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Abstract

We study the dynamics of entanglement asymmetry in periodically driven quantum sys-
tems. Using a periodically driven XY chain as a model for a driven integrable quantum
system, we provide semi-analytic results for the behavior of the dynamics of the entangle-
ment asymmetry, AS, as a function of the drive frequency. Our analysis identifies special
drive frequencies at which the driven XY chain exhibits dynamic symmetry restoration
and displays quantum Mpemba effect over a long timescale; we identify an emergent
approximate symmetry in its Floquet Hamiltonian which plays a crucial role for real-
ization of both these phenomena. We follow these results by numerical computation
of AS for the non-integrable driven Rydberg atom chain and obtain similar emergent-
symmetry-induced symmetry restoration and quantum Mpemba effect in the prethermal
regime for such a system. Finally, we provide an exact analytic computation of the en-
tanglement asymmetry for a periodically driven conformal field theory (CFT) on a strip.
Such a driven CFT, depending on the drive amplitude and frequency, exhibits two dis-
tinct phases, heating and non-heating, that are separated by a critical line. Our results
show that for m cycles of a periodic drive with time period T, AS ~InmT [In(InmT)] in
the heating phase [on the critical line] for a generic CFT; in contrast, in the non-heating
phase, AS displays small amplitude oscillations around it’s initial value as a function
of mT. We provide a phase diagram for the behavior of AS for such driven CFTs as a
function of the drive frequency and amplitude.
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1 Introduction

A large variety of classical systems exhibit Mpemba effect when taken away from equilibrium
[1]. This effect, which constitutes faster relaxation of a classical system when taken further
away from equilibrium, is attributed to anomalous relaxation mechanism in these systems
[2-5]. The Mpemba effect is now theoretically explained [2,3] and experimentally observed
[4,5] in a variety of classical systems.

Initial studies aiming at understanding the quantum version of this effect constituted anal-
ysis of open quantum systems where the relaxation mechanism is implemented using a bath
[6-10]. More recently, similar studies have been carried out for closed quantum systems where
quench dynamics of such systems have been analyzed [11-20]. Typically, in such studies, one
start from an initial state which breaks a symmetry; this is followed by the evolution of this ini-
tial state with a Hamiltonian which respects the symmetry broken by the initial state. It is found
that such a time evolution leads to dynamical symmetry restoration over a typical timescale
which depends on system details. In particular, these studies show a faster restoration of sym-
metry for initial states with larger degree of symmetry breaking leading to realization of the
quantum Mpemba effect in closed systems [12].

To quantify the degree of symmetry breaking in a quantum system, one typically computes
entanglement asymmetry AS [11-33]. Such a quantity allows one to study symmetry breaking
using entanglement. Its computation begins from choosing a state of the system [v) and a
subsequent construction of the density matrix p = |¢)(y|. The corresponding reduced density
matrix p,, corresponding to the subsystem A, is then obtained by tracing out the rest of the
system (denoted as B below). The entanglement entropy of this reduced density matrix can
be quantified using several measures; in this work, we shall use the n™ Renyi entropy

1
So=1—ImTr[px],  pa=Trslp]. ¢))
The next step to compute the entanglement asymmetry is to consider a symmetry Q with
corresponding charge operator Q acting on states of the system’s Hilbert space and having
eigenvalues q. This symmetry may be discrete or continuous. One can then project p to
different symmetry sectors with definite g; this leads to the projected density matrix

T
da uo—
Pq :ZHqPHq, I :f %ela(Q D, (2)
q T

where « is a real parameter. The corresponding symmetry-projected reduced density matrix
and the associated n™ Renyi entropy are denoted by p g and Sg,, = ﬁ InTr [ Jol 3 A] respectively.
If the state [+)) breaks the symmetry, p, # paq. Using this notion, the entanglement asymmetry
can be defined as
1 Ir [pgA]
AS, =Sgn—Sp = In .
1—n" Tr[p}]

(3)
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It is easy to see that AS, > 0 and the equality holds when p, = p [11,12]. This observation
allows one to use AS,, as a probe of degree of asymmetry. The evolution of AS under the action
of a Hamiltonian H has also been studied in different contexts [11-20]. It was shown when
[H,Q] = 0, such a evolution leads to dynamical symmetry restoration wherein AS,, — 0 at
long times. In all the earlier works [11-20], the dynamics of symmetry restoration have been
studied for quench dynamics. To the best of our knowledge, their counterpart in periodically
driven integrable or non-integrable systems has not been studied so far.

The stroboscopic time evolution in a periodically driven quantum system with time period
T constitutes an active research area [34-38]. These driven systems are completely described
by Floquet Hamiltonians Hy which are related to their evolution operator U(T,0) by

U(mT,0)=U™(T,0) =exp[—iHp(T)mT /h], 4

where m is an integer. They exhibit a host of phenomena that have no analogue in either
equilibrium or in the presence of aperiodic drives; these include realization of drive-induced
topological phases [39-44], dynamical localization [45-49], dynamical freezing [50-55], dy-
namical phase transitions [56-61], and realization of time crystalline phases [62—-67]. Most
of the above-mentioned phenomena can be attributed to an emergent approximate symmetry
of Hr which shapes their nature [38]. However, the role of such an emergent symmetry on
realization of Mpemba effect in a periodically driven quantum models have not been studied
so far.

In this work, we study the behavior of entanglement asymmetry AS, for several peri-
odically driven quantum systems using a square-pulse protocol. For typical drive frequen-
cies wp = 21/ T, AS,, always remain positive showing lack of dynamical symmetry restora-
tion. This can be understood from the fact that the Floquet Hamiltonian, at such frequencies,
does not usually respect any specific symmetry; consequently, there is no dynamical symmetry
restoration. However, we find that for both driven integrable and non-integrable models (such
as the XY spin chain and the Rydberg chain respectively), there exists special drive frequencies
for which the Floquet Hamiltonian exhibits an approximate emergent symmetry. This symme-
try is emergent since it is not a property of either the system Hamiltonian or the initial state.
It is approximate since it is respected only by the leading order term in Hy, denoted as H;l), in
the high drive-amplitude regime; higher order terms, suppressed in this regime, do not respect
this symmetry. Consequently, the effect of this symmetry manifests itself in these driven sys-
tems up to prethermal timescales where Hl(gl) controls the dynamics. It is well-known that such
a prethermal time scale may be exponentially large for large drive amplitudes [38,68-70]. The
presence of such a symmetry leads to dynamical symmetry restoration in such driven systems
and AS,, — 0 at these frequencies; moreover, we show that AS,, exhibits Mpemba effect in the
sense that its relaxation to zero occurs faster if the initial state corresponds to larger degree of
symmetry breaking. To the best of our knowledge, such a realization of Mpemba effect has not
been reported earlier for periodically driven integrable and non-integrable quantum systems.

We also study the behavior of AS,, for periodically driven conformal field theories (CFTs)
defined on a strip. The properties of both symmetry projected entanglement and entanglement
asymmetry has been studied earlier for CFTs in several contexts [21-28]. These works study
entanglement asymmetry for the excited state of a CFT in a cylindrical geometry [22], on a
semi-infinite line [23,24], and in context of holography [25,26]. It was shown in Refs. [21,22]
that symmetry projection for such conformal theories may be implemented via a primary ver-
tex operator which allows one to obtain analytic expression of symmetry resolved entangle-
ment [21] for vacuum and entanglement asymmetry for primary states [22] of the CFT on
a cylinder. An analogous study for the strip geometry has not been carried out. Moreover,
although periodically driven CFTs has been studied in several contexts [71-81], the behavior
AS,, for such driven CFTs have not been studied in the literature.

