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Abstract

We show, via explicit computation on a constrained bosonic model, that the presence of
subsystem symmetries can lead to a quantum phase transition (QPT) where the critical
point exhibits an emergent enhanced symmetry. Such a transition separates a unique
gapped ground state from a gapless one; the latter phase exhibits a broken Z, symmetry
which we tie to the presence of the subsystem symmetries in the model. The intermediate
critical point separating these phases exhibits an additional emergent Z, symmetry which
we identify. This emergence leads to a critical theory which seems to be different from
those in the Ising universality class. Instead, within the data obtained from finite-size
scaling analysis, we find the critical theory to be not inconsistent with Ashkin-Teller
universality in the sense that the transitions of the model reproduces a critical line with
variable correlation length exponent » but constant central charge c close to unity. We
verify this scenario via explicit exact-diagonalization computations, provide an effective
Landau-Ginzburg theory for such a transition, and discuss the connection of our model
to the PXP model describing Rydberg atom arrays.
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1 Introduction

Symmetries play a pivotal role in shaping the properties of phases and phase transitions in
generic many-body systems [1]. These symmetries can be global or local; the former can be
spontaneously broken leading to typical symmetry-broken phases of matter such as magnets
or superconductors. The local or gauge symmetries, in contrast, are always preserved [2];
however they can lead to local constraints shaping properties of low-energy phases. A well-
known example of such a phenomenon involves spin-ice systems [3].

More recently, a class of symmetries which are intermediate between these two types have
been identified. They manifest on (d > 0)-dimensional subsystems of a (D > d)-dimensional
system and are, therefore, called subsystem symmetries. In this method of classification, the
gauge (global) symmetries corresponds to d = 0(D). Such subsystem symmetries play a key
role in field theories which feature dimensional reduction and in physics of fractons [4-6]. It
has been shown that such symmetries can be spontaneously broken [7,8].

The above-mentioned features elicit a natural question regarding role of subsystem sym-
metries in shaping properties of quantum phases and transitions between them. This question
has been partially addressed in Ref. [9], where a quantum critical point with fractal symmetry
was identified in the Newman-Moore model [10]. In addition, disordered Ising systems with
subsystem symmetries are shown to have first order transitions whose properties are shaped
by the presence of such symmetries [11,12].

In this work, we demonstrate, using a constrained boson model, that subsystem symme-
tries may change the universality class of a quantum phase transition (QPT). Our model hosts
a gapped and a gapless phases separated by a QCP (Fig. 1). The gapless phase has a Z,
symmetry-broken ground state which we show to be a consequence of the subsystem symme-
try of the model. Remarkably, the intermediate QCP has an enhanced Z, x Z, symmetry and
belongs to the Ashkin-Teller (AT), rather than the expected Ising, universality class [13-24].
The additional Z, symmetry at the QCP is emergent; we identify the root of this symmetry
using an effective Landau-Ginzburg theory and discuss its relation with the subsystem sym-
metries of the model. We explicitly compute, using exact-diagonalization (ED) on finite quasi
one-dimensional (1D) arrays, the dynamical critical exponent z, correlation length exponent
v, and the entanglement entropy Sy and determine the central charge c of the conformal field
theory (CFT) governing the QCP. Our analysis identifies a parameter a of the model which can
be varied to access the AT critical line with variable v(a) but constant ¢ [22,25,26]. We also
discuss the relation of the boson model with the well-known PXP model describing experimen-
tally realizable Rydberg atom arrays [27-33]. Our model leads to realization of AT criticality
in a 1D model with Hilbert space dimension (HSD) ¢’ for L sites, where { = (1+ +/5)/2 is the
golden ratio. This is much smaller than HSD for other realizations of the AT model [13-24].
We therefore expect it to provide significant numerical advantage in simulating physics of AT
criticality.
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Figure 1: Schematic representation of classical Fock states of the boson model. The
longitudinal(transverse) [d,(d,)] diagonals are shown by dashed red (black) lines.
A typical set of horizontal(vertical) connected links are shown by green(orange) el-
lipses. (a) Ground state at A/w — —oo for N, = 2n = 6 plaquettes and total boson
number N = N,+1. (b) One of the classical states forming the ground state manifold
for A/w — o00. (c) A state with two bosons on a vertical and a horizontal link; these
are dynamically disconnected from those shown in (a) and (b). (d) Schematic phase
diagram of the model as a function of A/w showing gapped and gapless Z, symmetry
broken phases separated by a quantum critical point (yellow circle) with enhanced
Zy X Z, symmetry at A = A.. See text for details.

