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Abstract

The nuclear shell model accurately describes the structure and dynamics of atomic nu-
clei. However, the exponential scaling of the basis size with the number of degrees of
freedom hampers a direct numerical solution for heavy nuclei. In this work, we present
a quantum annealing protocol to obtain nuclear ground states. We propose a tailored
driver Hamiltonian that preserves a large gap and validate our approach in a dozen nu-
clei with basis sizes up to 105 using classical simulations of the annealing evolution. We
explore the relation between the spectral gap and the total time of the annealing proto-
col, assessing its accuracy by comparing the fidelity and energy relative error to classical
benchmarks. While the nuclear Hamiltonian is non-local and thus challenging to imple-
ment in current setups, the estimated computational cost of our annealing protocol on
quantum circuits is polynomial in the single-particle basis size, paving the way to study
heavier nuclei.
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1 Introduction

Neutrons and protons, collectively known as nucleons, bind together through the strong inter-
action to form atomic nuclei: quantum many-body systems that exhibit a plethora of interest-
ing phenomena. While the properties of nuclear ground states in stable nuclei are generally
understood, experimental evidence has often challenged some fundamental tenets of nuclear
structure. For instance, the cornerstones of nuclear structure are magic numbers, specific num-
bers of protons and neutrons associated with particularly bound, loosely correlated, spherical
nuclei. However, the evolution of magic numbers in unstable nuclei challenges the current
understanding of nuclear forces [1–4]. Similarly, the existence of short-range correlations be-
tween nucleon pairs with definite isospin is somewhat at odds with the traditional picture of
the low-lying structure of nuclei [5]. In addition, the coexistence at low energies of nuclear
states associated with different shapes is an elusive quantum property that requires a solid
theoretical underpinning [6–8]. The properties of nuclear structure are also relevant beyond
nuclear physics, as they impact astrophysics [9, 10] and pave the way for the search for new
physics beyond the standard model of particle physics [11,12].

In the context of nuclear theory, the nuclear shell model (NSM) [13–16] plays a key role
in describing the structure of nuclei. In analogy to configuration-interaction (CI) methods in
quantum chemistry, a NSM description separates nuclear configurations into distinct compo-
nents. An inert space with magic numbers of neutrons and protons acts as a core, assumed
to decouple from the rest of the system by a relatively large energy gap. All the dynamics is
instead contained in neutrons and protons occupying a series of valence orbitals. The diago-
nalization of many-body states in the NSM valence space enables detailed studies of nuclear
ground and excited states, as well as strong, weak, and electromagnetic transitions, among
other properties. Unfortunately, the NSM, like any other CI method, is affected by the expo-
nential scaling of the many-body Hilbert space with the number of valence nucleons. This
limitation restricts the classical simulation of heavy nuclei, particularly those far from magic
numbers. However, insights from quantum information have opened new paths for studying
nuclei using classical algorithms [17–28].

Quantum computing, algorithms, and devices are promising tools for studying quantum
many-body systems. Two distinct types of approaches have been used to simulate ground
states. On one hand, variational quantum eigensolvers (VQEs) [29–33] should provide an
advantage in the Noisy Intermediate-Scale Quantum era. On the other hand, quantum an-
nealers [34–36] offer a more physics-inspired approach to quantum simulation. In either ap-
proach, simulations have been applied not only to condensed matter systems [37–40], but also
to hadron and nuclear physics [41,42] and quantum chemistry [43–47].

Several strategies have been proposed to solve the NSM and obtain the properties of nuclei
using quantum algorithms [48–57]. A promising avenue, also applied in other nuclear struc-
ture methods [58–60], is that of the ADAPT-VQE algorithm [44], a VQE with an adaptive ansatz
that tailors the algorithm to the corresponding energy landscape in a very efficient way. While
classical simulations are encouraging, actual implementations may suffer from measurement
noise or the presence of local minima in the classical optimization [61–63]. This suggests the
need to explore alternative methods based on different ideas.

Quantum annealing (QA) is a method used to find the ground state of Hamiltonians
through time evolution. Recently, QAs [64, 65] have been widely used to solve quadratic
unconstrained binary optimization (QUBO) problems [66, 67]. With QA, one aims to find
the solution of this classical NP-hard problem by encoding it in the ground state of an Ising
Hamiltonian. This is achieved via time evolution; however, the small spectral gap of the time-
dependent Hamiltonian hampers the method’s effectiveness. Several techniques have been
developed to improve the robustness of the annealing, such as tailored driver Hamiltonians
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[68, 69] or adaptive time schedules [70]. Several studies have been also focused on both the
criteria of convergence [71–73] and the speed-up of the QA protocol via counteradiabatic driv-
ings [74,75]. Moreover, the application range for QA has expanded beyond QUBO problems to
include the ground state of condensed matter systems [39,40] and molecules [43,47,76,77],
yielding promising results.