3
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To this end, we start with an initial state which manifestly breaks the symmetry generated
by Q. A standard conformal mapping then allows us to move from the strip to the upper-half
plane (UHP). This allows us to find the appearance of the conformal boundary state which
breaks the symmetry corresponding to the charged symmetry sector. Since a conformal bound-
ary state can be written as a sum of primary and Virasoro descendent states, it is expected to
break the symmetry of the full theory as well as that of individual charge sectors. Thus the
initial density matrix p corresponding to such a state satisfies [p,Q] # 0. Consequently, the
one-point functions in UHP becomes non-zero; they can be easily computed using standard
method of images. In contrast, for a CFT on a cylinder, when the initial state corresponds to
the CFT vacuum, [p,Q] = 0 and the entanglement asymmetry vanishes [21].

Our choice of the strip geometry also ensures that the CFT ground state, which can be
thought a boundary state, evolves under a periodic drive [71]. We provide an explicit analytical
expression AS,, for such a geometry both in equilibrium and for CFTs driven by a square-pulse
protocol. It is well-known that driven CFTs, depending on the drive frequency and amplitude,
support heating and non-heating phases separated by a critical line [71-81]; our analysis
indicates that the behavior of AS,, depends crucially on the phase realized by the drive. For
the heating (hyperbolic) phase, after m > 1 drive cycles, AS,, ~ InmT; in contrast for the
critical (parabolic) phase it shows a In(InmT) growth. In the non-heating (elliptic) phase,
AS, is non-monotonic and exhibits small amplitude oscillation around its initial value as a
function of m. We provide a phase diagram showing different behavior of AS,, as a function
of the drive frequency and amplitude.

The plan of the rest of the paper is as follows. In Sec. 2, we discuss the properties of AS,, for
an integrable XY chain showing realization of the Mpemba effect at special drive frequencies;
this is followed by Sec. 3, where an analogous study is carried out for a non-integrable chain
of Rydberg atoms. Next, in Sec. 4, we study AS,, for CFTs on a strip both in equilibrium and
in the presence of a periodic drive. Finally, we discuss our main results and conclude in Sec.
S.

2 Driven XY chain

In this section, we study the entanglement asymmetry AS, of periodically driven XY chain.
For equilibrium or for a quench protocol, AS,, has been studied in Refs. [11-13]. The main
result of the analysis of this section is the demonstration of the dynamical restoration of an
approximate emergent symmetry of a periodically driven XY chain at special drive frequencies;
we also find the presence of quantum Mpemba effect in such a driven chain. We show that
both these features owe its existence to an approximate emergent symmetry of such driven
chains at these special frequencies that have no analogue in quench protocols studied earlier.

The XY model in the presence of a time-dependent transverse magnetic field is described

by the Hamiltonian
J 1+ Ko 1— Ko
HIsing:—E ((Z:)( 5 oo+ 5 a?’o?’,)+g(t)20?) , (5)
J>J’ J

where j and j’ are coordinates of sites of the lattice in units of lattice spacing, (jj’) indicates
that the sum extends over j and j’ which are nearest neighbors and h(t) = g(t)J is the trans-
verse field which is periodically driven according to a square pulse protocol given by

g(t)=go—(+)g1, for t<(>)T/2. (6)

Here 0%~7* denotes Pauli matrices representing the Ising spins, k, is a parameter which
denotes the relative strength of the interaction between x and y components of the spins

4
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(with kg = 1 being the Ising limit), T = 27/wy, is the time period of the drive, and w, is the
drive frequency. In what follows, we shall set J = 1.

It is well-known that the XY model given by Eq. 5 can be mapped into a free fermionic
model via standard Jordan-Wigner transformation relating the Ising spins to spinless fermionic

fields:
+(=) _ z | T 2 _ o . _
o; _(l I—oi)cj(c]), oj—2c].c] 1, (7)

i<j

where 0;.‘ = oj+ +o;. Substituting Eq. 7 in Eq. 5 and carrying out a subsequent Fourier
transform, one obtains a free fermionic Hamiltonian in momentum space given by

Hiem= Y PiHr,  Ye=(cuc )7, Hp=1(g(t)—cosk) + T kosink,  (8)
k>0

where T%7%Y* denotes Pauli matrices in particle-hole space.

For the square pulse protocol given by Eq. 6, the evolution operator U(mT,0) after m
cycles of the drive can be analytically computed. This allows one to obtain the wavefunction
and hence the fermionic correlation functions of the driven chain. Using these correlators, one
can follow the analysis of Refs. [11,12] to obtain pg 1>, where pg, is the symmetry resolved
density matrix (Eq. 2) and n is the Renyi index, after m drive cycle as

n €
Z (a;mT)="Tr l_[ pa(mT)e!(%+172)Q
j=1

It turns out that for integrable chains, Z,(a; mT) can be expressed in terms of the fermionic
correlation matrix [11]. Since the time evolution in these integrable systems occurs indepen-
dently for each k, the correlation matrix in the momentum space after m drive cycles takes the
form

<2C’LCJ< — 1> —2i<Cv__ka> ) (10)
2i(c,c’y)  (2c4c’, —1) )7

Gi(mT) = (

where the expectations are taken with respect to the state of the chain after m drive cycles.

To compute AS,,(mT), we therefore first obtain a semi-analytic expression for the corre-
lation matrix of the driven chain. To this end, we note that at the end of a single drive cycle,
one can write the evolution operator for any momentum mode k as

Uy(T,0) = e Hir T/ = o=iHis T/(21) o=l T/(2R) Hy: =Hilg=gotg&1], (11

where H;r; denote the Floquet Hamiltonian for the momentum mode k and
Hp = D0 ¢£H Wk A straightforward computation leads to the exact Floquet Hamilto-
nian Hy; given by [58]

Hip = 0,(T)(Z - 7i}), 0,(T) = %arccos (cos¢;f cospi — (By - By )sing; sing;y ),

E]f:\/(goztgl—cosk)2+r<%sin2k, qblf:E,fT/Z,

gO:I:gl—cosk)

pi =(0,sin A}, cos Af)T , AL = arccos( e (12)
Kk
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where the unit vector 7 is given by

ink sin ¢% cos ¢°
Tli/ = Ko SIn Z d)k ¢k
Sin(TO.(T)) B

281K0 sink sin (]5]:_ sin (JSI:

)

s==%

x_ 13
T TSn(TO(TY)  EE, (13
e 1 Z (8o + 581 — cosk)sin ¢% cos P}

ko sin(TO(T)) &2 ES ’

where § = F for s = +. We note that for T — 0, T6;(T),n; — 0 and Hy reduces to its time
averaged value as is expected from the first term of a high-frequency Magnus expansion in T.

