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Abstract

In the AdS/CFT correspondence, a subregion of the CFT allows for the recovery of a cor-
responding subregion of the bulk known as its entanglement wedge. In some cases, an
entanglement wedge contains a locally but not globally minimal surface homologous to
the CFT subregion, in which case it is said to contain a python’s lunch. It has been pro-
posed that python’s lunch geometries should be modelled by tensor networks that fea-
ture projective operations where the wedge narrows. This model leads to the python’s
lunch (PL) conjecture, which asserts that reconstructing information from past the lo-
cally minimal surface is computationally difficult. In this work, we use cryptographic
tools related to a primitive known as the Conditional Disclosure of Secrets (CDS) to de-
velop consequences of the projective tensor network model that can be checked directly
in AdS/CFT. We argue from the tensor network picture that the mutual information be-
tween appropriate CFT subregions is lower bounded linearly by an area difference as-
sociated with the geometry of the lunch. Recalling that the mutual information is also
computed by bulk extremal surfaces, this gives a checkable geometrical consequence of
the tensor network model. We prove weakened versions of this geometrical statement
in asymptotically AdS,,; spacetimes satisfying the null energy condition, and confirm it
in some example geometries, supporting the tensor network model and by proxy the PL
conjecture.
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1 Introduction

In the context of the AdS/CFT correspondence, the python’s lunch (PL) conjecture [1] gives a
geometrical characterization of when large complexity appears in the dictionary relating bulk
and boundary degrees of freedom.! Concretely, the appearance of locally but not globally
minimal extremal surfaces indicates the presence of large complexity, with the bulk region
between the local and global minimum being highly complex to recover from the boundary
degrees of freedom. The appearance of large complexities has been argued to be necessary
for the consistency of semi-classical physics: a developing perspective argues that while severe
breakdowns of semi-classical physics can occur in quantum gravity even at low energy, they
are not witnessed by computationally limited observers [1,4-8].

The PL conjecture is motivated by a tensor network model of holographic AdS spacetimes.
The spacetime picture is shown in figure 1. We consider a subregion R of the CFT and the

!Specifically, it concerns the complexity of operator reconstruction, rather than e.g. the complexity of geometry
reconstruction discussed in [2,3].

2Q0ur illustration depicts a wormhole spacetime with R the entire right boundary, but similar considerations
apply to any CFT subregion.
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Tbulge
Figure 1: Spatial slice of a spacetime with a python’s lunch. The light green curve
denotes a boundary region R, the solid blue curve denotes the corresponding Ryu-
Takayanagi surface, the dashed blue curve denotes a locally minimal “appetizer” sur-
face, and the dashed red curve denotes the “bulge” surface. The region between the

Ryu-Takayanagi surface and the appetizer surface is the “python’s lunch” for the re-
gion ‘KR.

Figure 2: A tensor network model of a python’s lunch geometry. Each vertex cor-
responds to a tensor, with the edges corresponding to tensor indices. Vertices are
connected by edges according to the pattern in which tensors are contracted. Figure
from [1].

globally minimal spacelike extremal surface which encloses it, known as the Ryu-Takayanagi
surface [9]. A well developed line of work [10-14] has revealed that information in the entan-
glement wedge of R, which extends from R to it’s Ryu-Takayanagi surface, can be recovered
from R. The tensor network is a simple model of the geometry of the entanglement wedge;
we show an example in figure 2. We can read the tensor network as mapping from the globally
minimal surface (the open legs on the left) to the boundary legs representing region 7 (the
open legs on the right). In some cases there is a surface within the entanglement wedge of R
which is locally but not globally minimal with respect to spacelike deformations. In this case
the tensor network model has a constriction, as shown. We can view the tensors in the network
as unitaries. Then, where the network becomes wider, ancilla systems are being introduced,
and where it becomes narrower, projections are occurring.

In the tensor network model the number of these projections controls the complexity of
recovering from the lunch. In particular, to recover information past the constriction in the
tensor network model, the complexity is argued in [1] to be C,2™*/2, where my, is the number
of qubits that are projected into on the right side of the lunch, and () is the complexity of the
unitary defined by the tensor network. Assuming this tensor network picture is a good model


https://scipost.org
https://scipost.org/SciPostPhys.19.4.084

e SciPost Phys. 19, 084 (2025)

of the AdS/CFT setting, this becomes a complexity of

Adpr,
C= Coe 80N B (1)

to recover from inside the lunch in the geometric picture. Here we’ve defined the area differ-
ence

AAp, = A Ybulge] —A[ Yapp] 5 (2)

with g (the “bulge”) a maximal area surface sitting in the interior of the lunch, and v,
(the “appetizer”) the outermost locally minimal surface.?

The python’s lunch conjecture is remarkable in that it gives a geometrical characterization
of complexity, a quantity which is typically difficult to compute and understand. This aspect of
the conjecture also means it is difficult to verify: while the argument within the tensor network
picture for the large complexity is compelling, it is more difficult to justify the claim that this
tensor network picture accurately models this aspect of the AdS/CFT correspondence. Similar
models have been effective in capturing information theoretic properties of AdS/CFT, for in-
stance in elucidating the role of the entanglement wedge as the region reconstructable from a
boundary subregion [15,16]. In the information-theoretic case properties expected on the ba-
sis of tensor network models can be verified directly from the perspective of the gravitational
path integral, where for example entropies can be computed [17,18]. However, the situation
could be much different for computational properties. For instance no such verification at the
level of the gravitational path integral appears possible in the computational case.

In this work we find implications of these projections in the tensor network model for
boundary correlation. This bridges computational and information-theoretic properties of the
network, and in particular produces verifiable predictions of the projective tensor network
model for holographic CFTs. To develop consequences of this model, we consider quantum
information processing tasks which rely on the existence of a hard-to-reconstruct region of
spacetime. Specifically, we employ the conditional disclosure of secrets (CDS) cryptographic
setting [19-25]. In CDS two parties, Alice and Bob, receive classical inputs x and y respec-
tively. Alice and Bob cannot communicate with each other, but wish to reveal a secret to a
third party, the referee, if and only if a condition on their joint inputs is met, say f(x,y) =1
for an appropriately chosen function f. We require that when f (x, y) = 0 the referee cannot
recover the secret using low complexity operations, but when f (x, y) = 1 they should be able
to recover the secret easily. We prove that accomplishing this requires the correlation shared
by Alice and Bob to be lower bounded in a way that grows with how secure and how correct
the CDS implementation is.

To relate the CDS setting to AdS/CFT, we give Alice, Bob and the referee control of carefully
chosen subregions of the CFT. See figure 3 for an illustration. For appropriate geometries, Alice
and Bob can exploit the fact that the correlations between them are described by a geometrical
connection to complete the CDS task. Consider settings where Alice and Bob can meet in their
dual bulk geometry, compute f(x,y), and then choose to send the secret into the portion of
the bulk spacetime that can be easily reconstructed from R or into the python’s lunch of R,
contingent on the value of f(x,y). According to the python’s lunch conjecture, this ensures
the secret is easy to reconstruct when f(x, y) = 1 and hard to reconstruct when f(x,y) = 0.
Our lower bound on CDS then leads to the claim that Alice and Bob must share substantial
correlation, and in particular a connected entanglement wedge.

In fact, our bound implies more. As we argue in more detail in the main text, in the
tensor network model the success probability of learning information inside the lunch with
low complexity operations is small, and determined by the number of projections appearing
in the network between the secret and the boundary. Thus we expect the security parameter

3These objects are defined more carefully in the main text.

4
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Figure 3: An asymptotically AdS,,; geometry. The boundary region R features a
lunch, bounded by an extremal surface called the appetizer (dashed blue) which
is locally minimal with respect to spacelike deformations, and an extremal surface
called the RT surface (solid blue) which is globally minimal with respect to such
deformations. Between them is a bulge surface (dashed red), which is extremal but
not locally minimal. We argue that, assuming the python’s lunch conjecture, when
signals from c; and c, can meet in the bulk and then travel to either side of the
appetizer surface, associated boundary regions 191 and 192 (shaded grey) must have
mutual information satisfying a lower bound of the form (3), and in particular they
must have a connected entanglement wedge.

for the CDS protocol to be lower bounded by a geometrization of this number of projections.
Combined with our lower bound on correlation in CDS in terms of the security parameter, we
are led to propose a lower bound of the form

A[ Yl))(ulge ] - A[Yapp ]
4Gy '

I(ﬁl : 92) é (0 %) ( (3)

Here qulge is a generalization of the bulge surface usually appearing in the python’s lunch con-
jecture, which is intended to capture the number of projections referenced above. It’s definition
depends on a region, denoted X, which is the portion of the python’s lunch into which the se-
cret can be hidden. In some cases, where X is large and the secret can be hidden deep inside of
the python’s lunch, we expect Y{)(ul ge = Vbulge> and in general we know A[}f{fulge] < A[Ybulge]-4
The parameter a; is a constant that is not known but is universal, by which we mean that
a, is the same value for all choices of regions for Alice, Bob, and the referee respecting the
necessary boundary causal structure, and all choices of geometry.

We then study geometrically if the lower bound (3) holds. As a first step we note that if
X is non-empty, so that the secret can be hidden somewhere in the python’s lunch, the lower
bound involves A[yﬁulge] — A[Y4pp] > 0. This means in particular that I Dy : V,) = O(1/Gy).
We prove this for all asymptotically AdS,,; spacetimes satisfying the null energy condition.

*We provide the definition of the region X and the surface qulge in section 3.2.
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Going further, we also prove that

A[Yll)/ulge] —A[Yapp] ) ’ @)

Ao 1
for a subset Y C X that we construct, so that A[y,p,] < A[y{ulge] < A[yﬁulge]. This constitutes
a weakened version of (3). These facts represent progress toward the lower bound (3), and
can be viewed as circumstantial evidence validating the tensor network model and the role
of projections in describing bulk geometry. Proving the full lower bound geometrically, or
showing it is violated, remains an open problem.

Ultimately, we would like to be able to apply this line of argument to provide evidence for
or against the python’s lunch conjecture directly, rather than for the projective tensor network
model. To do this requires a lower bound on mutual information in CDS where the complexity
of recovery appears.” We explore a new lower bound on CDS of the form

I(A:B)émin{ﬁolnt,ll'r}, (5)

where t is the complexity needed to recover the secret with high probability, 5, is a constant,
and I;7 is the cost to perform information-theoretically secure CDS. This bound is plausible:
a lower bound of this form is easily established for the dimensions of the quantum systems to
which Alice and Bob have access rather than the correlation they share, suggesting a similar
bound on correlation is likely unless local randomness plays a significant role in an optimal
CDS protocol. We leave proving this lower bound as an open problem; proving it seems likely
to allow more direct probes of complexity in AdS/CFT.°

Another direction we explore is a natural strengthening of our conjectured lower bound

(3) to a bound
A[Ybulge] _A[Yapp]
4Gy ’

" A X

I(Vl . Vz) = ao( (6)
Such a lower bound is simpler than equation (3), and hence natural to consider from a geo-
metrical standpoint. As well, it would follow from our CDS conjecture (5) in settings where
Int > Iy, assuming the python’s lunch conjecture, further motivating its consideration. We
study this bound in various families of asymptotically AdS,_,; spacetimes, where we can com-
pute both sides of the relation (6). In the AdS,,; defect, the BTZ black hole, and vacuum AdS
with a static end-of-the-world brane, we find agreement with (6) for any ay < 1. However, we
construct an example in pure AdS,, 1, shown in figure 4, where (6) is violated for all constants
ay; hence, we rule out (6). Consistency with both the python’s lunch conjecture and the lower
bound (5) then would require that I; is smaller than In t, which we argue should be the case
in that example.

The outline of our paper is as follows. In section 1.1, we introduce our notation and some
quantum information tools required for later sections. Section 2.1 then reviews the statement
of the python’s lunch conjecture and its motivation from tensor network models, while section
2.2 introduces the conditional disclosure of secrets setting from cryptography.

In section 3.1, we develop a lower bound on the correlation needed to complete CDS;
section 3.2 develops the holographic setting and applies this CDS lower bound to AdS/CFT,
culminating in the conjectured lower bound (3). In section 3.3, we provide additional context
pertaining to the more speculative lower bound (6), which we show later can be violated.

>The bound we currently use involves a parameter § which is small whenever the secret is well hidden from
low complexity operations. We relate this to the number of projections in the tensor network model to obtain 3.

SThere is a complication here in that one must find regimes where the In t term is dominant over the information-
theoretic term.
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Figure 4: Two intervals %, and R, in the boundary of vacuum AdS,.;. The RT
surface TR,UR, defining the entanglement wedge of R U R, is shown in solid blue;
the appetizer surface Yr,Urg, isin dashed blue. The lunch region sits between the

appetizer and RT surfaces. We observe that situations in which the region R consists
of two intervals can furnish counter-examples to the bound (6).

Section 4 proves a geometrical theorem that follows as a consequence of our lower bound
(3). In particular, we show the mutual information is ©(1/Gy) whenever the bulk geometry
allows the computationally secure CDS task to be completed. Section 4.2 then strengthens
this observation from a parametric statement to a more direct geometrical statement by estab-
lishing (4).

Section 5 gives the detailed calculations for the checks of the bound (6) performed in
example geometries, where we can study the dependence of the mutual information on AAp; .
We begin in section 5.1 with the two interval example discussed in the introduction. Section
5.2 gives our results for an ETW brane geometry. Section 5.3 reports the results of studying
our lower bound in the AdS, ; defect and the BTZ black hole. Appendix A supports these
results with our detailed calculations.

We conclude in section 6 with a discussion of our results and some comments on possible
refinements of our work that may lead to a deeper understanding of the lunch conjecture and
the role of complexity in gravity.

1.1 Tools and notation
We summarize the notation used in this article below.
Geometrical notation:

* Bulk spacetime regions are denoted with capital script Latin letters, V, U, ... We add a
hat to take the restriction to the conformal boundary, V, U, ...

* The causal future of a spacetime region A is denoted by J*(.A); the causal past of a
spacetime region .4 is denoted by J~(.A).

* The domain of dependence of a region A is defined as the set of points p such that every
inextendible causal curve through p intersects .A. We denote the domain of dependence
by D(A).

* The spacelike complement of a region A is denoted by A’. The spacelike boundary of a
region A is denoted by J.A.


https://scipost.org
https://scipost.org/SciPostPhys.19.4.084

e SciPost Phys. 19, 084 (2025)

Quantum notation:

* Quantum systems are labelled with capital Latin letters, A, B, C, ...
e Bold, capital, script letters denote quantum channels, N', M, ...
* Bold, capital letters denote unitaries or isometries, U, V,...

We use big-O and related notations in the sense used by computer scientists.
Next we introduce some tools from quantum information theory. We mostly follow the
conventions of [26]. Recall the von Neumann entropy,

S(A), = —tr(palnp,), @)
where we use a natural logarithm. The mutual information I(A : B) o 18 defined as

I(A:B), =S(A), +S(B), —S(AB), . €©)
The relative entropy D(p||o) is defined as

D(pllo)=tr(plnp)—tr(plno). 9

The fidelity is defined as
F(p,o)=try/+/pop. (10)

The mutual information can be equivalently expressed in terms of the relative entropy D(p||o’)
as

I(A:B), = D(pasllpa® pp). (1)
The relative entropy is related to the fidelity F(p, o) by,’

D(pllo) = —2InF(p, o). (12)
The diamond norm distance of two quantum channels A/, M is defined by

INVamsp — Maspllo = sup rqr,lax | |-’V;x—>B(¢ARn) — M g(Par )l » (13)
n ARp

where logdimR,, = n. It is always possible to restrict the dimension of the reference system
R, in the above definition to at most dimA.

By a quantum algorithm, we mean a quantum channel A,_,; which takes in quantum
system Q and outputs a single classical bit Z. We will denote the complexity of an algorithm
Aq-.z by C(A). By complexity we mean the number of quantum gates chosen from a fixed
gate set needed to implement the channel within constant error (measured by the diamond
norm).

Given two density matrices p, o, we define the computationally constrained distance by

D(p,0) = Jnax |Prob[A(p) = 1] —Prob[A(c) =1]|. (14)

This is related to the probability of distinguishing p and o using an algorithm of complexity
at most t by

1 1
Pdist, (0, 0) = E+§Dt(P,U)- (15)

’This inequality follows for example from the observation that the relative entropy and log-fidelity are special
cases of the a-z divergences [27], and these have a monotonicity property that relates these two objects.
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It is straightforward to prove D,(p, o) satisfies the triangle inequality, is symmetric, and is
positive semi-definite. It need not be the case, however, that D,(p,c) = 0 implies p = o.
To see why, notice that we can easily construct two states that can’t be distinguished under a
single qubit measurement (e.g. two different Bell states). Then taking t = 1 gives that the D,
distance between these is zero. This means D,(p, o) does not define a metric; objects lacking
only this property are sometimes called pseudo-metrics.