In this paper, we investigate the implementation of a QA protocol to find the ground state
for NSM Hamiltonians. QA is based on the time evolution under a time-dependent Hamilto-
nian and, unlike VQEs, it does not require any classical optimization. In order to assess the
feasibility of the method, we introduce a novel driver Hamiltonian, specifically designed for the
NSM. We emphasize that the target NSM Hamiltonian is non-local, and therefore, implement-
ing our QA protocol using current setups may be unfeasible. To understand the applicability
of the method in existing quantum devices, we study the computational cost of implement-
ing the protocol in a quantum circuit, utilizing a digitalized Trotter decomposition of the time
evolution [39,70].

The paper is organized as follows. In Sec. 2, we present the NSM and introduce the nuclei
where we test the QA protocol. This is further elaborated in Sec. 3, where we also discuss the
metrics used to benchmark the accuracy of the method. Section 4 presents the driver Hamil-
tonian employed in our simulations. Section 5 then turns to addressing the time evolution of
our QA protocol and its accuracy for three different time intervals. In Sec. 6, we estimate the
computational cost of a QA implementation on a quantum circuit using a digitalized Trotter
decomposition of the time evolution. Finally, conclusions and outlook are presented in Sec. 7.

2 Nuclear shell model Hamiltonian

The NSM [13–16] describes nuclear structure as an assortment of nucleons occupying shells
with different energies. In the NSM picture, the nucleons that contribute to the dynamics are
just those in the valence shell. In this way, it is possible to confine the configuration space of
the nucleon modes to this shell, tracing out the degrees of freedom related to the core and
the higher energy shells. Each isotope with mass number A = N + Z is thus split into a core
with magic numbers, Nc and Zc , and the corresponding valence neutrons and protons, with
numbers Nn and Zp respectively.

Since the nuclear force is rotationally invariant, each nucleon mode or single-particle or-
bital is described by the quantum numbers

|a〉= |n, l, j, m, tz , t〉 , (1)

where n is the principal quantum number; l is the orbital angular momentum; j, the total
angular momentum of the nucleon; m, the projection of the total angular momentum; and t
and tz are the isospin and the isospin projection, respectively. In this representation, the target
NSM Hamiltonian is written as

ĤT =
∑

a

ϵac†
aca +

1
4

∑

abcd

v̄abcd c†
ac†

bcd cc , (2)

where c†
a and ca are the fermionic creation and annihilation operators, ϵa is the single particle

energy of the nucleon mode |a〉 and v̄ is the antisymmetrized two-body matrix. A nuclear shell
has a set Js of allowed j values (eg j = 3/2 and j = 1/2 in the p shell, so Js = {3/2,1/2}).
The number of nucleon modes per species is then D =

∑

j∈Js
(2 j + 1).

The two-body matrix elements v̄abcd may be obtained from an effective field theory of nu-
clear forces, but often also include phenomenological adjustments [16,78–81]. They are typi-
cally expressed in terms of the M and Tz independent — due to rotational and isospin symme-
try — matrix elements in the coupled basis, Vabcd(J , M , T, Tz)=〈a, b, J , M , T, Tz| V̂ |c, d, J , M , T, Tz〉,
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Table 1: Nuclei studied with our QA protocol. Nn and Zp are the valence neutron
and proton numbers and dimF0 is the dimension of the M = 0 subspace. In 28Si,
nucleons occupy half of the possible orbitals—modes—in the valence space, and thus
dimF0 within the corresponding shell is maximum.

Nucleus Nn Zp Shell dimF0
8Be 2 2 p 51
10Be 4 2 p 51
12Be 6 2 p 5
12C 4 4 p 51
18O 2 0 sd 14
20O 4 0 sd 81
22O 6 0 sd 142

20Ne 2 2 sd 640
22Ne 4 2 sd 4206
24Ne 6 2 sd 7562
24Mg 4 4 sd 28503
26Mg 6 4 sd 51630
28Si 6 6 sd 93710
30Si 8 6 sd 51630
32Ar 6 10 sd 7562

where J , M , T and Tz are two-body angular momentum and isospin quantum numbers. The
two bases are related by Clebsch-Gordan coefficients, C [82],

vabcd =
∑

J ,M ,T,Tz

�p

1−δab(−1)J+T

1+δab

p

1−δcd(−1)J+T

1+δcd

�−1

× C(J , M , ja, ma, jb, mb)C(J , M , jc , mc , jd , md)

× C(T, Tz , ta, tz,a, tb, tz,b)C(T, Tz , tc , tz,c , td , tz,d)

×Vabcd(J , M , T, Tz) .

(3)

In our study, we consider the Cohen-Kurath interaction (CKI) in the p shell [83], and the
universal sd interaction (USDB) in the sd shell [84]. Since the standard nuclear units for
energies are MeV—the v̄abcd ’s are order o(1) in these units—throughout this work we set the
scale ω= 1 MeV. All our results are given in terms of this energy scale.