2 The model

We consider a model of hardcore bosons on an array of N, square plaquettes as shown in
Fig. 1. Such an array is often called as diamond chain lattice; the physics of flat bands of
fermions on such a lattice have been reviewed in Ref. [34]. We shall, in what follows discuss
an interacting bosonic theory on such a lattice and study its phase transition. These bosons
have an additional constraint; any neighboring sites j = (j,,Jj,) and j +n = (j, £ 1,j,) or
(Jx»Jy £ 1) can not be simultaneously occupied. The longitudinal (transverse) diagonals of
these plaquettes are designated by d; (d,). We also define the two-boson states

w]) = b]rb;+dl|01,01+dl> 5 |f]> = b;b]'+dtlol’0]+dr> . (1)

Here b;.r denotes the boson creation operator on site j of the plaquettes, |..0;..) indicates a Fock

state having zero bosons on site j, and we define the boson number operator to be fi; = b} b;.
The constraint condition necessitates fi;#;,, = O for all j. The boson Hamiltonian can then be
written as H = H, + H; where

Hy = —WZ(|tj><ej| +h.e),

J
Hy =2 (1041 = alt)e)), @)
J
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where w, @ > 0 and A can have either sign. We note that for a < 0, the model can be mapped
into a quantum dimer model and has an Rokhshar-Kivelson (RK) point [35, 36]; however,
we shall study this model for a > 0 where such a RK point is absent. The variation of the
parameter a, as shall be elucidated later, allows one to access the AT critical line. We note that
H, denotes a ring-exchange term for the bosons; it’s implementation on a 2D square lattice is
known to show strong Hilbert space fragmentation [37]. H; has a different sign for bosons
occupying d, or d,; this feature will be important for our purpose. In this work, we seek the
phase diagram of this model as a function of A/w and a. In what follows, we shall consider
an array (Fig. 1) with open (periodic) boundary condition having even N,, plaquettes hosting
N = Zj n; = N, +(—)1 bosons.

The model given by Eq. 2 has [H, N ] = 0 leading to preservation of the total boson number.
For open chains, the eigenstates of H, |ny), can be labelled by their parity eigenvalues r = £1
such that R|n.) = £1|n.). Here R represents reflections about an axis along d, dividing the
system in two equal halves. Importantly, R is the only global symmetry that can be sponta-
neously broken for open chains; thus, it can lead to a Z, broken phase. For periodic boundary
conditions, the eigenstates can be labeled by momentum k along d,.

Moreover, the model has subsystem symmetry which preserves n, = Zjeq n;, where q
denotes any vertical or horizontal link with three sites as shown in Fig. 1(a)(except the links
involving the end sites of an open chain that contain only two sites) for all links. In what
follows we shall work in the sector ny = 1 for all such links. We note that for N = N, £1,
ng = 1 is the only possible subsystem symmetry sector of the model.

3 Phases of the model

In this section, we discuss the phase of H (Eq. 2) in the two limits A < 0, [A| > w and A > w
using ED in Sec. 3.1. This is followed by a perturbation theory in Sec. 3.2 which provides
analytic insight into the nature of the phase for A > w.

3.1 Numerical results

For A < 0 and |A| > w, the ground state of H constitutes all bosons arranged along d, as
schematically shown in Fig. 1(a). The first excited state can be created by action of Hy on one
of the end sites with energy cost AE; = |A|(2 + a); this leads to two end states (where the
plaquette with bosons on transverse diagonals is at one of the ends) shown in Fig. 2(a) for
a = 1. The action of H, on any of the bulk sites lead to states with AE, = |A|(3+ a) > AE;.
Thus we have an unique gapped ground state. The end states are protected from the rest of
the bulk states by a finite energy gap and are therefore stable against small perturbations. The
ground state entanglement entropy, Sg, shows the expected area-law behavior.

In contrast, for A > w, the classical ground state manifold is N,,/2 fold degenerate and
comprises of Fock states with maximal bosons across d, (Fig. 1(b)). The conservation of n, en-
sures that two such plaquettes can not be neighbors; such states belong to a sector with ny =2
on at least one vertical and horizontal links (Fig. 1(c)) and are dynamically disconnected from
the ny = 1 sector. These Fock states in the ny = 1 sector can be characterized by the position of
the single bosons |j,) (Fig. 1(b)). We note that j, is either always even or always odd and can
take N, /2 values; this leads to a N,/2-fold degenerate classical ground state manifold. This
classical degeneracy is lifted by quantum fluctuations induced by H,,. The effect of H, can be
understood within perturbation theory which we discuss in the next subsection. Here we note
that the spectrum of the model, obtained using ED for a chain with Np = 28 plaquettes and
open boundary conditions, shows two near degenerate bands (Fig. 2(b)). For open boundary
condition, the presence of the subsystem symmetry ensures a two-fold reflection symmetry R

4
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Figure 2: (a) Plot of eigenenergies of H for (a) A/w = —10 showing the end states
and the first excited state manifold and (b) A/w = 10 showing dispersing band of
eigenstates. The ground state for (b) is two-fold degenerate and gapless in thermo-
dynamic limit. For all plots N —1 =N, =28 and a = 1. See text for details.

which protects this degeneracy with small energy splitting between R = +1 states for finite N,,
(Fig. 2(b)) that decrease with N,. Thus we find a Z, symmetry-broken gapless ground state
for A > w. We have checked that Sy shows logarithmic dependence on the subsystem size £,
in this phase.