We can also define a computational version of the diamond norm distance as follows,

||-/V;X—>B — Myl = SI;P ?plax Dt(M—)B(QPAR)) My s(Par)). (16)
ARq

Similarly to the diamond norm, we can also notice that it suffices to restrict attention to ref-
erence systems with n < t qubits, since if there are more qubits they cannot all be acted on by
a gate, so those qubits can be removed without affecting the maximum.

2 Background

2.1 Review of the python’s lunch conjecture

Starting with Harlow and Hayden [4], a number of works have explored the role of complexity
in decoding the radiation of black holes [28-31]. A key idea that has emerged from this
literature is that the computational difficulty of the black hole radiation decoding task may
need to be high for the low-energy effective description of black holes to be consistent.

In [1], the authors conjectured a geometric origin for the computational hardness of de-
coding black hole radiation, or more broadly, of entanglement wedge reconstruction. To un-
derstand their claim, it is helpful to first consider a somewhat different setting pertaining
to when decoding is possible in an information-theoretic sense. Consider a subregion A of
a holographic CFT. To calculate the entropy of A, we can use the Ryu-Takayanagi (RT) for-
mula [9,17,18,32,33]

Al Y exe]
4Gy

S5(A) = min ( Sgen(}/ext): Sgen(Yext) =

Y exe €Hom(A)

+ SZ[Yext] * (17)

Here the minimization is over all spacelike, codimension-2 surfaces v.,, that are extrema of
Sgen and that are homologous to A; the surface which achieves the minimum in (17) is known
as the RT surface ypr. We say that y is homologous to A if there exists a codimension-1 surface
Y [r], called a homology slice, such that

ox[y]=Aur. (18)

The quantity Sy, then denotes the von Neumann entropy of the bulk state on X[y]. We are
often interested in situations where the area term dominates the bulk entropy term in Sgey; in
this case, the surfaces v, are extremal area surfaces, which are minimal when deformed in
spacelike directions, and maximal when deformed in a timelike direction.

The domain of dependence of %[y, ] is known as the entanglement wedge of A, which
we denote E,. Importantly, bulk operators in E, are exactly those operators that can be rep-
resented in the boundary as operators with support restricted to A [10-14]. Equivalently, the
state on bulk degrees of freedom localized to E4 can be recovered given access to A. More
briefly, we say that E, is the bulk region that can be reconstructed from A.

Returning to the computational setting, we can ask which portion of the bulk spacetime
can be reconstructed efficiently, in the sense of requiring only polynomial complexity quantum
operations. The work [1] proposed the following: if there is only a single extremal surface

9
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candidate appearing in the minimization in the RT formula (17), the full entanglement wedge
can be efficiently reconstructed. If there is more than one extremal surface candidate, a por-
tion of the bulk will be information-theoretically reconstructable but computationally hard to
access.

More specifically, when there exist multiple quantum extremal surfaces {y;}; which are
spacelike separated from one another, we can define an ordering on these surfaces via
Wolyi]l € Woly;] for i > j, where the “outer wedge” Wy[r] of y is defined to be the do-
main of dependence of the homology slice X[y]. Intuitively, this ordering proceeds from the
innermost extremal surface to the outermost extremal surface. A surface y which is a local
minimum of Sy, with respect to spacelike deformations is said to be “outer minimal” if there
is no other extremum v’ € Wo[y] with Sge(v’) < Sgen(y) [34]. Then the region of the bulk
in Wy[ygr] but not in W,[y;] for any other outer minimal extremal surface, referred to as the
python’s lunch, is claimed to have reconstruction complexity [1,34,35]

Sgen(}/i) - Sgen(Yj)
2

InC = max
j>i

]+ 0(1). (19)

On the other hand, the region within the entanglement wedge but not within the python’s
lunch, sometimes referred to as the “simple wedge”, is claimed to have reconstruction com-
plexity which is polynomial in 1/Gy. We refer to the y;, y; which realize the maximum in (19)
as the “bulge” and “appetizer” surfaces respectively; by construction, the appetizer surfaces
lies outside of the bulge surface, which itself lies outside of the RT surface. Given a homology
surface X[ygr] containing y,,,, the high complexity region of X[ygr] is the region bounded
by Yrr Y Yapp'

A useful observation is that the bulge surface appearing in (19) can be obtained via an
extremization procedure, analogous to the “maximin” prescription for the Ryu-Takayanagi sur-
face [12]. Suppose we are given the RT surface ygr and the appetizer surface y,,,, and let Wp,
denote the domain of dependence of any partial Cauchy slice whose boundary is ygr U ¥ app-
Let 2p; denote a partial Cauchy slice for Wp;. We define a “sweep-out” of Xp; as a smooth
function f : Xp, — [0,1] satisfying f(ygrr) = 0 and f(y,p,) = 1, which one should think of
as inducing a smooth foliation of Xip; via level sets.® Then we can consider a “maximinimax”
procedure

. —1
maxmin max Seen(fy (M), (20)
which identifies the surface within a sweep-out of a partial Cauchy slice which maximizes S,
then minimizes over all such sweep-outs, and finally maximizes over all partial Cauchy slices.
The bulge surface is precisely the surface which realizes this maximinimax procedure.

The claim that the lunch is hard to reconstruct is motivated by a tensor network model
of the spatial geometry of the entanglement wedge. We illustrate this in figure 2. The tensor
network prepares the state on the boundary by a series of contractions. In this model, most
of the tensors can be viewed as unitary gates, but tensors in the regions where the network
is becoming thinner need to be viewed as unitaries with an additional projection on some of
the legs. For a network composed of Haar random tensors, operators supported in the full
entanglement wedge can be represented on the boundary legs. However, past the appetizer
surface, where projections appear, these operators may be represented only by high complexity
operators in A.

In more detail, consider the reconstruction problem of mapping from the boundary Hilbert
space to the bulk Hilbert space describing the interior of the lunch. Let |a) be the state on the

8A definition of the bulge surface utilizing an alternate definition of sweep-outs, thought of more generally
as continuous paths between ygr and 7,p, through the space of homologous surfaces with a suitable topology, is
provided in [36]. This definition allows for sweep-outs f for which {f (n)}y<,<1 need not be a foliation.

10
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bulk legs of the tensor network. Then the network prepares a boundary state according to

Is) o< (0]®™ Uy ) [0)®™ . (21)

Here Uy, is the action of the tensor network where we view each tensor as a unitary, |0)®™

are the ancilla qubits inserted on the left side of the network as it widens, and (0|®"® are the
ancilla qubits projected onto on the right side of the network as it thins again. To invert this and
recover |a) from |s) is non-trivial because of the projections. The work [1] gives an algorithm,
similar to Grover’s search algorithm, to do this inversion. The algorithm involves applying a
low complexity unitary V repeatedly, which has the following effect on the boundary state |s),

VE(Js) |0)®™) = sin ((2¢ +1)0) |a) [0)®™ + cos ((2¢ + 1)0) |B) [0)®™= . (22)

The value of 6 is set by the square root of the probability of projecting the my ancilla qubits
onto |0)®™. For a sufficiently long tensor network composed of random tensors, we will have
6 ~ 27k, This means that, using the proposed algorithm, we need to apply V a number
©(2™r/2) times to recover |a) with order 1 fidelity.

The work [1] argues that the above Grover-like algorithm is optimal, and hence the com-
plexity of recovering from the lunch with fidelity near 1 is

C=0Cp27, (23)

with C, polynomial in my and in the number of qubits describing the bulk. To relate this to
the geometry of the lunch, rather than to the geometry of a tensor network, they further argue
that my should be associated with the area difference between the bulge surface and appetizer
surface of the lunch, measured in Planck units. This gives a complexity of reconstruction from

the lunch of
P!

C = Cye? T 24)

=

where AAp;, = Alypyige] —AlYapp] and Cy is polynomial in 1/Gy, so we arrive at the python’s
lunch conjecture.’

One existing consistency check on the python’s lunch proposal comes from the quantum
focusing conjecture [37]. The work [38] points out that, given quantum focusing, the inte-
rior of the lunch for a boundary region R is always outside the causal wedge'® of R. This is
necessary for the lunch to be high complexity to decode, since there are known efficient pro-
cedures for reconstructing the operators in the causal wedge of K. Further, they give a simple
prescription for reconstructing the bulk up to the appetizer surface. This verifies the claim in
the lunch conjecture that this region is easy to reconstruct.

Note that there exists an extension of the python’s lunch conjecture as we have formulated
it here applicable to situations where there exist multiple locally minimal surfaces homologous
to A which may not be spacelike separated from one another. An account of this case can be
found in [34].

2.2 Computationally secure CDS

To obtain our constraints on boundary correlation from complexity, a key tool is the notion
of conditional disclosure of secrets (CDS) studied in cryptography [19-25]. The CDS setting
involves three parties, labelled Alice, Bob and the referee. Alice holds an input string x of
length n as well as a secret s, while Bob holds an input string y of length n. Alice and Bob do

“More generally, the exponent should be one half of the difference in generalized entropies defined by the bulge
and appetizer surfaces. The generalized entropy is defined with natural logarithms, which accounts for the change
from 2 to e in our exponential compared to the qubit case.

19The causal wedge of a boundary spacetime region R is defined as C(R) = J*(R)NJ(R).
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siff f(x,y)=1
|

M(l
M,
| v |
X,s y

(@ (b)

Figure 5: (a) General form of a CDQS protocol. Alice, on the bottom left, holds input
x and a secret s. Bob, on the bottom right, holds input y. Alice and Bob may share
entanglement, represented as the lower curved wire. Alice and Bob perform quantum
channels on their locally held systems and send the resulting outputs to the referee.
The referee knows x, y and should be able to determine s if and only if f(x,y) =1,
where f is a function known to all parties. (b) A (classical) CDS protocol for the
equality function on single bit inputs. Alice and Bob share two random bits, r, and
r1. Alice sends the XOR of the secret z with r,. Bob sends r,. If x = y, then the
referee can compute m, ® m; =s, while if x # y then m, and m; are independent
random bits which reveal nothing about s.

not communicate but share a random string or hold subsystems of a joint quantum state, which
may be entangled. Alice and Bob each compute a message from the data they respectively hold,
and each send this message to the referee. The goal is for the referee to learn the secret s if
and only if a Boolean function on the inputs satisfies f (x, y) = 1. The general form of a CDS
protocol is illustrated in figure 5a.

Naively, performing CDS might seem impossible. In fact, it turns out that CDS can be imple-
mented for any function f (x, y) given sufficient correlation [19]. For intuition, we give an ex-
ample protocol for performing CDS in the classical setting on the function f (x, y) = EQ(x, y),
the equality function. See figure 5b for the protocol. We consider single bit inputs for con-
creteness. A similar strategy to the one given for equality can be generalized to perform CDS
for any function.

The protocol in figure 5b is information-theoretically secure, meaning that the message
received on f(x,y) = 0 inputs is uncorrelated with the secret. This means there is no com-
putation acting on the message which guesses the secret with high probability. We can also
ask instead for computational security, which is weaker, in that it requires only that a referee
restricted to low complexity algorithms is unable to determine the secret when f (x, y) = 0. In
addition to relaxing to computational security, we can also allow the players access to quantum
resources. It is computationally secure quantum CDS that we focus on in this work. We define
it formally below.

Definition 1 A conditional disclosure of quantum secrets (CDQS) with computational se-
curity task is defined by a choice of function f : {0,1}*" — {0,1}, and a dq dimensional Hilbert
space Hq which holds the secret. The task involves inputs x € {0, 1}" and secret Q given to Alice,
and input y € {0, 1}" given to Bob. Alice sends message system M, to the referee, and Bob sends

12


https://scipost.org
https://scipost.org/SciPostPhys.19.4.084

e SciPost Phys. 19, 084 (2025)

message system M. Label the combined message systems as M = M ,M;. Label the quantum
channel defined by Alice and Bob’s combined actions Né > v We put the following two conditions
on a CDQS protocol.

* e-correct: There exists a channel ’DM_>Q, called the decoder; implementable by a

polynomial-time computable circuit such that
V) €X XY st flx, ) =1, D5 oNEY, ~To gll.<e.  (25)

e 5-secure: There exists a quantum channel S, , . called the simulator; such that

@—M

V(x,y)eX xY s.t. f(x,y)=0, ||S®_>M0trQ Ng’_y)Mllt <o(t,A).

Here 6(t, A) is a real valued function with A a security parameter; we require & — 0 as A — 00.

The definition of security in the second condition makes use of the computational variant of
the diamond norm distance introduced in section 1.1. To the best of our knowledge, compu-
tationally secure CDS has not been studied before, in either the classical or quantum settings.

Before continuing, we should provide some intuition for the parameter 6. Let’s suppose

do
that the secret is a state |i) drawn uniformly from some fixed basis {|j)}.2 =1 and that the referee

will try to determine j using operations of complexity at most t, desplte being in an instance
f(x,y) = 0. To do this, the referee will take the message system p .Ng’_}:M(ll)(ll) and
perform some POVM {E;}. Ql (using operations of complexity at most t), obtaining outcome j
with probability

p(l) =t (pPE;). (26)

We can consider one of d, algorithms {A; }?il that output 1 if this measurement returns j, and
0 otherwise. Then our security definition says that the probability such an algorithm returns
1 must be & close to the probability that it would output 1 if Ng_}:M was replaced with the
simulator channel, so

p(jli) Str(OMEj)+5; ou = (8,7, o tr)(liXilg).- (27)

Importantly, oy, is independent of i. It follows that the probability of guessing correctly, aver-
aged over uniformly distributed inputs, satisfies

pCOrreCt - dQ ZP(’““‘)
dg

<6+ — tr(psE)—5+—
lell dq

(28)

Thus, & corresponds to the bias with which one can guess the secret when it is a uniformly
distributed classical string i. Our definition is somewhat more general than this requirement
alone; in particular, it extends the security requirement to the case where the secret is a general
quantum state.

A comment is that in the classical setting an information-theoretically secure CDS which
has a low-complexity decoder can be adapted into a computationally secure CDS that uses less
shared randomness. To do this, we simply replace the shared randomness by a shared, short
key, that each party uses to compute a pseudo-random string. This pseudo-random string is
then used to replace the randomness in the original (information-theoretic) CDS protocol. To
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a low complexity referee, the pseudo-random string is indistinguishable from a truly random
string, so the protocol must behave the same as the information theoretic one in the low
complexity regime. In particular, since the decoder is assumed to be low complexity, it must
still correctly recover the secret. Further, any low-complexity referee cannot learn the secret
when f(x, y) =0, since they couldn’t do so in the original information-theoretic protocol.

A key result that we will prove and make use of about computationally secure CDQS is the
following theorem.

Theorem 2 Suppose we have an e-correct and 6-secure CDQS for a function f, and which hides
a dq dimensional secret. Label the shared resource state held by Alice and Bob as W,p. Assume
that f (x, y) has the property that there exists an x = x,, such that f (x,, -) is non-constant. Then,
the resource state must satisfy

1

IA:B)y = —In| —+06+€ |—1. (29)
Vo

This is saying that to achieve a highly correct and highly secure CDQS protocol that hides a

large secret, we need large correlation. There is also a requirement that the function f(x,y)
not be too trivial.

3 Lower bound on CDS and application to AdS/CFT

3.1 Lower bound on correlation in CDS

In this section, we prove theorem 2. Intuitively, the proof starts with the observation that when
the resource system is uncorrelated between Alice and Bob, all protocols must be insecure. The
reason is that the referee can, when f (x, y) = 0, throw away Bob’s system and locally produce
the message Bob would have sent for a different value of y. Choosing the new value of y, call
it y’, to be such that f(x,y’) = 1, the referee can then recover the secret by correctness of
the protocol. If the resource state is close to product this strategy will work well, so to achieve
high security and correctness we need a resource system that is far from product. Being far
from product then imposes a lower bound on the mutual information.