The Fock space F of the NSM Hamiltonian is spanned by a many-body basis B, com-
posed of Slater determinants |s〉 of the nucleon mode orbitals |a〉. These many-body states are
eigenstates of the total angular momentum projection M and the total isospin projection Tz .
Moreover, a Slater determinant can be expressed as a bitstring

|s〉= |{s[i]}i∈[1,2D]〉= |n0, n1, ..., n2D〉 , (4)

with s[a] being the a-th component of the classical bitstring s and na ∈ {0,1}. The dimension
of F is given by

dimF =
�

D
Nn

�

×
�

D
Zp

�

, (5)

which increases as the number of occupied valence orbitals approaches mid-shell. When this
occurs, numerical simulations in heavy nuclei become challenging. One way to mitigate this
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is to exploit symmetries. For instance, due to rotational invariance, we can restrict the Fock
space to lie in the M = 0 subspace, with the corresponding many-body basis B0. Table 1
reports the dimension of the M = 0 subspace, dimF0, for all nuclei studied in this work. We
specifically focus on nuclei with even Nn and Zp, which have a nondegenerate ground state
with J = 0 and M = 0. While some of these systems have been simulated with VQEs in
previous works [52–55], those with the largest basis sizes dimF0 > 2 · 104 are addressed in
this work for the first time using a quantum algorithm.

3 Quantum annealing

QA [85, 86] is a method for obtaining the ground state of Hamiltonians through “slow” time
evolutions. The time evolution is defined by an interpolating Hamiltonian

Ĥ(t) = [1−λ (t)] ĤD +λ(t)ĤT , (6)

where ĤT is the Hamiltonian that represents the target ground state and ĤD is the so-called
driver Hamiltonian. The time schedule λ(t) is such that λ(t = 0) = 0 and λ(t = τ) = 1
with t ∈ [0,τ]. In this exploratory study, we consider a linear time schedule λ(t) = t/τ,
although more sophisticated schemes exist [70]. The driver Hamiltonian generates quantum
fluctuations in the system because [ĤT , ĤD] ̸= 0.

The time evolution is described by the Schrödinger equation

i
d
d t
|Ψ(t)〉= Ĥ(t) |Ψ(t)〉 , (7)

where one takes the initial condition |Ψ(0)〉 = |ΨD〉 as the ground state of the driver Hamil-
tonian ĤD. In general, ĤD is chosen such that |ΨD〉 is a trivial state, like a product state
representing a classical bitstring. If the time schedule is slow enough (long τ limit), the time
evolution of the state |Ψ(t)〉 follows the instantaneous ground state |e0(t)〉 of Ĥ(t). Other
instantaneous eigenstates of the interpolating Hamiltonian,

Ĥ(t) |ei(t)〉= ei(t) |ei(t)〉 , (8)

may be active during the time evolution. In order to approximately satisfy the adiabatic con-
dition [34,87], the time evolution should last τ≫ τ∆, with

τ∆∝ O
�

∆−2
�

, (9)

where ∆=mint

�

er(t)− e0(t)
�

is the minimum gap spectrum and r indicates the first excited
level that goes in resonance with the evolved state. Therefore, the feasibility of QA, in short
time intervals, strongly depends on ∆. However, for a large system, obtaining information
about the spectral gap is challenging [88] and QA may be the only tool available to investigate
∆.

To benchmark the feasibility of QA in NSM Hamiltonians, we study both the final fidelity,

F(τ) = |〈Ψ(τ)|ΨT 〉|2 , (10)

where |ΨT 〉 is the target ground state, and the final energy relative error with respect to the
target ground state energy, ET ,

∆r e(τ) =
e(τ)− ET

|ET |
=
〈Ψ(τ)| ĤT |Ψ(τ)〉 − ET

|ET |
, (11)
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where e(τ) is the energy at the end of the protocol. We compute both |ΨT 〉 and ET using clas-
sical benchmarks. Both F(τ) and ∆r e(τ) quantify the quality of the QA algorithm in reaching
the true target ground state, achieved exactly if F(τ) = 1 and ∆r e(τ) = 0. A useful property
for quantifying the adiabatic nature of the evolution is the population of the instantaneous
eigenstates,

pi(t) = |〈Ψ(t) |ei(t)〉 |2 , (12)

which ideally is p0(τ) = 1 and pi(τ) = 0 for i > 0. Non-zero intermediate-time populations,
pi(t) ̸= 0, indicate which levels contribute the most to the nonadiabatic dynamics.

4 Driver Hamiltonian

As mentioned in Sec. 3, the driver Hamiltonian generates quantum fluctuations in the system
because it does not commute with the target Hamiltonian. Moreover, since it corresponds to
the initial Hamiltonian Ĥ(0), it should have a ground state simple to encode, such as a classical
state. In the context of QA [89], ĤT is typically a classical spin Hamiltonian, while the common
driver Hamiltonian ĤD is a transverse field, ideal for introducing quantum fluctuations to the
system.

