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Abstract

We provide a general analysis of the asymptotic behaviour of perturbative contributions
to observables in arbitrary power-law FRW cosmologies, indistinctly the Bunch-Davies
wavefunction of the universe and cosmological correlators. We consider a large class of
scalar toy models, including conformally-coupled and massless scalars in arbitrary di-
mensions, that admits a first principle definition in terms of (generalised/weighted) cos-
mological polytopes. The perturbative contributions to an observable can be expressed
as an integral of the canonical function associated to such polytopes and to site- and
edge-weighted graphs. We show how the asymptotic behaviour of these integrals is gov-
erned by a special class of nestohedra living in the graph-weight space, both at tree and
loop level. As the singularities of a cosmological process described by a graph can be
associated to its subgraphs, we provide a realisation of the nestohedra as a sequential
truncation of a top-dimensional simplex based on the underlying graph. This allows us
to determine all the possible directions – both in the infra-red and in the ultra-violet –,
where the integral can diverge as well as their degree of divergence. Both of them are
associated to the facets of the nestohedra, which are identified by overlapping tubings
of the graph: the specific tubing determines the divergent directions while the number
of overlapping tubings its degree of divergence. This combinatorial formulation makes
straightforward the application of sector decomposition for extracting the – both leading
and subleading – divergences from the integral, as the sectors in which the integration
domain can be tiled are identified by the collection of compatible facets of the nestohe-
dra, with the latter that can be determined via the graph tubings. Finally, the leading
divergence has a beautiful interpretation as a restriction of the canonical function of the
relevant polytope onto a special hyperplane.
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1 Introduction

Recent years have seen a big deal of progress in understanding the perturbative structure of
cosmological observables and, more generally, observables in a fixed and expanding back-
ground [1–4]. As cosmological observables provide the initial conditions for the classical evo-
lution leading to the patterns that we can observe in the cosmic microwave background (CMB)
and in the large scale structures (LSS) of our universe, having control over their perturbative
structure is of crucial importance for understanding how the physics of the pre-hot big bang
era affects the actual late-time observables. Furthermore, precisely as they encode the physics
of the pre-hot big bang phase – an elegant description of which is provided by inflation – a
deeper understanding of their analytic structure would provide a handle on how to extract
fundamental physics out of them.

Particular focus has been put on the Bunch-Davies wavefunction of the universe: de-
spite not being an observable in the purest sense of the word, it enjoys physical properties
such as gauge invariance, and its squared modulus provides the probability distribution of
the field configurations at the space-like boundary. Because of the Bunch-Davies condition,
no particle decay is allowed in the physical region. This implies that the perturbative wave-
function involving a set N := {1, . . . , n} of n external states cannot have singularities of the
type

∑

j∈Lσ j E j +
∑

e∈Eext
L
σe ye = 0, where E j = |p⃗ j| – which, with an abuse of language,

we will refer to as energy of the j-the external state –, L ⊂ N is a subset of the external
states, E ext

L is the set of states which are internal to N but external to L, {ye, e ∈ E ext
L } is

the set of their energies, and σ j/e = ± in such a way that not all of them are equal. As
a consequence, the perturbative wavefunction can show singularities just outside the physi-
cal region at the loci EN :=

∑n
j=1 E j = 0, i.e. the total energy for the full process N , and

EL :=
∑

j∈L E j +
∑

e∈Eext
L

ye = 0, EL being the total energy of a subprocess involving the states
in L. As the total energy conservation locus EN = 0 is approached, the wavefunction reduces
to the (high energy limit of) the flat-space scattering amplitude [5, 6], while at EL = 0 the
wavefunction factorises into a flat-space scattering amplitude associated to the subprocess L
and a certain linear combination of wavefunctions associated to N \L – see [2] and references
therein. These properties have been used to compute the wavefunction of certain tree-level
processes [7–10].
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The cosmological correlation functions are related to the wavefunction via the squared
modulus of the latter and turn out to inherit a number of properties from it, such as its very
same singularity structure, with the addition of the region of kinematic space where the real
part of the two-point wavefunction vanishes; the factorisation properties as the singularities
shared with the wavefunction are approached; and a contour integral representation at a given
order in perturbation theory [4].

Most of the explicit results have been obtained at tree-level, while the loop level compu-
tation still remains an open challenge despite some recent advances [11–13]. Even if loop
corrections can be quite smaller than the tree-level ones and, consequently, difficult to detect
observationally, the understanding of their structure is of crucial importance to test the robust-
ness of the tree-level predictions and the more general consistency of the theory itself: they
can possibly be responsible for large infra-red effects when light states are involved [14–52],
which could lead to the instability of the expanding space-time itself [14–19,21,34].

There are strong indications that these infra-red effects can be re-summed [27,36,42,47].
In particular, it has been shown that for states at equal points, the de Sitter wavefunction fac-
torises into a term containing the leading logarithms and another term describing higher en-
ergy modes, with the re-summed probability distribution associated to it satisfying the Fokker-
Planck equation [47] and agreeing with Starobinski’s stochastic inflation proposal [53,54]. A
similar conclusion has been reached via different methods, e.g. using a dynamical renormal-
isation group approach [55–60]; via open effective field theory [61]; analysing more general
correlation functions [42]; combining the wavefunction point of view with the exact renor-
malisation group [51]. It has been also argued that such a Markovian behaviour still persists
at subleading order [48]. If the resummation of the leading divergences into a solution of the
Fokker-Planck equation reached some consensus, much less known – and understood – is what
happens with the subleading ones, despite, at least in line of principle, the approaches used
in [61] and in [42] are suited for obtaining more insights. Also, most of these analyses rely
on considering strictly massless modes in a fixed de Sitter space-time. However, the following
questions, at least for our understanding, goes still unanswered: given a system of sufficiently
light states in arbitrary FRW cosmologies suffering from infra-red divergences,1 which condi-
tions the divergent terms need to satisfy in order to come from a resummed, well-behaved,
quantity? Said differently, how we can know from the very beginning that, despite a correlator
(or the associated wavefunction2) shows such divergences, they are bounded to re-sum and
hence the theory is well-behaved? Even more importantly, one can ask how perfectly infra-red
finite observables can be defined?

In this paper, we begin a program that aims to address these issues. We take a step back and
analyse the asymptotic behaviour of cosmological integrals for power-law FRW cosmologies.
These integrals are associated to weighted graphs which ca appear in the perturbative ex-
pansion of the Bunch-Davies wavefunction and of the cosmological correlators. These graphs
G := {V , E} are characterised by weights {xs, ye, s ∈ V , e ∈ E} associated to both their sites
V3 and their edges E . The site weights parametrise the space of the moduli of the momenta
of the external states; while the edges weights instead parametrise the space of the angles
among the external momenta if the related edge is in a tree substructure of G, or the loop

1We would like to stress that with infra-red divergences we refer to both those divergences associated to loop
corrections and the so-called secular effects.

2Despite the wavefunction coefficients do not usually suffer from infra-red divergences coming from loop cor-
rections, they can have divergences due to the space-time expansion – these infinite volume divergences have been
argued that they can be subtracted with a procedure similar to holographic renormalisation [52]. An alternative
subtraction procedure, based on the analysis of the divergences presented in this paper, is possible [62]. It extends
the analysis [63] for flat-space Feynman integrals to cosmological integrals.

3We will refer to the vertices of a graph as sites and reserve the word vertices to the geometrical picture in terms
of polytopes, in order to avoid a language clash.
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space if they are associated to loop edges. To these weighted graphs, it is possible to as-
sociate combinatorial structures, named cosmological polytopes [64], generalised cosmological
polytopes [65, 66], and weighted cosmological polytopes [4], that describe the Bunch-Davies
wavefunction and the correlation function for conformally coupled as well as light scalars
with polynomial interactions. In particular, each of them is univocally associated to a rational
function ΩG(x , y) associated to a given graph G, named canonical function, which constitutes
the integrand whose integration over the weight space returns the wavefunction or correlator
associated to G. These integrals then have the following general features:

❏ The measure of the site weight space, whose dimension is set by the number of sites
ns, is related to the specific cosmology – in the chosen case of a power-law cosmology,
this integration becomes a multi-dimensional Mellin transform of the integrand, with
the Mellin transform parameter being not only related to cosmology itself but also to the
states involved [2,65];

❏ The measure of the loop edge-weight space can be written in terms of the volume of a
simplex, and the integration contour is given by the requirement that it is non-negative;4

❏ The integrand ΩG(x , y) shows poles, each of which is 1− 1 correspondence with a sub-
graph g ⊆ G, and is identified by the vanishing of the linear polynomial qg(x , y).

The asymptotic structure of these integrals is controlled by the combinatorics of a special class
of nestohedra,5 whose facets encode both the directions were the integral becomes divergent
and its degree of divergence along that direction. We describe a specific realisation of these
nestohedra, that allows to predict possible divergent directions and the degree of divergence
directly from the graph and its subgraphs. Furthermore, the compatibility conditions on its
facets6 allow identifying the sectors of the integrals that contribute to a certain divergence
and allow us to apply sector decomposition to study the divergent structure along the related
direction [68–74]. This provides a general framework to consistently analyse the asymptotic
(both leading and subleading) divergences.

The paper is structure as follows. In Section 2, we set up the necessary background intro-
ducing the observables of interest – i.e. the Bunch-Davies wavefunction and the cosmological
correlators – as well as the basics of their combinatorial formulation in terms of cosmological
polytopes. Section 3 discusses the general properties of the class of cosmological integrals of
interest in terms of site- and edge-weighted graphs, with an extensive discussion of integration
measure in the edge-weight space parametrising the loop space. Section 4 contains the core
of our paper, showing that the asymptotic behaviour of our class of cosmological integrals is
encoded by nestohedra which enjoy a realisation in terms of tubings of the underlying graph.
We also discuss the extraction of the divergent behaviour using sector decomposition. Sec-
tion 5 is devoted to conclusion and outlook. Finally, Appendix A extends the discussion on the
measure for the edge-weight integration and its integration contour, providing also explicit ex-
amples, while Appendix B provides a further example of the analysis of the divergences using
the nestohedra structure and sector decomposition.

2 Observables in an expanding universe

Let us begin with discussing the generalities of the observables in an expanding universe, in
particular the wavefunction of the universe and the correlation functions, as well as their re-

4This is equivalent to the statement that loop space is Euclidean.
5The nestohedra were introduced in [67] and are polytopes that can be written as a Minkowksi sum of simplices.
6Two facets of a polytope are said to be compatible if their intersection in codimension-2 is on the polytope and

hence it constitutes a codimension-2 face of the polytope itself.
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lation. The context is the one of a large class of scalar toy models which include conformally
coupled and light states with (non-conformal) polynomial interactions in arbitrary FRW cos-
mologies.

The model Let us consider a class of flat-space toy models for scalars with a time-dependent
mass µ(η) and time-dependent polynomial couplings λk(η):

S[φ] = −
∫ 0

−∞
dη

∫

dd x

�

1
2
(∂ φ)2 −

1
2
µ2(η)φ2 −

∑

k≥3

λk(η)
k!

φk

�

. (1)

Such a model describes a general scalar in FRW cosmologies with metric

ds2 = a2(η)
�

−dη2 + d x⃗2
�

, (2)

provided that the functionsµ2(η) andλk(η) are taken to have the following expression [64,65]

µ2(η) = m2a2(η) + 2d
�

ξ−
d − 1
4d

�

�

∂η

�

ȧ
a

�

+
d − 1

2

�

ȧ
a

�2
�

,

λk(η) = λk [a(η)]
2+ (d−1)(2−k)

2 ,

(3)

where “˙” indicates the derivative with respect to the conformal time η, m and λk on the right-
hand-sides are constants, ξ is a parameter which can acquire two values, ξ = 0, (d − 1)/4d,
respectively the minimal and conformal coupling. We will consider the case for which
µ2(η) = µ2

γ/η
2, which corresponds to having massless states (m = 0) in a FRW cosmol-

ogy with warp factor a(η) = (−ℓγ/η)γ, or states with an arbitrary mass in dS (γ = 1).
In the first case, µ2

γ = 2dγ[ξ − (d − 1)/4d][1 + (d − 1)γ/2], while in the second one

µ2
1 = m2ℓ2

1 + d(1+ d)(ξ+ (d − 1)/4d. The mode function φ(ν)◦ for such states satisfying the
Bunch-Davies condition in the infinite past, is given in terms of the Hankel functions

φ(ν)◦ (−Eη) =
p

−EηH (2)
ν (−Eη) , ν =

√

√1
4
−µ2

γ , (4)

where the order parameter ν of the Hankel function is related to the parameter µ2
γ. For con-

formally coupled scalars, ξ = (d − 1)/4d and the order parameter ν can take the values
ν = 1/2 for m2 = 0 and arbitrary γ. For minimally coupled scalars, ξ = 0 and ν becomes
ν= 1/2+ (d − 1)γ/2 for massless states and arbitrary γ, while ν=

q

d2/4−m2ℓ2
1.

In our discussion we will be mainly concerned with states identified by ν = l + 1/2 with
l ∈ Z+ ∪ {0}, or, which is the same, by µ2

γ = −l(l + 1). The mode function of such states with
arbitrary l is related to the plane wave, corresponding to l = 0 (and, hence, µγ = 0) via a
differential operator [65]:

φ(ν)◦ (−Eη) =
1

(−Eη)l
Ôl(E) e

iEη , Ôl(E) :=
l
∏

r=1

�

(2r − 1)− E
∂

∂ E

�

. (5)

This allows to derive processes involving these states from massless scalars with time-
dependent couplings in flat-space [65].

The Bunch-Davies wavefunction The Bunch-Davies wavefunction of the universe for this
class of toy models is then given by

Ψ[Φ] = N

φ(0)=Φ
∫

φ(−∞)=0

Dφ eiS(ϵ)[φ] , (6)
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where S(ε)[φ] is the action (1) suitably regularised, Φ is the boundary state at future infinity.
The regularisation of the action is needed as it contains phases which become infinitely oscil-
lating at early times, as well as it can diverge for sufficiently light states as future infinity is
approached.7 Splitting the field φ into its classical part and a quantum fluctuation

φ(p⃗,η) := Φ(p⃗)φ(ν)◦ +ϕ , (7)

with the classical part satisfying the Bunch-Davies condition and the mode function φ(ν)◦ being
normalised to 1, while the quantum fluctuation having to vanish at both early (η= −∞) and
late (η= 0) times, the wavefunction of the universe acquires the form

Ψ[Φ] = eiS(ϵ)2 [Φ]N

ϕ(0)=0
∫

ϕ(−∞)=0

Dϕ eiS(ϵ)2 [ϕ]+iS(ϵ)int [Φ,ϕ]

= eiS(ϵ)2 [Φ]

(

1+
∑

n≥1

∫ n
∏

j=1

�

dd p j

(2π)d
Φ[p⃗ j]

�

∑

L≥0

ψ̃(L)n (p⃗1, . . . , p⃗n; ϵ)

)

,

(8)

where S(ϵ)2 is the (regularised) free action, S(ϵ)
int

is the (regularised) interaction action, while
the second line has been obtained by expanding the first one in perturbation theory, and
ψ̃(L)n (p⃗1, . . . , p⃗n; ϵ) is the contribution from Feynman graphs with n-external states and at L-
loops, whose connected part is commonly called wavefunction coefficients. The connected Feyn-
man graphs for such wavefunction coefficients are such that the sites8 are associated to the
time-dependent couplings λk(η), the external lines to bulk-to-boundary propagators φ◦, i.e.
the mode functions (4) and the internal lines to bulk-to-bulk propagators:

ψ̃(L)n

�

�

connected
=

∑

G⊂G(L)n

ψ̃G , ψ̃G =

0
∫

−∞

∏

s∈V

�

dηs Vsφ
(s)
◦

�

∏

e∈E
Ge

�

ye; ηse
,ηs′e

�

, (9)

where G(L)n is the set of graphs with n external states and L loops, G is an element of G(L)n , V
and E be respectively the set of sites and internal edges of ψ̃G , Vs is the interaction associated
with the site s which, in the present context, is given by Vs = iλks

(ηs), φ(s)◦ is the product of

the bulk-to-boundary propagators at the site s, and finally Ge

�

ye; ηse
,ηs′e

�

is the bulk-to-bulk
propagator associated to the internal edge e with energy ye:

Ge

�

ye; ηse
,ηs′e

�

=
1

2Re
�

ψ(ϵ)2 (ye)
	

�

φ◦(ηse
)φ◦(ηs′e

)ϑ(ηse
−ηs′e

)

+ φ◦(ηse
)φ◦(ηs′e

)ϑ(ηs′e
−ηse

)−φ◦(ηse
)φ◦(ηs′e

)
�

,

(10)

where ψ(ϵ)2 is the free two-point wavefunction. suitably regularised. The propagator Ge shows
three terms, the first two being the retarded and advanced solutions, while the last one is
required by the condition that the fluctuations vanish at the boundary.

