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Abstract

We investigate general observables of the complex Liouville string with worldsheet
boundaries. We develop a universal formalism that reduces such observables to ordi-
nary closed string amplitudes without boundaries, applicable to any worldsheet string
theory, but particularly simple in the context of 2d or minimal string theories. We apply
this formalism to the duality of the complex Liouville string with the matrix integral pro-
posed in [1,2] and showcase the formalism by finding appropriate boundary conditions
for various matrix model quantities of interest, such as the resolvent or the partition
function. We also apply this formalism towards the computation of non-perturbative ef-
fects on the worldsheet mediated by ZZ-instantons. These are known to be plagued by
extra subtleties which need input from string field theory to resolve. These computa-
tions probe and uncover the duality between the complex Liouville string and the matrix
model at the non-perturbative level.
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1 Introduction

In our previous papers [1,2] we introduced the complex Liouville string, which is the critical
string theory defined by the following worldsheet conformal field theory

Liouville CFT ® (Liouville CFT)* be-ghosts 1.1
ct=13+iA ¢ =13—iA c=-26 " :
Here A € R, is a real-valued parameter. In this definition the c*-Liouville CFT denotes the
two-dimensional Liouville conformal field theory whose CFT data is defined by analytic con-
tinuation of that of ¢ = 25 Liouville CFT to complex central charge.

Perturbative closed string amplitudes. The most familiar observables in this critical world-
sheet theory are the closed string amplitudes, defined as integrated worldsheet CFT correla-
tion functions over the moduli space of Riemann surfaces ¥, , with genus g and n punctures.
In [1], the non-perturbative solution of Liouville theory as well as symmetry properties of
the combined worldsheet CFT (1.1) were leveraged to directly calculate specific instances of
perturbative closed string amplitudes at low genus. This analysis led to the uncovering of a
rich structure in terms of a dual two-matrix model in [2], which in particular facilitated a re-
cursive and explicit representation of the amplitudes Agj,)I(pl, ..., pp) for arbitrary genera and
punctures, hence solving the theory at the level of closed-string perturbation theory. However
this correspondence has so far only been established perturbatively. In this work we will in-
vestigate non-perturbative aspects of this duality. This paper is an expanded version of the
corresponding section of [3].

Other observables. As anticipated in [1, 2] and further developed in [4, 5], the interpreta-
tion of the critical worldsheet string (1.1) as a theory of 2d quantum gravity, together with the
duality with the two-matrix model of [2], motivates the consideration of additional types of
observables. In this context, for instance, in related theories such as JT gravity [6,7], the min-
imal string [8-12], and the Virasoro minimal string [ 13], a natural observable often discussed
is the partition function associated with a spacetime with n asymptotic boundaries and genus
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Figure 1: General multi-boundary observables are computed by gluing trumpet par-

tition functions zﬁfjmpet( i, p;) associated with the worldsheet conformal boundary

conditions onto the corresponding closed string amplitudes A(gbr)l(p). The conformal
boundary conditions denoted by the boundary states |\I/j) may correspond for exam-
ple to resolvents or partition functions of the matrix model, or ZZ-instantons.

g in the bulk. In the recent literature these have been given a holographic interpretation in
terms of the perturbative contributions to products of thermal partition functions of a dual
quantum system, with inverse temperatures set by the renormalized length of the asymptotic
boundaries. We will see that these partition functions are straightforwardly related to the
closed string amplitudes Afg’fr)l through a specific integral transform.

In order to describe this and other kinds of observables in the complex Liouville string, we
will need to consider the inclusion of conformal boundary conditions in the worldsheet CFT
(1.1). Indeed, in the examples mentioned previously, the FZZT boundary condition in Liouville
CFT was found to play a significant role in the discussion of partition functions [11,13, 14].
In this paper, however, we will consider the addition of conformal boundaries in a much more
general sense — applicable in principle to any worldsheet string theory, but especially simple
in this class of “minimal” low-dimensional string theories such as the complex Liouville string
(1.1).

In this paper, we will consider a more general class of observables that we will denote by
Z(gbr)l(\lll, ..., ¥, ) and refer to as a partition function on a Riemann surface with g handles and
n boundaries, each associated to (possibly distinct) conformal boundary conditions of type \¥;.
See figure 1 for a schematic picture for the case g = 2 and n = 3. A specific type of “trivial
boundary condition”, explained further in section 2.1, reduces the partition function Z(b)(\p)

back to the usual string amplitude A(b)(p) By allowing the boundary conditions ¥; to be
different and non-trivial for each boundary, we obtain what at first glance appears to be a
much wider class of observables of the theory. In fact, we will see that the partition functions
Z(glf%(q/) with & = (¥,,...,¥,) can be constructed from the string amplitudes by gluing suitable

“trumpet” partition functions® in the following form,

n
z(glj,z(wl,...,wn)=“1_[<—zpj dp;) Z{hmper ]-,pj)) AD(pr,..p).  (12)
j=1

'Here we borrow the terminology used in the literature on JT gravity, where a “trumpet” with one end of
fixed length characterized by p; and with another asymptotic boundary of type ¥; (typically characterized by the
renormalized length f3; of the asymptotic boundary) on the other end is glued to a Riemann surface X ..
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Here, the trumpet partition function zﬁfjmpet(qu, p;) is the disk one-point amplitude of a vertex

operator characterized by the Liouville momentum p; in the presence of the specific conformal
boundary condition ¥;. The integral runs from 0 to oo along a contour that will be discussed
in more detail in section 2. The simplicity of this formula is enabled by the fact that there is no
nontrivial mapping class group that mixes the moduli space of the core region with that of the
trumpet. Hence all the nontrivial gravitational content of the observable Z(glf,)l is equivalently

captured by the closed-string amplitude Ag,)r)v which are completely solved by topological re-
cursion of the dual matrix integral. In section 2.2 we will explore several examples of trumpet
partition functions of different physical significance, including those associated to resolvents
and thermal partition functions of the dual matrix model, and to ZZ-instantons.

Nonetheless, the partition function ngr)l(\ll) constructed as in (1.2) is a simple integral

transform of the string amplitude Ag?r)l(p). We may hence interpret the observables Zgr)l as
string amplitudes involving particular linear combinations of the usual closed-string vertex
operators. In this sense they do not contain any new information about the theory beyond the
elementary closed string amplitudes, although they reveal different aspects of the physics of
the theory.

ZZ-instantons. A special class of conformal boundary conditions correspond to ZZ-
instantons. These are constructed from the ZZ conformal boundary condition [15] in each
of the constituent Liouville CFTs of the complex Liouville string (1.1). This class of conformal
boundaries has a finite action and a very different physical interpretation, as that of addi-
tional saddles of the open-plus-closed string field theory on the ZZ-instanton. They lead to
non-perturbative contributions to string amplitudes, which have previously been extensively
studied in the context of the ¢ = 1 string [16-19], the minimal string [20-22], and the Vira-
soro minimal string [13]. In particular, the calculation of their effects, or of observables such
as the partition function with identical ZZ-instanton conformal boundaries in the language
of (1.2), suffers from subtle divergences in the zero-mode sector of the ZZ-instanton open
string spectrum. In this paper, we employ the recently developed string field theoretic analysis
of D-instantons to systematically compute the leading-order non-perturbative effects of ZZ-
instantons in the complex Liouville string. Additionally, we investigate the non-perturbative
completion of the dual matrix model, matching the calculations of ZZ-instantons and uncov-
ering non-perturbative properties of the double-scaled matrix model.

Furthermore, as we will see in section 3, a special feature of ZZ-instantons in the complex
Liouville string is that their action is purely imaginary. As a result, ZZ-instantons mediate non-
perturbative corrections to closed string amplitudes that are not exponentially suppressed,
but rather oscillatory. This motivates us to also consider non-perturbative corrections medi-
ated by ZZ-ghost-instantons, which have the same action but with the opposite sign [23, 24].
In other string theories, an oppositely signed action leads to ghost-instantons mediating non-
perturbatively enhanced corrections to amplitudes, but in the complex Liouville string, these
corrections remain oscillatory. In fact, we will see that swap symmetry — an important sym-
metry input in the bootstrap of perturbative amplitudes in [1] — implies the existence of
ZZ-ghost-instantons in the non-perturbative sector.

Non-perturbative completion of the dual matrix integral. The contributions of ZZ-
instantons on the worldsheet provide a window into the non-perturbative completion of the
matrix integral dual of the complex Liouville string. We use matrix model techniques to de-
duce the leading non-perturbative corrections to the string amplitudes, and show that they
are precisely accounted for by the ZZ-instanton contributions on the worldsheet. From these
leading non-perturbative corrections together with resurgence techniques we then extract the
large-genus asymptotics of the string amplitudes, which display the (2g)! growth expected on

4
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general grounds in string theory [25]. From these asymptotics we infer the effective string cou-
pling, which we demonstrate to be imaginary. This indicates that the genus expansion of the
string amplitudes exhibits sign oscillations. This can be traced back to the fact that the tension
of the ZZ-instantons is purely imaginary, and relatedly, the corresponding non-perturbative
effects give wildly oscillatory (rather than doubly-exponentially small) contributions to the
string amplitudes.

These non-perturbative effects also have consequences for the eigenvalue spectrum and
ultimately the convergence of the matrix integral. One notable feature of the eigenvalue den-
sity p(E) of either of the two matrices of the two-matrix integral dual to the complex Liouville
string [2] is its non-positivity in certain regions of the real energy axis. Initially, near the edge
of the distribution, the density is positive, reaching a maximum before decreasing and even-
tually becoming negative. We will show that the point where the density of states vanishes
corresponds precisely to the location of ZZ-instantons.

More specifically, the saddle points of the effective potential felt by a pair of eigenvalues
(one from each matrix) in the presence of the others correspond to the nodal singularities of
the spectral curve of the two-matrix integral. These, in turn, map directly to ZZ-instantons
on the string worldsheet. Consequently, at the point where the density of states becomes
negative, a new saddle begins to dominate the matrix integral (or, equivalently, the string field
path integral on the string theory side), and requires a deformation of the integration contour
for the eigenvalues into the complex plane.

Furthermore, in section 4 we will calculate the effects of these nodal singularities in the
spectral curve and find precise agreement with the non-perturbative corrections to closed
string amplitudes mediated by ZZ-instantons and ghost-ZZ-instantons.

Outline of the paper. The rest of the paper is organized as follows. In section 2.1 we give a
general treatment of conformal boundary conditions for the worldsheet theory of the complex
Liouville string and show how they may be used to compute more general observables, such as
resolvents and partition functions, from the closed string amplitudes. This culminates in the
gluing formula (2.32), which computes the perturbative contributions to such general observ-
ables by gluing suitable “trumpets” (corresponding to punctured disks) onto the closed string
amplitudes. The gluing integral runs over the on-shell spectrum of the worldsheet theory. We
discuss how the boundary conditions associated with matrix model quantities of interest arise
from the more familiar Liouville BCFTs. In section 3 we put the formalism to work and com-
pute the leading non-perturbative contributions of ZZ-instantons to the string amplitudes, in
both the single- and multi-instanton sectors. We highlight the role of ghost instantons [23,24],
which are needed for the swap symmetry of the non-perturbative string amplitudes. Finally in
section 4 we discuss the consequences of these effects for the non-perturbative completion of
the dual matrix model. We conclude with some discussion of open questions. We collect some
background material and computations in the appendices.

2 Worldsheet boundaries

The natural observables of the complex Liouville string are the string amplitudes Agjr)l(p),
defined by integrating worldsheet conformal field theory correlation functions of closed string
vertex operators over the moduli space of Riemann surfaces. These are however not directly
the most natural observables from the point of view of the dual matrix integral [2] — those
would be for example the resolvents or the partition functions of the matrix model. In order to
discuss other observables, as well as ZZ-instantons corresponding to non-perturbative effects
in the matrix model, we need to equip the worldsheet conformal field theory with conformal
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boundary conditions. We will consider worldsheets with any number of boundaries labelled by
possibly distinct boundary states {¥} of the worldsheet theory. We denote the corresponding
perturbative string amplitudes by

b
Z0)(w), 2.1)
where we denote by ¥ = (¥, ..., ¥, ) a collection of boundary conditions and by g the genus of

the core of the worldsheet away from the conformal boundaries. As we shall see below, there
is a special boundary condition for which the worldsheet boundary reduces back to a closed
string vertex operator and thus these quantities in particular also contain the perturbative
string amplitudes Agr)l(p) as special cases. In that case we will slightly abuse notation and
replace ¥; by the corresponding Liouville momentum p;. We use the letter Z since we think
of these quantities as partition functions.

There are some special cases of this general definition that will appear more frequently
and deserve extra mention. For example, the disk partition function with boundary condition

¥ will often be denoted by

(b)
Zdisk

while the so-called “trumpet” partition function is the disk partition function with an additional
closed string vertex operator insertion and is denoted by

(¥)=Z)(w), 2.2)

Z8) e (¥, p) = Z8)(W, p). 2.3)

Here p labels the Liouville momentum associated with the closed string vertex operator. The
terminology is borrowed from models of two-dimensional dilaton gravity [6]. The relation to
that language will be clarified in [4].

Since the standard conformal boundary conditions of Liouville CFT furnish a sufficiently
complete basis for worldsheet BCFT observables, and conformal boundary conditions in non-
unitary, non-compact worldsheet CFT are relatively weakly constrained anyhow, we will begin
with a completely general discussion of conformal boundary conditions without committing to
any particular family of worldsheet BCFT. This general treatment will lead us to a formulation
of observables with worldsheet boundaries that may be interpreted as a smearing of closed
string amplitudes. In this sense the closed string amplitudes contain all the information of
these a priori more general boundary observables, and conformal boundary states that define
certain observables may be interpreted in terms of superpositions of closed string vertex opera-
tors. We will then see how the standard observables such as resolvents and partition functions
of the matrix model may be recast in this light.

