. Graham and A.-M. S. Tremblay, Disorder effects
on hot spots in electron-doped cuprates, Phys. Rev. B 105, 235133 (2022),
doi:10.1103/PhysRevB.105.235133.

[104] C. Gauvin-Ndiaye, C. Lahaie, Y. M. Vilk and A.-M. S. Tremblay, Improved two-particle
self-consistent approach for the single-band Hubbard model in two dimensions, Phys. Rev.
B 108, 075144 (2023), doi:10.1103/PhysRevB.108.075144.

[105] M. Salmhofer and C. Honerkamp, Fermionic renormalization group flows: Technique and
theory, Prog. Theor. Phys. 105, 1 (2001), doi:10.1143/ptp.105.1.

[106] C. Honerkamp, Efficient vertex parametrization for the constrained functional renormal-
ization group for effective low-energy interactions in multiband systems, Phys. Rev. B 98,
155132 (2018), doi:10.1103/PhysRevB.98.155132.

[107] A. Taheridehkordi, S. H. Curnoe and J. P E LeBlanc, Algorithmic Matsub-
ara integration for Hubbard-like models, Phys. Rev. B 99, 035120 (2019),
doi:10.1103/PhysRevB.99.035120.

37


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026
https://doi.org/10.1103/PhysRevB.109.155113
https://doi.org/10.1103/PhysRevB.107.075158
https://doi.org/10.1103/physrevb.107.235101
https://doi.org/10.1103/physrevb.107.245137
https://doi.org/10.1103/PhysRevB.85.104513
https://doi.org/10.1209/epl/i1996-00315-2
https://doi.org/10.1209/epl/i1996-00315-2
https://doi.org/10.1007/0-387-21717-7_8
https://doi.org/10.1007/0-387-21717-7_8
https://doi.org/10.1103/PhysRevB.64.075115
https://doi.org/10.1103/PhysRevB.68.174502
https://doi.org/10.1103/PhysRevB.77.094501
https://doi.org/10.1103/PhysRevB.105.235133
https://doi.org/10.1103/PhysRevB.108.075144
https://doi.org/10.1143/ptp.105.1
https://doi.org/10.1103/PhysRevB.98.155132
https://doi.org/10.1103/PhysRevB.99.035120

e SciPost Phys. 19, 026 (2025)

[108] L. Del Re and G. Rohringer, Fluctuations analysis of spin susceptibility: Néel or-
dering revisited in dynamical mean field theory, Phys. Rev. B 104, 235128 (2021),
doi:10.1103/PhysRevB.104.235128.

[109] J. Li, M. Wallerberger, N. Chikano, C.-N. Yeh, E. Gull and H. Shinaoka, Sparse sampling
approach to efficient ab initio calculations at finite temperature, Phys. Rev. B 101, 035144
(2020), doi:10.1103/PhysRevB.101.035144.

[110] H. Shinaoka, J. Otsuki, M. Ohzeki and K. Yoshimi, Compressing Green’s function using
intermediate representation between imaginary-time and real-frequency domains, Phys.
Rev. B 96, 035147 (2017), doi:10.1103 /PhysRevB.96.035147.

[111] M. Wallerberger et al., sparse-ir: Optimal compression and sparse sampling of many-body
propagators, SoftwareX 21, 101266 (2023), doi:10.1016/j.s0ftx.2022.101266.

[112] A. L. Fetter and J. D. Walecka, Quantum theory of many-particle systems, Courier Cor-
poration, North Chelmsford, USA ISBN 9780486134758 (2012).

[113] K. Zantout, The two-particle self-consistent approach and its application to real materials,
PhD thesis, Universitatsbibliothek Johann Christian Senckenberg, Frankfurt, Germany
(2020).

[114] H. Strand, Pyed: Exact diagonalization for finite quantum systems (2024), https://
github.com/HugoStrand/pyed.

[115] O. Parcollet, M. Ferrero, T. Ayral, H. Hafermann, I. Krivenko, L. Messio and
P Seth, TRIQS: A toolbox for research on interacting quantum systems, Com-
put. Phys. Commun. 196, 398 (2015), doi:10.1016/j.cpc.2015.04.023 [preprint
d0i:10.48550/arXiv.1504.01952].

38


https://scipost.org
https://scipost.org/SciPostPhys.19.1.026
https://doi.org/10.1103/PhysRevB.104.235128
https://doi.org/10.1103/PhysRevB.101.035144
https://doi.org/10.1103/PhysRevB.96.035147
https://doi.org/10.1016/j.softx.2022.101266
https://github.com/HugoStrand/pyed
https://github.com/HugoStrand/pyed
https://doi.org/10.1016/j.cpc.2015.04.023
https://doi.org/10.48550/arXiv.1504.01952

	Introduction
	Multi-orbital TPSC
	Differences to earlier approaches

	Benchmarking
	Model with pure density-density interactions
	Analysis of the model with J = U/3
	Numerical benchmarks
	Comparison to DMFT - TPEV's
	Comparison to D-TRILEX - Self-energy and susceptibilities


	Conclusions and outlook
	Kadanoff-Baym formalism
	Self-energy
	Zeroth order self-energy

	Alternative derivation starting from Hubbard-Kanamori
	Reproducing results from Ref. Zantout2021 and Ref. PhysRevB.87.045113

	Derivation of the interaction from functional derivatives
	Particle-hole symmetric Ansätze
	Comparison to ED
	References

