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Abstract

Quantum field theories can exhibit various generalized symmetry structures, among
which higher-group symmetries and non-invertible symmetry defects are particularly
prominent. In this work, we explore a new general scenario in which these two struc-
tures are intertwined. This phenomenon arises in four dimensions when gauging one
of multiple U(1) 0-form symmetries in the presence of mixed 't Hooft anomalies. We
illustrate this with two distinct models that flow to an IR gapless phase and a gapped
phase, respectively, and examine how this symmetry structure manifests in each case.
Additionally, we investigate a five-dimensional model where a similar structure exists in-
trinsically. Our main tool is a symmetry TQFT in one higher dimension, formulated using
non-compact gauge fields and having infinitely many topological operators. We carefully
determine its boundary conditions and provide a detailed discussion on various dressing
choices for its bulk topological operators.
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1 Introduction

One of the most commonplace processes in quantum field theory is the dynamical gauging of
an ordinary (zero-form) U(1)(® global symmetry, which involves introducing a new degree
of freedom — a photon. Despite its simplicity, in recent years, there has been a renewed
understanding of certain physical consequences arising from such gauging in the presence of
other global symmetries, which modify the conservation law of the U(1){®) symmetry current.
The two main examples discussed in the literature are:

1) 2-group global symmetries [1-8]: In this case, the theory obtained after dynamically
gauging U(1)© develops an emergent one-form [9] U(1)™") global symmetry that mixes
with (at least) another zero-form symmetry GX)) in the system, leading to unconven-

tional Ward identities that constrain the allowed patterns of spontaneous Gg)) symmetry
breaking [4].

2) Non-invertible global symmetries [10-16]: Here, the theory arising after dynamical
gauging retains an ordinary global symmetry which, however, becomes non-invertible.
A primary example of this phenomenon is the axial symmetry in massless QED [17,18],
see [19] for recent updates.’

The goal of this work is to discuss a natural extension of both ideas, which we dub generalized
Abelian symmetry structure. Specifically, we aim to explore what occurs in models where both
phenomena 1) and 2) coexist. Our interest in this question stems from the observation that
many models with continuous generalized symmetries, across various spacetime dimensions,
exhibit both of these unexpected features [27-33].

On a more technical level, we address several related questions. In the original analysis
of [4], one of the key assumptions for introducing continuous 2-group global symmetries is pre-
cisely the absence of non-conservation laws that would lead to the phenomenon described in
point 2) above. At the same time, in a theory with a non-invertible continuous global symme-
try, it is unclear how to define background gauge fields for such a symmetry, thus complicating
the discussion of the phenomenon in 1).

! Alternative formulations of the non-invertible axial symmetry have been proposed in [20,21]. In string theory,
both U(1) and non-invertible axial symmetry defects have been discussed in [22]. See also [23-26] for further
updates.
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In order to relax the assumption from [4] and incorporate non-invertible global symme-
tries, we will adopt the framework of Symmetry TFT [9,34-40], which was recently extended
to discuss U(1)© global symmetries in [41-43] (see also [44] for continuous non-Abelian
global symmetries). This framework will need to be suitably modified, as we will describe in
the main body of this work. Due to its general nature, we believe that this approach will also
be valuable for future studies on U(1) gaugings in other contexts.

After introducing in Section 2 the Symmetry TFT framework for generalized Abelian sym-
metry structures, we will examine a few simple and explicit models that exhibit these features
in Section 3. Our analysis will focus on two four-dimensional models, where we will investi-
gate the fate of the symmetry structure under RG flow. First, we will consider a model that
flows to an IR gapless phase where all the symmetry structure is spontaneously broken. Next,
we will examine a model that flows to a gapped phase, where the unbroken symmetry struc-
ture is encoded by a topological quantum field theory at low energy. To emphasize that these
structures are not limited to four-dimensional physics or the gauging of anomalous symme-
tries, we will also discuss in Section 4 a toy model in five spacetime dimensions, where the
photon’s kinetic term is supplemented by a Chern-Simons interaction.

The appendices contain some background material, and some technical complementary
details.

Notation and conventions

Throughout this work, depending on the context, for a given object © the notation O® is
used to denote either a p-form, a p-dimensional manifold or a p-dimensional homology cy-
cle. Moreover, we adopt the following convention for denoting R vs U(1) and background vs
dynamical fields:

Table 1: Conventions for notation and font usage throughout the work.

font type | lower case | upper case
serif p-form R dynamical field : f®) | p-form U(1) dynamical field : F)
mathsf | p-form R background field: f®) | p-form U(1) background field: F(®)

2 Generalized Abelian symmetry structures

In this section we present what we believe to be the most general structure in four dimensions
involving two continuous Abelian 0-form and 1-form global symmetries. These symmetries
mix in a 2-group-like structure; however, the O-form symmetry is non-invertible. We begin
by reviewing how this structure is obtained from a theory with two U(1) O-form symmetries
with mixed 't Hooft anomalies, and dynamically gauging one of them. We then proceed to de-
scribe this symmetry structure using a five-dimensional Symmetry TFT, demonstrating how it
encodes all aspects of the higher symmetry structure through an appropriate choice of topolog-
ical boundary conditions. We also clarify that some bulk topological operators need to be made
genuine, while others can still be non-genuine but attached to the boundary in a cylinder-like
structure.
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2.1 Abelian symmetries and their gaugings in four dimensions

The simplest examples of symmetry structures explored in this work can all be constructed
from four-dimensional QFTs admitting the following Abelian 0-form global symmetries,

v x v, 1)

where A and C) are U(1) background gauge fields whose corresponding field strengths
are F(j) and FE:Z). The complete set of 't Hooft anomalies that only involve U (1),(;)) and U (1)?)
is captured by a six-form anomaly polynomial (involving Ff,f) and F%z)) which is reported in
Appendix A.

Our interest here lies in obtaining a complete characterization of the symmetry structure
that emerges upon gauging the symmetry U (1)(CO) in (1). This is obtained by promoting C(

and its field strength F(Cl) to dynamical U(1) gauge fields:

C(l) — C(l) , F(Cl) N Fél) , )

and performing the functional integral over the orbits of C(). Such gauging procedure is

only possible if kcz = 0, that is, if the cubic U(1)(CO) ’t Hooft anomaly vanishes. Now, the
(1) )(0)

non-conservation equation for the current j, * associated with the symmetry U(1)," is given
by:
Ww___L (ke p@ kAzc @, F@ , kacz L), b
dxj, = 4n2(6FA ANES+——FA /\FC+ FEOAFS . (3)

Upon gauging, the background field strength F( ) becomes an operator F (1) and therefore
the terms proportional to kpzc and kac produce operator-valued shifts of the background
effective action and can no longer be thought of as 't Hooft anomalies. In the remainder of
this section we will describe how to correctly take into account the effects of these terms and
how they affect the resulting symmetry structure of the theory.

Let us first analyze the term

ik
dxj) o ——ECFYAFD. )

(2) (0)

= 0, the right-hand side of the above equation vanishes and the U(1),
-(1)

Note that, when F

(1) .

current j, ° is conserved and satisfies d  j, ° = O at separated points. However, the presence

of Féz) introduces an operator-valued shift of the background effective action which must be
cancelled. The modern understanding of the equation (4) is that it introduces an Abelian
2-group global symmetry [4]:
© (1
v %y, , UL, (5)

where —%kAzc takes integer values and is typically referred to as 2-group structure constant.’

The symmetry group U (1)(Cl) is associated with the magnetic 1-form global symmetry with
conserved current

2 i 2
i =g, ©)

A theory is said to possess an Abelian 2-group global symmetry (5) if it is invariant under the
combined background gauge field transformations:

AW AW 4320 @ @4 gl - k:idxf) AAD), )
T

2The general quantization condition on kas, kazc, kacz is discussed in Appendix A.

4
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where C® is a U(1) 2-form background gauge field for the U(1)(Cl) symmetry. The basic idea

is that the gauge transformation of C® can be modified to require that C'?) shifts under a
U (1)55) background transformation to exactly remove the operator-valued shift induced by
(4).2 Abelian continuous 2-groups appear in standard four-dimensional QFTs, as exemplified
already in [4,45-47].

Let us now repeat the previous analysis for the term proportional to kacz in (3):

. ikac2
e ®

This term gives rise to an ABJ anomaly for the U(l)(p?) current whose conservation is now vio-

lated even in absence of background fields. The traditional interpretation of this phenomenon

is that the continuous U(l)go) is not a global symmetry of the quantum theory, only the dis-

crete subgroup Zy,, is preserved. Indeed, one of the basic assumptions in the study of Abelian
2-group symmetries (5) is that the symmetry U(1)(A?) is free of ABJ anomalies, i.e. kacz = 0.

The understanding of the ABJ anomaly (8) has changed dramatically in recent years. These
developments are tied to the interpretation of symmetries in terms of topological defects [9]
and the discovery of non-invertible global symmetriesind > 2[15,16,48]. Following [17,18],
a symmetry suffering from an anomaly (8) can be associated with codimension 1 topological
defects Da(H(B)) implementing U(1)§O) rotations of angle a € [0,27) which however do not
obey the group multiplication law

Dy (I®) x D_, (I®) =y (M) #1, 9)

where Cy(q) (H(?’)) is a condensation defect [49, 50] for the U (1)(Cl) magnetic symmetry. To

define these operators we follow [19]. The explicit expressions of D, (H(g)) and Cy(q) (H(B))
can be compactly written as follows:

D4 (1) = exp - f w0 19)) 2y (19) =y (1), 10
®

where T ac2 [F éz)] (11®) is a three-dimensional mixed U(1)/R topological BF theory coupled

to the dynamical field strength F, éz) whose action is

i akAcz (2)
Tokacz [ F@ | (®) = — _HEAC (DA dc® 1M A (de® 4 FD) 11
[ C ]( ) 2T He 471. ( C ) ( )

The fields ¢V and &V are dynamical connections taking values in R and in U(1), respectively,
which live on II®® (here and below, we sometimes omit to write explicitly the path integral
over the fields localized on the defect). This TQFT can be interpreted as the boundary theory
obtained after successively gauging the full U (1)8) symmetry (with flat connection) and its

Pontryagin dual symmetry Zg) = U(1). (with torsion proportional to akacz) on a four-
dimensional manifold whose boundary is II®®). As a consequence, the operators D, act non-
invertibly on all line operators charged under the U(l)(cl) symmetry. More precisely, when D,

is moved across a magnetic 't Hooft line operator H, of U (1)2) charge q € Z, the line operator

becomes non-genuine:
iqakAcz 2
H, (v exp| —2 F 12
o (v )xp( o Lm G (12)
Y

3By a shift in the definition of Ag), the second gauge transformation can also be written as
(2) (2) /(1) | ka2c 5(0)1(2)
C® = CH +dA 7+ 454 F7.
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where EZ(YZ) c YW un®. On the other hand, D, acts invertibly on local operators charged

under U(1)g‘)).