However, in the NSM framework, the situation is different. On the one hand, we want to
conserve both the total number of particles and the symmetries of the target Hamiltonian, in
order to restrict the dynamics to a physical subspace of the Fock space. On the other hand,
we need a simple Hamiltonian whose ground state can be codified by a classical state, such
as an element of the many-body basis of F . With this in mind, we consider as the initial
many-body state the one that occupies the lowest-energy single-particle orbitals. Next, the
degenerate orbitals with different m are monotonically occupied, starting from the highest
|m|. For example, in 20O, with Nn = 4 and Zp = 0, we have

|s̃〉= c†
a=(5/2,5/2)c

†
b=(5/2,3/2)c

†
c=(5/2,−3/2)c

†
d=(5/2,−5/2) |Vac〉 , (13)

where |Vac〉 represents the nuclear core vacuum state, and we indicate only the quantum
numbers ( j, m) of each valence neutron mode. That is, our protocol complements the natural
order of filling the nucleon modes with a specific order according to m.

The expectation value of the Hamiltonian for this initial state is

E0 = 〈s̃| ĤT |s̃〉 . (14)

We choose the driver Hamiltonian corresponding to |s̃〉 as

ĤD =
E0

(Nn + Zp)

∑

a

s̃[a]n̂a , (15)

where n̂a = c†
aca and s̃ = (s̃[a0], s̃[a1], s̃[a2], ..., s̃[a2D]) is the bitstring related to |s̃〉 as de-

scribed in Eq. (4). The left panel of Fig. 1 shows the matrix elements of the driver Hamiltonian
in the single-particle basis (nucleon modes) for 8Be. At t = 0, the Hamiltonian is diagonal in
both the single-particle and many-body bases. The labeling of the single-particle basis in the
p shell follows the convention provided in the bottom panel. Our choice of ĤD fulfills

[ĤT , ĤD] ̸= 0 , (16)

hence guaranteeing the build-up of quantum fluctuations. We define the set of many-body
states with M=0 projection B0 = {|s〉 ∈ B | M̂ |s〉 = 0}, indicating the many-body basis with
B. As a consequence, due to the fact that

[ĤD, M̂] = 0 , (17)
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Figure 1: Left panel: matrix elements of the driver Hamiltonian ĤD in the single-
particle basis (nucleon modes) for 8Be in the p shell. The bottom panel indicates the
ordering of the modes, where left (right) single-particle levels correspond to neutrons
(protons). Right panel: after the annealing protocol is finished, the Hamiltonian Ĥ(t)
becomes the target Hamiltonian Ĥ(τ) = ĤT , which is significantly non-local in the
many-body basis.

the evolution is confined to the M = 0 sector. Finally, it is noteworthy that our choice for the
initial state corresponds to the minimum energy Slater determinant in B0

|smin〉= arg min
|s〉∈B0

〈s| ĤT |s〉 , (18)

in all studied nuclei except 20O, 22Ne, 24Mg and 26Mg. A lower energy closer to the ground-
state energy of the target Hamiltonian may be advantageous for a potential QA realization,
although we emphasize that it does not guarantee faster or more efficient convergence than
other initial states [90,91].

During the time evolution induced by the annealing protocol, the Hamiltonian Ĥ(t) be-
comes progressively non-local in the many-body basis. The right panel of Fig. 1 shows the
target Hamiltonian for 8Be, which exhibits a substantial non-diagonal structure. Indeed, the
off-diagonal entries of Ĥ(t) are largest at t = τ, when Ĥ(τ) = ĤT .

5 Simulations of nuclei with a quantum annealing protocol

We now turn to analyzing the results of our QA protocol. To simulate the time evolution, we
evolve from an initial time t0 = 0 to a final time τ = Nt∆t, assuming a uniform time spacing
such that ∆tω= 0.1. We decompose the unitary time evolution operator using sparse matrix
exponentiation from the Scipy library [92]

Û(τ, t0) =
Nt
∏

k=0

Ûk =
Nt
∏

k=0

exp
�

−ik∆tĤ(tk)
�

, (19)
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Figure 2: Adiabatic evolution for 8Be (left), 20Ne (central), and 28Si (right
panel). The lines represent the instantaneous energies ei(t) associated to Ĥ(t)
with i = 0, · · · , 9. The dashed blue line shows the expectation value of the energy
e(t) = 〈Ψ(t)| Ĥ(t) |Ψ(t)〉, and the colorbar indicates the population magnitude of
each state in terms of log(pi(t)). The oscillations in population signal non-adiabatic
effects in the dynamics. We show in each panel the value of the final fidelity, F(τ), as
well as the final relative energy error with respect to the exact benchmark, ∆r e(τ).
We achieve ∆r e(τ) < 10−4 for the three nuclei, with 28Si showing the best perfor-
mance in spite of being a mid-shell nucleus. The energy scale is ω= 1 MeV.

where Nt ∈ [100,300] is the number of time steps. We compute the instantaneous energy
levels of Ĥ(t), ei(t), and the corresponding eigenstates |ei(t)〉 using exact diagonalization.