3.2 Perturbation theory

In this section, we compute an effective Hamiltonian, Hg, for A > w using perturbation theory
which explains the properties of the ground state manifold for A > w. To this end, we note
that in the limit w — 0 for any A/w > 0, the ground state has N, /2-fold degeneracy. To lift this
degeneracy, one needs to take into account the effect of H,. To this end, we seek a canonical
transformation via an operator S which satisfies [37-39]

Heg = e (H; + Hp)e ™, (3)

such that H.g does not take one outside the low-energy manifold. Usually it is impossible
to find an exact solution for S and hence Hg; however, this can be achieved perturbatively
and we shall chart out such a perturbative calculation where w/A is the small parameter. In
this regime, we define S such that all first order (O(w/A)) processes that take one outside the
low-energy manifold of states |j,) of H; are eliminated. This leads to the solution [37]

. 1.
[iS,H,]=—H,, Hegs = E[lS,Ho], 4
where we have omitted all processes which are O(w*/A%) or higher. To proceed further, we
note that from the first relation in Eq. 4, we find that the matrix elements of S between any

state |j,) in the ground state manifold with energy E, and an excited state |f) outside this
manifold with energy Eg > Ej, is given by

(Blisljo) = L1Folo). s
B

Note that Hy and hence S do not connect states within the low-energy manifold. Using Eq. 5
we find

iolH, H,lj!
Hyp=— Z {JolHolB)(BI 0|Jo)|jo>(j6|- 6)

E,—E
JodgBiosd) p—=0

This yields the leading order terms in the effective Hamiltonian.
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Figure 3: (a) Schematic representation of a second-order virtual process connecting
a state |j,) in the ground state manifold to itself leading to renormalization of their
energy. (b) Same for a process which connects |j;) to |j, —2) and thus contributes
to Heg. In both plots, |3) denotes a state outside the ground state manifold of H;
with Eg —Ey = (24 a)A. The dashed blue plaquettes do not participate in the virtual
process and the bosons are denoted by red circles. See text for details.

The evaluation of the matrix elements in Eq. 6 is straightforward. As explained in Fig. 3,
there are two processes in the leading order. The first, schematically shown in Fig. 3(a) leads to
renormalization of the energy of eigenstates in the ground state manifold and do not contribute
towards lifting the degeneracy. The process which lifts this degeneracy is schematically shown
in Fig. 3(b); the energy of the high-energy intermediate state for this process is (2 + a)A
leading to a matrix element of w?/((2+a)A). Furthermore such processes constitutes hopping
of the lone boson by two lattice sites and thus connects states |jy) to |j) = |jo = 2). These
considerations leads to he effective Hamiltonian

w? N
Hef = Cran JZOI(|Jo)(Jo—2| +h.c). (7)

The leading term in H.g connects classical states where the position of the single boson is
two lattice sites apart. To analyze this further, we note that chains with periodic boundary
conditions and N = N, — 1 shows identical behavior to open chains with N = N,, + 1. For the
former, H.¢ lead to energy dispersion

2
E(k)z—(ziLaMCOSZk+O(W4/AB) , (8)
where we have set the length of the diagonals of the plaquette to unity. Since E(k) = E(t—k),
one has a two-fold degeneracy which can be lifted only by terms of O(w™» /AN>™1). This degen-
eracy stems from the fact that in the ny = 1 sector, the dynamically connected states always
have j, either even or odd; it is a consequence of subsystem symmetry of H.
We note that finite higher order processes do not lift the above-mentioned degeneracy. For
a chain with periodic boundary condition, this is most easily seen from the fact that there are
no odd-order (O(wW?**1/A?")) terms in the perturbation series which, starting from an initial
state in the ground state manifold, can return to the same manifold. Thus all processes which

6
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Figure 4: Schematic representation of a fourth-order virtual process connecting a
state |j,) in the ground state manifold to |j, + 4). Here |3;), |85) and |fB3) represent
excited states of H; with energies (2 + a)A, (4 + 2a)A, (1 + a)A respectively with
respect to the ground state manifold. All symbols are same as in Fig. 3. See text for
details.

leads to finite matrix elements between states in the ground state manifold are even-ordered
(ow?" / 22"1)). Next, we find that any such even-ordered term necessarily leads to shift in
the position of the lone bosons by a multiple of two-sites. This follows from the fact that the
lowest such term leads to a shift of this boson by two sites; one such higher order process
which leads to a shift of the boson by four sites is shown in Fig. 4. Such a process connects |j,)
to |jo £4). Similar considerations hold for all high order virtual processes; this ensures that
the two-fold degeneracy is not lifted at any order by H. We also note that the gapless phase
has E;, ~ k? at small k; it does not have Lorentz invariance and hence conformal invariance
and does not therefore correspond to a bosonic conformal field theory.