7In the literature, the early time divergence is usually taken care of by deforming the contour of the time
integration, −∞ −→ −∞(1 − iε). The one at future infinity is instead taken care via a hard cut off η◦ which
is then sent to zero at the end of the computation. In the present paper, we take a different route, as the former
prescription violates unitarity and the latter can introduce spurious logarithmic divergences. In the first case, we
use a deformation in energy space, E −→ E − iεE , for each energy involved in the process [75]. In the latter
instead, the divergences are regularised via analytic regularisation.

8In order to avoid a language clash with the upcoming discussion involving polytopes, we use site for indicating
the vertex of a graph, and reserve the word vertex for the polytopes.
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Cosmological correlators The Bunch-Davies wavefunction described above provides the
probability distribution of the field configuration Φ at the boundary via its modulus
squared |Ψ[Φ]|2. Such distribution allows computing the correlation function of any op-
erator ÒO[Φ] of such fields. In particular cosmological correlators are defined by taking
ÒO[Φ] = Φ(p⃗1) · · ·Φ(p⃗n):

〈
n
∏

j=1

Φ(p⃗ j)〉 = Nc

∫

DΦ |Ψ[Φ]|2
n
∏

j=1

Φ(p⃗ j) , N−1
c =

∫

DΦ |Ψ[Φ]|2 . (11)

The perturbative expansion (8) of the Bunch-Davies wavefunction allows and its diagrammatic
rules (9), together with (11), allow extracting diagrammatic rules for the correlation functions
in terms of wavefunction graphs [2,4]. First, a n-point cosmological correlator at L-loops can
be written as

〈
n
∏

j=1

Φ(p⃗ j)〉 =
n
∏

j=1

1

2Re
�

ψ(ϵ)2 (E j)
	

∑

G⊂G(L)n

eCG , (12)

where G(L)n is the set of graphs at L-loops with n external states, and CG is computed by sum-
ming (twice the real part of) the wavefunction coefficient ψ̃G associated to the graph G with
the contribution coming from all the possible ways of the edges and replacing them with the
inverse of the real part of two-point wavefunction ψ(ϵ)2 . The edge deletion operation and re-

placement by ψ(ϵ)2 , can be graphically represented as a dash on the relevant edge :
then a cosmological correlator can be obtained by summing over all the possible graph topolo-
gies with a fixed number of external states n and at a given loop order L as well as over all the
possible ways of dashing the edges of each of these graphs. The function eCG , which we will
refer to simply as correlator, can then be written in terms of wavefunction graphs as

eCG =
ne
∑

j=0

∑

{G j}

ψG j
, (13)

where G j is the graph G with j edges deleted,9 {G j}is the set whose elements are given by
all the possible ways of deleting j edges from G, and ψG j

are the wavefunction coefficients
associated to G j – as G j can be either connected or disconnected, ψG j

can represent either
contributions coming from connected and disconnected graphs.

Note that CG has the same singularity structure as ψG with the additional singularities
when the energies of the internal state vanish.

The universal integrands Let us now consider the general expression (9) for the contribu-
tion to the wavefunction associated to a graph G

ψ̃(L)n =
∑

G⊂G(L)n

ψ̃G , ψ̃G =

0
∫

−∞

∏

s∈V

�

dηs Vsφ
(s)
◦

�

∏

e∈E
Ge

�

ye; ηse
,ηs′e

�

, (14)

where now the mode functions are considered as appropriately normalised. Using the relation
(5) between the states with order parameter ν = l + 1/2 and the conformally coupled one
(l = 0) and rescaling the bulk-to-bulk propagator via

G
�

ye; ηse
, ηs′e

�

−→
�

−yeηse

�−le
�

−yeηs′e

�−le
G
�

ye; ηse
, ηs′e

�

, (15)

9Hence G0 = G and Gne
is the disconnected graph given by the union of all the sites of G.
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the wavefunction ψ̃(L)n can be written as [65]

ψ̃(L)n =
n
∏

j=1

�

1

E l
j

Ôl(E j)

�

∏

e∈E

�

1

y2le
e

�

ψ̃
{le}
G , (16)

with

ψ̃
{le}
G =

0
∫

−∞

∏

s∈V

�

dηs
λk(ηs)
(−ηs)ρs

eiXsηs

∏

e∈E
G
�

ye; ηse
, ηs′e

�

�

, (17)

where the apex {le} indicates that each edge e has a state with order parameter le associate to
it, Xs is the sum of the external energies at the site s, ρs is a function of the order parameters
of both external and internal states at the site s

Xs :=
ks
∑

j=1

E j , ρs :=
ks
∑

j=1

l j +
∑

e∈Es

le , (18)

where ks is the number of external states at the site s, Es ⊂ E the subset of edges incidents at
the site s, while l j and le are the integer order parameters associate to the j-th external state
and to the edge e respectively.

The time-dependent function λks
(ηs)/(−ηs)ρs can be conveniently written in the following

integral representation
λk(ηs)
(−ηs)ρs

=

∫ +∞

−∞
dzs eizsηs f (zs) . (19)

The time-dependent coupling constant is given by

λk(ηs) = λk [a(ηs)]
γ
�

2− (k−2)(d−1)
2

�

, (20)

and for cosmologies described via the warp factor a(η) =
�

−ℓγ/η
�γ

, (19) becomes

λk(ηs)
(−ηs)ρs

= iβks ,l (iλk)ℓ
γ
�

2− (k−2)(d−1)
2

�

γ

∫ +∞

−∞
dzs eizsηs z

βks ,l−1
s ϑ(zs) , (21)

where βks ,l := ρs+γ[2−(k−2)(d−1)/2]. Hence, the wavefunction coefficient ψ̃{le}G associated
to a graph G can be written as

ψ̃
{le}
G =

+∞
∫

−∞

∏

s∈V
[d xs f (xs − Xs)]ψ

{le}
G ,

ψ
{le}
G := (iλk)

ns

0
∫

−∞

∏

s∈V

�

dηs ei xsηs
�

∏

e∈E
G
�

ye; ηse
,ηs′e

�

,

(22)

where ns is the number of sites of the graph. This representation allows encoding the details
of the specific cosmology into the measure of integration f (xs − Xs) and single out the in-
formation which is common to all cosmologies and encoded into ψ{le}G , which we refer to as
wavefunction universal integrand. Such an integrand turns out to satisfy a recursion relation
involving wavefunctions with lower deformation parameters for the internal states [65]

ψ
{le}
G =

∑

e,ē∈E
ē ̸=e

Ôeψ
le − 1, {lē}
G , Ôe :=

2(le − 1)
∑

s∈V
xs

�

∂

∂ xse

+
∂

∂ xs′e

�

−
∂ 2

∂ xse
∂ xs′e

. (23)
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η

η = 0

η = −∞

−→p 1
−→p 2

−→p 3
−→p 4

−→p 5

x1 x3x2

y12 y23

x1 x3x2

y12 y23

Figure 1: On the left: Example of a Feynman graph. The upper horizonal line repre-
sents the space-like boundary at η = 0, while the lines getting to it from the sites of
the graph represent the external states. The edges connecting the sites are the prop-
agation of internal states. On the right: Example of reduced graph. It is obtained by
the previous Feynman graph by suppressing the external states and assigning both
site and edge weights to the graphs, which parametrise the kinematic space associ-
ated to it [79].

Iterating it, the recursion relation (23) has the wavefunction universal integrands for confor-
mally coupled states as an endpoint, which has a combinatorial description in terms of cosmo-
logical polytopes [64] and can be computed via a large class of representations [64, 76]. For
{le = 1, ∀ e ∈ E}, the wavefunction universal integrand also enjoys a combinatorial description
in terms of a generalisation of the cosmological polytopes [65,66].

Note that ψ{le}G (xs, ye) is a function of {xs, s ∈ V} and {ye | e ∈ E}, which parametrise the
kinematic space as well as the loop space in case of graphs with loops. It is then possible to
associate a weighted reduced graph toψ{le}G (xs, ye) by simply suppressing the lines representing
the external states and attaching a weight xs to each site s ∈ V and the pair (ye, le) to each edge
e ∈ E . For any value of the set of integer parameters {le, e ∈ E}, the recursion relation (23)
has its seed for le = 0, which corresponds to the case extensively studied in [64, 75–79]: as
the singularity structure ofψ{0}G is determined by the total energies associated to the subgraphs
{g ⊆ G} [64], the recursion relation (23) makesψ{le}G inherit the very same singularity structure,
differing just by the order of the poles. Explicitly, the singularities of the universal integrand
ψ
{le}
G are located at the loci {Eg = 0, g ⊆ G}, where

Eg :=
∑

s∈Vg

xs +
∑

e∈Eext
g

ye , (24)

with Vg and E ext
g being respectively the set of sites in the subgraph g and the set of edges

departing from it.
As a cosmological correlator can be written in terms of wavefunction coefficients, their

integral representation of the latter in terms of a universal wavefunction integrand allows for
a similar representation for the former [4].

Finally, let us observe that as the integrand depends just on the variables {xs, s ∈ V} and
{ye, e ∈ E} associated to sites and edge of the graph, and it is completely agnostic to the num-
ber of external states, it is possible to consider a reduced graph associated to both integrand and
integral, obtained from the original graph by suppressing the lines associated to the external
states – see Figure 1. From now on, we will refer to reduced graphs simply as graphs.

Integrands from combinatorics All the above field theoretical analysis can be bypassed if
we consider a combinatorial first principle formulation for cosmological observables, which
is given by (generalised) cosmological polytopes for the Bunch-Davies wavefunction [64,65],
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or by the weighted cosmological polytopes for cosmological correlators [4]. Here we review
the salient features of these constructions, with focus on those which are useful in the current
work. For a more extensive discussion, see the original literature or the review [2].

In a nutshell, let us consider a graph G endowed with its sets of site- and edge- weights,
{xs, s ∈ V} and {ye, e ∈ E} respectively. It is possible to associate a linear polynomial qg(Y) to
each subgraph g ⊆ G defined as the sum over the weights associated to the sites in g and the
weights of the edges departing from it. Let us consider both the site and edge weights as the
local coordinates in projective space Pns+ne−1, so that a generic point in it can be written as
Y := (x , y), x and y being a shorthand notation for x := (x1, . . . , xns

) and y := (ye1
, . . . , yene

)
and ns, ne being the number of sites and edges respectively. The polynomials







qg(Y) =
∑

s∈Vg

xs +
∑

e∈Eext
g

ye, g ⊆ G







,

can be written as qg(Y) = Y IW (g)
I where W (g) is a vector in the dual space of Pns+ne−1, which is

still indicated as Pns+ne−1 – we will refer to it as a co-vector. Then the inequalities {qg(Y)≥ 0}
define a cosmological polytope PG , with the co-vector W (g) identifying a hyperplane that inter-
sect the cosmological polytope along its boundary only, containing a facet (i.e. a codimension-
1 face) PG ∩W (g). This means that a vertex Z I of PG on PG ∩W (g) satisfies the condition
Z IW (g) = 0. Given a cosmological polytope PG ⊂ Pns+ne−1 there is a unique rational function
Ω
�

Y ,PG
�

– up to an overall constant –, named canonical function associated to it, such that:
i) its only singularities are simple poles along the boundaries of PG; ii) its residue of a given
pole is a canonical function of a codimension-1 polytope associated to the boundary identified
by the pole; iii) all its highest codimension singularities have the same normalisation, up to a
sign. It turns out that the canonical functionΩ

�

Y ,PG
�

is the wavefunction universal integrand
associated to the graph G:

Ω
�

Y ,PG
�

= ψG(x , y) . (25)

Then the boundaries of PG are associated to the residues of ψG(x , y). As the boundaries of
PG are identified by the co-vectors {W (g), g ⊆ G}, the canonical function Ω

�

Y ,PG
�

can be
generically written as

Ω
�

Y ,PG
�

=
nδ(Y)

∏

g⊆G
qg(Y)

, (26)

where nδ(Y) is a homogeneous polynomial in Y of degree δ. From a geometrical perspective,
it provides the locus of the intersection of the hyperplanes {W (g), g ⊆ G} outside of PG [76,
79]. Said differently, it is determined by the set of vanishing multiple residues of (26), which
determine the compatibility condition from the facets (i.e. which intersection among the facets
form a higher codimension face), and, from a physics perspective, they determine Steinmann-
like relations [76,79].

There is a generalisation of this construction – the generalised cosmological polytopes –
which has a rational function associated to it with multiple poles [65,66]: this rational function
has still the form (25) but with multiple poles, and its singularities are still associated to
subgraphs.

A further generalisation – the weighted cosmological polytope P (w)

G – has additional bound-
aries, with the special feature that both the half-planes identifies by the polynomial associ-
ated to it, qge

(Y) intersect the geometry [4]. This type of boundary is named internal bound-
ary [4, 80]. In the system of local coordinates associated to the weights of the graph, the
internal boundaries are given by {qge

(Y) := Y I
fW (ge) = ye, e ∈ E}. The canonical function
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associated to a weighted cosmological polytope P (w)

G provides the universal integrand for the
cosmological correlator associated to the graph G:

Ω
�

Y , P (w)

G
�

= CG(x , y) . (27)

We will not go into any further details for any of these constructions. The take-home message
is that there are first principle combinatorial formulations to which a rational function is as-
sociated to, and such a rational function is related to the field theoretical universal integrand.
So we take this combinatorial picture as the definition for the integrands of the integrals we
are interested in.

3 The general structure of cosmological integrals

A general graph G contributing to the perturbative observables has associated an integral,
whose general form – irrespectively of the topology of G – is given by

IG[α, β; X ] =
∫

R⋉s+

∏

s∈V

�

d xs

xs
xαs

s

�

∫

Γ

∏

e∈E (L)

�

d ye

ye
yβe

e

�

µd(ye;X )
nδ(z, X )

∏

g⊆G

�

qg(z, X )
�τg

, (28)

where z := (x , y) is a vector whose entries are given by the integration variables x := (xs)s∈V
and y := (ye)e∈E (L); X indicates the set of rotational invariants parametrising the kinematic
space; E (L) ⊆ E is the subset of the edges of the graph G associated to loops,10 the integrations
over {ye | e ∈ E (L)} parametrise the loop integration in terms of, at most, n(L)e := dim{E (L)} edge
weights, µd(ye) is the measure of integration which turns out to be always positive within the
domain of integration Γ and zero at its boundaries; the set of parameters,

�

σ := (α, β) ∈ Rn
�

�α := (αs)s∈V ; β := (βe)e∈E (L) , n := ns + n(L)e

	

,

depends on the cosmology as well as on the states at the site s j (forα) and on those propagating
along the loop edges (for β); qg(z, X ) is a linear polynomial associate to the subgraph G

qg(z, X ) =
∑

s∈Vg

xs +
∑

e∈Eext
g, L

ye +Xg , Xg :=
∑

s∈Vg

Xs +
∑

e∈Eext
g, 0

ye , (29)

τg is generally an integer number associated to the subgraph g whose value depends on the
states propagating along the edges; nδ(z; X ) is a polynomial of degree δ < τ :=

∑

g⊆G τg –

i.e. the integrand vanishes as z−(τ−δ) as z −→ +∞ – which is fixed by compatibility conditions
among the subgraphs g [76].

Importantly, both the site weights {xs | s ∈ V} and the edge weights {ye | e ∈ E (L)}, are al-
ways positive along the integration contour. Also, the rotational invariants are always positive
in the physical region. This implies that each linear polynomial qg can vanish just outside
the physical region: the integration contour never intersects the codimension-1 hyperplane,
where a given qg vanishes for arbitrary values of the kinematic data {Xg, g ⊆ G}. Hence, the
integral IG can diverge as the integration variables become small or large as long as the exter-
nal kinematics takes values in the physical region. Upon analytic continuation of the external
kinematics in such a way that some of the Xg’s can acquire negative values, the integration
contour Rns

+ ∪Γ can cross the hyperplanes identified by {qg(z, X ) = 0, g ⊆ G} and novel singu-
lar sheets arise. If one or more of the external data σ vanish, then there are singular regions

10Said differently, there is no integration over the edge weights associate to purely tree subgraph. Such edge
weights instead parametrise the angles among external states.
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which intersect the contour of integration in its boundary, worsening the infrared behaviour of
our integrals. Such regions are the equivalent of the hard collinear regions which characterise
scattering processes in flat-space – see [81] and references therein.

As a final comment, we consider the integrand as being the canonical function of a cer-
tain cosmological polytope, as described in the previous section. Then, natural regularisa-
tion parameters for the integral (28) are given by suitably analytic continuing the parameters
(α, β , τ) in the spirit of analytic regularisation [82].11

In the next sections, we will be concerned with the study of the infra-red/ultraviolet be-
haviour of the class of integrals (28), which need to be regularised. Such a regularisation is
implemented by analytically continuing the parameter vector σ as well as {τg, g ⊆ G} to ar-
bitrary complex values [82] as well as consider the suitable iε-prescription – for an extended
discussion, see [75]. The infrared regions for physical kinematics are obtained for large xs ’s
and/or small ye ’s – importantly, as we will see later on, at most L edge variables, associated
to different loops, can be taken to be simultaneously small.