We start our analysis by simulating the adiabatic evolution of 8Be, 20Ne, and 28Si. The
three panels of Figure 2 present the time evolution of the ground-state energies for these
isotopes. We focus on a final time τω = 20. Each panel in Fig. 2 shows, with a dashed blue
line, the evolution of the expectation value e(t) = 〈Ψ(t)| Ĥ(t) |Ψ(t)〉. In addition, we show
the 10 instantaneous lowest-energy eigenstates as a function of time, ei(t). We highlight the
population magnitude pi(t) of each one of these states with a colour bar, such that states close
to the full population have intense colours and unoccupied states appear transparent. Each
panel also quantifies the quality of the QA protocol in terms of the final fidelity F(τ) in Eq. (10)
and the relative energy error ∆r e(τ) in Eq. (11).

For the three nuclei, we find that the expectation value e(t) exactly follows the instan-
taneous ground-state energy, e0(t). This agreement indicates the quality of the annealing
protocol, which may be considered adiabatic by this measure. The energy difference between
the initial e(t = 0) and the final energy e(τ) is of the order of a few tens of MeV. For 8Be and
20Ne, the energy remains relatively constant initially and, after some time, decreases linearly
and more steeply until reaching the final value. In contrast, for 28Si we observe two linearly
decreasing regimes with different slopes.

In our protocol, the time evolution of the 9 excited states differs significantly from that
of the ground state. At t = 0, the first 9 excited states are degenerate. At this initial stage,
there is a considerable gap, in the range between 5− 20 MeV, between the ground state and
the excited states. For t ∈]0,τ[, the excited levels break this degeneracy and evolve over time
in a complex pattern. Several level crossings occur, particularly among the more energetic
states. As t approaches the final value, however, one distinct level consistently edges closer
to the ground state. This level also provides the minimum gap, ∆, very close to—if not at—
the end of the time evolution, t ≃ τ. The minimum gap is of the order of 2 − 5 MeV and
likely corresponds to the spectral gap between the ground and first excited state in the M = 0
subspace of each nucleus.
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Figure 3: Relative energy error, ∆r e(τ) (stars, left axis), and infidelity, 1− F(τ) (cir-
cles, right axis), for p-shell nuclei at the end of our protocol, for timescales τω= 10
(red symbols), τω= 20 (green) and τω= 30 (blue).

Our findings suggest that the evolution of the excited states may vary significantly from
nucleus to nucleus. The left and central panels, corresponding to 8Be and 20Ne, show notable
crossings at timescales comparable to the steeper changes in slope of e(t). In contrast, for 28Si,
the only case where the driver Hamiltonian fully occupies the j = 5/2 subshell, the excited
states appear much closer together over time and exhibit less significant structure.

In addition to the instantaneous energies, Fig. 2 illustrates the population pi(t) of the
instantaneous excited levels. Oscillations in these populations indicate complex dynamical
processes that are not adiabatic, allowing us to gauge non-adiabatic effects based on the size
of these populations. For both 8Be and 28Si, these never exceed pi(t) < 10−3. In contrast,
non-adiabatic effects are larger for 20Ne, which reaches p1(t) ∼ 5 · 10−3. In an ideal QA
protocol, the time-evolved state would be fully transferred into the ground state of the target
Hamiltonian. The presence of excited state population in the final state thus indicates that
the transfer is not fully adiabatic. In agreement with these qualitative expectations, the final
infidelity is relatively close for 8Be and 28Si, 1− F(τ) ∼ 10−4, whereas for 20Ne it is about an
order of magnitude larger, 1− F(τ)∼ 10−3.

To go further in the analysis, we explore the QA protocol for all nuclei in Table 1. Figure 3
presents, for p-shell nuclei, the relative error of the final energy (∆r e, stars, left axis) and the
infidelity (1− F(τ), circles, right axis) for three different final times τω ∈ {10,20, 30} using a
logarithmic scale. This allows us to assess the significance of the timescale in the QA protocol.
Figure 4 shows similar results for sd-shell nuclei.

There are several interesting features in Fig. 3. First, the final results follow the expected
trend in terms of τ dependence: the slower the QA protocol is—meaning longer τ—the better
the results are regarding infidelity and relative energy. The errors in the latter are in the range
∆r e(τ) ∈ [8 · 10−6, 2 · 10−4], whereas for infidelities 1 − F(τ) ∈ [6 · 10−7, 10−3]. The best
accuracies correspond to τω = 30 and the worst to τω = 10. Whereas for 8Be the relative
energy error (infidelity) is about 10−4 (10−3) for τω = 10, it reduces by more than an order
of magnitude to 9 · 10−6 (4 · 10−5) for τω = 30. Likewise, a clear improvement of about two
orders of magnitude is found for 12C. In contrast, the results for 10Be or 12Be (an isotope with
a very small Fock space dimension of dimF0 = 5) show a milder improvement with τ of less
than an order of magnitude for each quantity.
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18O 20O 22O 20Ne 22Ne 24Mg 28Si 32Ar24Ne 26Mg 30Si
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Figure 4: Same as Fig. 3 for sd-shell nuclei. For τω= 30, all nuclei reach an infidelity
1− F(τ)< 2 · 10−2.