2.1 General worldsheet boundaries

We start by considering a general conformal boundary state |¥) for the product of the two
Liouville CFTs on the worldsheet.

Conventions. We usually decorate quantities for the first Liouville factor by a + superscript
or no superscript if no confusion is possible and quantities for the second Liouville factor by a
— superscript. We use the following standard parametrizations of the central charge and the
conformal weights
— 2 _ -1 s Q@

c=1+6Q°, Q=b+b ", hp—hp—?—p . (2.4)
When ¢ € 13 + iR, to guarantee cancellation of the Weyl anomaly of the worldsheet CFT the
central charge of the second Liouvillle CFT is given by

c=1+6(Q)?2, Q =(b)'+b", b =—ib, beeiR,. (2.5)

6
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The physical closed-string vertex operators of the c¢* Liouville CFTs furthermore need to obey
the mass-shell condition leading to the following constraint when h,, € % +iR

hy+h, =1 & p =ip, pee +R,. (2.6)
It is also convenient to define vertex operators with an additional leg-pole factor so that the full

vertex operator reads V, = Ny(p) cEVp+ Vl; with Vpi the standard vertex operators of Liouville

CFT. We denote the OPE measure in our conventions by p,(p) = 4v2sin(2nbp)sin(2b~1p).
We refer to [1] for a complete description of our conventions.

CFT boundary conditions. Recall that conformal boundary conditions are characterized by
a state in the Hilbert space of the CFT on the circle obtained by mapping the upper half-plane
to the disk. Such a boundary state may be decomposed in terms of the Ishibashi states |ij1 h)
associated with the primaries of the Liouville CFTs

@) r=—J dp*py (p+)J dp”p_is(P P, PIIVINVD. 2.7)
0

Here ¥(p*,p~) is a suitable function of the Liouville momenta that captures the one-point
function of the primary th V- of the combined worldsheet CFT on the disk. The contour of
integration corresponds to the spectrum of Liouville CFT analytically continued to complex
central charge. We will later discuss rotating the contour so that the internal spectrum is the
one that is most natural in the complex Liouville string, namely p € e d R, , but for now we
will retain the original spectrum of Liouville CFT. In principle the boundary state (2.7) need
not factorize into each of its Liouville CFT constituents, though it will in the examples that we
consider below. The Ishibashi states are normalized such that?

(<V+|e—nt(Lg+Z+ )|V+>) _ 5(?1 p2) +6(p1 +p2) (b)( 0, (2.82)
b1 P(P1)
«V—le—m(Lg+Z - )IV )= 5(?1 p2)+6(p1 +p2) ( lb)(lt) (2.8b)
b —lb(pl)
Here
b)( ) _ 27‘Etp2 (2 9)
n(it) '

is the non-degenerate Virasoro character. Here as usual we express the characters in terms
of the Liouville momentum, related to the conformal weight as in (2.4). Hence the partition
function of the combined Liouville CFTs on a cylinder of length 7t and unit radius with ¥ and
® conformal boundary conditions on either end is given by

Z0(w,@;0)=— f dp pb(p+) dp P (P I¥(P*,p )R, p x0T ie).
0

(2.10)
Familiar examples for the boundary state |¥) in the worldsheet CFT are combinations of the
FZZT and the ZZ boundary conditions for the individual Liouville CFTs, which are reviewed
in appendix A and will be employed later in section 2.3. In these cases, the cylinder modu-
lar bootstrap is a highly stringent constraint that demands an interpretation as a trace over a
Hilbert space on the strip, decomposing the cylinder partition function into a sum of Virasoro

2The perhaps unfamiliar factor of i in (2.8a) and (2.8b), as well as the overall minus sign in the boundary state
(2.7), is an artifact of the change in conventions parameterizing the Liouville momenta in terms of p = —iP.
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Figure 2: The one-point amplitude Zgrlgmpet(\I’, p) of the on-shell state labeled by the

Liouville momentum p on the disk with ¥ conformal boundary conditions.

characters with positive coefficients in the dual channel. In the present more general discus-
sion, it is not clear what role if any is played by unitarity of the boundary state (2.7), so for
now we will be agnostic about positivity of the cylinder partition function in the dual channel.
Indeed in string theory we only require positivity of the BRST cohomology of the combined
worldsheet theory, and need not insist on unitarity of the constituent worldsheet CFTs in the
usual CFT sense. In what follows we will however insist on a notion of normalizability of the
boundary state that we will come to shortly.

Disk and trumpet amplitudes. The function ¥(p*, p~) that defines the boundary state en-
codes the disk one-point amplitude of the worldsheet BCFT defined by the boundary condition
U (see figure 2). Indeed, the disk one-point amplitude is given by

(:(g)

b .

Zgrgmpet(\p)p) = 2];_ Np(p)¥(p,ip). (2.11)
Following conventions in JT gravity we will refer to the punctured disk amplitude as the “trum-

pet” partition function. Here we have used that on-shell p~ = ip. The prefactors correspond
to the leg-pole factor that provides the normalization of the bulk vertex operator [1]

(6> =b*)pu(p)

No(p) = — , (2.12)
(P) 8+/2mp sin(mth2)sin(rtb—2)
and the normalization of the string theory path integral on the disk
sin(rtb?)sin(mb =2
e =cpe (zb7)sin(mb ") (2.13)

b2 —p—2
The latter normalization factor is proportional to the square-root of the normalization of the
path integral on the sphere Céf ) given in [1], up to the b-independent constant Cp: to be fixed

below. The factor of % in (2.11) is due to the division of the residual conformal Killing group
of a once-punctured disk, which is generated by rotations of the disk about the origin and
whose volume is 27t. Putting everything together we have

() ___ Cpz: py(p) .
Ztrumpet(q’:p) T T levan2 p_‘I'(P, ip). (2.14)
(w| ! @)

, . , , (b)
Figure 3: The cylinder amplitude Zo’z(\P,Cb) between ¥ and ¢ conformal boundary

conditions on each boundary of the cylinder.
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Finally, the disk amplitude is computed as usual by applying the dilaton equation [2, eq.
(4.25)] to the trumpet partition function:

20 (@) = b [ 20T p = 30+ 57D + 28 (T p = 3671 = 1))] . (2.15)

Cylinder amplitude. We now consider the amplitude of the complex Liouville string on the
cylinder with conformal boundary conditions ¥ and ® on each end of the cylinder (see figure
3). It is computed by combining the cylinder partition function (2.10) with that of the b¢-ghost
system and integrating over the moduli space of the cylinder. This computation gives

oo
Z5 (v, ®) =f den(it)? 2w, 8;1), (2.16)
0

assuming that & # ¥ and we are treating the two boundaries as distinguishable. In order
to proceed we would like to swap the integral over the cylinder modulus t with those over
the Liouville momenta of the complete set of states propagating in the closed-string channel.
Since (p™)?,(p7)? € R_ the t integral is convergent and we have

) 1 (T (T e De—n(p (T, p)e (T, p )

20’2(\11,49) =5 dp dp )2 — .
0 0 pt)2+(p7)

Next, we deform the contour of integration over the Liouville momenta p~ in order to pick

up the residue located at p~ = ip™. We recognize this pole as the location at which the

intermediate bulk vertex operator precisely becomes on-shell. Under the assumption that the

disk one-point functions ¥ and ¢ do not lead to additional singularities and are sufficiently
well-behaved at infinity, we may perform this contour deformation and we obtain®

(2.17)

1 —ico » D)W ’. Y ’,
720w, 0) = _J dp Py(p)p—ip(ip)¥(p,ip)®(p,ip) 218
, . .
gn?\* [ (b) (b)
B Cp2 (—2pdp) Ztr“mpet(qj’ p)ztrumpet(q); P) . (2.19)
0

We refer to conformal boundary conditions obeying these properties as “normalizable” bound-
ary conditions. Let us already mention that importantly this assumption turns out to be too
optimistic for ZZ-instantons. Here we find it convenient to fix the overall normalization

Cpz = 8m2. (2.20)

A strong consistency check of this value will come from the precise matching of non-
perturbative effects mediated by ZZ-instantons in section 3 as well as a factorization condition
described later in this section and checked in appendix B. The end result is that the cylinder
partition function is computed by integrating the trumpet partition functions (2.14) against
the sphere two-point string amplitude Agljz)

—100 —i00
Z9)w,9) = f (—2pdp) f (=20dp") Z mper (¥ D) Z e (@, DDA (P, p) . (2.21)
0 0
Recall that the sphere two-point amplitude on the half-line p,p’ € iR_ is given by [1]

1
AN (p,p") = —55(;) -p). (2.22)

3To get the full residue at p~ = ip™ we extended contour of integration over p~ to the full line iR and multiplied
the result by % This assumes that the that disk one-point functions ¥ and ¢ are even in p~, which is the case for
the examples of boundary conditions we consider in this paper.

9
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Figure 4: Gluing of a conformal boundary of type ¥, represented by the disk with
boundary condition |¥) on the lower left, to a string amplitude A(gl?z(p), represented
by the closed Riemann surface of genus g and n on-shell vertex operator insertions
with momenta pq,...,p,. The gluing is performed by summing over all off-shell
states th Vpi with a propagator q_(er)Z_(p_)2 where ¢ = e 2™, represented by the
wavy line, and integrating over the gluing modulus t.

General gluing of conformal boundaries. The previous example of the cylinder diagram
can be further generalized to the gluing of conformal boundaries to a closed worldsheet dia-
gram with genus g and n external on-shell string states. For instance, consider the addition of
a single conformal boundary of the type (2.7) to a closed Riemann surface %, , as pictured in
figure 4. We use the plumbing fixture to perform the gluing of a half-infinite cylinder (which
is conformally equivalent to a once-punctured disk) through a cylinder with gluing parameter
q = e 2™, The full moduli space to integrate over is the moduli space of surfaces with one
boundary and n closed string vertex operators. Via the plumbing fixture, it is isomorphic to
M i1 X Ry, where t parametrizes the R, direction and the half-infinite cylinder gets at-
tached to the (n + 1) vertex operator. Here it is important that there is no mapping class
group mixing the two factors of Mg .1 xR A
The resulting string amplitude may hence be written as®

b b _ _ e (V2 ()2
Za(w,p) =y f Jdp+pb(p+)Jdp p_ip(p)¥(pt,pT)g ¥ D)

Mg,n+1XR+
3g—3+n n (2.23)
S ~
x (B, ByByct Vv ﬂ BB, ]_! vp]_>2g N
= j= ’

where ¢ = e ™ is a gluing parameter associated with the gluing of a cylinder with length 7

and circumference 27rtt. Here, B, is the b-ghost contour associated with the modulus t, 3, and
B, are the ghost contours circling the vertex operator VpJr Vp_,, and the B, are those associated to

“In contrast, recall that when factorizing a closed string amplitude into lower-point amplitudes using the plumb-
ing fixture, we glue a closed string sub-diagram %, , to another sub-diagram ¥, ,, by attaching a cylinder with
a moduli space parametrized by C = {t € C|0 < Ret < 27,Im7 > 0}. Here, g, + g, =gand n; +n, =n+2,
where g and n are the genus and number of on-shell closed string insertions of the original diagram. However,
the associated moduli space of the plumbing fixture M, , x M x C is not isomorphic to M, , as there is a
non-trivial mapping class group mixing the different factors.

Put differently, when performing an OPE expansion near the degeneration limit of a closed string diagram, we
cannot single out one OPE channel because when the gluing parameter g becomes too large, we must expand in a
dual channel. Thus, the moduli space of the gluing cylinder is not C, but a quotient thereof. In the case of gluing
a half-infinite cylinder with boundary condition ¥, however, there is no dual channel. This allows for the gluing of
half-infinite cylinders similarly to gauge theory, where one only integrates over the monodromy of the gauge field
around the stump of the amputated surface.

>In the state frame, (2.23) is obtained by evaluating the overlap between the boundary state (2.7) and the
resolution of the identity 1 = —f dp+pb(p+)f dp~p_ip(p7) IVPt) IVP__) (thl (VP__I, where the minus sign is once
again an artifact of our parametrization of the Liouville momenta in terms of p = —iP. Notice that this sign cancels
with that of the boundary state. Evaluating this overlap leads to the operator expression (2.23).

82,12
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the remaining moduli of the surface %, ,. The V =Ny(p j)cEVJrV‘_ are fixed on-shell vertex

operators in the complex Liouville string, 1nc1ud1ng the leg-pole factor (2.12). C(b) denotes
g
the normalization constant of the string theory path integral on a Riemann surface with g han-

dles and m boundaries; for instance, C, (b) = C(b) By (-) we mean the correlation function

in the full worldsheet CFT including ghosts Recall also that the anticommuting objects ;, By
and Bk serve as the differentials in the integral over moduli space. In our conventions, we can
identify B, = ndt.°

In principle, (2.23) contains subleading corrections in the gluing parameter q coming from
the subleading terms in the conformal block expansion. In the presence of ghosts, we can re-
duce the sum over descendants to the BRST cohomology of the worldsheet, since terms that
are not in the BRST cohomology will cancel with their BRST partner after integrating over the
remaining moduli of the correlator. However, in the complex Liouville string (and in similar
2d string theories), the cohomology is entirely localized on the primary states and thus all
subleading corrections in the g-expansion are total derivatives on M, ., which decouple.
This argument is essentially identical to the observation that the discontinuities in the pertur-
bative string amplitudes do not receive corrections from subleading terms in the OPE, which
was discussed in [1].