Before digging into the infra-red/ultraviolet behaviour of (28), there is one more ingre-
dient that deserves a bit of discussion: the loop integration measure µd(y, X ) and the loop
integration contour Γ . They turn out to have a beautiful geometrical interpretation.

3.1 The geometry of the loop measure

A cosmological integral of the form (28) is the Mellin transform12 over the site weights and
the integral over the space of loop edge weights of a rational function which is the canon-
ical function of a cosmological polytope [64], generalised cosmological polytope [66] or a
weighted cosmological polytope [4], with the numerator nδ(z, X ) being the adjoint surface of
the relevant geometry, and the denominators {qg(z, X ), g ⊆ G} identify their boundaries and
are associated to the subgraphs {g, g ⊆ G}. It turns out that the loop measure µd(ye, X ) and
the loop contour of integration have an interesting geometrical interpretation.

The measure at 1-loop Let us begin with considering G to be a one-loop graph. For d ≥ n(1)e ,
the standard measure dd l in loop space can be then written in terms of l⃗2 as well as n(1)e −1 scalar
products (l⃗ · q⃗ j), where the vectors q⃗ j ’s are a basis in the space spanned by the n(1)e −1 linearly
independent momenta at each site of the graph. The Jacobian of this change of variable is
given in terms of a Gram-determinant in momentum space

dd l = dVd−n(1)e

∏

e∈E (1)

�

d y2
e

�

�

G(q⃗1, . . . , q⃗n(1)e −1)
�− 1

2





G(l⃗, q⃗1, . . . , q⃗n(1)e −1)

G(q⃗1, . . . , q⃗n(1)e −1)





d−n(1)e −1
2

, (30)

where dVd−n(1)e
is the volume form for a (d − n(1)e )-dimensional sphere, and G(v⃗1, . . . , v⃗n) is

the Gram determinant whose (i, j)-entry is given by v⃗i · v⃗ j . The contour integration Γ can be
expressed as a positivity condition on the Gram determinants

Γ =
G(l⃗, q⃗1, . . . q⃗n(1)e −1)

G(q⃗1, . . . , q⃗n(1)e −1)
≥ 0 . (31)

11Indeed this come from the introduction of a regularisation scale. We will be sloppy with it, as we will just focus
on the analysis itself of the asymptotic behaviour of the cosmological integrals.

12Let us stress that the appearance of an ns-dimensional Mellin transform is just a consequence of the choice of
focusing on power-law cosmologies – the measure of integration is related to the choice of cosmologies.
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As a basis for the space spanned by the external momenta at the sites of G, let us take
(

q⃗ j = P⃗2... j+1 :=
j+1
∑

k=2

p⃗k, j = 1, . . . , n(1)e − 1

)

. (32)

Interestingly, the integration variables in IG parametrise precisely the scalar products among
the loop momentum and the external ones, and allow writing each Gram determinant in terms
of a Cayley-Menger determinant

G
�

l⃗, q⃗1, . . . q⃗n(1)e −1

�

= (−1)n
(1)
e +1CM

�

y2
i,i+1, P2

2... j+1

�

, (33)

where,

CM
�

y2
i,i+1, P2

2, j+1

�

=

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

0 1 1 1 . . . 1 . . . 1
1 0 y2

12
y2

23
. . . y2

i, i + 1
. . . y2

n(1)e , 1

1 y2
12

0 P2
2

. . . P2
2 . . . i

. . . P2
2 . . . n(1)e

1 y2
23

P2
2

0 . . . P2
3 . . . i

. . . P2
3 . . . n(1)e

...
...

...
... . . .

... . . .
...

1 y2
n(L)e , 1

P2
2 . . . n(1)e

P2
3 . . . n(1)e

. . . P2
i + 1 . . . n(1)e

. . . 0

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

, (34)

with Ps j
= Xs j

if there is just one external state at the site s j . The Gram determinant is given by

G(q⃗1, . . . , q⃗n(1)e −1) = (−1)n
(1)
e CM(2,2), where the index indicates the (2,2)-minor of the Cayley-

Menger determinant (34). The condition (31) is just the statement that the space is Euclidean.
From the perspective of the Cayley-Menger determinant, the Euclidean space condition is re-
flected into the matrix (34) being a matrix with non-negative entries which can be associated
to Euclidean distances. The determinant (34) is therefore proportional to the squared volume
of a ne-dimensional simplexΣn(1)e

whose squared side lengths are given by the non-zero entries,
with the condition that the squared volume is positive [83]

(−1)n
(1)
e +1CM

�

y2
i, i + 1

, P2
2 . . . j + 1

�

=
�

n(1)e !
�2

Vol2
¦

Σn(1)e

©

≥ 0 . (35)

Another way of stating that the space is Euclidean, is that the distance matrix D, defined as
D :=

¦

Di j , i, j = 1, j = 1, . . . , ne + 1
�

�Di j :=
Ç

CM(1, 1)
i j ≥ 0

©

, is embeddable in Euclidean space.
Let Ik and Jk be a set of n(1)e − k rows and a set of n(1)e − k columns of CM in (34), then a
necessary and sufficient condition for the associated matrix D to be embeddable in Euclidean
space is that for all sets Ik and Jk and for all k = 1, . . . , n(L)e then

(−1)k+1CM(Ik ,Jk) ≥ 0 . (36)

CM(Ik ,Jk) is the minor of CM obtained from the latter erasing the rows in Ik and the columns
in Jk [83]. Recalling that G(q⃗1, . . . q⃗n(1)e

) = (−1)n
(1)
e CM(2,2), then the embeddability of D in

Euclidean space guarantees (31). Said differently, the integration region is given by the non-
negativity condition on the volume of a ne-simplex with side lengths given by the non-zero
entries of the distance matrix D.

The boundary of the integration region is given by the vanishing of the Cayley-Menger
determinant, i.e. by the condition that the volume of Σne

vanishes. This implies that the

vertices of Σn(1)e
lie in a proper affine subspace of Rn(1)e [83]. The Cayley-Menger determinant

is in general an irreducible multivariate polynomial, except for n(1)e = 2 [84]. The integral (28)
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can then be rewritten as

IG = cd,n(1)e

∫

Rns∪Σ
n(1)e

�

dz
z

�





Vol2{Σn(1)e
(y, P2. . . j)}

Vol2{Σn(1)e −1(P2. . . j))}





d−n(1)e −1
2

nδ(z, X )
∏

g⊆G

�

qg(z, X )
�τg

, (37)

where the overall factor cd,n(1)e
is a function of the external data P2

2. . . j
ant its explicit expression

is given by

cd,n(1)e
= cd,n(1)e

�

P2
2. . . j

�

:= 2n(1)e
�

n(1)e

�d−n(1)e −2 �
n(1)e !

� π
d−n(1)e

2

Γ
�

d−n(1)e +1
2

�
Vol

¦

Σn(1)e −1(P2 . . . j)
©−1

. (38)

A comment is now in order. The loop-space measure µd(ye) is a function of the edge weights,
depends on the graph G. However, irrespectively of the graph, they are encoding information
on the same loop space dd l. How are they connected to each other? Indeed, given a one-loop
graph G, we can parametrise the loop space introducing additional edge variables which could
be associated to a larger polygon. Nevertheless, the integrand would not depend on them.
Hence, if µd(ye, p; ns) is the integration measure directly associated to G13 and µd(yẽ, p̃; ñs)
is the one associate to a polygon G̃ with ñs > ns sites, with yẽ being the weights of the edges
Ẽ (1) in G̃, then the two are related via

µd(ye, p; ns) =

∫

Γ̃=0

∏

ẽ∈E (1)\Ẽ (1)

�

d y2
ẽ

�

µd(yẽ, p̃; ñs) , (39)

where the integral is performed along the boundaries Γ̃ = 0 of the integration contour Γ̃
associated to the parametrisation of the loop space via {yẽ | ẽ ∈ Ẽ (1)}. From a geometrical point
of view, the left-hand-side of (39) is related to the volume of an n(1)e -dimensional simplex Σn(1)e

,
while the integrand in the right-hand-side is related to the volume of an ñ(1)e -dimensional one
Σñ(1)e

. The integration projects ñ(1)e − n(1)e vertices of Σñ(1)e
on an affine subspace spanned by the

vertices of Σn(1)e
.

The measure at L-loops Let us now move to the measure for the multi-loop integrals. Pro-
ceeding as before, for each loop momentum {ll | l = 1, . . . L} we can write:

dd ll = dVd−nel
−L+l

∏

e∈E (L)l

�

d y2
e

�

�

CM(Q2
i . . . j
)
�− 1

2

�

CM
�

y2
e ,Q2

2. . . j

��

d−ns−1−L+l
2

�

CM(Q2
i . . . j)

�

d−nsl −L+l

2

, (40)

where the Q’s appearing in the Cayley-Menger determinants refer to the moduli of the mo-
menta external to the l-th loop, i.e. some of them can be related to actual external momenta,
Q2 . . . j = P2 . . . j, while others can depend on the edge weights associated with other loops (or,
which is the same, on momenta running in the other loops). Thus, a L-loop integral IG asso-
ciated to a graph G acquires the form

IG =
L
∏

l=1







π
d−nsl −L+l

2

Γ
�

d−nsl
−L+l

2

�

∫

Γl

∏

el∈E
(1)
l

[d y2
el
]

�

CM
�

y2
el

,Q2
i. . . j

�

y̸el

�

��

d−nsl −1−L+l

2

�

CM
�

Q2
i . . . j

�

y̸el

���

d−nsl −L+l

2







nδ(ye)
∏

g⊆G
qg(ye)

, (41)

13Said differently, the measure µd(ye, p; ns) is just a function of the edge weights of G.
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where y̸el
is associated to an edge which is not in El , and the contour Γl for the l-th loop is

given by

Γl :=







CM
�

y2
el

,Q2
i. . . j

�

y̸el

�

�

CM
�

Q2
i... j

�

y̸el

�

� ≤ 0







. (42)

Such an expression can be further manipulated to get

IG = cd,n(L)e ,L

∫

Rns
+ ∪Γ

�

dz
z

zσ−1
�





Vol2
�

ye, P2
i... j

�

Vol2
�

P2
i . . . j

�





d−ns−L
2

nδ(z, X )
∏

g⊆G
qg(z, X )

, (43)

where the integration region Γ is determined by the intersection among all the contours Γl .

Γ =
L
⋂

l=1

Γl , (44)

and the coefficient cd,ne ,L is given by

cd,n(L)e ,L :=
π

d−ns+L(L−1)/2
2

L
∏

l=1

Γ

�

d − nsl
− L + l

2

�

2n(L)e
�

n(L)e

�d−ne−L−2 �
n(L)e !

�

Vol
�

Σ̃
�

Pi... j

�	−1
. (45)

As a final remark, the representation of the measure of integration in terms of the Cayley-
Menger determinant allows for a geometrical interpretation in terms of volumes of a simplex
in Pne , with all the edge weights and the moduli {ps, s ∈ V} of the momenta of the external
states14 at each site s associated to the edges of the simplex, and the boundaries of the region
of integration determined by projecting its vertices on a lower-dimensional hyperplane.

4 The asymptotic structure of cosmological integrals

It is useful to summarise the salient features of the general cosmological integral (28) associ-
ated to a given graph G:

❏ its integrandΩG(x , y) is a rational function whose denominator is a degree-ν̃ factorisable
polynomial, whose factors are ν̃ linear polynomials which are in 1− 1 correspondence
with subgraphs of G and individually identifies a facet of the relevant polytope;

❏ the numerator of ΩG(x , y) is a polynomial of degree ν̃− ns − ne that identifies the ad-
joint surface of the relevant polytope, and it’s fixed by compatibility conditions among
singularities [76,79] and, in the case of a correlation function, by additional conditions
on the residues [4];

❏ the integral (28) can be seen as a Mellin transform of ΩG(x , y) over the site weights, and

over
L
∏

l=1

min{n(l)e , d}-dimensional edge-weight space whose measure can be expressed

in terms of squared volume of simplices;

14Importantly, if at a site s more than one external state is attached, then Ps parameterise the angle among them.
If instead just a single external state is attached to it, then Ps = X s.
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❏ the integration measure in the edge-weight space is always positive in the interior of the
integration region, and vanishes just on its boundary.

Because of all these features, the integral (28) can show divergences when the graph weights
become large or small. Such a behaviour is controlled by the powers in the site and edge
weights in the integrand ΩG(x , y) and in the weight integration measure. It is in turn codified
in the combinatorics of the Newton polytope associated to it, which controls the convergence
of the integral [85, 86], allow identifying the divergences and isolate them via sector decom-
position [68–74].

Newton polytopes and asymptotic behaviour In order to fix the ideas, let us consider the
following toy integral

I[σ] :=

∫

Rn
+

�

dz
z

zσ
�

nδ(z)
[pm(z)]

τ , (46)

where z := (z1 . . . zn) ∈ Rn
+, σ := (σ1, . . . ,σn) ∈ Cn, while pm(z) and nδ(z) are multivariate

polynomials in z of degrees m ∈ Z+ and δ ∈ Z+ respectively. Such an integral falls into the
class of integrals IG given in (28). Let us begin with the case for which the numerator is a
degree-zero polynomial. The integral (46) can diverge in the regions identified by the zeroes
of polynomial pm(z) in Rn

+, when z becomes large or small along some direction in Rn
+. Hence,

when the integration region does not intersect with the locus of the zeroes of pm(z), then the
integral (46) converges and returns an analytic function of σ ∈ Cn in a tube domain, i.e.
a region of Cn whose real part is bounded, and the imaginary part is unconstrained. As in
this case the singularities can come just from the z becoming large or small along some real
direction, such a behaviour turns out to be captured by the powers of the polynomial pm(z),
with the Mellin parameters just shifting such a behaviour. Hence, given the polynomial pm(z),
it is possible to consider the space ρ ∈ Rn of powers of z: the powers in the monomials of
pm(z) determine a collection of points in such a space whose convex hull defines the Newton
polytope N [pm(z)] of pm(z) with its facets encoding the possible divergent directions through
the co-vectors which identify them. The tube domain where the integral (46) converges and
defines an analytic function in σ is therefore given by the requirement that Re{σ} lies in the
interior of the Newton polytope N [pm(z)] [85]. More formally, let us consider the multivariate
polynomial pm(z) written as

pm(z) :=
m
∑

ρ1...ρn=0
ρ1+...+ρn≤m

aρ1···ρn

n
∏

j=1

z
ρ j

j ≡
∑

ρ∈Zn

ρ1+...+ρn≤m

aρzρ , (47)

where z := (z1, . . . , zn), ρ := (ρ1, . . . ,ρn), and aρ1···ρn
∈ Cn. It is possible to associate a collec-

tion of vertices

(

Z := (1,Re{ρ}) ∈ Pn

�

�

�

�

Re{ρ} ∈ Zn,
n
∑

j=1

ρ j ≤ m

)

in Pn. Then, the convex hull

of the elements of this collection defines the Newton polytope N [pm(z)] associated to pm(z).
If the polynomial pm(z) is factorisable, i.e. pm(z) = pm1

(z) · · · pmt
(z) with m1 + . . .+mt = m,

then the Newton polytope N [pm(z)] is given by the Minkowski sum of the Newton polytopes
associated to each {pm j

(z), j = 1, . . . , t, m1 + . . . mt = m}:

N [pm(z)] =
t
⊕

j=1

N
�

pm j
(z)
�

, (48)

with
⊕

indicating the Minkowski sum, which for polytopes is given by the convex hull of the
Minkowski sum of their vertices, which in turn, is defined as the set of vectors resultant from
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the sum of the vertices of all the distinct polytopes. Finally, if the polynomial factorises as
pm(z) :=

�

pm1
(z)
�τ1 · · ·

�

pmt
(z)
�τmt , with τ1m1 + . . .+ τmt

mt = m and {τ j ∈ C | j = 1, . . . , t},
then its Newton polytope can be written as the weighted Minkowski sum of the individual
polynomials

¦

pm j
(z), j = 1, . . . , t

©

with the weights given by {Re
�

τ j

	

≥ 0, j = 1, . . . t}:

N [pm(z)] =
t
⊕

j=1

Re
�

τ j

	

N
�

pm j
(z)
�

. (49)

Interestingly, the combinatorial structure of (49) does not depend on the weights.
Note that the monomial zσ appearing in the measure of the Mellin transform in (46) can

be included in the definition of Newton polytope:

N [I(σ)] := −σ
t
⊕

j=1

Re
�

τ j

	

N
�

pm j
(z)
�

. (50)

As it just identifies a point in the space of powers, its only effect would be a shift of the polytope
N [pm(z)] that depends on Re{σ}. Thus, the combinatorial structure of N [I(σ)] is the same
as N [pm(z)].