For the sd shell, the picture becomes even more interesting. Figure 4 shows, in analogy to
the p-shell results of Fig. 3, the final energy relative errors and infidelities for the sd-shell nuclei
in Table 1, considering three different adiabatic timescales. We observe a larger variation
compared to the p-shell results in both the left (energy) and right (infidelity) vertical axes.
Just as in the case of the p shell, Fig. 4 shows that in all cases extending the duration of the
adiabatic protocol improves the QA performance.

In this shell, we identify three subsets of nuclei with different behaviors. The first subset
includes 20Ne, 22Ne, and 24Mg. These nuclei have relative energies (infidelities) of the order
10−3 (10−1) for τω= 10, which improve mildly until reaching relative energies in the vicinity
of 10−4. The infidelities for τω = 30, in contrast, span a broader range, between 10−2 and
10−3. For these nuclei, the proton and neutron modes in ĤD do not fully occupy the lowest-
energy j = 5/2 sub-shell. Thus, following our driver Hamiltonian scheme described in Sec. 4,
the modes with lowest m = ±1/2 remain unoccupied. A rearrangement of this initial choice
may improve the accuracy of the QA protocol.

The QA results are better for a second subset of nuclei, 18O, 20O, 32Ar, 24Ne and
26Mg, with energy errors at τω = 30 in the range ∆r e(τ) ∈ [10−5, 10−4] and infidelities
1− F(τ) ∈ [6 ·10−4, 2 ·10−3]. Moreover, for these nuclei, we observe faster convergence with
the time scale τ, especially between τω = 10 and τω = 20. Here, the nucleon modes occu-
pied in the driver Hamiltonian correspond to a closed subshell in either the neutron or proton
valence space. In particular, 18O and 20O have a closed proton p shell, whereas 32Ar, 24Ne and
26Mg have the j = 5/2 subshell completely filled.

The third subset of nuclei includes 22O, 28Si and 30Si. These nuclei show the best QA
accuracy. This is somewhat unexpected, as 28Si has the largest many-body basis among all
considered nuclei, dimF0 ≃ 105, see Table 1. At τω= 30, 22O reaches ∆r e(τ)∼ 5 ·10−6 and
1− F(τ) ∼ 5 · 10−5, 28Si simulations yield ∆r e(τ) ∼ 2 · 10−5 and 1− F(τ) ∼ 3 · 10−4, while
30Si gets ∆r e(τ) ∼ 8 · 10−6 and 1 − F(τ) ∼ 3 · 10−4. These metrics surpass those obtained
for any other nucleus. A common feature of these three nuclei is that the driver Hamiltonian
completely fills subshells for both neutrons and protons. For neutrons, the j = 5/2 subshell
is filled for 22O and 28Si and both the j = 5/2 and j = 1/2 subshells are closed for 30Si. For
protons, oxygen has a closed p shell, and for silicon, the j = 5/2 subshell is filled. We note
that the closure of the j = 5/2 subshell corresponds to the magic number N = 14, leading
to systems with suppressed nuclear correlations, which should be easier to simulate. In fact,
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Figure 5: Time τ∗ needed to reach a fidelity F = 0.99 with our QA protocol as a
function of the minimum gap, ∆, for all nuclei studied in this work, including p-
shell (orange circles) and sd shell isotopes (blue stars). Our results follow well the
theoretical prediction τ∝∆−2 (red curve). The energy scale is ω= 1 MeV.

22O, the nucleus with the best results, is doubly magic [93–95]. However, for 28Si, the doubly-
magic configuration is not dominant [96, 97], as the ground state is a deformed state with
sizable quadrupole correlations, also present in 30Si.

As mentioned in Sec. 4, the stability of the annealing protocol depends on the minimum
gap∆ between the ground state and the lowest-energy state in resonance, er(t). According to
Eq. (8), systems with larger gaps are expected to reach better results with slower timescales.
To identify the lowest-energy state in resonance, we examine the lowest r > 0 with pr(t) ̸= 0
through the evolution. We find that for all nuclei except 22O, 30Si and 12C—the three isotopes
where our QA protocol achieves the best results—er(t) corresponds to the first excited state.
For 22O and 30Si, er(t) is the second excited state, while for 12C, it is the third one. This occurs
because some resonances are forbidden due to angular momentum. For example, in 12C, the
first excited level |e1(t)〉 remains in the J = 1 subspace throughout the evolution, whereas the
ground state |e0(t)〉 stays with J = 0.

