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Abstract

Celestial holography is the conjecture that scattering amplitudes in (d + 2)-dimensional
asymptotically Minkowski spacetimes are dual to correlators of a d-dimensional con-
formal field theory (CFT) on the celestial sphere, called the celestial CFT (CCFT). In a
CFT, we can calculate sub-region entanglement Rényi entropies (EREs), including en-
tanglement entropy (EE), from correlators of twist operators, via the replica trick. We
argue that CCFT twist operators are holographically dual to cosmic branes in the (d+2)-
dimensional spacetime, and that their correlators are holographically dual to the (d+2)-
dimensional partition function (the vacuum-to-vacuum scattering amplitude) in the pres-
ence of these cosmic branes. We hence compute the EREs of a spherical sub-region of the
CCFT’s conformal vacuum, finding the form dictated by conformal symmetry, including
a universal contribution determined by the CCFT’s sphere partition function (odd d) or
Weyl anomaly (even d). We find that this universal contribution vanishes when d = 4
mod 4, and otherwise is proportional to i times the dth power of the (d+2)-dimensional
long-distance cutoff in Planck units.
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1 Introduction and summary

1.1 Motivation: Celestial holography

Celestial holography is the conjecture that scattering amplitudes of quantum field theories
(QFTs) and (quantum) gravity in (d + 2)-dimensional asymptotically Minkowski spacetime
are dual to correlation functions of a d-dimensional CFT on the celestial sphere, that is, the
sphere at null infinity, denoted CSd [1–6]. We will call the (d + 2)-dimensional theory the
“bulk theory”, and the putative CFT on CSd the “celestial CFT” (CCFT).

To date, the main evidence for celestial holography comes from symmetry, and specifically
from identifying the asymptotic symmetry algebra (ASA) of the bulk theory with the symmetry
algebra of the CCFT. The ASA of d-dimensional asymptotically Minkowski spacetime includes
the Poincaré algebra, which is the semi-direct sum of translations and the Lorentz algebra.
Translations act as a shift of the advanced or retarded time coordinate, and have no effect
on CSd . Lorentz transformations act as globally smooth conformal transformations of CSd .
The latter provide compelling evidence that a CFT might “live” on CSd , much the way the
ASAs of asymptotically Anti-de Sitter (AdS) and de Sitter (dS) spacetimes provided compelling
evidence of holographically dual CFTs at their boundaries, fully realized in the AdS/CFT [7–9]
and dS/CFT [10–12] correspondences.

Any duality is ultimately an isomorphism between gauge-invariant states of the Hilbert
spaces of two theories. In holography these are the bulk and boundary theories, and the
isomorphism is called the “holographic dictionary”. The AdS/CFT holographic dictionary is
the most direct: we identify the asymptotic AdS time coordinate with the CFT time coordinate,
which allows us to identify the Hamiltonians of the bulk and boundary theories, and hence to
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identify the Hilbert spaces. In other words, the ismorphism is the identity map: the vacuum
maps to the vacuum, thermal states map to thermal states, and so on. By extension, and
importantly for us, bulk unitarity maps to CFT unitarity. The AdS/CFT dictionary can also be
defined by identifying the bulk and boundary theories’ generating functionals of correlators.
Indeed, in each theory these correlators are the only observables, since an S-matrix is forbidden
by the bulk theory’s asymptotic AdS boundary conditions, or by the CFT’s conformal symmetry.

The dS/CFT holographic dictionary is less direct, primarily because the bulk theory is
Lorentzian while the boundary theory is Euclidean. The CFT thus encodes bulk physics in
a fashion similar to a long-exposure photograph. More precisely, in dS/CFT we equate the
bulk theory’s wavefunction of the universe with the CFT generating functional [12]. The re-
sulting ismorphism between Hilbert spaces is thus not the identity map, and so is less intuitive
than that of AdS/CFT: the vacuum must map to the vacuum, due to conformal symmetry, but
thermal states need not map to thermal states, for instance. Crucially, bulk unitarity does not
map to unitarity of the dual CFT, or more precisely to its Euclidean analogue, reflection positiv-
ity. Indeed, even a free massive scalar can be dual to a CFT operator with complex dimension,
which violates reflection positivity [11].

The celestial holographic dictionary is even less direct, not only because the bulk theory is
Lorentzian while the CCFT is Euclidean, but also because CSd is codimension two relative to
the bulk, in contrast to the codimension one boundary of AdS or dS. Moreover, the bulk theory’s
asymptotically Minkowski boundary conditions imply that, although a generating functional
can be defined formally [13,14], only the S-matrix is actually observable [15,16].

The full details of the celestial holographic dictionary are a work in progress, but we can
provide a sketch of the key ingredients sufficient for our purposes. The bulk theory’s S-matrix
encodes a transition matrix between states of the in-going and out-going Hilbert spaces. The
celestial holographic dictionary maps this to a transition matrix between the two CCFT Hilbert
spaces of the hemispheres of CSd . To understand how, in the bulk theory consider massless
particles. An element of their S-matrix is determined by each in-coming and out-going parti-
cle’s energy, and its position on CSd . If we Mellin transform the bulk S-matrix element from the
momentum basis to the Lorentz boost basis, and also shadow transform either the in-coming
or out-going wave functions, then the result manifestly has the form of a d-dimensional CFT
correlator [17–22]. In particular, each bulk particles’ energy and position on CSd maps to the
dimension and position of a conformal primary operator, respectively.1 In the CCFT, we split
CSd into hemispheres, such that the operator insertions in a hemisphere define a state at the
equator. A CCFT correlator thus encodes a transition matrix element between two states of
the two hemispheres’ Hilbert spaces. In short, celestial holography maps the bulk transition
matrix between in-going and out-going Hilbert spaces to the CCFT transition matrix between
Hilbert spaces defined on hemispheres of CSd . We emphasise again, however, that like dS/CFT
this map is not the identity, and so is less direct and less intuitive than that of AdS/CFT. For
example, CCFT operator insertions in one hemisphere of CSd can come from bulk particles
that are in-going or out-going, meaning the CCFT state at the CSd equator can come from a
combination of states of the in-going and out-going bulk Hilbert spaces. (In that sense, the
isomorphism is non-local in the bulk.) For more details, see for instance ref. [19], which to our
knowledge provides the most explicit description of the isomorphism between Hilbert spaces.
Our working assumption will be that an ismorphism between bulk and CCFT Hilbert spaces
exists, and maps the bulk vacuum to the CCFT vacuum.

Celestial holography has tremendous potential for studying QFTs and (quantum) gravity
in (d +2)-dimensional asymptotically Minkowski spacetime, using the highly-developed tech-
niques of d-dimensional CFT. Indeed, celestial holography already has tremendous successes.

1For massive particles similar statements apply, with CSd replaced by the sphere at past and future infinity, and
the Mellin transform replaced by integration over a hyperbolic slice of Minkowski spacetime [23].
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Chief among these are: the description of bulk soft theorems and memory effects in terms of
CCFT Ward identities beyond tree level, the identification of the associated conserved operators
in CCFT, the identification of novel soft theorems and memory effects, and the identification
of higher-spin symmetry algebras’ role in organizing scattering amplitudes. An essential, but
partial, list of references is [21, 24–35]. Other CFT techniques, such as the conformal boot-
strap, c-theorems, and so on, hold the promise for many more discoveries in the bulk theory.
In particular, unitary and local CFTs are “solvable”, in the sense that, via the operator product
expansion (OPE), all local correlators are completely determined by the two- and three-point
functions of conformal primaries. Celestial holography thus raises a tantalizing question: can
we “solve” a CCFT in this sense, and if so, can we then “solve” the holographically dual QFT
and/or (quantum) gravity theory?

However, celestial holography still faces many challenges. Most prominently, at present
CCFT has a definition independent of the bulk theory only in special cases [13, 36–40]. In
other words, almost everything we know about CCFT comes from the bulk theory: we use the
bulk theory’s S-matrix as input, and we extract CCFT information as output. Said differently,
currently the only way we have to learn anything about CCFT is via calculations in the bulk
theory.2 In general, then, we have no independent way to compute anything in CCFT, so we
have no way to check, prove, or derive the celestial holography conjecture. Other challenges
are more practical than conceptual. For example, much like dS/CFT the CCFT appears to
violate reflection positivity, for example a free bulk scalar can be dual to operators with com-
plex dimensions. That casts doubt on whether the full strength of CFT can be brought to bear.
Given such challenges, many basic questions about the CCFT remain unanswered, for instance
about the spectrum of CCFT operators, their OPE, and so on.

One approach to these challenges is to adapt lessons learned from AdS/CFT. For examples
of this strategy, see refs. [41–45]. One of AdS/CFT’s biggest lessons about holography is the
fundamental importance of the entanglement Rényi entropies (EREs), including the Entangle-
ment Entropy (EE). Indeed, EREs have revealed properties characteristic of, if not unique to,
the CFTs that appear in AdS/CFT, such as monogamy of mutual information (a linear combi-
nation of EEs of different subregions) [46], a maximal speed of entanglement spreading after
a quench [47, 48], and others [49]. Most importantly, in AdS/CFT the bulk theory itself may
emerge from the CFT’s entanglement. For example, in AdS/CFT the EE of fluctuations about
the CFT vacuum obeys the linearized Einstein equation [50]. More generally, AdS/CFT itself
may be a “quantum error-correcting code” built from a tensor network, where the AdS ge-
ometry emerges from entanglement between the tensors: see for example refs. [51–55], and
references therein.

AdS/CFT strongly suggests that EREs may be of similarly fundamental importance for ce-
lestial holography. Is the CCFT’s mutual information monogamous? How fast does entan-
glement spread in the CCFT after a quench? Could entanglement provide c-theorems for the
CCFT? Does the bulk theory emerge from the CCFT’s entanglement?

Our goal is therefore to compute EREs in CCFT. Given that currently our only definition of
CCFT is via the bulk theory, our main question is thus: how do we compute EREs of CCFT using
the bulk theory? In other words, what is holographically dual to CCFT EREs? We will answer
this question by translating CFT methods to the bulk theory, using the celestial holographic
dictionary, and by drawing analogies to AdS/CFT and dS/CFT.

2The analogous situation in AdS/CFT would be knowing type IIB supergravity on AdS5 × S5 but not knowing
N = 4 supersymmetric Yang-Mills theory, so that the only way to learn about N = 4 super Yang-Mills would be
through calculations in AdS5 × S5.
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1.2 The replica trick in CFT

Let us quickly review key facts about EREs that we will use. For a quantum theory with Hilbert
space H, in a state specified by density matrix ρ, we choose a subspace A ⊂ H and perform
a partial trace of ρ over states in A’s complement, Ā. The result is a reduced density matrix,
ρA ≡ trĀρ, which encodes all physical information available to an observer with access only
to A. For integers n≥ 2, the Rényi entropies are defined as

SA,n ≡
1

1− n
log trAρ

n
A , (1)

and the EE is defined by analytically continuing SA,n to non-integer n and then taking the
n→ 1 limit, which gives ρA’s von Neumann entropy,

SA ≡ lim
n→1

SA,n = − trA (ρA logρA) . (2)

For a QFT on a Lorentzian manifold, the Hilbert space H is the set of states on a Cauchy surface,
and we will choose A ⊂H to be the states in a spatial subregion of this surface.3 We will call
the boundary of this subregion, ∂A, the “entangling surface”. In this context, the resulting
Rényi entropies SA,n are called EREs, and encode information about the spatial distribution of
correlations in the state specified by ρ.

Our main tool for computing EREs will be the “replica trick”, developed for any QFT state
in which ρ can be represented as a path integral on a Euclidean manifold M. (For a QFT
in (d + 1)-dimensional Minkowski spacetime, M = Rd+1.) The replica trick starts from the
observation that trAρ

n
A in equation (1) is proportional to the QFT’s partition function Z(Mn)

on the “replica manifold”, Mn, consisting of n copies of M sewn together cyclically along ∂A
by boundary conditions on QFT fields [56,57].4

In general, Z(Mn) is prohibitively difficult to calculate. However, for the conformal vac-
uum of a CFT on R1,1, such that M = R2, and for A a single interval of length ℓ, such that
∂A is two points, Cardy and Calabrese determined Z(Mn) using symmetries special to d = 2
CFT [56,57]. Specifically, when M= R2, the conformal algebra is the Virasoro algebra, which
includes global conformal transformations, namely SL(2,C) transformations of R2’s complex
coordinates z and z̄, plus an infinite number of singular conformal transformations. When A is
a single interval, one such singular transformation maps M = R2 to Mn, namely the inverse
of the “uniformisation map” that sends Mn to M = R2. Cardy and Calabrese started from
Z(M= R2), which is trivial, and then performed the inverse uniformisation map to determine
Z(Mn). The resulting EREs are

Sℓ,n =
�

1+
1
n

�

c
6

log
�

ℓ

ε

�

+ kn + . . . , (3)

where c is the Virasoro central charge, ε is a short-distance/ultra-violet (UV) cutoff, kn is a
constant that changes under re-definitions of ε, and hence is unphysical, and . . . represents
terms that vanish as ε→ 0. EREs in QFT typically diverge due to short-distance correlations
across ∂A, as the Sℓ,n in eq. (3) does. Nevertheless, EREs can contain physical information.
For example, the logarithmic derivative of SA,n in eq. (3) with respect to ℓ is

�

1+ 1
n

� c
6 , which

3In what follows, in a mild abuse of notation, we will use A to denote both a subspace of H and the corre-
sponding subregion of the Cauchy surface.

4In a gauge theory the Hilbert space does not completely factorise, roughly speaking because closed loops of
electric and magnetic flux can cross the entangling surface. The definition of EREs must therefore be modified, for
example by expressing H as a subspace of the tensor product of Hilbert spaces associated to A and Ā, enlarged with
edge modes [58–61]. We will compute EREs using the replica trick, which agrees with the edge mode definition
of EREs [61]. As a result, we will not encounter any signs of Hilbert space non-factorisation, even if the CCFT is a
gauge theory.
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is ε-independent, and hence is physical, and depends only on c, and hence is “universal”.
Crucially for us, eq. (3) depends only on the replica trick and Virasoro symmetry, and is valid
even if the CFT is not reflection positive.5

In principle, the replica trick is applicable in any d, but when d > 2 conformal transforma-
tions are globally smooth, so no (inverse) uniformisation map exists. However, for any d and
any entangling surface, Z(Mn) is equivalent to that of n decoupled copies of the CFT on M,
with a Zn “replica symmetry” and with “twist fields” inserted at ∂A in each copy. These twist
fields are defined by replica symmetry permutations around a circle of radius ε centered at
∂A. They are thus codimension two operators, and are neutral under all global symmetries.
When d = 2 they are local operators, and are Virasoro scalar primaries. Indeed, for d = 2 and
A a single interval, Cardy and Calabrese identified Z(Mn) as the two-point function of these
twist fields, to the nth power. This two-point function is completely determined by conformal
symmetry up to the dimension of the twist fields, hn, which the inverse uniformisation map
determines to be

hn =
�

1−
1
n2

�

c
24

, (4)

leading to the EREs in eq. (3). Cardy and Calabrese’s case was special due to the high degree
of symmetry of a single interval in a d = 2 conformal vacuum. In most other cases, calculating
twist field correlators is prohibitively difficult. Even in a d = 2 conformal vacuum, EREs of
more than one interval require calculation of a higher-point correlator of twist fields, which is
not completely determined by a conformal transformation, and so depends on more CFT data
than just c. When d > 2, the twist fields are non-local, adding another layer of complexity to
the calculation of their correlators.

1.3 The replica trick in celestial holography

To compute CCFT EREs holographically, we choose our bulk theory to be Einstein–Hilbert
gravity with Newton’s constant GN , with any kind of minimally-coupled matter fields. Our
strategy is to start with d = 2 and with A a single interval, A = ℓ, defined by two points
on CS2, which define a great circle that splits CSd into hemispheres. We will consider only
the d = 2 CCFT conformal vacuum, meaning no operator insertions in either hemisphere.
The celestial holographic dual is then 4-dimensional empty Minkowski spacetime, with no
in-coming or out-going particles. In both the bulk theory and the CCFT, then, the transition
matrix is in fact just the density matrix of the vacuum state. We then use two important entries
from the celestial holographic dictionary, as follows.

First, we identify the bulk transformation that is holographically dual to the inverse uni-
formisation map from M = CS2 to the replica manifold Mn. As mentioned above, the bulk
theory’s Lorentz algebra is dual to the global conformal algebra, SL(2,C), so to obtain the
singular conformal transformation that maps M→Mn, we must extend the Lorentz algebra.
The extension that we need is well-known, and requires two steps. First, we extend the ASA
to include “supertranslations”, which shift the advanced or retarded time coordinate by an
arbitrary function of z and z̄. The resulting ASA is a semi-direct sum of supertranslation and
Lorentz generators, called the “Bondi, van Der Burg, Metzner, and Sachs (BMS) “algebra”.
Second, we extend the BMS algebra to include “superrotations”, defined as asymptotic confor-
mal Killing vectors that act as meromorphic transformations of z and z̄, thus providing singular
conformal transformations of CS2. The resulting ASA is a semi-direct sum of supertranslations

5However, in a non-reflection positive CFT the conformal vacuum may not be the ground state. For example,
if an operator has dimension below the unitarity bound, then the state-operator correspondence can imply a state
with energy below that of the conformal vacuum. Generically, in a non-reflection positive d = 2 CFT’s actual
ground state, single-interval EREs differ from eq. (3): for details, see ref. [62].
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and a Virasoro algebra with zero central charge (equivalently, a Witt algebra), called the “ex-
tended BMS algebra”.6 We cannot add superrotations without supertranslations: that algebra
does not close.

Crucially for us, the superrotation that maps M = CS2 → Mn is well-known [69]: it
generates a cosmic string in the bulk theory, with tension (n− 1)/n times 1/4GN , endpoints
on CS2 at ∂A, and zero charge under all bulk gauge symmetries. This cosmic string produces
a conical singularity in the bulk spacetime, with no singularities on CS2. Invoking Cardy and
Calabrese’s arguments, we identify this cosmic string as the holographic dual of the CCFT
twist fields, analogous to Dong’s “cosmic brane” used to compute EREs in AdS/CFT [70]. We
can make the bulk spacetime smooth by extending the angular coordinate around the cosmic
string, but doing so produces conical singularities on the celestial sphere [71], thus giving us
Mn.

The second entry from the holographic dictionary that we use is: the CCFT’s partition
function, Z(CS2), is equivalent to the bulk theory’s partition function [15, 16, 72], which we
call Zgrav. For practical purposes, we additionally assume a leading saddle-point approximation

in the bulk theory, Zgrav ≈ ei S⋆grav , where S⋆grav is the on-shell bulk action. To be clear, we do
not identify generating functionals of the CCFT and the bulk theory (as done in AdS/CFT).
Indeed, in the bulk theory the generating functional is not observable, as mentioned above.
Instead, we simply follow the existing celestial holography dictionary, and equate an element
of the bulk theory’s S-matrix, namely the 0-to-0 S-matrix element, Zgrav, to a CCFT correlator,
Z(CS2), interpreted as the expectation value of the identity on CS2, or equivalently as the
inner product of the conformal vacuum with itself. In the bulk theory we then perform the
superotation that enacts the singular conformal transformation M= CS2→Mn, as described
above.