What happens if the numerator is a polynomial with degree higher than zero?. The con-
vergence of the integral (46) can be conveniently studied by considering the numerator nδ(z)
expanded in monomials and mapping (46) into a sum of integrals whose integrands share
the very same denominator [pm(z)]

τ, have all numerator equal to one and differ just by their
Mellin transform parameters which are shifted differently and with such a shift depending on
the powers in the monomials in nδ(x , y):

I[σ] =
∑

r=0
r1+...+rn≤δ

a(n)r I[σ+ r] =
∑

r=0
r1+...+rn≤δ

a(n)r

+∞
∫

0

�

dz
z

zσ+r
�

1
[pm(z)]

τ . (51)

The asymptotic structure of the full integral is still governed by the Newton polytope associ-
ated to the denominator, which is shared by all the integrals in the sum (51) but it is shifted
differently for each integral. Each individual integral (51) then turns out to be convergent if
(1, Re{σ} + r) lie in the interior of the relevant Newton polytope, and the full integral (46)
converges in the overlap region of these Newton polytopes [85].

The condition on the individual integral can be equivalently checked by considering the
facets of the associated Newton polytope and the co-vectors in the dual space that identify
them. Note that such a collection {W( j)

I } of co-vectors in the dual space15 is given by

W
( j)
I = (−1) j(n−1)εIK1 . . . Kn

ZK1
a j+1

. . .ZKn
a j+n1

,

with εIK1 . . . Kn
being the totally anti-symmetric (n+ 1)-dimensional Levi-Civita symbol. As the

vectors identifying the vertices are of the form Z= (1,ρ) (ρ ∈ Zn), the co-vectors W turn out
to have the structure W = (λ, ω), where λ = λ(Re{σ}, Re{τ}) depends on the parameters
Re{σ} and Re{τ}, while ω is a n-vector that does not have such a dependence. The function
λ can be explicitly written as

λ(σ,τ; ω) = Re{σ} ·ω−Re{τ}
∑

{ρ}

max{ρ ·ω} , (52)

15The dual space will be still indicated with Pn.
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and provides how the direction pointed byω is approached.16 Furthermore, the knowledge of
the co-vectors allows to tile the region of integration into sectors ∆Wc

[68–74], each of which
is identified by the collection of contiguous co-vectors Wc ,

Rn
+ =

⋃

{Wc}
∆Wc

, (53)

and the integral (46), with a degree δ = 0 numerator, can then be written as

I[σ] =
∑

{Wc}

∫

∆Wc

�

dz
z

zσ
�

nδ(z)
[pm(z)]

τ ≡
∑

{Wc}

I∆Wc
[σ] . (54)

The knowledge of the co-vectors identifying a given sector ∆Wc
also provides a change of

variables to suitably parametrise the integral I∆Wc
[σ]

z j −→
∏

ω∈ωc

ζ
−e j ·ω
ω , ζω ∈ [0, 1] , ∀ω ∈ωc , (55)

∀ j ∈ [1, n], where {e j ∈ Rn, j = 1, . . . , n} is the canonical basis in Rn and ωc is the set of
n-vectors in W which belongs to the collection of compatible facets identified by Wc . With
such a change of variables, the integral I∆Wc

[σ] acquires the form

I∆Wc
=

∫ 1

0

�

dζ
ζ
ζ−λ

�

1
[pm(ζ)]

τ , (56)

where ζ := (ζω)ω∈ωc
and λ := (λω)ω∈ωc

. In this way, the divergences can be isolated and
Laurent expanding one of the λω receives contribution from just a subset of integrals – see
Appendix B for a simple example. Interestingly, it was shown in [74] that in case the full λ is
taken to zero, e.g. by rescaling it via a smallness parameter ε (λ −→ ελ), then as ε −→ 0, then
all sectors would contribute, and the leading divergence coefficient is the canonical function
of the Newton polytope associated to pm(z),

With this general information at hand about how the asymptotic structure of the integrals
are encoded into the combinatorics of the Newton polytopes, the following subsection will
deal with the explicit analysis of the cosmological integrals. Despite the general idea is not
affected by the topology of the graphs, we find convenient to discuss tree and loop graphs
separately.

4.1 The asymptotic structure of tree-level graphs

Let us begin a detailed analysis starting with integrals associated to a tree-level graph G: In
this case the integrations are associated to the site weights of G only, from (28), it acquires the
generic form

I (0)G [α, τ, X ] =

+∞
∫

0

∏

s∈V

�

d xs

xs
xαs

s

�

nδ(x , X )
∏

g⊆G

�

qg(x ,X )
�τg
≡
∫

Rn
+

�

dz
z

zα
�

nδ(z, X )
∏

g⊆G

�

qg(z, X )
�τg

, (57)

where x := (xs)s∈V , α := (αs)s∈V , while nδ(x) and {qg(x), ∀g ⊆ G} are inhomogeneous
polynomials in x of degree δ = ν̃− ns − ne and 1 respectively. It is useful to recall the explicit
expression for the linear polynomial qg

qg(x) :=
∑

s∈Vg

xs +Xg , (58)

16In the context of Feynman integrals for which the tools of tropical geometry are used, the function λ(σ,τo; ω)
is referred to as tropical function, and it is indicated as Trop – see [74,87–91].
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with Vg being the set of sites in g, and Xg parametrising the kinematic invariant associated
to the g. As discussed above, the asymptotic behaviour of the integral (57) is encoded into
the Newton polytope associated to the denominator factors {qg(x), g ⊆ G}. For a generic
tree graph with ns sites, it lives in Pns . As discussed earlier, the convergence of the inte-
gral (57) can be analysed by considering the weighted Minkowski sum of the Newton poly-
topes {N [g], g ⊆ G} associated to the individual factors {qg(x), g ⊆ G}, shifted by the vector
Zα,r := (1,Re{α}+ r) associated to the Mellin transform and to the monomials of the numer-
ator nδ(x) and taking the overlap among them – we will come back to this shift later:

N (Zα,r )

G = −Zα,r ⊕NG , NG :=
⊕

g⊆G
Re{τg}N [g] , (59)

where Re{τg} > 0. As emphasised earlier, nor the vector Zα,r neither the positive weights
Re{τg} affect the combinatorial structure of N (Zα,r )

G , however they determine the asymptotic
behaviour. Interestingly, we can think about the set of connected subgraphs {g, g ⊆ G} as the
union of the sets G(n(g)s ), whose elements are all the connected subgraphs g ⊆ G with n(g)s sites

{g, g ⊆ G} =
ns
⋃

n(g)s =1

G(n(g)s ) , (60)

with G(ns) = {G}, i.e. it contains a single element which is the whole graph G, G(2)
containing ne = ns − 117 elements given by all the 2-site subgraphs constituting G, and
G(1) = {g j , j = 1, . . . ns} containing the ns graphs constituted by a single site. Furthermore,
as qg(x) is a linear polynomial dependent on all the site weights {xs, s ∈ Vg}, the associated

Newton polytope N [g] is a simplex Σ[g] in Pn(g)s ⊆ Pns . The Minkowski sum in (60) becomes

a sum over simplices in Pn(g)s (n(g)s = 1, . . . , ns) embedded into Pns :

NG :=
⊕

g⊆G
Re{τg}Σ[g] . (61)

Because of (61), these polytopes constitute a special class of nestohedrons, with the latter being
introduced in [67,92]. The combinatorial structure of (61) does not depend on the choice of
the weights {Re{τg}, g ⊆ G} [92]. These polytopes are constructed via (61) from a single
top-dimensional simplex, N [G], with the lower dimensional simplices being a subset of the
lower dimensional faces of N [G] and their number in codimension ns−n(g)s being given by the
dimension of the set G(n(g)s ).

Let us consider a simplex Σg ∈ Pn(g)s associated to the subgraphs g, its facets can be associ-
ated to all the single tubings corresponding to its (not necessarily connected) subgraphs in a
similar fashion as in [93,94] – see Figure 2.

Let g = G and let us consider the associated simplex ΣG . Its facets are identified by
the tubing corresponding to the graph itself, as well as all the other tubings which include
ns − 1 sites. Let ̸ s be the site not included in a given tubing. This implies that all the
vertices on this facet of ΣG are zero along their ̸ s component, and consequently they are
on the codimension-1 hyperplane identified by the co-vector W(̸s) with all zeroes but the ̸ s-
component where it is −1.18 The facet associated to the tubing that includes all the sites
is then a vector whose components are all equal to 1. The other simplices appearing in the
Minkowski sum (61) are all the codimension-k faces of ΣG k ∈ [1, ne − 1] identified by a
connected tubing respect to the one associated to the faces of one codimension higher. The

17This relation between number of edges and sites of a graph holds at for tree graphs only.
18The minus sign is just a consequence of the convention that the co-vectors W that identify the facets are

directed outwards with respect to the polytope. It is possible to equivalently choose the opposite convention. In
this case, the expression (52) would change as well, with the minimum replacing the maximum.
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Figure 2: Newton polytope associated to a two-site graph G. It is constructed as a
Minkowski sum of the Newton polytopes associated to its subgraphs g, i.e. a triangle
and two segments respectively for g = G and the two subgraphs containing a single
site only– see the triple of pictures on the left. The final Newton polytope can be
realised as a truncation of the triangle based on the underlying graph and the tubings
corresponding to the single-site graphs, and hence its facets are associated to tubings
of the graph.

Newton polytope associated to the full graph G can be then obtained iteratively truncat-
ing the top dimensional simplex ΣG via the ones of lower codimension associated to con-
nected subgraphs only, with the new facets associated to the overlap among the tubings re-
lated to the simplices contributing to it – see Figures 2 and 3. Note that this procedure
keeps the original facets of ΣG , adding new ones. The formers are identified by the very
same co-vectors

�

W′( j) :=
�

0, −e j

�T
, j = 1, . . . ns

	

∪
�

W(11 . . . 1ns ) :=
�

λ(11 . . . 1ns ), e1...ns

�T	

– where
{e j ∈ Rns , j = 1, . . . , ns} is the canonical basis for Rn and e1...ns

∈ Rns is a vector with all entries
equal to 1. As the new facets are obtained by truncating the top-dimensional simplexΣG via its
facets which correspond to codimension-1 allowed tubings, they are identified by co-vectors
of the form:

W
( j1 . . . j

n
(g)
s
)
=

 

λ
( j1 . . . j

n
(g)
s
)

e j1... j
n(g)s

!

, (62)

where
§

e j1... j
n(g)s

, jk ∈ [k, ns − n(g)s + k], k ∈ [1, n(g)s ]
ª

are such that the jk-th entries, which cor-

respond to the number of single site tubings, are 1 while all the others are zero. From the
graph perspective, they are associated to the overlap between tubings and, for fixed n(g)s they
are identified by those tubing overlaps containing n(g)

s single-site tubings – see Figures 2 and

3. Furthermore, the function λ
( j1 . . . j

n
(g)
s
)
is given by (minus) the number of overlapping tubings

corresponding to the facet identified by W
( j1 . . . j

n
(g)
s
)
. Such a realisation makes explicit that the

number of facets of NG can be counted as

ν̃
�

NG
�

= 2ns +
ns
∑

n(g)s =2

�

ns
n(g)s

�

= 2ns + ns − 1 , (63)

with the first term providing the dimension of the collection {W( j), W
′( j) ∈ Pns , j = 1, . . . , ns},

while each term in the sum counts the number of co-vectors {W
( j1 . . . j

n
(g)
s
)
} for fixed

n(g)s ∈ [2, . . . , ns]. Interestingly, the number of facets ν̃
�

NG
�

is independent on the topology
of the graph G for a fixed number of sites ns, Finally, two facets identified by any two of the

co-vectors {W
( j1 . . . j

n
(g)
s
)
, n(g)s = 1, . . . , ns} of the Newton polytope NG turn out to be compatible

if they correspond to tubings that can be mapped into each other by erasing or adding single
or nested tubings.
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Figure 3: Newton polytope associated to the denominators of the three-site graph G.
It is constructed as a Minkowski sum of the simplices corresponding to all connected
subgraphs of G (on the left). It can be realised by truncating the top-dimensional
simplex, based on all the allowed tubings, which corresponds to a subset of the facet
of the simplex itself (on the right).

The knowledge of the compatible facets, allows dividing the domain of integration into
sectors ∆Wc

, Wc being a given set of compatible facets:

Rns
+ :=

⋃

{Wc}
∆Wc

. (64)

Besides for the two-site line graph contributing to the wavefunction for conformally coupled
scalars, the rational integrand in (57) has a numerator which is a polynomial of degree higher
than zero. As discussed earlier, for such cases, it is useful to consider the integral I (0)G as
a sum of integrals that are a Mellin transform, whose parameter are shifted, of a rational
function whose denominator is the same as the original integral, while its numerator is a
constant. Alternatively, it is convenient to express the integrand via one of the triangulations
of the underlying cosmological-type polytope in such a way that no spurious boundary is added
[4,65], e.g.

I (0)G [α,τ′,X ] =
∑

{Gc}

∫

Rns
+

�

dz
z

zα
�

∏

g′∈Gc

1
�

qg′(z,Xg′)
�τ′

g′

∏

g∈G◦

1
�

qg(z,Xg)
�τ′g

, (65)

where G◦ is a set of k subgraphs that identifies a subspace of the adjoint surface, while Gc is a
set of (ns+ne−k) compatible subgraphs which are not in G◦. One of these representations can
be expressed as a sum of all the possible ways of taking connected subgraphs [64, 65]19 and
hence the Newton polytope associated to each term is still a nestohedron: it can be realised as
a truncation of the top-dimensional simplices via lower-dimensional ones associated to these
nested subgraphs – see Figure 4.

The representation (65) has the virtue of guaranteeing that no spurious possible diver-
gent directions are added, and the intersection of the different Newton polytopes provides the
convergence of the full integral.

19Such a recursion relation was found in the context of the Bunch-Davies wavefunction [64, 65], it is still ap-
plicable for the cosmological correlators: one of the triangulation of the weighted cosmological polytope provides
a representation in terms of wavefunction graphs [4], to which the above-mentioned recursion relation can be
applied.

21

https://scipost.org
https://scipost.org/SciPostPhys.19.2.029


SciPost Phys. 19, 029 (2025)

Figure 4: Newton polytope associated to the two integrals with numerator of degree
0 in which the three-site graph can represent, and their overlap. They both can be
constructed via a truncation of the top-dimensional simplex via lower dimensional
simplices associated to the underlying subgraphs in such a way that iteratively con-
nected subgraphs are taken. Their overlap (right) represents the convergence of the
full integral associated to the three-site tree graph, with its combinatorial structure
identical to the nestohedron in Fig. 3.

As described above, once the compatible co-vectors are identified, the integral in each
sector defined by them can be conveniently parametrised as

IG
�

�

∆Wc
:= I∆Wc

=

∫ 1

0

∏

W∈Wc

�

dζW
ζW

ζ
−λW
W

�

nδ(ζ,X )
∏

g⊆G

�

qg(ζ,X )
�τg

, (66)

with the variables ζW defined according to (55) as

x j −→
∏

W∈Wc

ζ
−e j ·ωW

W . (67)

The infra-red behaviour is encoded in those sectors which are bounded by the co-vectors
¦

W
( j1 . . . j

n(g)s
)
, n(g)s = 1, . . . , ns

©

.

Which sectors actually contribute depend on which λW ≥ 0. Note that as the actual value of
lambda is related to the number of tubings that identify the associated facet of the Newton
polytope, there is a hierarchy among the directions, with λ

( j1 . . . j
n(g)s

)
> λ

( j1 . . . j
ñ(g)s

)
for n(g)s > ñ(g)s .

Hence, λ(1 . . . ns) is the highest possible value.

Logarithmic divergences For λ(1 . . . ns) −→ 0, then the sectors contributing to the divergence
are all those containing W(1 . . . ns) – all the other sectors contains co-vectors such that the related
λ is negative. In this case, the divergence is logarithmic and the integral in one of the divergent
sector can be written as

I (0)∆Wc
∼
∫ 1

0

dζW(1...ns)

ζW(1...ns)
ζ−λ

(1 . . . ns)

W1...ns ×
∫ 1

0

∏

W∈Wc\{W(1...ns)

�

dζW
ζW

�

nδ(ζ)
∏

g⊆G

�

qg(ζ)
�τg
+ . . . (68)

The first integration decouples and provides a pole in λ(1 . . . ns), while the remaining integrations
show an integrand which is nothing but the original integrand computed at ζW(1 . . . ns) = 0. As
this behaviour is common to all sectors sharing W(1 . . . ns) and all the other sectors are well-
behaved, the integral I (0)G can be written in terms of the original site weights as

I (0)G ∼
1

−λ(1...ns)

∫

Rns
+

∏

s∈V

�

d xs

xs
xαs

s

�

1
Vol{GL(1)}

nδ(x ,X = 0)
∏

g⊆G

�

qg(x ,Xg = 0)
�τg
+ . . . (69)
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This integral is truly a (ns − 1)-dimensional integral – as from (68), it decouples into a one-
dimensional integral, that provides the divergences, and the remaining integrations. However,
it is possible to write it in a ns-dimensional fashion by introducing a GL(1)-redundancy, which
is specified by Vol{GL(1)}.

