e SciPost Phys. 19, 036 (2025)

Anderson impurities in edge states with nonlinear
and dissipative perturbations

Vinayak M. Kulkarni* and N. S. Vidhyadhiraja

Theoretical Sciences Unit, Jawaharlal Nehru Centre for Advanced
Scientific Research, Bangalore 560064, India

* vmkphysimath@gmail.com

Abstract

We show that exceptional points (EPs) and non-Hermitian behavior can emerge dynam-
ically in impurity models with Hermitian microscopic origins. Using perturbative renor-
malization group (RG) analysis, Fock-space diagonalization, and spin-spin relaxation
time calculations, we demonstrate that nonlinear (NL) dispersion and anisotropic pseu-
dochiral (PC) interactions generate complex fixed points and spectral defectiveness. The
effective Kondo model features a square-root RG invariant linking planar and longitudi-
nal Dzyaloshinskii-Moriya (DM) couplings, driving the onset of EPs. Our analysis reveals
dissipative fixed points stabilized by an emergent Lie algebra structure and a scaling col-
lapse in relaxation dynamics. Across both single- and two-impurity extensions, we iden-
tify a universal “sign-reversion” (SR) regime near critical NL coupling, where anisotropy
preserves PC symmetry and SR serves as a signature of non-Hermitian flow. These re-
sults establish a new class of non-Hermitian criticality generated through RG evolution
in otherwise Hermitian systems.
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1 Introduction

Exceptional points (EPs) are spectral degeneracies of non-Hermitian (NH) systems where
both eigenvalues and eigenvectors coalesce, rendering the Hamiltonian defective and non-
diagonalizable [1-3]. These degeneracies lie at the heart of NH phenomena such as non-
reciprocal dynamics, enhanced sensitivity, and topological transitions. While EPs are well
understood in open systems with engineered gain and loss [4], their emergence in closed,
interacting quantum systems remains an active frontier.

In this work, we show that EPs can arise dynamically within a fully Hermitian microscopic
model through renormalization group (RG) flow. Specifically, NL bath dispersions and ADM
impurity interactions conspire to generate RG invariants with a square-root structure. This
structure governs the flow of couplings and induces complex-valued fixed points, signaling
the emergence of NH behavior—even though the original Hamiltonian is entirely Hermitian.

Our approach is distinct from prior studies that explicitly introduce non-Hermitian terms
via boundary conditions [5, 6], Lindbladian dynamics [7], or symmetry constraints [8]. In-
stead, we begin with a Hermitian Anderson impurity model in a bath with C3 symmetry and
spin-dependent nonlinear dispersion. Upon projection to the low-energy sector, we obtain an
effective Kondo model featuring anisotropic Dzyaloshinskii-Moriya (ADM) and potential scat-
tering terms. We demonstrate that these generate non-Hermitian PC-symmetric operators
under RG, leading to fixed points with distinct topological signatures.

Our work is partly inspired by Bethe Ansatz studies [9] and recent work on NH sensitivity
and condition numbers [10]. We build on these insights using Poorman scaling, Fock-space di-
agonalization, and transport calculations to show how NL and anisotropies drive the formation
of EPs.

We also explore a two-impurity generalization, where we uncover a novel “Sign Reversion”
(SR) regime at critical values of the NL coupling J;3. Near these points, ADM terms reverse di-
rection under RG flow, and spin relaxation time exhibits a universal scaling collapse, indicating
emergent dissipative criticality.

The key message of this work is that RG flow in Hermitian systems can dynamically generate
EPs and NH criticality through NL, ADM interactions. This opens a new route to exceptional
physics in closed quantum impurity systems.
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2 Model and formalism

We begin with a bath model considered in the context of topological insulators [11], and the
Hamiltonian reads as:

H = akil+ Bki cos(360)a, +iAz- (k x 3), (1)

where k = ki + kyf + k||IA< and & = 0,1 + ay]A' + o, k, with {o\,0,,0,} being Pauli matri-
ces. The parameters a, 3, and A correspond to quadratic, cubic, and linear couplings in the
topological system, respectively. The second quantized form of the Hamiltonian for spinful
fermionsis H =), IP;CI‘AI Y. Where the basis vector is ”ll!li = (CZT C£ l)' Introducing an impu-
rity with on-site interaction generally regarded as the single impurity Anderson model (STAM)
and hybridization with the edge states leads to the Hamiltonian:

Hoaa =% Ay + Hg+ > Vi (¢} dy +hc), )
ko
where Hy is defined as Hy = Y. eddgda + Ungyng. To simplify the bath Hamiltonian, we
use the parametrization k, + ik, = k”eiie and apply a k-dependent unitary operation on the
bath operators, preserving canonical relations. This results in a NL k-dependent coefficient as
shown below,

(3)

1 il _iid
€ 201 e 20y

U=— . .
VN (e_‘%akz ie_l%akl
In above equation (3) coefficients a;; = v/ A+ k3 cos360 and a;, = v/ A— Bk3cos36. And

the normalization constant is N = |a;;|? + |az|? = A, where

A = /B2k6 cos?2 30 + A2k2 = Bk3y cos 36,

withy =4/1+ Mﬁ. In the limit A — 0 or 8 — o0, the y will tend to unity. In equation
(3) choice for ay, can be 4/Bk3cos360 — A or i4/A — 3k3 cos 30. Both forms diagonalize the
bath Hamiltonian having two chiral bands with the eigenenergies €;, = ak? + { A where the
emergent quantum numbers { = + represent chiral bands and it’s eigenvalues are shown in
figure 1. This non-interacting spectrum is similar to Rashba study [12] except from NL term
which serves as additional parameter to tune band touching to gapped phase in the bath. This
unitary transformation rotates the bath operators as 1, = Uy Such k-dependent operations
are used in the case of Weyl multiplicity [13,14] having different NL dispersion as (k, +ik,, ).

. L c
Basis after rotation ¢ = (CH) = Uy can be shown as,
k—

1

Chy = —————
K v/ Brk3cos36

1

.0 -0
Ch = —(ielfakzck —ie'2agck )
v/ Brk3cos36 f l

Using v = U~ "4} to express the original spin basis in terms of these new chiral basis,

.0 )
(e‘liaklcm + eliakZCkl) ,
)

Frmmm\ o it
Ckt = —F——x| € > Mk1Ck+ — 1€ 2 Ap2Cr— |,
f Brk3cos36 "

1 _i . —i8
e 2QpoCry Tle 204 C— |-

| = ——
K v/ Byk3cos360
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Figure 1: The eigenvalues of the diagonalized model in equation (1) around the low
k points represent the emergent chiral bands. In this case, we set § = 0.3, A = 1.0,
and 0 = Z. We observed that larger  values flatten the bands.