Crucially, S⋆grav exhibits two divergences at long distance, that is, in the infrared (IR). The
first divergence comes from the bulk integral near null infinity, as common in celestial holog-
raphy (and independent of the cosmic string). Following for example refs. [42, 73, 74], we
regulate this IR divergence with a cutoff, L. The second divergence occurs near the part of
the cosmic string at null infinity, which we interpret as the holographic dual of the UV diver-
gence near the twist fields. We thus regulate this divergence with a cutoff, ε. In principle,
we should perform holographic renormalization [75] adding covariant counterterms on the
regulator surfaces to cancel divergences as we remove the regulators by taking L →∞ and
ε → 0. Holographic renormalization should produce results that are cutoff-independent, fi-
nite, and unambiguous, and hence in principle physically observable. However, how to per-
form holographic renormalization remains a (perhaps the) major open question in celestial
holography [76,77], which we will not attempt to answer. Instead, we will simply match the
L dependence to existing results in celestial holography, and match the ε dependence of our
results to those expected in EREs.

We can thus calculate the CCFT twist field two-point function on CS2, using the bulk the-
ory. However, an essential question is how to interpret the result as EREs, given that the
CCFT is defined in Euclidean signature, on CS2, and Wick rotation to Lorentzian signature
is not unique. In general, different choices of Wick rotation lead to different Hilbert spaces,
and thus to different interpretation of the result as EREs. For example, we could Wick ro-
tate the direction normal to the great circle defined by the two twist fields, thus producing
two-dimensional dS. Alternatively, we could Wick rotate the bulk theory to (2,2) signature,
thus changing the celestial sphere to a celestial torus [78,79], and producing a compact time

6 We can extend the ASA beyond the extended BMS algebra, to include diffeomorphisms of CS2, producing the
“generalized BMS algebra” [63–66]. In fact, we can extend the ASA even further, to include local Weyl rescalings
of CS2, producing the “Weyl BMS algebra” [67,68]. These larger ASAs give rise to putative celestial theories more
exotic than CFTs, so we will not consider them here.
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direction.7 We could also perform a conformal transformation from CS2 to R2, which is sim-
ply stereographic projection to the complex plane, and then Wick rotate the direction normal
to the line defined by the two twist fields. We prefer this last choice, which is conceptually
simple, and gives the single-interval EREs of the CCFT in R1,1 in a fashion similar to Cardy
and Calabrese. Though we will use this Wick rotation to interpret our results, all of the above
Hilbert spaces are isomorphic to one another, and are by assumption isomorphic to the bulk
Hilbert space, as we explained in sec. 1.1.

1.4 Summary of results

With our preferred choice of Wick rotation, we find EREs of the form in eq. (3), with

c = i
3 L2

GN
. (5)

Two features of the c in eq. (5) are particularly prominent. First, the c in eq. (5) is purely imagi-
nary, providing additional evidence that the d = 2 CCFT violates reflection positivity/unitarity.
As mentioned in sec. 1.1, this feature does not necessarily undermine holography, for instance,
purely imaginary c appears also in dS/CFT [11,12].

Second, the c in eq. (5) depends on the bulk IR cutoff, L. Such L-dependence is actually
required by dimensional analysis [42,74,82]. In the EREs of eq. (3), the coefficient of log (ℓ/ε)
must be dimensionless, and the only parameters available in the bulk theory are GN and L. (In
contrast, asymptotically AdS or dS spacetimes also have a radius of curvature/cosmological
constant.) Moreover, c comes from the on-shell bulk action, S⋆grav, which is∝ 1/GN , so we

expect c∝ L2/GN .
On one hand, such L dependence may indicate that c is unphysical. For example, L de-

pendence could be a hint that c comes from unphysical degrees of freedom that exist only on
the IR cutoff surface [83], and which might disappear after holographic renormalization. On
the other hand, such L dependence could be hinting that the number of degrees of freedom
in the d = 2 CCFT diverges, since we remove the IR cutoff by sending L→∞. Such behavior
is consistent with our experience/bias from AdS/CFT and dS/CFT, where the CFTs dual to
classical gravity are usually in an ’t Hooft large-N limit, which in d = 2 CFT means |c| →∞.

However, in d = 2 CCFT the value of c is in fact ambiguous. The reason is that the extended
BMS algebra is a semi-direct sum of supertranslations with a center-less Virasoro algebra,
and linear combinations of supertranslation and Virasoro generators produce new Virasoro
algebras with different values of c. Equivalently, the d = 2 CCFT appears to have more than one
symmetric, conserved spin-two operator [17,84,85], and as a result appears to be a logarithmic
CFT [82]. To our knowledge, two proposals for c currently appear in the literature. The first
proposal is precisely the value of c in eq. (5) [42,73,74], which ultimately comes from some
form of calculation of the bulk on-shell action. The second proposal is c = 0 [86–88], which
ultimately comes from some form of calculation of the ASA. Our results actually do not answer
the question of which c the d = 2 CCFT has—we believe that only holographic renormalization
can answer that. However, our result is consistent with previous calculations of c from the
bulk on-shell action. More importantly, our main result is the method for computing twist field
correlators from the bulk theory, based on the identification of the holographic dual to a twist
field, namely a certain type of cosmic string. Crucially, that identification is guaranteed by
symmetry, and so should survive holographic renormalization, regardless of the value of c.

To extend our method to cases that are not completely determined by symmetry, we also
consider d ≥ 2. Our bulk theory is again Einstein–Hilbert gravity with any kind of minimally-
coupled matter fields, we work in the CCFT’s conformal vacuum, dual to empty Minkowski

7For a bulk theory with (2, 2) signature, refs. [80,81] develop a model of the CCFT as a quantum error-correcting
code.
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spacetime, and we choose A to be a spherical subregion of radius ℓ. For d > 2, codimension-
two cosmic brane metric are known [89], but have conical singularities both in the bulk and
on CSd , and hence are not dual to twist fields. Furthermore, in contrast to d = 2, we cannot
obtain the appropriate cosmic brane solutions simply via a superrotation, consistent with the
fact that when d > 2, conformal transformations are non-singular.8 To obtain the appropriate
cosmic brane solutions, we borrow techniques from Casini, Huerta, and Myers (CHM) [92],
splitting the bulk spacetime into AdS and dS-sliced patches and writing the metric on each
slice as a topological black hole. Doing so allows us to obtain solutions with a bulk conical
singularity and smooth CSd , which we transform to a smooth bulk spacetime with twist field
singularities on CSd , as in d = 2.

With our preferred choice of Wick rotation, we find the expected form for the EREs of a
spherical sub-region of the conformal vacuum of a d ≥ 2 CFT: our results appear in eqs. (136)
and (140), which are the main results of this paper. These EREs include physical contributions.
In particular, for n= 1 and odd d they contain an ε-independent term, and for n= 1 and even
d they contain a log (ℓ/ε) term. In general, for CFTs the former term is∝ (−1)

d−1
2 log Z(CSd)

and the coefficient of the latter is∝ (−1)
d
2−1ad , where ad is the coefficient of the Euler density

term in the CFT’s trace anomaly [92–94]. For reflection-positive/unitary RG flows between
CFTs in d = 2,3, 4, these physical quantities obey c-theorems [95–99], suggesting that they
count dynamical degrees of freedom. Our two main results for d ≥ 2 are the following. First,
the physical contributions to ERE are all∝ i Ld/GN , where again dimensional analysis dictates
the L and GN dependence, and the factor of i suggests that d ≥ 2 CCFTs violate reflection
positivity/unitarity. Second, we find ad = 0 for d = 4 mod 4, raising the question of whether
these CCFTs have zero dynamical degrees of freedom, in the sense mentioned above. As in
d = 2, we believe that only holographic renormalization can answer this question.

To our knowledge, the only previous attempt to study CCFT entanglement appears in
ref. [73], which applied AdS/CFT and dS/CFT in different “wedges” of pure Minkowski space-
time to compute EE (not all EREs) for a spherical sub-region of the CCFT conformal vacuum
with 2 ≤ d ≤ 4. Our results agree with those of ref. [73] where they overlap, including in
particular the c in eq. (5) and a4 = 0. However, our methods are more general than those of
ref. [73]. In particular, we identify the bulk dual of a twist field, which should allow for the
calculation of more general EREs—for states besides the conformal vacuum, for sub-regions
of various shapes, for any n, for any d, and so on. Indeed, for large classes of cosmic string
solutions of the bulk theory, our method should provide holographic interpretations as corre-
lators of twist fields in CCFT, although the interpretation as EREs will depend on the choice of
Wick rotation, as mentioned above. We hope that our results will be useful for exploring the
entanglement structure of CCFTs.

This paper is organized as follows. In section 2 we review Cardy and Calabrese’s replica
trick/twist field approach to calculating EREs in d = 2 CFTs. In sec. 3, we use the superrotation
dual to the inverse uniformisation map to identify the cosmic string dual to the twist fields in
d = 2 CCFT, and we subsequently compute the single-interval EREs. The main result of that
section is eq. (68). In sec. 4 we adapt CHM’s methods to Minkowski spacetime to compute
spherical EREs of CCFTs in d ≥ 2. The main results of this paper are in eqs. (136) and (140).
In sec. 5 we conclude with a summary of our results and a discussion of questions for follow-up
research. In the appendix, we reproduce the d = 2 result of eq. (68) by extending the methods
of ref. [73] to n ̸= 1.

8The d > 2 ASA can be extended to include diffeomorphisms of CSd [90,91], which are also dubbed “superro-
tations”. As mentioned in footnote 6, we will not consider such cases.
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2 Review: Uniformisation and twist fields in CFT

In this section we review Cardy and Calabrese’s replica trick approach to the computation of
single-interval EREs in the conformal vacuum of a d = 2 CFT [56, 57]. Readers familiar with
this technique may safely skip to sec. 3.

As reviewed in sec. 1.2, for a quantum system with Hilbert space H in a state specified by
density matrix ρ, the reduced density matrix ρA of a subspace A ⊂ H is defined by tracing
over states in the subsystem’s complement, Ā: ρA = trĀρ. For integer n ≥ 2, the EREs are
then defined as

SA,n ≡
1

1− n
log trAρ

n
A , (6)

and the EE is the n→ 1 limit,

SA ≡ lim
n→1

SA,n = − trA (ρA logρA) . (7)

In a Lorentzian QFT, when ρ can be written as a path integral on a Euclidean manifold
M, when A is a spatial subregion, and when n is an integer, trAρ

n
A is proportional to the

QFT’s partition function Z(Mn) on a replica manifold Mn, consisting of n copies of M sewn
together cyclically along A by boundary conditions on the QFT’s fields. Writing eq. (6) in
terms of Z(Mn) gives

SA,n =
1

1− n
[log Z(Mn)− n log Z(M)] . (8)

In general, computing Z(Mn) is prohibitively difficult. However, for the conformal vacuum
of a CFT in R1,1, such that M = R2 or equivalently M = C, and when A is a single interval
of length ℓ (A = ℓ), such that ∂A is two points, conformal symmetry determines Z(Mn)
completely, as follows.

Let M= C have coordinates (z, z̄). The conformal vacuum’s density matrix ρ can then be
written as a path integral over half of M, say Im(z) ≤ 0, and Z(M) can be written as a path
integral over all of M. If we choose A to be an interval with endpoints at z = z1 and z = z2,
then the replica manifold Mn consists of n copies of M = C sewn together cyclically along
this interval, as depicted in figure 1 for n = 3. Conical singularities appear on Mn at z = z1
and z = z2, each of total angle 2πn.

We can compute Z(Mn) using a singular conformal transformation, namely the so-called
uniformisation map from Z(Mn) to the complex plane C, where the latter has coordinates w
and w̄:

w : Mn→ C , z 7→ w(z) =
�

z − z1

z − z2

�1/n

. (9)

The uniformisation map sends the conical singularity at z = z1 to w= 0, and sends the conical
singularity at z = z2 to w =∞, as depicted in fig. 1 for n = 3. These conical singularities ap-
pear in the metric of the complex w-plane: if M= C has metric dz dz̄, then the uniformisation
map gives

dz dz̄ = n2|z2 − z1|2
|w|2(n−1)

|wn − 1|4
dw dw̄ , (10)

where the conformal factor vanishes at w = 0 and w =∞, reflecting the conical singularities
at these points [100]. (The conformal factor in eq. (10) also diverges at wn = 1 because these
are the images of the points at infinity of the n copies of the complex z-plane.)

Under a conformal transformation z → w(z) that produces dz dz̄ = e2χ(w,w̄) dw dw̄, by
definition the Weyl anomaly means the CFT partition function transforms as Z → Z ′ where Z ′

is given by

log
�

Z ′/Z
�

= −
c

12π

∫

dw dw̄ (∂wχ ∂w̄χ − 2∂w∂w̄χ) , (11)
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z1 z2

z z z

w

Figure 1: A depiction of the replica manifold Mn for a single interval in two di-
mensions, drawn here for replica index n = 3. Each square represents a copy of the
complex planeC. These are sewn together cyclically along the interval from z = z1 to
z = z2, as indicated by the dashed blue curves. The dotted red curves show a closed
loop encircling one of the endpoints of the interval. The total angle subtended by
each loop is 2πn, indicating a conical singularity at each endpoint. We also depict
how the uniformisation map in eq. (9) sends each sheet of the replica manifold to
part of a single complex plane with coordinate w, which then has conical singularities
at the origin and infinity.

where c is the Virasoro central charge.9 Crucially, Z(M = C) is constant, or at most depends
on marginal couplings. The conformal transformation in eq. (9) and the Weyl anomaly in
eq. (11) thus completely determine Z(Mn) in terms of Z(M), and in particular fix Z(Mn)’s
dependence on z1, z2, c, and n to be

Z(Mn)∝ |z1 − z2|−(n−
1
n) c

6 . (12)

Plugging eq. (12) for Z(Mn) into eq. (8) for the EREs gives the result in eq. (3): writing
ℓ= |z1 − z2| and introducing a short-distance cutoff ε, we find

Sℓ,n =
�

1+
1
n

�

c
6

log
�

ℓ

ε

�

+ kn + . . . , (13)

where kn is a cutoff-dependent, unphysical constant and . . . represents terms that vanish as
we remove the cutoff by sending ε → 0. The n → 1 limit of eq. (13) gives the well-known
result for a d = 2 CFT’s single-interval EE [101],

Sℓ =
c
3

log
�

ℓ

ε

�

+ k1 + . . . (14)

Cardy and Calabrese actually derived the Z(Mn) in eq. (12) in a conceptually distinct but
completely equivalent way, using twist fields, as follows. Suppose we have n decoupled copies

9In eq. (11) the ∂w∂w̄χ term is a total derivative that contributes only in the presence of a boundary. We include
this term for completeness, and because in the appendix we reproduce it for the CCFT via a bulk calculation: see
eq. (A.16a).

11

https://scipost.org
https://scipost.org/SciPostPhys.19.2.042


SciPost Phys. 19, 042 (2025)

of the QFT, that is, n replicas of the QFT, on a single copy of M. Such a theory has a Zn replica
symmetry that acts by permuting the replicas. A replica symmetry twist field is then defined
by the property that QFT fields are permuted from one copy to the next as we encircle the
twist field at radial distance ε. We will denote such a twist field as Φn(z). These twist fields
are scalar Virasoro primaries neutral under all global symmetries. For more details about twist
fields see for example ref. [102], and references therein. The result for Z(Mn) in eq. (12) has
the form of a two-point function of twist fields on M, to the nth power, one power for each
replica,

Z(Mn)∝ 〈Φn(z1)Φ−n(z2)〉n , (15)

where the subscripts n and −n indicate opposite permutations, and conformal symmetry re-
quires, for twist field conformal weights hn = h̄n,

〈Φn(z1)Φ−n(z2)〉 ∝ |z1 − z2|−2(hn+h̄n) . (16)

Cardy and Calabrese determined hn = h̄n from the transformation of the stress tensor under
the uniformisation map of eq. (9), with the result

hn = h̄n =
�

1−
1
n2

�

c
24

. (17)

The Z(Mn) in eq. (15) is completely equivalent to that in eq. (12): plugging eqs. (16) and. (17)
into eq. (15) reproduces eq. (12). We thus have two equivalent methods to compute Z(Mn),
namely by computing Z(Mn) itself (the “direct approach”), or by computing a twist field cor-
relation function on M.

We can also obtain Z(Mn) for any M conformal to C, via Weyl transformation. We can
use either method above, that is, we can Weyl transform either Z(Mn) itself, as determined
by the Weyl anomaly, or the twist field two-point function, which has homogeneous Weyl
transformation. For the d = 2 CCFT, we want Z(Mn) for the (celestial) sphere M = S2,
which is conformal to C: the Weyl transformation dz dz̄ → 4(1+ zz̄/R2)−2dz dz̄ maps C to a
round sphere with radius R. In the first method, we Weyl transform from C to S2 and then
perform the uniformisation map in eq. (9), again producing singularities at w= 0 and w=∞
that are visible in the metric,

4
(1+ zz̄/R2)2

dz dz̄ = n2|z2 − z1|2
4|w|2(n−1)

(|wn − 1|2 + |z2wn − z1|2/R2)2
dw dw̄ . (18)

We then find

Z(Mn)∝
�

2R sin
�

ℓ

2R

��− c
6 (n−1/n)

, (19)

where ℓ is the great circle distance between z = z1 and z = z2, given by

R sin
�

ℓ

2R

�

=
|z1 − z2|

p

(1+ z1z̄1/R2) (1+ z2z̄2/R2)
. (20)

In the second method, we use the fact that the twist field two-point function has homogeneous
Weyl transformation, so that

〈Φn(z1)Φ−n(z2)〉=
�

2
1+ z1z̄1/R2

�−2hn
�

2
1+ z2z̄2/R2

�−2hn

|z1 − z2|−4hn (21a)

=
�

2R sin
�

ℓ

2R

��−(1−1/n2) c
6

. (21b)
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Both methods give for the EREs,

Sℓ,n =
�

1+
1
n

�

c
6

log
�

2R
ε

sin
�

ℓ

2R

��

+ kn + . . . , (22)

where ε and the kn are the same cutoff and constants as in eq. (13). In the next section,
our main goal will be to reproduce eq. (22) in the d = 2 CCFT’s conformal vacuum from
a calculation in the bulk theory, and specifically by identifying the holographic duals of the
uniformisation map and twist fields.

The case of a single interval in the d = 2 conformal vacuum is highly symmetric, such
that the EREs are completely determined by the conformal transformation in eq. (9). As a
result, the only cutoff-independent information in these ERE is the central charge c, as we
see in eqs. (13) and (22). However, practically any other case will be less symmetric and will
not be determined just by a conformal transformation, and thus will likely depend on more
detailed information than just c. For example, the case of two disjoint intervals in the d = 2
conformal vacuum can be calculated from a four-point function of twist fields, which in general
will depend on details of the CFT’s operator spectrum [103].

When d > 2 both methods for computing EREs remain available, but in general each is
more difficult to use than in d = 2. Computing Z(Mn) directly is more difficult, even for a
highly symmetric entangling surface (such as a plane or sphere) in a highly symmetric state
(such as the conformal vacuum): when d > 2 the conformal algebra is finite-dimensional, in
contrast to the Virasoro algebra, and conformal transformations are non-singular, so nothing
like the uniformisation map is available, in general. Computing Z(Mn) using twist fields is
more difficult because twist fields are always codimension two, so when d > 2 they are no
longer local operators. As a result, their correlation functions are more difficult to calculate,
and are sensitive to more details of the CFT, such as higher-point functions of the stress-energy
tensor [104]. In sec. 4, we discuss difficulties involved with cosmic branes dual to CCFT twist
fields when d > 2, which is why we instead adapt CHM’s methods to Minkowski spacetime to
compute EREs when d > 2.

3 Holographic calculation of CCFT EREs: d = 2

3.1 Holographic duals of uniformisation and twist fields

In this section we focus on d = 2 and identify the superrotation dual to the uniformisation
map in eq. (9), and subsequently identify the cosmic string dual to twist fields.