Armed with such a renewed interpretation of Abelian symmetries subject to the ABJ
anomaly (8), our goal is to examine the general symmetry structure that emerges after gaug-
ing (2) in a theory where both coefficients ka2c and kac: are non-vanishing. To perform this
analysis we face a number of technical complications that need to be addressed. First, a sym-
metry obeying the non-invertible fusion rule (9) does not simply admit a standard coupling to
a background gauge field, which takes values in the (invertible) group U (1)'&0). A related issue

is that the term proportional to ka3, which is a 't Hooft anomaly for the U (1)'(;)) symmetry
and is unaffected by the gauging (2), must now be interpreted differently as the symmetry
becomes non-invertible. Finally, unlike the discussion on non-invertible symmetries, most of
the literature on (continuous) Abelian 2-group global symmetries, as in (5), is presented in
terms of background gauge fields rather than in terms of topological symmetry defects and
their fusion rules.*

2.2 Symmetry TFT analysis

The primary tool used for describing a four-dimensional theory with anomalous

U (1)5‘?) X U(l)(co) symmetry is the following five-dimensional Symmetry TFT action:
So= L | Zb® A AV —F® A dc® 1 KA 40 5 g A gc®

27 )y 4m (13)

+ kAZC C(l) /\dA(l) /\dA(l) + kA3 A(l) /\dA(l) /\dA(l)’
4r 127

where b® and b® are dynamical R gauge fields while A1) and ¢V are U(1) dynamical
gauge fields. The coefficients kacz, kazc, kas are all integers and kpcz, kazc must have the
same parity, see appendix A for further details. This action has been introduced in [41, 42],
which we will follow closely.

As discussed in the previous section, if the U (1)20) symmetry is anomaly free it can be
dynamically gauged in the four-dimensional physical theory living at the boundary 8X().

Gauging the U(1)(CO) symmetry® gives rise to a new symmetry TFT where we perform the

substitution:
{Nb(s) S dc® .

According to our convention, the field C? is a two-form U(1) gauge field while f® is a two-
form R gauge field, and both are dynamical. The resulting Symmetry TFT is:

So= L [ _p® AdaAD — FO 6 gc@ 4 KA 40 4 p@) ) )

2T )y 4m (15)

+ —kAZCf(z) AAD A dAD 4 KA ) ) 44D 5 gaD |

“For discrete 2-groups, see [6] for an approach in terms of topological defects.

>We emphasize that this gauging procedure renders the gauge field fully dynamical. This stands in contrast
to gauging with flat connections, which is a topological manipulation that can be entirely encoded in changing
the topological boundary conditions for the symmetry TFT. See [51, 52] for some recent examples of the latter
procedure.
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This action is invariant under the following gauge transformations:

F@ @ 2@

AD AW 4 g2

k k k
b® — p® 4 daB) 4 ZAZ () p x| TAC g3 () 3Dy ZAZE R ED A gaM) (16)
b 2m f 4 S f 4m

@) . ~2) W, kacz 0, 2 MWy, kacz ), ) kazc o0, )
C*¥ - C¥+dA, +—2n Ay (f +dAf )+_277: 7Lf AA n dA, " NAY.

The gauge transformation of C® is well-defined under composition of gauge transformations
only if kp2c € 2Z. Recalling that ka2c and kpc2 must have the same parity, see Appendix A,
the constraint on kp:c also implies that kac2 € 2Z. Note also that the term proportional to
kac2 does not spoil the quantization of f dC® because it is real valued.

Let us now describe all the gauge invariant topological operators characterizing the sym-
metry TFT. For this, we consider the equations of motion, which can be written in the following
way:

dA =o,

ip® — %f@) AF® =0,

o (17)

dc® — é‘\_czf@) AAD) = 0,
T

df®=o,

where some equations have been used to simplify the others. From the above equations, we
define the following four gauge-invariant topological operators:

w, (y(l)) = exp (inf A(l)) , (18)

e
v, (®,0@) = ia (3)_ @ () () (1)
() =exp| — b —— | fOA(kacaf P +kpocdAV) |, (19)
27 Jhe 871 Jqw
T (2?,0®)) = exp (imJ c® - J AV A (2kpcaf @ + kpoc dA(U)) ,  (20)
o) 41 ) o
i
Ug (2(2)) =exp (zﬁ f f(z)) . 21
T Js@

Following the terminology of [53], the operators W, and Ug are genuine topological operators
while V,, and T,, are, in general, non-genuine. Let us briefly address why there are terms
appearing in (19) and (20) that are trivialized by the equations of motion. When kac2 = 0,
the inclusion of these terms ensures that the topological operators remain gauge invariant off-
shell, albeit at the cost of rendering them non-genuine. Note however that, when kac2 # 0, the
gauge invariance of (19) and (20) is only guaranteed on-shell. This implies that correlation
functions with multiple operator insertions involving V,, and T,, may require the presence of
other non-gauge invariant operators to define a globally gauge invariant configuration, as we
will see instantly.
The operators above have the following expected action on each other:

<Wn (y(l)) Ve (1'[(3), 9(4)» = exp (ina Link (y(l), 1'[(3))) s (22)
(T, (=7, 22) Up () = exp (imp Link (=7, =57)) (23)
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where Link(M®), M(@) denotes a 2-component link (defined in Appendix B) between the man-
ifolds M® and M@, When M® and M@ are even-dimensional (as for T and U ), it is anti-
symmetric.

We also have non-standard relations when some operators cross each other. Due to the
cubic interaction terms proportional to kacz in (15), the operators T,, and V, satisfy:

(Ve (2, 24" 7,, (2@, 05)) = (v, (P, 87) 7,, (29,09 ) U, (A n0257)), 24)
<Tn (=,29) 1, (=5, Qf’» = <Tn (2,6 1, (25,98 ) Wt o (8P 10 9(23)», (25)

where on the left hand side we assumed that 2; N Q, = 0. On the right-hand side, we used a
superscript ~ to describe manifolds obtained from a smooth deformation of the correspond-
ing manifolds appearing on the left-hand side. In (24) and (25), the operators Upq, , and
Wik, ., are typically defined on open manifolds terminating on V,, and T,, and are therefore
not gauge invariant. However, the presence of these open operators exactly cancels the non-
trivial off-shell gauge transformations of (19) and (20). Therefore, the correlation functions
are gauge-invariant despite involving manifestly non gauge-invariant operators.

Finally, cubic interaction terms proportional to ka2c and kps both give rise to non-trivial
phases in correlation functions involving insertions of three operators. For instance we have

(V, (M) vy, (1) 7, (=) = exp (ikpocaty apm Link (116, 1157, @) ), @6
where EA = A%kazc and Link(Hgg), Hgg), %®), is the triple linking number of type 1.° (For the
definition of generalized linking numbers, see appendix B). By a similar argument, we also
have that

(Ve (M) v, (M) v, (157)) = exp (TTA;alazag Link (1, 1§, Hff))z) . (28

where 1'[(13), H(Zg), Hgg) are contractible 3-manifolds and Link (H(13), 1'[(23), H(Bs))2 is the triple link-
ing number of type 2.

From (22) and (23) one gathers that V,; acts trivially on all W,, operators, and similarly U,
acts trivially on T,, operators. For U,, this trivial action extends to all operators, and hence it
can be recognized as the identity operator, implying that 3 is a 27t-periodic parameter. For V,,
there is a subtlety. While (24) is still compatible with it being the identity, the relations (26)
and (28) imply that V,, can still implement a non-trivial action on T, or other V, operators
whenever kaz2c 7# 0 and kps 7# 0. As a consequence, the parameter a of V,, is truly 27t-periodic
if and only if kp2c = kas = 0, otherwise the symmetry of the bulk theory generated by V, is R.

2.3 Boundary conditions and genuine operators

Within the standard symmetry TFT framework, the collection of topological operators (18)-
(21), along with appropriate boundary conditions on the dynamical 5d bulk fields, will gener-
ate both topological symmetry operators and non-topological charged operators in the bound-
ary four-dimensional theory that enjoys the generalized Abelian global symmetry structure
which we are describing. This section aims to outline this process. We will consistently exam-
ine the 5d Symmetry TFT (15) on a five-manifold X featuring two distinct boundaries: one,

6More explicitly, the phase on the right-hand-side can be written as

exp (imalazlA{Azc f 5@ () A (50 (2) A d6 (29) + 50 (2) A d6® (gg‘“))) . @
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denoted as M, where the physical theory resides, and the other, denoted as M, where we
impose the topological boundary conditions for the bulk dynamical fields.

The set of operators that can terminate on M is determined by a choice of topologi-
cal boundary conditions. Once the Symmetry TFT bulk is shrunk, a charged operator of the
boundary physical theory on M, is typically considered genuine if it is attached to a genuine
bulk operator that can terminate on M;. We will actually slightly relax this condition, by
allowing in the configuration above also for non-genuine bulk operators whose non-genuine
part trivializes on M.

To impose consistent boundary conditions on M, two operators that can terminate topo-
logically on M must act trivially on each other. Therefore, the allowed boundary conditions
are constrained by the relations (22)-(28). To ensure that the symmetries of the physical the-
ory are faithful, we must require that any operator acting trivially on all operators terminating
on M must itself be able to terminate on M. Consequently, the operators allowed to termi-
nate on M must constitute a maximal set of mutually transparent operators: these operators
form a Lagrangian algebra of the TQFT.

Let us now suppose that M € Z is the minimal non-trivial charge at which T,; can ter-
minate on M. From (23) it follows that U,/ acts trivially on Ty, so Uy /) must also be
trivialized on M. Likewise, suppose that N € Z is the minimal non-trivial charge at which
Wy can terminate on M. Then, by (22), also V;,,y must be trivial on M. Two operators
terminating on M may generate new operators through (24) and (25). These new operators
must be trivialized by the boundary conditions on M implying that M and N must satisfy
the following constraint:

M2
WkACZ €. (29)

Finally, to trivialize the triple linking relations (26) and (28) with insertions of V,, /N and Ty,
operators, we require the additional constraints:

M

_ZkAZC € 27,
N (30)
FkAa e’Z.

From a boundary four-dimensional theory perspective, taking [N| # 1 corresponds to gauging
a Z](\?) subgroup of the U (1)53) symmetry. Likewise, taking |M| # 1 corresponds to gauging a
Zg}[) subgroup of the magnetic U(1)E:1) symmetry. In what follows, we will solely consider the
particular case where N = M = 1, i.e., we do not gauge any discrete subgroup of the U (1)(A0)

and U(1)g) symmetries.