In new basis the hybridization transforms as follows:
~ ~of i i N .
H;z—yb = Z Vi (e Zagc, d + h-C-) + Z V, (el 2Qpoc;, d) + h.c.) ,
k6 P

o - ) . - .0
Hi?yb = Z Vk6 (ie_li akzc;(_dT + h-C-) + Z Vke ( —ie'2 ak1CZ_dl + h.c.) .
k6 k6

Vi

4/ Byk3 cos360

tum dependent hybridization found in Rashba coupling studies [15-18]. After the unitary
rotation, we obtain the renormalized SIAM as follows:

(6)

In the above equation (6) Vke = has the dependence k, 6. A square root momen-

5 T R
A= exchycre+ Ha+ By + iy %
K

Inherent symmetries

While a detailed discussion on emergent NH symmetries is deferred to later sections, we briefly
note certain inherent symmetries in the Hermitian model(7). For U = 0, the Hamiltonian
exhibits an anticommutation relation {H,n} = 0, with n = o, ® o,.. In operator form, this
reads 1711, where

T T T T )
pi=(c oL df df),
as discussed in Ref. [12]. More generally, NH systems involving topology admit extended

symmetry classes [19]:
nHn ' =H", (PT symmetry), ®
nHn ' =—H", (PC symmetry) .
In the Hermitian case (H = H'), these reduce to [H,n] = 0 and {H,n} = 0, respectively.
These symmetries inform how exceptional points can arise from complex couplings without
breaking symmetry.
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3 Effective model derivation and Poorman scaling

To project this model in equation (7) onto the impurity subspace, we use projection op-
erator method [20]. The projection operators are defined as Py, = (1 — ny)(1 — ny),
P, = ZU:T, 1Ng(1—ng), and P, = nyn for unoccupied, singly occupied, and doubly occu-
pied states, respectively. Using these projections, we derive the components of the effective
model as H,,, = P,HP,, which is detailed in Appendix A.

no_ 4
Heff Hyy + Z Hnn E—H, ,Hn’n‘ ©)
n'#1n=0,1,2
0¢'=%

The singly occupied subspace Hamiltonian is the low-energy effective model for the Kondo
regime. We show here for such a topological bath one gets an effective model which has
emergent ADM interactions. We adopt a specific convention for representing couplings. We
utilize vector notation to denote couplings, while pseudo-spin of bath operators are repre-
sented using bold symbols. This notation allows us to distinguish between different types of
operators.

Heff =H, +ZJOS Sk t+ iZj}@ (s X Syrr) +iij (s X Sppr) - (10$)
kk’ kk’ kk’

In equation (10), Hy, = ch ekgczgckg and the operator S;;, represents the Abrikosov
pseudo-spin for conduction electrons, while s corresponds to the impurity spin. The cou-

plings are denoted as J, = (a;apq + akzak/Z)Mkk,g, Jo = (apapq — akzak/Z)Mk 9(:2 and
0’ 1 1 0 _ Vir
Jp = aklakzszk,g(x+y) Here, Mkk’{ = Vk Vk, (ek/g—ed + €d+U_5k{) and Vk, = ey

The matrix elements in this problem in general depend on polar angles and momenta are
derived in Appendix A. The NL dispersion introduces cross-product terms in z component
and linear term will introduce x,y components of DM. Poorman RG will yield following equa-
tions(EQ’s),
dJy

o1l 0 =J2 4 Sy +I5 +I2,

dJy

—J2 JoJys,

dl =JoJk - (1D

The appendix B.1 contains a detailed derivation and the complete solution to the RG EQs
(11). One of the solutions, obtained by eliminating J;, in the EQs dJ" and dé’f , is given by the
EQ J —Ji, = mJ;3, where m can be a positive or negative value. The roots of this solution are
expressed as Jp = % + 3 \/m . In the low-energy effective model, it plays a significant
role in causing exceptional points, which will be discussed in detail in the subsequent section,
along with the diagonalization.

4 Emergence of non-Hermiticity and exceptional points

We performed poorman RG on Hamiltonian as in the EQ (11) and found the invariants J,, J
as shown in Appendix B. Here we analyse the local Hamiltonian symmetry properties and its
eigenvalue spectrum using the RG invariants for couplings and varying the J;s.

H= Zjos - Sk +iij3 (s x Skk’)+izjk -(s x Skk’)' (12)

kk’ kk’ kk’
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J0=-2.0, m = +0.01 J0=O.9, m = +0.01
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Figure 2: Eigenvalue spectra of the model (18) for small RG invariant m = £0.01
(top row) and large m = +4 (bottom row). Top panels show the real parts of the
spectrum for J, = —2.0 (left) and J, = 0.9 (right), with green dashed lines denoting
analytical results. The bottom left shows the real spectrum at J, = 0.01,m = —4,
while the bottom right shows the imaginary part for J, = 0.01,m = £4, with red
dashed lines showing EP’s features. EP’s emerge near J;s = 0.5, and strong splitting
of imaginary branches reflects enhanced NH behavior. Axes are rescaled (by a factor
of 8) to match RG predictions.

For Hermitian operators A and B, the term iJ - (ﬁ x B ) is Hermitian provided that the coupling
vector J is real and the operators A and B commute. To see this, consider the Hermitian
conjugate:

.

(i7 - (Ax B)) =—iJ - (B" x&"),

where we used the properties (Z( X E)' =B x A" and J* = J. Since A and B are Hermitian and
commute, we have

- =3

xA=—AxB

"

>y
ool

BT x A" =

3

so that
(if - (AxB)) =iJ - (Ax B),
confirming that the operator is indeed Hermitian under the stated conditions.

In the specific model under consideration, Hermiticity is preserved for momenta k = k’ and
angular coordinates 6 = 0’. However, more general inclusions such as potential scattering
can introduce NH terms, as discussed in Sec. 5. Before turning to the full model, we show
that even at the one-loop level, emergent non-Hermiticity appears. This arises from the RG
invariant which will modify symmetry properties, which we analyze below. In order to discuss
the pseudo-chiral symmetry and emergent non-Hermiticity of the effective model (12), we
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write the local Hamiltonian at k = 0 in the spin basis as follows:

H=Jy(0,®0,+0"®0 +0 ®0")+ifis(0,®0,—0,®0,)

. - (13)
+iJi(c,®0,—0,®0,)+iJi (0, ®0,—0,®0,).

We can construct the ket vector for the above Hamiltonian as (| 11),| T1),117),| ll)). For such
a state, we can show the metric operator as the following:

000 1
0010

=101 0 0 14)
1000

In the above EQ (13) the block symbol is for the bath spin and rest are impurity spin oper-
ators to distinguish between the two. The chiral symmetry operator can be generalized to
n-dimensional matrices [21], is n = 0, ® 0. This metric satisfies nAn ' = —H", indicating
pseudo-chiral symmetry [19] this inherent property become very crucial after adding the po-
tential scattering terms which is eloborated in section 5. For Hermitian matrix this symmetry
will be {H,n} = 0. Each of the states can be represented as follows:

(M= o 1 0), (M= o o 1),
(Irf=(0 1 1 0), (L= 1 0 1).

So it can be readily seen the operations as n| T1) = | L1}, n| TL) = [ {T), n| T1) = | IT)
and n| [l) = [ 11).

(15)

j() —jke_i% jke_i% 0
s |—helt  —J,  2ide+dy —Jeid
A=k, o PRI TR (16)
Jke 4 —2le3 +J0 _JO Jke 4
0 —jkei% jkei% jO
The above matrix has the properties due to the ADM interaction,
No,00, 01N, 00, =H, for Jp——J,
17)

n(,y&,yHngi@%:H, for Jiz—0.