Next we discuss the degeneracy in case of a boson array with open boundary condition.
This degeneracy arises to the inversion symmetry R which, for a chain with even N,, consti-
tutes a reflection about a line along the transverse diagonal d, that cuts the array into two
equal halves. It is easy to see that H remains invariant under such a transformation [37]. We
note that the ground state at large negative A is an exact eigenstate of R with eigenvalue r = 1;
however, this is not the case with classical states occupying the ground state manifold at large
positive A. Numerically, for A/w > 1, we find that the ground state corresponds to a linear
combination of the classical Fock state with r = 1. The energy gap between this state and
its r = —1 counterpart vanishes in the thermodynamic limit leading to a two-fold degener-
acy. However, for a finite size array of length N, a O(N,) virtual process originating from H,
connects these states leading to a gap as can be seen from Fig. 2(c). This gap decreases alge-
braically with system size for the range of N, we have numerically studied and also decreases
with decreasing w/A. We note that this behavior is in sharp contrast with that of the energy
gap between the ground and the first excited state at large negative A; the latter remains stable
in the thermodynamic limit and does not show appreciable change with increasing N,,.
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Figure 5: (a) Plot of AN, as a function of A obtained using ED; the curves cross at
A = A, ~ 0.7 indicating z = 1. (b) Plot of AN, as a function of N"Y/?(A—2.) leading
to optimal scaling collapse for v ~ 1.53211+0.01246 and A./w ~ 0.69. For all plots
N —1=N, =28 and a = 1. See text for details.

4 Quantum critical point

The ground state of the boson model for A > w breaks a Z, symmetry. In contrast, that for
A < 0 and |A| > w, does not break any symmetry. Thus it is excepted that these states will
be separated by a phase transition. In this section, we investigate this transition in details.
Our numerics on finite chain with N, < 28, in Sec. 4.1, demonstrates that the transition, in
contrast to the expected Ising, belongs to the AT universality class; the critical point hosts
an additional emergent Z, symmetry. In Sec. 4.2, we provide a Landau-Ginzburg theory for
the transition which provides an analytic understanding of the mechanism for the additional
emergent symmetry.

4.1 Numerical results

In this section, we present our results on numerical computation of the exponent v, the en-
tanglement entropy Sr and the central charge ¢ of the boson system at the critical point.To
investigate the nature of this QCP between the Z, symmetry broken ground state at A > 0 and
the unique ground state at A < 0, we carry out standard finite-size scaling analysis using ED
for the boson chain with open boundary condition. The results obtained from such a study is
shown in Figs. 5, 6, and 7.

It is well-known that the smallest energy gap A = A, = (E; — Ey) (E,_; denotes the n™
energy eigenvalues) for a finite chain near the critical point satisfies [40]

A=Nf (N7 (A-1)), 9)

where f denotes a scaling function, z is the dynamical critical exponent, v is the correlation
length exponent and A, is the critical value of A. Our results, shown in Fig. 5 for a repre-
sentative value a = 1, indicate an excellent match with the above form of A for z = 1 and
»=1.53211+0.01246. Similar matches were found for other values of a; the a — oo limit,as
we shall see in the next section, constitutes a realization of the PXP model and will be sepa-
rately discussed in Sec. 5. The value of v found in Fig. 5 is clearly inconsistent with expected
Ising universality class; in contrast, it is consistent with AT universality.

To further confirm that this transition is distinct from its Ising counterpart, we first note
that a QCP which belongs to AT universality with Z, x Z, symmetry is expected to have three
gapless modes at A ; consequently, AyN, and AsoN, is also expected to show finite-size
scaling behavior similar to A. This distinguishes such a critical point from one with Ising
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Figure 6: Plot of (a) AyN,, (a) and (b) AggN, as a function of A showing crossings
at A./w =0.70925 £ 0.00636 and 0.74544 + 0.0273375 respectively. (c) and (d) In
contrast, the Ising model shows such crossing only for A;(N, as a function of J/B
but not for AyN,,. See text for details.