Proof. (Of theorem 2) We first describe a recovery procedure that works well when the re-
source system is close to product. Let the shared state used in the CDQS protocol be ¥,;.
By assumption, there exists a value x, € X such that f(x,,-) : Y — Z is non-constant. Con-
sider inputs (x,, y,) such that f(x,,y,) = 0, and a second choice of y, call it y/ such that
f(x,,y.) = 1. Let Alice’s operation on the left given input x be denoted NgA_)Ma and Bob’s
operation on the right given input y be denoted N g_> My Label system M,M, as M. For inputs
(x,,y,), the referee receives the system

pM(x*)y*):N(;;‘aMa ®Ng*—>Mb(’(/)RQ®\IIAB)' (30)

We take the input g, to be the maximally entangled state between the secret system Q and
a reference system R.
The recovery procedure works as follows: the referee traces out M; and replaces it with

N g:Mb (%), obtaining the state

O-M(x*’y;):Ng;HMa®Ng*—>Mb(¢RQ®\IjA®\IjB) (31)
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X0V,
M-Q-

Then, the referee applies the decoder D
this procedure recovers the secret,

A short calculation gives a bound on how well

D% (041 (s, YD) = Prolly < DX (0 (x,, ¥ )) = DX+ (ppy (x4, Y DIy

+ 1D (o (x1 ¥2)) = Yrollr
< ||O'M(X*,)’;)_PM(X*,)’Q”1 te€
S|y @ W —Wpplly + €

<24/ 1—F(Wyp, ¥, ® Up) + €. (32)

To obtain the second line, we used that the trace distance is decreasing under the action of a
quantum channel to bound the first term, and used correctness on the (x,, y,) input to bound
the second term. To obtain the third line we again used that the trace distance is decreasing
under the action of a quantum channel, where now the channel considered is the encoding
procedure of Alice and Bob. The final line follows from the Fuchs-van de Graaf inequality. The
final line expresses that if the resource state is close to product, then the referee recovers well.

We now compare this to the §-security requirement of CDQS that the referee should not
be able to recover well. By 6-security, and taking o, to be the output of the simulator channel
appearing in the definition, we see that there exists a state o, such that

ID*(oy(x,, y))—mr ® 0l <6, (33)

where 7y is the maximally mixed state. This says the recovered state is close to product.
Now, we see that we can get an upper bound on the fidelity F(¥,5, ¥4, ® ¥): this can’t be too
small because we can’t have the recovered state be both near product and near the maximally
entangled state 1. In particular, a calculation gives how far in trace distance a product state
is from the maximally entangled state:

1

J4

Now, we combine the last three statements. First, use the reverse triangle inequality to write,

1D (0 m (% ¥, ) = Proll 2 lltfrg — TR ® Ol = (1D (04 (x,, ¥)) — MR ® T -

Then we substitute the last three numbered statements. Doing so we find

F(\I/AB,\IJA®\I—’B)SZ(%+€+5). (35)
Q

Now use (11) giving the mutual information in terms of the relative entropy and the lower
bound (12) on the relative entropy from fidelity to obtain

I(A:B)y > —2InF(¥,5,¥, ® ¥g), (36)

which gives the claimed lower bound. =

In our model of CDQS, the referee obtains the message systems but holds no other quantum
systems. We can consider extending this to allow the referee to hold an arbitrary additional
‘advice’ system, which they might use to help decode the message. This system can be high
complexity to prepare, and can depend on (x, y), but must be prepared before receiving the
messages. Our theorem above continues to apply to that setting so long as the advice is un-
correlated with the resource system.
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(@

Figure 6: An example of a python’s lunch geometry, with a single time slice depicted.
The blue dashed surface is the appetizer, the red surface is the bulge, and the solid
blue surface is the Ryu-Takayanagi surface. The easy wedge E;’;Sy is shown in blue

and the hard wedge (E%asy)’ is shown in red.

3.2 Holographic correlation and CDS lower bounds

In this section, we give our argument relating mutual information and the geometry of the
python’s lunch. The main idea is to realize a CDS protocol using AdS/CFT. In the boundary
picture, we arrange things such that the communication pattern is limited to the general form
of a CDS protocol (figure 5a). Considering the bulk perspective, we use the bulk geometry
to allow Alice and Bob to meet and decide to reveal the secret or not, then send the secret
towards the referee or away from them as appropriate. In particular we assume the python’s
lunch conjecture and use the bulk region it designates as “hard to reconstruct” to hide the
secret when f(x,y) = 0. We then return to the boundary picture and apply theorem 2 to
place a constraint on boundary correlation. Our reasoning is in the spirit of an operational
viewpoint on holography developed in [39-43].

Geometric set-up: It will be helpful to introduce definitions for the bulk subregions defined by
the python’s lunch construction. Consider a boundary subregion R. We will focus for simplicity
on settings where there are exactly two locally minimal extremal surfaces homologous to R,
and a single bulge surface between them. We refer to the locally but not globally minimal
surface as the appetizer surface v,,, the globally minimal surface as the RT surface ygr, and
the locally maximal surface as the bulge surface ypyj.. Then we make the following definitions:

* The easy wedge of R is the domain of dependence of the codimension 1 region r, such
easy

that dr, = R U Yapp- We label this region E7A2 .

* The hard wedge of R is the spacelike complement of E;‘;Sy. We denote this as (E:;Sy)’ .
See figure 6 for an illustration of these regions in a simple example. Notice that the hard wedge,
in our definition, includes the spacelike complement of the entanglement wedge. Thus, the
hard wedge also includes the bulk region that cannot be reconstructed on R even information-
theoretically.!!

We now begin constructing our CDS protocol within AdS/CFT. Choose two spacelike sepa-
rated points ¢; and c, in the conformal boundary of an asymptotically AdS,,; spacetime, and

This is somewhat awkward, but will simplify some remarks later. The reader may wish to think of this region
as the ‘at least hard, but maybe impossible’ region.
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a boundary region R. Consider introducing inputs x,Q at ¢, and the input y at c,. The re-
gion R corresponds to the data available to the referee in the CDS protocol. Define boundary
spacetime regions

V=0 ()N (R)nJ~(R),
VY, =t (c,) NI~ (R)NJ~(R)). (37)

We refer to these as the decision regions; they are the boundary spacetime regions where one
of the inputs is available, and where signals can be sent to X or its complement. The dynamics
happening in the decision regions correspond to the lower left and right operations in the CDS
protocol. Note that it is crucial that the f)i be restricted to the past of the spacelike complement
of R; requiring this corresponds in the circuit picture to allowing Alice and Bob to perform
partial traces (since sending a system to 7’ keeps it away from the referee, and hence traces
it out). Identifying the decision regions V; and V, with Alice and Bob’s systems, and R as the
referee’s systems, our boundary set-up shares the structure of a CDQS protocol.
Now consider the bulk picture. We are interested in the case where the bulk spacetime
region
Jaoa =JT(Ey, ) NI (EY) NI (B ) NI~ ((EX™)), (38)

is non-empty. This allows for the following bulk process: Alice and Bob take their respective
inputs and send them into the above bulk spacetime region.'? There, the inputs meet and

the function f(x,y) is computed locally. If f(x,y) = 1, the secret Q is sent into E;;SY. If

f(x,y) =0, Q is sent into (E;;Sy)’ . From this bulk picture, and assuming the python’s lunch
conjecture, we see that the boundary CFT implements computationally secure CDQS: the ref-
eree who has access to R can reconstruct Q with low complexity operations if f(x, y) = 1 and
cannot reconstruct Q with low complexity operations if f(x,y) = 0, completing the CDQS
protocol. We will call the set of points into which the secret can be hidden X. Formally, X is
the intersection of the future of the scattering region with the hard wedge,

X =J"Jy 1N (E;’;sy)’ . (39)

Next, recall theorem 2 states

I(A:B)q,Z—ln(L+5+e)—1. (40)
Vo

This applies whenever the whenever the referee can apply a decoder with complexity equal to
Bob’s encoder. We consider a low complexity referee who can access the easy wedge, and will
understand the &, € parameters relevant for that referee. Recall also that this bound applies
to every density matrix W, that suffices to complete CDQS with a d, dimensional secret,
security error 6, and correctness error €. This means we can phrase the above as a lower
bound on I, = I1,y(0, €,ng), the minimal mutual information needed to complete the task
with parameters 6, €, n,

1
ILjin=>—In| —+6+€¢ |—1. (41)
Vda
To apply this in the holographic setting, we need to understand the relevant values of 5, e,

and d;, in AdS/CFT.

Value of 6: To understand what values of 6 we can achieve in the holographic context, let’s
return to the tensor network model discussed in section 2.1. This model provides a suggestion

12Notice we take the future of the easy wedge of V, rather than the future of its entanglement wedge; this will
be needed later, as we will need that Bob’s encoding procedure is low complexity.
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Figure 7: Tensor network representing an entanglement wedge. We consider recon-
structing a quantum state located at the site marked with the blue dot. The number
of projections appearing in the map from the red curve to the boundary may be less
than the full area difference between the bulge and the appetizer.

of how small we are allowed to take 6. To see this, suppose we wish to recover the state of a
quantum system located at a site p inside the lunch. Consider any cut y through the network
which is homologous to R and encloses site p. Then let Vrn be the unitary defined by the
tensor network that maps from y to R, so we have

1 / ’
PR=7 01"V (la)alq ® pp) Viy [0)5™ . (42)

Here Z is a normalization factor, Q is the bulk subsystem we are trying to learn about, and p,
describes the remaining bulk degrees of freedom, including the cut y and any remaining bulk
legs. See figure 7.

Note that we don’t expect to be able to fully invert the map and recover |a) with high fidelity
for a general cut y. However, we can still learn something about |a). For simplicity, suppose
|a) = |i,) is uniformly drawn from some orthonormal basis {|i)};; this is not general but will
suffice for our purposes. We can then try to measure p in a suitable basis and determine i,.
One (low-complexity) strategy we have for doing this is the following. We introduce an ancilla
in the state |0)®™, apply V;N,
probability

and then measure {|i)};. Measuring each value of i occurs with

p(ili.) = {ilg try (Ven (10)OI®™ ® p Vi ) lidg - (43)
Computing this for a Haar random V;j;, we find at leading order that

1 1
i) =+ 5y, 44
PUIL) = G+ B ‘)

This allows us to produce a guess of the secret i which is biased towards being correct by 1/ 2k,
Recalling the discussion after definition 1, we note that this means the security parameter
appearing in the CDQS definition is not smaller than 6 =1/ 2R,

In the gravity picture we would like to identify this number of projections with an appropri-
ate area difference. To do this we follow a similar procedure as appears in the initial argument
for the python’s lunch conjecture.’® Let W;; denote the domain of dependence of any partial
Cauchy slice whose boundary is ygr U app, and let Zp;, denote such a partial Cauchy slice. For

13We note that there are some ambiguities in choosing a covariant geometrical version of the the number of
projections m;, encountered in the tensor network model; for example, rather than maximizing over %y, one
could fix the slice 3, to be that singled out by the maximinimax prescripition for the usual bulge surface. We
leave exploring these alternatives to future work.
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spacetime region Z, let ZSL = Xp. N Z; we will generally consider Z such that the intersection
of Z with every Zp; is non-empty. Moreover, let Y be a curve in Zp;, which is homologous to
Yapp and such that the partial Cauchy slice Yolr?]= Zp, N Wy[y#] contains Z}gL (recall from
section 2.1 that Wy[y] is the outer wedge of y). In other words, we require that all of ZgL
is outside of y#. Then let f,z : Sp[y*] — [0,1] be a smooth function with f,z(y*) = 0 and
fyz(Yapp) = 1. Finally, we consider the “maximinimax” procedure

max min max S -1 ‘ 45
{ZPL} {YZ;fYZ}OSn31 gen(f)/Z (n)) ( )

We define yﬁulge to be the surface on which this maximinimax takes its value. In other words,
we are performing a procedure similar to that for the usual bulge, but where the sweep-outs
only need to cover the part of the lunch intersecting with Z.

We claim that, taking Z = X in the above definition with X defined in (39), the area
difference between the “restricted bulge” surface y* and the appetizer should be identified
with the number of projections my appearing in the corresponding network. In this case,
ZﬁL is the subset of ¥p; into which the secret could possibly be hidden, and we expect mj, to
correspond to a “geometric bottleneck”, i.e. the area difference between the appetizer surface
and a minimax surface with respect to sweep-outs covering E)PfL on an appropriate slice. With

this identification,
ALY yige] —AlYapp]
5 ~ exp (— "“ngG i) (46)
N

An observation is that the minimization includes cases for which y* is the RT surface and fyx is
therefore maximized on the true bulge yy,ige, implying that A[)rffulge] < AlYpuige]- This means

A[ u e]_A[ a ] 1
5 > exp (— b lg4G Vapp ) =5 47)
N

Value of d,: Let the number of qubits in the secret be n, so that we have a d, = 2"e-
dimensional secret. We should choose the size of the secret such that sending it into the
bulk does not back-react on the geometry, so we want to have ng; grow strictly slower than
1/Gy. Thus we set

ng =h(=1nég), h(x)=o(x). (48)

Since —In 6 is ©(1/Gy), this ensures ny = 0(1/Gy) so we do not induce a back-reaction on
the geometry.

Value of e: Naively, in the semi-classical bulk picture, the referee can recover the secret per-
fectly when it is placed into the easy wedge. However, this is corrected by sub-dominant
saddles in the path integral, so we expect errors of order € = 27©(1/%%) We will assume the er-
rors can indeed be taken this small. This means they are sub-leading compared to the 1/2m/2
term and so can be dropped.

With these choices, our lower bound is

1
IminZ—ln(m-i-a) . (49)

Notice that if I,;, grew slower than —Iné as 6 — 0, we could choose an h(-) growing close
enough to linearly such that our lower bound would grow faster than I;,. To avoid this
contradiction then we must have

Iin = —0pInd, (50)
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for a constant strictly positive a,. Importantly, we needed to lower bound I, rather than
I(V; : V,), for any fixed choice of ¥. Had we applied the above argument to I(V; : V,)y, the
‘constant’ oy appearing could depend on ¥, and so wouldn’t be universal. Because we bound
I hin, however, which allows for any choice of Wy Up,» We geta universal a,. We can now use

that I(Vy : Vy)g = Iy, to find the same lower bound on the information in any concrete setting
we wish to study.
Finally, we record for later use our main claim from this section, which is that

Al Ygulge] —AlYapp] )

4Gy (1)

I(ﬁl : 92)2 ao(

Note that the factor of 4 in the denominator is conventional. We also note that this bound
trivializes when the scattering region is empty; in that case, X is empty, so the appetizer surface
. . o . . X . _

itself is a legitimate choice of y*, and we obtain A[Ygulge] = AlYappl-

Comments on assumptions: An assumption we have made can be found in our matching of
the protocol structure of CDQS, given in figure 5a, to the holographic setting. In the CDQS
protocol structure, we assume the referee does not hold any quantum systems correlated with
Alice and Bob before receiving their messages. In the holographic setting, the referee’s space-
time region R has V; and V, in its past (where we think of the messages as originating), but
additionally some degrees of freedom in R do not come from the )A)i, and those degrees of
freedom are correlated with the V;. A more complete model then would allow the referee in
CDS to have some additional quantum systems potentially correlated with the resource sys-
tem held by Alice and Bob. Unfortunately in that case we do not know of a lower bound that
suffices for our purposes.

Nonetheless, we argue (51) should hold in holographic systems. Partly this is because this
same assumption regarding extra regions was used in [39-42,44], where it was used to give
an information-theoretic argument for a result known as the connected wedge theorem. The
connected wedge theorem could then be proven independently, which suggests the validity
of the assumption. More broadly the intuition is that correlation between Alice and Bob is
necessary, because the task they are trying to achieve is dependent on how Alice and Bob’s
inputs are correlated. Nonetheless, we ideally would remove this assumption, perhaps using
a setting similar to the one discussed in [45].

A minimal interpretation of the python’s lunch conjecture is that recovery from a lunch
with fidelity near 1 requires complexity of poly(1/Gy)exp (% ﬁéI"VL ) To derive (51), we had to
use instead that the number of projections appearing in the tensor network is controlling 6.
This assumption however seems closely tied to the validity of the python’s lunch conjecture.
Indeed, the argument for the lunch conjecture within the tensor network model is very strong.
The crucial idea however is the claim that the tensor network model accurately describes the
geometry and it’s computational properties. Here, we are performing a check on the validity of
this model. Ideally, we would improve our argument to take as input only the python’s lunch
conjecture itself, rather than the model it is argued from, since in principle the conjecture could
be true even while the model is inaccurate in some ways. This is what motivates consideration
of the stronger geometrical bound (6), which directly relates the complexity as predicted by
the PL conjecture to the mutual information I(V; : V,); we elaborate on this bound in the next
subsection.

3.3 A lower bound from complexity?

To directly relate the python’s lunch conjecture and boundary entanglement, we should look
for a lower bound on correlation in CDQS where the complexity of recovering with high prob-
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ability appears. A natural such statement is given by the following conjecture.

Conjecture 3 There exists a polynomial complexity family of functions f, : X x Y — Z such that
performing computationally secure CDQS on this family of functions f,, with €, & sufficiently
small constants, requires the resource system W5 to have mutual information I(A : B)y lower
bounded according to

I(A: B)g = min{l;7(f,),alnt}, (52)

where I;1(f,,) is the mutual information needed to perform information-theoretic CDS for f,, and
t is the complexity below which the CDS protocol is & secure.

This conjecture claims a lower bound in terms of the complexity at fixed €, 6. Notice also that
the minimization in the lower bound ensures it is never larger than the information-theoretic
lower bound (which is secure with access to arbitrary complexity).