Throughout the paper we will use many different coordinate systems. To establish our
conventions, we begin with a brief review of the 4-dimensional Minkowski metric written in
three different coordinate systems.

First is spherical coordinates, (ts, rs,θs,φs) (the subscript “s” stands for “spherical”, as in
ref. [105]), where ts ∈ (−∞,∞), rs ∈ [0,∞), θs ∈ [0,π], and φs ∈ [0, 2π], and where the
4-dimensional Minkowski metric is

ds2 = −dt2
s + dr2

s + r2
s

�

dθ2
s + sin2 θs dφ2

s

�

. (23)

In spherical coordinates, we approach a generic point at future null infinity, I+, by sending
rs →∞ with (ts − rs,θs,φs) fixed, and we approach a generic point at past null infinity, I−,
by sending rs→∞ with (ts + rs,θs,φs) fixed.

Second is retarded Eddington–Finkelstein coordinates, (us, rs,θs,φs), where the retarded
and advanced times are defined as, respectively,

us ≡ ts − rs , vs ≡ ts + rs , (24)
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and hence us ∈ (−∞,∞) and vs ∈ (−∞,∞). In retarded Eddington–Finkelstein coordi-
nates, the 4-dimensional Minkowski metric is

ds2 = −du2
s − 2dus drs + r2

s

�

dθ2
s + sin2 θs dφ2

s

�

. (25)

We will also use stereographic coordinates on the sphere: upon switching to zs ≡ e−iφs tanθs/2
where zs ∈ C, the metric in eq. (25) becomes

ds2 = −dt2
s + dr2

s + r2
s

4 dzs dz̄s

(1+ zsz̄s)
2 . (26)

In retarded Eddington–Finkelstein coordinates, we approach a generic point at I+ by sending
vs →∞ with (us, zs, z̄s) fixed, and we approach a generic point at I− by sending us → −∞
with (vs, zs, z̄s) fixed.

Third is “flat slicing” coordinates, (U , V, w, w̄), defined from spherical coordinates as

U ≡
t2
s − r2

s

ts + rs cosθs
, V ≡ ts + rs cosθs , w≡

rs sinθs

ts + rs cosθs
eiφs , (27)

so that U ∈ (−∞,∞), V ∈ (−∞,∞), and w ∈ C. In flat slicing coordinates, the 4-
dimensional Minkowski metric is

ds2 = −dUdV + V 2dw dw , (28)

which is a flat slicing of Minkowski spacetime in w and w̄, hence the name. In flat slicing
coordinates, we approach a generic point at I± by sending V → ±∞ with (U , w, w) fixed.10

We will also need the metric of the complex w-plane in polar coordinates: writing w ≡Weiφs

with W ∈ R, the metric is given by

ds2 = −dUdV + V 2
�

dW 2 +W 2dφ2
s

�

. (29)

In what follows, two properties of flat slicing coordinates will be particularly useful to us.
First, flat slicing coordinates preserve the product of retarded and advanced times:

UV = t2
s − r2

s = (ts − rs)(ts + rs) = usvs . (30)

Second, flat slicing coordinates automatically incorporate an antipodal matching between I+
and I− at the point where they meet, namely at spatial infinity, rs → ∞ with (ts,θs,φs)
fixed. This antipodal matching is necessary to define a unique ASA that acts on scattering
amplitudes [1]. At leading order near I+,

w= tan
�

θs

2

�

eiφs , (31)

while at leading order near I−,

w= tan
�

π− θs

2

�

ei(φs+π) . (32)

Comparing eqs. (31) and (32), we see that a point (θs,φs) on the celestial sphere at I+ and
the antipodal point (π − θs,φs + π) on the celestial sphere at I− give the same value of w.

10We can also approach the south pole of the celestial sphere at I+ by sending rs → ∞ and θs → π with
(ts − rs, rs sinθs) fixed, or in flat slicing coordinates, U →∞ with (V, w, w) fixed. Similarly, we can approach the
north pole of the celestial sphere at I− by sending U →−∞ with (V, w, w) fixed. We mention these limits only for
completeness. We will not need them in what follows.
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The flat slicing coordinates thus automatically incorporate the antipodal matching between I+
and I− at spatial infinity, as advertised. We will therefore not explicitly mention the antipodal
matching in what follows.

For a 4-dimensional spacetime describing an uncharged, static, straight cosmic string, the
metric has the same form as eq. (23), (25), or (29), but with the replacement dφ2

s → K2 dφ2
s ,

where K is determined by the string’s tension, µ, as K = 1 − 4µGN , where K ̸= 0 or 1, or
equivalently µ ̸= 0 or 1/4GN . If we maintainφs ’s periodicity asφs ∼ φs+2π, then introducing
K ̸= 0 or 1 introduces an angular deficit (K < 1) or excess (K > 1). Replacing dφ2

s → K2 dφ2
s

in eq. (25) gives
ds2 = −du2

s − 2 dus drs + r2
s

�

dθ2
s + K2 sin2 θs dφ2

s

�

. (33)

The metric in eq. (33) is not asymptotically flat, but is asymptotically locally flat, in the sense
of Bondi, because an asymptotic coordinate transformation from (us, rs,θs,φs) to Bondi coor-
dinates (û, r̂, θ̂ , φ̂) exists such that the asymptotic metric as r̂ →∞ is locally Minkowski, and
the subleading terms have a non-vanishing shear tensor that is singular at the string’s loca-
tion [106]. This coordinate transformation is not a globally well defined BMS transformation,
and so was named a finite superrotation in refs. [69,107].

Equivalently, we can perform a superrotation of the Minkowski metric, characterised by a
local meromorphic function, that produces an exact metric (not just asymptotic) with a bulk
conical deficit or excess, that is, a metric describing a cosmic string [107]. We will now review
such superrotations, which will allow us to identify the superrotation holographically dual to
the uniformisation map in eq. (9).

In principle, we can write a finite superrotation using any coordinates. We will use
the closed-form expression in ref. [105] (see also ref. [108] and [109]), who start with
retarded Eddington–Finkelstein coordinates (us, rs, zs, z̄s), transform to flat slicing coordi-
nates (U , V, w, w̄), and then write a finite superrotation as a coordinate transformation
(U , V, w, w̄)→ (u, r, z, z̄) characterized by a meromorphic function Z(z) as follows [105]:

V ≡
∂z∂z̄X

Z ′ Z̄ ′
+

√

√

√4r2 − Y
(∂uX )2

+
(Z ′′∂zX − Z ′∂ 2

z X )(Z̄ ′′∂z̄X − Z̄ ′∂ 2
z̄ X )

Z ′3 Z̄ ′3
, (34a)

U ≡ X −
∂zX∂z̄X

Z ′ Z̄ ′V
, (34b)

w≡ Z −
∂z̄X

Z̄ ′V
, (34c)

where Z ′ ≡ ∂z Z(z), Z̄ ′ ≡ ∂z̄ Z̄(z̄), and

X ≡ u(1+ zz̄)
Æ

Z ′(z)Z̄ ′(z̄) , Y ≡
u2

4
(1+ zz̄)4{Z , z}{Z̄ , z̄} , (35)

and where {Z , z} ≡ Z ′′′(z)
Z ′(z) −

3
2

�

Z ′′(z)
Z ′(z)

�2
is the Schwarzian derivative. The finite superrotation

transforms the flat slicing metric in eq. (28) to a retarded Newman–Unti form,

ds2 = −du2 − 2du dr +

�

4r2

(1+ zz̄)2
+

1
4

u2(1+ zz̄)2{Z , z}{Z̄ , z̄}
�

dz dz̄

− ur
�

{Z , z}dz2 + {Z̄ , z̄}dz̄2
�

.

(36)

In the coordinates (u, r, z, z̄), we approach a generic point on I+ by taking r →∞with (u, z, z̄)
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fixed. At leading order in that limit, eq. (34) approaches

V =
2r

(1+ zz̄)
p

Z ′ Z̄ ′
+O(r0) , (37a)

U = u(1+ zz̄)
p

Z ′ Z̄ ′ +O(r−1) , (37b)

w= Z +O(r−1) . (37c)

Eq. (37c) shows that, asymptotically, a finite superrotation acts as a meromorphic map from
the complex z-plane to the complex w-plane. Indeed, finite superrotations are defined to act
asymptotically as a combination of a conformal transformation of the celestial sphere CS2 and
a compensating Weyl transformation that restores the round sphere metric on CS2. We will
define the CS2 metric as limr→∞ ds2/r2, in which case eq. (36) shows that any superrotation
preserves CS2’s round sphere metric, 4dz dz̄/(1+ zz̄)2. Finite superrotations also preserve the
product of retarded and advanced times: eq. (34) preserves UV = uv.

To be clear, the coordinates (u, r, z, z̄) in the superrotated metric in eq. (36) are in general
different from the coordinates (us, rs, zs, z̄s) in the Minkowski metric in eq. (26). To see why,
compare for example U , V , and w in eq. (27) to those in eq. (37). Only for the identity map,
Z(z) = z, do we find (u, r, z, z̄) = (us, rs, zs, z̄s). For any other Z(z), these two coordinate sys-
tems will be different. However, a subset of superrotations act as isometries of the Minkowski
metric, namely the Lorentz transformations, given by SL(2,C) transformations,

Z(z) =
az + b
cz + d

, (38)

with a, b, c, d ∈ C and ad − bc = 1. By definition, the Schwarzian derivative vanishes for
SL(2,C) transformations, in which case the superrotated metric in eq. (36) clearly has the
form of the Minkowski metric in eq. (26).

A superrotation with Z(z) = zK , where K ̸= 0 or 1, converts Minkowski spacetime to a
spacetime with an uncharged, straight, static cosmic string [69, 110]. Following ref. [111],
Strominger and Zhiboedov showed this in ref. [69] by converting the cosmic string metric in
eq. (33) to Newman–Unti form with stereographic coordinates, and compared to the super-
rotated metric in eq. (36) with Z(z) = zK , finding that the two metrics had identical shear
tensors. More intuitively, plugging Z(z) = zK into eq. (37c) gives w = zK asymptotically, and
writing this as w = |z|K eiKφs shows that K ̸= 0 or 1 produces an angular deficit or excess in
φs, as expected for a cosmic string. In particular, in Cartesian coordinates (ts, x1, x2, x3), the
superrotation with Z(z) = zK produces a spacetime with a static cosmic string along x3, whose
endpoints reach CS2 at θs = 0 and θs = π, or equivalently z = 0 and z =∞, corresponding
to CS2’s north and south poles, respectively.

Now consider the finite superrotation with the same meromorphic function as the uni-
formisation map in eq. (9),

Z(z) =
�

z − z1

z − z2

�1/n

. (39)

Like the superrotation with Z(z) = zK , a superrotation with the Z(z) in eq. (39) converts
Minkowski spacetime to a spacetime with an uncharged, straight cosmic string, but now
K = 1/n and the cosmic string’s endpoints reach CS2 at z = z1 and z = z2. To see why,
observe that we can go from Z(z) = zK to the Z(z) in eq. (39) by choosing K = 1/n and
sending

z→
z − z1

z − z2
, (40)

which is an SL(2,C) transformation of the form in eq. (38), with a = c ̸= 0, b/a = −z1, and
d/a = −z2, such that ad − bc = 1 implies z1 − z2 = 1/(ac). In other words, we can start with
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a cosmic string with K = 1/n extended along x3, which intersects CS2 at z = 0 and z =∞,
and then perform a rotation and/or Lorentz boost to obtain a cosmic string which intersects
CS2 at z = z1 and z = z2, with z1− z2 = 1/(ac). Equating K = 1/n and K = 1−4µGN , we find
that such a cosmic string has tension

µ=
n− 1

n
1

4 GN
. (41)

Plugging the Z(z) in eq. (39) into eq. (36) gives the metric of the spacetime with the cosmic
string in retarded Newman–Unti gauge,

ds2 = −du2 − 2du dr +

�

4r2

(1+ zz̄)2
+ u2 (n

2 − 1)2

16n4

|z2 − z1|4

|z − z1|4|z − z2|4
(1+ zz̄)2
�

dz dz̄

− ur
(n2 − 1)

2n2

�

(z2 − z1)2

(z − z1)2(z − z2)2
dz2 +

(z̄2 − z̄1)2

(z̄ − z̄1)2(z̄ − z̄2)2
dz̄2

�

.

(42)

The metric in eq. (42) has a conical singularity in the bulk, of deficit/excess angle 2π(1−n−1),
while CS2 still has the round metric, 4dz dz̄/(1 + zz̄)2, as with any finite superrotation. We
thus identify the bulk theory with the metric in eq. (42) as the holographic dual of the CCFT
on a single sheet of the replica manifold, or in other words on the complex z-plane of sec. 2,
and the cosmic string as the holographic dual of the twist fields. By implication, we identify
the bulk theory with the flat slicing metric in eq. (28) as the holographic dual of the CCFT
on the uniformised complex w-plane. What, then, is the holographic dual of the CCFT on the
replica manifold, Mn = CS2

n? As explained in detail for example in ref. [71], in the metric in
eq. (42) we can extend the angular coordinate wrapping around the cosmic string to remove
the conical singularity in the bulk, transforming the bulk metric to Minkowski. However, doing
so produces conical singularities on the celestial sphere at z = z1 and z = z2 with total angle
2πn, matching the expected conical singularities of the replica manifold. We therefore identify
the bulk theory with that metric as the holographic dual of the CCFT on Mn = CS2

n.
Our story so far parallels that of Cardy and Calabrese, as reviewed in sec. 2. Our story also

closely parallels that in AdS/CFT with d = 2. In that case, we can compute the bulk theory’s
partition function either using an asymptotically-AdS3 spacetime with a cosmic string, with
precisely the same tension as in eq. (41), dual to the CFT on a single sheet of the replica
manifold [70], or in AdS3 in Poincaré slicing coordinates with a non-trivial cutoff surface,
dual to the CFT on the uniformised plane [100]. In the latter case, the non-trivial cutoff
surface implements the conformal factor in eq. (10). However, despite these similarities, some
subtleties appear to be specific to asymptotically flat spacetimes, as we will see in our explicit
calculation of EREs in the next subsection.

3.2 Setup of holographic calculation

In this section we use the results of sec. 3.1 to compute Sℓ,n, the EREs of a single interval of
length ℓ, in the d = 2 CCFT. We will find the form expected for a d = 2 CFT on a round sphere,
eq. (22), with the central charge in eq. (5).

As mentioned in sec. 1.3, we follow refs. [15,16,72], and assume that the CCFT and bulk
partition functions are equal,

ZCCFT(Mn)
!
= Zgrav(n) , (43)

where ZCCFT(Mn) denotes the CCFT partition function on the replica manifold Mn and
Zgrav(n) denotes the bulk theory’s partition function on a spacetime with Mn as its “celes-
tial sphere”. As also mentioned in sec. 1.3, for practical purposes, to compute Zgrav(n) we take
a semiclassical limit, as follows. We assume that the bulk theory has a classical action, Sgrav,
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consisting of the Einstein–Hilbert action, possibly plus minimally-coupled matter fields, and
boundary terms that guarantee a well-posed variational principle. Denoting by S⋆grav(n) the
bulk theory’s action evaluated on the solution with replica index n, the semiclassical limit is
the leading saddle point approximation,

Zgrav(n)≈ eiS⋆grav(n) . (44)

Plugging eq. (44) into the holographic relation eq. (43) gives ZCCFT(Mn) ≈ eiS⋆grav(n), and
plugging that into eq. (8) gives for the EREs

SA,n =
i

1− n

�

S⋆grav(n)− nS⋆grav(1)
�

. (45)

To compute SA,n holographically, using the bulk theory, we thus need to compute S⋆grav(n). We
will do so using a method that closely follows that in AdS/CFT [70,112]. We start by assuming
that the replica symmetry is unbroken, which allows us to write S⋆grav(n) = nŜ⋆grav(n), where we

think of Ŝ⋆grav(n) as the on-shell action of the bulk dual to a single sheet of the replica manifold.
Eq. (45) then becomes

SA,n =
in

1− n

�

Ŝ⋆grav(n)− Ŝ⋆grav(1)
�

. (46)

To compute SA,n holographically, we now need to compute Ŝ⋆grav(n). Actually, because in the
replica trick we analytically continue in n, eq. (46) implies the following differential equation
for the EREs [70],

∂n

�

n− 1
n

SA,n

�

= −i∂nŜ⋆grav(n) . (47)

To compute SA,n holographically, we now need to compute ∂nŜ⋆grav(n) and then integrate in n,
with the boundary condition that the n→ 1 limit is finite in n.

To compute ∂nŜ⋆grav(n), we need a bulk spacetime metric describing a conical singularity of
opening angle 2π/n for each twist field, that is, we need a bulk spacetime metric describing a
cosmic string. In principle, we can write the cosmic string metric using any of the coordinates
reviewed in sec. 3.1, however we will start with coordinates simpler than any in sec. 3.1,
namely cylindrical coordinates (t, a, b,φ), where t is a time coordinate, a is the coordinate
along the cosmic string’s axis, and b andφ are the radial and angular coordinates, respectively,
in the plane perpendicular to the cosmic string. The cosmic string metric then has the form

ds2 = −dt2 + da2 + db2 +
b2

n2
dφ2 . (48)

If we chose φ ∼ φ + 2πn, then eq. (48) would be the metric of Minkowski spacetime. We
choose φ ∼ φ + 2π, so that our desired conical singularity appears at b = 0. We need to reg-
ularise the conical singularity. We do so simply by cutting out a small tube of radius δ around
the conical singularity, that is, we restrict to b ≥ δ, such that the near-cosmic string limit is
δ → 0. Treating an infinitesimal change of n as a small variation of the metric, Ŝ⋆grav(n) will
change only by boundary terms. Imposing boundary conditions that the bulk metric is fixed at
the holographic boundary, the only boundary contributions come from the tube regularising
the conical singularity, b = δ, of the form [70,112]

∂nŜ⋆grav(n) = −
1

16πGN

∫

b=δ
d3 x⃗
p

−γNµ
�

∇ν∂n gµν − gνρ∇µ∂n gνρ
�

, (49)

where x⃗ denotes the coordinates along the regulator tube, γ denotes the determinant of the
regulator tube’s induced metric, Nµ with µ ∈ {0,1, 2,3} denotes the unit vector normal to the
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regulator tube, pointing out from the tube into the bulk spacetime, gµν denotes the bulk space-
time metric, and ∇µ denotes gµν’s Levi-Civita connection.11 Plugging the metric in eq. (48)
into eq. (49) gives

∂nŜ⋆grav(n) = −
1
n2

1
8πGN

Aδ
δ

, (50)

where Aδ denotes the surface area of the regulator tube. For a straight cylinder of radius δ
in flat space, Aδ ∝ δ. If such a cylinder has finite length, then Aδ/δ is finite in the limit
δ→ 0. We may thus be tempted to take the δ→ 0 limit of eq. (50), which, after performing
the integral over φ, would give

∂nŜ⋆grav(n)
?
= −

1
n2

Astring

4GN
, (51)

where Astring is the area of the cosmic string’s worldsheet. Indeed, that is precisely the proce-
dure in the analogous calculation in AdS/CFT [70]. However, we must be more careful. Our
regulator tube is infinite in extent, and in particular reaches I±, so we need another cutoff sur-
face somewhere near I±. Crucially, the near-string and near-I± limits do not commute [71],
so we should maintain non-zero δ until we have properly implemented this latter cutoff. In-
deed, if we naïvely evaluate eq. (51) then we find that Sℓ,n is independent of n, as we explain
in the next subsection, around eq. (72). Such n-independence can occur in principle, an exam-
ple being “fixed-area” states [113,114]. However, in what follows we will use three different
holographic methods to obtain the EREs, and in each case we find n dependence of the usual
form in eq. (22).12 In the next subsection we present the first of these three methods, which
uses the results of sec. 3.1 for the superrotation dual to the uniformisation map.