symmetry. Thus a signature of the AT universality may be found by studying scaling behavior
of the higher energy gaps near the critical point. To this end, we define the gap A, = E,, —E,
and plot Ay Np and AN, (where N, denotes the number of plaquettes) as a function of A
(Figs. 6(a) and (b)). These plots indicate the presence of a crossing although the position of the
crossing point shifts towards larger value of A. This can be attributed to finite-size effect since
the scaling behavior of these higher gaps is expected to have stronger system size dependence
leading to a strong finite-size shift of the crossing points towards larger A. In contrast, similar
results for Ising criticality, obtained by performing ED on an Ising chain with

Higing =—J Y ,0%0% =B > 0%, (10)
(@) j

does not show any crossing for A,q; only A, shows this feature at J/B = 1 (Figs. 6(c) and
(d)). The behavior of the latter plots (Figs. 6(c) and (d)) is qualitatively distinct from the
former (Figs. 6(a) and (b)). This analysis therefore distinguishes the present critical point
from its Ising counterpart.

To ascertain AT universality of the transition and to explore the role of the parameter a,
we obtain v(a) using finite-size scaling; the resultant plot is shown in Fig. 7(a). We find that
varying a leads to a range of v; v increase with decreasing a with v ~ 3 fora =0and v — 1.24
as a — oo. This indicates that varying a allows one to access a section of the AT critical line;
we note that in the microscopic Ashkin-Teller model 2/3 < ¥ < 0o on the critical line; the two
limits correspond to the 4-state Potts (v = 2/3) and the Kosterliz-Thouless universality class
(v — o0) respectively. The corresponding phase diagram (Fig. 7(b)) shows the position of
this line in the A — a plane.
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Figure 7: (a) Plot of v as a function of a. (b) Phase diagram in A—a plane showing the
AT critical line. (c) Plot of S as a function of ,, for a = 1 showing logarithmic depen-
dence of S on [,; the inset show a plot of S, as a function of In[(2N,, /) sin(7tl, /N, )]
leading to ¢ = 0.895072 £+ 0.08725. (d) Plot of ¢ as a function of a. The red dotted
lines indicate ¢ = 1 and ¢ = 1/2. See text for details.

Another feature of the AT critical line is that the central charge of the critical theory de-
scribing the transition remains fixed to ¢ = 1 on the entire line. To further confirm that the
QCPs on the line conform to AT universality, we therefore compute Sy as a function of the
subsystem size [, at A = A, and for a = 1. This computation is carried out using standard
methods in the literature [41,42] and may be summarized as follows.

We partition the boson ladder of length L along its longitudinal diagonal into subsystems
A of length £, and B of length £5. The ground state of the system is then represented by

hb) :Zci,u“».u): (11)

iy
where the labels i and u correspond to subsystems A and B respectively. As discussed in
Refs. [41, 42], one needs to carry out this partitioning in a manner consistent with all the
constraint conditions of the model. The density matrix for the ground state can then be written

as
® (= > > ch e lilul) & (V]I (12)

ij upv
where [i], [j] represent the set of indices associated with subsystem A and [u] and [ v] with
subsystem B. The c; ,’s are the components of the ground state wavefunction in the Fock basis.
To compute the entanglement entropy, we need to trace over the

Pa=Trg(p)= D> > ¢t iy800,0 i) @ (1] (13)

oij uv

This yields p A => ¢ o CinCio- The von-Neuman entanglement entropy is defined in terms of p,
as
SE=—tr[pAlnpA] . (14)

10
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Denoting the eigenvalues of p, to be {A;}, one can compute Sz = —>, A;InA;. In this
work, we have used this formalism to compute the entanglement entropy Sz(£,) for which
@A =L— Eb ={.

A plot of Sg, shown in Fig. 7(c), shows a logarithmic dependence of Sg, as a function of [,
which is consistent with the Cardy-Calabrese result [25,26]

Sg = (c/6)In[(2N,/n)sin(nl,/N,)] . (15)

This allows one to extract the central charge ¢ of the conformal field theory governing the
critical point (inset of Fig. 7(c)); we obtain ¢ = 0.895072 + 0.08725 for a = 1. Similar
computations for other a shows that ¢ stays close to unity on the line; a plot of ¢ as a function
of a, shown in Fig. 7(d), demonstrates this fact. We note here that since our ED can access at
most N, = 28, it only provides subsystems with [, = 4,6,8,10 and 12. Thus the systematic
error in the extraction of ¢ is higher compared to v and A; however, even with this constraint,
the central charge seems to be not inconsistent, within error bars as indicated in Fig. 7(d),
with AT universality [23, 24, 43]. It is clearly different from that of an Ising transition for
which c =1/2.