One line of thought that suggests this conjecture is that we have been able to prove an anal-
ogous statement with the mutual information replaced by the number of qubits held by each
of Alice and Bob.!* Thus, we’ve shown that Alice and Bob’s resource system size must grow
as we scale t (until saturating at the information-theoretic value), but not that the amount of
correlation they share must grow. In practice, we know of no protocols that use a local system
much larger than the shared correlation, so we are led to expect the above lower bound.

Assuming this bound and the python’s lunch conjecture, we can reason as follows. In
the holographic setting, so long as we can scatter to somewhere in the lunch, the discussion
in section 3.2 gives that €, 6 — 0 as Gy — 0. This means that we can always take G, small
enough so that the bound in conjecture 3 would hold. But then according to the PL conjecture,

. . A ulge —A a .
we should identify Int = %N[Y”’], so we are led to the claim

A[ Ybulge :| - A[Yapp ]
4Gy ’

which should hold for Alypyge] — Alyapp] small enough, and in particular smaller than I;7.
Since I;; is expected to be very large, this would imply (53) would hold in many settings.
Geometrically, the simplest way to enforce this would just be to have (53) be true generally,
so it seems worth exploring if this could be the case.

Intriguingly, we find geometrically that (53) is false in general, though the violations occur
in a setting where we expect I;7 is becoming small. This allows for consistency with conjecture
3. This is discussed in section 5.1. In other examples we find consistency with (53) with the
largest consistent a being 1.

10 : Dy) = ao( (53)

4 Geometry of the lunch and correlation

In the last section, we arrived at a prediction for the behaviour of the mutual information by as-
suming the python’s lunch conjecture. We now begin studying geometrically if this prediction
holds.

4.1 Proof of a ©(1/Gy) lower bound

In this section we verify a generic aspect of the lower bound: we show that whenever the
bulk thought experiment realizing CDQS is possible, the boundary has ©(1/Gy) mutual in-
formation. We show this in asymptotically AdS,,; dimensional spacetimes satisfying the null

4This is straightforward to show. Assume the protocol is information-theoretically insecure, so that there exists
a map acting on the messages received by the referee that recovers the secret. At worst this map is exponential
complexity in the number of qubits of message, so that t < 2™ and Int < n,,. Then we use that the message is
not bigger than the resource system (counting all ancillas) used by Alice and Bob, so n,, < n,z and soInt < n,z.
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energy condition (NEC). This verifies a prediction of the tensor network model; in particular
it is consistent with having a parameter 6 capturing the hardness of reconstructing within the
lunch with low complexity operations where & ~ e~*/Sv for { a quantity with dimensions
of length and a a dimensionless constant, rather than £ = AAp; in particular. We study the
more detailed version of our claim in the next section, though we view this check as already a
significant test of the projective tensor network model.

The result we prove in this section is the following.

Theorem 4 Consider an asymptotically global AdS,,, spacetime satisfying the null energy con-
dition. Choose boundary points ¢; and c,, and a boundary region R that is the domain of depen-
dence of a single interval. Then define

V=0 () NI (R)NJ~(R),

Vo =J () NI (R)NJI~(R)). (54)
Define the scattering region,
— 1t+(r. + ( easy — [ peasy — easy~/
Jy n=J (Evl)ﬂ.] (Ef)2 nJ (Eﬁ nJ ((Eﬁ )). (55)

Then, Jo_,y 20 = I(V; : V) = ©(1/Gy).

Notice this is a strictly weaker claim than our lower bound in (51), which in particular implies
a ©(1/Gy) lower bound for the mutual information whenever the scattering region J,_,, is
non-empty.

To prove this theorem, we observe that a more general claim can already be extracted from
the literature.

Theorem 5 Consider an asymptotically global AdS,.,  spacetime satisfying the null energy condi-
tion. Choose points c;, ¢, and boundary domains of dependence R,S. From these objects, define
boundary regions

V=7t () NI~ (R)nJ(S),

Vo =J* () NI~ (R)NJ(S), (56)

and let R meet the conformal boundary at R, and S meet the conformal boundary at S. Then
whenever

J(R,8) = J+(Ef,l) nJ+(E]>2) NJ (R)NJ(S), (57)
is non-empty and d'R, 9§ are extremal surfaces, we have
1 . =& Alr]
=1 : > — 5
5 V1 V) 2 4Gy (58)
where r is known as the ridge and is defined by
r=0J"(Ey,)N3aJ (Ep )NJ (R)NJ(S). (59)

In particular we have I(Vl : 192) =0(1/Gy).

At a geometrical level, this is similar to a statement proven in [40-42], which discusses the
case where S = Eg, R = Ep. That case has an information-theoretic interpretation in terms of
entanglement requirements on non-local quantum computation. Inspecting their geometrical
proof, we can notice that the somewhat more general statement given in the theorem above
also holds.
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Theorem 4 then follows by applying this generalized connected wedge theorem to the
choices

S=%,
__ peasy
R= Eﬁ ,
_ [peasyys
S=(E,"). (60)

Note that with this choice we have that dR = y,,, = dS, so in particular these surfaces are
extremal as needed for the connected wedge theorem. Further, we notice that

— (1. + r easy —  -€easy — easyy/
Ty =T (B )N HEG™) NI (EZ™) NI ((E™)), (61)
being non-empty implies that

J!

pora =T (Ep ) NI (Bp ) NI (EZ) NI ((EFY)), (62)

is non-empty, since E;asy c Ef/z'
2

4.2 Proof of a weakened lower bound

In this section we prove a weakened version of our claimed lower bound (3) with the region
X replaced by a subset Y C X.

Theorem 6 Consider an asymptotically global AdS,,, spacetime satisfying the null energy con-
dition. Choose points c;, ¢y and a boundary domain of dependence R. From these objects, define
boundary regions

Y =J ()N~ (R)NJ~(R)),
VY, =1t (c,) NI~ (R)NJ~(R)). (63)

Consider the ridge surface r C J,_,5 as defined in theorem 5, and define

o trp. + ¢ easy easy~/
Y=J"(r)nadJ (Evl)ﬂaJ (EY)2 )O(Efa ). (64)
Then we have that : v : : :
A A 1 A Ybulge —A Yapp
IV, V)= — s 65
WV V,) 5 ( 4Gn (65)

where the definition of Yqulge for spacetime region Z appears around (45).

Proof. When J,_,, is empty, we have that r is empty and hence Y is empty, so the lower bound
is trivial and we are done. Otherwise, when Y is non-empty, we consider defining the bulge
surface yﬁulge as indicated around (45). Let X be any of the co-dimension 1 spacelike surfaces

picked out by the outer maximization step in this procedure; accordingly, y]’;ul ge is the smallest
maximum occurring among sweep-outs in X that enclose Y.
By assumption J,_,5 # @, so we can use the connected wedge theorem (theorem 5) to

obtain ALr]
—I Vi) > ——= 66
V1:V,) 4Gy (66)
The ridge r is related to the appetizer surface as shown in figure 8. Recall that the ridge is
defined as

r=3J"(Ep)n 8J+(E;25y) N J_(E;;;Sy) N J—((Ejgsy)’), (67)
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Y?é,app
Ee9sY ( E:{zs y )/

Figure 8: The past null sheets of the appetizer surface and the ridge. The surface
v shown is defined by v = 9J +(Ev ynaJ +(Eeasy) The portion in the past of the

appetizer surface is the ridge, r. The proof of theorem 6 involves focusing the ridge
in two directions, along the light sheets dJ +(E ) and dJ +(E:fjlsy). In each case,
2

easy

one end-point of the resulting surface sits inside of E and the other sits inside of

(ES™Y.

so that in particular it sits on the null sheets dJ +(E]>1) and dJ +(E;asy). We consider continuing
2

null rays starting on r along one of these two sheets, say dJ +(E]>1), until reaching 3. Notice
that since one endpoint of r is in the domain of dependence of E:;Sy and the other endpoint is
in (E 4YY | the resulting surface Y, will intersect the appetizer surface. We remove the portion

easy

that sits inside of ER and denote the remaining segment as Y;. We repeat this procedure with
aJ +(E;asy), producing Y,. The region Y defined in equation (64) is also equal to Y; UY,. By

2
the focusing theorem, and because we only removed a portion of the focused forward surfaces,

Y; and Y, both have area less than r, so
AlY 1+A[Y,] < 2A[r]. (68)

Now we construct a sweep-out f with bulge surface of area at least 2A[ Y; ]4+-2A[ Y5 ] +A[ y app ]
in the surface % that encloses Y = Y; UY,. To do this, we begin with f(n = 0) = v,,,, and
then consider adding ‘spurs’ to this surface that follow Y; for distance 7 - A[Y;], then double
back to y,pp. See figure 9. At ) = 1 this encloses Y, so defines a candidate sweep-out. But the
maximal surface in this sweep out is just the f(n = 1) surface, which has area

ALf(n=1)]1=Alyapp] + 2A[Y; ] + 2A[ Y, ]. (69)
Then by (68),
A[r]zAlf(n=1)]1—Alyappl- (70)

As well, since ygulge is the smallest maximum surface among sweep-outs in X which cover Y,
we must have

A[f(ﬂ =1)] _A[Yapp] ZA[Y]gulge] _A[Yapp] . (71)
Combining this with (66) and (68), we obtain
N N 1 A[Yllnlulge] _A[Yapp]
I : > — 2

as needed. m
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f()

Yapp
(a)

Figure 9: The region Y = Y; UY,. The two segments Y; and Y, begin on the appetizer
and extend into the hard region. We construct a sweep-out that covers Y. The sur-
face f(n) in the sweep-out follows the appetizer, and extends into the hard wedge a
fraction 7 of the distance along the Y; surfaces.

A

R

A

2

N\ N\ AN
N

(a) (b)

Figure 10: (a) Boundary view of the two interval set-up. R consists of the two green
intervals taken together, R = R; UR,. Regions V; and V, are the grey diamonds
shown, which are associated with inputs points ¢; and ¢, shown as black dots. (b)
The bulk view. The appetizer surface is the pair of dashed blue lines, the RT surface
for 1R is the pair of solid blue lines.

5 Example geometries

In this section, we will test the speculative lower bound (6). Specifically, we will investigate
this bound in the context of vacuum AdS,,; with R consisting of two disjoint intervals, and in
the context of AdS, ; with a conical defect, non-rotating BTZ, and vacuum AdS,_ ; with a static
end-of-the-world (ETW) brane. While most examples are consistent with the bound, we find a
counter-example in the case that R consists of two intervals in the vacuum; nevertheless, we
find that the weaker geometrical bound (3), following from our theorem 2, remains satisfied.

5.1 Two intervals in pure AdS,_;

In this section we describe our first explicit setting where we study the lower bound (51),
wherein the referee’s region consist of two intervals in pure AdS,,;. More details can be
found in appendix A.1. Consider pure AdS,,, described by the metric

ds? = —cosh? pdt? + dp? +sinh? p d¢?, (73)
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where here we will set Lyg5 = 1. We choose the referee’s region 7R to consist of two intervals
R1 UR, which have endpoints (t, ¢) given by

5 u u

ot (0-8), (o),
1 5 5 (74)
- 2T —Uu _Zn—u)

R, (o, - ) (o, ~1), (75)

and choose the input points to be

c: (—T,—g) , Cy (—T, %) . (76)

The set-up is shown in figure 10a.
Notice that for V; and V), to be domains of dependence we need to take

0<t<m—u. (77)

With this choice, we obtain intervals V;, V, with endpoints

a]>]. : (_Z)_u-"_/r)) (_Z,_‘U'_T), (78)
2 2 2 2
A T U—7T T M+T
W (357) (357)
Vs 2 3 > 3 (79)

Further, for R, and %X, to not overlap but still have a connected wedge (and hence a lunch
we could scatter into), we need
n/2<u<m. (80)

Within this domain, we are interested in understanding when we have a non-empty scattering
region J (E:;Sy, (E%asy)’ ), and hence when we should satisfy the lower bound (51). In appendix
A.1, we study the bulk light rays and find this occurs when

cos T < cos? (g) (81)

We note that there indeed are choices of u, T allowed by the above constraints and such that
this scattering condition is satisfied, for example u = /2, 7 = /2.

Next, we study the value of the mutual information and AAp; within this range. For the
mutual information we find

Adyy =1n sin’(3) (82)
= S )
where AAy; = 4GyI(V; 1 V,), and Adpy is
AAp, =In (csc2 (%)) . (83)

Within the parameter region allowed by the scattering condition (81) and the conditions (77)
and (80), we then should have the lower bound (51) which becomes

20T
200 (1 < sin“(3) g4
¢ ( )_ sin(“;zf)sin(“zi). (84

Observe that for any finite a,, this will be violated by a point inside the allowed range for 7, u.
This is because if we take 7 to its minimal value allowed by the scattering condition,

T — T, = arccos (cos2 (%)) s (85)
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then the right hand side of (84) limits to 1, but the left hand side is larger than 1 whenever
u <.

Note that, in this example, how deeply into the lunch the scattering can reach is becoming
small as T — 7,. Thus the lower bound appearing in (3) is vanishing in the same limit that
the mutual information is vanishing. More specifically, if we take T = 7, + € for small €, we
see that the mutual information is O(e). On the other hand, we expect that the region X can
be covered by a sweep-out {y, } with v, of the form

(t(s),7(s), @()) = (tapp(s); Tapp(s); Papp(s)) + €(tyy(s), 7y (5), P (5)), (86)

with t,(s), r,(s), ¢,(s) all uniformly compactly supported and bounded with respect to 7.
Since the appetizer surface is locally minimal, it follows that the area difference on the right-
hand side of (3) is at most O(€?2), so there is no apparent contradiction with this bound at
leading order.

We can also compare our result with the conjectured lower bound 6. Let’s for a moment
assume this bound is true, as well as assume the python’s lunch conjecture is true. Since in
this example the mutual information I is going to zero as © — 7,, but, according to the lunch
conjecture t is remaining fixed, consistency with the python’s lunch conjecture requires that

min{l;(f,),alnt} =I;r(f,) =0, (87)

as T — 7,. More concretely, the upper bound is like r(7)/Gy with r a length that goes to zero
as T — 1,. Naively, this seems surprising as for many functions we expect that I;+(f,) can be
a quickly growing function of n,'® thus if we can take n = g(n) for g(n) any function which
is 0(1/Gy), there would seem to be a contradiction. The situation here is the same as occurs
in the context of holographic scattering and non-local quantum computation [40,43]: there
again we have a 1/Gy upper bound on the available mutual information, and an expectation
that the entanglement cost of implementing NLQC is much larger if we take inputs of size
nearly 1/Gy. The resolution in that case was argued to be that we can’t in fact take the inputs
to be nearly size 1/Gy for most functions, and we expect the same resolution applies here.
In particular, functions that have a large CDQS (or NLQC) cost must also be hard in some
appropriate sense to implement in the bulk, so that they can only be computed in the bulk
region for much smaller inputs. Thus we can have I;;(f,) < r/Gy and I; a quickly growing
function of n, if n is restricted by bulk physics to be a very slowly growing function of 1/Gy.'°
A further discussion of this issue appears in [43].

5.2 ETW brane geometry

In this subsection, we consider a global AdS spacetime terminating on a static ETW brane. The
bulk metric is given in global coordinates by

r? dr?
dszz—(2—+1)dt2+2—+r2dqb2, ¢ el—mn,m), (88)
LAdS (rz_ + 1)
AdS
while the ETW brane has trajectory
_ _ _LassT _sr_r
r(¢)= mseuﬁ, 4)6( 5 2), (89)

5For instance, the most efficient information-theoretic protocols known so far for CDS for an arbitrary function
use 2°(+/ 8™ rapndomness.

16Note that in the argument in section 3.2 we took n = g(n) for g(n) = 0(1/Gy), so we need in that argument
to be using a sufficiently simple function that we don’t expect further restrictions (aside from the input size) to
appear on computing it in the bulk. Fortunately, the lower bound 2 we used there applies already for very simple
functions.
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¢

Figure 11: Constant ¢ slice of the AdS, ; geometry (light blue) ending on an ETW
brane (red).

with 0 < T < 1 a dimensionless tension parameter (see figure 11 for the depiction of a con-
stant t slice). The asymptotic boundary is no longer the full cylinder but rather a strip with
¢ e(—5,5)and i = ths € (—o0, 00), with some CFT boundary condition 5 at the spatial
endpoints.

We would like to specify the geometric configuration of the input regions V;, V, and out-
put region R on the boundary. We consider two possible choices of configurations for these
regions, illustrated in figure 12. The first choice is analogous to that described in the pre-
ceding section on vacuum AdS: R subtends angle u € (0, ), while 191,92 subtend angle
7 € (0,min{u, T — u}). The second choice has f/l and )>2 causal developments of intervals
anchored on the boundary; we parametrize it by an angle u € (0, 1) subtended by R, and an
angle v € (0, ) between the interior endpoints of V; and V, (see figure 12).