23.1 U (1)53?) X U(l)(co) without mixed anomalies

Let us first consider a four-dimensional theory with global symmetry U(1)(A?) X U(l)E:O) without

mixed anomalies. In this case, gauging U (1)(CO) in four dimensions leads to a five-dimensional
Symmetry TFT obtained from (15) by setting kacz = kpz2c = 0:
Ss = | Zp® A qam— fAAdC® + Kas s1) p gA® p ga® . (31)
21 127

In this case, the bulk operators defined in (18)-(21) are all genuine operators. Boundary
conditions trivializing the operators W; and T; when they lie on M must implement

f AV ean7, f c@e2nz. (32)
YD M, @AMy

9
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One way to achieve this is by inserting the following boundary action on M:

S, == | AV AdED + ¢ A daD (33)
To2m )y, f

where &? and AS}) are U(1) gauge fields defined on M. It is the sum over their fluxes that
yields the quantization of the holonomies in (32). They can also be seen as edge modes for
b® and f® respectively. Indeed, considering the terms proportional to A" and §C® in
the boundary variation of the total action:

&5(Ss+Sm, ) lm, =0, (34)
we find the following boundary equations of motion:

By, =8P, fOy =daD). (35)

Consistently with the Lagrangian algebra discussed above, these equations imply that precisely
Vyrn and U, are also trivialized when they lie on M for all n,m € Z.

Alternatively, the quantization conditions (32) can be implemented by introducing U(1)
edge modes for A and C® as follows

AV =de®@, @, =daD, (36)

To make these edge modes appear explicitly in the boundary action, we can replace (33) with
the following action:
_ L 3) (0) _ 40 _ £ W _ @
Smy = 15— b A(de @ —AW)— @ A (dA’ —CcP) . (37)
My

In this formulation, the sum over the fluxes of the edge modes implies that V, ., and U, are
trivial on M. Of course, we have also the option of choosing a different presentation of the
boundary actions in each of the two sectors, which so far do not communicate.

The topological boundary can be constructed as the boundary of a half gauging. From this
construction, it is clear that this boundary should be gauge invariant. This means that the
gauge transformation of S, should cancel the boundary terms arising from the transforma-
tion of the bulk action Ss. This is true if we consider the following gauge transformations for
the edge modes:

b3 s p®3 +dkf), F@ @ _Hu?),
AL 5 AD +dA20), c@ 5 c@ _HM(Cl),

3@ 5 3@ 44 Ag) +2®, AS}) 5 A(fl) +d Ag(;) + Aj(cl), (38)
@ 0@ 1 27y + 20 AD A d;LI(AOC) +20,

The boundary constraints (35) and (36) are invariant under these gauge transformations.

2.3.2 Non-invertible U(l)(:) symmetry

In this subsection we will analyze a four dimensional theory in which the U(1)(AO) x U (1)(CO)
global symmetry has a non-vanishing 't Hooft anomaly coefficient ka2 7 O while kp2c = 0.
As discussed in section 2.1, gauging U (1)(CO) in such a theory will give rise to an ABJ anomaly
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for the U(1)§f) symmetry. Although the Symmetry TFT in this case is a straightforward gener-
alization of the theory presented in [19], here we provide additional technical details that were
not included in the above reference but are crucial for the further generalizations discussed
here.

Contrarily to the anomaly-free case, the bulk operators T,, and V, defined in (20) and
(19) respectively are now non-genuine operators. We expect T,, to terminate on genuine line
operators charged under the U (1)8) symmetry of the physical theory but this is only possible
if T,, is itself a genuine operator, since the non-genuine part in (20) cannot be trivialized by
topological boundary conditions. Likewise, we want V,, to be identified to a genuine symmetry
operators of the U (1)53) symmetry. In both cases, these operators can be rendered genuine by
stacking them with a suitable TQFT.

Let us first consider T, operators. A genuine version of these operators can be defined as
follows:

T (2@) = exp (imJ c@ 4 7'2TZkAC2 [A(l),f(z)]) , (39)
»(2)
where 75, is a 2d U(1)/R mixed BF theory coupled to the bulk fields A and f®:
TH[AD, f@] = 2L f dDAdTO 4 pr@F@ 4 o1 A 4D, (40)
T Js@

Here, T and ¢ are respectively a dynamical U(1) scalar and a one-form R gauge field.”
The genuine operator T,, is gauge invariant if, alongside the bulk transformations (16), we
consider the following non-trivial gauge transformations for Y(® and ¢™:

TO 51O 4270, =P, ¢M M+ a2 —mkpcaa®, (41)

where ny € Z. In particular, the action (40) is invariant under large gauge transformation of
T because the bulk equations of motion imply f f@eanz.
This 2d TQFT possesses non-genuine topological operators:

Py
exp(iﬁ $0+iLmkyc f f<2>), exp(in(T(O)(Pf)—*r(")m))+inf A“)),
(2)
Y

T Jym z Pi
(42)

with 8252) = y(1). The non-genuine parts of these operators are open bulk Up and W, oper-

ators that typically extend outside of %:(?), and that by this mechanism can end topologically
on T, for any 8 € R and n € Z, as required for consistency with (24) and (25).

Let us now consider the topological operator V,,(II®®, Q™) from (19). Its non-genuine part
involves the term:

—%kAch FONFD. (43)
81 Q@

Since f(® satisfies the quantization condition [ f® € 2nZ, when Q) is a closed spin 4-

manifold, V,(I®, Q*)) does not depend on Q* provided akac: € 2nZ. For these values of

a, V, implements an invertible Z(kO)Cz symmetry on the physical boundary. For all the other
Al

values of a, the integral (43) can be replaced by a 3d TQFT supported on II®® = 2Q* whose
action is [19]:

Takae [F@) (@) = L [ _KAC 1) ) g 4 60 (gD 4 4@ (4g)
27 Jye 4T

’This choice of TQFT is not unique. We could for example insert the coefficient p in the third term of (40)
instead of the second one, as considered in [19]. However, the present choice of TQFT leads to a simple 't Hooft
line in the physical theory.

11


https://scipost.org
https://scipost.org/SciPostPhys.19.2.032

e SciPost Phys. 19, 032 (2025)

where ¢ is a R gauge field while 1) is a U(1) gauge field. Assigning to the latter the
following gauge transformations:

D LM 2030 g, o) 4 g *kac a) (45)
c f $ 271 f

we can then define the following genuine, topological and gauge invariant operators:

v, (H(B)) — exp(;%J . b(3) + TakAcz [f(Z)]) ) (46)
hE

The above operators closely resemble to, and indeed allow us to recover, the non-invertible
symmetry defects D, (H(g)) of the four dimensional physical theory, as described in (10).
Using the definitions of genuine topological operators given in equations (39) and (46), we
can analyze the mutual action of T and V and compare the results with the non-trivial relations
(24)-(25). Note for instance that open Ug operators can end on V, defects by embodying the
non-genuine part of a line operator for ) in the 3d TQFT, see Appendix C for further details.
With the genuine bulk operators now properly defined, we can turn our attention to the
topological boundary conditions. First of all, to account for the additional cubic interaction
term in the bulk action, the boundary conditions discussed in Section 2.3.1 need to be modified.
For this purpose we introduce the following boundary action:
L 1) kac 1 1
Sty = 5= » b A (d2® —AD) + C A dAD — 4—n<1>(0)dASC 'ndAP . @)

The boundary equations of motion, including the sum over fluxes of the edge modes, lead to
the following expressions for the bulk fields when restricted on the boundary M :

~ k
(€8] — 1560 (3 — 452 4 TAC? 4(1) (1)
@ _ g0 @ —ga0  kac L0) 4@
f |MT_dAf , C |MT_dAC + o d /\dAf .

The edge modes must now also have kpc2-dependent terms in their gauge transformations:

3

- - k
3@ 5 3© £ 2mn, + 290, 3O 5 FD 4 qal) 4 2@ _ AW 4 4
? 4r (49)
@, 40 7,0, 4@ W 2@ 4 1,0, 2@ _ kacz L), @) &)
A D AP +dA A, AL DAL AR+ A _Eq’( 257 —ngkacA,” .

With these gauge transformations, the transformation of the boundary action cancels the
boundary terms arising from the transformation of the bulk action, taking into account the
relations (48).

The boundary condition on A allows W; = exp(i f AM) to terminate topologically on
M. In order to see that also all T,, can terminate topologically on M1, we have to consider
not only the non-trivial boundary condition (48) on C®, but also the fact that the 2d TQFT
defined on T,,(=(®) has appropriate boundary conditions. Taking %% ¢ M, we select the
boundary conditions that trivialize all the local operators of the TQFT 7,4, namely

f (6@ +mhpceAD) €20z, 1O +0© 2z, (50)

where we have used the edge modes on M to write fully gauge invariant combinations. The
fact that all exp (in(T(O) + <I>(°))) operators are trivial on £ is a required feature since we

12


https://scipost.org
https://scipost.org/SciPostPhys.19.2.032

e SciPost Phys. 19, 032 (2025)

want the T,, operators to define simple line operators of the physical theory after slab com-
pactification. In particular, any local topological operator living on this line operator should
be a multiple of the identity.

It is then possible to find an expression for the topological junction operator between
T,,(£®) and M, imposing the boundary conditions (50) on the dynamical fields of the op-
erator T,,:

exp (imf A(Cl) + L J (T(O) + <I>(0)) (mkACzAstl) - d\l/(o))) R (5D
Ee) 27 J oz

where ¥(® is an edge mode for ¢,

233 U (1)(:) X U(1)E:0) with 2-group coefficient

Let us now instead focus on a four dimensional theory whose U (1)(A0) X U(1)(C0) global symme-

tries have a non-vanishing 't Hooft anomaly coefficient kp2c # 0 while kacz = 0. As discussed

in section 2.1, gauging U(1)g)) in such a theory will give rise to a 2-group global symmetry.
Consider first how to impose the topological boundary conditions in presence of a non-

vanishing kaz2c. We do so by introducing the following boundary action on M:

i k
Spy === | B@A(d8® —aW) + (C(Z) + € 45 /\A(l)) ndAl,  (52)
27 My 4n
so that the bulk fields end up satisfying the following simple boundary constraints (we are
using kazc € 27Z):
A(1)|MT = de® b(3)|MT = d3?®,

(53)
COlpg, =dAg,  fOy, =dA.

These boundary conditions are gauge invariant provided that we consider the associated gauge
transformations for the edge modes:

@ - 0@ 1 2mng + 2O 3@ - 3@ +dall) +27,
(54)
(D), 40, 450, 5 (W), 40 1 12,0 20 _ kac 050
AV s AV +adQ 42D, AP AP+ a2 42 - Dde .