In an effort to quantify these statements, Fig. 5 compares the final time τ∗ω required to
achieve a fidelity F = 0.99 with the corresponding gap ∆. We consider a sequence of 100
adiabatic timescales τp, with p = 0, 1,2, ..., 99, in the range τω ∈ [0.3, 40], running the QA
protocol for these 100 timescales and selecting Nt such that the time step∆tω= 0.1. We then
identify the shortest timescale for a reasonable QA protocol, τ∗, given by p∗ so that τ∗ = τp∗

provides a fidelity F∗ > 0.99.
Figure 5 presents the correlation between ∆ and τ∗ for all nuclei considered in this work,

alongside the dashed red curve that indicates the approximate adiabatic condition τ∝ ∆−2

[34]. p-shell isotopes are shown in solid circles, whereas sd-shell nuclei are displayed in blue
stars. Our results fit the theoretical curve well, with a correlation coefficient R2 ≃ 0.89. The
discrepancies between the theoretical prediction and our results may arise because the gap
alone does not fully capture non-adiabatic effects [98], and only offers an estimation of the
robustness of the system.
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Nonetheless, the range of minimum gaps observed is relatively narrow. Most sd-shell iso-
topes exhibit small gaps and long timescales, ∆ ≈ 2 MeV and τ∗ω = 7− 30, whereas p-shell
nuclei cluster around ∆ ≈ 3 MeV and τ∗ω ≈ 4 − 5. Two nuclei show significantly larger
gaps: 22O and 12C. Indeed, 12C shows the largest gap, a fact directly linked to its excited-state
spectrum—er is the third excited state. The corresponding τ∗ value is the smallest of all nuclei,
around τ∗ω ≈ 0.7. These large gaps also explain the results in Figs. 3 and 4 which indicate
that, for a fixed τ, 12C and 22O are the best performing nuclei.

In general, our analysis suggests two robust features for QA in the NSM. Firstly, an increase
in adiabatic timescales improves the results for all nuclei. A factor of 3 in timescale typically
yields about one order of magnitude improvement in ∆r e(τ) and 1 − F(τ). Secondly, the
underlying shell structure of the different isotopes can have a non-trivial interplay with the
adiabatic protocol, leading to larger minimum gaps than naively expected for some nuclei
with closed subshells in the driver Hamiltonian. Overall, the dependence on neutron or proton
number is not smooth and, in fact, some of the nuclei with the largest Fock space dimension
can achieve exceptionally good accuracy with relatively fast evolutions.

Finally, we expect these main features of the QA protocol to be robust with respect to an en-
largement of the Hilbert space for the same nucleus, which should mostly affect higher-energy
excited states leaving the energy gap relatively stable. Likewise, we also anticipate similar
results from using different nuclear Hamiltonians, as long as they capture well the experimen-
tal low-energy structure of the nuclei studied in this work. Indeed, we already explore two
different sets of nuclear interactions for p- and sd-shell nuclei. These are phenomenological
in nature, but the systematics of our results across different mass numbers suggest that our
results do not depend significantly on the nuclear interaction used.

6 Computational cost of the quantum annealing protocol on a dig-
ital quantum computer

Unfortunately, because of the non-local nature of the NSM Hamiltonian, our QA protocol can-
not be implemented on current QAs. The most direct implementation may be through a quan-
tum circuit, using a Trotter decomposition [70, 99] of the unitary-time evolution operator,
as presented in Eq. (19). Here we quantify the quantum resources associated with our QA
protocol in a digital quantum computer.

An essential step is mapping fermions into qubits. As a starting point, we analyze the
computational cost using the Jordan-Wigner mapping [100,101]. In the qubit representation,
the Hamiltonian can be written as

Ĥ(t) =
R
∑

i=1

ĥi(t) =
R
∑

i=1

Ki(t)σ̂
αa0,i
a0,i
σ̂
αa1,i
a1,i

...σ̂
αaD,i
aD,i

, (20)

where σ̂α = {I, X , Y, Z} are the Pauli operators, and Ki(t) are the Hamiltonian matrix elements
in the qubit basis. There is a total of R matrix elements in this basis.