The integrated worldsheet CFT correlator in (2.23) is not strictly speaking a string am-
plitude since the insertion cEth Vp__ is not on-shell. However, as we did in the previous case
of the cylinder diagram we can switch the order of integrations in (2.23) to obtain a string
amplitude. Indeed, performing the integral over the modulus t, and deforming the p™ contour
to pick up the residue at p~ = ip™*, we obtain

1
2" (w,p)=c - Jdp pb(p+)fdp p—in(p)¥(p",p TP
3g—3+n
xJ <BOBOCCV V l—[ BkBkl_[Vp,>
gn+1 k=1 ] ! gn+1 (2 25)

c® = [ Capp) pb(p) 7® (v p) '

o 8 pN( ) (b) trumpet

3g— 3+n

xf <BoBoNb(p)cEV+ l_[ BkBkl_[VP) ’

Mg,rH—l gn+1

where we used (2.11) to write the disk one point function ¥(p,ip) in terms of Ztrumpet(\lf, p).
We dropped the superscript + on the p* integral. Since the vertex operator Vp+Vl. » is now
on-shell, we can write [1]

3g—3+n

Cg;) JM <Bol§oNb(P)CEVp+‘/ip l_[ BkBkl_[V > —A(bn_H(p p). (2.26)
g,n+1

60ur conventions for the b-ghost contour B, are as follows. Parameterizing the cylinder by 0 < Rew < 7 and
w~w+ 27t [26], B, can be taken to be (excluding the differential dt)

B, = J (b(w)dw + b(w)dw), (2.24)

where L is a horizontal segment from Rew = 0 to Rew = n. Expanding b(w) into modes we obtain that B, — 7b;
with b = b, + by.

11
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Therefore, using (2.26) we can write (2.25) as

(b) _ Pb(P) (b) (b)
Zg’nﬂ(\ll,p) (b) (b) 4 J(_ m) Ztrumpet(\lj P)A n+1(P p). (2.27)

Notice that the combination in the parenthesis squared in (2.27) is actually p-independent,

pu(p) sin(rb?)sin(mb2)
Y R =

(2.28)

where we used (2.12). Thus, we obtain that

) 32”4Céb)1 s1n(nb2)s1n(nb 2) (b) (b)
&

Zg,n+](\IIJp): C(b)c(b) ( ) f( 2pdp)ztrumpet(qj p)A n+1(p p)
%, “p2

b2 —
(2.29)
The prefactor in the square brackets is expected to be precisely unity
4 (b )
321Gy, (sm(rcbz)sm(rcb 2)) 1 (2.30)
(b) (b) 2_p—2 - :
CyCpa b2—b

In fact, the argument presented in this paragraph is the same as the analysis of factorization
of perturbative string amplitudes in worldsheet string theory [26]. In particular, this analysis
is one way in which the normalization constants ng may be fixed indirectly. Appendix B
provides a check of the condition (2.30) for the case of gluing one boundary to the sphere
n-point function.

Assuming the condition (2.30), we finally obtain the general result that we may add con-
formal boundaries with boundary condition ¥ to any string amplitude A(gl?r)l by gluing a trumpet
partition function with a gluing measure (—2p dp):

—100
z{) (¥,p)= J (=2p dP) Z{Pohmpec (%, PIAL) L (P, D). (2.31)
0

For example, if we glue n conformal boundaries to a worldsheet string diagram without
any additional external on-shell vertex operator insertions, we obtain an observable that we
may think of as analogous to partition functions with n asymptotic boundaries in models of
2d dilaton gravity

—1i00 n
b
ZO(W,...,¥,) = f r[ —2p;dp; Zorped(¥5:2)) AL (pr, .. upy). (2.32)

This observable is characterized by the n boundary conditions {¥;} that we glue to the closed
string insertions. This presentation makes it clear that we may interpret worldsheet bound-
aries in terms of smeared closed-string vertex operators. Indeed, observables with worldsheet
boundaries are simply computed by inserting a complete set of on-shell states and integrat-
ing the closed string amplitude against the trumpet partition functions corresponding to the
conformal boundaries with the measure endowed by the two-point function in target space,
see figure 1. That the smearing of the bulk vertex operators commutes with the integral over
moduli space is ensured by the normalizability of the boundary condition.
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In the case of the “trivial boundary condition,” which we denote by a Liouville momentum
(say, q) corresponding to an ordinary closed-string puncture, the “trumpet partition function”
is simply given by the sphere two-point amplitude itself’

7(b)

6(p—q)
trumpet(q) p) = AE?Z)(P; q) = V0 -

2 (2.33)
Seiberg-Shih equivalence. We see that we only need to specify the trumpet partition func-
tion ngu)mpet(\ll, p) to compute arbitrary observables with the boundary condition W. The trum-
pet partition function (2.14) in turn only requires the wave function for on-shell vertex opera-
tors, ¥(p,ip). In particular there can be different boundary conditions ¥ and ¢ which satisfy
U(p,ip) = ®(p,ip) and thus are equivalent for the purpose of (on-shell) string theory. This
means that a given boundary condition can be realized in multiple ways in the worldsheet
theory. One can think of this phenomenon as the worldsheet BRST cohomology reducing the
number of possible boundary conditions. This was first explained in the context of the minimal
string by Seiberg and Shih in [11] and we call it the Seiberg-Shih equivalence.

2.2 Conformal boundary conditions for physical observables

We now explore a few families of conformal boundary conditions that will be natural in various
physical contexts. They may all be straightforwardly related to each other by suitable integral
transforms.

2.2.1 Resolvent

The natural observables of the two-matrix integral dual of the complex Liouville string [2] are
resolvents of one of the two matrices. Recall that this matrix integral is characterized by the
spectral curve

x(w) = —2cos(nb™w), y(w) = 2cos(mbw). (2.34)

Here w is a convenient coordinate on the spectral curve. Before double-scaling, the resolvent
associated with the first matrix M; is defined by the trace

R(x)=tr (2.35)

x—M;

In the large-N limit, the connected part of products of resolvents admits a genus expansion

<l_[R(xj)> =D Ry alx,..., x N2, (2.36)
j=1 ¢ g=0

Upon double-scaling, a natural family of observables is furnished by the resolvent differentials
0PI Wy, wy) = Ry n(x(w1), .., x(w,)) dx(wy) - - dx(w,) (2.37)

The resolvent differentials are entirely determined by the spectral curve (2.34) by topological
recursion, see e.g. [2,27]. In (2.34) we have picked a specific parameterization of the spectral
curve. The resolvents associated with other parameterizations are of course just related by
Jacobian factors.

’In what follows we will denote the trumpet partition functions by a parameter (such as q below) that charac-
terizes the conformal boundary state, whose meaning should be clear from the context.

13
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We claim that the perturbative contributions to the resolvents o)g’% are captured by the
following trumpet partition function

(b

trumpet

(w,p) = —2msin(2nwp) dw. (2.38)

Notice that we have included the differential dw in the definition of the trumpet partition
function. The boundary conditions for the resolvents then form a complete basis for gen-
eral conformal boundary conditions, since the trumpet partition function of any normalizable
boundary condition may be decomposed into those of the resolvents by standard Fourier anal-
ysis.®

In particular, the general resolvents are then given by the following integral transform
of the closed string amplitudes, similarly to how one glues trumpets to the Weil-Petersson
volumes to introduce asymptotic boundaries in JT gravity [6]°

ZO)(wy, .. wy) = f [ I=2p;dp) 28 pecwp) | AL (o1, 1)
r \Uj=1 (2.39)

= w(glf,)l(wl,...,wn).

Indeed, with the trumpet partition function given by (2.38), this is precisely the relation be-
tween the string amplitudes and the resolvent differentials explained in our previous paper [2].
So we conclude that the matrix model resolvents may be thought of as closed string am-
plitudes computed with suitably smeared vertex operators, or alternatively in terms of world-
sheets equipped with appropriate conformal boundary conditions whose punctured disk ampli-
tudes are given by (2.38).1° In particular the cylinder amplitude correctly reproduces the lead-
ing contribution to the two-point resolvent in this parameterization of the spectral curve [2]

Zg’z)(wl, wy) = dw; dw, (27)? f (—2pdp) sin(27tw, p) sin(27tw,p) (2.40)
Y
1 1
=dw, dw ( — ) (2.41)
P Wy —wa)? (wy +w,y)?

As explained in footnote 9, to obtain the second line, we expanded the trigonometric functions
into exponentials and declared that fy dp p e = a2 for arbitrary complex a, by choosing the
contour to run in an appropriate directions so that the integral converges.

2.2.2 Thermal partition function

Another observable that one might wish to consider from the matrix integral description of
the complex Liouville string are thermal partition functions. In single-matrix integrals where
one may interpret the matrix as the Hamiltonian of a quantum system the thermal partition
functions are very natural observables. But in a two-matrix integral like the dual of the complex

8The general trumpet partition function must be an odd function of the Liouville momentum p due to the
non-standard leg-pole factor (2.12) that defines the normalization of closed string vertex operators.

“Here we are avoiding committing to a specific contour; in practice the integral is computed by expanding the
products of trigonometric functions that appear into complex exponentials and deforming the contour (originally
a vertical half-line in the p; plane) in an appropriate direction such that the integral converges. This is what the
abstract contour y is meant to represent.

1%Operationally, in section 2.3 we will see that the resolvent boundary conditions are simply related to conformal
boundary conditions of the type FZZT(u)xZZ, ;), where each factor corresponds to each Liouville component of
the matter worldsheet CFT. The standard Liouville BCFTs are reviewed in appendix A.
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Liouville string the definition is less canonical and one has to make a specific choice. For
example, one could define a thermal partition function by the following trace involving the
first matrix M,

Z(B)=tre PM1 (2.43)

In the double-scaling limit the connected expectation value of products of these partition func-
tions admit a genus expansion similarly to the resolvents.

We claim that the trumpet amplitudes corresponding to the thermal partition functions in
the complex Liouville string are given by the following expression

2b .
Zgrbu)mpet(ﬁ’ p) = ? Sln(ZTEbp)bip(zﬂ) ) (2.44)

where K, is the modified Bessel function of the second kind. This may be obtained from
the resolvent trumpet partition function (2.38) by inverse Laplace transform with respect to
x = —2cos(rtb™'w), which follows from the relation between (2.35) and (2.43) and the pa-
rameterization of the spectral curve (2.34). We will discuss this in more detail in section 2.3,
where we will see that these boundary conditions may moreover be obtained in terms of the
more familiar conformal boundaries for Liouville CFT by combining FZZT boundary conditions
for one worldsheet Liouville CFT with ZZ boundary conditions for the other.

Indeed, the disk amplitude that one computes from (2.44) via the dilaton equation pre-
cisely reproduces the corresponding thermal partition function in the matrix integral

2B = b7 [ Z e (B = 307 4 D)) + 200 (B = 3007 = 1)) ] (2.45)

12
= A h(—rib?)Ky(28). (2.46)
np

The disk partition function may equivalently be recast as the following integral over the spec-
trum of the first matrix

du e2P cos2mb™w) sin(2mbu) sin(27tb ™ u) (2.47)

_%i (o)
(b) _ 8sinh(—mib?) €
Zdisk(ﬂ )=— b o

= f dEe PEpy(E), (2.48)
2

where p((E) is the leading density of eigenvalues of the first matrix extracted from the spectral
curve (2.34) [2]

2 E
po(E) = = sinh(—mib?)sin (—ibzarccosh(a)) . (2.49)
T

One might worry that in (2.48) we are integrating the leading density of eigenvalues (2.49)
over a region where it becomes non-sign definite. We will address this when we discuss the
non-perturbative completion of the matrix integral in section 4.

The perturbative expansion of products of thermal partition functions are then computed
by gluing trumpets (2.44) onto the corresponding closed string amplitudes as in (2.32).

Duality symmetry and a second partition function. The worldsheet theory of the complex
Liouville string exhibits “duality symmetry”, which may be stated as the following invariance
of the string amplitudes

AL D(p) = (—1)"AL) (p). (2.50)

This property is manifest from the definition of the worldsheet theory as the b — b~! symmetry
of Liouville CFT, but is highly nontrivial from the point of view of the dual matrix integral. It
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follows from what is known as x-y symmetry of the matrix model, which amounts to the
statement that the free energies may equivalently be computed from the topological recursion
with the roles of x and y in the spectral curve (2.34) exchanged [28,29]. The boundary
state corresponding to the thermal partition functions as defined by (2.43) clearly breaks this
symmetry (see for instance the trumpet amplitude (2.44)), which is due to the fact that the
definition of the partition function treats the two matrices asymmetrically. This fact can be
taken as an indication that the dual matrix model has to be in fact a two-matrix model to
describe the boundary conditions completely, see [30,31] for similar comments.