Turning to the definition of the extended operators of this theory, let us start with V. We could
define genuine bulk operators by stacking them with a TQFT as in the previous case. However,
in the present physical theory, the V,, operators implement a U (1)(:) symmetry which is invert-
ible, since kpc2 = 0. Now, bulk V,, operators stacked with a TQFT are non-invertible, and they
would fail to reproduce the desired invertible U (1)53) operators of the physical theory even
when brought to the boundary. We then propose not requiring V,, to be genuine throughout
the entire bulk, but only on the topological boundary M.

In fact, the boundary conditions (53) imply that, when the non-genuine part of V, lies on
M, it becomes trivial:

f FAAdAD =0, (55)
QM

for any (open or closed) Q) ¢ M. Using the above condition, Q) appearing in the defini-
tion of V,, can be opened on M for any a € R. In particular, if we choose dQ*) = HsaT with

HgaT C M, we can consider

ia
Va(H,(/\?,/%T) = eXP(EJ‘ o b(g)) , (56)
),
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Physical theory

.............................. D, (1)

Figure 1: On the left: insertion of a V, (H(3),Q(4)) operator in the bulk. The 4-
dimensional manifold 2 can be opened on M. After a slab compactification,
Ve (H(g), Q(4)) becomes a genuine invertible D, (H(3)) 0-form symmetry operator of
the physical theory.

which is a genuine topological operator. More generally, bulk V,(IT®)) operators can be at-
tached to open cylinders of topology II® x I, where I denotes a closed interval, terminating
on M .8 As discussed above, these operators are non-genuine in the bulk but become genuine
at the topological boundary M, see Fig. 1.

A very similar story applies to the operators T,, defined in (20) which are non-genuine in
the bulk. Their non-genuine part becomes trivial on the boundary:

f AW A dgAM = 0, (57)
QB cMy

by virtue of the condition A1) = d&(® on M. Furthermore, the junction operator between
this non-genuine part and M is trivial. Being genuine, they can further open by attaching
on a line operator of the edge mode A(Cl):

exp (im J A(Cl)) . (58)
0z

Note that in principle, we could as well consider T,, operators that are genuine also in the
bulk, by replacing their non-genuine part by a 7'2§k"2c [AD dAM] 2d TQFT on £3.° Provided
we properly take care of the boundary conditions of the TQFT degrees of freedom, along the
lines of the previous section, then these operators also give rise to simple 't Hooft lines on the
boundary theory after slab compactification.

2.3.4 Most general U(l)(:) X U(l)(co) symmetry structure

We now finalize our analysis of the most general symmetry structures appearing in four di-
mensional QFTs with U(1)(A?) x U (1)(CO) global symmetries and consider the case where both ’t
Hooft anomaly coefficients ka2c and kac2 are not equal to zero.

8This is similar to the symmetry TFT of 3d Chern-Simons where bulk line operators are attached to cylinders
ending on the boundary [54].

°For instance, we need to do this if we want to wrap them around a 2-cycle which is not a boundary. In this
case, the operators of the 2d TQFT will play a crucial role to reproduce the relations (26).
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To impose the topological boundary conditions on M7, we introduce a topological action
including both cubic terms in (47) and (52):

Sae = = b(3) A (de©® —AW) + (C(Z) PSP /\A(l)) A daD — FAC 5040 5 44D
T 2T 41 f 41T f f
(59)
The boundary conditions imposed by this action are:
~ k
A(l)lMT — do(®, b(3)|MT —d3®@ + AC2A(1) A dA(l)
k4 (60)
(2 —_ 321 (2) _ 321 (0) (2)
f |MT_dAf, C |MT—dAc+2n‘I’ /\dAf,
whose associated edge modes gauge transformations are given by
@ - @ + 270, + 27,
¢y &) 0, 4
AT = AL +d)\Af +7Lf ,
(61)

~ ~ kac
3@ 5 3@ L g2® 4 léz) A(l) AD i
% 4 f

1) . 4D ©) , (1) kazc.(0) (0 @ _ kacz L),
A" = AL +d)’AC+A’C _4_7TAA dql‘()—fl(pkAczAf —%(I)( )A'f .

With these transformations, the boundary term arising from the variation of the bulk action is
canceled by the transformation of the action (59).

Concerning the operators of the theory, we see that in this general case the non-genuine
sector of the V, operators (19) consists of two terms. The term proportional to kac2 can be
removed by introducing the 3d TQFT T4 f ] exactly as described in subsection 2.3.2, with
the consequence of making them non-invertible. The remaining term, proportional to kazc,
can be opened on M without introducing another TQFT, as in subsection 2.3.3. The V,
operators are then both non-invertible and non-genuine, as they are attached to M through
a cylinder:

V, (), ) —exp(2 f

b ek [f D] 22 fec J f(z)/\dA“)), (62)
hE) Q4

where 0@ =11y H(B) , with H(B) c My.

Looking at (20), we sée that also Tthe non-genuine part of T,, consists of two terms. One
option is to do as for V,, and define operators which are both dressed by a TQFT and non-
genuine. However in this case, it is perhaps simpler to define a completely genuine version
of these operators, since both terms can be replaced by a single 2d TQFT. This theory can be
expressed as follows,

T [A(l) kAzch(n N kAczf(z)]
21

. (63)
k
- i 6D A dT© 4 mr© (%Mm N kACZf(Z)) LM AAD,
»(2)
where [ = gcd(%kAzc, kacz2) appears because
kaxc 4 4) (@)
——dA" + kpcaf e2rnlZ, (64)
»(2)
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for any closed 2-manifold %®. Clearly, when kacz = 0 or ka:c = 0, we recover
Tjk’gc [AD), dAM ] and TZTZkACZ [AW, £ @] respectively.

The various relations among these V,, and T,, operators can be argued, as in the previous
sections, to reproduce relations equivalent to (24)—(26). As for the boundary conditions on the
dynamical fields of 7'2’31 on M, they can be obtained with the same arguments as in Section
2.3.2. In particular, the line operator living at the junction between T,, and M is still (51).

2.4 Scheme dependence of the anomaly coefficients

A peculiar feature of four-dimensional theories with an Abelian 2-group global symmetry as in
(5) is that their cubic 't Hooft anomaly coefficient ka3 is not completely scheme independent
[4]. Thanks to the symmetry TFT introduced in (15), we can easily analyze how the anomaly
coefficients can be further shifted in the presence of a non-trivial ABJ coefficient kac2.

The basic idea is that, under a field redefinition:

F@ L f@ 4 pga®), (65)
with { € Z, the action (15) acquires the additional terms

2lkpc2 3C (Lkpcz + kpzc)

—0dAWAdCP + 2 F@ANAD A GAD 1 ADAIADAIAD | (66)
41 127

27 )y
The first term is a total derivative whose integral over closed manifolds is always in 2miZ, it is
therefore trivial in the bulk. The remaining terms induce the following shifts of the anomaly
coefficients:

kpac = kpac + 2Lkpcz, kps = kps + 30 (Lkpca + kpzc) - (67)
Since kp2c and kpc: have the same parity (see Appendix A), the term 3¢(Lkac2 + kazc) is
always an integer multiple of 6. Moreover, 20kac: is always even, therefore the shift of kazc
does not change its parity and it still satisfies kpac = kacz mod 2.

Note that the shifts (67) highlight a new effect which was absent in theories with only
2-group global symmetry, namely that the presence of a non-invertible symmetry can induce
a 2-group coefficient. From the physical theory perspective, this can be seen as redefining
transformations of parameter a of U(1)§f\)) as a combination of a U(1)(A?) transformation and a

gauge transformation of the U(1)(CO) gauge symmetry of parameter [a. The charges ql.A becomes
qlA + lql.C and the anomaly coefficients computed with the new charges are

k/ACZ =kpc2, k,/MC =kpac + 2lkpc2, k/A3 =kps + 30 (Lkpce + kazc), (68)

where we used ks = 0.

3 Examples

In this section, we explore the generalized Abelian symmetry structure of the four-dimensional
theories described in Section 2 by examining a few simple and explicit models. We will follow
a strategy inspired by [4], namely we first consider a so called “parent” theory denoted by T;
with U (1)(A0) X U(1)(CO) global symmetry and non-vanishing 't Hooft anomaly coefficients kaz2c

and kpc: to produce a “daughter” theory T, obtained from gauging the U (1)(CO) symmetry.
We will then discuss how to deform the theory T, while preserving the generalized symmetry
structure, to understand how T, evolves under the RG flow. We first consider a gapless example
corresponding to a vacuum where all the symmetry structure is spontaneously broken, and
then a gapped example where the unbroken symmetry structure is encoded by a topologically
ordered low-energy phase.
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3.1 Gapless example

It turns out that for both our examples, we can start with a parent theory T; consisting of four
fermions and a scalar. The key point is to assign appropriate charges under U (1)5\0) x U (1)2))
such that ka2c and kac2 are non-zero, while retaining kcz = 0. This is necessary to obtain
the daughter theory T,. The scalar field then has a charge under U(1)(£) in order to break
the symmetry and gap the fermions through Yukawa couplings, after it condenses. As for its
charge under U(1)(0), it has to vanish in our first example, since we want the U(1). photon
to remain massless after condensation of the scalar.

Therefore, we consider a parent theory T; consisting of Ny = 4 massless Weyl fermions 1,[:2‘

and a complex scalar field ¢ transforming under U(1)(C0) X U(1)(£) with the following charges:

Table 2: Charge assignments under the global symmetries U (1)(CO) X U(1)f40) for the
fields in the parent theory.

Field Pl P2 P2 P ¢

0
Uy |ar=3| ¢f=4 | af=5|qp=—6|q)=1

v |af=1]q5=—1|q¢5=1|qf=-1[q5=0

The relevant 't Hooft anomaly coefficients in T; (see appendix A for details) are:'°
kc3 = kA3 = 0,
kAcz=3+4+5—6=6, (69)
kpzc =9—16+25—36=—18.

Since the k¢s anomaly vanishes we are allowed to gauge U(1)(CO) - U(1)(CO) to obtain the
daughter theory T, which is a simple example of chiral Abelian gauge theory possessing the
generalized symmetry structure that we introduced in section 2.

We are interested in analyzing the dynamics of T, by deforming the model with the scalar
field ¢. As long as ¢ has a mass term such that it does not acquire a VEV, T, is IR free.
Moreover, its magnetic 1-form symmetry current jéz) defined in (6) decouples and the theory
flows to a model in which the entire generalized Abelian symmetry structure is unbroken,
though realized rather trivially. We will not be interested in this phase.

A more interesting scenario can be obtained by adding a Goldstone-like potential for ¢
together with Yukawa couplings between ¢ and the fermions. When ¢ acquires a vacuum ex-
pectation value (¢ ) = v, the Yukawa interactions can be used to give mass to all the fermions.
The VEV also spontaneously breaks the U(l)(pf)) symmetry in Ty, so that the phase of ¢ will
become a Goldstone boson.