It is important to note that the subgraphs {gs j
, j = 1, . . . , ns} containing a single site con-

tributes via qgs j
(xs j

, X = 0) := xs j
. Hence, the divergent part in (69) can be written as,

I (0)G ∼
1

−λ(1 . . . ns)

∫

Rns
+

∏

s∈V

�

d xs

xs
x
αs−τgs
s

�

1
Vol{GL(1)}

nδ(x ,X = 0)
∏

g⊆G\{gs}

�

qg(x ,X = 0)
�τg
+ . . . , (70)

where the integrand can be interpreted as coming from the original graph by iteratively con-
tracting the pairs of sites onto each other and assigning the sum of their weights to the site
obtained from such a contraction [62]. From a combinatorial-geometrical point of view, the
integrand can be seen as being:

❏ for a (generalised) cosmological polytope PG , the covariant restriction [66] of its canon-
ical function Ω

�

Y , PG
�

onto the hyperplane H :=
⋂

e∈E

fW (ge) defined as the intersection

of the hyperplanes {fW (ge), e ∈ E} containing the building blocks of the construction –
i.e. the triangles associated to the 2-site tree graphs in which a general graph can be
decomposed:

Ω(ns)
�

YH, PG ∩H
�

=

∮

H

〈Ydns+ne−1Y〉
(2πi)ne

Ω
�

Y , PG
�

∏

e∈E

�

Y · fW (g)
�

, (71)

❏ for a weighted cosmological polytope P (w)

G , the hyperplane H defined above contains
a codimension-ne face [4], and hence the integrand – that will still be indicated as
Ω(ns)

�

Y , P (w)

G
�

is encoded in the canonical function of such a face P (w)

G ∩H:

Ω(ns)
�

YH, PG ∩H
�

=
1

∏

e∈E

�

Y · fW (ge)
�
Ω
�

YH, P (w)

G ∩H
�

. (72)

This provides a clear geometrical interpretation for the leading logarithmic infra-red diver-
gences, which can know be directly extracted from the cosmological-like polytope description.

Power-law divergences If λ(1 . . . ns) > 0, then all the sectors defined via W
( j1 . . . j

n(gs )
)

such that
λ
( j1 . . . j

n(g)s
)
≥ 0 contribute to the divergences. Said differently, as λ( j1 . . . n(g)s ) > λ( j1 . . . ñ(g)s ) for

n(g)s > ñ(g)s , all the sectors defined via (some of) the co-vectors
¦

W
( j1 . . . j

n(g)s
)
, n(g)s ∈ [ñ

(g)
s + 1, ns]

©

,

with ñ(g)s being the highest value for which λ
( j1 . . . j

ñ(g)s
)
< 0. Let Wdiv be the collection of co-vectors

satisfying such a condition. From the structure of the integral (66) in a given sector ∆Wc
, it

is straightforward to see that the leading divergence is given by the sectors containing the
highest number, namely ν̃div, of elements of Wdiv. Then, the integrals in these sectors develop
a pole of multiplicity ν̃div and its coefficient is a (ns − ν̃div)-fold integral. The subleading di-
vergences, instead, will take contribution from a higher number of sectors: at order ν̃div − k
(k ∈ [0, ν̃div − 1]), the sectors contributing are all those with a number of elements of Wdiv

greater or equal to ν̃div − k.
For each sector, the leading and subleading divergences can be conveniently organised by

expressing the integrand in terms of a (multiple) Mellin-Barnes representation, and mapping
the integral in a (multiple) sum whose argument shows the poles in the λ

( j1 . . . j
n(g)s

)
’s – for an

explicit computation, see the following example as well as Appendix B.
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W
′(2)

W
′(1)

W(2)

W(1)

W(12)

0

x2

x1
1

1

Figure 5: On the left: Newton polytope corresponding to the two-site tree graph. It
has five possible divergent directions that divide the domain of integration in five
sectors. On the right: Sectors in which the domain of integration is decomposed in
the original site weights parametrisation.

An illustrative example: The two-site tree graph It is instructive to fix the ideas with a
concrete example. Let us consider the cosmological integral associated to the two-site line
graph:

I (0)2 [α] :=

∫ ∞

0

d x1

x1
xα1

∫ ∞

0

d x2

x2
xα2

1
�

x1 + x2 +XG
� �

x1 +Xg1

� �

x2 +Xg2

� . (73)

As discussed earlier, the asymptotic structure of I (0)2 is captured by a nestohedron in P2 con-
structed from the triangle (the top-dimensional simplex in P2) and truncating via the segments
corresponding to two of its side and corresponding to one single tubing each – see Figure 2.
Such a nestohedron is a pentagon whose facets are identified by the co-vectors

W
′(1) =





−αR

−1
0



 , W
′(2) =





−αR

0
−1



 , W(1) =





αR − 2
1
0



 , W(2) =





αR − 2
0
1



 , W(12) =





2αR − 3
1
1



 , (74)

where αR := Re{α}. The region of integration R2
+ can thus be divided into five sectors, each

of which is determined by a pair of adjacent co-vectors – see Figure 5. The integral (73) is

divergent along a given W
( j1 . . . j

n
(g)
s
)

if λ
( j1 . . . j

n(g)s
)
≥ 0. Hence, depending on the divergences of

interest, it is possible to focus on a subset of the sectors only. The integral (73) is divergent
in the infra-red if λ(12) := 2αR − 3 ≥ 0 vel λ( j) : 2− αR ≥ 0 – the equality signals a logarithmic
divergence, while the strict positivity signals a power law divergence. If the divergence is
logarithmic, it receives a contribution from two sectors, both of them sharing the co-vector
W(12) and differing by W( j) ( j = 1,2). Let

�

∆( j)
IR

, j = 1, 2
	

indicate these two sectors. In each of
them, the integral can be parametrised as

I
∆
( j)
IR
=

∫ 1

0

dζ j

ζ j

�

ζ j

�−λ( j)

×
∫ 1

0

dζ12

ζ12
(ζ12)

−λ(12) 1
�

1+ ζ j +XGζ12ζ j

�

�

1+Xg j+1
ζ12

��

1+Xg j
ζ12ζ j

� ,
(75)

with
¦

x j := ζ
−e j ·ω12

12 ζ
−e j ·ω j

j , j = 1,2
©

. If λ12 −→ 0, then the integral over ζ j is finite and the
divergence come just from the integration over ζ12. The divergent contribution is then given
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by,

I
∆
( j)
IR
=

∫ 1

0

dζ j

ζ j

�

ζ j

�−λ( j)

�

1+ ζ j

� ×
∫ 1

0

dζ12

ζ12
(ζ12)

−λ(12)
+ . . .

=
1
2

�

ψ(0)
�

−λ( j) + 1
2

�

−ψ(0)
�

−λ( j)

2

��

×
1
−λ(12)

+ . . . ,

(76)

whereψ(0)(z) is the digamma function. As λ(12) := 2αR−3 −→ 0, then λ( j) := αR−2 −→−1/2:
the divergence is a simple pole and its coefficient becomes π/2. As discussed above, the
integral can be recast as

I
∆
( j)
IR
=

1
−λ(12)

∫

R+2

∏

s∈V

1
Vol{GL(1)}

�

d xs

xs
xα−1

s

�

1
x1 + x2

, (77)

where αR = −λ( j) + 1 = 3/2. The integrand can be thought of a graph made of a single site
with weight x1 + x2.

For power-law divergences, the divergences come from four out of the five sectors. Taking,
for the sake of argument, λ(12) −→ 1, then λ( j) −→ 0. Two sectors defined by (W(2), W(12)) and
(W(12), W(1)) shows both double and simple poles, while the other two just single poles: in
order to correctly compute the subleading divergences, it is necessary to consider all these
contributions. A way to organise them is via a Mellin-Barnes representation for the integrand
Ω(ζ,∆( j)

IR
) in (75):

Ω(ζ,∆( j)
IR
) =

∫ +∞

−i∞

3
∏

r=1

[dξrΓ (−ξr)Γ (1+ ξr)]
�

XG
�ξ1
�

Xg j+1

�ξ2
�

Xg j

�ξ3

�

ζ j

�ξ3+ξ1 (ζ12)
ξ1+ξ2+ξ3

�

1+ ζ j

�ξ1
.

(78)
The integral I∆IR

( j) then becomes

I∆IR
( j) =

−Xg j+1

(−λ(12) + 1) (−λ( j))
+

1
−λ(12) + 1



−XG

∫ 1

0

dζ j

ζ j

ζ−λ
( j)+1

j

1+ ζ j
+
−Xg j

−λ( j) + 1





+
1
−λ( j)





1
−λ(12)

+
∑

m≥2

�

−Xg j

�m

Γ (1+m) (−λ(12) +m)



 + . . .

(79)

As a final comment, this approach is completely general and allows tackling leading and sub-
leading divergences in arbitrary power-law FRW cosmologies. While this example as well as
all the discussion in this section was devoted to tree-level, the combinatorics of the nestohedra
turns out to encode the asymptotic behaviour of loop integral as well, as we will discuss in the
next section. Despite it is possible to treat all divergences, what is still missing in this story
is a full-fledge combinatorial understanding of the subleading divergences: while the leading
one is understood as the restriction of the polytope associated to a given graph onto a special
codimension-ne hyperplane, an understanding for the subleading ones along similar lines is
still not available, and we leave it for future work.

4.2 The asymptotic structure of loop graphs

The above analysis showed how the asymptotic behaviour of tree-level contributions to cos-
mological observables is controlled by the combinatorial structure of a nestohedron, whose
realisation as sequential truncations of a top-dimensional simplex by a collection of lower-
dimensional simplices given by a subset of its faces, allow determining straightforwardly all
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the directions along which they can diverge as well as their degree of divergences. The com-
patibility condition on the facets, expressed in terms of tubings on the underlying graph, allow
determining the sectors in which such directions decompose the domain of integration. This
in turn allows extracting all the divergences in any of the above directions.

Let us turn now to the loop contributions to cosmological observables. Given an arbitrary
graph G with ns sites, ne edges – of which n(L)e are loop edges – and L loops, it has associated
an integral I (L)G of the form

I (L)G [α,β] :=

∫

Rns
+

∏

s∈V

�

d xs

xs
xαs

s

�

∫

Γ

∏

e∈E (L)

�

d ye

ye
yβe

e

�

µd(ye,X ; ns)
nδ(x , y; X )

∏

g⊆G

�

qg
�

x , y; Xg

��τg
, (80)

with E (L) being the set of loop edges, µd and Γ being respectively the measure and the contour
of integration, and Xg parametrising the external kinematics associated to the subgraph g ⊆ G.
Such a class of integral is almost of the Mellin type: while the integration over the site weights
is effectively a Mellin transform, the integration over the edge weights is along a contour
given by the non-negative condition on the volume of a top-dimensional simplex in Rne and
all its faces – the vanishing of volume determines the boundary of the integration region. The
rational integrand is again determined by the combinatorics of the cosmological polytopes,
with the linear polynomials {qg, g ⊂ G} associated to the subgraphs of G and the facets of the
polytopes, while the degree-δ polynomial nδ providing the adjoint surface. Finally, together
with the contour of integration, the integration measure represents a feature that was not
present for tree graphs: it is related to the volume of simplices in the edge weight space, and
can be written as a polynomial. Such polynomial turns out to have a power which depends on
both space dimension and number of edges of the graph, and can be integer or half-integer –
see Section 3.1. If for an integer power, it would be possible, at least in principle, to expand
the integral over the monomials of the measure, in practise this becomes quickly cumbersome
(except for the case in which the edge weight space is two-dimensional, this polynomial is not
factorisable, and becomes quickly of higher order as the number of edges of the underlying
graph is increased) and does not apply to half-integer powers. However, when the edge weight
are considered small, the non-negative condition that defines the contour of integration forces
to take just one of the edge weights per loop to be arbitrarily small, while the others acquire a
definite and finite value: this is the only point in the domain of integration which is allowed,
and it is located on its boundary. Hence, the problem of determining the sectors that contribute
to this type of divergence drastically simplifies and, for a given loop, the measure can be
expanded as a single edge weight becomes small. This type of divergent directions determines
the infra-red behaviour of the loop integral. As instead the edge weights are taken to be
large, the non-negativity condition of the integration contour force all those associated to the
same loop to be taken large in the same way. This feature simplifies the analysis and, as for
the previous case, allows for a large edge weight expansion of the measure. This divergent
direction codifies the ultraviolet behaviour of the integral.

Finally, the polynomial appearing in the measure, coming from a determinant, shows also
negative coefficients, which can make the Newton polytope analysis more subtle for those re-
gions where the polynomial vanishes within the integration domain. However, the integration
is over the region where this polynomial is positive and vanishes just at its boundaries. Thus,
the asymptotic analysis can be carried out with no modifications, as there are no regions inside
the domain of integration where this polynomial changes sign.

With this information at hand, it is therefore possible to perform the analysis of the asymp-
totic behaviour of the integral similarly as for tree graphs, bearing in mind the non-negative
condition from the contour of integration just outlined.
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Divergent directions: The site weight integration Let us begin with considering the in-
tegration over the site weights only. The Newton polytope associated to a loop graph G
then lives in Pns and it still has the structure of a nestohedron: it can be obtained as the
Minkowski sum of simplices, as in the tree case. The main differences with the latter are
constituted by: i) the weight for the top-dimensional simplex as, for a loop graph, there are
ne + 1 subgraphs which include all the sites of G, i.e. G itself and the ne subgraphs obtaining
by erasing one edges;20 ii) the collection of simplices in codimension-k (k ∈ [1, ns − 1]) on
which the Minkowski sum runs is larger than for the tree case. For the 2-site L-loop graphs
(L ≥ 1), just i) holds, while ii) is as for the tree graphs – this implies that the set of co-vectors
{W

′( j1), W
( j1 . . . j

n(g)s
)
∈ Pns , jn(g)s

= 1, . . . , ns, ng
s = 1, . . . , ns} is the same, up to their component

λ
( j1 . . . j

n(g)s
)

which is affected by the weights. Said differently, the divergent directions for all
2-site L-loop graphs are the same, and what changes is the way in which they are approached.

Divergent directions: The edge weight integration Let us now consider the edge inte-
gration only – this is relevant when either there is no site weight integration at all (e.g. a
conformally-coupled scalar with conformal interactions), or when it can be replaced by a
derivative operator (e.g. when the real part of the Mellin parameter is negative – it is re-
lated to metric warp factor of the type a(η) ∼ ηγ, with γ > 0). For the sake of simplicity,
let us consider graphs with no tree substructure, in such a way that the number of loop edges
is the number of total edges. At one-loop, the poles of the canonical function of the relevant
polytope can depend on either one or two edge weight. Consequently, the Newton polytope as-
sociated to a one-loop graph is given by a weighted Minkowski sum of triangles and segments,
irrespectively of the dimension. This implies that just the two-site one-loop graph involves
the top-dimensional simplex. Nevertheless, as for the tree graphs, it is possible to realise this
nestohedron starting with the top-dimensional simplex, and truncating based on tubings on
the underlying subgraphs – see Figure 6. The facets are then identified by the co-vectors

W
′( j) =

�

0
−e j

�

, W
( j1 . . . j

n(g)e
)
=

�

λ
( j1 . . . j

n(g)e
)

e j1... j
n(g)e

�

, (81)

where n(g)e = 1, . . . , ne, with λ
( j1 . . . j

n(g)e
)

being given by the number of tubings associated to a
given facet, as in the tree case.