Having obtained an expression for HY, the evolution operator U, (mT,0) for any momen-
tum mode k after m drive cycles can be obtained as

U (mT,0) = e MTOMEM) = (] cos (M6, T)—i (% - fig) sin(mO T)) , (14)

where I denotes the 2 x 2 identity matrix.
Next, we note that for any initial state,

Whn=[ [, 12 =(d+vcc’,)vac), (15)
k>0
Ko sink
ug = sin(Ag/Z), v,? = cos(Ag/Z), sin A2 = 0

V(go —cosk)? + (ko sink)?

where |vac) denotes fermionic vacuum and k indicates the degree of symmetry breaking
parameter. The driven state after m drive cycles can be written as

- 0
|Yy) = (uk(mT)+vk(mT)c;c'_k) lvac), ( :’;Ezg ) = Uk(mT,O)( 55 ) . (16)

k
The coefficients u;(mT) and v (mT) can be computed using Eqs. 14 and 15 and are given, up
to an unimportant global phase, by
u(mT) =sin(n(mT)/2),
vie(mT) = 7" cos (1, (mT)/2) ,
sin(n,(mT)/2) = [(cos (mT6,(T)) ug — ni sin(mT 6,(T)) v,?)z
1/2 17)
+sin? (mT 6,(T)) (niug + nfvlg)z] ,
v(mT) = arccos [cos (mT6,(T)) v,? + ni sin(mT 6,(T)) ug)/ cos (nk(mT)/Z)]
—arccos [cos (mT6,(T)) ug - ni sin(mT 0,(T)) v,?)/ sin (nk(mT)/z)] ,

where we have chosen ug and Vz? to be real. Using Eqgs. 17 and 10, one can compute the
fermionic correlation matrix after m drive cycles as

(18)

G(mT) = ( cos N (mT) —ie” M) sinn, (mT) ) ’

iel"MmD sin n, (mT) —cos N (mT)
where we have neglected an unimportant constant term.
To obtain AS,(mT) (Eq. 9), we follow the analysis of Ref. [11]. For an integrable model

such as XY chain, the elements of the real space correlation matrix I' for a subsystem A of
dimension ¢ may be expressed in terms of the correlation matrix G,(mT) as

T
dk (i’
F]J/(mT) = J %Gk(mT)elk(J_] ), j,j/ EA. (19)

—T
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Figure 1: (a) Plot of AS,(mT) for hwp/J = g; = 20 as a function of the number
of drive cycles m showing symmetry restoration at late times. The green triangles
(squares) correspond to results from first-order perturbation theory (exact numerics)
for go = 0.5 and Ky = 0.6; the corresponding blue symbols show similar plots for
8o = 1.2 and ky = 0.6. The dotted line corresponds to results from the quasiparticle
picture using Eq. 24 The crossing of the two curves indicate presence of quantum
Mpemba effect. (b) Same as in (a) but for hcwp/J = 3g;/4 = 15; here dynamical
symmetry restoration is absent at late stroboscopic times (large m) and first order
perturbation theory slightly deviates from the exact result for g; = 1.2(0.5) and
Ko = 0.5(0.6). For all plots, L =4000, £ =100, and J = 1. See text for details.

In terms of 2¢ x 2¢ matrix I'(mT) one can compute [11]

I-T\" L : -
Z,(a;mT)= |det (T) (Ig+l_[(I+F)(I_F)_1el(ap+l_ap)n) ) (20)

p=1

where I, denotes the 2¢ x 2 identity matrix and i is a diagonal 2¢ x 2{ matrix whose elements
are —1 for odd row odd column and 1 for even row even column respectively. It is to be noted
that the matrix (I, —I') is non-invertible and thus evaluation of Z,, requires regularization of
this matrix. In our scheme, we carry out this regularization by replacing (I, —T') by (nI, —T')
and taking the limit n — 1 at the end of the computation.

Using Egs. 9, 18, 19 and 20, we numerically compute AS,,(mT) for n = 2 as shown in Fig.
1. Comparing Fig. 1(a) and (b), we find that the nature of AS,(mT) depends qualitatively on
the drive frequency. At special frequencies, for which g,J/hAwp = p with p € Z (Fig. 1(a)),
the driven chain shows dynamical symmetry restoration and AS,(mT) — 0 for large m. In
contrast, at the other frequencies (Fig. 1(b)) we do not have such symmetry restoration and
AS,(mT) approaches a finite constant value at large m. A plot of

AS3E = D7 ASy(mT)/(my—m,), (21)

m=m,

as a function of drive frequency for g; = 20 and m,(m;) = 800(700), shown in Fig. 2(a),
displays prominent dips at g; = phwp/J confirming the presence of symmetry restoration at
these frequencies. We find that such a dynamic symmetry restoration is lost at lower drive
frequencies or amplitudes; our numerics implies a crossover between the two regimes as a
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Figure 2: (a) Plot of Asgvg for my, = 800 and m; = 700 as a function of hwp/J
for gg = 0.5, kg = 0.6 and g; = 20 showing dynamical symmetry restoration at
special drive frequencies for which g; = p(hwp/J) with p € Z. The dips in the figure
correspond to p = 1 and 2. (b) Plot of AS;Vg as a function of drive frequency g,
with g; = Hwp/J. The plot shows the absence of dynamical symmetry restoration
at smaller g; indicating a crossover between the two regimes. The inset shows plots
of AS,(mT) as a function of m for g; = hwp/J = 6 (blue), 4.5 (green), 3.5 (pink),
3.0 (yellow), and 1.5 (red). For all plots, L = 4000, £ = 100, and J = 1. See text for

details.

function of g; with hwj/J = g; as shown in Fig. 2(b). The inset of Fig. 2(b) shows the
change in behavior of AS,(mT) as one moves to lower drive amplitudes; we find that AS,(mT)
approaches a finite value at large m which increases with decreasing g; in this regime.

To understand the reason for such dynamic symmetry restoration, we now turn to the
Floquet Hamiltonian in the regime of large drive amplitude g; > g,, 1. In this regime, it is easy
to see from Egs. 12 and 13 that p, ~(0,0,1) and d)ki ~ ¢, = g, T /2. This leads to 6 >~ 2¢y;
for g; T = 2pm where sin ¢>;—L = 0, we find from Eq. 13 that n} ~ 1 and ni’y ~ 0 for all k. This
indicates that the leading term in the Floquet Hamiltonian Hy ~ 7% and hence [7*,H;] =0 to
leading order. We note that a finite value of qb;r — ¢, which necessarily contributes to Hy to
0(1/g7) spoils this conservation; thus the emergent symmetry is approximate.

To see this approximate emergent symmetry a bit more clearly, we provide a perturbative
derivation of Hyy for large drive amplitudes. To this end we obtain the exact evolution oper-
ator, Uy(t), corresponding to the largest term Hy, = g;7* in the Hamiltonian. This yields, for

g1> go,1 (we have set J =1)
Ugi(t,0) = elt&ar™/h t<T/2,
: 2 i (22)
= (T 017/l T/2<t<T.