We analyze this set-up in detail in appendix A.4. Restricting to configurations for which
scattering is possible, we find the range of AAp; obtained for the configurations of Vy,V,
parametrized by (u, T) to be a subset of that parametrized by (u, v), and the minimum value
of AAy; at a given AAp; is always smaller in the latter case. Consequently, we will review only
the latter case in this section, since it more strongly constrains a putative lower bound. The
information relevant for our purposes is as follows:

* A python’s lunch exists provided tan? (%) > % When this is the case, the area differ-
ence appearing in the python’s lunch conjecture is given by

v B2— 2
2Lpas In 57 A ) ) A<T,
AAy = n/2) v 1-T2(B(B—A)+AT) (90)
) 2LagsIn( BT A>T
AdS 2 sinu/2) (B(B—A)+AT)(B+vVB*—1+12) ) ° ’

where

A=tan(u/2)( 1~ sin(u/2) ) B=+v1-2TA+A%. (91)

1—sin(u/2)+ T cos(u/2)
* When a python’s lunch exists, the condition under which scattering is possible is

vy < % (92)
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,7_ ]}1 ]}2
B K B

Figure 12: Two different choices of placement of the input regions V;, V, and output
region R on the boundary of the ETW brane spacetime.

* When scattering is possible, the area difference AAy; appearing in the mutual informa-
tion I(V; : V,) is

1+T
AAMI:2LAdSIH[COt(%)]+LAdsln(m) . (93)

With this information, we can plot the allowed values of AAy; as a function of AAp; when-
ever scattering is possible. We show this plot in figure 13, obtained by varying T, u, and v
subject to the relevant constraints and computing AAp;, AAy;. We find that the largest lower
bound of the form AAy; > ayAAp;, consistent with this plot has ay = 1. In particular, this
example is consistent with the lower bound from (3).
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Figure 13: Allowed values of % as a function of ﬁf‘é’L (solid red), as well as the
linear relationship AAy; = AAp;, (dashed blue), for the ETW brane geometry. Here

we are using units LA% for both axes, which is roughly the number of local degrees of

freedom in the dual CFT (recall that the Brown-Henneaux central charge is ¢ = B%‘S).

5.3 AdS,,,; defect and BTZ black hole

The metric of the defect and BTZ spacetimes in global coordinates is given by

2 r? 2 dr? 2742
ds*=—| 5——M |dt t ot d¢~, ¢ €[0,2m). (94)
LAdS (er— — M)
AdS
The parameter M is related to the ADM mass by M = 8Gy Mapy. This metric encapsulates the
following geometries:

* M = —1: Pure AdS;.
* —1 < M < 0: Conical defect with a particle of mass m = 4% (1 —+v|M I).
* M > 0: Non-rotating BTZ black hole.

The conformal boundary of the defect spacetime is the Lorentzian cylinder, which we can
describe with angular coordinate ¢ and time coordinate { = t/Laqg. The configuration of
input regions f)l, fﬁz and output region 7 on the cylinder will be taken as shown in figure 14.
For simplicity, we are restricting to the case that V;, V, lie in a slice with fixed f = f; and have
equal angular size y. We will assume that the centres of these intervals are separated by angle
0 satisfying 0 < y < 6 < 7, so that the intervals don’t overlap.

We analyze this set-up in detail in appendices A.2 and A.3. Restricting to configurations
for which scattering is possible, we find the range of AAyp; obtained for the BTZ black hole to
be a subset of that obtained for the defect, and the minimum value of AAy; at a given AAp;
is always smaller for the defect than for the black hole. Consequently, we will review only
the defect case in this section, since it more strongly constrains a putative lower bound. The
information relevant for our purposes is as follows:
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Figure 14: Placement of input regions V;, V, and output region X on the boundary
of the defect/BTZ spacetime. We take y to be the angular size of the regions V; and
V,, and 6 to be their angular separation.

* A python’s lunch exists provided either M < —% and 2n—0) < X, or M > —%.

VM’
When this is the case, the area difference appearing in the python’s lunch conjecture is
given by
LAY p -1 S
2Lp4g1n csc( —2r—0)||, M<—35, and 9>7r|2 Wik
AApy, = sin(@(zme)) ) ) (95)
2LpgsIn | ————< |, M>—-7, and 6 < 12— —].
AdS sin(@@n—e)) 4 | m |

* When a python’s lunch exists, the condition under which scattering is possible is

(1

T(Zn—@))—cos( |M|)()ZO. (96)

* When scattering is possible, the area difference AAy; appearing in the mutual informa-
tion I(V; : V,) is
sin? (—”lel x)

AAMI = ZLAdS ln
sin? (@(n —x)) — sin? (@(n — 9))

(97)

With this information, we can plot the allowed values of AAy; as a function of AAp; when-
ever scattering is possible. We show this plot in figure 15, obtained by varying M, y, and 6
subject to the relevant constraints and computing AAp;, AAy;. We find that the largest lower
bound of the form AAy; > ayAAp;, consistent with this plot has ay ~ 1.6. In particular, this
example is consistent with the lower bound from (3) and less constraining for the value of a,
than the ETW brane example.
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Figure 15: Allowed values of % as a function of iAé’L (solid red), as well as the

linear relationship AAy; = 1.6AAp; (dashed blue), for the AdS defect. Here we

are using units % for both axes, which is roughly the number of local degrees of

freedom in the dual CFT (recall that the Brown-Henneaux central charge is ¢ = 3%‘5).

Note that 0 < % <1 ln(B)LA—GClS given the constraints on parameters.

6 Discussion

In this work, we argued for boundary correlation implications of the projective tensor network
model description of bulk AdS geometry. Our key claim is the lower bound (3). Interpreting
this statement geometrically, we obtain a precise implication of this model for bulk geometry
which can be checked by direct computations. We verify this implication partially and hence
provide evidence supporting the tensor network model by proving two weakened versions of
this geometrical statement. Further investigating this setting opens up a number of opportuni-
ties to better understand the tensor network model, the pythons lunch conjecture, and aspects
of cryptography.

Resolving a: Currently, our argument for the lower bound (3) requires a delicate choice of
secret size d,, and an assumption that € (the correctness error) is very small. Because of this,
the undetermined constant a, appears in our eventual lower bound.

This situation is reminiscent of initial quantum information arguments for the connected
wedge theorem [40], which required similar arguments, while later improvements to the lower
bound removed this need. Similarly improvements to theorem 2 may be able to determine .
In particular, a lower bound where —In 6 appears directly, rather than —ln(l / dé/ 2415+ e)
may be possible. For instance d;, and € could appear in a term multiplying In 6, or in other
terms. We leave investigating this to future work. Determining a, would allow a more precise
comparison to be carried out in studying the lower bound (3), and hence a more precise check
of the projective tensor network model.
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Conjecture 3 and the python’s lunch: Recall that our current argument tests the projective
tensor network model by extracting consequences of these projections for boundary correla-
tion. Since these projections also lead to the large complexities appearing in the lunch conjec-
ture, this indirectly tests the conjecture. It would be an improvement to our work to be able
to relate the complexity appearing in the python’s lunch conjecture and boundary correlation
directly. Towards doing this we introduced conjecture 53, which relates complexity and mu-
tual information directly. Unfortunately, we couldn’t prove this conjecture, but doing so would
open up more direct tests of the lunch conjecture.

Other implications of the python’s lunch conjecture: We can view our set-up as an example
sitting within a broader framework. The work [39] advocated for taking an operational per-
spective on AdS/CFT: quantum information processing tasks with inputs and outputs at the
conformal boundary could be understood and reasoned about from both a bulk and boundary
perspective. Requiring consistency of the bulk and boundary perspectives on these information
processing tasks implies constraints on the CFT that can be checked and confirmed explicitly.

This was extended in [41] to allow for inputs and outputs beginning and ending at bulk
points. To do so, we assume entanglement wedge reconstruction, which tells us which bound-
ary regions can access information at a given bulk point and lets us define the corresponding
boundary task. Our work here presents a further extension of this framework: Assuming the
python’s lunch conjecture, we can characterize when reconstructing a bulk point is compu-
tationally hard, and thereby reason about information processing tasks which have computa-
tional constraints. Our work derives an initial consequence of this perspective, but it seems
likely we can find others. For example in the information-theoretic context, [46] used the
quantum tasks perspective to derive boundary entanglement consequences of a bulk geomet-
ric feature they labelled a ‘private curve’. It may be possible to revisit this in the computational
setting, or develop novel settings that don’t have information-theoretic analogues.
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A Complexity-correlation relationship in examples

In this appendix we provide details for the analysis of the examples appearing in section 5.
Our goal is to verify whether the lower bound (6) on the mutual information I(V; : V,) is
violated in these examples. Of course, this lower bound comes with an undetermined uni-
versal coefficient a, which represents an obstacle for direct comparison of our results with
this bound. Nevertheless, if we can identify a sequence of geometries for which I ()A/l : f/z)
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approaches zero while AAp; is bounded from below, we can demonstrate a violation of the
bound. Moreover, given a family of geometries where the bound is expected to hold, study-
ing the complexity-entanglement relationship within the family can provide non-trivial upper
bounds on the coefficient a.

We will consider a two-interval example in vacuum AdS,, ;, as well as two classes of locally
AdS,,, geometries:

* Conical defects/BTZ black holes.
* Global AdS,,; with a static end-of-the-world (ETW) brane.

Each of these two classes is a one-parameter family of geometries, with the parameter corre-
sponding to the mass of the defect/black hole and the tension of the ETW brane respectively.
We will not consider the most general input regions V;,V,, but rather assume that they are
intervals of equal size to simplify calculations.

A.1 Two intervals in pure AdS,

We start with the details of the two-interval example.

Bulk geometry
The bulk geometry is global AdS,,; with the metric

2 2
dsZ:—(—rz +1)dt2+r2d;+r2d¢2, ¢ €[0,2m). (A1)
AdS (—+1)
AdS

Since we are doing computations in vacuum AdS, we can take advantage of the embedding
space formalism. Recall that we can write AdS,,; as the unit hyperboloid in R*? defined by

the locus X* = —L2 .. Namely
X® = Lygs(cosh p cost, cosh p sin £, sinh p cos ¢, sinh p sin¢), (A.2)
where
r:LAdS Sinhp, £: t/LAdS' (AB)
Boundary geometry

The conformal boundary is the Lorentzian cylinder, which we can describe with angular coor-
dinate ¢ and time coordinate . The configuration of input regions V;, V, and output region R
is illustrated in figure 10b. Here R has two disconnected components, each of angular width
u. The two complementary intervals have size v

V=m—Uu. (A.4)

We place them at £ = 0. We will assume that u > » to ensure that R gives a connected wedge,
and so that this configuration has a lunch. In terms of (£, ¢) coordinates we have

R, : (0,—%), (o, g) (A.5)
Oy : (o, an_“), (0,—%2_“). (A.6)
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We will now define the input regions V; and V, in terms of two input points ¢; and c,. For

convenience, we will place them at fixed { = —7 and symmetrically beneath the end points of
Rq
A _ H) : (_ H) A7
cl.( T, 2 ) Cy: 7,2 . (A.7)
This makes lA)l, 192 intervals of size T with endpoints
. + -
avl : (_ZJ_‘U T) > (_Zn_‘u T) 5 (Ag)
2 2 2 2
. T U—T T U+T
2% (FIET), (-5EET). 3
Vs > o 5 5 (A.9)

To make sure the V; are domains of dependence we need to take
7€ (0,v), (A.10)

where again we’ve assumed v < u.

Spacelike geodesics

For our purposes, we will only need spacelike geodesics on equal time slices. These take the
form

sec2(¢ — Po)
tan? (%Aqﬁ) —tan2(¢ — ¢g)
where ¢, is the center and A¢ is the angular width of the interval. These have regularized
lengths

r(¢) = LAdSJ (A.11)

1 =2LAdsln|:%sin(%A¢>)], (A12)
€

where we regulate by cutting of the bulk at r = LA%

Since it will be useful to us later, note that we can also describe these spacelike geodesics
in terms of intersections of hyperplanes. As we limit to the boundary, the leading term in (A.2)
is proportional to the following null vector

Je)
X%~ LAdS%(cos t,sint,cos ¢,sin¢p) = Lygse’q*(t, ¢). (A.13)
The Rindler horizons null separated from a point on the boundary is described by the locus

q“(t,¢)X, =0, (A.14)

and each spacelike geodesic can be recast as the intersection of two such Rindler horizons.
Now the particular RT surfaces relevant for our lunch configuration are illustrated in fig-
ure 16. The “appetizer” surface, the true RT surface, and the bulge surface are as follows:

* The appetizer surface corresponds to the union of A¢,,, =u, ¢¢=0,7 shown in
dashed blue.

* The true RT surface corresponds to the union of A¢ry = v, ¢o==£75 shown in solid
blue.

* The bulge surface corresponds to the union of A¢pyee =7, Po = +5 shown in solid
red.

Technically the bulge can be viewed as the union of two kink surfaces, each homologous to one
of the connected intervals. The length of the kink is manifestly larger than either candidate
RT surface and our choice u > v makes the wedge for R connected.
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Figure 16: The RT surface YRR, defining the entanglement wedge of %, U R, is
shown in solid blue; the appetizer surface TR, YTR, is in dashed blue. The bulge is
depicted in red. The lunch region sits between the appetizer and RT surfaces.

Null geodesics

We can write the null geodesics in global AdS,,; as [39]

p(k):arccosh(\lﬂ(l—ﬂz)+ L ),

1—4¢2
t(A) = fo+g+arctan(k(1—€2)) , (A.15)
A(1—¢?
P(A) =y + g + arctan((T)) ,

where A € (—o0, 00) is an affine parameter, £ € (—1, 1) is the angular momentum, and (t, ¢q)
is the starting points of the null geodesic on the conformal boundary.
A.1.1 Scattering

We will now set up the scattering problem relevant to our lunch configuration. See also ap-
pendix C of [39] for equations relevant to scattering in global AdS,, ;. Our goal is to determine
for what ranges of T and u scattering is possible. Our scattering problem is determined by the

input pOintS in (A / ),
. _) (: M (—‘ —) A. 6
C1: ( ) 2 > 2 ¢ > 2 > ( 1 )

and the output point lying on the appetizer surface associated with 7K. This will correspond
to being in the past of both ?; and R]. In vacuum AdS, we can phrase this in terms of output

points
2 —
r: (g,O) s ry: ( 7'52 'u,rc) . (A.17)

The past lightcones of these points will intersect at the RT surface for 7@1 in figure 16.

Ingoing process

Lightlike geodesics from c¢; and ¢, will intersect along a ridge defined by the intersection of
the following null hyperplanes

¢ (—T,—%)Xa 0, ¢° (—T, %)X —0, (A.18)
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or

coshp cos(f + T) =sinhp cos(d) + %) =sinhp cos(—d) + %) . (A.19)

One can see straightforwardly that ¢ = 0, 7r, which is also clear by symmetry. Equation (A.19)
then reduces to
cos(f + 1) =+tanhp cos(%) , (A.20)

which implicitly defines the profile £(p).

Outgoing process

We next want to ask when this ridge lies in the past of r; and r, in (A.17) so that easy-hard
scattering is allowed. The past light cones of r; and r, are defined in embedding space by the

hyperplanes,
2 —
qa(%,O)Xa —o0, qa( “2 “,n)xa ~0. (A21)

Substituting in (A.2) and (A.13) we see that the lightcone of r; satisfies

coshp cos(f — %) =sinhpcos¢, (A.22)
while the lightcone of r, satisfies
coshp cos(f + %) =sinhpcos¢ . (A.23)

Let us label the intersections of the ridge (A.19) with these loci p; and p,. In order for the
ridge to have a nonzero length, we want the intersections with the past lightcones to overlap.
Scattering condition

Our goal is now to see for what values of 7 this occurs. The easiest way to do this is to identify
the marginal case where the ridge gets cut off to a point. All together we want

M) _ icos(f+’r)

.U n
tanh p =cos(t——) =cos(t+— —_—. (A.24)
2 2 cos(%)
The middle equality tells us
trt =z (t-E)+ann. (A.25)
2 2
Since we don’t want to restrict 4 we should have the minus sign. Then we obtain
t=nm. (A.26)

Now we also need the scattering point to be in the future of the c¢; and past of the r;. The fact
that 7 is upper bounded by 7 — u tells us

fe(u—n,n—g) € (—m,m), (A.27)

so we should have = 0. For ¢ =0, © we have

cos T = =+ cos? % . (A.28)

Now we’ve assumed u > 7 so that » < 7 and by (A.10)

Te (o, g) . (A.29)
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We thus need to pick the + signed solution corresponding to ¢ = 0. In the end, the marginal
scattering point is at

t=o0, ¢ =0, cosrzcoszg, tanhpzcos%, (A.30)
in agreement with [39] and we get bulk-only scattering for cos_l[cosz(%)] <t<mT—U.