There is correspondingly another natural partition function that one may wish to consider,
which involves a trace over the second matrix rather than the first

Z(p) = tre PMa (2.51)

In this case, the trumpet amplitude is simply the image of the original trumpet amplitudes
(2.44) under the action of the duality symmetry b — b™*

1 2 . -
Zigormpes(B-) = Zigumper(B,0) = — sin(2mb ™" p)Kzy-1,(2B) . (2.52)

With this in hand we conclude that the general perturbative contribution to the product of
partition functions associated with the second matrix (2.51) is given in terms of the image of
that associated with the first matrix under the duality symmetry up to a sign

ZO) By ) = f (l‘[(—ij dp; ZEﬁ’Jmpet(/sj,pj)) AD(py,....pp) (2.53)
r \j=1
=(=1)"Z% (Br..... By). (2.54)

2.2.3 ZZ-instantons

Another very physically-relevant family of conformal boundaries are the ZZ-instanton bound-
ary conditions, which we will make extensive use of in section 3. At the level of the worldsheet
BCFT, they are defined by combining (r,s) ZZ boundary conditions for one Liouville CFT with
(1,1) ZZ boundary conditions for the other Liouville CFT. We review the BCFT associated
with these conformal boundary conditions in appendix A. We will hence label the combined
boundary conditions by the pair of positive integers (r,s). The ZZ boundary state defines
Dirichlet-like boundary conditions for Liouville CFT so for each (r,s) this defines a species
of localized instantons in the combined worldsheet theory. The trumpet partition function is
computed by combining the ZZ disk one-point functions (A.3) together with the leg-pole factor
and normalization of the path integral on the once-punctured disk

C(b) 2sin(2nrbp)sin(2msb!
Z (51,0 = Ny oY i) = ZRTREER B a5

where we used (2.13) and (2.20). Here in a slight abuse of notation we write ¥ = (r,s) to refer
to the corresponding ZZ-instanton boundary condition. This family of conformal boundary
conditions is not strictly normalizable in the sense described in the previous subsection; b™p
is purely imaginary so the partition function grows exponentially at large p. However we will
see in what follows that we may nevertheless treat them similarly to how we have treated
normalizable boundary conditions thus far, at least for some simple quantities. As we will
mention in the discussion section 5, this breaks down for more complicated quantities. This
is because the string theoretic moduli space integrals for the ZZ-instantons don’t converge
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and one has to change the contour to properly define them. In some cases, this is correctly
accounted for by using the general formula (2.32).

We may proceed to compute the cylinder partition function by analytic continuation. In
practice, we expand the product of sines from (2.55) that appear in (2.32) and for each term
deform the contour of integration in a direction such that the integral converges. In this way
we find

Z9)(r,8), (') = f (=2pdp) Z{ 0 1pec((1,5), P)Z ook (157D, P)
Y

_1 [((r—r’)2b2—(s—5’)2b_2)((r+r/)2b2—(s+s/)2b_2)}
TG (s + s 2D b2 — (s —5)?b2) ||

(2.56)

We will see in section 3 that this agrees with the more direct worldsheet computation. The
case with (r,s) = (r’,s’) naively gives a divergent answer. In that case the above computation
does not apply and one requires string field theory to treat it properly.

2.3 Worldsheet boundaries from Liouville BCFT

Here we will explore worldsheet boundaries in the language of the more familiar conformal
boundary conditions for Liouville CFT. We will see that the boundary conditions discussed in
the previous subsection may be constructed by combining the basic conformal boundary states
of FZZT(u) and ZZ, ;) type, that were reviewed in appendix A, from each Liouville component
of the full worldsheet CFT. The main nontrivial example is the one that results from combing
an FZZT(u) boundary state in the first Liouville component together with a ZZ, ;) boundary
state in the second Liouville component. This type of conformal boundary in the complex
Liouville string is the one that most closely resembles the kind of boundary conditions that
appropriately introduce boundaries of finite length in the (p, q) minimal string [11,14,32,33].

FZZT(u)xZZ conformal boundary conditions. We will mainly discuss the worldsheet
boundary conformal field theory that results from equipping one worldsheet Liouville CFT
with FZZT boundary conditions and the other with (1, 1) ZZ boundary conditions. In particu-
lar, we will consider the worldsheet boundary state

IFZzT®(w)) ® |zz§;i1”))) . (2.57)
This boundary state provides a complete basis to describe the normalizable boundary condi-
tions of the previous subsection. u can in principle be any complex number. The trumpet
partition function associated with this conformal boundary condition is given by

0
) ¢

—ib),. cos(4mup)
trumper (12 P) = = Np (Y P ws )iy ) (ip) = ————.

(2.58)

We will see in what follows how the normalizable conformal boundary conditions discussed
in the previous subsection may be obtained from simple manipulations of this basic boundary
condition.

Seiberg-Shih equivalence. In (2.57) we chose the basis (1, 1) ZZ boundary state for the sec-
ond Liouville theory. By the Seiberg-Shih equivalence discussed above, we can always choose
one of the boundary conditions to be the (1, 1) ZZ boundary state. We could alternatively also
construct such a complete basis by considering (r,s) ZZ boundary states.
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x| r x|
| i
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Figure 5: The partition function of the matrix model is related to the resolvent by an
inverse Laplace transform. In computing the trumpet amplitude for the thermal par-
tition functions we evaluate the inverse Laplace transform by wrapping the contour
I' around the branch cut running from x = —2 to x = —o0.

Relation to resolvent boundary conditions. The conformal boundary conditions that define
the resolvents of the matrix integral dual of the complex Liouville string that were discussed
in section 2.2.1 are very simply related to the FZZTxZZ worldsheet boundary conformal field
theory. Comparing the trumpet partition functions (2.38) and (2.58) we see that

—ib
ww)) =8, ([F2ZTP(u=¥)) & |zz§1fl)))) dw. (2.59)
So we conclude that the resolvent boundary conditions are related to the more familiar
FZZTxZZ boundary conditions by a simple derivative with respect to the FZZT parameter
u.

Relation to thermal partition function boundary conditions. Here we will see that the
FZZTxZZ boundary conditions are also simply related to the thermal partition function bound-
ary conditions discussed in section 2.2.2, although the relation is more involved than for the
resolvents. This relation elucidates the boundary conditions used to describe thermal parti-
tion functions via Liouville BCFT in the previous literature on the (p,q) minimal string and
Liouville gravity [11,14,33]. We know from (2.35) and (2.43) that the partition functions are
obtained from the resolvents by an inverse Laplace transform with respect to the x parameter
of the spectral curve (2.34). Combining this with the relation between the boundary states
that defines the resolvents and the FZZTxZZ conformal boundaries (2.59), we conclude that
the boundary state that defines the thermal partition functions is given by!!

1Z(B)) = % f P |w(w = 2 arccos(3)))
r (2.60)

1 i
=5 JF dxef*a, (IFZZT(b)(u = % arccos(3))) ® IZZELID))) .

Here T is a contour that runs vertically to the right of the singularities of the integrand in the x
plane. In previous literature on Liouville gravity and the minimal string, x was roughly iden-
tified with the boundary cosmological constant characterizing the FZZT boundary conditions
and the derivative with respect to x was interpreted as the insertion of a “marking operator”
that ungauges translations along the boundary circle [14,34]. The inverse Laplace transform
was then interpreted as a change of ensemble from fixed boundary cosmological constant to
fixed boundary length. Here we have essentially derived this procedure starting from the re-
lationship between the resolvent and the thermal partition function in the matrix model. We

"More concretely, here we are using that Z(f) = — 5= f - dx ePR(—x) together with the spectral curve relation
w= % arccos(—3 ) from (2.34).
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could equivalently have integrated by parts to write

B b b (—ib)
1Z(B)) = “omi ) dx ef* [FzzT® (u = 5= arccos(3))) ® |ZZ(1’1) ), (2.61)
where the factor of  is interpreted as a result of the “marking” of the boundary circle.
For example, we can straightforwardly evaluate the trumpet partition function this way.
Recalling the expression (2.58) for the trumpet partition function associated with the FZZTxZZ
boundary conditions and plugging into (2.60), we have!?

b sin(2bp arccos(%))
Zitomper (B, P) = —.f dx ef* — - (2.62)
trumpet 2mi ) sin(arccos(3))

2bsin(2mh ° cos(2bp arccos(£
_ _2bsin@mbp) [ 4y opr ( P E( ). (2.63)

271 9 sin(arccos(3))
In the second line we wrapped the contour around the branch cut running from x = —2 to

x = —o00 (see figure 5) and evaluated the discontinuity across the cut using
arccos(z £ ie) = Farccos(|z]) + 7, z<—1. (2.64)

We can simplify this further by recognizing the integral representation of the modified Bessel
function of the second kind to arrive at

2b .
Z gomper(.P) =~ sin(2mbp K25, (26), (2.65)

which is the expression we anticipated in section 2.2.2. It in particular leads to a disk amplitude
(2.46) that is consistent with the leading density of eigenvalues of the first matrix (2.49)
extracted from the spectral curve (2.34).

3 ZZ-instantons

We now move on to study boundary conditions corresponding to instanton corrections in the
genus expansion of the amplitudes Aflb)(SO ; P). These cannot quite be treated in the way that
we explained so far, as there are certain divergences that need to be treated with the help of
string field theory. Given their importance for the non-perturbative structure of the theory, we
discuss their evaluation in detail.

3.1 Generalities

The existence of non-perturbative contributions of order e*& " to closed string scattering am-
plitudes has long been anticipated and understood to originate from D-instanton effects [25,
35,36]. Recently, this class of non-perturbative effects has been studied and calculated more
systematically, at leading and sub-leading orders in g, about a given instanton sector, in low-
dimensional string theories [13,16-22,37-44] and in higher-dimensional superstrings [45-
48]. In many cases, these calculations of D-instanton corrections to closed string scattering
have led to a precise agreement with, when available, independent determination of such non-
perturbative corrections from holographic and/or stringy dualities. In particular, it has been

12In order for the integral to be convergent, we strictly speaking have to assume that |bp| < % in this computation.
The result for larger values of bp can for example be obtained by analytic continuation, by interpreting the integral
distributionally, or by slightly bending the contour I' to the left.
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recently recognized [18, 22,37, 38, 48] that string field theory is crucial both to understand
the origin of divergences and ambiguities present in a naive on-shell worldsheet D-instanton
calculus as well as to resolve them in a systematic fashion.

Additionally, a priori one might worry that this class of non-perturbative corrections are
ambiguous without a proper understanding of the resummation of the closed string pertur-
bative genus expansion of scattering amplitudes. Indeed, recent calculations of D-instanton
corrections have been performed in theories for which the perturbative genus expansion re-
summation is explicitly known from a dual description [13,16-18,20-22,42-44], or when the
non-perturbative correction is due to a D-instanton configuration of minimal charge or that
is otherwise unambiguous [36, 45,46,48-51]. Low-dimensional string theory examples have
the virtue that the resurgence properties can be studied in detail from the dual matrix integral
perspective. From the matrix side, a choice is made for the contour of integration over the
eigenvalues of the matrix integral. On the string theory side this translates to a choice of con-
tour of integration in the path integral over open string fields living on the D-instanton [20,21].
In fact, in these cases there is very strong evidence that the full open-string perturbative ex-
pansion around a given D-instanton sector can indeed be matched between the matrix integral
and the string theory descriptions. That is, specific Lefschetz thimbles (as opposed to simply
a contour of integration passing through a particular linear combination of saddle points) can
be matched between the two dual descriptions.

3.2 One-instanton sector

Boundary conditions. D-instantons or ZZ-instantons in the complex Liouville string are de-
fined on the worldsheet through a product of (r,s) ZZ boundary conditions for each Liouville
CFT component. However, as in the case of the (p,q) or the Virasoro minimal string, a com-
plete basis for the ZZ-instanton boundary conditions, at the level of the full string theory, is
given by the product of (r,s) ZZ boundary condition and the (1,1) ZZ boundary condition in
each Liouville component, respectively [11],
zz())) © 122 ")) . 3.1)
We think of these as an irreducible basis for the more general boundary conditions that in-
volve pairing (k,£) ZZ boundary conditions for one Liouville factor with (m, n) ZZ boundary
conditions for the other. For example, we have
k+m—1 {+n—1
Z0 (e, 0O, (mm)),p) = > > Z8 L ((ns),(1L,1).p).  (3.2)
rélk—m|+1 séll—n|+1

In what follows we will leave implicit the (1, 1) label and refer to (3.1) as (r,s) ZZ-instanton
boundary conditions.

In this section, we will be interested in the leading-order correction to the string am-
plitudes Aglb)(SO; p) mediated by a single (r,s) ZZ-instanton. We denote this correction as
Ag’)(So; p)g’s)l, where the superscript (r,s); indicates the type (r,s) ZZ-instanton, with its
multiplicity given in the subscript. In this section, the multiplicity is set to one for a single
instanton, though more general multiplicities £, ; € Z-; will be considered later. The subscript
+ corresponds to the instanton and ghost-instanton contributions, respectively, which we will
explain further below.

Leading diagram. In the on-shell formalism, this contribution is captured by the following
worldsheet diagram,

Ao = e (D + () @@ + . (3.3)
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So

where we inserted appropriate factors of g, = e~
condition (3.1) on all worldsheet boundaries.

In fact, ZZ-instanton corrections admits an open-string genus expansion as a series in all
integer powers of g, = e~0. The + --- in (3.3) include higher topologies that are suppressed
by factors of €50, In this paper, we will focus on the leading-order contribution given in (3.3)

Here we impose the same boundary

and, hopefully without room for confusion, will omit the + -+ in A,(Sy; p)S:’S)l in the rest of
this section.

Disk. The disk one-point diagram for the case of ZZ-instanton boundary conditions was al-
ready introduced in (2.55), repeated here for convenience,

» . .
C ; 2sin(2nrbp)sin(2wsb~tp)
— —(b) _ D2 (b) (—ib) _ P P

= 20 (19).9) = 2N I Y () DIV () = ; . 34)
The empty disk diagram is related to the action, or tension, of the (r,s) ZZ-instanton. The
expolnentiated empty disk diagram gives rise to the characteristic non-perturbative dependence
e”&" . This may be readily obtained by applying the dilaton equation (2.15) to the disk one-
point diagram

— b — b b—l b b b_l—b
O - Zgis)k(r’s) =b I:ng)mpet((r,S),p = T+) + Zt(ru)mpet((r: $hp=">% )]
sin(rtrb?) sin(msb™2)

b—2 — b2
The tension of the ZZ-instanton is minus the disk partition function with the appropriate g-
dependence,

(3.5)

— _8(_1)r+s

sin(7trb?) sin(msb ™2
T'g?) = _e5% O — 8eSo(_1)r+s ( b_; = b(2 ) . (3.6)

This value for the tension Tr(f) of the (r,s) ZZ-instanton is in precise agreement with the matrix
model computation (4.4) presented in the following section.'® Importantly, the tension (3.6)
is purely imaginary for purely imaginary b2. Thus, the non-perturbative corrections in this

model are actually rapidly oscillating functions of order 1, instead of exponentially decaying.
We will have more to say about this in section 4.