©) = 0. The effect of the other terms in H «(t) can be obtained

Since Uy (T,0) =1, one finds H, ; =
perturbatively. A straightforward calculation, using Floquet perturbation theory yields (for

J=1)[52]

. T
. i
U(T,0) = —lH,((?T/ﬁ = (_f_i) J dtUg, (t,0)(Hy — Hyo) U (t,0),
0

m _ [ z . sin (ng/(Zh)) . —ig T/(4h) -+ ]
H; . =|(go—cosk)t? + xysink—=—=———"(ie &1 77 +h.c.)|, (23)
oL oSk e )


https://scipost.org
https://scipost.org/SciPostPhys.19.2.051

e SciPost Phys. 19, 051 (2025)

where Hf?l) = > wZH f{?ij)k. Thus we find that for g,T/h = 2pm, or equivalently
g1/(Awp) = p where p € Z, [7*,H ,((?] = 0 for all k. This constitutes an emergent approx-
imate symmetry of the Floquet Hamiltonian which is not respected at higher order [52, 70].
These higher order terms are suppressed by 1/(fiwp) and therefore for large enough drive
amplitude, H[gl) controls the dynamics. Since stroboscopic time evolution controlled by H;l)
amounts to time evolution by an effective Hamiltonian which conserves 7* (and hence n;), we
find dynamical symmetry restoration at these frequencies. This also allows for observation of
the quantum Mpemba effect analogous to that in quench dynamics of the model as analyzed
in Refs. [11]. However, no such symmetry restoration takes place for g, T /h # pm where the
Floquet Hamiltonian does not conserve n;, at any order and AS, always remain finite. We note
that AS,(mT) obtained using Hl(gl) (blue and green triangles in Fig. 1(a)) matches the exact nu-
merics (blue and green squares Fig. 1(a)) qualitatively showing the efficacy of the perturbative
expansion at high drive amplitude and special frequencies. Away from the special frequencies,
we find a qualitative match between exact numerics and first order perturbative result. The
loss of dynamic symmetry restoration at lower drive amplitude (with g;/(Awp) = p) occurs
due to the effect of higher order terms in the perturbative expansion which becomes important
at low g;.

The behavior of the entanglement asymmetry, in these integrable models, can be further
understood in terms of a quasiparticle picture as shown in Ref. [12] for a quench protocol.
The idea put forth in Ref. [12] can be generalized in the present case due to the fact that for
such integrable models the Floquet Hamiltonian is quadratic in fermionic operators and can
be written as sum over its momentum modes. This puts Hy in the same footing with H used
for quench for this class of models; thus the analysis carried out in Refs. [11-13] for quench
dynamics can be brought to bear in the present case.

The above-mentioned analysis is most easily done at the special drive frequencies where
one has dynamic symmetry restoration. To this end, we note that similar to the Hamiltonian

H for quench dynamics, Hl(pl), which governs the stroboscopic evolution, can act as a source
of quasiparticle excitations at any given k; the velocity of these quasiparticles are given, in
terms of the Floquet quasienergies (Eq. 23) by vz(k) = sink at the special frequencies where
g1 T/h = 2pm. It turns out that one can compute Z,(a; mT) by counting the number of such
quasiparticles generated over m cycles are shared between subsystems A and B. Using the
formalism developed in Refs. [11-13], one finds

m
ASZ(mT) = _f d_ae(Az(a)+B2(a,mT))€ ,

g 2T

Ay(a) = f j—iln [f (cos A, a) f (cos Ay,—a)], 24)

—T7

By(a,mT) = —f j—ii(k,@, mT)In[f (cos Ay, a) f (cos Ay, —a)],

—T

where f(y,b) = cosb +iysinb, {(k,£,mT) = Min(2mT |vp(k)|/£,1) counts the number of
excitations contributing to AS, in an interval £ after m cycles [12], and cos A, = (gg—cosk)/

\/ (go—cosk)2+ K(z) sin k provides information about the initial state.

A plot of AS,(mT) as a function of m is shown via the dotted lines Fig. 1(a); they match
remarkably well with the exact numerics. These confirm that at the special frequency, ngl) (Eq.
23) controls the dynamics over a long timescale; moreover, the quasiparticle picture correctly
reproduces the characteristics of AS,(mT) in this regime.
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3 Driven Rydberg chain

In this section, we shall study the entanglement asymmetry for a chain of Rydberg atoms in
the presence of a periodic drive. The effective description of these atoms can be achieved
in terms of two states on every site j of the chain; these are the ground state |g;) and the
Rydberg excited states |rj). The number of Rydberg excitations fi; on any site j can then be
described by a Pauli spin operator 0? asfi; = (1+ O'JZ- )/2. The coupling between these two
states is controlled in a standard experiment by a two-photon process; the effect of such a
process can be described using the operator U;‘ = (|g;){r;l + h.c.). Moreover, these atoms,
when excited to their Rydberg state, experience a repulsive van-der Walls interaction which
decays as 1/x® with the distance x between them; in the strong interaction regime such an
interaction may preclude the presence of two Rydberg excitations within a definite distance
y. This phenomenon is called Rydberg blockade with y being the blockade radius. [82-91].
The low-energy effective Hamiltonian for these atoms is given by [83,84]

A A fj,
Hpya =Y, (WU;F —AR VY (25)

—
7 lj—Jl

J

where A’ acts as local chemical potential for Rydberg excitations and is denoted as detuning.
In what follows, we shall study these atoms in the regime where V, > A’,w > V,/ 2%, so that
the effect of the interaction can be implemented by blocking the presence of two neighboring
Rydberg excitations. This can be achieved by using a local projection operator P; = (1— 0?) /2
which projects an atom to the ground (spin |) state; a spin-flip from | |) to | T) is allowed on
a site j only if the neighboring sites j & 1 have | spins. In this limit, the effective Hamiltonian
of the system is given by the so-called PXP model in a magnetic field [92-94]

H=Y (wo¥—Ac?), 6¥=P,0%Pp.,, (26)
J

where we have ignored a constant term and A = A’/2. The effect of the van-der Walls inter-
action between further neighboring atoms can also be ignored in this regime.

In what follows, we shall periodically drive the Rydberg chain using a square pulse protocol
with time period T: A(t) = Ay + (—)A; for t < (>)T/2, where A; >, Ay, w is the drive
amplitude. In this large drive amplitude regime, it is possible to obtain an analytic, albeit
perturbative, expression for the Floquet Hamiltonian of the driven chain [69,70]. This can be
achieved by noting that for large A;, one write H = H,(t) + H; where

Ho()=—(A()—=A¢) D> 0%, Hy= Yy (w6 —2a0%). 27)
J J
The evolution operator corresponding to H, can be written as
Ua(t,O):eiAltzjaj/h, t<T/2,
‘ . (28)
=elA1(T_t)ZfUi/ﬁ, t>T/2.

Note that U,(T,0) = 1 leading H;O) = 0. The first order perturbative Floquet Hamiltonian can
then be obtained as using Eq. 23 with U, — U, and (H — Hy) — H,. This computation is
detailed in Refs. [69,70] and yields, for the first-order Floquet Hamiltonian,

1 sinxg 7. .
Hl(: ) = Z (w x 0 (a}c cos X —cr)}.' s1nx0) — Aoaf) , xo=AT/(2h). (29)
j

10
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We note that as in Sec. 2, for special drive frequencies at which x, = p7 (where p is an integer),
[Hf,l), a? 1= 0; this leads to an additional emergent symmetry which controls the dynamics up
to a prethermal timescale. This timescale can be exponentially large for large A; thus making
the properties of H;l) experimentally relevant [68]. We note that for x, = pm, the dynamics
of the spins occur due to higher order terms in Hy; however, the presence of the emergent
symmetry still controls its nature for a long time scale as we shall see from exact numerics.

To compute AS,(mT) for the driven chain, we follow Ref. [11] and start from an initial
state [11-13]

o) =277 1] ... ), (30)

where 6 is a rotation angle. Note that for 6 = 0, |1),) is an eigenstate of 0?; thus 6 represent

the degree of symmetry breaking in the initial state. The projected initial density matrix p(Qo)

is obtained by numerically projecting p'®) = |11} (1}, | into different sectors of total magneti-
zation M = 3, 0%.