Choosing the positive invariant (J, — Jj, = %(1 +4/1—4mJ;3)) and for either m,J;3 < 0 and
Jy,Jx3 are same as running couplings to bare ones. We rewrite the EQ (16) as following,

Jo —Jpe i Jeid 0
5 —Jppeld —Jo 2iJis +Jg —Jpee 7
Hiown=| 165 oigesdy  —J Jereid (18)
k+€ 4 Wi +Jo 0 k+€ 4
. . £4ka3<1 54ka3>1 . .
The above model (18) we can split into H Flown and H flown SOID the regime 4mJ;s > 1 the

coupling Jix = 3(1£i4/4mJis — 1) = /mJiae** where the y = arctan (4/4mJs —1). So it

can be shown easily (ﬁ;gﬁzd)_r = ﬁ;;’;ﬁid but the other regime model can be simplified as
following,
Jo VmTee @D /mTel—) 0
tamis>1 | /mI@e i) —Jo 2l +Jy A/ mIee i) (19)
flown VmI@eld D 2igs + g —Jo VmIael s

0 VmTee =D /mTpel D) Jo

7
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Figure 3: Eigenvalue spectra of the NH model (16) versus J;s for J, = —2.0 (left)
and 0.9 (right) with RG invariant m = £4.0. Top and middle rows show real parts of
eigenvalues E;_4; bottom row shows imaginary parts. Dashed lines are RG analytical
results; shaded regions mark spectral broadening and exceptional points (EPs) near
Jis &~ £0.5,0.75, evidencing dissipative topology.

. 4mJ,3>1 .
We refer to the regime H ﬂ;nwff as the emergent NH model, whose symmetry properties are
discussed as follows.

amis>1 1 (,Amiis >1)’f
No, &0, 2 fown 0,®0, ( flown ’ (20)
and, in the limit J; — 0, exhibits a pseudo-chiral symmetry of the form
4ka3>1 -1 _ 4ka3>1)
No,e0, M hown 0,00, _(Hﬂown 1)

We analyze the eigenvalues of the spin Hamiltonian in the (1, 1) occupancy sector, noting
that complex eigenvalues and exceptional points (EPs) arise from perturbative renormalization
group (RG) flow, influenced by the RG-invariant parameter J,.

In Fock-space diagonalization for the single-occupancy sector(SS), we find that for
|Ji3| < 0.5, eigenvalues follow conventional Kondo regime with no EP’s and topological tran-
sitions. Beyond this threshold, topological transitions occur, especially at high anisotropy m,
as illustrated in Figures 2 and 3.

To compare with RG-derived fixed point theory (see Figure 7 second row ), we rescale the
axes in our figures 2 and 3 by a factor of 8. The fixed points indicate real phase transitions,
revealing a complex topological structure in the NH impurity model.

As J, increases, the Dirac cone collapses, resulting in a gapped spectrum and emphasizing
the significance of J;,. EPs may fade as J, — oo, leaving strong coupling behavior an open
question.
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4.1 Condition number in Fock space

The condition number [22] k(A) of a matrix A is defined as xk(A) = %, where A, and A,

are the eigenvalues of largest and smallest magnitude, respectively. This quantity characterizes
numerical sensitivity, the potential for error amplification, and the singular value spectrum of
both real and complex matrices.

4
1x10 : T T a—n J,=0,],=405
- - J=0,J =+10
i
1x10° i E
o 4 3
5 N i A i ]
£ | | -
= - § ]
Z $
= 2L i 4 E
g 1x10° E E
= - 2 ]
'ﬁ N Ry —
= i ]
S
&) ]

Figure 4: Condition number as a function of the ADM coupling J;s in the model of
EQ (13), computed using Fock-space diagonalization in the SS of the one-impurity
problem. Diverging cusp-like features indicate large condition numbers, correlating
with defects in diagonalization visible in Figure 3.

1x10* - T - T
1x10°
S n
2 - =101
§ I 3,=3.3,=0
— J=3,J,=1
S1x10° LY
e F .
= | n
S i il
1x10" _—\ /—_
E Seemmm— /’E‘
s !
0 ! | ! | ! | !
Ix10° 4 2 0 2 4

Figure 5: Variation of the condition number in Fock space for the two-impurity model
defined in EQ (27). The model remains well-conditioned for most values of K, except
near K = 0. Notably, large condition numbers emerge when ADM couplings are
present, particularly for nonzero Js, indicating enhanced sensitivity. In contrast, the
model appears non-defective when both Jys and Jy are absent.
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In Figures 4 and 5, we plot the condition number for the one- and two-impurity local spin
Hamiltonians in Fock space. These plots reveal how the sensitivity of the system varies with
the ADM-type interactions, namely the J;3 and K couplings. A high condition number signals
increased sensitivity and, in particular, the onset of near-defectiveness in diagonalization due
to eigenvectors becoming nearly parallel—i.e., a loss of orthogonality—characteristic of excep-
tional points (EPs). We emphasize that these conclusions are drawn from the local Hamiltonian
restricted to the SS of Fock space. Therefore, they pertain specifically to dissipation and NH
effects in this reduced subsystem and may not directly extend to the full many-body Hilbert
space. Nevertheless, dissipation in large-N systems is generally understood to be governed by
local subsystems, as global equilibration tends to wash out nonlocal features. Recently, the
use of condition number analysis has been proposed as a diagnostic tool to probe perturbative
sensitivity in NH systems [10], further motivating our investigation here.

5 Renormalization with potential scattering

We investigate the role of potential scattering in the renormalization of the effective im-
purity model, focusing on the fate of the RG-invariant responsible for eigenvalue coales-
cence—namely, the emergence of exceptional points (EPs)—in the presence of NH pertur-
bations. Our central question is whether this invariant remains robust under renormalization
group (RG) flow or acquires corrections at higher-loop orders, particularly at third order.

To address this, we analyze the renormalized couplings in the effective model, introducing
aregular hexagonal bath geometry (Fig. 6) that naturally accommodates PC-symmetric poten-
tial scattering terms. The structure of spin-spin interactions in this setting parallels the model
in Ref. [8]. Notably, complex-valued potential scattering terms are essential for realizing RG
fixed points, which signal topological transitions in the eigenvalue spectrum of the effective
Hamiltonian. These spectral transitions correspond to qualitative changes in the ground state
and are inherently tied to the NH nature of the model.

The effective model includes both ADM spin exchange and complex-valued scattering
processes. We explore is whether the invariant associated with EPs is preserved under RG
flow—implying topological robustness—or modified due to NH potential scattering, indicat-

ing an RG-generated origin of EPs.
K|
(62r, k) é*
3 ky
: , 6

n)

_k)

—
3

Figure 6: Left: Two Anderson impurities coupled to edge states of a Dirac-like bath.
Right: Regular hexagonal bath geometry designed to incorporate PC-symmetric po-
tential scattering terms. Green and blue arrows denote left and right scattering cen-
ters, respectively. Variables kj — k, ,/k2 + k}z, — k, and 6 — tan_l(ky/kx). See
Egs. (3)-(5) for derivations. Electron and hole scattering from (k, 0) to (—k, 6”) are
depicted around the Dirac cone. The angular direction of momentum determines the
sign of particle/hole states.