All of our statements in this section generalise straightforwardly to otherA, or equivalently,
to cases with more than two twist fields. What changes in these more general cases? The
essential change is that the bulk spacetime will have more than one cosmic string. As a result,
formally eqs. (43) to (47) will remain the same, but eq. (48) will only be the form of the metric
near each cosmic string, and eqs. (49) to (51) will involve sums over all of the cosmic strings
in the bulk spacetime.

3.3 Holographic calculation

In this subsection we evaluate ∂nŜ⋆grav(n) in eq. (49). As mentioned above, we will need multi-
ple cutoffs in addition to the near-string cutoff δ. To implement these cutoffs, we change from
the cylindrical coordinates in eq. (48) to coordinates (U , V, W, W ) similar to the flat slicing
coordinates of eq. (27), namely we define

U ≡
t2 − a2 − b2

t + a
, V ≡ t + a , W ≡

b
|t + a|

. (52)

The metric in eq. (48) becomes in these coordinates

ds2 = −dU dV + V 2

�

dW 2 +
W 2

n2
dφ2

�

, (53)

11We assume that boundary terms on any cutoff surfaces do not contribute to the right-hand side of eq. (49).
This should be guaranteed by the fact that the metrics with and without conical singularities obey the same bound-
ary conditions [112], although that statement is difficult to make precise without a well-developed holographic
renormalisation procedure for null boundaries.

12Moreover, an alternative prescription to evaluate ∂nŜ⋆grav in eq. (47) appears in ref. [115], which does not
require the cutoff δ. The prescription of ref. [115] involves cutting open the bulk spacetime and replacing the
conical singularity with a corner where the two boundaries created by the cut meet. The only non-zero contribution
to Ŝ⋆grav(n), for integer n, then comes from the variation of a Hayward corner term, with no need for the cutoff δ.
We believe the prescription of ref. [115] would also produce the EREs in eq. (22), with the usual n dependence,
although we have not checked this explicitly.
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which is in fact equivalent to the metric in flat slicing coordinates, eq. (28), but with
w = Weiφ/n. In other words, we can obtain the metric in eq. (53) by a Zn orbifiold of the
flat slicing metric in eq. (28).

We have introduced many different coordinate systems and metrics, so in fig. 2 we sum-
marise the relationships between three of the most important. First, at the top of fig. 2, is the
generic superrotated metric in eq. (36), in (u, r, z, z̄) coordinates, and in which we imagine
using the superrotation dual to the uniformisation map, obtaining the metric in eq. (42). As
mentioned below eq. (42), we can remove the bulk conical singularity at the cost of intro-
ducing conical singularities on the celestial sphere. We identify the latter spacetime as the
holographic dual to the d = 2 CCFT on the replica manifold, as shown in the top row of fig. 2.
The middle row of fig. 2 shows the flat slicing metric of eq. (28), in (U , V, w, w̄) coordinates,
which in this context we imagine obtaining from the superrotated metric via the inverse uni-
formisation map. The conical singularities on the celestial sphere map to singularities at w= 0
and w =∞, encoded in the singular conformal factor of the sphere’s metric, eq. (18). We
will reproduce this singular conformal factor holographically below: see eq. (61). The bottom
row of fig. 2 shows the metric in eq. (53), obtained from the flat slicing metric by a Zn orb-
ifold. The celestial sphere is mapped to a single segment with apparent conical singularities
at W = 0 and W =∞, which are canceled by the singular conformal factor of the celestial
sphere’s metric, producing a smooth geometry.

Plugging the metric in eq. (53) into eq. (49) and performing the trivial integration over φ
gives

∂nŜ⋆grav(n) = −
1
n2

1
8GN

∫

dU dV . (54)

The integral in eq. (54) diverges because U ∈ (−∞,∞) and V ∈ (−∞,∞). More intuitively,
the integral in eq. (54) diverges because the cosmic string reaches I±, and also because it is
static, and so extends over all time. Each of these limits requires a cutoff. Such behavior is
not unique to a cosmic string spacetime. Indeed, generically celestial holography requires two
cutoffs for practically any calculation because the celestial sphere is codimension two with
respect to the bulk—in contrast to AdS/CFT, which requires only one cutoff because the AdS
boundary is codimension one.

We cutoff U by imposing
|UV | ≤ L2 , (55)

with some large value of L. In other words, our U cutoff depends on V as |U | ≤ L2/|V |. We
choose this primarily for simplicity, especially when comparing to other cases. For instance,
the coordinate transformations in sec. (3.1) and in this section preserve UV = uv, hence this
cutoff is easy to translate between coordinate systems. In fact, our U cutoff is identical to that
of ref. [42], which was a cutoff on Milne time, and is a special case of the cutoffs in ref. [73]:
in terms of their cutoffs η∞ and r∞, we choose η∞ = L and r∞ = L.

Our cutoff on V is more complicated, and requires two ingredients. The first ingredient is
a near-string cutoff. In the coordinates of eq. (52), the cosmic string is at W = 0. We thus cut
out a tube around the cosmic string, that is, we impose W >W0 for some small function W0.
We can in principle choose any W0. We will see below that the physical information contained
in Sℓ,n depends only on W0’s behaviour near I±. To be concrete, we will use our cylindrical
cutoff b ≥ δ, which via eq. (52) gives

W0(V ) = δ|V |−1 . (56)

Our choice of W0 has several advantages, as we will see. For example, the |V |−1 in eq. (56)
will cancel against the V 2 in the metric of eq. (53). Without that, our near-string cutoff would
shrink to zero radius at V = 0 and expand to infinite radius at I±.
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Bulk spacetime Celestial sphere

Superrotated spacetime:

ds2=−du2− 2du dr− ru
(
{Z, z}dz2+ c.c.

)

+
[

4r2

(1+zz̄)2
+ u2(1+zz̄)2

4 |{Z, z}|2
]
dz dz̄

No bulk conical singularity

Replica manifold:

z1 z2

z

z1 z2

z

z1 z2

z

Conical singularity, total angle 2πn

Superrotation Z(z) =
(
z−z1
z−z2

)1/n
Uniformisation map w =

(
z−z1
z−z2

)1/n

Minkowski space in flat slicing:

ds2 = −dU dV + V 2dw dw̄

No bulk conical singularity

Singular cutoff surface

Complex plane:

w

Singular conformal factor

Orbifold by Zn Orbifold by replica symmetry

Cosmic string:

ds2 = −dU dV + V 2
(
dW 2 + W 2

n2 dϕ
2
)

Bulk conical singularity, total angle 2π/n

Singular cutoff surface

Segment of complex plane:

w

Singular conformal factor
cancels conical singularities

Figure 2: The relationships among the three most important geometries in our holo-
graphic calculation of single interval ERE’s in d = 2 CCFT. The top row on the left
shows the superrotated metric of eq. (36), in (u, r, z, z̄) coordinates. The top row on
the right shows that, for the superrotation dual to the uniformisation map in eq. (39),
we can remove the bulk conical singularity at the cost of producing singularities on
the celestial sphere, which we then identify as the replica manifold, as mentioned
below eq. (42). The middle row on the left shows the Minkowski metric in flat slic-
ing, eq. (28), in (U , V, w, w̄) coordinates. The middle row on the right shows how, if
we obtain this from the first row via the inverse uniformisation map, then the singu-
larities on the celestial sphere map to w= 0 and w=∞, as encoded in the sphere’s
singular conformal factor in eq. (18). The bottom row on the left shows the metric
in eq. (53), obtained from that in the middle row by a Zn orbifold which eliminates
the conical singularities.
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The second ingredient for our V cutoff is a near-I± cutoff. We choose

V ≤
2rc

(1+ zz̄)
p

Z ′ Z̄ ′
, (57)

for some large distance rc . For the superrotation dual to the uniformisation map, eq. (39),
eq. (57) becomes

V ≤
2n|z2 − z1||w|n−1rc

|wn − 1|2 + |z2wn − z1|2
, (58)

where again w=Weiφ/n.
The motivation for this choice is as follows. At fixed (u, z, z̄) and large r, eq. (37a) implies

that the cutoff in eq. (57) is equivalent to a large-r cutoff,

r ≤ rc , (59)

in the Newman-Unti gauge used in eq. (42). Because of this, the induced metric on the near-I±
cutoff surface is

ds2
rc
= r2

c
4n2|z2 − z1|2|w|2(n−1)

(|wn − 1|2 + |z2wn − z1|2)
2 dw dw̄+O(rc) . (60)

Extracting the metric on the celestial sphere as ds2
CS2 ≡ limrc→∞(ds2

rc
/r2

c ) then gives

ds2
CS2 =

4n2|z2 − z1|2|w|2(n−1)

(|wn − 1|2 + |z2wn − z1|2)
2 dw dw̄ , (61)

which is precisely the metric of a uniformised sphere, eq. (18), with unit radius, R = 1. Of
course this had to be the case: in the coordinate system of eq. (42), away from z = z1 or z = z2
the induced metric on a cutoff surface at r = rc is r2

c times that of a unit-radius round sphere,
and from the asymptotics of the superrotation in eq. (37), at large r the transformation from
the z to the w coordinate system is the uniformisation map.

For fixed r and close to singularities of the uniformistation map, z = z1 or z = z2, the
terms neglected terms in the asymptoptic superrotation of eq. (37) can become comparable
to or larger than the leading-order large-r term. As a result, the cutoff in eq. (58) deviates
from a constant r ≤ rc cutoff close to z = z1 or z = z2. This makes sense: the metric on a
constant r surface in the Newman-Unti coordinates deviates from that of a round sphere close
to singularities of the superrotation [71]. The fact that we recover the expected uniformised
sphere metric in eq. (61) tells us that our near-I± cutoff is precisely right to give the round
sphere metric in the (u, r, z, z̄) coordinates

Fig. 3 depicts the near-string cutoff in eq. (56) and the near-I± cutoff in eq. (58), in both
the (U , V, W, W ) coordinates (fig. 3a) and in retarded Newman–Unti coordinates (fig. 3b). The
latter is obtained via the coordinate change in eq. (27), and hopefully provides a more intuitive
picture of these cutoffs.

By combining the near-string and near-I± cutoffs, we obtain cutoffs on V , as fol-
lows. Fig. 3a shows that the near-I± cutoff in eq. (58) intersects the near-string cutoff
W0(V ) = δ|V |−1 twice, at small and large V . We denote these intersections as Vmin and Vmax,
respectively. These two intersections occur close to the two endpoints of the string on I±, at
W = 0 and W =∞. Plugging W = δ|V |−1 into eq. (58) then defines our cutoff on V : we
integrate over the range Vmin ≤ |V | ≤ Vmax, where

Vmin ≡
�

1+ |z2|2

2n|z2 − z1|
δn+1

rc

�1/n

, Vmax ≡
�

2n|z2 − z1|
1+ |z1|2

δn−1rc

�1/n

. (62)
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0 δ
0

Vmax

Vmin

W |V |

|V |

(a) In flat slicing.

θs = 0

θs = π

θs

rs

(b) In spherical slicing.

Figure 3: (a) Cartoon of the cutoff surfaces in the (U , V, W, W ) coordinates at con-
stant U , in the plane of W |V | and |V |. The cosmic string/conical singularity is the
vertical line at W = 0, or equivalently W |V | = 0. The vertical blue line is our near-
string cutoff in eq. (56), W |V | = δ. The dashed red curve is our near-I± cutoff in
eq. (57). We have shaded grey the regions of spacetime removed by the cutoffs. The
two cutoff surfaces meet at two different values of V , labeled Vmin and Vmax, which set
the limits on the V integration in eq. (54). (b) Cartoon of the cutoff surfaces in the re-
tarded Eddington–Finkelstein coordinates (us, rs,θs,φs), obtained from (U , V, W, W )
coordinates via eq. (27). The black circle represents the celestial sphere at rs→∞ at
fixed u. The thick, vertical, solid black line represents the cosmic string/conical sin-
gularity. The blue cylinder surrounding the cosmic string represents the near-string
cutoff, located at rs sinθs = δ in these coordinates. The dashed red curve represents
the near-I± cutoff.

Eq. (62) allows us to relate the near-string cutoff δ to the CCFT near-twist field cutoff ε,
reviewed in sec. 2, as follows. The Vmin and Vmax in eq. (62) correspond to

W0(Vmin) =

�

1+ |z2|2

2|z2 − z1|
δ

nrc

�−1/n

, W0(Vmax) =

�

1+ |z1|2

2|z2 − z1|
δ

nrc

�1/n

, (63)

which provide large- and small-W cutoffs, respectively. To determine ε, we calculate the dis-
tance between a twist field insertion and the corresponding cutoff from eq. (63). Under the
uniformisation map the twist field insertion at z1 is mapped to W = 0. Using the celestial
sphere metric in eq. (61), the distance between the twist field insertion at W = 0 and the
small-W cutoff at W =W0(Vmax)≪ 1 is

2n|z2 − z1|
1+ |z1|2

∫ W0(Vmax)

0

dW W n−1 =
2|z2 − z1|
1+ |z1|2

W0(Vmax)
n =

δ

nrc
. (64a)

Analogously, under the uniformisation map the twist field insertion at z2 is mapped to W =∞,
and the distance between the large-W cutoff at W =W0(Vmin)≫ 1 and the twist field insertion
at W =∞ is

2n|z2 − z1|
1+ |z2|2

∫ ∞

W0(Vmin)
dW W−(n+1) =

2|z2 − z1|
1+ |z2|2

W0(Vmin)
−n =

δ

nrc
. (64b)
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We thus identify the holographic dual of the CCFT’s near-twist field cutoff as

ε≡
δ

nrc
, (65)

which is small both because δ is small and because rc is large. We will choose δ and rc such
that ε is independent of n, as in Cardy and Calabrese’s calculation of sec. 2. However, we
will argue below that choosing δ and rc to be independent of n, so that eq. (65) then implies
ε∝ 1/n, does not affect the physical information contained in Sℓ,n.

Having fixed the cutoffs on U and V , we now evaluate the integrals in eq. (54). The regions
with positive and negative V contribute equally, so that

∂nŜ⋆grav(n) = −
1
n2

1
4GN

∫ Vmax

Vmin

dV

∫ L2/V

−L2/V
dU (66a)

= −
1
n2

1
4GN

∫ Vmax

Vmin

dV
2L2

V
(66b)

= −
1
n2

L2

2GN
log (Vmax/Vmin) (66c)

= −
1
n3

L2

GN
log

�

2
ε

|z2 − z1|
p

(1+ |z1|2) (1+ |z2|2)

�

. (66d)

Writing eq. (66d) in terms of ℓ, the great circle distance on the unit-radius sphere in eq. (20),
then gives

∂nŜ⋆grav(n) = −
1
n3

L2

GN
log
�

2
ε

sin
�

ℓ

2

��

. (67)

We now plug eq. (67) into eq. (47) and solve the resulting differential equation with the initial
condition that the ERE has a finite n→ 1 limit. Choosing the cutoffs δ and rc such that ε is
independent of n, as mentioned above, the solution is

Sℓ,n =
�

1+
1
n

�

i L2

2GN
log
�

2
ε

sin
�

ℓ

2

��

, (68)

which is the main result of this section. Eq. (68) has the form of the single-interval EREs of
a CFT on a sphere of unit radius in eq. (22), where our regularisation scheme has set the
scheme-dependent constants to kn = 0, and where we identify the central charge as

c = i
3 L2

GN
, (69)

whose interpretation we discussed in sec. 1.4.
As a check, the n→ 1 limit of eq. (68) gives the EE,

Sℓ =
i L2

GN
log
�

2
ε

sin
�

ℓ

2

��

, (70)

which agrees with that of ref. [73], computed using the wedge holography formalism [116–
118] and the Ryu–Takayanagi prescription [119, 120]. To be specific, our result for the EE in
eq. (70) is equal to the sum of contributions to EE from the different wedges of Minkowski
spacetime computed in ref. [73], with appropriate identification of cutoffs (including η∞ = L
and r∞ = L, as mentioned below eq. (55)).

We end this section with three crucial questions about our cutoffs. First, how does our
result, eq. (68), depend on our choice of the near-string cutoff W0 in eq. (56)? Second, how
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does our result depend on the possible n dependence of ε in eq. (65)? Third, if we used
coordinates different from (U , V, W, W ) in eq. (52), then what cutoffs would we need? We will
address each of these in turn.

How does our result for Sℓ,n in eq. (68) depend on our choice of W0? The physical infor-
mation contained in our Sℓ,n, namely the logarithm, depends only on the fact that W0∝ |V |−1

near I±. We see so explicitly in the integral over V in eq. (66b), which depends only on Vmin
and Vmin, defined by the intersection of W0 with the near-I± cutoff. Moreover, eqs. (64a)
and (64b) are the same only because W0 ∝ |V |−1 near I±, thus allowing us to identify the
same cutoff, ε near each twist field. In other words, any other behaviour of W0 near I± would
produce two different cutoffs near the two twist fields. In short, W0 can have any behaviour
away from I±, for example W0 could depend on both U and V , or not be∝ |V |−1 elsewhere,
but as long as W0∝ |V |−1 near I±, the physical information in eq. (68) will be unchanged.

How does our result depend on the possible n dependence of ε in eq. (65)? A constant
rescaling of the near-string cutoff δ or the near-I± cutoff rc will not change the physical in-
formation contained in Sℓ,n in eq. (68), but may change the non-universal constants, kn. This
includes rescalings that depend on n. For instance, if we change our regularisation proce-
dure so that δ and rc are independent of n, and hence eq. (65) implies ε ∝ 1/n, then the
logarithmic term in eq. (68) is unchanged, but now

kn =
i L2

4GN

�

1+
1
n
−

log n
n(n− 1)

�

. (71)

If we used coordinates different from (U , V, W, W ) in eq. (52), then what cutoffs would we
need? As mentioned below eq. (54), practically any calculation in celestial holography will
require two cutoffs, essentially because the celestial sphere is codimension two with respect to
the bulk. For example, if we had used the superrotated metric in eq. (42), with Newman–Unti
coordinates (u, r, z, z̄), then we would have needed cutoffs on u and r. Crucially, however, we
would not have needed a near-string cutoff, δ: we could have sent δ → 0 from the start, in
which case Aδ/δ in eq. (49) would have become the cosmic string worldsheet’s area. The cost
of using the coordinates in eq. (42) would have been a more complicated integral for that area.
Instead, we chose the coordinates (U , V, W, W ) to obtain the very simple integral in eq. (54).
The cost of doing so was a near-string cutoff δ: from fig. 3 we see that if we removed the
near-string cutoff, either by moving the blue line all the way to the left in fig. 3a or shrinking
the cylinder to zero radius in fig. 3b, then the near-I± cutoff excises almost all of the string
except the points at V = 0 in flat slicing, or equivalently rs = 0 in spherical slicing.

The need to maintain finite δ during the calculation arises because the coordinate trans-
formation between the Newman–Unti gauge metric in eq. (42) and the flat slicing metric in
eq. (53) is singular at the cosmic string. The intersection of the near-string cutoff and the
near-I± cutoff provided the cutoff on V , which was essential to produce the dependence on
z1, z2, n, and ε that we expect for single-interval EREs in the d = 2 conformal vacuum. Indeed,
suppose that we had taken the δ→ 0 limit at the start of our calculation, applying eq. (51) in
the coordinates in eq. (53). If we impose the cutoff |UV | ≤ L2 from eq. (55), we still need
another cutoff to make the integral finite. Let us choose as this second cutoff V ≤ Vc for some
large Vc . Eq. (51) then yields

∂nŜ⋆grav(n) = −
L2

4GN

1
n2

log Vc . (72)

For the EREs obtained by substituting this into eq. (46) to have the expected dependence

on z1, z2, n, and ε, we would have to choose Vc ∝
�

2ε−1 sin(ℓ/2)
�1/n

. Without the 1/n in
the exponent, one would instead solve eq. (46) to obtain EREs independent of n. We see no
obvious way to motivate this form for Vc . In contrast, by maintaining finite δ we arrived at the
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cutoffs in eq. (62), which have a natural interpretation through eqs. (64) as a near-twist field
cutoff. The general lesson is: any coordinate system in which the near-I± cutoff is singular
will require a finite near-string cutoff throughout the calculation of the EREs.