A.1.2 Complexity and correlation

Now we would like to see how this configuration leads to a counterexample where 7 can be
tuned so that AAy;; appearing in the RT formula for the mutual information I(V; : V,) vanishes
while AAp; remains fixed and non-zero. We will start by computing each of these quantities
in turn.

Mutual information

Recall that in order for the boundary input regions to be domains of dependence we needed
to restrict to T < v and, further, we have v < 7 by assumption. As such, we know each of the
input intervals is less than 7 in size. Meanwhile, their centers are separated by 7. Comparing
to (A.12) we thus see that the entanglement wedge will be connected if the right hand side of

sinz(%f)

AAMI = LAdS ln - - (A.B 1)
sm(%(u — 7:)) sm(%(Zn —u— T))
is positive, which will be the case when
2 U
cos T < cos 3 (A.32)

which was exactly our scattering condition above once we note cos T is monotonically decreas-
ing over the range 7 € (0, 5). When 7 < COS_I[COSZ(%)], we have AAy; = 0.

Python’s lunch

Now the existence of a python’s lunch in our set up is independent of T and was guaranteed
by our choice that y > v so that the entanglement wedge of R was connected. We then find
that the python’s lunch area difference is given by

Adp, = LygsIn [csc2 (%)] (A.33)

which is the difference of the bulge surface built with two A¢ = 7 segments and the appetizer
surface with A¢p = p.

Connected wedge theorem

The connected wedge theorem tells us that scattering implies a connected wedge; however,
above we saw that the conditions for scattering and positive AAy; were precisely equal. This
arises from the fact that in global AdS,_ ; the connected wedge theorem actually has a converse.
While one might be worried that our two-interval set up is different than the one considered
in [39], for our discussion of easy-hard scattering we are effectively studying the scattering
problem with input regions V; and output regions X, and 7@’1, which reduces to the points
based configuration defined by the ¢; and r; above. Then, the lift and slope surfaces in the
proof of [40] have no caustics, and the length of the ridge is precisely equal to twice the
mutual information, rather than giving a lower bound.
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Complexity versus correlation

Our above discussions show that we can tune 7 to be small enough that the entanglement
wedge for the V; becomes disconnected and AAy; vanishes. However, AAp; is independent of
7. We thus have a counterexample where AAy; 72 a,AAp, for any ay.

A.2 AdS,, , with conical defect

We now consider the case of a single conical defect in the centre of AdS,, ;. Note that some of
our calculations overlap with those of [47].

Bulk geometry

The metric in global coordinates (¢, r, ¢ ) can be found in (94); recall that the case —1 < M < 0
corresponds to the defect. Note that, in the case of conical defects, the special values M = —]%
with N € N correspond to orbifolds AdS,,;/Zy, but we can consider M as a continuous pa-
rameter more generally. In this more general case, we will isolate the integer part of 1/+/|M]|

by writing

1 1
——=N+a, NZ{—J, O<a<l. (A.34)

VM| IM]

Boundary geometry

The conformal boundary of the defect spacetime with the relevant configuration of input re-
gions V;, V, and output region R is shown in figure 14. Recall that, using angular coordinate
¢ and time coordinate f = t/L 45, we choose V;, V, to lie in a slice with fixed f = f;, to have
equal angular size y, and to be placed symmetrically about ¢ = 0 and separated by angle 6
satisfying

O<y<6O<m, (A.35)

so that the intervals don’t overlap. The region R is then in the slice f = £ + %, has angular
size 2w — 60, and is centred at ¢ = .
Spacelike geodesics

Consider the geodesics whose endpoints are at a fixed coordinate time ¢ and separated by an
angle A¢ (which may for example be larger than 27 if the geodesic self-intersects). Such
geodesics centred at ¢ = 0 have trajectory (see e.g. [47])

r($) = v/IM|Lags sec(VIMI) , (A.36)
tan? (@Aqs) —tan2(/[M]$)

and they have regularized lengths

- 2 (VM
£—2LAdsln|:€\/Msm( > Aqb):|, (A.37)

where we regulate by cutting off the bulk at r = %
We would like to fix 0 < ©® < 7 and determine how many distinct geodesics have endpoints
subtending angle ©. In (A.36) and (A.37), we may take A¢ € (0, t/+/|M|) without loss of

generality due to the periodicity of the trigonometric functions. If M = —I% as in the previous
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Figure 17: Spacelike geodesics in the case of defect with ﬁ =3.5,i.e. N=3and

a = 0.5. In the left figure, we take ® = % less than (1 —a)m = 7, and therefore
obtain only three geodesics. In the right figure, we take © = 37” greater than 7, and
therefore obtain four geodesics.

case, then this would imply that, for any angle 0 < © < 7, we have N distinct geodesics
subtending angle ©, corresponding to

‘2

{2nk +Olk € {0,..., =2
1

. Bu{en(k+1)—0lke{o,..., 2552}, 2|N,
¢ {2nk + Ok €{0,..., Y1} =3

N
(A.38)
tu{2n(k+1)—06lk€{0,..., %3

‘2
N IS

However, more generally, the number of geodesics will vary discontinuously with ©: when
A¢ € (0,(N + a)r), then compared to the above accounting, there is an extra geodesic for
0 < ©® < am when 2 | N, and an extra geodesic for (1 —a)m < © < © when 2} N. See figure
17 for an example.

In the analysis of the python’s lunch conjecture, we will also consider a candidate path
which consists of two radial segments joined at a kink where the defect is located, as shown
in figure 18. The length of such a path is

Lags/€

d 2
lige = 2 L ——Y S [—} . (A.39)
0 r2/L> €/ M|

AdS

This is manifestly larger than the length (A.37) of any of the extremal surfaces discussed above,
and will thus only be the bulge surface when no other candidate bulge surface is available,
i.e. in the case N = 1 or in the case N = 2 and an < © < 7. This is a consequence of the
“maximinimax prescription” (see Appendix B of [1], or Section 5 of [36] where the AdS,,/Z,
orbifolds are explicitly considered).

We will take a moment to clarify which geodesics are the “appetizer” surface, the true RT
surface, and the bulge surface. For any —1 < M < 0, assuming that we take 0 < 6 < 7 and
are interested in a boundary region R of size 21 — 0, the values of A¢ appearing in (A.36)
and (A.37) are as follows:

* The appetizer surface corresponds to A¢,,, =27 — 6.
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Figure 18: Constant t slice of the AdS defect, and the appetizer, bulge, and RT sur-
faces associated with boundary region R. Here, the bulge is taken to be the “kink”
surface.

* The true RT surface corresponds to A¢gpr = 6.
For the bulge surface, we have a few cases:

* Suppose that N =1.

— For 0 < 6 < (1 — a)m, there is no candidate appetizer surface, and therefore no
python’s lunch.

— For (1 —a)m < 6 < m, the bulge surface is the “kink” surface discussed around
(A.39).

e Suppose that N = 2.

- For 0 < 6 < am, the bulge surface corresponds to Agyyjee =27 + 6.

— For anm < 0 < 7, the bulge surface is the kink surface discussed around (A.39).
* Suppose that N > 2. Then the bulge surface corresponds to A¢yyjge =27 + 6.

We'll call the surface with A¢ = 27 + 6 the non-kink bulge surface.

Null geodesics

Up to a choice of affine parameter, the general solution to the null geodesic equation originat-
ing from the conformal boundary at (t_o, ¢_oo) is (see e.g. [47])

r(s) = LAdSQ (1—-b2)s2+ 1—b2) M|,

_ Lags _1[(1—192) ] T
t(s) —\/Mtan N s +2\/MLAdS+t—OO:
—1 tan™! [(1 — bz)s] + T
VIM]| bv M| 2v M|

41
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where |b| < 1.
A degenerate special case of interest occurs when the angle ¢ is constant. In this case, the
null equation is t = :l:ﬁ, with solution

Sl i)
t=+F tan ' | ———— | — = |+ tr0o> (A.41)
IM] MiLps) 21 77

with negative and positive signs for t corresponding to ingoing and outgoing geodesics respec-
tively.

A.2.1 Scattering

We would like to determine under what conditions the “easy-hard” two-to-two scattering re-
gionJ (E:;Sy, (E:;Sy)’ ) is non-empty. By continuity, and since the entanglement wedges of V;, 1,
coincide with the causal wedges of these regions, it will suffice to determine when we have a
non-empty two-to-one scattering region with input points on the conformal boundary at

A A 0 A A
(ta(p):(tl_ga_g) ) and (t’(p):(tl_l:_) 5 (A~42)
and the output point lying on the appetizer surface associated with 7%, at some
2 X
(t; r, ¢) = (tiLAdS + ELAdS: Tapp> ¢app) . (A.43)

Suppose that we have a bulk scattering point at (r,,¢,). We first determine the
elapsed coordinate times Ati(;)(r*, b.), Ati(n_)(r*, ¢,) for the ingoing parts of a scat-
tering process where null geodesics originate at the input points and terminate at
(t,1,¢) = (t;Lpags — %LAdS + Ati(:), > ¢.). We then determine the elapsed time At (7., ¢.)
for the outgoing part of the scattering process where a null geodesic originates at a point
(t,r,$) = (t;Lags + £ Lags— Atoue T $,) and terminates at the output point. It is evident that
the desired scattering process is possible if and only if the time t at which the ingoing part of
the process ends is smaller than the time t at which the outgoing part of the process begins,
namely

min { max{At{7(r,, ¢.), A (1, 9.0} + Atoy (. 6.} < 2Lags (A.44)

(r*’¢*
We note that the elapsed time at (r, ¢) for a null geodesic originating at the conformal bound-
ary is given by [47]

Lags | ® - cot(+/[M]A¢)
2 2
M| \/1+%csc2(\/|M|A¢)

where A¢ € [0, ] is the angular distance between the input point and ¢.
Taking ¢, € [—m, 0] without loss of generality, we find that the viable local minima for
Atoi(ry, ¢,) occur at ¢, = —m. We therefore find

cot(@@n— 6))

At =

, (A.45)

At; 1
Lm(r*) - g _ tan-l _ (A.46)
AdS M
\J 1+ (—V "‘f'LAdS) csc2 (—V M am— 9)))
Moreover, if we take an outgoing radial geodesic on the ¢ = —m axis, we have by (A.41),
Alou(r,) _ ' 6—om, m 1 (L) . (A47)
Lpas 2 2¢/IM| VM| VIM|Lags
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Figure 19: Phase diagrams for N = 1 and various values of a. The blue region
is where scattering is allowed, the red region is where a python’s lunch exists but
scattering is not allowed, and the white region with ¥ < 0 (above the dashed line)
is where a python’s lunch does not exist.

Scattering condition

We can now determine r, by minimizing the total elapsed time At.,; = At;j, + Atyy:, and then
determine whether this exceeds the upper bound y L,4s from (A.44).

We observe that At;,(r,) is decreasing as a function of r,, whereas At (r,) is decreasing
until r, = r,pp, then increasing. It follows that one should have r, > r,,,. In fact, we find
that At (r,) does not have any local extrema on r, € (,p,, ©0), so we should take r, = ryy,.
Whether scattering is possible or not therefore reduces to whether At;,(r,pp) < ¥ Lags- Ex-
plicitly, we find the condition

VIM]

freater(x, 6) = cos” (T(Z“ - 9)) —cos( /M) = 0. (A.48)

In figure 19, we plot some examples of phase diagrams depicting when scattering is possible
and when a python’s lunch exists.

A.2.2 Complexity and correlation

We would like to see whether the area difference AAy; appearing in the RT formula for the
mutual information I(V; : V,) and the area difference AAp; appearing in the python’s lunch
proposal for the complexity are related in the case where bulk scattering is possible. We begin
by calculating these quantities in our setup.

Mutual information

The entanglement wedge of V; UV, can either be disconnected or connected, implying van-
ishing or non-vanishing mutual information respectively. From (A.37), the disconnected can-
didate RT surface has regularized length

2L M
£ 4is = 4Lpgs ln[ :ds sin( |2 lx)] . (A.49)

The candidate connected entanglement wedge includes the defect if and only if 6 + y > =,
and therefore the corresponding RT surface has regularized length

2 S0 Vo
2Lp4s1n (—ZLé‘dS) sin —|M|§9 z) sin —|M|2(9+1)):|

s 0+y<m,
(A.50)

Econn: 2 T vl
2LpgsIn (L:ds) sin w sin w)], O+y>m.
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For 6 + y < m, the condition for £.,,, < £4;, and therefore to have a connected entangle-

ment wedge, is

v M

0 < 2 sin™! [\/Esin( | |x)} s (A.51)
|M]| 2

whereas for 6 + y > m, it is that either y > % or

0<m— 2 sin™! \Jsinz(%(n—)ﬁ)—sinz(%x) . (A.52)

|M]|

For any situation 0 < y < 6 < 7 with y > 7, one necessarily has 6 + y > 7, so the en-
tanglement wedge is connected if and only if one of the following mutually disjoint conditions
holds:

1. y <7 and y +6 < mand (A.51).
2. y <5 and y + 60 > 7 and (A.52).

3. x>

INJE]

The area difference appearing in the mutual information I (fil : f/z) is, in the case of a
connected entanglement wedge,

2L pgs] () 6
Ads T sinz(@é)—sinz(#x) ’ XFo=<m,
AAyy = 1 i L #l) (A.53)
LZLAds In _sz(m(n X))—sinz(@(n—e)) , x+0>m

Python’s lunch

The area difference appearing in the python’s lunch conjecture is the difference between the
area of the bulge surface and the appetizer surface. We find for cases where the bulge is the
kink surface, i.e. both N =1, (1—a)nt <0 and N =2, ant < 0, that

AAp, = 2Lpgg1n [csc( |2M| 2r— 9))] , (A.54)

whereas for cases where the bulge is a non-kink surface, i.e. N =2, 0 <amwand N > 2,

sin Vvl 2m+ 60
(SForso)

AAPL == 2LAdS ln (A.SS)
sin (—”|2M|(27'r — 0))
We note that the inequalities imply
1
0< —AAp <2n(3), (A.56)

AdS

with the upper bound corresponding to the limit M — 0 and 6 — 7.
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Connected wedge theorem

We can verify whether scattering implies a connected entanglement wedge in the current setup.
We can consider the contrapositive of this statement: suppose that the entanglement wedge
is not connected, such that y < 7, and either one is in the case where y + 6 < m and

0 > 2 sin_l[ﬁsin( |2M|)():|, (A.57)

|M]|

or one is in the case where y + 6 > m and

0>mn— 2 sin~! \Jsinz( lM'(n—x))—sinz(%x) . (A.58)

|M]| 2

We recall from (A.48) that the condition for scattering is the positivity of

vl

fscatter()(, 9) = cos* (T(ZTC - 9)) - COS( |M| ) . (A.59)

We can maximize this quantity with respect to either of the above constraints in (A.57) and
(A.58), along with the constraints 0 < y < 6 < 7, and the additional constraints

O0<a<l, 1—a)yr<o, (A.60)

in the case N = 1, which ensure that a python’s lunch exists. In both cases, we find that the
maximum value subject to the constraints is non-positive. The largest value of fy. uer(¥,6)
occurs in the limit (y,0) — (%, 7) and in the limit M — 0, in which cases fuer(¥,0) ap-
proaches zero. Thus, scattering is not possible. This establishes that the connected wedge
theorem holds in this setting.

Furthermore, similar to the result of [47], we find that holographic scattering requires that
we are in the phase where the entanglement wedge includes the defect. Indeed, we can do a
similar maximization, now subject to the constraints

N[ A

v | M
- x+0<m, 0 < 2 sin_1|:\/§sin( |2|x)], (A.61)

M|

corresponding to a connected wedge which does not include the defect, along with
0 < y < 0 < &, and the additional constraints (A.60) in the case N = 1. We find that the max-
imum is again negative, implying that the situation in which the entanglement wedge does not
include the defect is inconsistent with scattering. In particular, this means that we can always
restrict to the second case in (A.53) when evaluating AAy; for scattering configurations.

Complexity versus correlation

We can at last investigate whether there is any relationship between AAy;; and AAp; whenever
scattering is possible. We observe that, for fixed M and 0, we have AAp; constant with respect
to y, while AAy; is increasing with respect to y. The minimum value of AAy; for a given
AAp; therefore corresponds to the minimum value of y consistent with scattering, i.e. where
fscatter(X>0) = 0 in (A.48). Letting ymin(6) denote this value of y, we find that the lower
bound on AAy; can be found by fixing y = i, (0), setting 8 = 7, and varying —1 < M < 0.
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From these considerations, we can obtain an implicit lower bound which we plot in figure 15,
given by

| 1
AATI(x) = 2Laq ln[ :| |
MI A1 + 2c0s2(x) — 2 cos(x) v/T + cos2(x) o
. A.62
sin(3x)
AAp (x) = 2Lnas ln(m) , 0<x<Z,
2LpgsIn(ese(x)), Z<x<3%.