10


https://scipost.org
https://scipost.org/SciPostPhys.19.2.036

e SciPost Phys. 19, 036 (2025)

The effective Hamiltonian is given by:

Hlp=Ho+ > JoS-Ylop+i ) J20 - Ex o) +i Y TV Expioy) + Hy, (22)

kk’ kk’ kk’

with the PC-symmetric potential scattering term Hy,, defined as:

CRE N A RS AR RCETR MO RS W Crt St A ) RCERE VO N eS)

kk’ kk’

To accommodate the structure of the NH Kondo model, we define momentum-resolved
creation operators as:

il il T
T
¥ (kZ“ e Sz )

enabling a block-structured representation of the impurity-bath coupling via generalized Pauli
matrices. The RG EQs derived from this effective Hamiltonian are detailed in Appendix B,
based on a third-order perturbative expansion. These form the basis for the flow analysis
shown in Fig. 7.

For compactness, we relabel the couplings as:

TE TC

0,0 2n_n
J( ) J Jk3 3)_)(‘]O7Jk3)g1k3>g2k3>Jk:g1k’g2k)'

2n 4 T 2n T
3 ;373

30 3>
(JOJ k3 ;Jks ’Jk3

Among the couplings {g1x3, Z2x3, 1k> &2k}, Which originate from potential scattering terms, the
invariant derived at one-loop remains unrenormalized. However, these terms generate addi-
tional invariants, giving rise to symmetric spiral-points (SP) in the RG flow diagrams (Fig. 7).
This reveals a topologically nontrivial interplay between NH scattering and RG evolution, me-
diated by NL couplings.

6 Generalization to two impurities

We extend our model to a two-impurity Kondo system, incorporating direct spin-spin coupling
and an isotropic DM interaction between impurities. Similar interactions have been studied
in double quantum dots with spin-orbit coupling [23], where the DM term is restricted to the
Y-component for baths with linear dispersion. Here, we analyze the renormalization of ADM
versus isotropic interactions.

6.1 Effective Hamiltonian and renormalization group equations

The effective spin Hamiltonian takes the form:

Hegg = Ho + ZJoSa S +1 ij3 “(Sq X Sppr) +1 ka “(Sq X Spir) +Jysy - 52 +1K - (51 X 55),
Kk’ kk'¢ kk’g
(24)
where Hy = ch €k§CZ;Ck§ is the kinetic energy term, Jy represents the direct coupling be-
tween impurities, and K denotes the impurity DM interaction. The bold symbols denote spinor
vectors, as previously defined Since the generalized problem introduces multiple couplings, we

11
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restrict our analysis to the one-loop RG EQs:

dJ,
d—lO—J2+Jk3Jk+J +J2 +Jydo +KJy,
dJ
d’l‘g =J2 +JoJis +Iydie +Jydi + KJs,
dJ
- l" = JoJi + JyJis + JyJy + KJp
dJy
T =J7+ K>+ I+ Jady + I+ T,
K _ K%+ KJy + JiaJy .
dl
2 2 .
W] TS
IE N SRE S
5 of gﬁ\i“;‘;\fﬁ//&: = ol Zf;%:_.)ﬁ_\::
S ESNANC== > ===
-1} EEE§&%Z§§§;§E§§; -1} §E§::§j§y¢7£§%§5
/7 N //\‘{‘:\‘E X S };{/;
ol ////m\n%ﬁ//?\ AN ol Sa’(\\?\k\\\\;r//f 7%
-2 -1 0o 1 2 -2 -1 0 1 2
G2 g1
2 S \ il ////////t \ /
W 7
N H»\‘\\ﬂ N ,/))7;7/ ////\k:k
= 0f > 0 —~
@V//;* 2
-1t \\l/%/ -1 ;//'/Z/
\ \%1/’ // /‘:‘th 20 ///
1 0 2 —‘2 —‘1 0 1 2
) )
W) 1) A 77
ARILZ201)7 2 IRl
S NN TN =
S\\‘/& = =\ / =
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Figure 7: RG flow diagram for the one-impurity model with fixed invariant val-
ues g1, = g3 = 1, derived in Appendix B. Couplings are parametrized as

Jk:

%(1 +,/1 +4ka3) with m = —4. Top row: Flow in the potential scatter-

ing channels. Second and third rows: Complex RG flows of J;, showing fixed points
(FPs), spiral points (SPs), and a marginal point. Dotted lines indicate a family of fixed

points.

Signatures of exceptional points appear in the lower-left quadrant, where

nearly parallel flow lines emerge for small J, and J;s, indicating unstable directions.
These SPs signal topological spectral transitions (see Fig. 2) and correspond to large

condition numbers (Fig. 4), especially near J;s

=0.5.

(25)
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Solutions to the RG EQs in various limits are discussed in Appendix B.1. The vanishing of beta
functions, signaling Kondo destruction, is analyzed within the odd-even impurity framework
of Refs. [24,25]. Extending this, we explore how ADM and NL couplings J; and J;s lead to
anomalous spin relaxation and novel fixed points beyond the isotropic regime.

6.2 Eigenspectrum and fixed points

To further understand the connection between RG fixed points and the eigenspectrum, we
construct the three-spin Fock space representation for the two-impurity system which is rep-
resented schematically in 8. The effective Hamiltonian in this basis is:

HZimp = ;josa . Skk’ +il;jk3 . (Sa X Skk’) +i’;jk . (Sa X Skk/)+jy81 *So +lI_<’ . (81 X 82). (26)
/ /a /a

Here, a indexes the two impurities. The Fock space representation in the symmetric sector
(SS) is given by:

YT = (T, LT, LITT) ETL LD, T, L.

The Hamiltonian is then expressed as:
I:Izimp = <¢|Hzimp|w> . (27)

Expanding in matrix form, we analyze the symmetry properties of I:Izimp' Constructing the
metric operator ) = 0, ® 0, ® 0, as in Ref. [21], we verify its PC symmetry, expressed as:

AHA = —HT.
We show that ADM-interaction is necessary to satisfy this condition, specifically requiring

Jiz # 0. The Hamiltonian lacks PC symmetry when Js = 0. The full Hamiltonian matrix is
given by: This matrix can be compactly expressed in a 4 x 4 block matrix form as:

A (M My
H2imp - (MB M4) 5

where M;, M, are 4 x 4 diagonal block matrices, and M,, M5 contain off-diagonal coupling
terms.

20y +Jy  —eli(J, +K) 0 0
M. = —e 15 (J, +K) —Jy 4(Jo +K) —2el%J,
1= 0 4Jo—K)  —20y+Jy i —K) |’
\ 0 —2¢757, e li(J—K) —Jy
el% (J, +K) 0 0 0
M. = | AUy K e'i(J, —K) 0 0
27| 40Uy +K) 0 —el3(J, —K) 0 ’
0 4Jo+K) 4y +K) —eli(J, +K)
( e i +K) 4y +K) 4(J, +K) 0
My = M = 0 e 5 (J, —K) - 0 4(Jy +K) ’
0 0 —e15(J,—K)  4(Jy +K)
0 0 0 —e 15 (J +K)
—Jy —'i(J,—K)  —2el%J, 0
M = —e 1T (J,—K) —2Jy+Jy 4(Jo +K) 0
T —2e7iEg, 4(Jy—K) —Jy e'i (J, +K)

\ 0 0

13

TG +K) 2+ Jy

o
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Figure 8: Schematic representation of the two-impurity Kondo model. The couplings
(Jo, Jy) are shown as solid lines; DM couplings (Jy, Ji3, K) are shown as dashed
arrows. The non-Hermiticity only enter through either substitution of invariant or
through the potential scatterings.