In the next section we will adopt a coordinate system inspired by, though not identical
to, the CHM approach to the calculation of EREs in AdS/CFT [92]. This coordinate system,
which we view as a coordinate system well-adapted to the replica symmetry, is simpler than
Newman–Unti gauge while also allowing us to remove the near-string cutoff by taking δ→ 0
early in the calculation. For d = 2 we will obtain eq. (68), providing a check of that result.
However, we adopt this coordinate system primarily to generalise our results to CCFTs with
d > 2.

In the appendix we also derive the result in eq. (68) by extending the methods of ref. [73]
to n ̸= 1, which provides another check of eq. (68).

4 Holographic calculation of CCFT EREs: d ≥ 2

In this section we use holography to calculate the EREs, SA,n, of a ball shaped entangling
region A of radius ℓ in the conformal vacuum of a CCFT with dimension d ≥ 2. (For d = 2, ℓ
denotes the interval’s length, not its radius.) To do so, we will make all the same assumptions
as in d = 2, described in sec. 3.2. Most importantly, we assume the bulk theory is Einstein–
Hilbert gravity, possibly plus minimally-coupled matter fields, we identify the bulk theory and
CCFT partition functions, and we employ a leading saddle point approximation for the bulk
theory’s partition function. These assumptions lead to eq. (47), which we reproduce here for
convenience,

∂n

�

n− 1
n

SA,n

�

= −i∂nŜ⋆grav(n) ,

where we remind the reader that Ŝ⋆grav(n) is the on-shell action of the bulk theory, evaluated
on a spacetime with conical singularity of total angle 2π/n, where in the near I± limit this
conical singularity approaches the boundary of A.

We thus need a metric that locally solves the (d + 2)-dimensional Einstein equation and
approaches the metric of a round d-dimensional sphere near I±, but possesses a bulk conical
singularity that asymptotes to the boundary of A on the celestial sphere. For d = 2, we wrote
such a metric, namely the metric of a single straight, static cosmic string, in several different
coordinate systems in secs. 3.1 and 3.3. For d > 2, the analogous metric describes a single,
flat, static cosmic brane of codimension two [89]. We can again write such a metric in several
different coordinate systems. For example, suppose we want to follow sec. 3.3, where we used
the flat-slicing-like coordinates (U , V, W, W ) in eqs. (52) and (53). For d > 2 we simply need
to add flat transverse coordinates, y i with i = 1,2, . . . , d−4, so that the relevant cosmic brane
metric is

ds2 = −dU dV + V 2

�

dW 2 +
W 2

n2
dφ2 +δi j dy idy j

�

, (73)

with the cosmic brane at W = 0.
However, a key lesson from the d = 2 case in sec. 3.3 was that, in the coordinates of

eq. (73), we must define V ’s cutoff as the intersection of a near-brane cutoff with a near-I±
cutoff. In d = 2, we obtained the near-I± cutoff from the superrotation dual to the uniformisa-
tion map. Indeed, in sec. 3.3 the near-I± cutoff was the only place we used this superrotation:
see eqs. (59) through (58).

For d > 2 finding the near-I± cutoff will be more difficult. We would need at least the
asymptotic form of a diffeomorphism that maps eq. (73) to a metric with a radial coordinate r
whose large-r behaviour gives r2ds2

Sd−2 , and such that the cosmic brane asymptotes to ∂A on
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the celestial sphere. However, a straightforward analysis shows that we cannot reach r2ds2
Sd−2

by a transformation that first uniformises the (W,φ) plane without affecting the periodicity
of φ and then proceed to “uniformize” the higher dimensional celestial manifold [89]. These
statements are consistent with CFT expectations: in d = 2 the conformal algebra is infinite-
dimensional, and includes singular transformations that can remove isolated singularities (like
the points where a cosmic string pierces the celestial sphere), while in d > 2 the conformal
algebra is finite-dimensional, and includes only globally smooth transformations (so we have
little hope to remove extended loci of singularities, like those in eq. (73)). We could try more
general asymptotic diffeomorphisms, in the spirit of refs. [90,91], and possibly even singular
diffeomorphisms, however that would no longer be uniformisation in the sense of Cardy and
Calabrese.

Fortunately, we found a different approach, using coordinates derived from the Casini–
Huerta–Myers (CHM) map, first proposed for AdS/CFT [92]. The CHM map will not only
provide a near-I± cutoff, but will also provide an alternative perspective on the EREs, in terms
of the CCFT in a thermal state on a hyperbolic space. We will review the CHM map for AdS/CFT
in sec. 4.1. Readers familiar with CHM in AdS/CFT may not want to skip sec. 4.1, since our
emphasis will be different from AdS/CFT. Our strategy will then be to split d ≥ 2 Minkowski
spacetime into AdS and dS patches and employ CHM in each patch, thus obtaining the metric
and cutoffs we need, and then to sum the contributions from all the patches. The details of
these calculations are in sec. 4.2. Our main results are the EREs in eqs. (136) and (140).

4.1 Review: Casini–Huerta–Myers in AdS/CFT

In this section we review the CHM map and its application in AdS/CFT. Readers familiar with
the CHM map may not wish to skip this section, since we will emphasise certain aspects in
order to generalise more easily to celestial holography. We first review CHM’s results for any
CFT, and then review their results for a CFT with an AdS dual.

4.1.1 Casini–Huerta–Myers in CFT

CHM considered a spherical entangling region A in the conformal vacuum of a d-dimensional
CFT in Minkowski spacetime. If we write the Minkowski metric in spherical polar coordinates
as

ds2 = −dt2 + dρ2 +ρ2ds2
Sd−2 , (74)

with t the time coordinate, ρ the spherical radial coordinate, and ds2
Sd−2 the metric on a round,

unit (d − 2)-dimensional sphere, Sd−2, then A is ρ ≤ ρ0 at t = 0. Fig. 4 depicts A and its
causal development, D, defined by

ρ± ≡ ρ ± t ≤ ρ0 . (75)

The modular Hamiltonian, H, defined from the reduced density matrix via ρA ≡ e−H ,
generates a symmetry of D: acting with the unitary operator eiHs, where s is a dimensionless
real parameter, implements the modular flow

ρ±→ ρ0
(ρ0 +ρ±)− e∓2πs(ρ0 −ρ±)
(ρ0 +ρ±) + e∓2πs(ρ0 −ρ±)

. (76)

CHM found a conformal transformation that maps D to R ×Hd−1, where R is time and
Hd−1 is a (d − 1)-dimensional hyperbolic plane. Explicitly, the CHM map is

t ≡
ρ0 sinhτ

coshσ+ coshτ
, ρ ≡

ρ0 sinhσ
coshσ+ coshτ

, (77)
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ρ

t

(ρ0, 0)

(0, ρ0)

(0,−ρ0)

Figure 4: A depiction of the causal development, D, of the spherical subregion A
of Minkowski spacetime, in the coordinates of eq. (74), where t is time, ρ is the
radial coordinate, and A has radius ρ0. The grey area represents the t = 0 slice of
Minkowski spacetime, the purple area represents A, and the solid black lines repre-
sent D’s outer boundary, defined by eq. (75).

which transforms the Minkowski metric from eq. (74) to

ds2 =
ρ2

0

(coshσ+ coshτ)2
�

−dτ2 + dσ2 + sinh2σds2
Sd−2

�

, (78)

where τ ∈ (−∞,∞) is the time coordinate and σ ∈ [0,∞) is the radial coordinate of Hd−1.
We used a factor of ρ0 to make both τ and σ dimensionless. Using a Weyl transformation to
remove the conformal factor leaves the metric in parentheses, which is indeed the metric of
R×Hd−1. After the CHM map, the modular flow in eq. (76) becomes simply time translation,
τ → τ + 2πs. CHM also showed that correlation functions of local operators obey a Kubo–
Martin–Schwinger condition, that is, they are periodic in imaginary time, τ∼ τ+2πi, showing
that the CFT is in a thermal state with inverse temperature β = 2π.

The CHM map allows us to interpret the EE and EREs of A in terms of the thermal state
on R×Hd−1, as follows. The EE is defined in terms of H as

Sρ0
= tr(e−H H) . (79)

The modular Hamiltonian H is related to the the Hamiltonian Hτ that generates time trans-
lations on R ×Hd−1 by a unitary operator U: if Z = tr e−βHτ is the CFT’s thermal partition
function on R×Hd−1, then

e−H =
1
Z

Ue−βHτU† , β = 2π . (80)

Plugging eq. (80) into eq. (79) gives

Sρ0
=

2π
Z

tr
�

e−2πHτHτ
�

+ log Z . (81)

On the right-hand side of eq. (81), the first term is β times the expectation value of the energy,
while the second term is log Z = 2πF(2π), where F(β) is the Helmholtz free energy at inverse
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temperature β . We thus identify the right-hand side of eq. (81) as the thermal entropy on
R × Hd−1 at inverse temperature β = 2π, which we denote as Sth(2π). In short, the CHM
map equates the CFT’s conformal vacuum EE of spherical A with the CFT’s thermal entropy
on R×Hd−1,

Sρ0
= Sth(2π) . (82)

A similar calculation shows that the EREs may be expressed in terms of F(β) as

Sρ0,n = 2π
n

n− 1
[F(2πn)− F(2π)] . (83)

Multiplying both sides of eq. (83) by n gives an expression for the derivative of the nth ERE in
terms of the thermal entropy at inverse temperature β = 2πn,

n2∂n

�

n− 1
n

Sρ0,n

�

= Sth(2πn) . (84)

The CHM map thus allows us to express all the EREs in terms of a thermodynamic quantity on
R×Hd−1, namely an integral over n of the thermal entropy Sth(2πn).

Crucially for celestial holography, CHM’s results rely only on conformal symmetry, regard-
less of whether the CFT is reflection positive/unitary.

4.1.2 Casini–Huerta–Myers in AdS

If the CFT is holographically dual to a gravity theory in AdS, then the CHM conformal trans-
formation in eq. (77) may be implemented by a bulk coordinate transformation, as follows.
Consider the Poincaré patch of AdSd+1, whose metric we write as

ds2 =
1
y2

�

dy2 − dt2 + dρ2 +ρ2ds2
Sd−2

�

, (85)

where y is the holographic coordinate, and we use units where the AdS curvature radius
is unity. By definition, an AdS metric has a second-order pole at the conformal boundary.
To extract a metric at the conformal boundary we must multiply the AdS metric by a defin-
ing function, which has a second order zero, and then take the limit towards the conformal
boundary. In the coordinates of eq. (85), the conformal boundary is at y = 0. Multiplying
by the defining function y2 and taking y → 0 then gives a metric at the boundary that is the
Minkowski spacetime in spherical polar coordinates, eq. (74).

In AdS/CFT, the CFT EE, SA, equals the area of the Ryu–Takayanagi minimal surface
divided by 4GN [119, 120]. When A is a spherical sub-region ρ ≤ ρ0 at t = 0, the Ryu–
Takayanagi minimal surface is simply the hemisphere y2+ρ2 = ρ2

0 , which at the AdS bound-
ary y → 0 approaches the sphere ρ = ρ0. More generally, to compute the CFT EREs in
AdS/CFT we need Dong’s cosmic brane [70], that is, the asymptotically locally AdS spacetime
with a conical singularity in the bulk, produced by a brane with tension n−1

n
1

4GN
(the same as

eq. (41)), but no singularity at the conformal boundary. We interpret such a spacetime as the
bulk dual to the CFT on a single sheet of the replica manifold, with the cosmic brane as the
bulk dual to the twist fields. If Abrane is the cosmic brane’s area, then the EREs are given by

n2∂n

�

n− 1
n

SA,n

�

=
Abrane

4GN
, (86)

similar to eq. (51). When A is a spherical subregion ρ ≤ ρ0 at t = 0, the CHM map gives the
relevant cosmic brane metric, as we will review. In celestial holography, we will need only the
asymptotic form of this cosmic brane metric in each AdS patch, to obtain the near-I± cutoff
in each AdS patch.
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We implement the CHM map of eq. (77) in AdS by defining three new bulk coordinates,
(ζ,τ,σ), through the coordinate transformation

y ≡
ρ0

ζ coshσ+
p

ζ2 − 1coshτ
, t ≡ y
Æ

ζ2 − 1 sinhτ , ρ ≡ yζ sinhσ , (87)

where ζ ∈ [1,∞) is now the holographic coordinate, and the metric becomes

ds2 =
dζ2

f (ζ)
− f (ζ)dτ2 + ζ2dσ2 + ζ2 sinh2σds2

Sd−2 , (88)

f (ζ)≡ ζ2 − 1 . (89)

This coordinate system does not cover the whole Poincaré patch, but only the entanglement
wedge, defined as

Æ

y2 +ρ2 ± t ≤ ρ0 . (90)

The boundary of the entanglement wedge, ζ = 1, is the horizon of an AdS hyper-
bolic/topologicalk black hole [92, 121]. In the original Poincaré coordinates, this horizon
corresponds to the hemisphere y2 +ρ2 = ρ2

0 , which is precisely the Ryu–Takayanagi surface
for a spherical subregion, as mentioned above. More precisely, the metric in eqs. (88) and (89)
is still that of pure AdS, but in the coordinates of an accelerated observer who sees a horizon
at the location of the Ryu–Takayanagi minimal surface. We identify the horizon’s Bekenstein–
Hawking entropy as the Ryu–Takayanagi formula for the CFT’s EE. The horizon has a Hawking
temperature T = 1/(2π), so the bulk theory is clearly in a thermal state.

After the coordinate change in eq. (87), we also expect the CFT to be on R×Hd−1. To see
that, we need to explain how to reach the AdS boundary in the coordinates of eq. (87), and
we need to choose the appropriate defining function.

In the coordinates of eq. (87), we can approach the AdS boundary in multiple ways. If
we fix (τ,σ) and send ζ → ∞, then y → 0 and (t, r) approach values given by the CHM
transformation of eq. (77), so we arrive at an arbitrary point inside D. Alternatively, we can
fix ζ and take limits of other coordinates to reach the AdS boundary at points on the boundary
of D. For example, if we fix (ζ,σ) and send τ → ±∞, which sends (y, t, r) → (0,±ρ0, 0),
then we reach the upper and lower corners of D in fig. 4, whereas if we fix (ζ,τ) and send
σ→∞, which sends (y, t, r)→ (0, 0,ρ0), then we reach the sphere ρ = ρ0 at t = 0 in fig. 4.
In particular, fixing ζ = 1 and sending σ→∞ sends (y, t, r)→ (0,0,ρ0), indicating that the
bulk horizon intersects the AdS boundary at the spherical entangling surface.

If we obtain the boundary metric using the defining function y2, which after the coor-
dinate change in eq. (87) is a function of (ζ,τ,σ), then we obtain the metric of Minkowski
spacetime in eq. (78). If instead we use the defining function ζ2, which is more natural in
the new coordinates, then the boundary metric is precisely that of R×Hd−1. In other words,
changing defining function from y2 to ζ2 implements the Weyl transformation that removes
the conformal factor in eq. (78).

The change of coordinates in eq. (87) thus implements the CHM map. Suppose we start
with the Poincaré-sliced metric in eq. (85), so the CFT is in Minkowski spacetime and in
the conformal vacuum, and the EE of a spherical subregion is dual to the area of the Ryu–
Takayanagi hemisphere, divided by 4GN . Eq. (87) switches us to an accelerated observer who
sees that hemisphere as a horizon with Hawking temperature T = 1/(2π) and Bekenstein–
Hawking entropy given by the horizon’s area divided by 4GN . In particular, this observer
sees a thermal density matrix. Using the defining function ζ2, the boundary metric is that
of R×Hd−1. Translating to the CFT, we find a thermal state with T = 1/(2π) and non-zero
entropy on R×Hd−1 equal to the EE of the original spherical subregion, precisely as expected
from the CHM map in the CFT.
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The change of coordinates in eq. (87) also allows us to compute the EREs holographically,
using eq. (84), that is, using the Helmholtz free energy F(β) with β = 1/T = 2πn. To do
so, we need an asymptotically AdS metric that still has boundary metric R×Hd−1, but has a
horizon with Hawking temperature T = 1/(2πn). Fortunately, this metric is known: eq. (88)
remains a solution to Einstein’s equations with negative cosmological constant if we replace
f (ζ) = ζ2 − 1 with

f (ζ) = ζ2 − 1+
ζd−2

0 − ζd
0

ζd−2
, (91)

with arbitrary constant ζ0. The horizon is now at ζ = ζ0, and the corresponding Hawking
temperature is now

T =
f ′(ζ0)

4π
=

2+ d(ζ2
0 − 1)

4πζ0
. (92)

If we choose

ζ0 =
1+
p

1+ n2d(d − 2)
nd

, (93)

then T = 1/(2πn). The Bekenstein–Hawking entropy of this horizon is then precisely Sth(2πn)
on the right-hand side of eq. (84), so that integrating in n gives the EREs.

The Bekenstein–Hawking entropy of the horizon in eq. (93) is in fact Abrane/4GN , from
eq. (86). In other words, for a spherical entangling region the CHM map, generalised to
n ̸= 1 as in eq. (91), gives the bulk metric with conical singularity produced by Dong’s cosmic
brane. This is the key result that we will use: in celestial holography we want to find the bulk
spacetime produced by a cosmic brane, and we will do so using the CHM map, generalised to
n ̸= 1, in each AdS (and dS) patch.

Crucially, the interpretation of the CHM map differs between AdS/CFT and celestial holog-
raphy, because their holographic dictionaries are fundamentally different, as we emphasised
in sec. 1.1. In the AdS/CFT dictionary, the AdS conformal boundary is codimension one, and
we identify the asymptotic AdS time coordinate with the CFT time coordinate. As a result,
after the CHM map we can identify the bulk theory’s thermal equilibrium state as the dual to
the CFT’s thermal equilibrium state. In contrast, in celestial holography the celestial sphere is
codimension two, and the bulk theory is Lorentzian while the CCFT is Euclidean. As a result, a
thermal equilibrium state of one theory need not be dual to a thermal equilibrium state of the
other theory. In what follows, we will use a CHM map in each AdS (and dS) patch of (d + 2)-
dimensional Minkowski spacetime, which will act as usual in the CCFT, giving us a thermal
state on R × Hd−1.13 However, in the bulk theory we will obtain, not a thermal state, but
simply the spacetime with the appropriate conical singularity. In short, for us the CHM map
is simply a convenient way to obtain the cosmic brane spacetime we want (which is possible
because a spherical entangling region is a special, highly symmetric, case).