Given the above charges, a symmetry-preserving Yukawa interaction is for instance

2y = 7“12571.[’11#2 +Ags 0 P3Pt + (c.c). (70)

Other choices are possible but they will not affect our discussion. We should also not be
concerned by the high dimension of one of the terms appearing above, as this toy model is not
intended to be UV complete.

19This theory also has a ka2 mixed anomaly [4], we will not be concerned by it here.
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When the scalar field ¢ acquires a VEV, thus spontaneously breaking the U (1)5\0) symmetry

in T;, the terms in (70) give a mass to all the fermions. The U (1)(CO) symmetry on the other
hand remains unbroken. The IR of T; is thus described by a Nambu-Goldstone boson for
U (1)5\0) together with suitable terms to match both ka2 and kac2 anomalies. To obtain T,
we now need to gauge U(l)(co) - U(l)(co) and obtain a model, known as Goldstone-Maxwell,
describing the spontaneously broken Abelian symmetry structure that we identified in this
work.!?

The Goldstone-Maxwell model can be obtained directly from the Symmetry TFT by choos-
ing appropriate boundary conditions, not only at the topological boundary, but also at the
physical one. For this, we will explicitly write boundary actions on Mp and M imposing
boundary conditions on the dynamical bulk fields. Performing a slab compactification leads
to the physical theory corresponding to this symmetry TFT setup. The choice of boundary
action on M is strongly informed by the discussions in [55], though with a slightly different
perspective, that we will comment upon at the end of this section.

Let us recall the bulk action of the symmetry TFT which is given by (15) where we set
kA3 =0:

So= = | _p® AdaAD — FO A @ 4 %A(n AF@ A FO
s

27 X 71)

1 karc @) ) 40 p g4
4n

We then introduce on M the topological boundary action (59) allowing the operators W,
T;, V5 and U, to terminate topologically on this boundary.

On the physical boundary, the gauge degrees of freedom of the bulk fields can become
dynamical. This implies that the gauge transformations of the bulk should be interpreted
as global transformations on this boundary. In particular, we want gauge transformations of

(0)
A

AM and ¢@ to respectively become global U(1),” and U(1)g) transformations. On the other

hand, the gauge transformations of b®® and f () are not associated to global symmetries of the
model described above. We will therefore fix the gauge of b® and £ on M, and consider
only gauge transformations where Ag}z) and A}l) vanish on Mp. On M,jp, we consider the
following boundary action:

R?
- A _ A A _ A
Smy = 21 Mp( ) ( AD)

+ L [C(z) _ @ ke a0 /\A(U] AdY® + 2 gy® pxdy®
M, 2T 4n 2e2

(72)

where YV is an edge mode on Mp, while A() and C® are background gauge fields also
defined there. The background fields A() and C® allow us to consider non-trivial gauge
transformations of A and C® on M. We consider the following gauge transformations for
the boundary fields:

k
YO 5vO4daal?,  ADSAD12 0 @ C(2)+dxg)—:—zcdxg°)/\A“). (73)
Y

However, when kac2 # 0 introducing background fields is not enough to obtain gauge invari-
ance on Mp. Indeed one gets

—ik
& (Spt, +55) g, = ﬁ JM 2@ A (@ —2qy D), (74)
P

" Similar theories, with ka2 = 0, have also been discussed in the context of axion physics [45-47].
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The boundary M, is gauge invariant only if this additional term is in 27tZ. This implies
that we need to restrict the gauge transformations to parameters satisfying kcz AIE\O) € 277,

meaning we can only consider gauge transformations for a Z(ki)cz subgroup of U (1)53). This
is not a surprise, since we only expect a well-defined coupling to a background gauge field
for invertible symmetry transformations, which is precisely the case for Z(ki)cz cuU (1)(:). We

will nevertheless continue to use general A/({O) in the following, as they help unveil also the
non-invertible part of the symmetry structure.
The boundary action (72) imposes the following conformal boundary conditions:

B3 _ "Aif(z) A (AD — AD) = _iR2 5 (4D — AD)

d[C(Z) c<2>+kaA<1>/\A<1>—l *dY(l)] 0, (75)
T e2
FO = gy,

These boundary conditions are gauge invariant, provided the following subtlety. In the expres-
sion between brackets the following term does not cancel:

k
6C%) > ZEADf =nf®, (76)

where we used ka2 )Lgo) = n € Z. Since the boundary condition imposes d f?) = 0, this extra
term is eventually annihilated by the exterior derivative.
Now, the constraint on C® can be solved as follows:

c@_c@ kfc AW A AW _ 2T o) g5 77
e

The term ACZ A(O) f® arising from the gauge transformation of C®) is not annihilated by an

exterior der1vat1ve anymore, so that gauge invariance of (77) requires the following gauge
transformation for ¥(1:

7O L 70 2@ 1 kac 050 (78)

¥ 2m A '
Since both Y and Y are U(1) fields, this gauge transformation is only well defined if
kACzAgO) € 217, i.e., if we only consider transformations belonging to the Z(O) (invertible)

subgroup of U(1)(AO) .

Let us now shrink the bulk to get an on-shell action which is given by Sgy = S, =S, A2
Using the expressions (59) and (72), and substituting all the bulk fields with edge modes, we
get

R? 1
- © _ A © _AM) 4 — M 1)
SGM_4¢J(‘M’ AD)Ax(de® —A )+2ezfdAf AxdA; (79)
” ” .
+ A g0 A dAD AdAD + EC [ AW A de @ A dAD — | CPadA,
8772 f f 872 27 f

where we have further identified dA(l) dY ™ since they are both equated to f .

12Here we are taking into account the opposite orientation of the two boundaries of the slab.
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The first three terms in Sgy; correspond to the action of the Goldstone-Maxwell model
and the last two are couplings to background fields. Note that the Goldstone-Maxwell theory
possesses more symmetries than the ones described by the symmetry TFT.!® Indeed the theory
(79) has an emergent U(1)$f) winding symmetry whose current is *%ddﬂo) and an emergent

electric U(l)gl) symmetry due to the dynamical U(1) gauge field A;l). When kpcz2 # 0, the
latter symmetry is non-invertible.

Let us conclude this section with some comments on the differences and similarities be-
tween [55] and our approach. First, in order to describe a holographic duality between a
bulk and a boundary theory, the work [55] introduces only a single boundary component and
performs the gauging of a Lagrangian algebra inside the bulk. This procedure is equivalent to
the slab compactification described in our work. Indeed, instead of gauging the Lagrangian
algebra in the full bulk, we can first consider (half-)gauging in a subregion of the bulk. Gaug-
ing a Lagrangian algebra in a TQFT trivializes the TQFT, therefore, the half-gauging procedure
creates a topological boundary between the bulk TQFT and a trivial theory. Such boundary
corresponds to the topological boundary M in the symmetry TFT setup. The slab compactifi-
cation corresponds to superimposing such topological boundary with the physical one, which
can be interpreted as gauging the Lagrangian algebra of the full bulk, as described in [55].

We also note that, to study the 4d U(1)(A?) chiral anomaly, the authors of [55] freeze the

gauge transformation of this symmetry by setting /1510) = 0 at the boundary. However, when
kac2 # 1, we expect the physical theory to exhibit an invertible Z;i)cz symmetry with well-

defined gauge transformations. Introducing the edge modes Y(!) and Y(), as we did in (72)
and (77), allows us to preserve the Z(k(i)c
these edge modes can be related to the Witten effect, as explained in the next subsection.
Note that when kpc2 = 0, the edge modes are not required and can consistently be integrated
out. In this case, we recover the action used in [55] to analyze a 4d theory with higher-group

symmetry.

, gauge transformations. The necessity of introducing

3.1.1 Comments on ’t Hooft line operators

In this subsection, we point out a subtlety concerning the ’t Hooft lines in the Goldstone-
Maxwell theory (79), and how our symmetry TFT set up provides the simplest fix.
Let us consider the insertion of a ’t Hooft line H,,(y(")). By definition, a ’t Hooft line of

charge m is an operator imposing fz(Z) dAScl) = 27tm when integrated on a 2-cycle with linking

number one with y(). Such operator can be defined as the boundary of the following operator:

Hy(y™M) = exp (Mm f *J‘e(z)) , (80)

=@
where 8252) = y(M and x jgz) is the current of the U(1)£1) symmetry shifting A(fl) by a closed

1-form.'* Extracting j(? from (79), we therefore have

2 k k
H (D) =exp| —2Z2 | 4dA® +im C@ 4 KA%C 150 \ A _EAC 50) o 34D ) |
e2 Jio o) 4n 27 f
Y Y

(81)

13The symmetry TFT of Goldstone-Maxwell can be obtained from (15) by replacing the U(1) fields AV and ¢®
by R fields a® and ¢®.

4Despite involving Z(YZ) in its definition, H,,(y) is a genuine operator. Indeed, if = is closed, the operator (80)
implements a U(1)£1) transformation of parameter 27tm. It is therefore trivial.
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From the above expression, it is easy to check that ’t Hooft lines are not invariant under
the gauge transformation ®(© — © 4+ 27tn,, rather they transform as

H, (y(l)) — H, (y(l)) exp (—imnq,kACz f ASCU) . (82)
e

This fact was observed in [29] (see also [56]), where, in order to get a gauge invariant operator,
it was suggested to insert a quantum mechanics (QM) on the t'Hooft line to compensate the
phase.

From our symmetry TFT perspective, this QM arises from the stacking of T,, with the two-
dimensional TQFT 7,4, as in (39) and (40). Let us reconsider the slab compactification for 7;:
the topological boundary conditions on My are imposed by the boundary action appearing
in (51).'> On My, as for the whole theory, we can choose to impose the following conformal
boundary condition:

* YO =L (84)

with L a parameter with the dimension of length. This boundary condition can be imposed by
inserting the following action at the junction between T,, and Mj

1
— TO A 57O (85)
4nl ). o

After superimposing the two boundaries, the 't Hooft line is stacked with the following theory:

. .
— | TOAr@ 4 — | (TO 46O (mkpcoA; —d©) . (86)
4nL Y(l) 27 Y(l)

Integrating out T(%) gives

L i
il 0) _ (1) 0) _ M _ = 40 0) _
Lm e (d mkacaA; )/\*(d\I/ mkAczAf) -2 (de©® —mkacAr), (87)

reproducing precisely the QM dressing proposed in [29], that leads to a simple ’t Hooft line.
The shift © — &© 4 27n, inserts a Wilson line of charge mngkacz on the ’t Hooft line
canceling the one obtained in (82). This implies that the ’t Hooft line coupled with the QM
is invariant under the shift #® — &© 4 27n, and is therefore gauge invariant. Note finally
that both the expression (81) and the boundary term (85) are not invariant under gauge
transformations of parameter AE‘O). However, in the physical theory, this is a transformation of
a global symmetry, not a gauge transformation, so that it needs not be cancelled.