Cylinder. The cylinder diagram with the same (r,s) ZZ-instanton boundary condition (3.1)
on both ends of the cylinder gives rise to a normalization constant. We will evaluate it from
scratch, since as we already remarked, we need extra string field theory input to make sense
of it. These extra subtleties manifested themselves in the divergence of the general cylinder
diagram (2.56). This worldsheet cylinder diagram can be evaluated as an integral over the
modulus of a cylinder with circumference 7 and length 27t of the full open string spectrum,

Sl de 2r—12s—1
_ (b . —ib) - b .
= Z0(r,),(1,5)) = f 50 TEOPEG GO D0 D 10D
0 r’él S'il (3 7)

2r—12s—1 p oo ’

— Z Z g (1 _ e—27rt)(1 _ e—ZTcrst) e%t((r’—l)b+(s’+1)b‘1)((r’+1)b+(s’—1)b_1) )
0 2t
r’il s’él

In the first line, the n(it)? is the contribution from the bc ghosts, )(((1_ gl;)(it) is the spectrum
between identical (1,1) ZZ boundary states described in (A.2), and the rest is the spectrum

3Note that this matching provides a strong consistency check of the value of Cp. determined in (2.20).
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between identical (r,s) ZZ boundary states described in (A.4). The factor of % accounts for
the Z, symmetry that exchanges the two boundaries of the cylinder.'* This moduli integral
over the cylinder length t is convergent in the closed-string channel t — 0, but suffers from an
open-string divergence in the t — oo limit coming from the (r’,s’) = (1,1) term in the sum
over characters. Let us separate this (r/,s’) = (1, 1) term in the cylinder diagram,

2r—12s—1 [ele)
de —27 —2mrs’'t’
Zg?z)((ras):(r;s))z Z Z f 2—(]_—e 2 f)(l_e 2 t)
0

t
r21 sr21

(r's)#A(11) (3.8)

o
x e%t((r/_l)b+(s’+1)b71)((r/+1)b+(5’_1)b71) + f % (e—zm + ezm _ 2) )

More generally, the on-shell worldsheet D-instanton calculus, via diagrams of the form in (3.3),
appears to be incomplete due to finite ambiguities in the D-instanton corrected amplitudes
coming from divergences that appear near degeneration limits of moduli space. These diver-
gences arise from several sources.

The first kind of divergences arise from the collective coordinates of the D-instanton, which
correspond to zero modes (or, open string fields with a vanishing propagator) and that give
rise to logarithmic divergences in the integral over moduli space of Riemann surfaces. These
divergences are expected to cancel after summing over all relevant worldsheet diagrams with
distinct topologies [16,35,36], but a finite additive constant ambiguity in the amplitude re-
mains and that is only known to be unambiguously determined in the framework of string
field theory [18,37]. In the complex Liouville string, however, ZZ-instantons defined by (3.1)
do not carry any collective coordinate, and thus this type of divergence will not be relevant.

A second source of divergences are the presence of tachyonic open strings on the D-
instanton. In the context of D-instantons, these tachyonic modes do not signal the breakdown
of the quantum theory, but instead are interpreted as a saddle point of the (open plus closed
string field) action that give a sensible contribution to the full path integral and hence to
scattering amplitudes. The contributions from tachyonic modes may be evaluated by analytic
continuation.'® For instance, the contribution from the (/,s")™ term in the first line of (3.8)
to the cylinder amplitude of a single ZZ-instanton can be evaluated as

oo
J % (1- e_Zﬂt)(l _ e—an/s’t) e%[((r’—l)b+(s’+1)b*1)((r’+1)b+(s/—1)b*1)
0 (3.9

_11 [((r’—l)b:l:(s’—l)b_l)((r’-i-1)b:|:(s’+1)b_1)]
T2 (Db (s + Db+ Db£(s — b1 |

Here we take the product over both choices of signs on the RHS. (3.9) holds assuming that
the integral converges, Re[((r’ — 1)b + (s’ + 1)b~1)((+’ +1)b+(s"— 1)b™1)] < 0. In fact, for
the branch of interest of the Liouville parameter b = e%RJr, this is never the case. However,
we can take (3.9) to be valid even when the exponent is such that the integral is divergent,
i.e. corresponding to a tachyonic mode.'® A second example of a divergence coming from a
tachyonic open string mode on the ZZ-instanton is the term ™" inside the parenthesis in the
second line of (3.8).

4Note that the cylinder diagram (3.7) is the same as the cylinder diagram in VMS with ZZ-instanton boundary
conditions after taking b — ib, apart from the finite sum over degenerate characters in the dual channel labeled
by (r,s) in the present case.

5In the string field theory framework, tachyonic modes do not give rise to divergences since the worldsheet
representation of its propagator f Ooo dse™™* is simply #, even for m? < 0.

1Note that here for b = e 7 R,, the argument of the logarithm on the RHS of (3.9) is always real and positive,
unlike in the VMS where it takes both positive or negative values.
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The third source of divergences, similar to the first mentioned above, are open string zero
modes that however are not associated to the collective coordinates of the D-instanton. In
the present case, these zero modes appear as the —2 term of the second contribution to the
cylinder diagram in (3.8). This type of zero modes are much more subtle but have been
recently understood using insights from string field theory, resulting in fully unambiguous D-
instanton amplitudes in different theories [18, 20, 22, 38,48]. These modes have a formally
infinite propagator, that is a vanishing kinetic term in the string field action, but cannot be
resolved by treating them as collective coordinates to be removed and integrated over at the
end of the calculation. These modes, often referred to as ghost zero modes, instead signal the
breakdown of the familiar Siegel gauge-fixing condition. As proposed by Sen [18, 38], one
can instead employ a different gauge-fixing condition in the zero mode sector. This leads to
additional out-of-Siegel-gauge zero modes that need to be included in the computation of the
cylinder diagram.

Furthermore, the deformation of the contour of integration for the tachyonic modes in
complexified field space introduces an ambiguity in selecting the full contour of integration,
which determines a specific linear combination of Lefschetz thimbles. This ambiguity is ex-
pected to have a counterpart in the dual matrix model, where a similar ambiguity arises in
the choice of contour for the eigenvalues of the two-matrix model. Since the theory does not
a priori dictate the correct choice of contour, we remain agnostic and introduce a Stokes con-
stant, denoted SS:’S)I, to parameterize the multiplicity of the saddle in string field space. The
subscript 1 refers to the single-instanton case, which will be generalized later.

This precise string field theory analysis can be found in [18,20,38,48]. Here, we will simply

apply the result of this procedure in the conventions of [20] in which the choice S(r N = 2 was
made, which leads to the interpretation
(o) . o(rs)
dt i8,
exp[f — (e_zm + 27t —2)] —(b) (3.10)
o 2t (2m)2(Tr57)2

where Tr(’s’) is the (r,s) ZZ-instanton action, given by (3.6) in the complex Liouville string. The

Stokes constant SE:’S)l constitutes non-perturbative information that goes beyond the cylinder
diagram. Therefore, we will not include it directly in the cylinder diagram (3.7) but instead
add it as an overall constant in the full ZZ-instanton contribution (3.3) (cf. (3.12) below).
Finally, combining (3.9) and (3.10) we obtain that the exponentiated cylinder diagram is
given by
exp(Z0)((1,9), (1,))) = ————
(2m)3 (T(b))i
2r—12s—

l—[ l—[ [ (r’—1)bi(s/—1)b—1)((r’+1)bi(s’+1)b—1)]%
((7=Db=+ Db+ Db —1Db D) (317

/ 15/_

(r )#(1,1)

b2 b2 %
B sen(b)y3 \ b2—b2 |
(2m)3(T)?

Summary. By plugging these ingredients into (3.3), we obtain that the leading order single
(r,s) ZZ-instanton correction to the n-point amplitude in complex Liouville string theory is
given by

,  (3.12)

1
co(ns) —T® (b2 b2\2Z n ; Vi -1,
A(b)(SO'p)E:’S)lz 18,7 e s (rz 52> l—IZSm(anbp])sm(Znsb p;)
n M

1 —2 _ h2 .
Cmi(r®)z \b7 =0 ) o Pj
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where the tension Tr(f) of the ZZ-instanton is given by (3.6) and we have included the Stokes

constant SE:’S)l. Let us note that we have been somewhat liberal in the choice of square root.
In the final expression (3.12), we choose by convention the principal branch. Taking another

branch could be absorbed in the definition of the Stokes constant SY’S)l.

3.3 Ghost instantons

Let us explain one important issue. Looking back at the definition of the BCFT disk one-point
functions 1/)( ) (P), we could have equally taken 1/)( ) (p) as the disk one-point functions as
mentioned below (A.3). Indeed, the cylinder bootstrap constraint that determines them is
quadratic and unchanged under the inclusion of an overall minus sign. Thus there is a second
boundary state which differs from (A.1) by an overall minus sign,

() (~ib)
—zz,)) ®12Z1)) - (3.13)

Repeating the same computation as above with this boundary condition is easy as we just
have to decorate a diagram with n boundaries by (—1)". For the cylinder diagram, some care
is needed as the string field theory computation also makes use of the tension of the instanton
which does get modified for the ghost instanton. We thus get the second non-perturbative
correction,

1
(rs) iS(_r’s)l T(b)( D = — 153_22 2 2sin(2nr bp;)sin(27s b_lp]-)
Y = = 1 . (3.14)

ADsy; p) Al st .
@mi(—1?)? j=1 Pj

In particular, the tension is opposite. For a real tension, this would mean that this contribution

is exponentially enhanced and would dominate over the perturbative contributions. Thus

such ghost instantons usually only appear once we analytically continue the coupling S of the

theory [23,52]. In this model the tensions are however purely imaginary and hence the two

non-perturbative corrections are of the same magnitude.

Swap symmetry. There is in fact an easy way to see that we need both these contributions.
For this we recall that all perturbative contributions are invariant under swapping the two
factors in the definition of the worldsheet theory. This amounts to the following swap symme-
try [1] ,

ACID(ip) = (=i)"AL) (p). (3.15)
This symmetry should continue to hold also in the non-perturbative sector. The swap symmetry
maps the instanton correction to the ghost instanton correction,

1
_2 2 2 . . p—
A(_ib)(SO'ip)(r’s)l _ g(rs)le W in br—z—i’—z 2 ﬁ 2sin(27rbp;)sin(2msb~'p;)
T emi(—r@) ) Pj
s
(rS)l

=0 NESH AP (50 p)1

(3.16)

Thus insisting on the non-perturbative extension of the swap symmetry means that we need
both contributions with equal Stokes constants,

8ok = gl — grhr (3.17)
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3.4 Multi instantons

We can also consider leading-order non-perturbative contributions to Afgbr)l (p) from a configura-

tion of multi-instantons or of multi-ghost-instantons.'” For example, the worldsheet diagram
that computes the leading-order two-instanton contribution to the n-point string amplitude
Ag,n(p) is given by

exp e50<1>++e50<2>++ ®+é ®+® . (3.18)

The boundaries labeled by 1 correspond to the first ZZ-instanton, say of type (r,s), while
those labeled by 2 correspond to the second ZZ-instanton, say of type (r/,s’) # (r,s). In the
second line of (3.18), the crosses in the first set of parenthesis correspond to an on-shell vertex
operator with Liouville momentum p;, the crosses in the second set of parenthesis are on-shell
operators with momentum p,, etc. The combinatorics of such contributions and of the cylinder
diagrams involved can be taken into account by considering the Chan-Paton factors associated
to the open string degrees of freedom on the ZZ-instantons.

Identical instantons. The new ingredients in a multi-instanton configuration in the com-
plex Liouville string are the following. Consider first a configuration of £ € Z, identical
ZZ-instantons of type (r,s). The associated action/tension of a multi-intanton configuration of
¢ ZZ-instantons is simply £ x Tr(’f). Therefore, such a multi-instanton configuration provides a

. . . . _oT®
correction that is suppressed (or enhanced, in the ghost instanton case) by a factor of e SRL

as noted earlier, in the complex Liouville string the tension (3.6) is purely imaginary and in-
stanton corrections are oscillatory instead of suppressed. Second, for a system of £ identical
ZZ-instantons, the open string spectrum is repeated {2 times, and therefore we may simply
raise the single-instanton empty cylinder diagram to the power ¢2. The third and most non-
trivial new ingredient is the division of the U({) gauge group on the ZZ-instanton worldvolume
theory. This volume was computed and recently applied to the string-theoretic computation of
multi-instanton corrections in type IIB string theory [46] and in the (p, q) minimal string [21].
The net result for the non-perturbative correction to the partition function (i.e. the string am-
plitude without external on-shell states), for example, due to a configuration of identical ¢
ZZ-instantons (or ghost-instantons) can be written as [21, eq. 2.23]

Gy(L+1)

W , (319)

eZ
AL (5) P = 8 e T [27: exp (Zg?z)((r,S), (T,S)))]

where G,(x) is the Barnes-G double gamma function. The last factor in (3.19) is the reciprocal
of Vol(U(£)). It appears because there is a U({) gauge symmetry on the instanton worldvolume
which needs to be divided by. This also leads to the extra 27 in the cylinder diagram which
arises from the volume of U(1) and which was already included in (3.10). The upper signs
correspond to a multi-instanton contribution and the lower signs to the analogous multi-ghost-
instanton contribution. Here, we have included the overall Stokes constant Ss_f’s)‘ associated
with the (r,s),-instanton (or -ghost-instanton) sector.'® Finally, including insertions of external

17We restrict our attention to a system of either all regular instantons or all ghost instantons. We leave the study
of multi-instanton effects from a system with both instanton and ghost instantons to future work.