The computation for AS, in such non-integrable systems is carried out numerically using
exact diagonalization (ED). To this end, we first obtain eigenvalues and eigenvectors of the
Hamiltonian H,(t < T/2)=H_ and H,(t > T/2)=H, as [69,70]

Hilny) = e;ln.) . 31
The evolution operator U(T,0) can then be written as

U(T,0) — o tH+T/(2M) ,—iH_T/(2) — Z o e—i(E;+E;)T/(2h)|n+><m | (32)
5 _ng —1>»

m_,n,

where c,,_,, = (ny|m_). The eigenstates and eigenvectors of U(T,0) are then obtained using
ED; they are denoted by |a) and u, = exp[—i0,]. This procedure also yields the eigenvectors
and the eigenvalues of the Floquet Hamiltonian as |a) and ei = arccos[Re(u,)]. One can then
obtain the state at time t = mT using |y (t)) = U(mT,0)|y,); the reduced density matrix
corresponding to subsystem A p,(mT) = Trz[p(mT]) = Trg[|yp(mT)){(xp(mT)|] can be com-
puted from |v(t)) by tracing over rest of the system (B) following standard procedure [69,70].
A similar procedure is carried starting from p((zo) to obtain pos(mT). Finally, the entanglement
asymmetry AS, is computed from p,(mT) and pgsa(mT) using Eq. 3 with n = 2.

The results obtained from computation of AS,(mT) for a finite chain of length L = 24,
subsystem sizes { = 4, and initial states corresponding to 8 = /5, 7t/10 (Eq. 30) is shown in
Fig. 3. The left panel shows the evolution of AS, as a function of the number of drive cycles
m away from the special frequencies. We find that in this case, AS, > 0 for all m; moreover
it displays rapid oscillations with frequency w, as shown in the inset of Fig. 3(a). The latter
feature can be qualitatively understood as Rabi oscillations corresponding to single spin flips
occurring during evolution under influence of Hf,l). The frequency of these oscillations matches

with the corresponding Rabi frequency k!l = \/ AZ+ (wgsinxg/xg)? (dotted line in the
inset of Fig. 3(a)) and is well approximated by A for x; close to prt. The amplitude of these
oscillations varies with w sin x/x, and decreases as the special frequencies are approached;
it vanishes for x, = pm. (Fig. 3(b)).
At the special frequencies, H}l) commutes with o% leading to approximate symmetry
restoration at long times as long as the higher order terms remain small; consequently,
AS,(mT) ~ 0 for large m at these frequencies (Fig. 3(b)). The dynamics for these special
frequencies receives contribution from third order terms which are suppressed by a factor of
1/ co]2J [69, 70]; this leads to a much longer time scale in dynamics of AS,. Finally, we find
from Fig. 3(b), AS,(mT) shows a faster relaxation for larger 0 leading to realization of the
quantum Mpemba effect in a periodically driven constrained quantum system.

11
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— O0=7/10;4=4
— O=n/5{=4

(b)

15000 30000
m m

Figure 3: (a) Plot of AS,(mT) as a function of m for £ = 4 and 6 = n/5,n/10 for
hwp/w = 15 and A;/w = 20. The plots shows a finite AS, for all m and rapid
oscillations in short time scales. The inset shows the frequency of these oscillations
as function of A; the dotted line corresponds to the Rabi oscillation frequency w(rl)

computed from HI(,U. (b) Similar plots for ficwp, = A; = 20w showing approximate
dynamical symmetry restoration over long time scales and absence of fast oscilla-
tions. The plots also show faster relaxation for larger 6 thus demonstrating quantum
Mpemba effect. For all plots, L = 24 and w = 1. See text for details.

4 CFT on a strip

In this section, we study the dynamics of entanglement asymmetry for a driven CFT on an
infinite strip of width L with open boundary condition. To this end, we first define the coor-
dinates of the strip to be w = 7 + ix, where the boundary condition is imposed at x = 0 and
x = L, and study the entanglement of a subsystem A of width £ extending between x = 0 to
x ={ < L at T = 0. In what follows, we define the coordinates of the upper-half plane(UHP)
to be 2 = exp[7w/L] and that of the full complex plane to be { = exp[27w/L]. The results
for equilibrium is presented in Sec. 4.1 while those for driven CFTs will be discussed in Sec.
4.2. We shall focus on the computation of the n™ Renyi entropy as the entanglement measure
and denote the corresponding entanglement asymmetry as AS,,.

4.1 Equilibrium result

The computation of AS,, in equilibrium has been carried out for cylinder geometry in several
works [25, 27]; more recently, they have been also carried out for a semi-infinite half line
[23,24]. Our motivation for doing this for the strip geometry follows from the fact that in
contrast to CFTs on a cylinder, a periodic drive applied to a CFT on a strip allows for non-
trivial evolution of the ground state. This is due to the fact that upon mapping the strip into
the UHP or an unit disk, such a ground state can always be written as a conformal boundary
state. Consequently, it can break the symmetry of the theory and thus change under the time
evolution by a Floquet Hamiltonian that we shall consider. This leads to non-trivial dynamics
of AS,, which is detailed in Sec. 4.2.

The computation of S, can be carried out following a straightforward generalization of
obtaining symmetry resolved entanglement using composite twist formalism [21]. To this end,

12
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we first note that one can write pg 4 using Eq. 2 as

Tda'dal...da’ n i Tda'dal...da’
Tr{ppg ] ZJ WTT l_!PAe 1% Zf Wﬂ{a;}), (33)
]:

— -1
where a;. = (aj —aj;1), Apy1 = aq, and 2?21 a;. = 0. Here Q4 denotes the charge operator
in subsystem A; it is related to the total charge Q by Q = Q4 + Qp where B denotes the rest of
the system. We note here that the initial density matrix p for a CFT on a strip corresponds to
a boundary conformal state; consequently [p,Q] # 0. This in turn ensures that the reduced
density matrix does not commute with Q4: [p4,Qa] # 0. This situation is to be contrasted
with the one studied in Ref. [21] where [p4,Q4] = 0. For the latter case, since Zj a;. =0, Eq.
33 predicts Tr[sz] =Tr[p)] and AS, vanishes.

For a CFT, py4 exp[—ia;.QA] has the natural interpretation of a reduced density matrix in
the presence of an Abelian flux; more precisely, the computation of Tr[pg 4] can be achieved
by using the replica method [95] in a n-sheeted Riemann geometry R,, which is glued along
the cuts in every sheet. For the strip geometry, after a mapping to the UHP each of these sheets
is extended in the UHP and threaded by Aharanov-Bohm fluxes. In terms of the fields living
on R, such a flux threading can be implemented using the boundary condition

§j11(x,7=07) = ¢;(x,7 = 0")exp[ ~ia ], (34)

for x € A, where j = 1...n denotes the sheet index. As shown in Ref. [21], such a flux can be
inserted by using a local primary operator P; living on the end points of subsystem A. Since
the computation of entanglement is most easily achieved in terms of a twist operators 7 which
also lives on the boundary of the subsystem, one can compute the reduced projected density
matrix using composite twist operator living on the boundary [21].