In (d + 2)-dimensional Minkowski spacetime, our AdS patches will actually be Poincaré
patches of AdS, so let us convert the spacetime with a cosmic brane conical singularity back
to Poincaré patch coordinates. In other words, let us reverse the coordinate transformation
in eq. (87). We start with the metric in eq. (88) with f (ζ) in eq. (91) and ζ0 in eq. (93).
Converting back to Poincare patch coordinates, (y, t,ρ), gives a complicated metric, but we

13Strictly speaking, whether a CCFT obeying the Kubo-Martin-Schwinger conditions on R × Hd−1 describes a
thermal state is an open question: given the CCFT’s unusual properties, many subtleties could potentially arise.
Nevertheless, we will use the terminology “thermal state” for lack of an alternative.
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will need only its asymptotic form, near the AdS boundary,

ds2 =
1
y2

�

dy2 − dt2 + dρ2 +ρ2ds2
Sd−2

�

+
C yd−2

ω(t,ρ)(d+2)/2

¦

ω(t,ρ)dy2 +
��

t2 +ρ2 −ρ2
0

�

dt − 2tρ dρ
�2©
+O(yd) , (94)

where we have defined

C ≡ 2dρd
0

�

1+
p

1+ n2d(d − 2)
nd

�d �

1−
n2d2

1+
p

1+ n2d(d − 2)

�

,

ω(t,ρ)≡ (t +ρ +ρ0)(t +ρ −ρ0)(t −ρ +ρ0)(t −ρ −ρ0) . (95)

In these coordinates, the conical singularity corresponding to the cosmic brane is not manifest,
but is present since the metric in eqs. (88) and (91) is related to that in eqs. (94) and (95) by
a coordinate transformation.

The metric in eqs. (94) and (95) has the desired property that if we use y2 as our defining
function, then the metric at the conformal boundary is the Minkowski metric. We thus identify
eqs. (94) and (95) as the bulk dual to the CFT on a single sheet of the replica manifold, with
the cosmic brane as the dual of the twist fields. In what follows, for each AdS patch of (d+2)-
dimensional Minkowski spacetime, we will derive a CHM map that produces this cosmic brane,
allowing us to identify the near-I± cutoffs that we need (and analogously for each dS patch).
This bulk CHM map will also implement the CHM map in the CCFT.

4.2 EREs in higher-dimensional CCFT

We will now translate the CHM method of sec. 4.1 from AdS/CFT to celestial holography, to
compute EREs of a ball-shaped subregion in a CCFT of dimension d ≥ 2. Consider (d + 2)-
dimensional Minkowski spacetime, with metric

ds2 = −dt2 + dr2 + r2
�

dθ2 + sin2 θ
�

dφ2 + sin2φ ds2
Sd−2

��

, (96)

where θ ∈ [0,π] and φ ∈ [0,π]. What will play the role of time in our CHM map for the
CCFT, which is Euclidean? (The t in sec. 4.1 was for the CFT, while t in eq. (96) is for the bulk
theory.) We will treat φ as the CCFT’s Euclidean “time”, and choose our entangling region to
be the ball θ ≤ θ0 with constant θ0, at constant “time” φ = π/2.

To apply the CHM method, we will foliate Minkowski spacetime with leaves of constant
non-zero curvature, leading to the aforementioned AdS and dS patches. We thus divide
Minkowski spacetime into three regions, which we label as follows:

1. AdS+, the region inside the future light cone, t2 − r2 > 0, t > 0.

2. AdS−, the region inside the past light cone, t2 − r2 > 0, t < 0.

3. dS, the region outside the light cone, t2 − r2 < 0.

The AdS± regions may be foliated with (d +1)-dimensional Euclidean slices of constant nega-
tive curvature, while the dS region may be foliated with (d+1)-dimensional Lorentzian slices
of constant positive curvature, hence their names [41,42,122]. Fig. 5 depicts these patches in
a Penrose diagram of (d + 2)-dimensional Minkowski spacetime.

We will compute the EREs using eq. (47), reproduced here for convenience:

∂n

�

n− 1
n

Sn

�

= −i∂nŜ⋆grav(n) , (97)
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i+

I+

i0

I−

i−

AdS+

AdS−

dSdS

Figure 5: A Penrose diagram of (d + 2)-dimensional Minkowski space. The dotted
lines are the lightcone of the origin. The two regions labelled AdS± are foliated by
Euclidean AdSd+1 slices, denoted by the solid red lines in the figure. The red arrows
parallel to the slices denotes the direction of increasing radial coordinate y . The grey
arrows perpendicular to the slices denote the directions of increasing Milne time τ in
the two regions. The region labelled dS (appearing twice in the diagram) is foliated
by d + 1-dimensional Lorentzian dS slices, denoted by blue dashed lines. The blue
arrows parallel to the slices denote the direction of increasing dS time T , while the
grey arrows perpendicular to the slices denote the direction of increasing Milne time
τ̃. We labeled past and future null infinity as I− and I+, respectively, past and future
infinity as i− and i+, respectively, and spatial infinity as i0.

where Ŝ⋆grav(n) is the on-shell action of the gravitational theory, evaluated on a spacetime with
conical singularity of total angle 2π/n that approaches the boundary of the entangling region
θ = θ0 near I±. We will generate the appropriate spacetime using the CHM map on the
AdSd+1 slices in the AdS± patches, and a closely related transformation on the dSd+1 slices of
the dS patches. We will then compute ∂nŜ⋆grav(n) using eq. (49), plug the result into eq. (97),
and integrate in n to obtain the EREs.

In what follows, in both the AdS and dS patches a stereographic projection on the Sd−2

will be convenient. Defining

p ≡ tan(θ/2) cosφ , q ≡ tan(θ/2) sinφ , (98)

the metric in eq. (96) becomes

ds2 = −dt2 + dr2 +
4r2

(1+ p2 + q2)2
�

dp2 + dq2 + q2ds2
Sd−2

�

. (99)

In this coordinate system, the entangling region is the ball q ≤ tan(θ0/2) at p = 0.

4.2.1 AdS± patch contributions

In the AdS± patch, we obtain a spacetime with the appropriate conical singularity in four steps,
as follows. First, we transform to Milne time, with AdS slices in Poincaré form, analogous to
eq. (85). Second, we perform the CHM map to a metric analogous to eqs. (88) and (89).
Third, we generalise to n ̸= 1, analogous to eqs. (88), (91), and (93). Fourth, we transform
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back to a metric of Poincaré form, but now with the appropriate conical singularity, analogous
to eqs. (94) and (95). Once we have the appropriate spacetime, we introduce near-brane and
near-I± cutoffs, and map the latter to the CCFT near twist field cutoff ε, similar to what we
did in sec. 3.3. The two main results of this section are eq. (113) for the AdS± contribution to
∂nŜ⋆grav(n) and eq. (117) for the map from the near-brane and near-I± cutoffs to ε.

For the first step, in the AdS± patches we define Milne coordinates (τ, y, x ,ρ) via14

τ≡
p

t2 − r2 , y ≡
(1+ p2 + q2)

p
t2 − r2

t + r + (t − r)(p2 + q2)
,

x ≡
2rp

t + r + (t − r)(p2 + q2)
, ρ ≡

2rq
t + r + (t − r)(p2 + q2)

,
(100)

where the Milne time τ ∈ [0,∞), and y ∈ [0,∞), x ∈ (−∞,∞), and ρ ∈ [0,∞), so
these coordinates cover the whole of the AdS± patch. After the coordinate transformation in
eq. (100), the Minkowski metric in eq. (99) becomes

ds2 = −dτ2 +
τ2

y2

�

dy2 + dx2 + dρ2 +ρ2 ds2
Sd−2

�

. (101)

On each slice of constant τ, the induced metric is that of the Poincaré patch of Euclidean
AdSd+1, or in other words Hd+1, with curvature radius τ. The conformal boundary of each
Hd+1 slice is at y = 0. Sending y → 0 with all other coordinates held fixed sends r →∞ and
u= t− r → 0, so we approach the point where I± intersects the lightcone of the origin, which
in fig. 5 is on the black line midway between i0 and i±, respectively. To reach points on I±
with u > 0, we should send both y → 0 and τ→∞ with τy held fixed, which in fig. 5 is on
the black line between I± and i±.

For the second step, we perform the CHM map by defining coordinates (ζ,σ,ψ) via

y ≡
tan(θ0/2)

ζ coshσ+
p

ζ2 − 1 cosψ
, x ≡ y
Æ

ζ2 − 1 sinψ , ρ ≡ yζ sinhσ , (102)

which is a Wick rotation of the transformation in eq. (87). After the coordinate transformation
in eq. (102), the metric in eq. (101) becomes

ds2 = −dτ2 +τ2

�

dζ2

f (ζ)
+ f (ζ)dψ2 + ζ2dσ2 + ζ2 sinh2σds2

Sd−2

�

, (103)

f (ζ)≡ ζ2 − 1 . (104)

Fig. 6 depicts the relationship between the spherical coordinates in eq. (96) and the CHM co-
ordinates in eq. (103) and (104). The metric on surfaces of constant (τ,ζ) is that of S1×Hd−1.
We can reach the boundary of each Hd+1 slice, at y = 0, in two ways. The first way is to send
ζ→∞ with all other coordinates held fixed, in which case

u=
τ sinθ0

2ζ(cosθ0 cosψ+ coshσ)
+O(ζ−3) , (105a)

r =
τζ

sinθ0
(cosθ0 cosψ+ coshσ) +O(ζ−1) , (105b)

p =
sinψ tan(θ0/2)
cosψ+ coshσ

+O(ζ−2) , (105c)

q =
sinhσ tan(θ0/2)
cosψ+ coshσ

+O(ζ−2) . (105d)

14To avoid confusion: the coordinate τ defined in eq. (100) is different from the τ defined in sec. 4.1.2. The
difference should always be clear from the context.
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π

π
2

π

increasing σ

θ

ϕ

(a) Celestial sphere

increasing σ

increasing ζ

r

t
sin θ cosϕ

r

t
sin θ sinϕ

r

t
cos θ

(b) Bulk

Figure 6: (a) The CHM coordinates on the celestial sphere. The horizontal and
vertical axes show two of the spherical coordinates of eq. (96), namely θ ∈ [0,π]
and φ ∈ [0,π]. Every point in the figure thus represents an Sd−2. The horizontal
solid black line is the entangling region, θ ≤ θ0 at φ = π/2. In the CHM coordinates
(ζ,σ,ψ) of eq. (103), the solid blue curves are curves of constant σ, parameterised
by ψ. At large σ the curves approach the boundary of the entangling region at
(θ ,φ) = (θ0,π/2). (b) Sketch of the relation between the spherical coordinates in
eq. (96) and the CHM coordinates in eq. (103), for n= 1 at fixed t. The blue circles
are curves of constant (ζ,σ), parameterised byψ. The dashed black line corresponds
to ζ= 1, the locus where theψ circles degenerate. Intuitively, when n ̸= 1 this is the
location of the cosmic brane.

The second way is to send σ→∞ with all other coordinates held fixed, in which case

u=
τ sinθ0

ζ
e−σ +O(e−2σ) , (106a)

r =
τζ

2sinθ0
eσ +O(1) , (106b)

p =
2 tan(θ0/2)
p

ζ2 − 1sinψ
ζ

e−σ +O(e−2σ) , (106c)

q = tan(θ0/2)−
2 tan(θ0/2)
p

ζ2 − 1cosψ
ζ

e−σ +O(e−2σ) , (106d)

which thus takes us to the boundary of the entangling region, q = tan(θ0/2) at p = 0.
For the third step, we need to generalise to n ̸= 1. To do so, in app. B we compute the

components of the Ricci tensor for the metric in eq. (103). The non-zero components of this
Ricci tensor are

Rσσ = dζ2 − ζ f ′(ζ)− (d − 2) [ f (ζ) + 1] , (107a)

and, labeling the Sd−2 coordinates as α,β and the Sd−2 metric as ĝαβ ,

Rζζ =
1

2ζ f
∂ζRσσ , Rψψ =

f (ζ)
2ζ

∂ζRσσ , Rαβ = Rσσ sinh2σ ĝαβ , (107b)

so that these components of the Ricci tensor are all proportional to Rσσ or to ∂ζRσσ. The most
general solution to Rσσ = 0, and hence the most general solution to the Einstein equations
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Rµν = 0, is the function in eq. (91), reproduced here for convenience,

f (ζ) = ζ2 − 1+
ζd−2

0 − ζd
0

ζd−2
. (108)

As a result, eq. (103) remains a local solution to the vacuum Einstein equations if we replace
f (ζ) in eq. (104) with the function in eq. (108). With the f (ζ) in eq. (103), a circle wound by
the angle ψ degenerates at ζ= 1. With the f (ζ) in eq. (108), the ψ “circle” now degenerates
at ζ = ζ0. To maintain the periodicity ψ ∼ ψ+ 2π but obtain a conical singularity at ζ = ζ0
of total angle 2π/n, we choose the ζ0 in eq. (93),

ζ0 =
1+
p

1+ n2d(d − 2)
nd

. (109)

For the fourth and final step, we reverse the coordinate transformations in eqs. (100)
and (102), and also switch from t to retarded time u= t− r. The metric then becomes similar
to that in eqs. (94) and (95): at leading order near I±,

ds2 = −du2 − 2du dr +
4r2

(1+ p2 + q2)2
�

dp2 + dq2 + q2ds2
Sd−2

�

(110)

−
C

ω(p, q)(d+2)/2
(1+ p2 + q2)d−2ud/2r(4−d)/2

�

(p2 − q2 + q2
0)dp+ 2pq dq
�2
+ . . . ,

where the dots represent terms that vanish in the limit r →∞, and

C ≡ 2(d+4)/2(tanθ0)
dζd−2

0 (ζ2
0 − 1) ,

ω(p, q)≡
�

p2 + (q− tan(θ0/2))
2
� �

p2 + (q+ tan(θ0/2))
2
�

. (111)

We will use eqs. (110) and (111) to compute the near-I± cutoff, as we will see shortly.
We now want to use eq. (97) to calculate EREs, and in particular we want to calculate

∂nŜ⋆grav(n). To do so, we will use the metric in eq. (103). However, in those coordinates the

boundaries of the integration over spacetime in ∂nŜ⋆grav(n) will depend on n. To avoid that, we
define a rescaled radial coordinate, ξ≡ ζ/ζ0, so the metric in eq. (103) becomes

ds2 = −dτ2 + ζ2
0τ

2

�

dξ2

F(ξ)
+

F(ξ)
ζ2

0

dψ2 + ξ2dσ2 + ξ2 sinh2σds2
Sd−2

�

, (112a)

F(ξ) = ζ2
0ξ

2 − 1+ (1− ζ2
0)ξ

2−d . (112b)

We then find that the contribution of the AdS± patch to ∂nŜ⋆grav(n) is

∂nŜ⋆AdS±
(n)≡ −

vol(Sd−2)
4GN

ζd−1
0

n2

∫ L

0

dττd−1

∫ σc

0

dσ sinhd−2σ , (113)

where vol(Sd−2) is the volume of a unit-radius Sd−2 and ζ0 is the function of n in eq. (109).
In eq. (113), the integrals over τ and σ each diverge, so we introduced cutoffs at their

upper endpoints. The cutoff on the τ integration is L, which is in fact identical to that in the
d = 2 case of sec. 3.3, specifically eq. (55), UV = uv = t2 − r2 ≤ L2.

The cutoff on the σ integration is σc , which comes from the intersection of a near-brane
cutoff with a near-I± cutoff, similar to what we did in sec. 3.3. In eq. (106) at large σ the
angleψ parameterises a small circle in the (p, q) plane that winds around the boundary of the
entangling region at p = 0 and q = tan(θ0/2). To define a cutoff near the boundary of the
entangling region, we define

q0 ≡ tan(θ0/2) , (114)

36

https://scipost.org
https://scipost.org/SciPostPhys.19.2.042


SciPost Phys. 19, 042 (2025)

and then move slightly away from q0: using the metric in eq. (110) to define a metric on the
celestial sphere, we move from q0 to q0 +δq where

δq ≡ 2 tan(θ0/2)
q

1− ζ−2
0 e−σc . (115)

If we regularise the conical singularity at the cosmic brane by cutting out the tube ξ < 1+δξ
for some δξ ≪ 1, or equivalently ζ/ζ0 ≪ 1, then this near-brane cutoff meets the large σ
cutoff at a circle of radius

∫ q0+δq

q0

2dq
1+ q2

≈ 2sinθ0

q

1− ζ−2
0 e−σc , (116)

which we identify as the CCFT’s near twist field cutoff, ε. Actually, to simplify unphysical,
scheme-dependent terms in the EREs we will identify eq. (116) with ε

q

1− ζ−2
0 . Doing so

leaves the physical contributions to the EREs unchanged. We thus obtain the precise relation-
ship between our cutoff σc and the CCFT near twist field cutoff ε, namely

σc = log
�

2
ε

sinθ0

�

. (117)

4.2.2 dS contribution

In the dS patch, we obtain a spacetime with the appropriate conical singularity in three steps,
as follows. First, we transform to Milne time with Lorentzian dS slices. Second, we perform a
CHM map on the dS slice. Third, we generalise to n ̸= 1. We then have the spacetime with the
appropriate conical singularity, in which we introduce near-brane and near-I± cutoffs, and
map the latter to the CCFT near twist field cutoff ε. The main result of this section is eq. (128)
for the dS contribution to ∂nŜ⋆grav(n).

For the first step, in the dS patch we define coordinates τ̃ and T via

t ≡ τ̃ sinh T , r ≡ τ̃ cosh T , (118)

or equivalently via

T ≡
1
2

log
� r + t

r − t

�

, τ̃≡
p

r2 − t2 , (119)

where the Milne time τ̃ ∈ [0,∞) and the dS slice time T ∈ (−∞,∞). After the coordinate
transformation in eq. (119), the Minkowski metric in eq. (99) becomes

ds2 = dτ̃2 + τ̃2

�

−dT2 +
4cosh2 T

(1+ p2 + q2)2
�

dp2 + dq2 + q2ds2
Sd−2

�

�

, (120)

where the factor in brackets is the metric of unit-radius dSd+1 in global coordinates. For
convenience, we make a further coordinate transformation to put dSd+1 in flat slicing. How-
ever, since the flat slicing covers only half of dS [123], we will need to subdivide the dS
patch into two coordinate patches, which we label as dS±. We define dS+ as the patch where
e2T ≥ p2 + q2, while dS− is the patch where e2T ≤ p2 + q2. In the dS± patches we define
coordinates ( ỹ , x ,ρ) via

ỹ ≡ ±
(1+ p2 + q2)

p
r2 − t2

r + t − (r − t)(p2 + q2)
= ±

1+ p2 + q2

eT − e−T (p2 + q2)
, (121a)

x ≡ ±
2rp

r + t − (r − t)(p2 + q2)
= ±

2p cosh T
eT − e−T (p2 + q2)

, (121b)

ρ ≡ ±
2rq

r + t − (r − t)(p2 + q2)
= ±

2q cosh T
eT − e−T (p2 + q2)

, (121c)
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where the ± sign is the same as that in dS±. In each patch the time coordinate ỹ ∈ [0,∞).
After the coordinate transformation in eq. (121), the metric in eq. (120) becomes

ds2 = dτ̃2 +
τ̃2

ỹ2

�

−d ỹ2 + dx2 + dρ2 +ρ2ds2
Sd−2

�

. (122)

The dS+ patch includes all of I+, located at T →∞ with τ̃e−T held fixed. Similarly, the dS−
patch includes all of I−, located at T →−∞ with τ̃eT held fixed.

For the second step, in either of dS± we perform a CHM map by defining coordinates
(ζ̃, σ̃, ψ̃) via

ỹ ≡
tan(θ0/2)

ζ̃ sinh σ̃+
Æ

1− ζ̃2 cos ψ̃
, x ≡ ỹ
q

1− ζ̃2 sin ψ̃ , ρ ≡ ỹζ̃ cosh σ̃ . (123)

Eq. (123) is a continuation of the CHM transformation in eq. (102), obtained by setting
σ̃ = σ − iπ/2, ζ̃ = ζ, and ψ̃ = ψ. After the coordinate transformation in eq. (123), the
metric in eq. (122) becomes

ds2 = dρ̃2 + ρ̃2

�

dζ̃2

f̃ (ζ̃)
+ f̃ (ζ̃)dψ̃2 − ζ̃2dσ̃2 + ζ̃2 cosh2 σ̃ds2

Sd−2

�

, (124)

f̃ (ζ̃)≡ 1− ζ̃2 . (125)

The metric on surfaces of constant (ρ̃, ζ̃) is that of S1 × dSd−1. Although the coordinates
(ζ̃, σ̃, ψ̃) do not cover all of dS±, they include the cosmic brane, located at ζ̃ = 1, where the
ψ̃ circle degenerates.