The full time evolution operator is the product of a series of Nt unitary operators,
Ûk(tk) = exp[−ik∆tĤ(tk)], see Eq. (19). We can use a Trotter decomposition for this op-
erator

exp
�

−ir∆tĤ(tk)
�

≃
R
∏

l=1

exp
�

−ik∆tĥl(tk)
�

, (21)

in terms of the local operators, ĥl(tk), using the staircase algorithm to exponentiate the ma-
trices [102]. To estimate the number of CNOT gates as a function of the number of nucleon
modes per species D, we note that the number of two-body terms in the Hamiltonian is∝ D4.
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In the Jordan-Wigner mapping, each two-body term has an average Pauli string length of
∝ D/2, and the number of CNOT gates required to exponentiate a Pauli operator of length
D/2 is (D− 2) [102]. Therefore, the number of CNOTs for a unitary gate is

NCNOT∝ D4(D− 2) , (22)

which means NCNOT ∝ 104 for the p shell and NCNOT ∝ 3 · 105 for the sd shell, for a single
timestep. By performing the Trotter decomposition using the OpenFermion library [103], we
can directly count the number of CNOT gates needed for the implementation of the unitary
time evolution gate in Eq. (21). For the p shell, we obtain NCNOT = 4.8 · 103 and for the sd
shell, NCNOT = 1.1 · 105, confirming the estimates of Eq. (22) and their scaling. Nonetheless,
the number of CNOT gates in the QA protocol could be further reduced by using alternative
mappings that shorten the average Pauli operator length [39, 43, 77, 104–106], making the
simulation more efficient. Circuit depths could also be reduced by improving the time schedule
λ(t) beyond the linear function used, or by implementing shortcuts to adiabaticity [107].

These numbers of CNOT gates—for a single timestep—are comparable to the total required
for the convergence of the largest-dimension nucleus in the same valence space with ADAPT-
VQE, 2 · 103 and ∼ 106, respectively [52]. However, the QA CNOTs grow polynomially with
D. In addition to that, we expect that the number of time steps also scales polynomially
with D, since τ ∝ ∆−2, and ∆ approaches the energy gap between the ground state and
the first resonance state in HT , that for nuclei scales polynomially with D [13, 14]. In this
perspective, our approach may scale better than ADAPT-VQE, which requires an exponentially
growing number of CNOTs proportional to the number of many-body states [44, 52]. Hence,
the polynomial scaling of the QA cost could offer an advantage for NSM calculations in heavier
nuclei compared to the ADAPT-VQE method.

7 Conclusion

We present a QA protocol to obtain the ground states of atomic nuclei, suitable for quantum
devices with high connectivity. Our work is, to our knowledge, the first application of quantum
adiabatic computing to address a nuclear structure problem, enabling a clear synergy between
two so-far disconnected research areas. In particular, we discuss a way to implement a driver
Hamiltonian different from the ones used in the standard QA approach on spin systems. Our
protocol is stable for all studied nuclei, both in the p and sd shells, encompassing systems with
many-body basis dimensions up to 105 states. Our QA approach achieves relative energy errors
smaller than O(10−4) in most cases, with fidelities greater than 0.99. The best performance
is consistently found when using longer timescales, which correspond to slower annealing
evolutions. Nonetheless, we notice that the scaling of the accuracy with the timescale varies
between nuclei, with better scaling for those where the driver Hamiltonian fully occupies nu-
cleon subshells. Additionally, we observe that the final time required to reach a high-quality
fidelity, τ∗, depends on the level gap,∆, in agreement with the adiabatic condition, τ∝∆−2.

The interplay between nuclear structure and our QA protocol enhances results when the
driver Hamiltonian completely fills nucleon subshells. This scenario can lead to large gaps—
and thus improved performance—protected by angular momentum conservation, like in 12C
or 22O. This highlights the non-smooth dependence of the QA accuracy with the number of
nucleons observed throughout our study. In fact, some nuclei with larger many-body bases,
such as 28Si, achieve the best QA results.

Due to the nonlocality of the NSM Hamiltonian, a direct implementation of the QA protocol
using the Jordan-Wigner mapping on current QAs with low connectivity is not feasible. To
compare this approach with state-of-the-art VQEs, we estimate the computational cost of the
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QA protocol on a digital quantum device. While our method is more computationally expensive
than the ADAPT-VQE algorithm for nuclei in the p and sd shells, it scales polynomially with
respect to the number of nucleon modes because the scaling of the energy gap of the target
Hamiltonian is also polynomial. For instance, for the nucleus with largest basis dimension we
have studied, 28Si, the number of CNOT gates needed in our QA implementation is about one
order of magnitude larger than with ADAPT-VQE. This suggests that QA could already offer
advantages for heavier nuclei in the p f shell.

This work establishes a foundation for using QA to study atomic nuclei. The quantum
adiabatic framework for nuclear structure presented here opens several new potential research
avenues at the interface between these two research areas. Future investigations could explore
criteria of convergence of the QA protocol without recurring to classical simulations, based on
the form of the scheduler or the structure of the driver Hamiltonian [71–73]. Moreover, it is
possible to investigate ways to speed up the QA protocol by using counteradiabatic drivings
[74, 75], studying the structure of the adiabatic gauge potential [98, 108] or using quantum
optimal control techniques on the scheduler [70]. Future studies can also be focused on the
qubit mappings that reduce the complexity of Pauli strings or assess QA implementations while
considering the limitations of real quantum annealers. Additionally, applying the method to
heavier nuclei in the p f shell warrants further study to optimize the annealing protocol.
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