Symmetry properties:

* Diagonal block symmetry: My is related to M via index-reversal, complex conjugation,
and a sign alternation:

(M) = (=17 (M1)Gs_jys sy -
For example, (M );5 = —e!™/4(J} + K) corresponds to (My),3 = e "\"/4(J; + K).
* Off-diagonal block symmetry: M is the Hermitian conjugate of M:

Mz =M.

* Global pseudo-Hermiticity: Let P be the 4 x 4 anti-diagonal permutation matrix, i.e.,
P;; = 0, 5_j. Define D = diag(1,—1,1,—1). Then:

M, =DPM;P'D' = H=(1,8PD)H*(1,®PD)".

With substitution of RG-invariant it follows the symmetry discussions for NH regimes as in
EQs (20) and (21). This matrix condition number is shown in figure 5. We show numerically
Jis # 0 to exhibit large condition number in contrast to isotropic impurity DM interactions.

7 Numerical solutions and dissipative fixed points in RG flow

We solve the coupled renormalization group (RG) EQs in Eq. (25) numerically for a range of
initial conditions near analytically identified fixed points. Figure 9 displays representative flow
trajectories of the couplings, restricted to domains with real value. The evolution of J;z and
Ji exhibits invariance consistent with our analytical predictions. We observe that the flow of
couplings when J;s # 0 show extreme sensitivity. Presence AFM-divergences in cases Jis ~ 0
show the absence of dissipative corrections and usual Kondo-regime.

Sign Reversion and Complex RG Analysis:To further understand the structure of the flow
near dissipative fixed points, we extend the RG EQ’s into the complex plane by treating the
couplings as complex variables. The resulting beta functions exhibit nontrivial analytic struc-
ture, including poles on imaginary axes, branch-like behavior, and spiral trajectories in the
complex domain—features characteristic of NH or dissipative systems [26].

We identify this dissipative behavior through—sign reversion (SR)—in the imaginary part
of the couplings, where the sign of the imaginary component undergoes an abrupt switch near

14
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Figure 9: Numerical solutions of the RG flow EQs (25) near various fixed points.
The horizontal axis corresponds to the RG flow parameter. Initial conditions for each
trajectory are labeled. Diverging flows signal strong-coupling phases, whereas cusp-
like sign-reversal features indicate dissipative fixed points. The inset shows flow of
RKKY coupling to zero when all bath originated couplings are zer.

certain fixed points. These SR points coincide with what we term spiral fixed points(SPs), as
illustrated in Figure 10. This signature behavior persists across both one- and two-impurity
extensions of the model and serves as a diagnostic for dissipative or P77 -symmetric breaking
transitions.

These results reveal a qualitative distinction between dissipative spiral fixed points, which
show SR and complex-valued beta function structures, and unstable fixed points, where such
features are absent. The existence of SR behavior offers a new diagnostic tool for classifying
fixed points in open quantum systems with ADM, pseudochiral, or P77 -symmetric interactions.

Consistency with Conformal Field Theory and RG Approaches:The RG flows we present align
with expectations from conformal field theory (CFT), particularly in the emergence of nontriv-
ial topology and fixed-point classification in dissipative regimes. Our numerical results support
the analytical beta function structure and confirm that RG and CFT provide complementary
but consistent insights into the infrared behavior of the system. In particular, the identification
of SR features and spiral flows establishes new phenomenology beyond traditional Hermitian
RG fixed points.
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Figure 10: Flow of RG couplings in the complex domain. Dotted and solid lines
represent real and imaginary components, respectively. In the lower panel, sign re-
version in the imaginary part is observed when J;3 = —2.0, a hallmark of spiral fixed
points. The middle panel compares two different initial conditions. Between SR
phases, multi-pole structures appear, hinting at rich underlying topology.
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Figure 11: Sign reversion observed near specific fixed points (highlighted in red in
Fig. 7, second row), contrasted with the absence of such behavior at an unstable point
(in 7 bottom row black point). Small initial values for all other couplings ensure the

regime corresponds to a single impurity.
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8 Impurity transport calculation

We compute the anomalous contributions to the relaxation time in the presence of a NL dis-
persive bath using the Ty, formalism [20], with detailed calculations provided in Appendix C.
The expression for the relaxation time is given by:

1 - - ~
; o (1_2Jga_2Jk3gak3_2Jkgak): (28)

where the couplings J,,Ji,Jis correspond to the bare model parameters, while the integrals
8u>&ais, and g, arise from perturbative RG and inclusion of impurity scattering (see Ap-
pendix C).

We further investigate the criticality associated with dissipative fixed points obtained from
perturbative RG. Our analysis reveals two distinct scaling collapse regimes, as discussed in the
next section, and an emergent invariant structure that persists in the RG flow.

8.1 Scaling collapse in %

In the preceding sections, we identified emergent coalescing points arising when the integrand
in Eq. (C.8) vanishes or when q — 0. These correspond to the condition

(k2 —u)?—22k2 =0, (29)

which yields momentum-space roots

kK 1 1
—=—f—-\|1+—. 30
A2 2 A2 (30)
We compare this to the RG-invariant relation
J —lil 1+4mJ (31)
k— 2 2 k3>

and note that in the small-f regime, the scalings J, o< % and Jys o< % hold, with u play-

ing the role of the invariant m. This correspondence mirrors the equivalence encountered in
laser-induced Kondo effect [27] where non-equilibrium steady state and poorman scaling is
compared. Exceptional points (EPs) emerge only when the chemical potential u # 0, defin-
ing a critical regime where real-valued null momentum solutions exist. When u exceeds a
threshold, the momentum roots become complex, signaling the onset of a nontrivial gauge
structure. These null momentum points also appear in the spectrum of the effective spin-spin
Hamiltonian.

To visualize these effects, we plot the relaxation rate 7! in Fig. 12, fixing u = —1.0 and
A = 1.0, while varying the excitation energy €. The data is rescaled using the bandwidth and
the momentum-root prescription described above to demonstrate scaling collapse. While a
full analysis at strong dissipation with complex couplings is beyond the scope of this work, our
results clearly establish the emergence of invariant structures under bath-induced perturba-
tions.

In the ADM model, PC-symmetric scattering gives rise to a NH Kondo effect. Under renor-
malization, special points (SPs) emerge, characterized by complex flow trajectories and pos-
sible topological transitions. Although additional scattering channels were omitted from the
transport calculation, their impact may be addressed in future work using more refined tech-
niques for dissipative systems.

17


https://scipost.org
https://scipost.org/SciPostPhys.19.2.036

Sci| SciPost Phys. 19, 036 (2025)

()
B —a $=0.01
= 1><10-1 | —o [3=0.02
n = $=0.03
l_) -
B B=0.04
2 B=0.05
1x10 - . 8=0.06
(@ -
. u
R £ (U
e 2
1x107 |
(©
1x10" [~
T B
e B
[ I L1 | I Loy 1
Deff
(a (b
1><102 [ - §
n = ol //’/
o B : Sy
v B
1x10° [~ — F
E 111 | C vl
10 Deff

-1
1

Figure 12: (a) Relaxation rate T~ as a function of excitation energy for various
values of the NL parameter 3; 7~ is proportional to resistivity. (b) Normalized
curves exhibit a kink structure at low energy. (c), (d) Scaling collapse of the curves
using two distinct momentum-root prescriptions: T;l =171 x (1+ /4D + 1) and
D:;fr = Degs X (1% 4/4Degs + 1). The kink vanishes upon rescaling, indicating emergent
scale invariance.