18Here we consider the generic situation in which each multi-instanton sector with £ ZZ-instantons carries its
own Stokes constant. See [53-55], however, for recent examples in the context of topological strings which provide
strong evidence that in those theories the Stokes constants are in fact independent of the multiplicity £ of a system
of identical instantons. In this paper we will not attempt to explicitly compute these Stokes constants.
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on-shell strings, we can write the leading order non-perturbative correction to the n-point
i (b)
amplitude A g,n(P) as

2 G,(0+1)

B)(a . B — g FT® (b) ¢
AP (So; )L = 8T 15 [ 2 exp (Z50((r5), (5) ] T

x " ﬁ (:tZ(()l”l)((r,s),pj)) .

j=1

(3.20)

Several distinct instantons. We may further generalize to a system comprising several dis-
tinct ZZ-instantons (or ghost-instantons), indexed by a set 7 = {(r,s),, }. Here, the subscript
{, € Z>, denotes the multiplicity of each type (r,s) of ZZ-instanton included in the system.
In this case, the leading order non-perturbative correction to the string amplitude Ag’)(SO, p)
due to the multi-instanton system of ZZ-instantons 7 is given by

AL (Sy; p)E =Si{ l_[ el T5S [27: eXP(Z( )((1,9), (1, s)))]“m)2

(rs)eZ

x{ ]_[ (expz )((r,5), (' s)))é”g”'“} (3.21)

(r,s), (' ,s")eT
(r,s)<(r',s)

{ﬂ STt (£20s), p]))}

Jj=1(rs)eZ

GZ(Er,s + 1) }

(2n)%£r,s(€r,s+1)

where Z( )((r s),(r’,s")) is the exponentiated cylinder diagram with distinct ZZ-instanton
boundary conditions (r,s) and (r’,s") on each end. Again, the power £, x £,/ to which
this cylinder diagram is raised simply accounts for the Chan-Paton factors of the open strings
stretched between the two ZZ-instantons. We have also included the Stokes constant S as-
sociated to the multi-instanton configuration specified by the set Z. Notice that (3.18) is a
special case of (3.21) with {,; =1, (., = 1 and all other {’s vanishing.

Therefore, the only new ingredient in the worldsheet diagrammatics is the cylinder dia-
gram Z( )((r s),(r’,s")) with distinct ZZ boundary conditions for each end. In the complex
Liouv1lle string, it can be computed as'’

r+r'— s+s'—

oo

(b) dt . o (-ib); ®)

Z8)(r5), s))—f — (i x5 o) Z Z )
0 r”:lr r’|+1s”:|s—s’|+1

_ r+r '—1 s+s J e_zm)(l e—ans”t”) (3.22)

r”—lr r’|+1s”—|s—s’|+1

x @5 (("=Db+("+1b (" +1)b+(s"—1)b ™)
In contrast to (3.7), in this case we do not encounter divergences arising from open string zero
modes (assuming (r,s) # (r’,s’)) and the cylinder diagram can be evaluated as was done in

In this case the measure of integration over the modulus t of the cylinder is d— , instead of 2§ , because the two
ends of the cylinder are distinct.
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(3.9), with the result

r+r'—1 s+s'—1

I I (" = 1)b£(s" — Db + b £ (s +1)b1) ]
(" —1)b £ (5" + Db—)((r" + )b £ (5" — 1)b—1)

r”ilr—r’|+1 s”éls—s’|+1
—1 [((r —1")2b% = (s —s)?*b ) ((r +r")?b>—(s +s’)2b_2):|
~ B (r—r)2b2— (s + 5126 2)((r + 1 2b2 — (s —s)2b2) |

Z3)(r,9),(r",s")) = log

(3.23)

As noted in section 2.2, this cylinder diagram is just a specific example of gluing two “trumpet”
partition functions with ZZ-instanton boundary conditions, given by (3.4), with the measure
—2pdp. Indeed, we see that (3.23) is exactly the same as (2.56).

As we will see in the next section, this class of ZZ-instanton corrections is in precise agree-
ment with the dual matrix model, providing a highly nontrivial and non-perturbative test of
the duality.

Stokes constants and swap symmetry. We can easily generalize the argument leading to

(3.17) to the multi-instanton case. Zgbg((r,s), (r',s")) given in (3.23) is invariant under swap

symmetry, while the cylinder amplitude with identical boundaries Zgbz)((r,s), (r,s)) transforms

correctly into its ghost counterpart. The origin of the factor (—i)" comes entirely from the disk
one-point diagrams entering (3.21). Thus imposing swap symmetry on the multi-instanton
corrections gives

gt=8Ll=8". (3.24)

4 Non-perturbative completion of the matrix model

We now discuss the non-perturbative definition of the matrix integral. This is a subtle issue
since it is double scaled. Thus to define a non-perturbative completion, we have to first go away
from the double scaling limit, derive a formula for a non-perturbative contribution and then
take the double scaling limit. We will be content with discussing the leading non-perturbative
corrections. From the point of view of the gravitational path integral, these correspond to
‘doubly non-perturbative effects’ [6]. They are particularly interesting since they probe the
discreteness of the matrix model spectrum, but are difficult to access directly from the gravi-
tational path integral.?°

4.1 Leading non-perturbative effects

Nodal singularities on the spectral curve. The discussion of individual non-perturbative
effects is largely analogous to the minimal string [11,12]. They are associated to nodal singu-
larities in the spectral curve, which takes the form

x(z) = —2cos(mtb ' vz), y(2) = 2cos(mb+/z). (4.1)

Thus, we expect one species of ZZ-instanton for every nodal singularity of the spectral curve.
They are labelled by r, s € Z-;, which indeed maps to the ZZ-instanton label (r,s) in the bulk.
As explained in [2], nodal singularities are located at

25 = (rbEsb™)?, (4.2)

+

where the surface intersects itself, since 30,

9 and z(_r,s) maps to the same point under (x(z),y(z)).

205ee also [56-59] for recent non-perturbative studies of matrix integrals dual to JT gravity, minimal strings,
and Virasoro minimal strings.
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Partition function. Let us first discuss the partition function Agb)(So). The leading non-
perturbative correction due to a single nodal singularity of the spectral curve labelled by the
pair of integers (r,s) can be written as [21,60-62]

AP (5) T =—B ST (4.3)

This has the typical form expected from resurgence. The exponential term e¥ 15 means that
this is a non-perturbative contribution in e™5°. Corrections to this formula are indicated by the
ellipses and are suppressed by e, They are computable by the non-perturbative topological
recursion developed in [63].

The tension Tr(’i’) is computed as [11]

) 8e%(—1)"** sin(nrb?) sin(msb2)
TS =e J_ wo,1 = o , (4.4)
D)
where w(;(z) = —y(z)dx(z). This integral can be thought of as an integral over the corre-

sponding B-cycle in the spectral curve. The overall sign of the tension (4.4) is ambiguous
because we could have reversed the orientation of the integral. Thus we have in fact two pos-
sible non-perturbative corrections with opposite tensions. We indicated this by the subscript +
and — in (4.3). These two contributions correspond to the instanton and the ghost-instanton
contributions in the bulk. We chose conventions such that the sign matches the choice on the
worldsheet, see (3.6). Notice also that since b? € iR, the tension is purely imaginary. Thus
the exponentiated tension is a rapidly oscillating function order 1 in S, and hence depends
very sensitively on the parameters.

8535)1 is a Stokes constant indicating the choice of Lefschetz thimble of the non-perturbative
correction. As a reminder of the notation, the superscript (r,s); denotes the type of nodal sin-
gularity, with its multiplicity indicated in the subscript, which map to the type and multiplicity
of the ZZ-instanton on the string theory side. There is a physically relevant choice that we will
discuss below, but from the point of view of resurgence, 85?)1 are free constants.
The prefactor %Br’s is a one-loop correction mapping to the cylinder diagram on the string

theory side. It takes the following form in the matrix model [21],

1
DrezSo 2
B, = (i) ()( G 26~ TCE) T )

b2 b2 %
. _l T2
:l(znTr{g)) > (_br_z_;z)

We chose a convenient branch of the square root. The ambiguity of choosing the branch can be
absorbed into the Stokes constant. With this convention, we see that (4.3) matches precisely
with the worldsheet result (3.12) and (3.14) withn =0

(4.5)

Correlators. We can also obtain non-perturbative corrections to correlators as follows. For
no operator insertions, Ag?()) = ;b()) Resolvents with more insertions can be obtained by
applying the loop insertion operator .%,, which acts as a derivation, since it can be written
as a formal differential on the matrix model side with respect to the Taylor coefficients of the

potential [64]. We have by definition

Lywgn(21,.-.,2)) = Wg ny1(215- -+, 20, 2) (4.6)
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Crucially, this continues to hold in the non-perturbative sector. Thus the leading non-
perturbative correction to co(lb)(So ;2) due to a single nodal singularity of type (r,s) is

1
(502 = B, 80 2, - &7

(rs) FT® & b
Bmswrzj o)+
(rs)

4.7

1 (rs) FTD (b) @7
= :FZ—B S, o(ez)+-

T

(r,S)

1 1 1
= :Fz—Br,sSg’s)leq:Tr(,?) ( — = — )dz+...

T z2—2 z—2Z

(r,s) (1)

For a much more complete discussion on the non-perturbative corrections to the resolvents,
see [63]. A useful mnemonic for the action of n loop insertion operators acting on a more
general multi-instanton sector of the free energy of the matrix model is shown in figure 6. In
(4.7), the + - - - denote terms that are further suppressed by powers of e 50, We now transform
(4.7) back to the string amplitudes A(b)(SO, p)(rs)1 The transformation is an inverse Laplace
transformation in the coordinate w = /2,

RO TN O N (iR O YN o)
1 (Se;p)y 7t = mwl (So; w™)1
2mipw
= Res ——— o)(lb)(SO; wz)gf’s)l (4.8)

:l:iw::l:rbztsb—1 2p

. . B
 1p, g1 SiN@7rbp)sin(2nsb p).
: .

In particular the ratio is

A(lb)(SOQ P)E:’s)1 4 2sin(2nrbp)sin(2nsb~p)
AP (S P

> (4.9)

which is identified with the disk one-point diagram in the bulk theory, see (3.4).

n-point amplitude. We may generalize this computation to the n-point amplitude by con-
sidering the action of n loop insertion operators on the matrix model partition function (see
figure 6, with the index a running over a single ZZ-instanton of type (r,s)). The leading order
contribution comes from the term in which each loop insertion operator acts on the integrated
matrix model differential w, ;, represented by the empty disk diagram in the mnemonic of
figure 6, exactly as in (4.7). Therefore, the action of n loop insertion operators precisely re-
produces the leading order worldsheet expressions (3.12) and (3.14).

Multi-instantons. The non-perturbative contribution from a multi-instanton configuration
to the matrix model partition function was also analyzed in [21]. Again, let Z = {(r,s)erys} de-
note a set of pairs of integers indexing the type of nodal singularity/ZZ-instanton present in our
multi-instanton configuration, with their multiplicities indicated by the subscript £, € Z5,.
Specializing to the complex Liouville string, it was shown that integrating a number £, of
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(e—SozZn)...(e—Sogzl)- exp | Feo Zaé + Zazy + .-

Figure 6: Mnemonic for the action of n loop insertion operators acting on the (3;,)-
instanton (or -ghost-instanton for the lower sign) sector of the partition function of
the matrix model. Here, the index a runs over all the instantons (either of the same
or distinct type) in the given instanton sector in consideration. The loop insertion
operator acts as a derivation on a given matrix model observable, for instance on the
differentials w, ,. Note that this calculation is entirely from the matrix model side of
the duality, but we use worldsheet diagrams as a mnemonic of how the loop insertion
operators act on a multi-instanton configuration. A more precise formula may be
found in [63]. The leading order contribution, of order 1 in the genus expansion
parameter e %0, comes from the term in which each loop insertion operator acts
on the sum over empty disk diagrams. Other contributions give rise to sub-leading
contributions in e~ in the same instanton sector.

eigenvalues along the Lefschetz thimble of the saddle point (x(zrfs), y(zrfs)), for each (r,s) € Z,
results in [21]

®) Gy(Llrs+1) 0l y
AP =sE( [ &m0y 2| T (Eged)™), @10

LYAN(]
(rs)ez (2m)2 rs(lrst1) (r,s),(r' s)eT
(r,s)<(r',s")

where B, ; is the same quantity defined in (4.5) that maps to the exponentiated cylinder dia-
gram with identical boundary conditions. The lower signs correspond to the analogous con-
figuration of multi-ghost-instantons. The matrix model quantity C, ...+, which maps to the
exponentiated cylinder diagram with distinct ZZ-instanton boundary conditions on the string
theory side of the duality, is given by [21]

o (2 = %) i) =)

rs;r’.s’ T _ _
(Z(t,s) - Z(r',s'))(z(r,s) - z(t',s’))

B ((r —r")?b%2—(s —s’)zb_z)((r +7r)?b%—(s + s’)zb_z)

B ((r—r"2b2—(s +5)2b=2)((r + r/)2b2 — (s —s")2b~2) .

(4.11)

Therefore, we see that (4.10), together with (4.5) and (4.11), precisely matches the string
theory result (3.21) with (3.23) for the case of no external on-shell vertex operator insertions.