For the third step, we generalise to n ̸= 1 by replacing the f̃ (ζ̃) in eq. (125) with

f̃ (ζ̃) = 1− ζ̃2 −
ζd−2

0 − ζd
0

ζ̃d−2
, (126)

so that the ψ̃ circle now degenerates at ζ̃ = ζ0. To maintain the periodicity ψ̃ ∼ ψ̃+ 2π but
obtain a conical singularity at ζ̃= ζ0 of total angle 2π/n, we choose the ζ0 in eq. (109).

We now want to calculate ∂nŜ⋆grav(n) in the dS± patches. However, with the coordinates

(ζ̃, σ̃, ψ̃) the boundaries of the integration region depend on n. To avoid that, we define a
rescaled radial coordinate, ξ̃≡ ζ̃/ζ0. The metric in eq. (124) then becomes

ds2 = dτ̃2 + ζ2
0τ̃

2

�

dξ̃2

F̃(ξ̃)
+

F̃(ξ̃)
ζ2

0

dψ̃2 − ξ̃2dσ̃2 + ξ̃2 cosh2 σ̃2 ds2
Sd−2

�

. (127)

We then find that the contribution of the dS± patch to ∂nŜ⋆grav(n) is

∂nŜ⋆dS±
(n)≡ −

vol(Sd−2)
4GN

ζd−1
0

n2

∫ L

0

dτ̃ τ̃d−1

∫ σc

0

dσ̃ coshd−2 σ̃ . (128)

In eq. (128), the integrals over τ̃ and σ̃ each diverge, so we introduced cutoffs on each. The
cutoff on the τ̃ integration, L, is identical to that in eq. (55), UV = uv = t2 − r2 ≤ L2.
Arguments identical to those of the previous section give us the cutoff on the σ̃ integration,
namely that in eq. (117), σc = log

�2
ε sinθ0

�

.

38

https://scipost.org
https://scipost.org/SciPostPhys.19.2.042


SciPost Phys. 19, 042 (2025)

4.2.3 Results for EREs

We now want to compute ∂nŜ⋆(n), which is the sum of contributions from the AdS± patches,
eq. (113), and the dS± patches, eq. (128):

∂nS⋆grav(n) = ∂nŜ⋆AdS+
(n) + ∂nŜ⋆AdS−

(n) + ∂nŜ⋆dS+
(n) + ∂nŜ⋆dS−

(n) . (129)

Re-labelling τ̃→ τ and σ̃→ σ in the dS± patches allows us to write

∂nS⋆grav(n) = −
vol(Sd−2)

2GN

ζd−1
0

n2

∫ L

0

dττd−1

∫ σc

0

dσ
�

sinhd−2σ+ coshd−2σ
�

, (130)

with σc = log
�2
ε sinθ0

�

. Performing the trivial integration over τ then gives

∂nS⋆grav(n) = −
vol(Sd−2)

2GN

ζd−1
0

n2

Ld

d

∫ σc

0

dσ
�

sinhd−2σ+ coshd−2σ
�

. (131)

If we define
t≡ tanhσc , (132)

then the integral over σ gives

∂nS⋆grav(n) = −
vol(Sd−2)

2GN

ζd−1
0

n2

Ld

d

�

t 2F1

�

1
2

,
d
2

;
3
2

; t2
�

+
td−1

d − 1 2F1

�

d − 1
2

,
d
2

;
d + 1

2
; t2
�

�

. (133)

We now need to plug eq. (133) into eq. (47) and perform the integration over n, subject to
the boundary condition that Sρ0,n does not diverge as a function of n as n→ 1. In eq. (133),
the only dependence on n appears in the factor ζd−1

0 /n2, with ζ0 in eq. (109). The integral
we need is thus, with dummy integration variable m,

Fd(n)≡
n

n− 1

∫ n

1

dm
m2

�

1+
p

1+m2d(d − 2)
md

�d−1

. (134)

Performing the integration over m gives

Fd(n) =
n

n− 1
+

nd
(n− 1)(d − 2)2

�

1+
p

1+ n2d(d − 2)
d

�d+1

(135)

−
2+ n2(d − 1)(d − 2)

n(n− 1)(d − 2)2

�

1+
p

1+ n2d(d − 2)
nd

�d

.

Relevant for the EE, for all d we have limn→1 Fd(n) = 1. Our final result for the EREs, which
is the main result of this paper, is thus

Sρ0,n = i
vol(Sd−2)

2GN

Ld

d
Fd(n)

�

t 2F1

�

1
2

,
d
2

;
3
2

; t2
�

+
td−1

d − 1 2F1

�

d − 1
2

,
d
2

;
d + 1

2
; t2
�

�

. (136)

We will compare our eq. (136) to the general form expected for EREs of a spherical subre-
gion of a CFT vacuum, namely

Sρ0,n = ad−2(n)
Aρ0

εd−2
+

ad−4(n)
εd−4

+ . . .+ alog(n) log
�

2
ε

sinθ0

�

+ a0(n) +O (ε) , (137)

with dimensionless coefficients ad−2(n), ad−4(n), . . . that can depend on n, as indicated, where
alog(n) can appear only when d is even, and Aρ0

= vol(Sd−2) (sinθ0)
d−2 is the surface area of
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the spherical entangling region. In other words, the leading divergence exhibits an “area
law” [124, 125]. The physical, cutoff-independent contributions to Sρ0,n are either alog(n)

for even d, or a0(n) for odd d. For a spherical subregion, limn→1 alog(n) ∝ (−1)
d
2−1ad ,

where ad is the coefficient of the Euler density term in the CFT’s trace anomaly. Analogously,
limn→1 a0(n)∝ (−1)

d−1
2 log Z(Sd), where Z(Sd) is the Euclidean CFT’s partition function on

Sd . In a reflection positive/unitary CFT in d ≤ 4, proofs exist that these quantities obey c-
theorems under renormalization group flow [95–99], suggesting that these quantities count
the number of dynamical degrees of freedom.

Our eq. (136) has the form of eq. (137), where all coefficients ad−2(n), ad−4(n), . . . are
proportional to the same function of n, namely Fd(n) in eq. (135). Eq. (136) also gives rise
to an area law, because ε→ 0 means σc →∞, so that in eq. (131) when d > 2,

∂nS⋆grav(n) = −
vol(Sd−2)

2GN

ζd−1
0

n2

Ld

d
2 e(d−2)σc

(d − 2)
+ . . . , (138)

and using σc = log
�2
ε sinθ0

�

and Aρ0
= vol(Sd−2) (sinθ0)

d−2 then gives

∂nS⋆grav(n) = −
1

2GN

ζd−1
0

n2

Ld

d
2d−1

d − 2

Aρ0

εd−2
+ . . . , (139)

so that the leading divergence in eq. (136) will indeed have the form Aρ0
/εd−2. To be explicit,

expanding eq. (136) for small ε, or equivalently for 1−t≪ 1, and neglecting terms that vanish
as ε→ 0, for d ≤ 6 we find

d = 2 : Sℓ,n =
i L2

2GN

�

1+
1
n

�

log
�

2
ε

sin
�

ℓ

2

��

, (140a)

d = 3 : Sρ0,n =
i L3

3GN
F3(n)
�Aρ0

ε
−π
�

, (140b)

d = 4 : Sρ0,n =
i L4

8GN
F4(n)

Aρ0

ε2
, (140c)

d = 5 : Sρ0,n =
i L5

15GN
F5(n)
�Aρ0

ε3
+ 2π2
�

, (140d)

d = 6 : Sρ0,n =
i L6

24GN
F6(n)
�Aρ0

ε4
+ 4π2 log
�

2
ε

sinθ0

��

. (140e)

For any d, we may straightforwardly extract the EE using limn→1 Fd(n) = 1.
For the d = 2 case in eq. (140a), we substituted the explicit result for F2(n) and the in-

terval’s length ℓ = 2θ0. The resulting expression agrees exactly with our result in sec. 3.3,
namely eq. (68). In fact, the agreement extends to the non-universal terms, although this was
not guaranteed, since we have used different regularisation prescriptions in the two calcula-
tions. Furthermore, in the appendix we derive the d = 2 result in a third way, using methods
similar to those of refs. [73], providing another check.

In eq. (140), a logarithmic term is noticeably absent when d = 4, suggesting that a4 = 0 in
a d = 4 CCFT. Ref. [73] found the same result, which occurs because the contributions to the
ERE from the AdS± and dS± regions cancel each other, when using the same cutoff in these
regions, as we have done. In contrast, in eq. (140) a logarithmic term appears when d = 2 and
6, suggesting that ad ̸= 0 in those cases. More generally, from eq. (136) we find that ad = 0
whenever d is a multiple of 4, whereas ad ̸= 0 for all other even d, at least up to the largest
value we checked, d = 20. This raises the tantalizing question of whether CCFTs with d a
multiple of 4 have dynamical degrees of freedom at all, as defined via c-theorems—a question
we leave for future research.
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5 Summary and outlook

In this paper, we computed the EREs of CCFTs holographically, using the bulk theory of
Einstein–Hilbert gravity with minimally-coupled matter fields. We started with d = 2 CCFT
and single-interval EREs. In sec. 3.1 we identified the superrotation dual to the uniformisation
map, which allowed us to identify the bulk duals of the replica manifold and twist fields. A
key result was that twist fields are dual to the endpoints of a particular type of cosmic string,
with zero charge under any bulk gauge group and with the tension in eq. (41). In sec. 3.2, we
made two key assumptions, namely that we can identify the bulk and CCFT partition functions
(eq. (43)) and that we can make a leading saddle point approximation to the bulk partition
function (eq. (44)). In sec. 3.3 we thus computed the EREs, with the result in eq. (68) of the
form required by d = 2 conformal symmetry, which enabled us to identify the c in eq. (69).
For d ≥ 2, in sec. 4 we made the same assumptions, and argued that the bulk dual of twist
operators are cosmic branes. In sec. 4.2 we adapted the CHM map to compute EREs of spher-
ical sub-regions of d ≥ 2 CCFTs, with the result in eq. (136), which is the main result of this
paper. The result has the form expected from conformal symmetry, and enabled us to identify
central charges in any dimension. A curious result was that the central charge defined as the
coefficient of the Ricci scalar in the CCFT trace anomaly appears to vanish in d = 4 mod 4.

Our results raise many questions for future research. What follows are questions that we
consider the most important and/or tractable. To be concrete, we will restrict to d = 2 CCFT,
and hence a 4-dimensional bulk, although the same questions apply when d > 2.

• Interpretation as entanglement: As mentioned in sec. 1.3, the CCFT is defined on CS2,
so strictly speaking we computed correlators of twist fields in a Euclidean signature the-
ory. Interpreting these in terms of entanglement requires an analytic continuation to
Lorentzian signature, which is not unique. Since we had a single interval, and hence
two twist fields that defined a great circle of CS2, our preferred approach is to perform
stereographic projection to the complex plane, which maps that great circle to a line with
the two twist fields, and then to Wick rotate the direction normal to that line, which is
thus our Cauchy surface. Our calculation then maps onto Cardy and Calabrese’s rela-
tively straightforwardly. However, in general other bulk solutions will not be dual to
EREs. For example, suppose we have multiple strings whose endpoints reach CS2, or a
scattering process in the bulk in the presence of cosmic strings. These can lead to addi-
tional operator insertions on CS2, and not all of these must be on the same great circle.
If we nevertheless choose a great circle, stereographically project to the plane, and then
Wick rotate as described above, then some operator insertions will not be on our Cauchy
surface, and so will instead define two different states on either side of our Cauchy sur-
face. In other words, we will obtain, not a density matrix of a single state, but a transition
matrix between two different states. For details, see for example ref. [19]. The analogue
of EE for a transition matrix is called pseudo-entropy, whose properties are very different
from EE [126–128]. For example, even in a unitary field theory, a transition matrix is in
general non-Hermitian, and as a result, pseudo-entropy is complex-valued and need not
obey (strong) sub-additivity or other entanglement inequalities. We believe such issues
will arise with any choice of Wick rotation of the CCFT: in general, bulk calculations in-
volving cosmic strings dual to twist fields will compute pseudo-entropy, not EREs or EEs.
In short, a fundamental conceptual question for follow-up research is: for a generic bulk
solution involving cosmic strings, exactly what is the dual CCFT quantity? Is it some
kind of pseudo-entropy?
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• Parallel cosmic strings: As mentioned in 1.4, many cosmic string solutions exist in the
bulk Einstein–Hilbert theory: see for example ref. [129] and references therein. Our
results open the door to interpreting these as probes of CCFT ERE or pseudo-entropy.
For instance, a relatively simple generalization of the single cosmic string solution is to
multiple parallel cosmic strings [130]. By definition, parallel strings all approach the
same points on CS2, so such a solution should be dual to a correlation function of mul-
tiple twist fields inserted at coincident points. However, since the parallel strings are
translated with respect to one-another, the correlation function should also contain in-
sertions of the appropriate (super)translation operator. For example, we might consider
constructing a configuration of two parallel strings by first performing a superrotation of
the form in eq. (34) to insert a string with endpoints at z1 and z2, followed by a transla-
tion to move the string away from the origin, followed by another superrotation to insert
another string, also with endpoints at z1 and z2, and possibly with different tension. We
expect this bulk solution to be dual to a correlation function schematically of the form

〈Φn′(z1)Φ−n′(z2)Φ̃n(z1)Φ̃−n(z2)〉 , Φ̃n(z)≡ U†Φn(z)U , (141)

where U is the appropriate (super)translation operator and n and n′ are the indices
related to the tensions of the two strings through eq. (41). Analysis of this correlation
function in the CCFT will require careful treatment of the coincident limit of twist fields,
perhaps along the lines of ref. [131].

• Time-dependent cosmic string processes: Other well-known classes of bulk solutions
describe a single cosmic string that snaps into two pieces, the time-reversed process in
which two string pieces meet and connect to form a single cosmic string, or a process in
which a cosmic string of finite length nucleates and grows to infinite length [109, 110,
132–134]. In these cases the cosmic string endpoints travel out to infinity at the speed
of light, accompanied by a gravitational shockwave. A closely related family of solutions
are the C-metrics, which describe black holes created in pairs and pulled to infinity by
cosmic strings [135]. The C-metrics approach the previous class of solutions in the limit
that the black holes are massless, and so lose their horizons and become point parti-
cles moving at the speed of light. What are all of these dual to in the CCFT? A natural
conjecture is that they are dual to a correlation function involving two twist field inser-
tions, corresponding to the endpoints of the cosmic string on CS2, along with insertions
of some other operators dual to the moving endpoints of the string/the gravitational
shockwave.

• EREs of multiple intervals: A direct generalisation of our work is to CCFT EREs of
multiple intervals. These are proportional to a theory-dependent function of the cross
ratios of the interval endpoints, and can thus provide more detailed CFT information
than just c [103]. How can we calculate CCFT multiple-interval EREs holographically?
Clearly we must introduce more than two cosmic string endpoints on CS2, which in our
preferred Wick rotation must all lie on the same great circle. The challenge then is to
determine the bulk solution with minimum action, subject to that boundary condition.
Such a calculation will almost certainly be more complicated than our single-interval
case. For example, multiple cosmic strings can snap and re-connect to one another in
various ways. Even if the cosmic strings remain static, different configurations may
minimise the bulk action, depending on the relative positions of their endpoints–possibly
leading to phase transitions in the ERE, as occurs in AdS/CFT [136,137]. AdS/CFT may
provide a guide, however, for example in applying Schottky uniformisation [138, 139]
or modifying the cosmic brane to produce correct ERE behaviour when n< 1 [140].
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• Other CCFT states: In the bulk, we considered only empty Minkowski spacetime, holo-
graphically dual to the CCFT’s conformal vacuum. What about other asymptotically flat
spacetimes, presumably dual to more complicated CCFT states? Obvious candidates
include black holes, or more generally any solution that breaks bulk translational sym-
metry. Indeed, translational symmetry over-constrains the CCFT, for example forcing
low-point correlation functions to be distributional, unless a shadow transformation is
performed [22]. Celestial amplitudes have been computed in many backgrounds with-
out bulk translational symmetry: for a sampling, see refs. [43,72,141–148]. Can these
be extended to include cosmic strings dual to twist fields, and if so, then what can we
learn about CCFT EREs or pseudo-entropy?

• Other approaches to flat holography: How do our results relate to other approaches
to holography in asymptotically flat spacetime? In particular, how can we calculate
EREs holographically in these other approaches? For example, Carrollian holography
proposes that a theory with Carrollian conformal symmetry is holographically dual to
Einstein–Hilbert gravity in asymptotically flat spacetime. The conjectured Carrollian
theory “lives” on all of I±, and hence is codimension one relative to the bulk, and has
Carrollian conformal symmetry, which roughly speaking is the limit of conformal sym-
metry in which the speed of light goes to zero. Holographic calculations of Carrollian EE
appear in refs. [149–151]. Are these related to our calculations for CCFT? What about
bulk theories besides Einstein–Hilbert gravity? For example, how do we calculate CCFT
EREs in the top-down proposal for celestial holography of refs. [13,39] (based on string
theory constructions in which D1-branes break bulk translational symmetry)? Can we
calculate EREs independently in the bulk theory and in the CCFT, and compare? More
generally, we hope that our results open the door to many new approaches to EREs in
flat holography.
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A d = 2 CCFT EREs from boundary terms

In this appendix we present an alternative derivation of the results in sec. 3.3 for the EREs of
d = 2 CCFT by adapting the AdS/CFT approach of ref. [100] to Minkowski spacetime. From
a celestial holography perspective, our method extends that of ref. [73] to n ̸= 1.

A.1 A boundary integral for the on-shell action

In order to compute the EREs we will follow a method of calculation suggested in the context of
AdS/CFT in ref. [100]. Rather than orbifolding the spacetime and computing the nth-derivative
of the on-shell action through a boundary term on the regulated conical singularity, as we did
in sec. 3.3, we instead compute the on-shell action of empty Minkowski space with a non-trivial
cutoff near the boundary of the hyperbolic slices.

Our starting point is Minkowski space in flat slicing as in eq. (28), which we reproduce
here for convenience

ds2 = −dUdV + V 2dw dw̄ . (A.1)

We adopt hyperbolic slicing by dividing the spacetime into different regions, similar to what
we did in spherical coordinates in sec. 4.2:

• AdS+: U , V > 0;

• AdS−: U , V < 0;

• dS+: U < 0, V > 0; and

• dS−: U > 0, V < 0.