4.2 Landau-Ginzburg theory

The AT universality class hosts a Z, x Z, symmetry. In this section, we provide a possible
explanation for the origin of the additional emergent Z, symmetry at the QCP in our model.
We show that this phenomenon can be understood from a Landau-Ginzburg (LG) theory for
the transition. We stress that this does not mean that the universality class of the transition
can be completely determined using such an approach; this usually requires a renormalization
group analysis which is impossible to carry out analytically for interacting field theories in
d = 1. However, even without such a calculation, a basic analysis of the interaction terms of
the model based on underlying symmetry of the Hamiltonian may provide useful information
about possible symmetries of the critical point. This symmetry based approached has been
used in Refs. [44] and [45] in context of different models.

The ground state at A > A, is two-fold degenerate and at the QCB a state from the excited
state manifold crosses the ground state. The degeneracy ensures that if such a crossing occurs,
for a periodic chain, at a momentum k, (—n < kg < 1), there must be an analogous crossing
at T — kg. The critical theory, is therefore governed by a bosonic low-energy field [44,45]

®(x, t) = efo¥ o, (x, £) + el " KX o, (e, 1), (16)

where ¢, and p, are the low-energy fluctuations around k, and w—k respectively. The invari-
ance of the ®(x, t) under kg — 7 —k, implies that (o) — @5y under such a transformation.
An effective LG theory which respects this symmetry can be written in terms of ¢4 5(x, t) as

L= Z (|au<Pa|2+r|(Pa)|2)+C1 (|901|4+|<P2|4)+C2|(P1|2|¢2|2+03(90T<P2+h-c~)2 , A7)

a=1,2

where ¢; > 0 and we have suppressed the space time labels of ¢, 5 for clarity.

At QCP r =0 and Eq. 17 predicts two possible scenarios. The first is that only one of the
two fields condense. This happens when if ¢; > 0 and ¢, > 0 or if ¢c; < 0 but ¢; + 2¢5 > 0.
In this case the critical theory can be described by a standard Landau functional involving a
single scalar field. In contrast, if either ¢, + 2c3 < 0 and ¢3 < 0 or ¢y < 0, both ¢; and ¢,
condenses. For both of these latter possibilities, £ is two-fold degenerate; it remains invariant
under 6, — n—6,, where 6, is the relative phase between ¢, and ¢,. Its minima corresponds
to 6, = 0, 7 for c3 < 0 and 6, = /2, 3m/2 if c3 > 0. This leads to an additional emergent
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Z, symmetry. Our analysis indicates that the microscopic Z, symmetry of the gapless phase
at A > 0, which derives its root from the subsystem symmetry of the model, necessitates a L,
with two low-energy fields; it is therefore a necessary (but not sufficient) requirement for the
emergent Z, symmetry at the QCP

5 Mapping to a 1D spin model

In this section, we present the mapping of H model to a modified PXP Hamiltonian [31-33,
46,47]. It is well known that PXP models provide a description of the low-energy physics of
ultracold Rydberg atoms [27-29,31-33,46,47]; we show that our model reduces to the PXP
model for @ — oo thus allowing for possible experimental relevance of the phase transition
studied in the original boson model.

To this end, we first map a state with two bosons on the transverse diagonal d, of a pla-
quette to a up-spin at its center as shown in Fig. 8(a): |t;) — | ij>, where x; denotes the
coordinate of the center of the plaquette. Similarly, a state with two bosons on the longi-
tudinal diagonal d, of a plaquette is mapped to a down-spin: [£;) — | lxj) (see Fig. 8(b)).
Crucially, the presence of subsystem symmetry does not allow states with two neighboring
plaquettes each having two bosons on d,; such a state correspond to ny = 2 and are dynam-
ically disconnected from states with ny = 1. This allows one to realize the PXP constraint of
not having two neighboring up-spins. Finally, as shown in Fig. 8(c), we denote a lone boson
on in a given plaquette as an unflippable down spin since the action of Hy, in contrast to the
standard down-spins defined earlier, can not flip it.

To express the boson Hamiltonian in terms of these spins we define the following operators

Tij=|tj>(fj|—|£j>(ﬁj|> T§j=|tj)<£j|+|£j><tj|- (18)

(@)

. ‘.
(b) laz ;
(c) lac

..
0
0
0
.

.
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o
o
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o
o
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Figure 8: Schematic representation of mapping of bosons to PXP spins. (a) A boson
state with two bosons on the transverse diagonal is mapped to an up spin at the
center of the plaquette with coordinate X;. (b) A boson state with two bosons on
the longitudinal diagonal is mapped to a flippable down spin. (c) A lone boson is
mapped to an unflippable down spin. See text for details.
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Figure 9: Finite-size scaling analysis for a — oo starting from H’ (Eq. 21). (a) Plot
of AN, as a function of A; the curves cross at A = A, ~ 1.45097 £ 0.002631 indicat-
ing z =1. (b) Plot of AN, as a function of N ~1/7(A —A.) leading to optimal scaling
collapse for v ~ 1.24173+0.02461. (c) Plot of S as a function of [, showing logarith-
mic dependence of S on [, (d) Plot of Sg as a function of In[(2N, /) sin(7l,/N,)]
leading to 0.797501 £ 0.1052. For all plots w = 1. See text for details.