In order to include on-shell vertex operator insertions into the multi-instanton contribu-
tion, we can again make use of loop insertion operators. The leading-order non-perturbative
contribution from the configuration of ZZ-instantons indexed by the set Z to the differen-
tial/resolvent wglb) comes from each loop insertion operator acting on the sum of exponenti-

ated disk diagrams (see figure 6). Denoting this contribution by wglb)(SO ; z)i, analogously to
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that of the string amplitude Agb)(SO ; P), we thus obtain that

(b) 2 Gz(e . +1)
w)(S0; 25 = Si( [ e @ —=—

(rs)eT (27T)§er,s(£r,s+1)

E ¢
% ( l_[ (er,S;r’, ) r/S/)

(r,s),(r' s")eT

(r,s)<(r’',s"
(rS)
(l_h D¢ J “’)(-,z)) (4.12)
j=1 (rs)el Z(15)

Performing the inverse Laplace transformation to recover the actual string amplitude correc-
tion A,gb)(SO ; p)i in exactly the same way as in (4.8), we finally obtain that

b) Gz(er,s + 1)
AP (So; p); = 8% ( [ e 00— —

(rs)eT (Zn)izr,s(er,ﬁl)

Gl o
X( [1 (erme) ) (4.13)

(r,s),(r' s")eT
(r,s)<(r',s)

) (11[ Z ‘. +2sin(27rbp) Sin(zmb_lp)) T

j=1(rs)eZ p

which precisely matches the string theory result (3.21) with (3.4).

4.2 Large genus asymptotics

From the leading non-perturbative corrections to the string amplitudes, we can extract the
large genus asymptotics via resurgence. The computation is very similar to what has been
explained in [6, 13] and we will be somewhat brief in describing it. Consider first the Borel

transform
oo

- 2
Aff’)(x;p)—z(2 A ®)- (4.14)

It is related to the resummed amplitude via Laplace transformation

oo
ALI(S; p) = (125 f dx e *** AP)(x; p). (4.15)
0
The Borel transform has a number of singularities on the Borel plane at x* = iT(b) with

T, (b) = eS T(b) whose local behaviour determines the leading large g behaviour of A(b) 2(p).
Slnce the tensions are imaginary, the Borel singularities are all on the imaginary ax1s We
claim that the local contribution from the instanton and ghost instanton (r,s) takes the form

5_
(2Tr(’f))”_3(x2—(Tr(’?))2)2 "on 2sin(27rbp;)sin(2msb~' p;)

A(b . el
AP (x; p) ~i8h P .
2n2T(5—n) i=1 pj

(4.16)

Here we already assumed that $"»*h = SS:’S)l = 8(_r’s)1. This is necessary to obtain an even

function, which is obviously required in view of the definition (4.14). We hence get a second
argument for the equality of the Stokes constant of the instanton and the ghost instanton.
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To confirm (4.16), we deform the contour in (4.15) to go through the Borel plane singu-
larity and evaluate the integral via saddle point approximation. Performing the saddle point
evaluation precisely gives back the leading instanton correction.

It is now straightforward to extract the Taylor expansion coefficients from (4.16) and ex-
pand for large genus to get

l=

b . ;
AD)(p) ~ i)

(1) resen=3)(E-s)' o
(_T(b))i 2272 ”

s
n

2sin(2nrbp;)sin(2wsb~p;)
T1 : |
i=1 L

4.17)

The ratio of the square root of the tensions evaluates of course to i or —i and the ambiguity of
the branch can be absorbed into the definition of the Stokes constant.

Effective string coupling. This large genus asymptotics shows the (2g)! growth that is char-
acteristic for string amplitudes [25]. Moreover, we see that the effective string coupling is

1 1
ff -S
g§ == b e 0= _b . (418)
(e TS
Rather strikingly, this effective string coupling is imaginary, so that the terms in the genus

expansion are alternating in sign. The origin of this alternating sign is actually simple to track
down — we explicitly put it there in the worldsheet description. Indeed, recall from [1] that

¢S =327

sin(7h?)sin(nb2)\> 74 .

Thus we essentially multiplied the string coupling by hand by (Tl(bl))_l. This might seem ar-
tificial, but is natural in light of the effective string couplings in the other instanton sectors
(4.18). Moreover, we know that we cannot change the phase of the string coupling in the
matrix model as this wouldn’t lead to a real density of states in the matrix model.

The leading large order behaviour. Consider now (4.17) for r =s = 1. Since |T1(Z’1)| < |T®)
for (r,s) # (1, 1), this gives the leading large order behaviour of the string amplitude. (4.17)
simplifies to

(2 +n_§ . n 2sin(2 b ) sin(2 b_l i
( g 1 2)(T1(’b1))2—2g—nl_[ in(27 pl) in(27 pl), (4.20)

5
2272 i=1 Pi

b 1,1
AL) (p) ~ —sC-D:
Of course, this still leaves the choice of $(-V1 arbitrary. However, we implicitly fixed it above
by using that only one side of the saddle point gives a contribution and thus (b1 = :l:%.
The sign is easy to fix since we know from the worldsheet that the moduli space integrand is
positive and the sign only comes from the leg factors and the string coupling gseff. This leads

to $(b1 = —%. We will also verify this again below.
Comparison with perturbative amplitudes. We can check (4.20) directly by checking with

the explicitly computed Afgb,)l. In general, this is quite complicated. However, the perturbative
amplitudes /A\(gbr)1 simplify greatly in a large g limit for large (imaginary) values of b2, where
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Figure 7: The large g asymptotics of the quantum volumes with imaginary b2. The
asymptotics breaks down near b? = i, but this is not a problem since we are interested
in large b2.

the sums over m; is dominated by the m; = 1 term. Recall that they were expressed as a sum
over stable graphs,

1
ADPY= D, T Penr(®): 4.21)
Fegg;

o (b)
Every contribution A o,

+(p) is composed as a product over vertices (g,, n, ), which contain the
Virasoro minimal string quantum volumes [13], which behave like I'(2g, +n, — %) in alarge g
limit. By counting the number of stable graphs, it is straightforward to see that the sum (4.21)
is dominated by the trivial graph with a single vertex. We called this limit the semiclassical
limit in [2] and already observed the reduction to the m = 1 contribution there. We can then
use the explicit equation of [2] for the large g asymptotics of the quantum volumes. That
equation was valid for 0 < b < 1, while we are interested in large and imaginary choices of
b2. We exploit the b — b~ ! invariance of the quantum volumes and replace b by b™! in the
formula given in [13] for the large g limit of the quantum volumes. Using the Mathematica
code provided in [13], we checked also explicitly that the formula remains valid for imaginary
b2, see figure 7. Inserting this asymptotics into the trivial graph with m = 1 gives then

b 2g—2+n n
Alb) ~ (——) V2sin(2bp )V (i
o)~ |\~ s g (2mbp;)VE)(ip)
(4.22)

~ r(2g+n-3) (T(b))z_zg_" ﬁ 2sin(2mbp;)sin(2mb~"p;)
2373 (1— b4)3

1,1 .
j:l p]

This matches with what we found above, except for the factor (1 — b_4)_%, which is im-
material for large b2. In particular, we confirm the choice of the Stokes constant $(1-11,

4.3 Negativities in the density of states

Let us recall from [2] that the density of states in the eigenvalues of the first matrix is given by

2 E
p(()l)(E) = = sinh(—mib?)sin (—ibzarccosh (5)) . (4.23)
T
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Figure 8: Eigenvalue density for b = %e%. Close to E ~ 2 we find the characteristic
square root behaviour while the first zero occurs at E, = 2cos(nb™2). At this stage
we need to deal with non-perturbative effects, which in particular necessitate the
deformation of the integration contour from the real E-axis into the complex E plane.

We also remember that —ib? € R, in our parametrization. The lower edge of the energy
spectrum is located at E = 2 with characteristic square root behaviour near the threshold,

2
p(E) ~ —= b2 sin(mb?) VE—2. (4.24)
T

More interestingly, while p(()l)(E) is initially positive close to the edge, it reaches a maximum
at Ep = 2cos(%nb‘2). For higher energies, it decreases again and has a simple zero at
E, = 2cos(nb™2), after which the density of states becomes negative. See figure 8 for a
representative plot.

There is similarly a density of states for the second matrix, which is derived analogously
and takes the form

2) g2 2 . AN ) E®
Py (E )=Esmh(mb )sin| ib~“arccosh - ) (4.25)

supported on energies E® < —2. It similarly is only initially positive in the region
E(()z) =—2cos(nb?) < E® < —2.

This is clearly unphysical. However, we should notice that this negative region in the
density of states only affects non-perturbative quantities since it is far away from the branch
point that controls the topological recursion.

The physical interpretation of the theory can be salvaged in the same way as the non-
perturbative instabilities in JT-gravity [6]. In JT-gravity, the integral over the eigenvalues of
the hermitian matrix is deformed away from the real axis in the classically forbidden regime
of the eigenvalues. We will discuss below the analogue for the two-matrix model, but let us
first review some generalities about the effective potential and its saddle points.

Effective potential. Consider the effective potential that is felt by a single pair of eigenval-
ues (A, u) as a consequence of the presence of the other eigenvalues, see [2] for a general
discussion about this

1 1
Vest(Ai, i) = Vi(Ay) + Vo) — g — N Z log(A; —4;) — N Z log(u; —pj).  (4.26)
Ji# Ji#t

34


https://scipost.org
https://scipost.org/SciPostPhys.19.2.034

e SciPost Phys. 19, 034 (2025)

The first derivative at large N can be computed in terms of the functions

m(x’) dx’
Y(X)=V{(x)-P | ——F—, (4.27)
xX—Xx
2.7 /
, (y)d
X(y)= Vz(y)—Pf Po V2V /y : (4.28)
Y=Yy
It reads
axveff(x’y):Y(x)_y: ayveff(x’y):X(y)_x- (4.29)

We can integrate these equations to compute the effective potential in the large N limit. It is
useful to parametrize it through the uniformizing coordinate z on the spectral curve and set
x =x(2), y = y(z'), this gives

Vesr(x(2),y(z')) = f dx(z)y(z) + J dy(z")x(z") —x(z)y(z") (4.30)
= 4cos(mb 1 v/z) cos(nbv/z') — % (COS(EQ\/E) N cos(zQ‘/E))

A 7 7
+2b (cos(n?w/z_) _ cos(n’Q«/z_)) ' 4.31)
Q
Saddle points. The saddle point equation for the effective potential reads
Y(x)=y*, X)) =x". (4.32)

Let us explain that such saddle points correspond to nodal singularities of the spectral curve
which in turn are associated to ZZ-instantons. Recall from the definition of the spectral curve
(which we reviewed in [2]) that

Py(x,Y(x)) =Py (X(y),y) =0, (4.33)

for a polynomial P, (before double scaling). Thus (x*, y*) is a point on the spectral curve. One
may think that the first equation in (4.32) implies the second one. Assuming only the first one,
we have (x*,Y(x*)) = (x*, y*) on the spectral curve. Thus we can parametrize x* = x(z:) and
y* =y(z]). Butalso (X(y*),y*) = (X(y(z))),y(z])) lies on the spectral curve by definition
and so

Xy ), y(E)) = (x(z), y(=z))- (4.34)

Thus we have y(z)") = y(2,), but this does not imply 2z = 2 since y is multi-valued. Indeed,
they generically lie on different sheets. We get an instanton saddle if two sheets collide as then
z! and 2, correspond to the same point on the spectral curve.

In the case at hand, saddle points come in a two-parameter family z( = (rb+sb™1)?
with r,s € Z- as appeared already in (4.2). We note that the change of 31gn in the density of
states precisely coincides with the location of the first ZZ-instanton 2;(1 1 °n the spectral curve.
Indeed,

% (Z(j;,l)) =2cos(nb~?) =E", Y( zq, 1)) —2cos(nb?) = EP. (4.35)

Similarly, higher zeros of the density of states correspond to the general (r,s) instantons.
We now discuss the expansion of the effective potential around the saddle-point. The effec-
tive potential evaluated on the saddle points gives the instanton and ghost-instanton tension

(3.6)
als(e ) (i) =19, valx(et ) o) =12, 3o

35


https://scipost.org
https://scipost.org/SciPostPhys.19.2.034

e SciPost Phys. 19, 034 (2025)

Thus the former possibility corresponds to the instanton saddle, while the latter is identified
with the ghost instanton.

We next want to compute the Hessian of the effective potential which arises from expanding
around the saddle. It cannot be directly evaluated from the effective potential because one
also has to keep corrections from shifting N when pulling out the instantons and from the
connected correlators of the Vandemonde determinants. These ingredients together give the
general answer for B quoted in eq. (4.5). We refer to [21] for details. Nonetheless, computing
the Hessian is still useful because these corrections only constitute overall prefactors to the
matrix.

The Hessian matrix around the ZZ-instanton location in the z-coordinate becomes

2 1 N S
Hess Vi (x (Z;S),y(Z“L )) — %(b—z _ bz)Tr(,f) ( (rb—szi—l)z (rb+sb1)1(rb—sb1)) . (4.37)

rs - 1 1
(rb+sb=1)(rb—sb—1) (rb+sb—1)2

The eigenvectors of this matrix are unaffected by the aforementioned scalar corrections and

read
(_ b2r2+b2s%+ 2(b4r4+b4s4))
V= :

p2r2—ph—252

(4.38)
1

Note that the first entry of the eigenvector is real. In particular, in the special case of b = e%
and r =s = 1, the eigenvectors are simply v = (£1 1)". This means that the steepest descent
contour near the saddles is entangled between the two matrices.

Convergence of the matrix integral. We now discuss the convergence of the matrix integral
and how this is connected to the negativities in the density of states. For this, we integrate out
one eigenvalue pair at a time. We are hence interested in the integral

f didpe™ 2 Veroo) (4.39)
T

where (A, u) = (Ay, Uy). In the large N limit, we can replace the effective potential with its
continuum version (4.31) with the caveats mentioned above. We could also consider addi-
tional operator insertions in (4.39), but these do not modify the discussion and we will omit
them. We started by considering a hermitian matrix model and thus would naively expect
that the integration contour is I' = R? for each eigenvalue pair. However, just like in ordinary
JT-gravity [6], this leads to a divergent integral. Thus, we will have to change the integration
contour to get a well-defined non-perturbative completion. This procedure is not unique.