3.2 Gapped example

We now move to study a different example where the scalar Higgs field ¢ is charged under
the U(1). gauge symmetry of T,. As we will see, this drastically changes the IR dynamics and
leads to a gapped phase described by a topological quantum field theory.

15To cancel the gauge transformation of H,,, this action must be inserted with the appropriate orientation. Using
the boundary conditions on M and M, the expression (81) can be written as

H, (™) =exp (imf A — ?(1)) . (83)
o)

Comparing the A(Cl) dependent part with the junction operator (51), this allows us to select the correct sign for the
boundary action. Note that this expression for the ’t Hooft line requires (78) to have the correct global symmetry
transformation.
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Let us consider the following family of theories:

Table 3: Charge assignments under the global symmetries U (1)(CO) X U(1)go) for the
fields in the parent theory.

Field | ¢l | 42 W3 ¥ ¢

U(1)§)) qlAza q2A=b q3A=—a qﬁ‘z—b q@zb—a

0
v [qf=x | ¢§=—x| ¢§=y |af=—y | ¢5=y—x

where a, b, x, y are all integer numbers. The 't Hooft anomaly coefficients following from this
charge assignment are:
kc3 = kA3 = O,
kacz =—(b+a)(y +x)(y —x), (88)
kpoc =—(b+a)(b—a)(y +x).
Note that they satisfy the relation

A
e
kazc = —ckacz, (89)
9y
which we will use below.
These theories allow the following symmetry-preserving Yukawa interactions:

Ly = A4 Pt + Agspp®® + (). (90)

As in the previous section, when ¢ acquires a VEV (¢) = v, a real massless boson remains
in the ungauged theory T;, while the Yukawa interactions give a mass to all fermions in the
theory. After going to T, by gauging, since qg # 0, the Goldstone boson is not invariant
under transformations of the U(1). gauge symmetry. The U(1), gauge symmetry is therefore
Higgsed to a qu gauge symmetry. All dynamical fields in the theory are massive, so that we

conclude that the T, theory is gapped and the non-trivial anomaly matching in the IR must be
realized by a qu TQFT with unbroken Abelian symmetry structure.'®

To obtain a TQFT as a physical theory upon shrinking the bulk of the Symmetry TFT, we
need to consider topological boundary conditions on both boundaries. For simplicity, we re-
strict our study to the case where g% = 1.

On M, we already discussed topological boundary conditions around equation (60). For
later convenience, we will not implement them using the boundary action (59) but with an
equivalent action (based on (33)) where the edge mode ®® appears explicitly:

i ~ kac2
S, ==— | ADA (dcb@) + AW A dA(”) +CP ndal, 91
Mr ™ on M, 47 f f f oD
The boundary conditions imposed by this action are:'”
~ k k
b = 3 + A A dAD + TEAD NAAL,  fO = dAD. (92)

16Note that the VEV of ¢ does not break the global symmetry arising from a transformations under U(l)(AO) that
is compensated by a gauge transformation in U(1)g)). Another comment is that if qqf =1, then the IR is trivially

gapped.
7Note that these boundary conditions are simply related to the one discussed in equation (60) through a field
redefinition of @,
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These boundary conditions are gauge invariant if we consider:

~ ~ k k
3D 3@ 4+ g2 P + 2P — SACR W 40 ZAC (R 40 4 2000 (A1 4+ 20))
3 47 S f 47 \f f f 93)

(1 (1) @ 4 4@
At DA dA, AL

Moreover, the transformation of the action S, exactly cancels the boundary terms arising
from the gauge transformation of the bulk action.

On the physical boundary M, we should introduce an action resembling (72) but which
is nevertheless topological. The action (72) can be equivalently written as

S = i (AN — A A dx@ 4 L ax® p dx®
P _/\/[P 27T 47TR2

(94)

A L [C(Z) _ @ ke a0 /\A(U] AdYD + Ly O psdy®,
M 2 4n 2e

We can then replace the two non-topological kinetic terms for the edge modes X® and YV
with a topological BF term implementing the fact that we expect a qu gauge theory in this

gapped vacuum:

Sp, = ZL (A0 — AD) 7 ax® — g5x @ p ay D + (C(Z) @, ’ZﬂAu) /\A(l)) Ady®
T T
My

(95)
This action imposes the following boundary conditions:

FO gy p® = gx@ 4 KA 0 pmy gy, 96)
’ 4m
The boundary condition on C® can be written as follow:
c@ _c@ 4 krchay a0 = g7 4 a5x®. (97)
41

As in the gapless case, this constraint requires a non-trivial gauge transformation for Y when
kAC2 7é 0:

S, 51 4 1,0 _ ) kac 0,0

YW oY +dl17 q¢7LX + o A Y (98)

since both fields are U(1), this shift requires kc2 Ago) € 27Z, as in the gapless case.

As in the previous section, we fix the gauge of b® and f® on M,. This action and
the boundary conditions are therefore gauge invariant if we consider the following gauge
transformations for X® and Y(V:

Xx@ 5x@ a2 y® 5y 4 g0, (99)

Upon shrinking the five dimensional bulk, we get the following action:

i kAZC
Saty =Sty = 3= f (AD = AD) A dX® - gCx P A dy D + (C(Z) — )4 B A /\A(l)) AdYD)

. ~y K
_ﬁ f AW A (d<1>(2) + _QEZAS}) A dAE})) +C? pdAd. (100)
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After integrating out A and C®, we get immediately

Sgr = —2L f AW Adx® +q5xP Ady D + CP Ady ™. (101)
T

Using the equations of motion, and the relation kpcz = qgkAzC that descends from (89), we

can equivalently write the action in terms of the other edge modes ®® and Agcl) :
Spr=—5~ f AW A 3@ +qSEP A dAD +C A dAP . (102)

In both its variants, this is the characteristic four-dimensional BF action of a Z;(? gauge theory
¢
coupled to the background fields A and C?). The above action obtained from the symmetry

TFT coincide with the one obtained in [4] when kpc2 = 0.

The anomaly and generalized Abelian symmetry structure of (101) and (102) are hidden
inside the non-trivial gauge transformations of their background and dynamical fields. Indeed,
let us first consider the following gauge transformation:

k
C® - @l - :—“daff) AAD), (103)
s

Using the above transformation in (101), together with the standard ones for the other fields,
we get

ik
Spr — Spr — 8/:; f 2O NdAD A gy D, (104)

This is exactly the anomaly that leads to a 2-group, related to the conservation equation (4).
Taking now the expression (102) for the same theory, and recalling that also %) still has a
non-trivial transformation after setting A;l) =0= AE}Z):

o~ k
30— 8@ 2 — AP ndAD, (105)
Y

we see that the action transforms as

tkacz | 5(0) , 5 ,(1) o 4 A(D)

where we have used again the relation kacz = qgkAzC. This is now exactly what one expects
in a theory with an ABJ anomaly, as in (8).

At first, it would seem that this theory has a different anomaly according to the variables
in which one decides to write it. However as we already stressed, these two variants are
equivalent. In fact, in this very simple topological theory, the two types of anomalies are two
ways to see the same effect. Indeed, the equations of motion of X, or of @, imply that

(1) — _Cay(1)_ _Cq,1)
dAY = q¢dY = q¢dAf. (107)

It is then straightforward to see that the two anomalies are equivalent on-shell.
Finally, we would like to stress that (as in the gapless example) the non-invariance of the

theory under a gauge transformation with parameter Ago) implies that A cannot be inter-
preted as a conventional background gauge field for U(1)(A?). It can however be rightfully

considered as a background Z(k(/?cz gauge field.
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4 A toy model in five dimensions

In this section, we examine another example of a theory that exhibits both non-invertible
and higher-group symmetries. This theory is remarkably simple, defined in five dimensions,
with a single (vector) gauge field and one non-trivial topological interaction. We will observe
that it reproduces many of the key features we encountered earlier in our four-dimensional
discussion. One advantage of this example is that its symmetry structure exists inherently,
without the need for any gauging. As in the four-dimensional case, we will frame much of our
analysis in terms of a six-dimensional Symmetry TFT and its associated boundary conditions.

4.1 Maxwell-Chern-Simons theory

Let us consider the following 5-dimensional Maxwell theory in Euclidean signature, to which
we add a cubic Chern-Simons-like interaction term:

1 ik
s[a®]=3 J dAM A xdAD — ﬁ f AD A dAD A dAD . (108)
Note that the U(1) Chern-Simons term can be written as
k
kCSs[AV] = -2 FOANFAANFD, 109
(4] 6(27)% )y (109)

where F® = dAM and 8Y©® = M®). On generic Y®, k must be an integer multiple of 6. If
Y(®) is spin and its first Pontryagin class, p;, is equal to zero, the quantization condition can be
relaxed and k € Z. Unless otherwise stated we will always assume that Y(® is a spin manifold
with p; =0.

When k = 0, the theory is invariant under a U(1)gl) electric global symmetry whose trans-

formations act on A as
A 5 A0 4 Ag_l) , (110)

with AS) a closed 1-form. The conserved current associated with this symmetry is
J@ = —dAW. (111)

When k # 0, the conservation law of this current becomes
ik
d#J@ =—=dA® A dAD., (112)
8712
The presence of the cubic interaction term breaks the electric 1-form symmetry U (l)gl) to Z(klg
whose associated symmetry defect can be defined as

jak
D, (1) = exp (—aJ WP - A dA(l)) , (113)
1) 872 Jne

where II® is a closed three-manifold and the range of the angle a is restricted to ak € 2nZ.
The electric 1-form symmetry has a 't Hooft anomaly obstructing its gauging whose inflow
action is given by [57]:
ik

56 [822)] = _247T2

f B ABP ABYD, (114)
Y(©)

where Bgz) is a background field for Z(klg whose background gauge transformation is
B® — B® +dalV.
e e e
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The theory also possesses a U (1)1(13) topological symmetry whose conserved current is

I = 5 wdAD, (115)

and whose associated symmetry defect is

U, (5?) = exp (ﬂ f dA(l)) , (116)
2T )52

with a € [0,27). Note that the conservation law of magnetic 3-form current is not affected by
the Chern-Simons interaction. The right-hand side of the anomalous conservation law (112)
only involves the current of the U (1)55) symmetry.