We also define a projection operators P, = (1— chj) /2 which projects to | lxj). Noting that

a flip of spin from down to up is possible only if the neighboring sites also have down spins
(either flippable or unflippable), we can write

Ho=—w Y &%, B =Py 175 Py (19)

J
Xj

To write H; in terms of spin operators, we note that H; does not count unflippable spins.
Thus we need to count only flippable down spins. It is easy to see from the boson states such
spins are the ones which are flanked by two other down spins on neighboring sites. These
considerations lead one to the spin Hamiltonian

1+7% 1—7%
J
=—A E : — Py Tpxjﬂ

:—}\,Z(af J2— __1P 1) , (20)

where in the second line, we have 1gnored an irrelevant constant. We note that the last term
in Eq. 20 which arises due to the presence of unflippable down spins (or lone bosons in a
plaquette) distinguishes the model from the PXP model in a magnetic field [45].

Next, we study the limit @ — oo with Aa/w being held fixed and kept finite. In this limit,
one can ignore the last term in Eq. 20 and map the plaquette boson model to the PXP model
in a magnetic field. This yields a spin Hamiltonian H’ given by

H’ ——Z(w AT ) (21)
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where A — Aa/2. Such a chain with periodic boundary condition (PBC) has been studied in
detail [45,47] and is known to have Ising critical point at A, /w =~ 1.31. However, the criticality
in the model with open boundary condition (OBC) turns out to be different. One of the sources
of this difference stems from the nature of the ground state at large A/w. The PXP chain with
PBC has a gapped ground state at large A/w; in contrast, in the presence of OBC, the ground
state at large A/w is gapless. Such a gapless states occurs due to superposition of all Fock states
with alternate up and down spins along with a single domain wall. Note that the presence of
such a domain wall in the ground state sector can be traced back to the presence of subsystem
symmetry of the original boson Hamiltonian, which, for a given N = N, + 1, necessitates the
presence of a lone boson in the ground state manifold. The energy band of these excited states
has a width ~ 1/a as can be deduced from Eq. 7.

A finite-size scaling analysis starting from H’ confirms the difference in criticality of the
PXP chain with OBC from the one with PBC. This is shown in Fig. 9. Our analysis indicates
a strong finite size effect for a chain with OBC at large «; this feature is to be distinguished
from the chain with PBC and may arise from the difference in nature of the ground states
in the two cases at large A/w. Our numerical results, shown in Figs. 9(a) and (b) indicate
A./w = 1.45097 £ 0.002631, and v = 1.24173 +£ 0.02461. Fig 9(c) shows a plot of Si, com-
puted using similar methods as in Sec. 4.1. A fit of S; using Eq. 15 yields ¢ = 0.797501£0.1052
which is quite different from Ising universality; these exponents are however, consistent with
AT universality after allowing for strong finite-size corrections for estimation of ¢ at large a.
At finite a, the third term provides an additional three-site interaction which changes v; such
a multi-spin term therefore provides a way to access the AT line in these experimentally real-
izable Rydberg systems [27-30]. Engineering such terms in Rydberg arrays requires further
work which we leave for future studies.

6 Discussion

In this work, we have studied a boson model with subsystem symmetry and have shown that
the presence of such subsystem symmetry can change the universality of the quantum phase
transition of the model. Our analysis indicates that the model has two phases; one of them
occurs at large negative A and is gapped. The second phase, occurring at large positive A is
gapless in the thermodynamic limit; moreover, it breaks a discrete Z, symmetry. Our analysis
unravels the key role played by the subsystem symmetry behind the presence of the latter
phase. We note here that our reference to subsystem symmetry comes from the 2D version of
this model analyzed in Ref. [37] where the role of subsystem symmetry has been discussed.
In this work, where we consider the bosons with a slightly modified Hamiltonian on a two-leg
ladder (diamond chain lattice), the subsystem symmetry of the 2D lattice model gets translated
into conservation of bosons number in any vertically or horizontally connected sites. When
we discuss this in the 1D spin chain language in Sec. 5, this symmetry leads to the constraint
condition of not having neighboring up spins.