9 Results and discussion

We have demonstrated the emergence of exceptional points (EPs) and nontrivial renormal-
ization group (RG) behavior in a dissipative quantum impurity model, where PC-symmetric
potential scattering modifies the RG flow and fixed-point structure. Unlike in conventional
Kondo models, where such perturbations are often RG-irrelevant under particle-hole symme-
try, here they play a decisive role in the weak-to-intermediate coupling regime, signaling a
departure from standard Kondo scaling.

A central result of our analysis is the presence of a shared invariant structure in both RG
trajectories and spin-transport near dissipative fixed points. We further uncover topological
transitions in the local Fock-space Hamiltonian that are closely aligned with the fixed points
obtained from RG analysis. These transitions are accompanied by high condition numbers
and indicate the onset of defective eigenvalues—a signature of NH degeneracies induced by
anisotropy.

Our investigation of single- and two-impurity Kondo models in a homogeneous bath shows
that ADM interactions act as Hermiticity-breaking yet PC-symmetric perturbations. These
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drive the system toward coalescing EPs in the RG flow. Furthermore, finite-momentum (q)
bath modes introduce distinct transport features, while sign-reversion regimes near the fixed
points reflect the role of potential scattering in rendering the system effectively open and non-
Hermitian. NL perturbations, especially those with cubic momentum dependence, significantly
deform the RG flow, giving rise to elliptic trajectories and emergent EPs that go beyond the
linear paradigm.

These results suggest avenues for realizing higher-order EPs and related topological features
in anisotropic spin-defect systems [28]. Potential experimental platforms include diamond NV
centers, cavity QED arrays engineered systems and other systems where momentum-dependent
DM interactions can be tuned. Our findings also motivate the development of advanced nu-
merical renormalization group (NRG) techniques that incorporate complex-valued and ADM
couplings—an extension not captured by standard NRG approaches.

In a forthcoming study [29], we employ Keldysh mean-field Green function techniques to
explore non-equilibrium impurity dynamics. There, we find fixed points and invariant features
similar to those reported here, including hybridization behavior near EPs, further reinforcing
our present conclusions.

Finally, the mechanisms highlighted in this work—anisotropy, NL, and dissipation—are
naturally realized in two-dimensional thin films and other low-dimensional systems, where
spin-orbit coupling and structural asymmetry are prevalent. Experimental settings such as
quantum dot arrays or materials with vacancy-induced spin textures may host effective NH im-
purity physics. Even Floquet-engineered band structures can generate cubic momentum cou-
plings, offering additional pathways to explore this physics. While our results are primarily
theoretical, the predicted EPs and their transport signatures may offer a valuable interpretive
framework for experimental deviations from conventional Kondo behavior.
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A Projection details for deriving effective sd model

The projection operator method is a versatile technique used in single-particle quantum me-
chanics [30] and many-body physics [20], particularly in the study of Kondo problems. It
allows for the description of many-body wavefunctions in distinct sectors based on the occu-
pancy of the impurity subspace, such as unoccupied (v,), singly occupied (v;), and doubly
occupied (v5) sectors. The method provides a formalism for projecting the total many-body
wavefunction onto these sectors, facilitating a systematic analysis of the Kondo problem.

2 2 2 2
(St St | St )o=r( Zwow o @
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The identity operators can be represented as projectors onto the (0,1,2) subspaces, corre-
sponding to unoccupied, singly occupied, and doubly occupied states. These projectors are
orthogonal.

Hy Hop Hoa\ (Yo Yo

HlO H11 le 'lpl =E ”(’bl y Where P P 57777/P77 =n’> (A 2)

Hyy Hy Hiy ) \ s Py :
H, =012 =P,HP,, and P'=p, Te€Z*.

We can define the projection operators using impurity number operators satisfying the complet-
ness relation Zn P,=TasPy=(1—n)(1—n;),P; =n(1—n3)+ny(1—n), and P, = myn,.
The effective Hamiltonian for different subspaces can be obtained by eliminating the corre-
sponding wave function in favor of the others.

no_ ¢
Hjpp=Hpy+t D, Hy—— F=H, B (A3)
n'#n=0,1,2
Ly=x

In the EQ (A.3), the index 1 and ' = 0, 1,2 corresponds to the unoccupied, singly occupied,
and doubly occupied states, respectively. Computing the P; HP, we get the following,

—Zvea ei2ch n,d +Zei%\76a ¢l n.d
- k “k1 kL4 k “k2%4+ 7074
k6 k6

~ .~ 6 _Q 2 ~
H, = Z iV, agoe "2 cZ_nldT — Z A akch_anl (A.4)
k6 k6
+ — Y — (gt — i
= (Hy;+H,)=(H{,+H,)" .

Similarly for the PyHP; again only hybridization terms contribute can be shown as the
following,

. 0 s 0 N
= ZVkQakle lZCkr_'_(l _nl)dT + Ze‘z Vkeakzc;ﬁ_(]. — nT)dl ,
k6 k6

¥ ~ i% 5 0~ &
Hyy= Z iVl ae2¢]_(1—n))d; — Z 278 acl_(1—np)d; (A.5)
kO k0

+ +
= (Hy, +Hy) = (H] +H10)

The components Hy, and H,y will vanish since P, commutes and also using the orthogonality
PyP, = 0. The remaining components can be computed as follows:

HOO = Z GkCCZC,CkgPO + Z ednUPO N
g

134
P% o

sz = Z Ekgczgckgpz + Z ednaPZ + UnTanZ .
k¢ o

We will derive the components of the Hamiltonian to obtain the effective Hamiltonian can
be expressed as:

1 _ ¢ 1 4 ¢ 1 4
Heff—H11+ Z (HuE_—szHzl"‘HlomHm)
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The derivation proceeds as follows:

1 1 1 1 1
> HY,——H} =H{,———Hj, + H{,———Hy, + H,———H;, +Hj, T

S 12E—H22 21 12E_H 12E H 21 ].ZE_H 12E
~ 0 6/ _:0 - -0 o
= Z Vv (akle ‘2¢, nyd; +e’2ak2c£+anl)
kk’66’

R o o . 1

X Mzz(akqe "¢, nydy+e'z ak/zcll,Jranl)

+ Z Vkekael(akle 12c nldT+e Zakzc ”le)

nr —i% § . i T !
X Moy| tapge™ 2 ¢, _njdy —ie'Zagncy,_nyd,
n oo [ —ig i de—i i% T nd
x Vir X014 ck_nl T e aklck_nTl
kk’06/

§
xMzz(aklle 2ck, nldT+e 2ak/2c anl)
Zf/” iae 5l ndy—iel% aqcl n.d
k2€ Ck—nl T e aklck_nT !
kk'0

o (- —i & i T f

X Mo\ tQrpe™ 2 ¢,,_nydy —ie' > apqcy,_nydy | .
(A.7)
In EQ (A7) My, = E+sz’ we simplify using commutation algebra for operators of the
form E+Q027 where [0;,0,] = cO,. This allows us to rewrite the expression as a power se-
. . . .. 4 1 <

ries and derive components in H,¢¢. In similar way for the component Z{ (:, +Hiom=m-Hoy

replace 2 — 0 in above and resultmg the matrix elements will be My, = = H . From compo-

nents above . ro=+H 1(2 P, 21 " and > ro=+H 1§0 i L Hgl, we derive the following effective
Hamiltonian.