To compute the entanglement entropy, we now follow Refs. [21,95] and carry out a uni-
formizing transformation

z—2, 1/n -
€(Z)=(Z_Z) , oz =zt =l (35)

which maps R, to a disk (which is conformally (global) equivalent to the UHP); the endpoints
z4 are mapped to z, — 0 and z_ — 00. Note that the strip coordinates w are related to z by

the standard relation z = e™/%. The stress energy on R, can therefore be written as
d&? cn
T@ra= 2 (5] TN+ 3165k, 36

j=1l.n

where {&,2}, = £”/& —3/2(E”/E")? is the Schwarzian derivative and the prime denotes
differentiation with respect to z. In Eq. 36, the expectation is taken with respect to state in
the presence of the flux; since these correspond to states having insertion of local flux via
primary operators, these expectation values can be easily computed. The index a indicates
the presence of the Aharanov-Bohm flux o between the replicas j and j + 1 which makes
T;(&)lgisk,« NON-zero. It is straightforward to compute this contribution using the standard
method of images; when P; has the dimension of A(a;.) = A(a;.), one obtains [21]

21 (2, —2_)?
2n? (z—z.)2(z—2_)2’

d,=c(n—1/n)/24 + ZA(a;)/nz.
j=1

(TH()aisoe = Al))/E%(2), {Ea} ="

_ (24 _Z—)2
<T(Z)>'R,n,a - dn (Z _Z+)2(z —Z_)Z >

(37)
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Having obtained (T), one can now use the standard operator product expansion of the twist
operators 7 with the stress energy tensor on the UHP. A straightforward calculation, following
Refs. [21,95], yields (after identifying Z = 2*)

o= (2] (22) (2 (o) =), o0

where a is an ultraviolet cutoff [95]. Note that in the absence of projection to definite symme-
try sector, A(a;.) = A;(0) = 0 and Eq. 38 reduces to the well-known result for Renyi entropy
on a strip [95]. Substituting Eq. 38 in Eq. 3 we find, after a few lines of algebra,

1 n T dao’ I —2A(a)/n?
AS, = lnl_[J — [—sin(nZ/L)] ' . (39)
=1 J-n 21 [ ma

1—n

To make further progress, we need to know the dependence of A on the parameter a.
To this end, we note that such a dependence is given by A(a) = cya?/2 for a large class of
CFTs [21,26]. These include ¢ = 1 Abelian CFTs representing massless boson or free fermions
on a chain; for such CFTs the vertex operator corresponding to U(1) symmetry is given by
P; = explia¢;/(2n)] and A = Ka?/(4m?). A similar dependence occurs for the SU(2),
Wess-Zumino-Witten (WZW) models which describes critical spin k/2 chains; here the ver-
tex operator is given by P; = exp[iaS]?], where SJ'? is the z component of the spin, leading to
A = ka?/(1672). Substituting such a quadratic form of A in Eq. 39 we find that AS, can be
analytically computed (see App. A) for any n and the leading order term, for a < £ < L, is
given by

AS,=—-Inln— (40)
an

We note that this result exactly matches with the leading term of AS,, ~ %ln(ln(ﬂ /a)) com-
puted for a interval on the semi-infinite half line in Ref. [24].

4.2 Driven CFTs

4.2.1 General results

In this subsection, we obtain an expression for AS,, for a CFT driven periodically by an arbitrary
drive protocol characterized by a time period T. To this end, we consider a generic time
evolution operator U( Ty, 0) in Euclidean time with T, = iT, which, after m cycles of the drive,
leads to a coordinate transformation

U(mT,,0) = e HrmTo/l = ( e M Gdy — by =1, (41)

o Qe

mo ) (U=
on the complex plane. Here we have used the fact that the holomorphic generators L, and
L, and L_,, which constitutes the CFT Hamiltonian, allow a SU(1, 1) representation in terms
of standard Pauli matrices and the coefficients d,,, by, &, d,, are functions of Ty. A similar
transformation can be done for .

To implement the effect of the drive, we adapt the procedure of Ref. [71] where one uses
a two step conformal transformation. The first maps the strip on the full complex plane with
a branch cut where the coordinate transformation corresponding to the drive is implemented.
Here one can choose the conformal boundary condition just above and below the cut in a way,
such that the contribution coming from the operator evolution under the drive can be obtained

14
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by an integral around a closed contour without a branch cut. This can be done as shown in
Ref. [71] and leads to, for any primary operator O({, {) with conformal dimension (h, h)

_ —h £ 5\ Kl hrat h _
U(mTo,O)_lo(g,C)U(mTo,O):(Z—?) (Z—‘g) (3%”) (8%1") O(lmin). (42)

The second transformation maps the O to UHP through the transformation z = 4/{,, and the
identification 2 = z* where all operator expectations values are evaluated. Using this and
Cardy’s method of images [95], one obtains, after a straightforward calculation detailed in
Ref. [71],

—h -N\—h; ; 5\ ; . 2h;
(73(2)>UHP’“:(Z_V;) | (z_vg) h (aa?)h (25:) (4|;m|)h (mz_l \/C_m) T (43)

hj=c(n—1/n)/24+ A;/n>.

We note that for &, = d,, = 1 and b,, = &, = 0, Eq. 43 reproduces the results of the previous
section with { = e>™¢/L Furthermore, as noted in Ref. [71], the value of (1/Z,, — \/C_;)_Zhi
may depend on the branch chosen since it’s a multivalued function in the complex plane.
In fact, this choice is important for protocols where b, and ¢, are purely real in Euclidean
time [71]; however, where Em and ¢,, are purely imaginary or in cases where they are complex
numbers, both branch choices gives identical result in the large m limit. We shall, in the rest of
this work, assume that the latter property holds. This happens to be case for the square-pulse
protocol studied in the next subsection.

Substituting ¢ = exp[2nif/L], one can obtain an expression for (7;(2))yup , in terms of
the coefficients in Euclidean time

—(c(n=1/n)/12+4(a)/n?) 2L\ . . ———\2
(7;(2)>UHP,a:ﬂm ! > ﬂm:(?) |Xm||Ym|(Im[ Xme;le >’ (44)
R = (@ne?E 1 5,). 7 = (Ene®™ 4 d)

Next, we Wick rotate to real time: T, — iT, where T is the time period of the drive. This
leads to d,, — a,, = d,,(Ty — iT) and similar changes for other coefficients. These coefficients
satisfy a,, = d* and b,,, = c¥ .. We then define X,, = (a,,e?™*/L+b,,), and Y;,, = (ce?™ /L +d,),
and consider Aj(a) = coa? as done in Sec. 4.1. Repeating computations analogous to those
in Sec. 4.1 and A, we find the leading contribution to AS,(mT) for large m, is given by

1 coln

AS,(mT)~ -Iny,,  Yn=——"t= 2ﬂm . (45)

2 n
Eq. 45 constitutes an analytic expression for the entanglement asymmetry for a driven CFT in
a strip geometry after m cycles of the drive with period T.

4.2.2 Square-pulse protocol

To make further progress we choose a concrete drive protocol. In what follows, we consider a
square-pulse drive protocol given by

H:2L0, fOl‘tSTl,

46
= 2L0 + l‘Ulo(Ll —L_l), for Tl <t< Tz, ( )

where T = (T; + T,) is the drive period and u, is a real parameter. These holomorphic gen-
erators obey su(1, 1) subalgebra and hence have the representation in terms of standard Pauli
matrices 0g—y , , as

Ly=0,/2, Li=—0_, L,=0,, (47)
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which allows one to write

H=o0,, fort < Ty,

. (48)
=0, —1lUg0y, forT; <t <T,.