We note that the boundary condition play a crucial role in such constrained systems. This
is most easily understood in the spin language. The boson model has been exactly mapped
to a 1D PXP model with additional interaction term in Sec. 5. We find that this model has
completely different ground state manifolds for periodic and open boundary conditions when
A > w. This is most easily seen in the limit @ — oo with Aa/w held finite. Here the model
reduces to a 1D PXP spin chain studied earlier [46,47]. For PBC, the ground state manifold
consists of two Fock states given by |1,0,10,...1,0) and |0,1,0, 1..0, 1) where 1(0) represent
an up(down) spin. The choice of one of these two states leads to a Z, broken ground state.
The transition from the gapped unique ground state for [A| > w and A < O to such a Z,
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symmetry broken state therefore belongs to the Ising universality class as shown earlier [46].
In contrast, for OBC, the ground state manifold contains, in addition to the two states men-
tioned above, O(L) domain wall Fock states; one such typical state, for example, is given by
|1,0,0,1,0,1,...0,1). Note such a state is prohibited for a PXP chain with PBC due to the
constraint. To verify this, we have computed the structure factor S, for a N site spin chain:
Sq= (wéwq), where 1, = (1/N)Zj njeiZ“j/q and n; = (1+ 0?’)/2 counts the number of up-
spins on each site. For a PXP chain with periodic boundary condition S,_, saturates to 1/4 in
the thermodynamic limit as suggested by 1/N extrapolation performed with data for N < 26;
however in the presence of constraint and open boundary condition, a similar analysis shows
that Sg|y_,00 ~ 0.034. This confirms the different nature of the ground state at large positive
A/w = 14 for periodic and open boundary conditions; for the present model, our analysis
suggests that the latter leads to a gapless ground state. This provide a concrete example that
the bulk phase may change due to boundary condition in a constrained spin or boson model,;
the situation is in contrast to that of unconstrained models where boundary conditions usually
do not have drastic effect on bulk phases.

These two phases of the model, as expected, are separated by a quantum critical point. The
universality class of this critical point depends on the nature of the phases it separates. For
a chain with PBC, we find the critical point to belong to the expected Ising universality class.
However, in contrast to the standard expectation, we find, within the system size accessible in
our numerics, that the universality class of the transition with OBC is not Ising. This change
in universality class may originate from the change in nature of the bulk phase for A > w;
the transition occurs from an unique gapped to a gapless, rather than a gapped Z, symmetry
broken, phase in the present spin model (Eq. 19 and 20) with open boundary condition.

Our numerics indicate that the critical point may belong to the AT universality class. The
parameter a of the model (Eq. 2) can be tuned to access a critical line with variable v but
constant c; this behavior, within the system sizes that we could access, is consistent with AT
criticality. Our analysis indicates that the boson model can access a part of this AT critical line
(3 < v < 1.24). The computed central charge shows strong fluctuation; this is due to the
fact that using ED, one can access Np < 28 allowing subsystem sizes 4 < £, < 12. However,
even with this constraint, the values of ¢ obtained seem to be very different from its value
for Ising criticality (¢ = 1/2). Moreover, the tunability of v along with a value of ¢ # 1/2
certainly seems to suggest that for the system sizes accessible by ED, the universality class of
the transition is not inconsistent with Ashkin-Teller. However accessing larger system sizes
is necessary for a more definitive conclusion. In this respect we note that while the pres-
ence of the constraint does not allow a straightforward numerical analysis of this model us-
ing standard density-matrix-renormalization group (DMRG) or Quantum-Monte-Carlo (QMC)
methods, certain recent methods using sweeping cluster QMC algorithm [48] or DMRG of
constrained dimer model [49] may prove useful. These endeavors constitute future directions
of research.

Our mapping of the boson model to the PXP spin model in a magnetic field with open
boundary condition leads to a possibility of its realization in an ultracold Rydberg atom chain.
The two models are identical in the limit a« — oo with Aa/w held fixed and finite. For finite
a, we find that the boson model is equivalent to a PXP model in a magnetic field together with
an additional three-spin term. The variation of the strength of this three-spin term (which is
same as varying a keeping A/w fixed) allows one to access the AT critical line. The realization
of such a three spin term in experimental Rydberg platforms may be of future interest.

The Hilbert space dimensions (HSD) of H, and hence H scales as {; H, therefore provides
easier numerical access to the physics of the AT critical line compared to a standard spin model
with HSD 4! [50,51]. This may be useful for studying non-equilibrium quantum dynamics of
the model across the AT critical line; this might be another subject for future study [41, 42].
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In conclusion, we have demonstrated the emergence of AT criticality in a constrained
bosonic model with subsystem symmetry. We point out the crucial role of subsystem symme-
tries in determining the universality class of the critical theory. Our analysis also shows that
the model is closely related to the well-known PXP model relevant for Rydberg atom arrays
and forms the most convenient platform for numerical studies of the AT critical line.
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