In the AdS± regions, we adopt hyperbolic slicing by defining new coordinates τ and y via

U ≡ τy , V ≡
τ

y
. (A.2)

These coordinates take values in the ranges τ ∈ (−∞,∞) and y ∈ [0,∞), with positive
and negative τ corresponding to AdS+ and AdS−, respectively. In these coordinates the metric
becomes

ds2 = −dτ2 +
τ2

y2

�

dy2 + dw dw̄
�

. (A.3)

In the dS± regions we define new coordinates τ̃ and ψ̃ via

U ≡ −τ̃ ỹ , V ≡
τ̃

ỹ
. (A.4)

These take values in the ranges τ̃ ∈ (−∞,∞) and ỹ ∈ [0,∞), with positive and negative τ̃
corresponding to dS+ and dS−, respectively. In these coordinates the metric becomes

ds2 = dτ̃2 +
τ̃2

ỹ2

�

−d ỹ2 + dw dw̄
�

. (A.5)

The slicings in the AdS± and dS± regions are sketched in fig. 7.
As in sec. 3.3 we will regularise the volume of this spacetime by imposing cutoffs on the

coordinates. We again impose |UV | ≤ L2 for some large distance L, which corresponds to
imposing |τ| ≤ L and τ̃ ≤ L in the AdS± and dS± regions, respectively. However, instead of
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n
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)

Figure 7: Hyperbolic slicing of Minkowski spacetime, depicted in the plane of
tan−1(V ) versus tan−1(U), with U and V the flat slicing coordinates of eqs. (27)
and (A.1). The dotted lines are the lightcone of the origin. The two regions labelled
AdS± are foliated by Euclidean AdSd+1 slices, denoted by the solid red lines in the
figure, with the metric in eq. (A.3). The red arrows parallel to the slices denotes
the direction of increasing radial coordinate y . The grey arrow perpendicular to the
slices denotes the direction of increasing Milne time τ. The two regions labelled dS±
are foliated by Lorentzian dSd+1 slices, denoted by blue dashed lines, with the metric
in eq. (A.5). The blue arrows parallel to the slices denote the direction of increasing
dS time ỹ , while the grey arrows perpendicular to the slices denote the direction
of increasing Milne time τ̃. We labeled past and future null infinity as I− and I+,
respectively, and the north and south poles of these as I−(NP) and I+(SP), respectively.

imposing a cutoff on large V as in eq. (57), in the AdS± regions we will impose a Fefferman–
Graham cutoff on the hyperbolic slices,

y ≥ yc e−χ(w,w̄) , eχ(w,w̄) =
n|z2 − z1||w|n−1

|wn − 1|2 + |z2wn − z1|2
, (A.6)

for some small yc . With this cutoff, the induced metric on this cutoff surface is y−2
c times the

metric of the uniformised sphere appearing on the right-hand side of eq. (18),

ds2
yc
= y−2

c
4n2|z2 − z1|2|w|2(n−1)

(|wn − 1|2 + |z2wn − z1|2)
2 dw dw̄+ . . . , (A.7)

where the dots denote terms which are subleading at small yc . Using the natural defining
function on the hyperbolic slices, we would thus read off the “boundary metric” as precisely
that of the uniformised sphere. Equivalently, we can motivate eq. (A.6) by first imposing a
flat Fefferman–Graham cutoff on the hyperbolic slicing of the metric in eq. (42), u/v ≥ y2

c for
u, v > 0 and v/u ≥ y2

c for u, v < 0, where v = u+ 2r. At leading order in small yc , the finite
superrotation in eq. (34) maps this to the cutoff in eq. (A.6). By the same logic, in the dS±
regions we impose

ỹ ≥ ỹc e−χ(w,w̄) , (A.8)

for some small ỹc .
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We wish to evaluate the on-shell action S⋆grav(n) appearing in the ERE formula, eq. (45).
Since the spacetime is just empty Minkowski space, the bulk contribution to this on-shell action
vanishes. However, we will find non-zero contributions to the on-shell action from the cutoff
surfaces.

We begin by considering the contribution to the on-shell action from the AdS+ region. This
region has two boundary components: the infrared cutoff surface at τ= L, and the Fefferman–
Graham cutoff surface at y = yc . The Gibbons–Hawking–York boundary term evaluated on
the Fefferman–Graham cutoff surface is

S⋆yc
=

1
8πGN

∫

y=yc

d3 x
Æ

|γ|Kγ

=
1

8πGN

∫

dw dw̄

∫ L

0

dττ

�

e2χ

2y2
c
+ ∂ χ ∂̄ χ − ∂ ∂̄ χ

�

+O(y2
c ) (A.9)

=
L2

16πGN

∫

dw dw̄

�

e2χ

y2
c
+ 2∂ χ ∂̄ χ − 2∂ ∂̄ χ

�

+O(y2
c ) ,

where γ is the induced metric on the cutoff surface, and Kγ is its mean curvature. Meanwhile,
on the τ = L cutoff surface we impose Neumann boundary conditions through the boundary
term [73]

S⋆L = −
1

8πGN

∫

τ=L
d3 x
Æ

|γ|
�

Kγ −
2
L

�

= −
L2

16πGN

∫

dw dw̄

∫ ∞

yc e−χ
dy

1
y3

(A.10)

= −
L2

32πGN

∫

dw dw̄
e2χ

y2
c

.

In principle, a corner term at the joint between the two cutoff surfaces could also appear [152].
However, in this case the corner term vanishes because the normals to the two surfaces are
orthogonal to each other.

Summing the action contributions in eqs. (A.9) and (A.10) yields an answer that diverges
when we remove the cutoff yc → 0. We can remedy this by adding to the action a volume
counterterm on the y = yc surface,

Sc.t. = −
1

8πGN

∫

y=yc

d3 x
Æ

|γ|
1
τ

= −
L2

32πGN

∫

dw dw̄

�

e2χ

y2
c
+ 2∂ χ ∂̄ χ

�

+O(y2
c ) . (A.11)

With this addition, we find that the total contribution of the AdS+ region to the on-shell action
is

S⋆AdS+
(n) =

L2

16πGN

∫

dw dw̄
�

∂ χ ∂̄ χ − 2∂ ∂̄ χ
�

. (A.12)

The calculation of the contribution of the AdS− region to the on-shell action proceeds
identically, and yields a contribution to the on-shell action equal to that from the AdS+ region.
Similarly, the calculations in the dS± regions proceed almost identically, but with appropriate
minus signs due to the change in signature of the slices. For example, for the dS+ region, the
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Gibbons–Hawking–York term on the small- ỹc cutoff is

S⋆ỹc
= −

1
8πGN

∫

ỹ= ỹc

d3 x
Æ

|γ|Kγ

= −
L2

16πGN

∫

dw dw̄

�

e2χ

ỹ2
c
− 2∂ χ ∂̄ χ + 2∂ ∂̄ χ

�

. (A.13)

The contribution from the IR cutoff surface at large τ̃= L is

S⋆L =
1

8πGN

∫

τ̃=L
d3 x
Æ

|γ|
�

Kγ −
2
L

�

=
L2

32πGN

∫

dw dw̄
e2χ

ỹ2
c

. (A.14)

Finally, we remove the term which diverges when ỹc → 0 using a volume counterterm,

Sc.t. =
1

8πGN

∫

ỹ= ỹc

d3 x
Æ

|γ|
1
τ̃

=
L2

32πGN

∫

dw dw̄

�

e2χ

ỹ2
c
− 2∂ χ ∂̄ χ

�

. (A.15)

Summing these contributions, we obtain a contribution to the on-shell action from the dS+
region that is equal to that from the AdS+ region given in eq. (A.12). The computation for the
dS− region is identical.

The total on-shell action, obtained from the sum of the contributions from the AdS± and
dS± regions, is thus four times the result in eq. (A.12),

S⋆grav(n) =
L2

4πGN

∫

dw dw̄
�

∂ χ ∂̄ χ − 2∂ ∂̄ χ
�

, (A.16a)

eχ(w,w̄) =
n|z2 − z1||w|n−1

|wn − 1|2 + |z2wn − z1|2
. (A.16b)

Eq. (A.16a) reproduces the expected d = 2 CFT Weyl anomaly reviewed in eq. (11). The
integrand is singular where χ is singular, namely at w= 0 and w→∞. We will regularise the
integral by limiting the integration region to Wmin ≤ |w| ≤ Wmax, where Wmin and Wmax are
chosen such that the circumference of these cutoff surfaces, measured using the metric (18),
is equal to 2πnε, for some small ε,

Wmin =

�

1+ |z1|2

2|z2 − z1|
ε

�1/n

, Wmax =

�

1+ |z2|2

2|z2 − z1|
ε

�−1/n

. (A.17)

By construction, these limits on the integration over W match those in eq. (63). We now
proceed to evaluate the integral in eq. (A.16a) over this integration region.

A.2 Evaluation of the integral

We write eq. (A.16a) as

S⋆grav(n) =
L2

4GN
I , (A.18)

where we have defined the integral

I ≡
1
π

∫

dw dw̄
�

∂ χ ∂̄ χ − 2∂ ∂̄ χ
�

=
1

2π

∫

d2w
Æ

|q|
�

qAB∇Aχ∇Bχ − 2qAB∇A∇Bχ
�

, (A.19)
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where qAB is the metric of the complex plane, qABdwAdwB = dw dw̄ with w ≡ w1 + iw2. In
eq. (A.19), we integrate the first term by parts, and the second term is a total derivative that
integrates to zero. Defining polar coordinates via w≡Weiθ we thus find

I =
1

2π

∫ 2π

0

dθ
�

W (χ − 2)∂Wχ
�W=Wmax

W=Wmin
−

1
2π

∫

d2w
Æ

|q|qAB χ∇A∇Bχ . (A.20)

The boundary contribution in eq. (A.20), which we call I1, is straightforward to evaluate,

I1 ≡
∫ 2π

0

dθ
�

W (χ − 2)∂Wχ
�W=Wmax

W=Wmin

= 4n+ (n+ 1) log

�

1+ |z2|2

n|z2 − z1|
W n+1

max

�

+ (n− 1) log

�

1+ |z1|2

n|z2 − z1|
W 1−n

min

�

. (A.21)

Substituting the limits on W in eq. (A.17), we then find

I1 = 2
�

n+
1
n

�

log
�

2
ε

�

− 2n log n+ 4n

+
�

1+
1
n

�

log
� |z2 − z1|

1+ |z2|2

�

−
�

1−
1
n

�

log
� |z2 − z1|

1+ |z1|2

�

. (A.22)

The bulk contribution in eq. (A.20), which we call I2, is

I2 ≡ −
1

2π

∫

d2w
Æ

|q|qAB χ∇A∇Bχ

=
2n2|z2 − z1|2

π

∫ ∞

0

dW

∫ 2π

0

dθ
W 2n−1

F(W,θ )2
log

�

n|z2 − z1|W n−1

F(W,θ )

�

, (A.23)

where we have defined

F(W,θ )≡ 1+ |z1|2 − 2W n Re
�

(1+ z̄1z2)e
inθ
�

+W 2n
�

1+ |z2|2
�

. (A.24)

We simplify the integrand in eq. (A.23) by defining new variables s ≡
p

a/b W n and
φ ≡ nθ + β , where β is the complex argument of 1+ z̄1z2 and

a ≡
|z2 − z1|
1+ |z1|2

, b ≡
|z2 − z1|
1+ |z2|2

. (A.25)

Eq. (20) gives ab = sin2(ℓ/2), and hence 0< ab < 1. In terms of these new variables,

I2 =
�

2n log n− (n− 1) log a− (n+ 1) log b
�

J1(ab)− 2nJ2(ab) + 2(n− 1)J3(ab) , (A.26)

where we have defined the three integrals,

J1(λ)≡
λ

π

∫ ∞

0

ds

∫ 2π

0

dφ
s

�

1+ s2 − 2
p

1−λ s cosφ
�2 , (A.27a)

J2(λ)≡
λ

π

∫ ∞

0

ds

∫ 2π

0

dφ
s
�

log
�

1+ s2 − 2
p

1−λ s cosφ
�2 − logλ
�

�

1+ s2 − 2
p

1−λ s cosφ
�2 , (A.27b)

J3(λ)≡
λ

π

∫ ∞

0

ds

∫ 2π

0

dφ
s log s

�

1+ s2 − 2
p

1−λ s cosφ
�2 , (A.27c)
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to be evaluated for 0 < λ < 1. The integrals J1(λ) and J2(λ) are best handled by the change
of variables15

s2 ≡ 1+λ(σ− 1) + 2
Æ

λ(1−λ)
p
σ cosϕ , tanφ ≡

p
λσ sinϕ

p
1−λ+

p
λσ cosϕ

, (A.28)

with σ ∈ [0,∞) and ϕ ∈ [0, 2π). This transformation removes all dependence of the inte-
grands on the angular coordinate ϕ, such that the integral over ϕ becomes trivial, giving a
multiplicative factor of 2π. We then find

J1(λ) =

∫ ∞

0

dσ
1

(1+σ)2
= 1 , (A.29a)

J2(λ) =

∫ ∞

0

dσ
log(1+σ)
(1+σ)2

= 1 , (A.29b)

where the integral in the second line is straightforwardly evaluated by parts.
To evaluate J3(λ), we make the same transformation as in eq. (A.28), except in place of σ

we use ρ ≡
p
σ, which gives

J3(λ) =
1

2π

∫ ∞

0

dρ

∫ 2π

0

dϕ
ρ

(1+ρ2)2
log
�

1−λ+λρ2 + 2
Æ

λ(1−λ)ρ cosϕ
�

. (A.30)

Integrating by parts to remove the logarithm, we obtain

J3(λ)= log(1−λ) +
1
π

∫ ∞

0

dρ

∫ 2π

0

dϕ
λρ +
p

λ(1−λ) cosϕ

(1+ρ2)
�

1−λ+λρ2 + 2
p

λ(1−λ)ρ cosϕ
� (A.31a)

= log(1−λ) +
∫ ∞

0

dρ

∫ ∞

−∞
dαJ (ρ,α;λ) , (A.31b)

where in the second line we have performed the substitution α≡ tan(ϕ/2) and defined

J (ρ,α;λ)≡
2
π

λρ(1+α2) +
p

λ(1−λ)(1−α2)

(1+ρ2)(1+α2)
�

(1−λ+λρ2) (1+α2) + 2
p

λ(1−λ)ρ(1−α2)
� . (A.32)

The integrand J (ρ,α;λ) has four simple poles on the imaginary α axis, two at α = ±i and
two at α= ±iα∗, where

α∗ ≡
|λρ2 − 1+λ|
(
p

1−λ−
p
λρ)2

. (A.33)

We denote the corresponding residues as R(±i) and R(±iα∗), respectively, where

2πiR(±i) = ±
1

ρ(1+ρ2)
, 2πiR(±iα∗) = ±

sign(λρ2 − 1+λ)
ρ(1+ρ2)

. (A.34)

Furthermore, J (r,α;λ) vanishes as α−2 as α → ∞. We can therefore close the contour
of integration over α into a large semicircle in the upper-half complex α-plane, picking up
contributions only from the poles at α= i and α= iα∗. The result is

J3(λ) = log(1−λ) +
∫ ∞

0

dρ
1+ sign(λρ2 − 1+λ)

ρ(1+ρ2)
= 0 . (A.35)

15This transformation arises from a shift in the origin of the polar coordinates, with ϕ the angular coordinate
around the new origin and σ proportional to the square of the radial distance to the new origin.

49

https://scipost.org
https://scipost.org/SciPostPhys.19.2.042


SciPost Phys. 19, 042 (2025)

Substituting the results for J1, J2, and J3 from eqs (A.29) and (A.35), respectively, and a and
b from eq. (A.25), into eq. (A.26) then gives

I2 = 2n log n− 2n− (n− 1) log
� |z2 − z1|

1+ |z1|2

�

− (n+ 1) log
� |z2 − z1|

1+ |z2|2

�

. (A.36)

Substituting I = I1 + I2 into eq. (A.18), with the result for I1 in eq. (A.22) and the result
for I2 in eq. (A.36), we obtain the on-shell gravitational action at replica index n,

S⋆grav(n) =
L2

4GN

�

2
�

n+
1
n

�

log
�

2
ε

�

−
�

n−
1
n

�

log
� |z2 − z1|

1+ |z2|2

�

−
�

n−
1
n

�

log
� |z2 − z1|

1+ |z1|2

�

+ 2n
�

. (A.37)

Finally, we substitute this result into eq. (45) to obtain the single-interval EREs,

Sℓ,n =
�

1+
1
n

�

i L2

2GN
log

�

2|z2 − z1|
ε
p

(1+ |z1|2) (1+ |z2|2)

�

. (A.38)

Using eq. (20) to replace z1 and z2 with the great circle distance ℓ, we thus find

Sℓ,n =
�

1+
1
n

�

i L2

2GN
log
�

2
ε

sin
�

ℓ

2

��

, (A.39)

which agrees with our result in sec. 3.3, namely eq. (68).

B Ricci tensor in CHM coordinates

In this appendix we provide some details of the computation of the Ricci tensor appearing in
eq. (107), corresponding to the metric in eq. (103), which we write here as

ds2 = gµνdxµdxν = −dτ2 +τ2

�

dζ2

f (ζ)
+ f (ζ)dψ2 + ζ2dσ2 + ζ2 sinh2σ ĝαβ dθαdθβ

�

, (B.1)

with coordinates θα and metric ĝαβ on the Sd−2. The Christoffel coefficients can be straight-
forwardly obtained from the standard trick of deriving the geodesic equation as the Euler-
Largrange equations following from the action for a point particle of mass m,

S =
m
2

∫

dλ gµν ẋµ ẋν , (B.2)

where λ parameterises the path and dots denote derivatives with respect to λ. Evaluated with
the metric in eq. (B.1), this action becomes

S =
m
2

∫ �

−τ̇2 +
τ2

f (ζ)
ζ̇2 +τ2 f (ζ)ψ̇2 +τ2ζ2σ̇2 +τ2ζ2 sinh2σ ĝαβ θ̇

αθ̇β
�

. (B.3)

We then straightforwardly determine the Euler-Lagrange equations for {τ,ζ,ψ,σ,θα} fol-
lowing from eq. (B.3). Comparing to the standard from of the geodesic equation, we read off
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the non-zero Christoffel coefficients:

Γ ταβ = τζ
2 sinh2σ ĝαβ , Γ τζζ =

τ

f (ζ)
, Γ τψψ = τ f (ζ) , Γ τσσ = τζ

2 , (B.4a)

Γ
ζ
ψψ
= −

1
2

f (ζ) f ′(ζ) , Γ
ζ
τζ
=

1
τ

, Γ
ζ
ζζ
= −

f ′(ζ)
2 f (ζ)

, Γ ζσσ = −ζ f (ζ) , (B.4b)

Γ
ζ
αβ
= −ζ f (ζ) sinh2σ ĝαβ , Γ

ψ

τψ
=

1
τ

, Γ
ψ

ζψ
=

f ′(ζ)
2 f (ζ)

, (B.4c)

Γσαβ = −
1
2

sinh(2σ) ĝαβ , Γστσ =
1
τ

, Γσζσ =
1
ζ

, (B.4d)

Γασβ = cothσδαβ , Γατβ =
1
τ
δαβ , Γαζβ =

1
ζ
δαβ , Γαβγ = Γ̂

α
βγ , (B.4e)

where Γ̂α
βγ
= 1

2 ĝαδ(∂β ĝδγ + ∂γhβδ − ∂δhβγ) are the Christoffel symbols of the Sd−2 metric.
To compute the Ricci tensor, note that the contractions of these Christoffel symbols,

Γµ ≡ Γ ννµ, are

Γτ =
d + 1
τ

, Γζ =
d − 1
ζ

, Γψ = 0 , Γσ = (d − 2) cothσ , Γα = Γ̂
β

βα
. (B.5)

The Ricci tensor then follows from the formula

Rµν = ∂λΓ
λ
µν − ∂νΓµ + Γλ Γ

λ
µν − Γ

λ
µκΓ

κ
νλ , (B.6)

with the result given in eq. (107). As part of this, the various factors of Γ̂α
βγ

arrange themselves

into R̂αβ , the Ricci tensor of the metric ĝαβ . This can then be simplified using the fact that a
unit Sd−2 has R̂αβ = (d − 3) ĝαβ .
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