We note that for Euclidean evolution using the protocol given by Eq. 48, in Euclidean time the
coefficients d,, and d,, (Eq. 41) are real valued functions of T, while b,, and ¢, are purely
imaginary. In contrast, in real time, after one drive cycle U(T,0) is given by

_ —imr_[ a b
U(T,0)=e ™r _(C d), (49)
which yields complex valued coefficients with a = d* and b = c¢*. For ,ug > 1, u(z) < 1and
,u% = 1 we have three different sets of a, b as the following:

a=eh (cos vTy — L sin vTZ) s
v where v = 4/1—pu3, pi<i, (50)

U .
b=—eT1"%¢in vT,,
y

a=eh (coshnTZ L sinhnTZ) .
n

wheren = /u2—1, up>1, (51)

b=—eh Ho sinhnT,,

pr=1. (52)

Note that depending on ug, T and T;, one can have |TrU| > 2, < 2, or = 2. These correspond
to heating, non-heating and critical phases the driven CFT respectively; the transition between
these phases can be implemented by tuning T, T; and u, and constitutes an example of dy-
namical transition in driven CFTs [71]. From the expression of U(T,0), we now compute the
Floquet Hamiltonian Hy so that it is possible to obtain U(mT,0) given by

U(mT,0) = e~iHrmT :( CC”“ Z’“ ) (53)

A straightforward computation allows one to write, for TrU < 2, in the non-heating phase

a, =cos(6(T)mT)+1i sin(0(T)mT)=d; ,

ar
sin(6(T)T)

sin(0(T)mT) =c; .

b (54)
b,=——7—

™ sin(0(T)T)

Here a; = Im(a), ag = Re(a) and O(T) = cos *(ag)/T. Similarly for (Tr U > 2), in the heating

phase, one obtains

a,, = cosh(8(T)mT)+i sinh(0(T)mT)=d,,

L SR
sinh(6(T)T)

sinh(6(T)mT)=c .

b (55)
bp= o
™ sinh(6(T)T)

Here O(T) = cosh™(ag)/T. The expressions for a and b are given in (51). For the phase
boundary (TrU = 2), we find

an, =1+ima;=d; and b,=mb=c],. (56)

In the next subsection, we shall use Egs. 54, 55, and 56 to study the time variation of AS,,.
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4.2.3 Behavior of AS,,(mT)

We begin by substituting Egs. 54, 55, and 56 in Eq. 44. We obtain, after some algebra,

B =2(L/(an?)|Fl* (A + VA2 +52), (57)

where
£l = Fry = (a2 — b2 — 2iay by sin(nt/L)])*, [, - FZ, (58)
5=21m(bma*m)+(|am|2+Ibm|2)sinTm, A:cossz. (59)

Next, we use Egs. 58 and 57 to compute entanglement asymmetry from Eq. 45 for different
phases in the large m limit. In the heating phase, we find

|b|?sin X — bga, + b; sinh(0(T)T)

_ 1 20(rymr
sinh?(6(T)T)

5|mT—>oo -

) (60)

1
|Fm|2|mT—>oo = ZeZG(T)mT|F/| 5 (61)

where bg(ag), b;(a;) denotes real and imaginary parts of b(a) (Egs. 50, 51, and 52) and
|F’| = |F'(T, Ty, uo)| (which is independent of m) is given by

|F'| = /(ReF")2 + (ImF’)2,
a? + b2 — b? —2sin 2% [a; b + by sinh(6(T)T)]

ReF' =1— ,
sinh?(0(T)T) (62)
— (aI sinh(6(T)T) — bgb;) — sin =~ 2"1 (bg sinh(6(T)T) — aIbI)
s1nh2(9(T)T)
Using Egs. 57, 60, and 62 we find, for m — o0,
P (i)ze‘w(T)mTlF/L |b|? sin 22X — bra; + b; sinh(6(T)T) . ©3)
2n sth(Q(T)T)

Thus for large m and for any fixed T, T; and u in the heating phase, AS,,(mT)| 700 ~ In(m).
This indicates that entanglement asymmetry grows logarithmically in this phase. This behav-
ior is to be contrasted with a steady state value of AS,(m) at large time for the driven XY and
Rydberg chains. This difference can be attributed to the contrasting structure of the evolution
operators in the two cases. For driven CFTs in the heating phase, U(T,0) has a SU(1, 1) repre-
sentation with negative Casimir allowing, for example, for exponential growth of correlation
functions; this situation is therefore qualitatively different from, for example, the XY model,
where the associated group is compact (SU(2)) with positive Casimir leading to oscillatory
behavior of correlators.
In contrast, at the phase boundary a large m limit yields

Brnlmosoo ~ 2(L/m)* (F25), (64)
where, using (56), we have
2
Sl im—soo ~ m? ((alz+|b|2)sinTnl—2bRaI) , (65)

1/2
F2 ~m? [(al2 — b2+ b2 —2q;by sin27‘c€/L)2 +4b? (b —qy sinZTEZ/L)z] = m?|F'|.

17


https://scipost.org
https://scipost.org/SciPostPhys.19.2.051

SciPost Phys. 19, 051 (2025)

3
b
4.01 ( )
o e
o 4 i
f
11 2.51 g” |
LT
: 0
i H A
0 — , 1.5 ,
0.01 5 T 10 14 0 100 m 200

Figure 4: (a) Phase diagram showing the heating (red) and the non-heating (yellow)
phases separated by phase boundaries for the driven CFT as a function of uy and T for
T, = T /2. (b) Plot of AS,(m) as a function of m in the heating phase (red circles)
for uy = 0.75 and T = 4 (red circle in (a)) showing the Inm behavior, the phase
boundary (green circles) with T =4 and ug =~ 0.5218 (green circle in (a)) showing
Inlnm growth, and the non-heating phase (blue line) for T =4 and uy = 0.15 (blue
circle in (a)) showing oscillatory behavior. The dashed lines correspond to analytical
expressions in the large m limit (Egs. 63 and 65). For (b) we have chosen £ = 100,
co =1, and L = 1000.

Here a and b are given by Eq. 52 and their substitution in Eq. 65 yields f,,],—co ©< m*. This
allows us to obtain AS, (m)|,— e ~ In(Inm) leading to a near constant value of AS on the
critical line. The non-heating phase, in contrast, do not seem to have a definite large m limit
and the behavior of AS,(m) remains oscillatory at all times.

A numerical representation of our results is summarized in Fig. 4. The phase diagram
for the Floquet phases corresponding to the drive given by Eq. 46 is shown in Fig. 4(a) as
a function of uy and T for T; = T/2; the lines corresponding to |TrU| = 2 (Eq. 53) marks
the phase boundaries separating the heating (|Tr U| > 2, marked in red) and the non-heating
(JTrU| < 2, marked in yellow) phases. The corresponding behavior of AS,(m) (Eq. 45) for
different phases is shown in Fig. 4(b). In the heating phase, for uy = 0.75 and T = 4, we find
the predicted logarithmic growth of AS, (red circles); the large m analytical result obtained
using Eq. 63 for large m is given by the dashed line which fits the numerical curve quite well.
The green circles in Fig. 4(b) shows the behavior of AS,(m) on the phase boundary for T = 4
and ug >~ 0.5218; it indicates a In(Inm) growth for large m as shown using the dotted line (Eq.
65). The blue line shows the behavior of AS, in the non-heating phase (T =4 and uy = 0.15);
we find that in this phase AS, shows small amplitude oscillations around its initial value which
is in sharp contrast to its growth in the other two phases. Thus our results indicate that the
behavior of AS, for a driven CFT depends crucially on the phases of its evolution operator or
equivalently Floquet Hamiltonian. Moreover, we find that AS, exhibits slow growth both in the
heating phase and the phase boundary; this feature is qualitatively different from the behavior
of its counterpart in typical integrable and non-integrable spin chains studied in earlier sections
and also from that in the non-heating phase of the driven CFT.
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5 Discussion

In this work, we have studied the behavior of entanglement asymmetry, measured using Renyi
entropy AS,,, for several periodically driven systems. The analysis carried out constitutes a
generalization of the earlier studies of entanglement asymmetry to setups with periodic drive.
Our results are obtained for both integrable and non-integrable many-body models and for
a class of conformal field theories on a strip. Although, we have mainly used second Renyi
entropy as measure of entanglement asymmetry for obtaining numerical results in this work,
most of these results can be generalized to cases where higher order Renyi or von-Neumann
entropies are used as measures.