For A and u far outside the physical spectrum (i.e. A < 2 and u > —2), the effective
potential is dominated by the term —Au. Thus the integral behaves like

J dAJ dueV™, (4.40)
A2 u>—2

which is rapidly convergent. This shows that it was necessary for convergence to have one set
of eigenvalues bounded from below in the physical spectrum and the other set of eigenvalues
bounded from above.

For A or u in the physical spectrum, i.e. where the respective density of states is positive,
we also want to keep the contour unchanged in order not to lose the physical interpretation
of the integral. However, the integral over the full R? would diverge, for example for the
region A,u > 0 or A, u < 0. Thus it is necessary to deform the contour in these dangerous
regions. There are many choices of such contours corresponding to different non-perturbative
completions of the model.
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One of the simplest is to consider the steepest descent contour starting at the first ZZ-
instanton, which matches with the change of sign in the density of states. Thus for small Au,
we keep the contour unchanged and equal to the R? contour, while the parts for large Au are
deformed into the steepest descent contour passing through the first ZZ-instanton. Thanks to
eq. (4.35), the transition is precisely happening when the density of states turns negative. Thus
this deformation achieves two things simultaneously: it makes the matrix integral convergent
and it removes the negativities in the density of states. It is difficult to describe this contour
more precisely because it in particular cannot factorize as the discussion of the eigenvectors
around eq. (4.38) showed.

5 Discussion
We will now discuss a few interesting open questions and future directions.

Minimal string. The trumpet gluing procedure that we discussed in section 2.1 can actually
be applied to all string theories, but becomes particularly simple for 2d string theories. By this
term we mean all string theories whose worldsheet effective central charge satisfies c ¢ < 2,
which we already discussed in [2]. Let us consider for concreteness the (p, q) minimal string,
whose quantities we denote by a superscript (p, q). In that case, the physical spectrum is finite
and is labelled by the Kac-table (r,s) € Kac,, with 1 <r < p—1and1<s < q—1 with
(r,s) ~ (p —r,q —s). Inverting the two-point amplitude Agpéq)((r,s),(r’,s’)) gives rise to a
measure on the space of physical states. For the complex Liouville string, this measure was
—2pdp. For the minimal string, we can normalize string amplitudes such that the two-point
amplitude is orthonormal. Then the gluing of trumpets in the minimal string simply reads

n
200w, vy =[] DI ZED (¥, (s DALD((ry,51),..., (ros)). (5.1)

j=1 (rj,85)€Kac, 4

Thus we find the gluing prescription for the minimal string developed in [14] to be some-
what misleading, as amputated amplitudes termed p-deformed Weil-Petersson volumes were
defined using a continuous gluing measure, see also [65].

Such a gluing of trumpets is of course also possible for a full-fledged superstring, but invert-
ing the two-point function and summing over the full physical spectrum becomes a daunting
task in this case, which can at best be partially done using level-truncation.

Open string insertions. Returning to the complex Liouville string, one can imagine more
general observables than the string partition functions ng%(\ll) by also inserting suitable open
string vertex operators on the boundaries. These open string vertex operators can be seen
as boundary condition changing vertex operators. Thus we can consider m boundary condi-

tions W', ..., ¥™ on a single boundary condition with boundary changing operators O>'*! in
between them. Such general observables could hence be denoted as
Z0) (w0202 0, (01202 omn)) | (5.2)

We used a trace notation to emphasize cyclic invariance since the operators are inserted on a
circle. We suppress the boundary conditions in this notation. See figure 9.

These more general observables are not naturally contained in the matrix model, although
many attempts have been made to incorporate them [14, 34, 66,67].?! Some of them were

21n the ¢ = 1 string, however, a suitable infinite energy limit of open strings ending on FZZT branes—called
the long string limit—are known to correspond to non-singlet sectors of the dual ¢ = 1 matrix quantum mechanics
[68-70].
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f (—2pdp)

Figure 9: A genus-one contribution to an observable with one asymptotic bound-
ary and three boundary insertions. As in the case without boundary insertions, this
is computed by gluing a “trumpet” (punctured disk with the appropriate boundary
conditions and boundary insertions) onto the corresponding closed string amplitude.
Hence all the nontrivial content of these observables is captured by the trumpet am-
plitude. This trumpet is characterized by the distinct conformal boundary conditions
¥; on the disk together with the data of the corresponding boundary-changing oper-
ators OY. We have used different colors to emphasize the different boundary condi-
tions on the disk.

studied from the worldsheet for the minimal string and related theories in [14]. They tend to
be complicated: for example the disk partition function with three boundary insertions with
FZZTxZZ boundary conditions is famously related to the Virasoro fusion kernel [71-74] whose
complexity is not reflected in the matrix model.

However, one can treat such configurations with open string insertions just as the partition
functions discussed in section 2. In particular, such general observables are determined solely
from the knowledge of the partition function on the punctured disk with open string insertions
and the perturbative string amplitudes just as in (2.32),

Z(gl?,)l (tr (0%2(9%3 . (f)rlm,l) tr (0312053 . Q’l“n’l))

=f (l_[(_zpj dpj) ZErbu)mpet(tr(O}zojz's"'O;nj’l)’pj)) A(gl?,)l(pla--"pn) .
Y

j=1

(5.3)

This works because even though adding boundary vertex operators creates new moduli, it
doesn’t change the mapping class group of the surface. In particular, there is no mapping class
group element that acts non-trivially on the simple closed curve along which the trumpet is
glued and our comments of section 2.1 still hold.

Thus such observables do not contain new gravitational information which motivates why
they are not directly captured by the matrix model. The partition function of the punctured
disk should be computable by gauge theory techniques, since there is no mapping class group to
worry about. While we have not tried this for the complex Liouville string, such an evaluation
for the disk without punctures is known in the case of JI-gravity in the form of diagramatic
Feynman rules [75-77].
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Subleading non-perturbative corrections. We have computed the leading non-perturbative
corrections from a given instanton sector. However, each such non-perturbative sector has a
whole tower of perturbative corrections on top of the leading non-perturbative correction.
On the matrix model side, these perturbative corrections are captured by the so-called non-
perturbative topological recursion [63]. The computation on the bulk side involves the eval-
uation of more complicated bulk manifolds with ZZ-boundary conditions. For example in the
case of the one-instanton correction, we have

AP (50;p) = exp (eS°Q + @) OX©
+e-so(@.®...®+.®...®
(D)@ O ®®
X @.@...@)+... | 54

Such diagrams are naively divergent when applying the gluing formula (2.32) and naive ana-
lytic continuation does not lead to correct results. It would be interesting to explore whether
such diagrams can also be computed using a modified gluing formula and matched with the
non-perturbative topological recursion of [63].
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A BCEFT in Liouville theory

Here we review the standard families of conformal boundary conditions in Liouville CFT.
They will play a role in the worldsheet formulation of thermal partition functions and of ZZ-
instantons. The simplest two families of conformal boundary conditions in Liouville CFT are
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ZZ boundary conditions [15], which may loosely be thought of as Dirichlet-type, and FZZT
boundary conditions [78, 79], which may be thought of as Neumann-type. Throughout the
following, we adopt the CFT normalization conventions of [13].

ZZ boundary condition. The ZZ boundary condition is labelled by a degenerate represen-
tation of the Virasoro algebra [15]. By definition, the Hilbert space on the strip with the (r,s)
and (1, 1) boundary conditions on each end is spanned by a single scalar Virasoro primary,
namely a degenerate primary with conformal weight h, ; (together with its (holomorphic) Vi-
rasoro descendants). By considering the modular covariance of the cylinder diagram, one may
deduce the main nontrivial piece of OPE data (the disk one-point function of a bulk primary)
as follows.

In canonical quantization on the half-infinite cylinder or, equivalently, in radial quantiza-
tion on the unit disk, the ZZ boundary states can be represented in terms of the Ishibashi states
|V,,)) associated with the primaries in the bulk spectrum as

lZZEf,1>>=—iJ dp Py (Y (PIV,),  pb(p) = 4v2Zsin(2rbp)sin(2mb'p), (A1)
0

®
(rs
ence of the (r,s) ZZ boundary condition and p;(p) is the OPE measure in the conventions

of [1]. The integration contour corresponds to the spectrum of the theory (2.6). We take the
Ishibashi states to be normalized as in (2.8a).

The cylinder diagram with the (r,s) and (1, 1) ZZ boundary conditions assigned to the two
ends is computed as follows

where the function )(p) is the disk one-point function of the bulk primary V, in the pres-

—ioco
b — T—< b . b b .
(22| e ™ ot )220 ) =—zf0 dp oy (P ) (P 1 (P (i)

2 ¢ .
—F(Lo—5%) — 2 (1),

!
= TrH(r,sx(l,ne (rs)\t

where W oy

" q—Z rb+sb™ _q—Z rb—sb™ )

x((m))(f) = ) ,  q=emT, (A.2)
is the torus character of the (r,s) degenerate representation of the Virasoro algebra. The first
line of (A.2), referred to as the closed-string channel, is computed by expanding the conformal
boundaries into Ishibashi states using (A.1). The second line of (A.2), referred to as the open-
string channel, admits the interpretation as a trace over the Hilbert space of the CFT on the
strip with periodic length ZT" Hence (A.2) fixes the bulk one-point function of V,, on the disk
with (r,s) ZZ boundary condition to be

44/2sin(2mtrbp)sin(2nsb~p)
Py(p) .

b
Y (p) = (A.3)
Note that this modular bootstrap of the cylinder diagram does not determine the overall sign
of the disk 1-point function (A.3).2? ZZ boundary states defined with an additional nega-
tive sign [80,81], — |ZZEI£)), have been recently understood to give rise to “ghost instanton”
contributions [23, 24, 82,83] to closed string scattering amplitudes. They are relevant in the

221n a unitary conformal field theory, such as Liouville CFT with b € R, one can always work in a basis of Virasoro
highest weight states such that the different structure functions are real-valued.
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complex Liouville string and will be discussed in section 3.3. Note also that (A.3) does not yet
contain the contribution from the leg-pole factor which still has to be taken into account when
computing one-point functions in the full string theory. Similarly, the more general cylinder
diagram with distinct ZZ boundary conditions may be evaluated by expanding the boundary
states into Ishibashi states (A.1), resulting in a sum over degenerate Virasoro characters

r+r'— s+s'—1
(Z Z(b) | e—nt(L0+L0 5) |ZZ(b) ) = Z Z (b) i (A.4)
(r,s) s X(r// S”) .

r”:lr r'|+1 s”zls—s [+1

L2 . . .
where the notation = indicates that the variable increases in steps of 2. For the (r,s) ZZ
boundary condition, there is no further nontrivial BCFT data.

FZZT boundary conditions. The second type of conformal boundary conditions we will need
comes in a family known as the FZZT(u) boundary conditions [78,79] labeled by a single con-
tinuous parameter u, that will be described shortly.?® In this case, by definition the spectrum on
the strip with (1, 1) ZZ boundary condition and FZZT boundary condition consists of a single
Virasoro primary of non-degenerate weight h = TZ —u? together with its Virasoro descendants.

Again, consideration of the modular covariance of the cylinder diagram fixes the first piece
of BCFT data, namely the disk one-point function ¥®)(u; p) of a bulk primary V, in the pres-
ence of an FZZT(u) boundary condition. Expanding the corresponding boundary state in terms
of Ishibashi states,

[FZZT® (1)) = —i J dp pp (PP (u; P)IV,)) , (A.5)
0

the cylinder diagram with ZZ ;) boundary conditions on one end and FZZT(u) boundary
conditions on the other is evaluated in the closed- and open-string channels respectively as

—100
b — T —< . (b b .
(22 | e ot |FzZT0) (1)) = —i f dp o (PIY (L ()P (s ) P(it)
0

(A.6)
|
= Tr, 0 07 = 2 0(0).
This in turn fixes the bulk one-point function to be
242 4
YO p) = 2V 2C0SUmID). (A7)
Py(p)

Note that the FZZT parameter u plays the same role as the parameter p, which labels the
Liouville momenta and the conformal weights of Liouville vertex operators. Hence, in this
paper we will be interested in the locus
mi
uee 4R,, (A.8)
as is the case for bulk vertex operators [1].
On the other hand, the spectrum on the strip with distinct FZZT(u;) and FZZT(u,) bound-
ary conditions on each end consists of a continuous spectrum of boundary Virasoro primaries
1/);1’“2 (and their descendants) labelled by a Liouville momentum p with conformal weights

h, = QTZ — p2. Furthermore, for the FZZT boundary condition there are additional nontriv-
ial BCFT data, namely the bulk-to-boundary two-point function and the boundary three-point

function on the disk [73, 84]. However, we will not make use of these further data in this
paper.

21n the literature it is conventional to label the FZZT boundary conditions by a parameter s. Here we are using
u to avoid confusion with the integer that is used to characterize the ZZ boundary conditions.
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B A check of the factorization condition

In this appendix we provide a simple check of the factorization condition (2.30) for the case

in which we glue a single boundary to a sphere n-point string amplitude A(gbz)o’n(p). In this
case, the LHS of (2.30) is

321%C) 7 sin(b?)sin(rb—2)\2
D2 (sm(nb )sin(mhb )) ' (B.1)

b) ~(b 2_p2
cPcth b2—b

The normalization constant Céf ) associated with the sphere topology was determined in [1]

and is given by

sin(rh?)sin(b—2) >
C§5)=32n4( ( bz)_b_(z )) : (B.2)

Therefore, (B.1) is precisely equal to 1.
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