The loop integration can also be considered as the Mellin transform of an integrand (80),
and hence the Newton polytope get shifted by the vector (1,β) – β := (βe)e∈E – made out by
the Mellin parameters, which reflects into the co-vectors identifying the facets by the shift

λ
′( j) −→ λ̃

′( j) = −βe j
,

λ
( j1 . . . j

n(g)e
)
−→ λ̃

( j1 . . . j
n(g)e

)
= λ

( j1 . . . j
n(g)e

)
+
∑

e∈Eext
g

βe , (82)

where, as usual, E ext
g is the set of edges departing from the subgraph g – if βe = β , ∀e ∈ E , then

the shift becomes simply λ
( j1 . . . j

n(g)e
)
−→ λ̃

( j1 . . . j
n(g)e

)
= λ

( j1 . . . j
n(g)e

)
+ n(g)e β . For the sake of simplicity,

let us focus on one-loop graphs.
The infra-red behaviour of the integrals associated to them, according to the nestohedron

analysis, is encoded into the sector identified by
�

W
′( j), j = 1, . . . , ne

	

. Note that the change
of variables dictated by this sector map the edge variable into themselves. Hence, the integral
in this sector is the very same original integral but with the domain of integration which is

20To be precise, the statement as formulated is valid for graphs such that all the edges are in a loop. If there are
also tree edges, then the number of such subgraphs is n(L)e .
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bounded by an arbitrary cut-off according to the contour of integration Γ . As we argued
earlier, the non-negativity condition imposed by the contour of integration, make the integral
divergent just when one of the edge variables approaches zero. In order to determine the
degree of divergence along the directions {W

′( j), j = 1, . . . ne} it is necessary to understand how
the measure contributes. As for the time being we are restricting ourselves to one-loop and to
graphs with no tree substructure, the graphs are all polygons – thus they have the same number
of sites and edges. It is convenient to label the edge connecting the site s j to the site s j+1
with y j, j+1. Firstly, as we argued earlier, the non-negative condition selects which divergent
direction can be taken simultaneously. This implies that even in a given sector identified by
a set of compatible co-vectors of the Newton polytope, the singularity that would be reached
along two (or more) directions cannot be accessed. It is therefore convenient to separate them
by considering any given sector where this phenomenon occurs as a union of sectors, each of
which contains just the directions which are allowed by the non-negative condition from the
integration contour. For example, let us consider the sectors which contains the singularity at
y12 −→ 0. The further split highlighted above can be obtained via the change of variables

y12 = P23
ω

1+ω
, y j, j+1 = P2... j + 2ω j, j+1

ω j, j+1

1+ω j, j+1
. (83)

Under this change of variable, the edge-weight integration measure acquires the form21

µd

�

y2, P2
�

=
�

ω

(1+ω)2

�d−ne−1

µ̃d

�

ω, ωi j

�

. (84)

In this case, the singularity for y12 −→ 0 is separated from the others that are pushed to
infinity:

I (1)∆ =
∫ +∞

0

dω
ω
ωβ+d−3

∫

Γ ′

∏

e∈E
dωe

h

P2... je + P23ωe
ω

1+ω

iβe−1
µ̃d(ω,ωe)Ω (ω,ωe; X ) , (85)

where factors of (1+ω) have been absorbed into µ̃d(ω,ωe). Having the directions which are
not compatible with y12 −→ 0 be pushed to infinity, the sector ∆ can be further decomposed
in two sectors, one containing the divergence at y12 −→ 0 only:

I (1)∆ =
∫ 1

0

dω
ω
ωβ+d−3

∫

Γ ′

∏

e∈E
dωe

h

P2... je + P23ωe
ω

1+ω

iβe−1
µ̃d(ω,ωe)Ω (ω,ωe; X ) . (86)

In this form, the extraction of the leading and subleading divergences proceeds as discussed
in the previous sections.

21This is straightforward to see considering that the Cayley-Menger determinant which characterises it can be
written as:

CM(y2
i,i+1, P2

2... j+1) = ω
2CM( P2

2... j+1) +
1
4

n−1
∑

i=1

�

�

(−1)i
�

ω2 + P2
i i+1 − (Pi i+1 −ωωi i+1)

2
�

�

×
n−1
∑

j=1

(−1) j+1
�

ω2 + Pj j+1 −
�

Pj j+1 +ωω j j+1

�2�

Gσ j

�

= ω2CM( P2
2... j+1) +

ω2

4

n−1
∑

i, j=1

(−1)i+ j+1
§

�

ω
�

1−ω2
i i+1

�

− 2 ai i+1Pi i+1

�

×
�

ω
�

1−ω2
j j+1

�

− 2ω j j+1Pj j+1

�

CMσ j

ª

,

where CMσ j
is the determinant of a minor of the total Cayley-Menger matrix, which contains only entries depending

on Pe.
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Figure 6: Newton polytope associated to the edge weight integration only for a three-
site one-loop graph. On the left: The simplices building blocks and their tubings. On
the right: The Newton polytope is a nestohedron which can be realised by truncating
the top-dimensional simplex (a tetrahedron) via the tubings associated to the under-
lying graph.

The second subsector contains divergences that occur when other edges weights approach
zero. However, polygons are symmetric objects, so the results for these divergences can be
obtained from the one for y12 via a simple relabelling.

For the ultraviolet divergences, the domain of integration forces all the edge weight to
approach infinity in the same way, which means that only the direction W(1 . . . ne) becomes di-
vergent. Similarly, one can focus on the sectors which are bounded by the co-vector W(1 . . . ne),
and separate the related singularities from the others via the following change of variables

y12 =ω12 , y j, j+1 =ω12 + Pj, j+1ω j, j+1 . (87)

For higher loops, a similar strategy applies: it is possible to construct the Newton polytope
in a similar fashion, and then restrict the divergent directions allowed by the non-negative
condition from the contour of integration. In order to impose such a condition, it is convenient
to proceed in a loop by loop fashion – which is also a way in which both measure and contour
of integration are constructed. This also allows working recursively, applying the lower-loop
treatment to the higher loop graphs.

Divergent directions: The full integration Let us now consider both site and weight inte-
gration at the same time. This allows to understand the interplay between divergences coming
from the loop modes and the one coming from the expansion of the universe.

In this case, it is possible to determine the possible divergent directions in an unconstrained
fashion from the analysis of the full Newton polytope, and, as in the previous discussion,
constrain them with the non-negative conditions from the edge-weight integration contour.

The Newton polytope in this case is still a nestohedron living in Pns+ne : despite the top-
dimensional simplex does not correspond to any of the linear polynomials in the denominators,
it is still possible to realise it as a sequential truncation based on the underlying graph of the
top-dimensional simplex. The top-dimensional simplex, to which no tubing is associated, is
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x

y

W
′(2)

W
′(1)

W(2)

W(1)

Figure 7: On the left: The one-site one loop graph. Center: the realisation of the
Newton polytope for the integral (88) associated to the one-site one-loop graph in
terms of tubings. On the right: Possible divergent directions for the integral (88).

sequentially truncated via simplices of Pn(g)s +next
e , where n(g)s and next

e are respectively the number
of sites in the subgraph g ⊆ G and the number of edges departing from it. All the facets corre-
spond to tubings in the same way as outlined in the previous sections. As the top-dimensional
simplex does not correspond to any denominator, there is no tubing associated to it and hence
it does not contribute to the asymptotic behaviour and serves just for the construction itself.
The rest of the analysis follows the discussion for the edge weight integration.

4.3 Examples

It is instructive to illustrate the procedure discussed above in some concrete, simple, but yet
non-trivial and illustrative examples.

The one-site one-loop graph Let us begin with the simplest graph, with the integrand pro-
vided by a generalised cosmological polytope [65]

I (1)G =
∫ ∞

0

d x
x

xα
∫ ∞

0

d y
y

yβ
∂ 2

∂ x2

1
(x + XG)(x + XG + 2y)

, (88)

where the parameters α and β are analytically continued to regularise the integral, which has
now the form of a usual Mellin transform of a rational function. The Newton polytope is the
weighted Minkowski sum of a triangle and a segment in P2 and can be realised as sequential
truncation of the triangle – see Figure 7. It has thus four possible divergent directions, given
by the co-vectors associated to the tubings:

W
′(1) =





−αR

−1
0



 , W
′(2) =





−βR

0
−1



 , W(2) =





βR − 3× 1
0
1



 , W(12) =





αR + βR − 3× 2
1
1



 , (89)

where in the first entries of W(1) and W(2) has been emphasised the contribution of the weight
τR and the number of tubings n(g) as τ× n(g). Note also that for the time being, the numerator
of (88) has not been taking into account. It is a second order polynomial with 6 monomials.
So one strategy would be to split the integral into a sum of integrals according to the monomial
expansion of the numerator: for each term, the Newton polytope is the same as in Figure 7
but shifted by the powers of the relevant monomial. Then, the integral is convergent in the
overlap among these Newton polytopes. The co-vectors have then the same form as (89), but
with

(αR, βR) −→ (αR, βR) + (ρx , ρy) , (90)
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where
(ρx , ρy) = {(0, 0), (1,0), (2,0), (0,1), (1,1), (1,2)} . (91)

Alternatively, it is possible to decompose the integrand according to one of the triangula-
tions of the generalised cosmological polytope with physical poles only

I (1)G =
∫ +∞

0

d x
x

xα
∫ +∞

0

d y
y

yβ
�

2
(x + XG)3(x + XG + 2y)

(92)

+
2

(x + XG)2(x + XG + 2y)2
+

2
(x + XG)(x + XG + 2y)3

�

.

Each term shows again the very same Newton polytope arising, but with different weights
while the Mellin parameters are unchanged.

The integration domain is therefore divided into four sectors∆2′,1′ ,∆1′,2,∆2,12 and∆12,2′ ,
which are respectively bounded by (W

′(2),W
′(1)), (W

′(1),W(2)), (W(2),W(12)), and (W(12),W
′(2)).

The leading infra-red divergence is captured by the sector ∆12,2′ , with the two directions
(W(12),W(2)) becoming simultaneously divergent for λ(12) := αR+βR−(τg+τG)×2−ρx−ρy ≥ 0
and λ

′(2) := −βR−ρy
≥ 0, and developing a double pole when these conditions are satisfied

simultaneously. More precisely, this sector captures the simultaneous divergence from the
infinite volume (i.e. x −→ +∞) and from the low energy mode in the loop (i.e. y −→ 0).

Subleading divergences are taken into account by supplementing this sector with∆1′,2 and
∆12,2′ , where the two directions (W

′(2),W
′(1)) diverge individually.

Let us explicitly consider an integral in the sector ∆2′,1′

I∆12,2′
= 21−β �XG

�α−4
∫ 1

0

dζ12

ζ12
(ζ12)

−λ(12)
∫ 1

0

dζ′2
ζ′2

�

ζ′2
�−λ

′(2) 1

(1+ ζ12)
τG
�

1+ ζ12 + ζ′2
�τg

, (93)

where x and y have been rescaled by XG and XG/2 respectively, and (x , y) = (ζ−1
12 , ζ′2ζ

−1
12 ). If

(λ(12), λ
′(2)) −→ (0,0), the divergence is logarithmic and can be readily extracted to be

I∆12,2′
= 21−β⋆

�

XG
�α⋆−4

∫ 1

0

dζ12

ζ12
(ζ12)

−λ(12)
∫ 1

0

dζ′2
ζ′2

�

ζ′2
�−λ

′(2)

+ . . .

= 21−β⋆
�

XG
�α⋆−4 1

(−λ(12))(λ′(2))
+ . . . ,

(94)

where (α⋆, β⋆) are the values of the Mellin parameters computed at (λ(12), λ
′(2)) = (0,0).

For power-law divergences as well as to extract the subleading contribution from this sec-
tor, as we discussed earlier, it is convenient to express the integrand via a Mellin-Barnes rep-
resentation, allowing to perform the integration and mapping I∆12,2′

into a double sum

I∆12,2′
=

1
Γ (τg)

∑

k≥0

(−1)k

Γ (k+ 1)

∑

m≥0

(−1)m

Γ (m+ 1)

Γ (τg +m)

Γ (τG +τg +m)

Γ (τG +τg +m+ k)

(k−λ(12))(m−λ′(2))
. (95)

One can readily see that the integral develops poles when (λ(12), λ
′(2)) are non-negative and

makes it straightforward to extract the information for the specific values of interest, obtaining
both the information about double and simple poles.

The leading ultraviolet divergence is alongW(2) and therefore is captured by the two sectors
∆2,12 and ∆1′,2′ , and can be extracted in a similar fashion.

From equation (93), we see the generality of this procedure. At no point we have intro-
duced any information about the specific theory we have. In the subsequent equations there
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is the underlying assumption that the theory must have logarithmic divergences in (94), or
power law divergences (95), but that is it. We can use the above results to compute the lead-
ing terms for a theory with quartic couplings (ϕ4), in de Sitter, and massless scalars. We will
apply this to the correlator, in particular to the disconnected component, for which the total
energy singularity is replaced by a factor of 1/y , thus (τG ,τg) = (0,3), and (α⋆, β⋆) = (3,0),
in this case the numerator is still one, so (ρx ,ρy) = (0,0). This means that we are in the case
where (λ(12), λ

′(2)) = (0,0), and the result (94) applies directly. From this we learn that we have
two logarithmic divergences. One of the divergences coming from the x-integration, which
in the related literature is referred to as secular divergence. The other logarithmic divergence
comes from the massless state running in the loop, and this is a standard infrared divergence.
The coefficient of the leading divergence is also proportional to p−3, where p is the external
momentum. All of this agrees with the literature on the subject, check [42]. In the above dis-
cussion, we considered only the disconnected component contributing to the correlator. For
this process, there are only two contributions to the correlator, the disconnected part and the
wavefunction. To compute the contribution from the wavefunction, we have the total energy
singularity but one less factor of y in the denominator. Then, (λ(12), λ

′(2)) = (−1,−1) which
means we have no divergences anymore. This is a verification of the fact that the disconnected
components contributing to the correlator are the most divergent, and thus contribute with the
leading divergences. This has been noted in the literature, and in particular one can check [51]
for a detailed discussion on this. We hope that this simple example has motivated the gen-
erality of our method, we can use it to compute leading and sub-leading divergences, for the
different terms in the correlator, as well as for different theories and cosmologies. It becomes
particularly simple to compare different theories, as the Newton polytope is the same for a
given process, and we just need to change the parameters on which the λ-function depends
on.

The two-site one-loop graph Let us move on to a more interesting example, where the non-
trivial form of the edge weight integration measure and the related integration domain appear.
The simplest of these cases is the two-site one-loop graph: The

I (1)G =
∏

s∈V

�

d xs

xs
xα
�

∫

Γ

∏

e∈E

�

d ye

ye
yβe

�

�

−CM(y2, P2)
�

d−3
2

Pd−2
Ω (x , y;X ) , (96)

where Ω (x , y;X ) is the canonical function of the (generalised/weighted) cosmological poly-
topes associated to this graph, and the contour of integration is

Γ :=
�

x ∈ R2
+, y ∈ R2

+ | −CM(y2, P2)≥ 0
	

– see Appendix A for more details. Note that for d = 3 the measure of integration simplifies,
with the only novelty with respect to the previous case given by the contour of integration
Γ . As discussed previously, the contour of integration selects a subset of possible divergent
directions that would come from the analysis of the integrand alone. In particular, the edge
weights can get to zero just once at a time – as ya −→ 0 then yb −→ P, and vice versa, when
yb −→ 0, ya −→ P –, while they have to approach infinity simultaneously.

Let us look at the asymptotic structure by first considering the Newton polytope associated
to the integrand Ω (x , y; X ). In order to give a general account, let us consider the following
form

Ω (x , y;X ) (97)

=
nδ(x , y;X )

�

qG (x , y;X )
�τG

�

qga
(x , y;X )

�τga
�

qgb
(x , y;X )

�τgb
�

qg1
(x , y;X )

�τg1
�

qg2
(x , y;X )

�τg1
,
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0

yb

ya
P

P

Figure 8: On the left: The Newton polytope associated to the edge weight integration
for the two-site one-loop graph is a nestohedron whose facets are identified by certain
tubings. They correspond to directions in which the integral might diverge. The
number of tubings instead correspond to how these directions are approached. A
subset of these directions are selected by the integration contour. On the right: The
knowledge of compatible facets of the Newton polytope allows to decompose R2

+ in
sectors, which can be restricted onto the domain of integration via the non-negativity
condition which defines it.

where

qG := x1 + x2 +XG , qga
:= x1 + x2 + 2ya +XG , qgb

:= x1 + x2 + 2yb +XG ,

qg1
:= x1 + ya + yb +Xg1

, qg2
:= x2 + ya + yb +Xg2

.
(98)

Let us begin with consider solely the loop integration – as mentioned earlier this is sensible
for those cases in which the integration over the site weight is absent. The Newton polytope
then lives in P2 and it is a nestohedron built via sequential truncation of a triangle via two
segments corresponding to two of its sides – combinatorially it is the same polytope obtained
in the two-site tree graph:

W
′(1) =





−βR

−1
0



 , W
′(2) =





−βR

0
−1



 , W(1) =





λ(1)

1
0



 , W(2) =





λ(2)

0
1



 , W(12) =





λ(12)

1
1



 , (99)

where λ(1) := β−τga
−τg1
−τg2

, λ(2) := β−τgb
−τg1
−τg2

and λ(12) := 2β−τga
−τgb
−τg1
−τg2

.
The restriction onto the contour of integration allows three out of these five directions:

W
′(1), W

′(2) and W(12). So the sectors contributing to the infra-red divergences are ∆2′1′ , ∆1′2
and ∆12′ , which are respectively identified by (W(2′), W(1′)), (W

′(1), W
′(2)) and (W(1), W

′(2));
while the sectors ∆2,12 an ∆12,1 – respectively bounded by (W(2), W(12)) and (W(12), W(1)) –
codify the ultraviolet divergences. In the sector ∆2′1′ , the integral acquires the form22

I∆2′1′
=

∫ P

0

dζ′1
ζ′1

�

ζ′1
�β

∫ P

P−ζ′1

dζ′2
ζ′2

�

ζ′2
�β

�

CM(ζ′2, P2)
�

d−3
2

Pd−2
Ω
�

x ,ζ′; X
�

, (101)

22A peculiarity of this case is that it is the only one in which the Cayley-Menger determinant factorises in a
product of linear polynomials

−CM(y2, P2) = (ya + yb + P)(ya − y b+ P)(ya + yb − P)(−ya + yb + P) , (100)

with the zeroes reached at the boundary of the domain of integration. Consequently, it is possible to have an
explicit form for the contour of integration, with ya ∈ R+ and yb ∈ [|ya − P|, ya + P] or, which is the same
∆IR ∪∆UV ≡ {ya ∈ [0, P], yb ∈ [P − ya, ya + P]} ∪ {ya ∈ [P, +∞[, yb ∈ [ya − P, ya + P]]}.
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where Ω
�

x ,ζ′; X
�

can be thought to be expresses via one of its triangulation with physical
poles only.