For integrable models described by free fermions, such as the XY spin chain in a trans-
verse field, our analysis constitutes a generalization of those carried out in Refs. [11-13]; it
shows that for periodically driven integrable systems, properties of the entanglement asym-
metry depends crucially on the ratio of the amplitude and the frequency of the drive. For the
square-pulse protocol studied in this work, at special drive frequencies when this ratio is an in-
teger, the Floquet Hamiltonian of the system hosts an emergent approximate symmetry. In the
large drive amplitude regime, the presence of such a symmetry allows for dynamical symmetry
restoration leading to AS, — 0 at late stroboscopic times. Moreover, at these frequencies, the
systems shows quantum Mpemba effect; an initial state with larger degree of broken symmetry
relaxes faster to the symmetry restored state. In contrast, away from these special frequencies,
such symmetry restoration does not occur and AS, always remain finite. We have checked that
analogous phenomenon occurs for other drive protocols and its signature can be seen when
von-Neumann or higher Renyi entropies are used as measures of entanglement asymmetry.

For the non-integrable PXP model, we have numerically shown the existence of analogous
symmetry restoration at special drive frequencies using exact diagonalization. Our analysis,
carried out for finite systems L = 24 and { = 4 shows the existence of quantum Mpemba effect
in these models. We have provided a perturbative semi-analytic explanation of the behavior of
the model both at and away from the special frequencies. In the latter regime, as in integrable
models, there is no symmetry restoration; interestingly, here the entanglement asymmetry
displays fast oscillations whose origin can be qualitatively explained as effect of single spin flips
during evolution. The frequency and amplitude of these oscillations match qualitatively with
predictions based on Hf,l) ; these oscillations vanish as the special frequencies are approached.

For conformal field theories on a strip, we have used a composite twist operator formalism
where the vertex operators are threaded at the edge of the subsystem. We find a In(In{/a)
growth for a < £ < L in the strip. This is consistent with results found in Refs. [23,24] for com-
pact Lie symmetry. We have also used our formalism to compute the behavior of entanglement
asymmetry for periodically driven CFTS; our analysis shows the long time behavior of AS,, de-
pends on the phase of the driven CFT. We have analytically shown that AS, ~ Inm[In(Inm)]
in the heating [critical] phase of such driven CFTs on a strip. We note that this indicates qual-
itatively different behavior of AS, from both the non-heating phase (where it exhibits small
amplitude oscillations around its initial value) and that found for Ising and Rydberg spin chains
(where it saturates to a constant value away from the special frequencies and vanishes at the
special frequencies).

Our work may lead to several future directions. First, it warrants study of entanglement
asymmetry in systems in the presence of quasiperiodic drive protocols [96,97]. It will be useful
to understand the behavior of AS in the presence of such drives for both integrable or non-
integrable spin chains and CFTs. Second, it will be interesting to look into other non-integrable
models such as constrained fermion chains with strong nearest neighbor interactions [98]; it
is well known that such systems, under periodic drive, exhibits signatures of Hilbert space
fragmentation [99-101]. The behavior of entanglement asymmetry in such systems have not
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been studied yet. We leave these topics as possible future studies.

In conclusion, we have studied the behavior of entanglement asymmetry in periodically
driven systems and pointed out the role of emergent approximate symmetry of the Floquet
Hamiltonian in shaping the behavior of entanglement asymmetry. We have also studied the
behavior of AS for driven CFTs on a strip and have shown that it depends crucially on the
phase of the driven CFT.
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A Computation of AS,, for CFT on a strip

In this section, we briefly outline the computation of AS,, on the strip. We begin with Eq. 39

of the main text and write the n-dimensional integral over the variables a; as

dal 2
I= f J (2n)“ exp | —¢ Z (aj—ajn) /2], (66)
where ¢; = 2¢yInc(¢)/n? and c¢(¢) = (L/(ma))sin(nl/L). To carry out this integral, we write

it as
d
1_f J Oélz o ew[—admal, 67)

where @’ = (ay,....a,) and the non-zero elements of the n x n dimensional matrix M is given

by
Mjj=1, M =-1/2, M,=M,;=-1/2. (68)

It turns out that M is a circulant matrix with real-valued elements and has eigenvalues
€; =1—cos(2mj/n), j=1.n. (69)

Its eigenvalues can also be found by noting that M represents a free particle Hamiltonian
with nearest neighbor hopping amplitude t = —1/2 and chemical potential u = —1 on a
one-dimensional chain.

To compute I, we therefore change integration variables to § = Ua, where U is an orthog-
onal matrix such that (UMUT) jj» = €;0;;. Shifting the integration variables to ; and noting
that €, = 0, we find

TL'HJ d

I= Tll_[f —exp clejﬂjz] 5 (70)
j

T

where u; can be determined using eigenvectors of M. Here, we shall be concerned only with
the leading order contribution to I when a < ¢ < L where c; is large. In this limit the integral
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. . /! __
I can be written, after rescaling f3; — f3 =4/ B; as

n—
_ (1—n)/2
= ] J
j= To/C1lhj

—1
= C(l_n)/z il—[ Erf(m, /Clerj)
1
i-1 2,/T€;
n—1

~ (4rey)0-m2 [ e,

J
j=1

/Ol
D exp[—ep]

(71)

where in the third line we have taken the limit ¢; — ©o. Note that in this limit the precise
expressions of u; do not contribute to the value of I. From Eq. 39, we find AS, =InI/(1—n);
thus the leading term of AS,, comes from Inc; and yields Eq. 40.

Another, equivalent method of evaluating I constitute a shift of variables to a;.. Since

> a;. = 0, one can write
dal n C
—1a?
! _f f (275)” ROVEAS 72

The delta function constraint implements the condition that Zj a; = 0. We implement this
constraint using an additional integral over a variable A and write

T / s T n—1
da dA da’ ;
— f n e—clot;2 ella;l ella’e—cla’z
_g 27 _g 2T _p 27

T do/ m 5
a 2 dA _ (=1
:J ne—clctil f ella;e o Ig—l (73)

i S A S A
Iy = Erfi —im/c; | —Erfi +ims/cq || -
(4«/“1)[ (2«/C_1 ) (2«/0_1 ﬂ

In the limit ¢; — oo, we find

i
lim I~ (=2i) | = (4me;) V2, 74
Jm Iy (4‘/71_61( 1)) (47cq) (74)

and a few lines of algebra yields

T da’ T 2
_ a,  n dA ., ., _@=DA
I|c1—>oo ~ (47TC1)(1 n/2 f — e % J —elkane 4e1

g 2T 2T
ammz [ 9% e (75)
N (47'[,'C1) Ee 1%n 5(0‘;1,0)
-7

= (4mcy) /2,

This yields the same leading order term as obtained from the previous method and leads to
Eq. 40 of the main text.
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