As mentioned in the main text, we find that the largest lower bound of the form
AAyg = agAAp;, consistent with this phase boundary is

2In(v2-1)

In(3) 1.6, (A.63)

Ay =

obtained from the limit M — 0.

A.3 BTZ black hole

We next consider the case of a non-rotating BTZ black hole.

Bulk geometry

The metric is the same as the defect metric in (94), though now with M > 0.

Boundary geometry

We specify the boundary geometry exactly as in the analysis of the conical defect; see figure
14 and the surrounding discussion for details.

Spacelike geodesics

Consider the geodesics whose endpoints are at a fixed coordinate time t and separated by an
angle A¢. Such geodesics have trajectory [47]

sech*(vM
r(¢) = vVMLygs Wi (VM) , (A.64)
tanh? (TAd)) —tanh?(vV/M¢)
and they have regularized lengths
2 VM
£ =2Lxq51n sinh A s (A.65)
Ads [ i ( 5 Ad )]

where we regulate by cutting off the bulk at r = %

Unlike in the case of the defect, we now have infinitely many geodesics with fixed end-
points, which can have arbitrarily many self-intersections. The bulge surface will presumably
always be the shortest self-intersecting surface, with a single self-intersection. Thus, for any
M > 0, assuming that we take 0 < 6 < 7 and are interested in a boundary region R of size
21— 0, the values of A¢ appearing in the expressions for the trajectory of the geodesic are as
follows:

* The appetizer surface corresponds to A¢,,, =27 — 6.
* The true RT surface corresponds to A¢prr = 6. Additionally, there is a separate con-

nected piece of the RT surface at the horizon r = v M L.
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EL3
2

Figure 20: Spacelike geodesics in the case of the BTZ black hole with M = 0.1 and
6 = 3. The solid red, gold, and blue curves denote the RT surface, bulge surface,
and appetizer surface respectively.

* The bulge surface corresponds to A¢ypyjge =27 + 6.

We note that the exchange of dominance between the candidate RT surfaces, required for
the existence of a python’s lunch for R, occurs for 8 = 6,;,(M) with

1
Ocrit(M) =1 — Wivi Incosh (7'5 m) . (A.66)
This is a decreasing function of M, with 6;,(0) = 7 and 6,;;(00) = 0.

Null geodesics

Up to a choice of affine parameter, the general solution to the null geodesic equation originat-
ing from the conformal boundary at (t_o, ¢_oo) is [47]

2
r(s)= LAdS\J (1—b2)s2— (1—b2)M’
__Lnas 4 VM 1
t(s) = mtanh |:(1—b2)s]+t_°°’ (A.67)
B W % i
$(6) =~ tanh [(1_b2)5]+¢_m,

where |b| < 1.
A degenerate special case of interest occurs when the angle ¢ is constant. In this case, the

solution becomes
L vML
t = +-A9 k! (—Ads) Fte, (A.68)
r

with negative and positive signs for t corresponding to ingoing and outgoing geodesics respec-
tively.
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A.3.1 Scattering

Again, we will consider the two-to-one scattering region with input points on the conformal

boundary at
. . x 0 . . x 0
(t)¢):(ti_§;_§) ) and (t’¢):(ti_§’§) , (A.69)
and the output point lying on the appetizer surface associated with 7%, at some
P X
(t: T ¢) = (tiLAdS + ELAdS: Tapp> ¢app) . (A.70)

Suppose that we have a bulk scattering point at (r,, ¢,.). As in the analysis of the defect in
section A.2.1, the condition under which scattering is allowed is

min {max{m;(r*, §.0, AL (1, $0} + Aty (r, qs*)} <tlus- (A7)

We note that the elapsed time at (r, ¢ ) for a null geodesic originating at the conformal bound-
ary is given by [47]

2
At LAdS ¢ h_l \/% + Slnhz(mA¢))
= —tan
vM cosh(mAqﬁ)

s (A.72)

where A¢ € [0, ] is the angular distance between the input point and ¢.
Taking ¢, € [—mr,0] without loss of generality, we appear to find that the viable local

minima for At (r,, ¢,) occur at ¢, = —m. We therefore find
2
Atn(r) 1 i o (2 0)
I = — tanh ™! - — (A.73)
Lags VM COSh(TM(ZTL'— 9))
Moreover, if we take an outgoing radial geodesic on the ¢ = —n axis, we have by (A.68),
Atout(r*) _ 270 — 9 _ 1 tanh_l ( '\/MLAds) . (A.74)
LAdS 2 \/M Ty

Scattering condition

We can now determine r, by minimizing the total elapsed time At,,, = At;, + Atyy, and then
determine whether this exceeds the upper bound y Lpqs from (A.44).

We observe that At;,(r,) is decreasing as a function of r,, whereas At,(r,) is decreasing
until r,, = r,pp, then increasing. It follows that one should have r, > r,,. In fact, we find
that At (r,) does not have any local extrema on r, € (1, ©0), so we should take r, = r,p,.
Whether scattering is possible or not therefore reduces to whether At;,(r,pp) < ¥ Lags- ExX-
plicitly, we find the condition

Fcarwer(x» 0) = cosh(v' My ) — cosh? (g(Zn - 9)) >0. (A.75)

We observe that fo.uer(x,6) is maximized at y = 6, and f, (6, 6) is an increasing
function of 0 < 6 < 7 for all fixed M > 0. On the other hand, we recall that there is an
upper bound on 6 consistent with R having a python’s lunch, given by 6 < 6.,;(M), which is
decreasing with M. It turns out that there is a maximum value of M above which this upper
bound on 0 is inconsistent with scattering; this maximum value is

M., ~0.01217001701. (A.76)
We plot phase diagrams for values of M below and above this threshold in figure 21.
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M=0.006 / M=0.02

Figure 21: Phase diagrams for various values of M. The blue region is where scat-
tering is allowed, the red region is where a python’s lunch exists but scattering is
not allowed, and the white region with y < 6 (above the dashed line) is where a
python’s lunch does not exist.

A.3.2 Complexity and correlation

We would like to see whether the area difference AAy; appearing in the RT formula for the
mutual information I ()A}l : )A/z) and the area difference AAyp; appearing in the python’s lunch
proposal for the reconstruction complexity of X are related in the case where bulk scattering
is possible. We proceed to calculate these quantities in our setup.

Mutual information

We can either have an entanglement wedge for V; UV, which is disconnected or connected,
implying vanishing or non-vanishing mutual information respectively. The disconnected can-
didate RT surface has regularized length

2 vM
Cuie = 4LngsIn| ——sinh [ “—=y || . A.77
d AdS n[emsm ( 5 X)] ( )

The candidate connected entanglement wedge surrounds the horizon if and only if
0+ y > 21— O (M), (A.78)

and therefore the corresponding RT surface has regularized length

m(e—x))smh(m(ew))]
2 2 ’

4
Econn = 2Lpgs In [ 20 sinh ( (A.79)

in the case 0 + y < 2m —0.;(M), and

Coonn = 2Lpgs In [ziM sinh (@) sinh ( YMQ@2r—6— X))] + 21V MLygs, (A.80)
€

2

in the case 6 + y > 27 — 6,;,(M).
For 0+ y < 2m— 0 (M), the condition for £.,,, < £4;s, and therefore to have a connected
entanglement wedge, is

0 < \/iﬁsinh_1 [ﬁsinh(gx)] . (A.81)
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On the other hand, for 6 + y > 2w —6,,;,(M), the condition to have a connected entanglement
wedge is

sinh? (@) — e ™M ginh2 (gx) < sinh? (@) s (A.82)

which means either that

o 1 vMn
X > Xerit(M) = 77t Wi In (cosh( > )) , (A.83)

which ensures that the left hand side is negative, or

2 a2 (Y vt g2 [ YM
0<m msmh \Jsmh( 5 (7 )()) e sinh 5 x . (A.84)

For 0 < y < 0 < m, we see that the entanglement wedge is connected if and only if one of
the following mutually disjoint conditions holds:

1. y +60 <2m—0.4(M) and (A.81).
2. y+60>2n—0.4(M)and y < yi:(M) and (A.84).
3. y+0>2n—0,(M)and y > yei(M).

The area difference appearing in the mutual information I (fil : f/z) is, in the case of a
connected entanglement wedge,

X+9 < zn_ecrit(M):

sinhz(@x) :|
_ (A.85)

ZLAdS In [ sinhz(‘/TM 9)—sinh2(‘/TM)()
2 l)
2

AAy =
MI P sinhz( VM
sinh?( L (n—y))-sinh?( L (=—6)

2LAdsln ):|, x+9>27‘c—9crit(M).

Python’s lunch

The area difference appearing in the python’s lunch conjecture is the difference between the
area of the bulge surface and the appetizer surface. When a python’s lunch exists, which
requires 0 < 6. (M), we have

sinh ((27 +6))
sinh(@@n — 6))

AAPL = ZLAdS ln (A.86)

We note that this quantity is bounded from above for fixed M since 6 < 6, (M), with upper
bound

sinh (Y2 (37 — - Incosh (nv/M))
1 Aap <2In (2 ] ) (A.87)
Lags sinh(@(n + ﬁlncosh(nm)))

This upper bound is a decreasing function of M, equal to 2L,451n(3) at M = 0 and 2L 45 In(2)
at M = 0o. We also find that there is a lower bound

1
—2In(v2—-1) < — A4y, (A.88)
Lags

obtained from the limit M — 0 with 6 taking its minimum value consistent with (A.75) and
x < 0.
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Connected wedge theorem

As for the defect, we can verify that the possibility of scattering implies a connected entangle-
ment wedge for V; UV,. Suppose that the entanglement wedge is not connected. Then we
either have y + 6 < 21— 6,;(M) and

2 s (VM
9>msmh (ﬁsmh( 2 x)), (A.89)

or y +60 > 21— 0.4(M), ¥ < ¥erie(M), and

— 2 o | A Lsinn2 [ M — ) ) — ervit ginn2 [ YM
0>n msmh \Jsmh( > (7 ){)) e sinh > x| - (A.90)

Maximizing fiamer(¥,6) from (A.75) subject to these constraints, along with
0 <y <0 < 6.,(M), we find a non-positive result, demonstrating that scattering is not
possible whenever the entanglement wedge is not connected.

Similarly, we also find that whenever scattering is possible, we are in the phase where the
entanglement wedge of V; UV, surrounds the horizon.

Complexity versus correlation

We can now investigate the relationship between AAy; and AAp;. We observe that, for fixed
M and fixed 6, we have AAp; constant with respect to y, while AAy; is increasing with respect
to y. The minimum value of AAy; for a given AAp; therefore corresponds to the minimum
value of y consistent with scattering, i.e. where f, uer(¥,0) = 0. From these considerations,
we can obtain a lower bound which we plot in figure 22; note that we are plotting the full
range of AAp; consistent with scattering in this figure.

The largest coefficient a, in a lower bound of the form AAy; > ayAAp; can be found from

taking M — 0, 0 = 0,;(M), and y = \/LM cosh™? [cosh2 (@(27‘5 — 9))]. We thereby obtain

ln( L )

\/—
04 ——NI,6 A.9|
0 1(3) > ( )

precisely the same coefficient as in the defect case. In fact, the defect case provides stronger
constraints on a putative lower bound on AAy;; than the BTZ case for all AAy;.

A.4 AdS, , with ETW brane

We lastly turn to the case of a pure AdS,,; spacetime terminating on a static ETW brane of
constant tension.

Bulk geometry

The metric of pure AdS,_; in global coordinates (¢, r, ¢ ), along with the ETW brane trajectory
r(¢) for a given choice of tension parameter T € [0, 1), can be found in (88) and (89). It
will sometimes be useful to change to Poincaré coordinates, with the Poincaré patch centred
at ¢ =—75 and t = 0. One has metric

12
ds® = 2‘—2‘15 (dz? —dr?+dx?), (A.92)
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045 046 047 048 049 050 051 052 0.53
1 AAPL

4 G

Figure 22: Allowed values of

hole. Here we are using units Ads for both axes, Wthh is roughly the number of local

degrees of freedom in the dual CFT (recall that the Brown-Henneaux central charge

. In(v2-1) L, L . .
isc= Ads) Note that — ( > )ATds < % < %ln(B)’%‘s whenever scattering is

possible, so we are plotting the full allowed range on the horizontal axis.

and the ETW brane has trajectory

Nieach (A.93)
In this case, the asymptotic boundary is the half-plane x > 0. See figure 11 for the depiction
of the 7 = 0 slice.
Denoting y? = —72 + x2 + 22 for convenience, the transformation between these two
coordinate systems is

(1—y2)? [ 27 L[y
r—LAdS\J Zz—l—T, t = Lpggtan 1[1+y2:|’ ¢ =tan! = | (A.94)

X T
b4

Boundary geometry

The conformal boundary of the spacetime with two different choices of regions V;,V, and
7R can be found in figure 12. Recall that, using angular coordinate ¢ € (—3%,%) and time
coordinate f = t/L,4s, we are choosing R to lie at fixed f and to subtend angle 0 < u < 7. We
then consider two cases: either V;, V, do not reach the boundary, in which case these intervals
have width 7 € (0, min{u, 7 — u}) and are at fixed £, or they do reach the boundary, in which
case we take v € (0, u) to denote the angular separation of their innermost endpoints.

The total boundary time Af elapsed between an 1nput point (the smallest ¢ point of the
causal development of Vl or Vz) and the output region R is Af = 7 for the first choice of

regions Vl, Vz, and
2 T+u—2v

Attot = 5 , (A.95)

for the second choice of V;, V,.
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Spacelike geodesics

We will only be interested in spacelike extremal surfaces within a constant t slice; for the
purposes of calculations, we can assume this is the t = 0 slice, or equivalently, the 7 = 0 slice
in Poincaré coordinates. See figure 23 for an illustration.

We can first consider the extremal surface, homologous to a boundary interval centred at
¢ = 0, which does not end on the ETW brane. Assuming it subtends angle A¢, we have that
the trajectory of the surface is given by

L
r(¢) = a5 sec(p) : (A.96)
Vtan2(A¢ /2) —tan?(¢)
and the regularized length (with regulator at r = Lpgg/€) is given by
2 A
€ =2Luqgs ln[—sin(%)] . (A.97)
€

We next consider the locally minimal surface, corresponding to the same boundary inter-
val, which ends on the ETW brane. This will be symmetric about ¢ = 0 and consist of two
disconnected pieces at ¢ < 0 and ¢ > 0; we restrict to determining the trajectory of the ¢ <0
piece without loss of generality.

It will be most convenient to work in Poincaré coordinates on the 7 = O slice. In this case,
the relevant extremal surface is a circular arc of a radius we label R centred at the origin in
Poincaré coordinates

x?+2%=R?. (A.98)

It is readily verified that this is normal to the ETW brane. Reverting to global coordinates, we

have trajectory
2

1+

r 2
cos® ¢ 2

2

Ligs 4R

1+ QR

AdS

t=0. (A.99)

Note that the boundary value of ¢, which should be —ATd), is given by cos™! (%), S0

R=sec(A¢/2)—tan(A¢/2). (A.100)

In particular, the surface has fixed t and

1+ * cos? ¢
AdS _ 2
— M — cos?(A¢/2). (A.101)
1+
AdS

r
2

We can also find the length of the surface in Poincaré coordinates. We first remark that the
regulator r = L,4q/€ translates to an x-dependent cutoff

2(x) = 2(1 +x2). (A.102)

We thus have (including both connected pieces of the surface)

R R
dz R dz R
€:2LAdsf _—2+2LAde —
P4

o z R2—g £(1+R2) z R2—g2

2 Agp /2 1+T
:ZLAdSIH(M)"'LAdSIH(l—F—T) ,
6 —

(A.103)
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Figure 23: Constant t slice of the AdS; geometry, depicting the appetizer, bulge, and
RT surfaces for a boundary interval of size A¢.

. . 2 2 __ p2 x ___ T .
where z is the solution to x“ +z° =R" and 7 = =z 8iven by

2=V 1—T2R. (A.104)

We observe that the two candidate RT surfaces exchange dominance at

A 1+T
tanz(—¢) —-T° (A.105)
2 1-T

Lastly, we consider a candidate for the bulge surface. We propose that the bulge surface
should be analogous to half of the “X” surface for global AdS identified in [1]: it should be
symmetric about ¢p = 0, consisting of two constant t extremal surfaces which meet at the point
¢ = 0 on the ETW brane (see figure 23).