06’
i5
eff _Hll +2Mkk’ (e aklachHdeTck, +e —i6 akzaklzck_,’_dldle/_,_
kk'¢
+ ei‘i’akzak/lc;rd dl iy i‘pak]akchdeIck,Jr)
06’
: 06’ i ¥
+lZMkk,§(ak1akqe i k+dele’—_e akzakflckerTchk,
kk'¢
+ e akzach d dlck, — Qg Oprne ck+dld%ck,_)
/ (A.8)
06
—iZleke,g(aklakllelq&clt_dld{ck, —e ‘Sakzakllc d, d! £t
kk'¢
+e” 5ak1ak,2c d df kit~ ¢ak2ak/2c d d ck,+)
06’
+ZM,fke,g(e"saklachi_dldl'ck,_ e ¢ak2ak/1c d, df LS
kk'¢

—el¢ak1ak2c,£_dldT'ck, +e P apgapnc] d,d, ck,_),

where in the above, § = % - %/ and ¢ = % + %/. It follows from EQ (A.8) that H,¢r = Hsz
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since the summations over k, k’ are interchangeable. In EQ (A.8), the elements are

776776 76776
M0, = Nigo + My = VeV VieVe A N/ S—
—€gtey Uteg—exrg v/ Brk3cos30
In this model parameters k and 6 scaling differentiate conventional isotropic dispersion poor-
man scaling. Additionally, the parameter 3 plays a role analogous to a magnetic-field coupled
term, e.g. BS,, but here it is associated with dispersion. Note that the edge contribution, which
appears solely in the cross terms—particularly § x Sy This explains why the model in EQ (16)
exhibits topological properties. We simplify by using the Abrikosov representation [31] for the
impurity spin as s = ’L/)ZO"(/Jd and for the bath spins as S, = QP}ZUQ/J x» Where o are the Pauli

matrices,
C gt i (o
wo=(d ),  wi=(a <)
Collecting all terms in EQ (A.8),

1 06’ i5 | —i6
Heff =Hp +ZMkk’g((ak1ak’1el + e Ao Qprn)s; iy
kk'¢

+ (a o + akzakfz)(ei¢s_S,:’k, + e_id’S]:k,er)

+ g aklz(ei"’s_sik/ + e_id’Sik,er) (A.9)

. i + —ip o—
+i(ag o — akzakxz)(e ¢s_Skk, —e ¢Skk,s+)

+ oy aklz( — ieiéssz_k, + ie_i‘SS]:’k,sZ)) .

Simplifying the doubly underlined terms leads to ADM-interaction. Substituting (a;;, Qx2) as
ayr = VA +Bk3cos30, aps = VA —B(k’)3cos30’ and in limit k — k’ we get simplifica-
tions as ail + aiz = A, where the A = 4/f32k6 cos2360 + A2k2, ail - aiz = Bk3cos36 and
Qy10xo = kA. This model is then rewritten in the form of ADM interaction model as EQ (10).

. / . V \"%
Analyzing the prefactors of M2, which scale as k k
yzing P ki’ 2 v/ Brk3cos36 4/By(k’)3cos36’’

the scatterings by constructing a regular hexagon, as the cos 36 takes maximum values at the
points of this hexagonal cell. For any given k point at band edges, these scatterings will be
high-energy states and need to be integrated out. As we discussed in the main article, we
, , . T T t t o
T .
proceed by constructing the new spinor as ¢ = (Ck 2y “hz- G 2y Ck_%_), in this basis,

we can consider

the Hamiltonian may be written in a more general form discussed in the next section.

B Including the potential scattering

In the section 5 we discussed about adding potential scattering terms, Here we detail how
one can use the lie matrices algebra to compute RG EQ’s. We can expand the Eq (A.9) by
expressing it in terms of magnitudes and operators in vector form, where the spin operator
components are denoted with a hat symbol.

H3S = Ho + Hyp + ZJO(Sxﬁx +S,3, +Szﬁz) +iZ sl (S5, —5,S,)

kk’ kk’
+i Z |jk|( (Syi:z - iJ’SZ) + (Sxi:z - ixsz) )
kk’
+i gl (5,1 ~1,5.)+ (5. ~:5.) ), 6.1
kk’
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Hyp == ), 81l (S8 — .8, ) + D | 8ol (S, — 5, )

kk’ kk’
_Z |§1k|( (Syﬁz _ﬂysz) + (Sxﬂz _stz) ) .
kk’

We use the diagrams [32-35] with all permutations of vertices using the following algebra for
third order perturbation theory,

[, Zpl=4i€en 20,
[T, Tyl =4i€qp I,

[Q4, Q] =4i€p: 20,
[(XeXh, 2] =8i€, Z—80,, 2. +885,.Zp,

[T, T.]=8i€,. Z—88, [, +85,. T}, B.2)
(2,25, 1=8i€4, Z—80,, 2 +85,.Qp,

[Q,Z]=0,
[Z.Qp,T.]=0.

—0q40q —040¢q

Where in above EQ (B.2) %; = (Gi Ui)’ & = (Gi . )’ L= (Gi O) and

g; O 0 —0; 0 g

. 0,0 o,0
[QaZb,ZC]=4lebcd( ard azd ),

T
T = ( ZOXZ IO ) these conventions used earlier [8]. The subscript i refers a,b and ¢ which
2x2

are Pauli matrices. Using the algebra we derive RG EQ’s as follows,

dJ
dlo =J2+IL+ T2+ Tedi IR0+ Thdo + T3 — Jxsgax — Jre 8ok — 8ok
+ gszk3 + ngsjk _Jkg2k3 )
dJks 2 dJk 2 2 3
al —J +JoJys +J2 Jis +J5 ks +Jk3, d—l:JOJk + gk + i I (B.3)
d8ue _ 3 oo dgw _ 3 _ 2
dl = 81k — 81k 81k3 > dl =81k — 813281k »
dgas dgox
=—g§k3 +gfk3g2k3, =—g§k+gfkgzk-
dl dl
From above, we identify various RG invariants as fud — m;, and we can notice that after

81k
adding the potential scattering terms, we still have the invariant J If +J; = mJ;s and addition-

ally ng(gzk"‘\/_)_ §k3(82k3+vm2/m1)
(821 +/M2) (gsz_v my/m)

B.1 Analytic solution of RG equations
A simplification of the EQ’s (11) for J;s and J; by eliminating J, yields the following:

dJys _Jz_‘kﬂ i_d']’@_i_l% (B.4)

dl "k g dl’ S dl e Jp dl '
By perfi b Iy hich results in %X = 2.9 @ _ ¢ &8 o 1q Gimolifyd
y performing a substitution 7,5 — X which resu tsin J—BW—JE 7> and simplifying

the equation, we obtain the solution J;, = 5 + 51/ 1+4mJ;s. We can derive the complete
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solution by variable separation as follows:

Jo—

dJ, JE+J T+ 1) dJ
0 _Jj3= ,(k INRC: )+J) L (B.5)

dl m m2 dl

The resulting solution will be in terms of two invariants n and m. When we allow for complex
1/—8 3 J*

solutions, we find that J; — 16 ,and m = e'7, with J§ having a tan™ ! quan-
tity that vanishes for J§ = +1 1r1 both ferromagnetic and antlferromagnetlc cases as n — 1.
Please see EQ’s in (B.6). Additionally, the logarithmic contribution to the scale vanishes when

J§ = —2. These fixed points(complex) are obtained by incorporating the potential scattering
terms.
[m? +m(Jk—1)+(Jk—l)2]37’) (m—2) _1(m+2Jk—2)
log ( + tan ———— | =nlogD,;,. (B.6)
2 V3(m2 —m+1) V3m 8Fert
Solving first equation in (B.5) for J, as following,
-2
3
—24/3t a
log (n?/® + Jm(—Jo) +J2) —2log (V/n +Jy) V/3tan” ( V3

67n 67n =logDes . (B.7)
In above equation y = 6*(m;—inm+1) and gamma diverges when m = e*15 . As a result we expect
complex fixed points and as exponent y diverge. A similarity exists between the RG EQ’s for a
single impurity in edge states and that of two impurities having DM interactions. To explore
this connection, we address the two-impurity problem by simplifying the RG EQ’s. We consider
setting all couplings to zero, except for J, # Jy # K # 0.

dJo

dJ dK
T —X=J2+J2+K?,  —=K>+KJy. (B.8)

=J2+JyJy+KJ,,
0 Yo 0 dl dl

By solving the EQ’s for J, and K, we obtain the solution J, = 1%: where R is a constant
or an invariant under renormalization. Using this solution, we proceed to solve for J, and K
as follows:

Jy—X —j3=R,, -K’=— 1 — (B.9)
dl dl LK

Solution to the Jy equation can be written as follows:

2‘]7},71
—1| R
YR (=Iy) +IE 4R 2V ( E ) 6r}
e = Def} . (B.10)
(Jy + VRy)?
For K-equation has higher order NL so we have solutions in two limits,
_ R
g
5 e =D, Y for K — oo,
(K + /R)) (B.11)
R? 2 1 2
—%—7 +R°log(K—1)+ 5(K—1)*+K
K1 g 2 =logDes¢, forK — 0.
Ry

In a similar fashion, we will work on solving the J, equation with Jy in order to separate
the solutions. For R = R; = 1.0, we will illustrate the RG flow in figure 13. We anticipate fixed
points in different quadrants based on the sign chosen for these constants.
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Figure 13: RG flow of two impurity show the FP can be in different quadrants with
R; =—1and R = 1.0. We get around the SP((Jy = 1.0,J, = 3.0)) existing SR regime
in couplings.

RKKY Interaction: For completeness, we briefly comment on the RKKY interaction in edge
states, which arises from Fourier expansions of couplings. It’s general form involves an integral
over momentum and angular variables:

kR qdt Vil
Jy(r) o< + etkre=ikr B.12
v(r) L kpB fqz—(4t3—3t)2 %:kz—(k’)z (8.12)
where g = —W The d contributions can be expressed as special functions, including

elliptic integrals and transcendental terms. The NL contribution arises when q # 0. The
second term yields standard Bessel- or elliptic-type RKKY oscillations [36,37], while the first
term reflects anisotropy/NL-induced deviations from flat-band physics.

C Impurity transport calculation

We follow the 7y, formalism for the effective Kondo model in equation (10) to compute the
relaxation time as follows,

1
T

Where the { correspond to chiral index and takes vales { = =+ for each bands in effective model
bands.

; _J”J“J"f k2sinfdkd6d ¢ 2
s Jo Jo k2+¢/KoBZcos?30 + 2k2— '
where Solving the 0 integral first, we get two pieces as follows,
dt
g =2m f k? § , (C.3)
k k2 4+ {/k6B2(4t3 —3t)2 + A2k2 —pu
we rationalize the above integral and write as the following by introducing q = —W,
- =
1 q+§\/(4t3—3t)2+mdt -
5, =9 = = | — t,q)+ t,— . C4
g nfk]j Py Ty kkq(;f( q) %:f( q)) .4
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For finding these residues, we will use the roots of the cubic EQ’s B(4t> —3t)+q = 0. We
collect positive q roots and negative as follows for doing contour integrals,

13 _ 1

2( V@ —1+8q+~ f—,—1+: ), S

¢ — _l — 1+i

to =+ 1—iv3) V@@ —1+{q— Wk (C.5)

1 _1-iv/3
—1(1+iv3) VYV -1+
4 ) 1 - \/ V-1 T+¢q
Where in above we have { = %, Similarly, the other contributions are as follows,

— o [ (42 =3P (g +r) — (q+¢r)
8eks = ZﬂﬂLk qz—(4t3 —3t)2 dt, 8k = Jk§ qz—(4t3—3t)2dt, (C.6)

_p

where in (C.6) r = \/ (463 —3t)2+ ﬁ”}—;, after summing over the { = &+ bands we get following,

g =21 1 qdt
B q2 — (413 —3t)2°

, [ (4t3—3t)%qdt
& —275/3J k § 302 (C.7)
g, = qdt
) ) @@= =302

After contour integrals each contributes as 56 qz—(4qt+3t)2 = q hence sum of all g, contribution

as following,

§(M)=J(/3qk2—/5q4k+%—q)dk- (C.8)
We set € ~ k? and the density of states in 3D as p(e) ~ /€ then above integral yields,

e [(LEP =T (e—pp =P | JemiP =7 _JemiP=7e,
gl = ( Ve B3t~ pe? e ) ‘

(C.9)
Where in above u is the chemical potential can take any values around Fermi energy. We
perform this above integral exactly in terms of special functions to extract contribution to %,
which indeed scales with RG invariant in the elliptic functions.

Pi(e)+ P%(e) + T,(€) + E;(e) + Eo(e) + log(e)
B3 ’
3u*—16u’e + 4ue(9e —2)
12¢4
262(2€(ﬁ \/(,ud—e)z—e(21/_(/3’ /3’e+3)+3) 6)+3)
12¢4
8u62(2[3’3 3/2\/(u—e)2—e—66+3)

12¢4

8e <

Py(e)=—

P%(E) =

2 —1( 2u+/(u—€)—e
(2,u+1)[5 coth (W)

2u

)

—2u+2e—1 )

_ p2 -1
T,(e) = B“tanh (2m
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.02 \/—2,u+r+26—1 \/_2u+r—26+1 AE | isi h_1 4/ —2u—r—1 |2u—r+1
if“e - z 1sin V2/e 2uFr+1

3vV2y/2u—r—14/(u—€)2—e¢
A=QCu+r+1)2up+p+6),

B((r+2u(r+2)+1)B+6r)F (i sinh™! ( v _‘/2%;‘1) |2“—r+1)

2u+r+1

Eq(e) =

>

Ey(e)=—

B

3v2y/2u—r—1/(u—€)2—¢
Bziﬁze\J —2,u+r+26—1\J_2,u+r—26+1

> (C.10)
€ €

where r = 4/4u+1 in above equation (C.10). In the above solution, F is an incomplete
elliptic function of the first kind, and E is an elliptic function of the second kind. P and T are
polynomial and transcendental functions, respectively.
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