This situation is similar to the case kpac2 7# O considered in Section 2 and the U (1)((31)
symmetry can be fully restored. This is achieved by topologically higher-gauging the magnetic
2-form symmetry and interpreting it as a fully-fledged U(1)S) non-invertible 1-form global
symmetry, in a simple adaptation of the results of [19]. The non-invertible U (1)21) topological
operators are thus defined by

D, (1‘[(3)) = exp (—aJ wJ, + T [dA(l)]) , 117)
113)

where 7 is the TQFT introduced in Section 2.1. The parameter a now takes values in
[0,2m).18

One can further notice that five-dimensional Maxwell-Chern-Simons theory exhibits a
higher-group global symmetry structure [28]. In what follows we will couple the magnetic
symmetry to a corresponding 3-form background gauge field denoted by Bg). The most gen-
eral higher-group invariant action coupled to all background gauge fields is given by:

5s[AM, B, B __tk_ J (dAD — B@) A (dAD — BD) A (AW — BR)

— ikz f BPABP ABE + lj H® A (dAW —B®) .
140) T Jye®

The above action is independent of the choice of Y®) if we postulate the following expression

for the field strength H*:
k

H® = dB® 4 =
T 4n

2 2
BPABX. (118)

For this quantity to be gauge invariant, we must impose the following gauge transformations:

{522) = B® 4+da), (119)

3 3 2 k 1 2 k 1 1
BB — BB 4+ dA@) — LA ABR — LA A gl

where we have used the fact that ngz) =0, since Bgz) is a flat background. The symmetries,

Zgg and U (1)53) therefore constitute a non-trivial higher-group.
Finally, the theory admits a codimension-1 symmetry defect associated with the conserved
current

g = *ﬁF(Z) ANFO, (120)

187 precursor of this analysis already appeared in [28]. Indeed, when a = 27':% € 2nQ with ged(kM,N) =1,
one can alternatively use the AV [dAM ] theory [58] instead of 7% [dAM].
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for an ordinary O-form global symmetry U (1)50) whose charged objects are 5d instanton op-

erators. Furthermore we can always activate a background field Bgl) for U (1)50) subject to

the gauge transformation BEI) - Bgl) + dlgo). However, the U(l)go) symmetry does not act
faithfully on the pure Maxwell-CS theory we are considering since the 5d CS term implies that
a (probe) instanton operator is not gauge invariant. For this reason, we will only have limited

interest on the role of U(1)§0).19

4.2 Symmetry TFT analysis

In this section we introduce a symmetry TFT to reproduce the generalized Abelian symmetry
structure appearing in five-dimensional Maxwell-Chern-Simons (108). Let us start by writing
down a six-dimensional action of the form:
i k
Sg=— —bB®Ada® + —a@ A aPD AP s (121)
2T Jx) 127

where both a® and b® are R gauge fields and k € R. When k = 0, this theory corresponds to
the symmetry TFT for a U(1)™ x U(1)® symmetry with mixed anomaly [41], i.e., it describes
Maxwell theory in five dimensions.

The action (121) is invariant under the following gauge transformations:

a® — @ 4 a0,

b® - p® +dal? + LIOPWOINLITOPPTICH (122)
2w ¢ 4n ¢ a

Since both a® and b® are R gauge fields, they can be freely rescaled. In particular, when
k # 0, we can always choose a rescaling such that k is set to 1. Therefore, we conclude that its
value in the bulk is unphysical and in particular, not quantized. Nevertheless, we will keep a
non-trivial k because it will map to the Chern-Simons level appearing at the physical boundary,
whose quantization will be fixed by the boundary conditions.

Let us now define the topological operators of the theory by analyzing first the bulk equa-
tions of motion:

da® =0, dp®- 4£a(2) Aa® =0. (123)
T

From each of these equations, we can define a topological gauge-invariant operator:

' k
v, (I1®,0®) = exp (E ( p®_ [ @A a(Z))) , (124)
2w\ Jg 4 )q
Up (2) = exp (;ﬁ J a(Z)) : (125)
T s
These operators act on each other through linking:
(v, (1®,0®) U (2@)) = exp (lg—ﬁmnk(n(”, 2(2))) . (126)
s

From this relation, we see that V, and Ug are non-trivial topological operators when a, 3 # 0,
therefore a and 3 take value in R and are not periodic parameters. Due to the cubic interaction
term, we also have the relation

<Va (HSS), Q54)) 7 (H(ZS)’ Q(24))> _ <Va (ﬁ(13)’ 5(14)) 7 (H(ZS)’ Q(24)) U% (5(14) A Q(24))> . (127)

¥Instanton operators and the U(l)go) symmetry play a crucial role in the study of global symmetry enhancements
in 5d supersymmetric gauge theories, see [59,60] and references therein for further details.
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4
2

by continuously deforming IT") and Q* .20

Note that the operators V, defined above are non-genuine. As we did in the four-
dimensional example, we might want to define their genuine counterpart. However, in the
present example, the role played by bulk operators in the boundary theory will strongly de-
pend on the boundary conditions. We will then assess the possibility of making the V,, operators
genuine after we have discussed the boundary conditions.

where we assumed that 0(14)00 = 0 and we used ﬁ(ll) and S~2(14) to denote manifolds obtained

4.3 Boundary conditions and slab compactification

To define first topological boundary conditions on M}, we must select a maximal set of mu-
tually transparent operators. The operators in this set can then terminate topologically at the
boundary, meaning that they are trivialized by the boundary conditions.

Let us first quickly discuss what happens for k = 0. Looking at (126), we see that V,, and
Up act trivially on each other when ar~! € 2nZ and Br € 2nZ, for any r € R. Therefore,
choosing a value of r is equivalent to choosing a boundary condition. Rescaling the real bulk
fields also changes the value of this parameter. In what follows, we will assume that r =1 to
avoid clutter. As we discussed below (122), note that this choice of normalization fixes the
value k of the cubic interaction coupling in the bulk. We will now see that such k is quantized
and corresponds to the Chern-Simons level of the physical boundary theory.

When k # 0, due to (127), bulk V,, operators may not be transparent to themselves. More
specifically, V5, is transparent to itself if and only if k € Z:

(Var (M, 0247 ) vy, (M, 257 )) = (v (T, 87 ) Ve (MY, 057 ) U (257 n YY) (128)

The operator generated by two V,, operators is U, 4, which is trivialized on M by the bound-
ary conditions if k € Z. Therefore, the quantization condition on the boundary Chern-Simons
level is enforced by the consistency of the symmetry TFT boundary conditions.

Let us now consider the following boundary conditions for a'® and b®:

oy k
g, =dAD, by, = dAD + A A A, (129)

where AV and A®) are U(1) gauge fields. Taking inspiration from (47), these boundary con-
ditions can be imposed by adding the following boundary action on M :

— L 3 1 2 k 1 1 1
Smy =5 | B A(dAD —aP) = AW A dAD A A, (130)

The boundary conditions are gauge invariant if we consider

AD 54D 4 2O 40 FD LD a0 - K (AL dA® + 2 AAD 1+ 2a2 D)
A a ? A 41 A a A a ’
(131)
and the gauge transformation of (130) cancels the boundary term arising from the bulk action.
Let us now consider the conditions at the physical boundary Mp. The action of the physical
theory can be obtained by considering the following boundary action on Mp:

1
Smp =3 f a® Axa?. (132)

2ONote that S~2(14) DQ(Z4) can be non-trivial even if ﬁ(13) = 1'1(13). In general, SNI(;” 09(24) is an open manifold terminating
on ﬁ(13) and H(zs).
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This choice imposes conformal boundary conditions:

b® = —21ixa?, (133)

When the two boundaries Mp and M are superimposed, we get a 5-dimensional theory
whose action is given by the difference of the boundary actions (130) and (132). Expressing
the bulk fields in terms of the edge modes, we then get

1 ik
S== | dAD pxdA® — L5 [ A A gA® A da®), (134)
2 2472
which reproduces exactly the action of the theory we started with in (108).

4.4 Operators from the symmetry TFT to the physical theory

We now discuss how the bulk operators V,, (124) and Ug (125) reproduce both the symmetry
defects and the charged operators of the boundary theory, given the topological boundary
conditions we have imposed. Notably, we must address the fact that V, is non-genuine in the
bulk, while we expect both the symmetry defects and the charged operators to which it reduces
on the boundary to be genuine.

Before addressing this issue, let us consider the simpler case of Ug. The boundary condition
on a® from (129) implies that

J a?® eanz, (135)
»(2)

over any closed surface ©(®) ¢ My, thus making U,,, trivial on My. As a consequence, Up
satisfies Ug = Up 49, and implements a U (1)® symmetry in the physical theory. At the same
time, the bulk operators U,,, with n € Z can terminate on M} because of the boundary
conditions, and attach to the (non-topological) Wilson lines of the physical theory on Mp.

As for the V,, operators, consider first the non-genuine bulk operators when ak € 27Z.
Their 4-dimensional part can be opened on M

Vo (T, 0®) = exp in f pO_ [ @A @A) g |
T e 4 90 41 H(3)
Mt
(136)
where H(g)T c My and 80® =n® y H(B) Indeed, only for ak = 2mn a correctly quan-
tized Chern-Simons term can act as a Junctlon with M. In the above configuration the bulk
operator is anchored to the boundary via a cylinder, similar to what was described in Section
2.3. For a € 27tZ, the operator, when pushed completely to the boundary, is trivialized by the
boundary conditions (129) on b3,
When ak ¢ 21Z, we can define a gauge invariant operator by stacking a TQFT instead of
the Chern-Simons term at the junction with M. Since dA®") has quantized integrals on M,
we can safely use the 7%[dAV] theory:

: ok
v, (m®,n® o) =exp( = | p@—2 | @ Aq®47%[aaD](n® )], 37
a( Mr ) P 2n n®) 82 Q4 [ ]( MT) ( )

where we have emphasized that the TQFT is defined on H(B) C M. This operator is well
defined for any values of a € R and reproduces (117) when the symmetry TFT bulk is shrunk,
using (133). Since V;,, is trivial on the boundary, we also have that V, = V., after slab
compactification, so that these operators generate a non-invertible U(1)") symmetry:

29


https://scipost.org
https://scipost.org/SciPostPhys.19.2.032

SciPost Phys. 19, 032 (2025)

Physical theory

Figure 2: When two cylinder operators V,, and Vj intersect each other, an open Uk is
2n

generated. In the physical theory, this implies that open 2-form symmetry operators
are generated at intersections of 1-form symmetry operators. This is a consequence
of the non-trivial higher-group-like structure of the theory.

When considering cylinder operators, equation (127) is slightly modified to take into ac-
count the presence of a boundary. For example, if Vg is a non-invertible operator (137), we
get

3 ®
<Va(H1 ’HMTl’

_v (79 50 g@ () @ @ @) @ —ia W
_<va(n1 G 80 v (8,16 08 Ui (2 08V )exp | o= Jn“) L >
MT2 MT]

where <I>( )is a dynamical field of the 7Pk TQFT defining V. The operator Uka[j above is

defined on a surface that terminates on M through a junction, which is a topologlcal line.