This sector contains two singularities which cannot be taken simultaneously. It is useful to
make the contour of integration independent of any integration variable

I∆2′1′
=

∫ +∞

0

dω1

ω1

ω
β+d−1
1

(1+ω1)2(β+(d−3))+1

×
∫ 0

−1

dω2 (1+ω1(1+ω2))
β−1

eµ(ω1, ω2)Ω (ω1, ω2,X ) ,

(102)

where eµ(ω1, ω2) := [(1−ω2)(1+ω2)(2+ (1+ω2)ω1)(2+ (3+ω2)ω1)]
(d−3)/2 – it is

achieved via ζ′1 = Pω1(1 + ω1)−1, ζ′2 = P(1 + ω2ω1(1 + ω1)−1). In this form the two
divergences, originally approached as ya −→ 0 and yb −→ 0 separately, are clearly separated:
the former is reached as ω1 −→ 0 while the latter as ω1 −→ +∞.

The integral (102) can be further decomposed into two subsectors∆2′1′ :=∆2′∪∆1′ , each
of which containing just one of the two divergences. For example,

I∆2′
=

∫ 1

0

dω1

ω1

ω
β+d−3
1

(1+ω1)2(β+(d−3))+1

×
∫ 0

−1

dω2 (1+ω1(1+ω2))
β−1

eµ(ω1, ω2)Ω (ω1, ω2,X ) ,

(103)

and the divergent terms can be extracted expanding around ω1 −→ 0

I∆2′
=

a

β + d − 3
Ω(0,X ) + . . . (104)

– at leading order, the canonical function becomes independent on ω2, and a represents the
integral over ω2 which is just a number. As we observed at tree-level, also at loops the coef-
ficient of the leading divergence can be obtained by restricting the canonical function onto a
special hyperplane.

The other divergence along the other infrared divergence can be deduced from this one,
as the original integral is completely symmetric under the exchange of the two edge weights.

Finally, let us comment on the analysis of both the site- and edge-weight integration simul-
taneously. In this case, the Newton polytope lives in P4. Constructing, as usual, the nestohe-
dron as a truncation based on the underlying graph, and considering a generic point in a system
of local coordinates in P4 of the form (t1, ta, tb, t2) labelling the powers of (x1, ya, yb, x2)
respectively, its facets are given by

W
′( j) =

�

λ
′( j)

−e j

�

, W( j) =

�

λ( j)

e j

�

, W(23) =

�

λ(23)

e23

�

, W(1 . . . 4) =

�

λ(1 . . . 4)

e1...4

�

, (105)

where

λ
′(1) = −αR = λ

’(4) , λ
′(2) = −βR = λ

’(3) ,

λ(1) = αR −τG −τga
−τgb

−τg1
, λ(2) = βR −τga

−τg1
−τg2

,

λ(3) = βR −τgb
−τg1

−τg2
, λ(4) = αR −τG −τga

−τgb
−τg2

,

λ(23) = 2βR −τga
−τgb

−τg1
−τg2

, λ(1 . . . 4) = 2(αR + βR)−τG −τga
−τgb

−τg1
−τg2

.

(106)

Some comments are now in order. First, note that the collection of co-vectors
{W

′( j), W( j), W(23)} constitute the five possible divergent directions emerging from the anal-
ysis of the sole edge weight integration. The non-negativity condition imposed by the con-
tour of integration, prevents the integral to become divergent along more than one direction
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{W
′( j), j = 2, 3} and {W( j), j = 2,3}. Hence, those sectors involving more than one of these

directions can be further split, as we saw earlier. Secondly, the infra-red behaviour is encoded
into the {W

′( j), j = 2, 3} for internal low energy modes, while {W( j), j = 4,1} codify the ones
due to the expansion of the universe. Finally, λ(1 . . . 4) encodes the effect of internal high energy
modes as the universe expands.

Finally, let us consider a sector ∆41 containing both W(1) and W(4) and take either of the
two to be divergent, . i.e. λ(1) ≥ 0 or λ(4) ≥ 0. Then, following what discussed above for the
site-weight integration, and taking λ( j) −→ 0 the integral factorises into an integral over the
remaining site-weight integration and an integral over the edge weight only

I∆41
=

1
−λ( j)

∫ +∞

0

∏

s∈V
[d xs]

1
Vol{GL(1)}

Ω (x , y = 0; X = 0)× I (E)∆41
, (107)

where I (E)∆41
can be cast in the terms of the usual loop momentum as

I (E)∆41
:=

∫

dd l
1

lβ
�

l⃗ + P⃗
�β

. (108)

Interestingly enough, the contribution from the site-weight integration is related to the restric-
tion of the relevant cosmological polytopes along a special hyperplane

⋂

e∈E

fW (ge), while the edge

weight integration can be recast in a flat-space loop integral associated to the same graph.

The two-site two-loop graph Let us now close this example section with the simplest two-
loop example, given by the two-site two-loop graph – see Figure 9. As for the one-loop case
discussed above, we consider the following general form for the integral associated to this
graph

I (2)G =
∫

R2
+

∏

s∈V

�

d xs

xs
xαs

�

∫

Γ (2)

∏

e∈E

d ye

ye
yβ−1

e ΩG (x , y; X ) , (109)

where

ΩG (x , y; X ) =
nδ(x , y; X )

�

qG
�τG





∏

e=a,b,c

�

qge

�τge









∏

(e1,e2)

�

qg(e1,e2)

�τg(e1,e2)









∏

j=1,2

�

qg j

�τg j





, (110)

where ga/b/c is the subgraph with the edge labelled by a/b/c departing from it,
g(e1,e2) is the subgraph with the pair (e1, e2) of edges departing from it (where

x1 x2

yb

ya

yc

Figure 9: Two-site two-loop graph. The associated Newton polytope is lives in P5

and characterised by 16 facets. They signal the possible divergent direction, which
are further limited by the non-negativity condition from the integration contour.
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(e1, e2) = {(a, b), (b, c), (c, a)}), and as usual g j is the subgraph made out of the site s j only.
The linear polynomials {qg, g ⊆ G} are then explicitly given by

qg :=
∑

s∈Vg

xs +
∑

e∈Eext
g

ye +Xg . (111)

First, note that were we to consider the site integration only, the associated nestohedron
would be the very same as for the other two-site graphs examined, with the W’s differing only
by their λ-component: the possible divergences are the same, what differs is the way that such
divergences are approached.

The edge weight integration is more interesting. As discussed in Section 3.1 and showed
more explicit for the present case in Appendix A, it can be recast in the form of an iterated
integral with two-site one-loop graphs. Thus, we can easily use the lesson from the analysis in
the previous example: for each loop integration, the non-negative condition imposed by the
contour of integration – see Appendix A for the explicit form of such contour – restrict the num-
ber of possible divergent directions. Hence, we can perform a full Newton polytope analysis,
decompose the integral according to these sectors, and each sector involving directions that
cannot become simultaneously divergent because of the contour non-negativity condition, can
be split in subsectors each of which contain only the directions which can become divergent
simultaneously.

The Newton polytope for the full integral lives in P5 with a generic point given by,
(ρ1, ρa, ρb, ρc , ρ2) which are respectively the powers of (y1, ya, yb, yc , x2). Its facets are
given by

W
′( j) =

�

λ
′( j)

−e j

�

, W( j) =

�

λ( j)

e j

�

, W( j1 , j2) =

�

λ( j1 , j2)

e j1, j2

�

,

W(234) =

�

λ(234)

e234

�

, W(1 . . . 5) =

�

λ(1 . . . 5)

e1...5

�

,

(112)

where ( j1, j2) = {((2, 3), (3, 4), (4, 2))}. While in the one-loop case the integration contour
was forbidding to take simultaneously two divergences both identified by one of the W’s co-
vectors, in this case some of them are allowed, e.g. W

′(2) and W
′(4) – they belong to different

loop subgraphs.

5 Conclusion and outlook

Understanding the infra-red behaviour of cosmological processes is of fundamental importance
both for the reliability of our predictions for the initial condition of the subsequent classical
evolution, and for getting full-fledged theoretical insights on the early universe physics. Ideally,
a well-defined cosmological observable should be free of infra-red divergences. However, they
turn out to be plagued by them, and hence they need to be re-summed or cancelled. The
analysis under different approaches for de Sitter space showed that the leading divergences
should re-sum to give the probability distribution predicted by stochastic inflation. Despite has
been argued that this Markovian behaviour should survive at subleading order, it is not clear
how this should occur [43,61].

Reasonably, any well-defined probability distribution should be subject to the exact renor-
malisation group equations, which are diffusion-type equations – see for example [95]. An
idea along these lines was explored for de Sitter in [51], confirming the expectation for the
leading divergences.

Hence, the question about the fate of the subleading divergences and the underlying mech-
anism of a possible re-summation is still open. More generally, one can broaden the problem by

36

https://scipost.org
https://scipost.org/SciPostPhys.19.2.029


SciPost Phys. 19, 029 (2025)

asking which consistency conditions a cosmological observable and their infra-red behaviour
ought to satisfy, in an arbitrary FRW background, in order to re-sum. In the case of QCD,
for example, the exponentiation of double and single poles for hard processes is tied to fac-
torisation properties of scattering amplitude [96]. So, it is worth to ask which properties of
cosmological observables in perturbation signal that the infra-red divergences are bound to
resum.

The exact renormalisation group, supported by a perturbative analysis, seems promising
for unravelling this issue. The recent combinatorial formulation for large classes of scalar
theories in terms of (generalised/weighted) cosmological polytopes allowed to gain a deeper
understanding of perturbation theory for cosmological observables.

In this paper, we begin to explore how these combinatorial ideas can encode the renor-
malisation group structure for cosmological observables in power-law FRW cosmologies, and
the condition for re-summability. In particular, we show how the asymptotic behaviour is gov-
erned by a special class of nestohedra, which are directly tied to the cosmological polytope
structure. It allowed us to predict all possible divergent directions, both in the infra-red and in
the ultraviolet, and their degree of divergences from graphical rules, and simplify the extrac-
tion of the divergent behaviour via sector decomposition. Our work fixes a set-up in which the
questions about sub-leading divergences, their re-summation and the consistency condition
for re-summation on the infra-red divergent structure can be sharpened.

The structure of the infra-red coefficients The combinatorial picture we introduced in this
paper, allows to systematically study the asymptotic structure of an arbitrary graph in per-
turbation theory and to extract the divergences. For leading corrections, it was possible to
establish a relation between the coefficient of the leading divergence and the restriction of the
canonical form of the underlying (generalised/weighted) cosmological polytope onto a spe-
cial hyperplane. While it is indeed possible to explicitly compute subleading divergences, no
clear combinatorial-geometrical interpretation of the coefficients became manifest. In order
to address the questions we posed above, it is important to understand: i) how the structure of
the coefficients of the leading divergences is tied to an exact renormalisation group equation
and hence to re-summation; ii) the combinatorial structure of the subleading coefficients and
their properties; iii) the implication of changing of the divergence degree.

Combinatorics and the exact renormalisation group The nestohedra we described encode
both the infra-red and the ultraviolet behaviour of a given graph. This allows to have a handle
of a number of effects which are described by the subleading corrections, such as decoherence.
It would be interesting to understand on more general grounds the relation between such a
combinatorial structure and the exact renormalisation group picture.

The mathematical side: Newton polytopes and Minkowski differences The Newton poly-
tope analysis for the asymptotic behaviour is beautifully simple when the integrands have ei-
ther a numerator which is a polynomial n0 of order 0 or it is just a monomial. When it is
a more general polynomial nδ it cannot be naively be considered on the same footing as the
denominators by considering its associated Newton polytope N [nδ] as having negative weight
in the Minkowski sum with the Newton polytope associated to the denominators: this defi-
nition of Minkowski difference for a polytope is not the inverse operation of the Minkowski
sum. In order for considering both numerator and denominator of an integrand on the same
footing, it is necessary to have a definition of a Minkowski difference for polytopes which
satisfied such condition. Such a definition for two polytopes P1, P2 ∈ Rn was proposed as
P1 −P2 := {x ∈ Rn | x +P2 ⊆ P1}, and it is such that (P1 +P2)−P2 = P1 [67]. It would be
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x1 x2

ya

yb

x1

x2 x3

y12

y23

y31 x1 x2
yb

ya

yc

Figure 10: Examples of loop graphs. The associated loop integrals are ne-fold if
ne < d, and the integration measure is proportional to the squared volume of a
simplex in Pns+ne−2.

interesting to explore whether such a definition allows treating numerator and denominator
on equal footing in the Newton polytope analysis.
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A The loop measure: Examples

In Section 3.1 we have discussed how, in the space of loop edge weights, the loop measure
is associated to the squared volume of a certain simplex, and the integration region is given
by the requirement of such volume to be non-negative, vanishing just at the boundary of that
region. For the sake of clarity, we provide here some explicit example both at one- and two-
loops which can be taken as a reference – concretely, the two- and three-site one loop graphs
and the two-site two-loop graph.

Two-site one-loop graph Let us begin with the simplest non-trivial one-loop example, the
two-site one-loop graph – see Figure 10. Let P := {p⃗ j , j = 1, . . . , n} be the set of external
spatial momenta. The external kinematics can be parametrised via

X1 :=
∑

p⃗∈P1

|p⃗| , X2 :=
∑

p⃗∈P2

|p⃗| , P :=
�

�

�

∑

p⃗∈P1

p⃗
�

�

� =
�

�

�

∑

p⃗∈P2

p⃗
�

�

� , (A.1)

where P1, P2 ⊂ P such that P1∪P2 = P and P1∩P2 = ∅ – i.e. P1 and P2 are the sets of
external momenta at the two vertices of the graph. The loop space can instead be parametrised
as

ya := |l⃗| , yb := |l⃗ + P⃗| , P⃗ :=
∑

p⃗∈P1

p⃗ . (A.2)
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For d ≥ 2, i.e. the number of spatial dimension greater than the number of edges of the graph,
then the loop integration is a two-fold integral in ya and yb. From (37), the measure can be
written in terms of the squared volume of a triangle in P2, whose boundaries’ volumes are given
by the triple (ya, yb, P) and that is proportional to (minus) the Cayley-Menger determinant
CM(y2, P2):

Vol2{Σ2(y, P)} ∼ −CM(y2, P2) = −

�

�

�

�

�

�

�

�

0 1 1 1
1 0 y2

a y2
b

1 y2
a 0 P2

1 y2
b P2 0

�

�

�

�

�

�

�

�

=
�

(ya + P)2 − y2
b

� �

y2
b − (ya − P)2

�

.

(A.3)

The proportionality factor in the measure depends on the (2,2)-minor of (A.3), which returns
the volume of the codimension-1 boundary of the triangle that purely depends on the external
kinematics, i.e CM(2, 2)(y2, P2) = 2P2. The case (A.3) is the only one in which the Cayley-
Menger determinant is factorisable. The non-negativity of (A.3) as well as of the individual
integration variables ya and yb as well as of the external kinematic parameter P defines the
contour of integration Γ to be,

Γ2 :=
��

(ya + P)2 − y2
b

� �

y2
b − (ya − P)2

�

≥ 0, ya ≥ 0, yb ≥ 0
	

. (A.4)

This geometrical picture also allows to straightforwardly understand the behaviour of the mea-
sure as certain limits are taken. For example, as any of the elements of the triple (ya, yb, P) are
taken to zero, the triangle associated to the measure gets mapped into a segment by collapsing
two of its vertices onto each other:

ya

P

yb

yb = P

ya −→ 0

ya = P

yb −→ 0

yb = ya

P −→ 0

Figure 11: Example of the simplex whose volume provides the measure for the two-
site one-loop graph. Taking the limit where one side shrinks, the other two sides
collapse into the same length.