Furthermore, we can shrink the topological line by noticing that it is possible to define a surface
(2) (3) : ofurd 2 _ 73 (3) :

ZMTZ C I'IMT2 satisfying 82MT2 = HMT2 N HMrl’ to obtain

(4) (3) (3 (4)
o) v, (19,05, 9t?)) (138)

53 750 5@ 3 g® @ OPTONeE
<Va(l'[1 G L6 )v,j (nz gy L9 )U% ((QZ nat )UZMT2)>. (139)

A similar reasoning can be repeated for the invertible operator (136) and also leads to the
above expression. Eventually, the Urp operator generated at the intersection of two cylinders
does not terminate on M but partieﬁ[ly lies on it, as represented in the left hand side of Figure
2.

From the physical theory perspective, the relation (139) implies that when two operators
D, and Dg intersect each other, they generate an open U kap operator terminating on their
intersection: ’

(D, (1) Dy (1$)) = <Da (f) Dy (157) U (z(nz))> , (140)

where 82(2) 1'[(3) 1'[(23). The correspondence between (139) and (140) is represented in

Figure 2. Th1s relat1on follows from the non-trivial higher-group-like structure of the theory,
which enables open 2-form symmetry operators to be generated at the intersections of 1-form
symmetry operators. A key step in deriving these relations is the use of cylinder operators
instead of genuine bulk operators. Only the intersections of non-genuine V,, operators have
the correct dimensionality to reproduce (140).
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Finally, let us consider which bulk operators terminate on the magnetic 't Hooft surfaces of
the five-dimensional physical theory. We expect the operators V,,, to end on ’t Hooft surfaces
with charge m € Z. However, if we want them to end on the topological boundary, we must
first define a genuine version of the bulk operators V,,.,.. Since a® does not have quantized
fluxes in the bulk, we cannot use the 7* TQFT. Instead, we can use a very similar TQFT, defined
as follows (see [19]):

F2nmk [a(Z)] (1‘[(3)) _ i J _%kc(l) AdCD 4+ M (dc(l) + a(2)) , (141)
e

where € and ¢ are respectively U(1) and R gauge fields. Note that this TQFT requires
mk € Z. The genuine bulk operators are then

Yy () = exp (im J b 4 T[] (nm)) | (142)
n®

These operators are gauge invariant provided that C( and ¢ transform under bulk gauge
transformations as

W —-cW4+drd-2L,  ¢® - ¢W+dal —mial. (143)

In order to see that such operators do indeed become 't Hooft surfaces after slab compact-
ification, we need to impose boundary conditions on both M and M, also for the TQFT
fields. Mimicking (50), we can impose

f (¢M + mkaV) € 2717, J (cV+aW) e 2nz, (144)

through the following boundary action:
zi f dw© A (¢ 4+AM) - %kA(l) ACO, (145)
i

However, this action can only define consistent boundary conditions if mk € 2Z. Indeed, the
boundary constraints involve two edge modes, ¥(%) and @ satisfying

C 4 AD = 4o, $M 4 m?k (A0 — W) = 49O, (146)

Requiring the gauge invariance of these constraints imposes:

2@ 5 @ 127, + A0 + 2, WO - v 4 2mny + 20+ m?k (AP -29). a4
Since Ago) and A(CO) are both U(1) 0-forms, the gauge transformation of ¥(%) is actually well
defined only if mk € 2Z. When mk is odd, the TQFT (141) depends on the spin structure
of TI® and has fermionic lines [41], and imposing topological boundary conditions is more
subtle. Here for simplicity we are treating explicitly only the simpler case where mk is even.

On M one further introduces the term

1
e f cMAxc (148)

to finally get after slab compactification on 1)

2 .
J j—n_ (dq:(o) - %kA(l)) A (dq:(o) - m?kA(l)) + id‘l’(o) AAD. (149)
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Magnetic surfaces of the physical theory obtained after the slab compactification will be
dressed by this QFT.2! This dressing is necessary to define a gauge invariant operator when
k # 0. Indeed, similarly to the definition of ’t Hooft lines in the Goldstone Maxwell theory,
(80), magnetic surfaces in the physical theory can be defined as the boundary of an open
symmetry operator of the electric symmetry:

imk
H,, (2(2)) =exp (—ZHmJ +«dA® + LS J AD A dA(l)) ) (150)
Y

®) 4m
HZ

with 31‘[(5’) = £, Under a gauge transformation of parameter A(O), the magnetic surface
defined with the formula above transforms as

H,, (2®) - H,, (5®) exp (—ﬂ J d /\A(l)) : (151)
4T )5

This non-trivial transformation is exactly canceled by the transformation of the QFT (149).
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A Generalities on U(l)g’) X U(l)(co) ’t Hooft anomalies

In this work we follow for the anomalies the conventions of [4]. In particular we have that
the anomaly functional A is captured by:

A=2mi J 7@ dz@D = 570+ dz(d+) = 7(d+2) (A.1)

where ZU*1) and 7(4+2) are local expressions in the background fields while Z(©) also depends
on background gauge parameters.
Let us consider a four-dimensional theory with global symmetries:

v x (). (A.2)

We will focus on 't Hooft anomalies that are completely encoded by the following 6-form
anomaly polynomial:

1 (kps ka:
(6) _ AS E(2)  £(2) () A2C =(2) 2) , @
T _(27'5)3( PR NFD AR + =R AR AFG

(A.3)

kacz -2) , r@ , £@ , kct @), r@ , @
e FA ' AFSTAFC +?FC ANFCTAFS )

21This QFT describes a compact boson, with A®") acting as a background field for a linear combination of its
momentum and winding symmetries.
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The anomaly coefficients are given by:

koo = (dhe) + kac= D (d) db. kncr=Doah(@)’s a4

i i
where the sum runs over free fermions carrying the above charges. These coefficients obey
the following quantization conditions:

kAS :6ZA+T1A, kc?, :6lc+nc, kAZC :2p+1", kACZ :2f5+r, (AS)
where I, ¢,ns ¢, P, D, € Z. Note that r appears in both ka2 and kac2, in a theory leading to

a 2-group this is important since requiring that kac2 = 0 implies that kaz2c € 2Z.
As we are interested in gauging the symmetry U(l)(co) we need to ensure that d * j(cl) =0

which is identical to require that A = 0. It turns out that this completely fixes the anomaly
of the U(1)(£) symmetry to be:

i kAs kAZC kAC2
Ap= WJ A (?Ff) N+ L EFONFD + RO AR ) (A-6)
My

The above anomaly functional implies the non-conservation equation appearing in (3).

B Linking invariants

In this work we follow the conventions on linking invariants from [61]. Let us consider a set
of N manifolds Mi(p i), i=1,2,...,N, of dimensions p; in a spacetime that for simplicity we
take to be S, For N = 2, the 2-component link between Mip Y and Mép 2) is defined as

Link (M, M) .= J( k (327D a5 (10**), ®.1)
NG

where M l.(p 1) s a (p; + 1)-dimensional manifold satisfying ﬁﬁip = Ml.p "and & (Ml.(p "H))
denotes its Poincaré dual. Note that the above integral is non-trivial if and only if the integrand
is a d-form requiring:

p1+py+1=d. (B.2)
The generalization to N > 2 of the above story is the N-component linking of type k defined
as:

Link(M&,..., MP") ::J 5 (P 0).. 5 (M) a5 (P *D) - a5 (M),

N—k+1
S@
(B.3)
As before, the integrand must be a d-form, therefore:
N—k N
D+ D+ D> py=(N-1)d. (B.4)
i=1 j=N—k+1

C Mutual action of non-invertible Vand T

The genuine operators T,, and V,, defined in (39) and (46) can be written as follow:

Vv, (H(B)) =V, (H(B), 9(4))Va (H(3), 9(4)) , T, (2(2)) =T, (2(2)’ 9(3)) T, (2(2)’ Q(3)) , (C.1D
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where V, (H(?’),Q(“)) and T, (2®,0®) are the non-genuine operators defined in (19) and
(20). The non-genuine operators V, (H(3),Q(4)) and T,, (2(2),9(3)) are the TQFTs used in
(46) and (39) respectively, with appropriate anomaly inflow actions:

V, (®,0®) = exp (T“ (™) + % FO A f(z)) ,
T
Q4 (C.Z)

imkac2
T, (2@, 0 = mkaca »(2)) 4 rAC

AD ,\f(Z)) .

Note that the anomaly inflow action of the TQFT exactly cancel the non-genuine part of the
non-genuine V and T. According to relation (C.1), the mutual action of genuine V and T
can be obtained from the mutual action of the 4 non-genuine operators appearing in the right
hand side. The mutual action of non-genuine V and T is given by (24). The mutual action of
T and V is trivial since the operators involved in the gauging defining the first TQFT are not
charged under the symmetries gauged to define the second one. We now consider the action
of non-genuine V and T on T and V. These are respectively given by:

<Va (1_[(3), 9(4)) T,, (2(2), 9(3)) > = <Va (ﬁ(3)’ 5(4)) T,, (2(2)’ 9(3)) (C.3)
54 A ® la )
X U—amkAcz (Q N Q )exp (27'[ Jz(z)nﬁ(@ 4) ) >;
<Tm (2(2)’ Q(3)) Vv, (H(?’), 9(4)) > = <Tm (2(2), Q(B))Va (H(B), 9(4)) (C4)

X U_gmk, (5(4) N Q(S))exp (—imJ- B 4)(1)) > .
QONIIG)

The action of the non-genuine operators V,, and T,, on the anomaly inflow actions of the
TQFTs is responsible for the presence U_gx, ., on the right hand side of these relations. These
operators are the orientation reversal of the surface operator generated in (24). This is due to
the fact that the anomaly inflow actions of the TQFTs are the orientation reversal of the non-
genuine part of (19) and (20). From relations and (24), (C.3) and (C.4), we directly obtain
the following relation:

—ma AC2

xexp(ﬁj qb(l))exp(—imf é(l))>.
2T ) s@na@ QBB

The genuine operators V, and T,, satisfy a similar relation as their non-genuine counterpart in
(24). There are, however, two differences between (24) and (C.5). First, the two UmakAcz op-
erators appearing on the right hand side of both relations have opposite orientations. Indeed,
we get two U—makAcz operators from relations (C.3) and (C.4). One of them cancels the oper-
ator appearing in (24) while the other one remains in (C.5). The second difference is that the
open U, , terminates topologically on V,, and T,, through line operators of their respective
TQFT. The presence of these topological junction operators is needed to guarantee that the
left hand side of (C.5) is independent of the choice of 2 and Q(®). From the physical theory
perspective, relation (C.5) implies that when a non-invertible operator crosses a 't Hooft line,
the ’t Hooft line gets attached to an open magnetic symmetry operator.

(va(H(S))Tm(z(”)):<Va(ﬁ(3))Tm(2(2))U e, (689 na®)
(C.5)
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