If the graph is characterised by just an external state for each site, then spatial momentum
conservation implies that X := X1 = X2 and P = X . In this case, as ya ∼ ρX ,23 the triangle
volume also vanishes.

The full integral corresponding to the 2-site 1-loop graph then acquires the form

I (1)2 =
π

d−2
2

Γ
� d−2

2

�

+∞
∫

0

d x1

x1
xα1

+∞
∫

0

d x2

x2
xα2

×
∫

Γ2

d y2
a d y2

b

[((ya + P)2 − y2
b)(y

2
b − (ya − P)2)]

d−3
2

Pd−2
Ω (x , y) ,

(A.5)

where Ω (x .y) is the universal integrand provided by the combinatorial picture of standard /
generalised / weighted cosmological polytopes. Note that for d = 2 – when the number of

23This is nothing but the collinear limit l⃗ −→ ρ P⃗.
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spatial dimension is the same as the number of edges of the graph, the squared volume of the
triangle appears in the denominator and its vanishing – that typically occurs at the boundary of
the integration region – might imply the appearance of a singularity from the measure which
does not appear for d > ne = 2. However, this is not the case, as the factor ya yb cancels such
potential divergence.

For d < ne = 2, i.e. d = 1, then the edge weights are not independent, and the loop
space is parameterised by one of them only. In the simple case under discussion, such a space
is 1-dimensional and can be parameterised by any of the two edge weights. Without loss of
generality, it is possible to take ya. Then yb = ya+P and dl = d ya, with the integration region
being just the positive real axis R+. The integral associated to two-site one-loop in d = 1 can
then be written as

I (1)2

�

�

d=1 = δ (X2 − X1)

+∞
∫

0

d x1

x1
xα1

+∞
∫

0

d x2

x2
xα2

+∞
∫

0

d ya

+∞
∫

0

d yb δ (yb − ya − P) Ω (x , y) , (A.6)

where the overall delta function simply enforces the two external states to have the same
energy, and we kept the integration over yb but constrained by the delta function in such a
way that the integrand can be still written in terms of the canonical function of the relevant
polytope – then integrating it out is geometrically equivalent to a covariant restriction24 of the
relevant geometry on to the hyperplane yb − ya − P = 0.

Three site, one loop graph Let us turn now to the next-to-simplest case, the three-site one-
loop graph – see Figure 10. The external kinematics is parametrised as

X j :=
∑

p⃗∈P j

|p⃗| , Pj :=
�

�

�

∑

p⃗∈P j

p⃗
�

�

� , j = 1, 2,3 , (A.7)

where {P j , j = 1, 2,3} are such that P1∪P2∪P3 = P and {Pi∩P j = ∅, ∀ i ̸= j i, j = 1, 2,3}
– they are the sets of momenta at the vertices 1, 2, 3. Notice that in case the graph has
one momentum for each vertex, then {X j = Pj , ∀ j = 1,2, 3}. The loop momentum can
be parametrised in terms of

y12 := |l⃗| , y23 := |l⃗ + P⃗2| , y31 := |l⃗ − P⃗1| , (A.8)

where
P⃗j :=

∑

p⃗∈P j

p⃗ , j = 1,2, 3 . (A.9)

For d ≥ 3, the loop momentum is a three-fold integral over the variables (A.8). The loop
integration measure is now given in terms of the squared volume of a tetrahedron in P3:

Vol2
�

Σ3

�

y2, P2
�	

= +CM
�

y2, P2
�

=

�

�

�

�

�

�

�

�

�

�

0 1 1 1 1
1 0 y2

12 y2
23 y2

31
1 y2

12 0 P2
2 P2

1
1 y2

23 P2
2 0 P2

3
1 y2

31 P2
1 P2

3 0

�

�

�

�

�

�

�

�

�

�

. (A.10)

As for the previous case, the proportionality factor depends on the volume of the simplex in
one dimension less give by the (2,2)-minor of (A.10), i.e. a triangle whose sides’ volumes are
given by the triple (P1, P2, P3)

24For a general definition and discussion of the covariant restriction, see [66].
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P1

y12

P2

y23

P3

y31

P1

P2

P3

Figure 12: Example of the simplex whose volume provides the measure for the three-
site one-loop graph.

The contour of integration is then given by

Γ3 :=
�

(−1)k+1CM(Ik ,Jk) ≥ 0,∀ (Ik,Jk) k = 1, . . . 3
	

, (A.11)

where Ik and Jk are sets of 3 − k rows and 3 − k columns respectively. In words, all the
minors of C M(y2

j, j+1, P2
j ), including the full Cayley-Menger determinant, with the appropri-

ate (-1) factors have to be non-negative, with the equality for (−1)4C M(y2
j, j+1, P2

j ) = 0 es-
tablishing the boundary of the region of the integration. The Cayley-Menger determinant
(−1)4C M(y2

j, j+1, P2
j ) proportional to the squared volume of a tetrahedron whose sides have

lengths {y12, y23, y31, P1, P2, P3}. The boundary of the contour of integration implies that the
four vertices of the tetrahedron become co-planar. As in the previous case, this geometrical
picture makes manifest the behaviour of the measure as several limits are taken. In particular,
as any of the {yi,i+1, i = 1, 2,3} is taken to zero, the tetrahedron is mapped into a triangle.

The full integral corresponding to the 3-site 1-loop graph then acquires the form

I (1)3 =
2π

d−3
2

Γ
� d−3

2

�

3
∏

j=1





+∞
∫

0

d x j

x j
xαj





∫

Γ3

∏

e∈E
d y2

e

�

(−1)4 CM
�

y2, P2
��

d−4
2

[(−1)3 CM(2,2) (P2)]
d−3

2

ΩG(x , y) . (A.12)

For d < ne = 3, not all the edge weights are independent and, hence, the integral is d-fold
integral.

Two-site, two-loop graph Let us conclude with a two-loop example, the two-site two-loop
graph – see Figure 10. Its kinematics can be parametrised as

X1 :=
∑

p⃗∈P1

|p⃗| , X2 :=
∑

p⃗∈P2

|p⃗| , P :=
�

�

�

∑

p⃗∈P1

p⃗
�

�

� =
�

�

�

∑

p⃗∈P2

p⃗
�

�

� , (A.13)

where P1, P2 ⊂ P such that P1∪P2 = P and P1∩P2 = ∅. The edge weights of the graph
instead parametrise the loop space via

ya := |l⃗1| , yb := |l⃗1 + l⃗2 + P⃗| , yx := |l⃗2| . (A.14)

Let us proceed one loop at a time, as described in the main text, focusing on the loop subgraph
with edge weights ya and yb. It can be taken to have external kinematics to be given by
yd = |l⃗2+ P⃗| – from a graph perspective this is equivalent to open up one of the sites into two:

x1 x2
yb

ya

yc

x1 x2

yd
yb

ya

yc

,
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with white site not carrying any weight. Then, a measure µ(1)d (ya, yb, yd) gets associated to the
2-site 1-loop subgraph being constitutes by the white site and the black one with weight x2. A
second measure is associated to the graph obtained by replacing the previous 1-loop subgraph
by an edge with weight yd (i.e. the modulus of the momentum flowing through the deleted
subgraph):

x1 x2

yd
yb

ya

yc

x1 x2

yd

yc

.

The measure associated to the 2-site 2-loop graph can be written as

µ(2)d (y, P) :=

∫

d y2
d µ

(1)

d (ya, yb, yd)µ
(1)

d (yd , yc , P) , (A.15)

with µ(1)d being the measure for the 2-site 1-loop graph computed earlier. The contour of
integration is then given by Γ = Γ1

⋂

Γ2 where

Γ1 =
�

(−1)k+1CM(Ik ,Jk)(ya, yb, yd)≥ 0, ∀ (Ik,Jk) , k = 1,2
	

,

Γ2 =
�

(−1)k+1CM(Ik ,Jk)(yd , yc , P)≥ 0, ∀ (Ik,Jk) , k = 1,2
	

.
(A.16)

The integral associated to 2-site 2-loop graph acquires the form

I (2)2 ∼

+∞
∫

0

d x1

x1
xα1

+∞
∫

0

d x2

x2
xα2

∫

Γ

∏

e∈E∪{ed}

d y2
e µ

(1)

d (ya, yb, yd)µ
(1)

d (yd , yc , P)ΩG (x , y) , (A.17)

where∼ indicates the omission of factors which are irrelevant to the present discussion, and ed
is the edge with weight yd . Note that the integrandΩG(x .y) does not depend on the additional
variable yd which, consequently, can be integrated out returning a measure that depends only
on the edge weights of the original graph as well as its external kinematics.

B Sector decomposition and divergences

Despite the presence of a number of examples in the main body of the paper, we consider
useful to discuss in detail here a simple example that can be of help to fix the main ideas. Let
us consider the simplest possible, but yet non-trivial, example of an integral of the type (46)

I[σ] :=

∫ +∞

0

d x1

x1
x s1

1

∫ ∞

0

d x2

x2
x s2

2
1

(XG + x1 + x2)τ
≡
∫ +∞

0

�

dz
z

zσ
�

1
�

XG + e12 · z
�τ , (B.1)

where, as in the main text, z := (x1, x2), σ := (s1, s2) ∈ C2 and e12 := (1, 1) ∈ R2. It can be
thought to be associated to a single site graph obtained from a two-site tree graph by collapsing
its two sites onto each other. The possible asymptotic divergent direction and the way that they
are taken are encoded into the Newton polytope associated to the polynomial 1+ e12 · z and
shifted by −Re{σ}, which is a simple triangle, whose facets are identified by the co-vectors

W
′(1) =

�

−Re{s1}
−e1

�

, W
′(2) =

�

−Re{s2}
−e2

�

, W(12) =

�

Re{s1}+Re{s2} −Re{τ}
e12

�

, (B.2)

42

https://scipost.org
https://scipost.org/SciPostPhys.19.2.029


SciPost Phys. 19, 029 (2025)

W
′(1)

W
′(2)

W(12)

0

x2

x1
1

1

Figure 13: On the left: Newton polytope associated to (B.1). Its facets
are identified by W

′(1) := (−Re{s1}, −1, 0)T, W(12) := (Re{s1 + s2 − τ}, 1, 1),
W
′(2) := (−Re{s2}, 0, −1) and divide the region of integration in three sectors, each

of which bounded by a pair of co-vectors associated to the facets. On the right: De-
composition into sectors of the domain of the integration in the original integration
variables. The blue square is the sector identified by the pair

�

W
′(2), W

′(1)
�

– it is the
only sector containing the possible infra-red divergences. The red and the green ar-
eas instead single out the sector identified by

�

W
′(1), W

′(12)
�

and
�

W(12), W
′(2)
�

.

where, as before, {e j ∈ R2, j = 1, 2} is the canonical basis for R2. Being a triangle, all its facets
are compatible with each other, and thus, the domain of integration can be divided into three
sectors, identified by all the three pairs of co-vectors (B.2).

The behaviour in each sector is made manifest via the change of variables
�

W
′(2), W

′(1)
�

: x1 =
�

ζ′2
�−e1·ω′2

�

ζ′1
�−e1·ω′1 = ζ′1 , x2 =

�

ζ′2
�−e2·ω′2

�

ζ′1
�−e2·ω′1 = ζ′2 ,

�

W
′(1), W(12)

�

: x1 =
�

ζ′1
�−e1·ω′1 (ζ12)

−e1·ω12 =
ζ′1
ζ12

, x2 =
�

ζ′1
�−e2·ω′1 (ζ12)

−e2·ω12 =
1
ζ12

,

�

W(12), W
′(2)
�

: x1 = (ζ12)
−e1·ω12

�

ζ′2
�−e1·ω′2 =

1
ζ12

, x2 = (ζ12)
−e2·ω12

�

ζ′2
�−e2·ω′2 =

ζ′2
ζ12

,

(B.3)
and the integral (B.1) can be written as

I[σ] =
�

XG
�s1+s2−τ

∫ 1

0

dζ′1
ζ′1

�

ζ′1
�s1

∫ 1

0

dζ′2
ζ′2

�

ζ′2
�s2 1

�

1+ ζ′1 + ζ
′
2

�τ

+
�

XG
�s1+s2−τ

∫ 1

0

dζ′1
ζ′1

�

ζ′1
�s1

∫ 1

0

dζ12

ζ12
(ζ12)

τ−s1−s2
1

�

1+ ζ′1 + ζ12

�τ

+
�

XG
�s1+s2−τ

∫ 1

0

dζ12

ζ12
(ζ12)

τ−s1−s2

∫ 1

0

dζ′2
ζ′2

�

ζ′2
�s2 1

�

1+ ζ′2 + ζ12

�τ ,

(B.4)

where the three integrals correspond to three sectors as in (B.3) – it is straightforward to
check that, upon the change of variables in (B.3), the region of integration R2 is split into the
domains ∆′ := {x1 ∈ [1, +∞[, x2 ∈ [1, +∞]}, ∆1′2 := {x1 ∈ [0, x2], x2 ∈ [1, +∞]}
and ∆12′ := {x1 ∈ [1, +∞[, x2 ∈ [0, x1]} as shown in Figure 2, where they respec-
tively correspond the blue, red and green regions. The three integrals in (B.4) are conver-
gent for different values of the parameters (s1, s2, τ), concretely: (Re{s1}> 0, Re{s2}> 0),
(Re{s1}> 0, Re{τ− s1 − s2}> 0) and Re{τ− s1 − s2}> 0, (Re{s1}> 0).
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Let us consider the limit for which both s1 and s1 are taken to zero. This is equivalent
to taking both the directions W(1) and W(2) to be divergent. Then the leading contribution is
given by the first integral in (B.4) only:

I∆′[σ] ∼
∫ 1

0

dζ′1
ζ′1

�

ζ′1
�s1

∫ 1

0

dζ′2
ζ′2

�

ζ′2
�s2 + . . . =

1
s1s1

+ . . . , (B.5)

where I∆′[σ] is the integral in the first line of (B.4), without the pre-factor
�

XG
�s1+s2−τ. In

order to extract all subleading divergences, one can rewrite (1+ζ′1+ζ
′
2)
−τ as a double Mellin-

Barnes integral

1
�

1+ ζ′1 + ζ
′
2

�τ =
1
Γ (τ)

∫ +i∞

−i∞
dξ1

�

ζ′1
�ξ1

∫ +i∞

−i∞
dξ2

�

ζ′2
�ξ2 Γ (−ξ1)Γ (−ξ2)Γ (τ+ ξ1 + ξ2) , (B.6)

so that the integrations over {ζ′j , j = 1,2} are of the same form as (B.5), but with the pow-
ers shifted, (s1, s2) −→ (s1 + ξ1, s2 + ξ2), and can be performed giving the simple factor
[(s1 + ξ1)(s2 + ξ2)]

−1. The contour integral can be then performed by closing both contour of
integration in the positive half plane, providing a series representation for I∆′ which can be
now safely expanded for (s1, s2) −→ (0, 0) to give:

I∆′(σ) ∼
1

s1 s2
−
τ
�

2τ2 − 3τ+ 31
�

36

�

1
s1
+

1
s2

�

+ . . . (B.7)

Indeed, contributions to the subleading divergences are given by the other two sectors as well

I∆1′2
[σ] ∼

1
s1
×
∫ 1

0

dζ12

ζ12
(ζ12)

τ 1
(1+ ζ12)

τ ,

I∆12′
[σ] ∼

1
s2
×
∫ 1

0

dζ12

ζ12
(ζ12)

τ 1
(1+ ζ12)

τ ,

(B.8)

with the leftover integral which evaluate to a Gaussian hypergeometric function.
A similar treatment can be carried out in the other limits. In particular, the infra-red be-

haviour of I[σ] is encoded into the direction W(12). It becomes divergent for τ− s1− s2 −→ 0
and receives contribution from both I∆1′2

[σ] and I∆12′
[σ]. Indicating both of them as

I∆1′2′
[σ], their leading behaviour can be written as,

I∆1′2′
[σ] ∼

∫ 1

0

dζ12

ζ12
(ζ12)

τ−s1−s2 ×
∫ 1

0

dζ′j
ζ′j

�

ζ′j

�s j 1
�

1+ ζ′j
�τ

=
1

τ− s1 − s2
×
∫ 1

0

dζ′j
ζ′j

�

ζ′j

�s j 1
�

1+ ζ′j
�τ ,

(B.9)

with the integral evaluating to a Gaussian hypergeometric function. In the infra-red limit, the
integral factorises into two integrals, one containing the divergence, which manifests itself as
the pole in τ− s1− s2 – signalling a logarithmic divergence – and the other one which is finite.
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