Again, it will be simplest to work in Poincaré coordinates at T = 0. The extremal surface
will now be a circular arc of a radius we label B and offset from the origin in the x-direction
by a shift we label A,

(x +A)? +22 =B2. (A.106)

See figure 24. We know that the arc has one endpoint at (x1,%;) = (%}E%)Z), 0), and another
endpoint at (x4, 2,) satisfying

T

- 2,2 _
Xo = 1_T2Z2’ x2 +22 ]., (A.107)
where we have used that (x,,2,) is on the ETW brane and is located at ¢ = —7 in global

coordinates. In particular, we have (x5,2,) = (—T, ¥ 1 — T2). We therefore find
1—sin(u/2) )
1—sin(u/2) + T cos(u/2) )’
1— sin(,u/Z))2
cos(u/2) J

A= tan(u/z)(
(A.108)
B2=1—-2TA+A%*= (A+
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Figure 24: Geometry on the 7 = 0 slice. Here, G, g is @ Poincaré coordinate circle
of radius B centred at Oyq., Whose coordinates are (x,z) = (—A,0); it includes an
arc which we identify as half of the bulge surface. The circle x2+22 = 1 corresponds
to the symmetry plane ¢ = 0 in global coordinates.

We note that the inward tangent vector to the bulge surface at the ETW brane, located at
(x4,25), is in the positive z-direction if and only if A< T.

The expression for the regulated length (including both pieces) depends on whether A< T
is satisfied; if so, then it is given by (recalling the cutoff (A.102))

B

B
1 1
£=ZBLAdSJ %—+ZBLAdSJ =1
Jiztz # VB2 —z2 e[B(B—A)+aT] % VB2 —22 (A.109)
NE: B(B+vVBZ—1+T2) A<t '
= n| — >
AT e VIZT2(B(B—A) +AT)
while if not, it is given by
VI-T2
E - 2BLAdSJ d_z;
e[B(B-A)+aT] % VB2 —22 (A.110)
2 BV1—-T2
:2LAdsln - (A> T)
€ (B(B—A)+AT)(B+vB2—1+T2)
For convenience, we observe that
VB2Z—1+T2=|A—T|
(1 —sin(u/2)) (sin(,u/2) —Tcos(u/2)—T?(1+ sin(u/z))) (A.111)
B cos(u/2) (1 —sin(u/2) + T cos(u/2)) ’
and )
1 1 —sin(,u/z))
BB-A)+AT=—-|1+| ————= . A.112
BT =5 ( & (A112)

55


https://scipost.org
https://scipost.org/SciPostPhys.19.4.084

e SciPost Phys. 19, 084 (2025)

We therefore find that for A< T,

(= 2Ll [% 1 (1—sin(u/2))(1 + T cos(u/2))
AdS €V1—-T2 (1_Sln(u/2)+TCOS(‘U,/2))2

x (1—sin(u/2) + 2T cos(u/2) + T*(1 + sin(u/2))) } , (A.113)

TVI—T2(V/1-T2+T)

while for A> T, one has for tan(u/2) > 577

2 1
14 :2LAdSIH|:Eﬁ(1+TCOS(H/2))] N (A114)

TVI=T2(V1=T2+T)
1—272

2 Y1-T2(1 +sin(u/2)) (1 + T cos(u/2)) }
€ (1 —sin(u/2) + 2T cos(u/2) + T2(1 +sin(u/2))) |

and for tan(u/2) <

1 =2LAdsln[ (A.115)

To justify the proposition that this is the correct bulge surface, we can at least verify that
it is maximal under a perturbation similar to that for which the “X” surface in vacuum AdS is
maximal. In one direction, if the endpoints of the two halves of the bulge surface on the ETW
brane move apart from one another, so that for example the segment at ¢ < 0 now has an
endpoint at

xy=—T(1=8), 2,=v1—-T2(1-5), (A.116)

then A and B change and we find that the first order variation in the length is always negative
for any allowed values of T,u. In the other direction, if the endpoints of the two halves of
the bulge surface move away from the ETW brane along the ¢ = 0 axis, so that they are now

located at
XZZ—T(1—6), Z9 = V]._Tz(l_é)z, (A.117)

we again find a negative first order variation for the length.

Null geodesics

We will not require any null geodesics which reflect from the ETW brane in our analysis;
consequently, the relevant formulae correspond to the expressions for the defect in (A.40) and
(A.41), in the case M = —1.

A.4.1 Scattering

We proceed much as in previous appendices to determine for what parameter values scatter-
ing is possible. For the first choice of configuration for V;,V,, R, the scattering condition is
precisely the same as in the vacuum case, i.e.

cos T < cos? (%) , (A.118)

so we will now consider the second choice of configuration.

In accord with (A.95), we will require that the scattering process has input points on the
conformal boundary at

(f,¢)=(fi,—§), and (f,qs):(fi,g), (A.119)
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. . . . . A A —2
and output points in the “easy” and “hard” regions associated with R at t/Laqg = f; + “~o—="

should satisfy

. _ T+u—2v
mln(r*,cp*){ maX{Ati-;(r*: ¢*)’ Atin(r*, ¢*)} + Atout(r*, ¢*)} < (T) Lpgs- (A.120)
It transpires that we should take ¢, = 0. In this case, one has

1 T
—Aty(r,)=—, A.121
Lot in(r) 2 ( )
independent of r,. Moreover, the radial geodesic from the scattering point to the appetizer
surface (A.96) has

1 _
— Atoy(r,) = u—tan‘l(i) ) (A.122)

Lags 2 Lads
This is of course minimized if r, = in which case we obtain At = 0.

Tapp>
Scattering condition

For the first choice of configuration for 191,192,7@, the scattering condition is provided in
(A.118). It is worth noting that this inequality can only be consistent with the requirement
T < min{u, m — pu} for u < 2cos~'(1/+/3). For the second choice, the coordinate t which
is allowed to elapse throughout the entire scattering process is At‘}:dAst"“t < 1T+,b£—2v. Thus,
scattering will be allowed if and only if

v —. (A.123)

N

A.4.2 Complexity and correlation

Again, we will check whether the area difference AAy; appearing in the RT formula for the
mutual information I(); : V,) and the area difference AAyp; appearing in the python’s lunch
proposal for the complexity are related in the case where bulk scattering is possible.

Mutual information

In the configuration of V;, V, parametrized by (u, 7), we have three possible phases for RT sur-
faces: a disconnected entanglement wedge, a connected entanglement wedge which includes
part of the ETW brane, and a connected entanglement wedge which does not include part of
the ETW brane. The areas of these surfaces are given by

_ [4 (7T
L4is = 2Lpgs In 2 sin (5)] ,
(4 . ru—7 u+T 1+T
€eonn, ETw = 2Lpgs In 2 sm( 2 )cos( 2 )] + Lags ln(m) , (A.124)
[4 . (p—T\ . (p+T
Econn’ no ETW — 2LAdS In _Z Sln( 5 ) Sln( 5 )] .
We see that the second of these dominates the third if and only if
+ 1+T
tan? (u) <= (A.125)
2 1-T
so when we are in the connected phase we have
sin?(7/2) 2 ( U+t +T
AAMI _ {2LAdS lnl:cosz('r/z)—cos,;(u/Z)] , tan (T) < 1-T > (A.126)
- 1-T 2sin*(t/2) 2 [ U+T 1+T :
2Lags ln[ H_T—sin(u)—sin(f)] , tan®(B7) > 7

57


https://scipost.org
https://scipost.org/SciPostPhys.19.4.084

e SciPost Phys. 19, 084 (2025)

The condition that the entanglement wedge is connected is determined numerically by the
requirement that the argument of the logarithm is greater than 1. Note that AAy; is increasing
as a function of 7 for fixed T and u.

On the other hand, in the configuration of V;,V, parametrized by (u, v), we see from
(A.105) that f}l U f/z will have a connected entanglement wedge if and only if

1+T
V< Veie(T) = 2tan ™! ( 1—) . (A.127)
In this case, the area difference determining the mutual information will be
1+T
Ay = 2L pgs ln[cot(g)]+LAdS 111(1 T). (A.128)

We note that AAy; is monotonically decreasing with 0 < v < 7, and monotonically increasing
with0< T < 1.

Python’s lunch
Recall from (A.105) that the python’s lunch will only exist for the region R if

1+T

u> ll"l'Crit(T) = 2tan_1 ( ﬁ) , (A.129)

so we assume this in the following. In this case, the area difference appearing in the python’s
lunch conjecture is

1 B(B+vB2—1+T2)
Ado — 2LpgsIn sin(,u/z) Vim TZ(B(B—A)+AT)) A<T, (A.130)
) 21,4510 BVI-T? ) A>T '
AdS sm(u/2) (B(B—A)+AT)(B+vVB2—1+T12) ’
where A, B are determined by (A.108).
Using (A.108), we observe that a consequence of (A.129) is
1+T 2—/1+T
A, T) > Alper(T), T) = \ T ﬁ‘c AT (A13D)

Connected wedge theorem

We can readily verify the connected wedge theorem, namely that scattering implies a con-
nected entanglement wedge for Vl U Vz For Vl,Vz parametrized by (u, T), we know that
scattering is equivalent to cos T < cos?(u/2). In this case, we find that

sin?(t/2) S sin?(t/2)
cos2(t/2) —cos2(u/2) — cos?(t/2)— cos(T)

=1, (A.132)

so the entanglement wedge must be connected. Whether it includes part of the ETW brane or

not depends on whether tan (“H < }Jr; ; we find that this inequality can never be satisfied,

so the entanglement wedge always includes part of the ETW brane whenever scattering is
possible. Explicitly, we have

tan2 (H ;‘ T—) > tan? (u + cos‘l(zcosz(u/z)))

V1 +cos2(u/2) + cos(u/2) )2
cos(u/2)4/1 + cos2(u/2) — sin®(u/2) '
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This quantity is increasing for u € (0,2cos *(1/4/3)), so it must be strictly larger than the
same quantity with u replaced by u;(T) if a python’s lunch exists; this quantity is equal to

_1+T V3—T+v1—-T
V2 1+4T-J/B=-T)0-T)

We also observe that, since 2cos_1(1 / V3) > > e (T), we must have 0 < T < % We find
that (A.134) is strlctly larger than for T in this range, verifying our claim.

Now; for V;,V, parametrized by (,u, v), we have established above that scattering in par-
ticular requires v < % < 5. However, as per (A.127), a connected entanglement wedge for
a given T is equivalent to the requirement v < v.;(T), and since v.;(T) is monotonically
increasing with 0 < T < 1 we have

(A.134)

TT
Verie(T) = Veie(0) = 5 (A.135)

Consequently, whenever scattering is possible, ¥ < 5 < v.;(T), and thus one has a connected
entanglement wedge.

Complexity versus correlation

We are interested in determining the lower bound on AAy; for a given value of AAp;. We will
begin by considering the configurations of V;, V, parametrized by (u, 7). Note that, for fixed
T, AAp;, depends on u and not 7, and recall that AAyy is an increasing function of t; thus,
for fixed T, we obtain a lower bound on AAy; at fixed AAp; by evaluating at 7,,;,(u), the
minimum value of T consistent with scattering. Explicitly, we have for 0 < u < 2cos™*(1/+/3)
and 0 < T < 5 that

Adee = 21 ln[ 1-T sin(u/2) :|

M ‘J1+T2cos(u/2)—¢HTm/2) ’
BV1—-T?

sin(u/2) (B(B—A) +AT)(B+ VB2 —1+T2 ))

(A.136)

AAPL = ZLAdS ln (

where we have used that A> T whenever T is in this range, as a consequence of (A.131). We
find that the total lower bound is piecewise, coming either from fixing T = 0 and varying u, or

from fixing u = 2tan™* (\/ }Jﬁ) and varying T. The former applies to In(3/2) < AA"L <In(2)
and gives

(A.137)

e DApr/2Lags
AAMI >2In

24/ 1 — e—DApL/Lags — 4/ 2 — e—DApL/Lags

while the latter applies to In(2) < % < 0.875 and gives a lower bound which is more

straightforward to give implicitly using (A.136). The largest value of a for a putative lower
bound AAy; = ayAAyp, is therefore ay = —% ~ 1.9, coming from T =0 and yu = 7. We
plot the allowed region for AAp;, AAyy in ﬁgure 25.

We now turn to the configurations of V;,V, parametrized by (u, v). We can first observe
that AAp;, and AAy; depend only on u and v respectively (as well as T), and that AAy; is
decreasing with v; consequently, for fixed u and T, we have fixed AAp;, and the lower bound
on AAyy corresponds to v = %, the maximum value consistent with scattering. We will thus
always take v = % when investigating the lower bound.
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Figure 25: Allowed values of as a function o
brane geometry with boundary reglons parametrized by (u, 7). Here we are using
units LA% for both axes, which is roughly the number of local degrees of freedom in

the dual CFT (recall that the Brown-Henneaux central charge is ¢ = Ads) Note that

1 71n(3/ 2)LAClS < éfé’L <0.219-48 Ads whenever scattering is possible, so we are plotting

the full allowed range on the hor1zontal axis.

Fixing various values of T and varying u within the allowed range, we obtain the relation-
ship between AA); and AAy; in figure 13. The strongest constraint on the coefficient a, in a
lower bound of the form AAy; > aygAAp;, comes from taking 4 — 7 and then T — 1, which
in particular yields large AAp; and AAyy. Setting u — 7 gives (with v = %)

1+T
AAp = —LpgsIn(4T*(1—T?)),  AAy=Lpgsln ( — T) , (A.138)

and then for T = 1 — 6§ with small
AAPL=LAdsln(1/5)+O(1), AAMI=LAdsln(1/5)+O(1). (A.139)

It follows that the largest allowed value of a for a lower bound of the form AAy; = agAAp;,
is ag = 1. We note that the configuration of V;,V, parametrized by (u, v) provides strictly
stronger constraints on a putative lower bound on AAy; than that parametrized by (u, 7).

References

[1] A. R. Brown, H. Gharibyan, G. Penington and L. Susskind, The python’s lunch: Geomet-
ric obstructions to decoding Hawking radiation, J. High Energy Phys. 08, 121 (2020),
doi:10.1007/JHEP08(2020)121 [preprint doi:10.48550/arXiv.1912.00228].

[2] A. Bouland, B. Fefferman and U. Vazirani, Computational pseudorandomness, the worm-
hole growth paradox, and constraints on the AdS/CFT duality, in 11th innovations in the-
oretical computer science conference, Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik,
Wadern, Germany, ISBN 9783959771344 (2020), doi:10.4230/LIPIcs.ITCS.2020.63
[preprint doi:10.48550/arXiv.1910.14646].

60


https://scipost.org
https://scipost.org/SciPostPhys.19.4.084
https://doi.org/10.1007/JHEP08(2020)121
https://doi.org/10.48550/arXiv.1912.00228
https://doi.org/10.4230/LIPIcs.ITCS.2020.63
https://doi.org/10.48550/arXiv.1910.14646

e SciPost Phys. 19, 084 (2025)

[3] C. Akers, A. Bouland, L. Chen, T. Kohler, T. Metger and U. Vazirani, Holographic
pseudoentanglement and the complexity of the AdS/CFT dictionary, (arXiv preprint)
doi:10.48550/arXiv.2411.04978.

[4] D. Harlow and P Hayden, Quantum computation vs. firewalls, J. High Energy Phys. 06,
085 (2013), doi:10.1007/JHEP06(2013)085.

[5] L. Susskind, Computational complexity and black hole horizons, Fortschr. Phys. 64, 24
(2016), doi:10.1002/prop.201500092.

[6] L. Susskind, The typical-state paradox: Diagnosing horizons with complexity, Fortschr.
Phys. 64, 84 (2016), doi:10.1002/prop.201500091.

[7] 1. Kim, E. Tang and J. Preskill, The ghost in the radiation: Robust encodings of the black
hole interior, J. High Energy Phys. 06, 031 (2020), doi:10.1007/JHEP06(2020)031.

[8] C. Akers, N. Engelhardt, D. Harlow, G. Penington and S. Vardhan, The black hole in-
terior from non-isometric codes and complexity, J. High Energy Phys. 06, 155 (2024),
doi:10.1007/JHEP06(2024)155 [preprint doi:10.48550/arXiv.2207.06536].

[9] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from the anti-
de Sitter space/conformal field theory correspondence, Phys. Rev. Lett. 96, 181602 (2006),
doi:10.1103/PhysRevLett.96.181602 [preprint doi:10.48550/arXiv.hep-th/0603001].

[10] B. Czech, J. L. Karczmarek, F Nogueira and M. Van Raamsdonk, The gravity dual
of a density matrix, Class. Quantum Gravity 29, 155009 (2012), doi:10.1088/0264-
9381/29/15/155009 [preprint doi:10.48550/arXiv.1204.1330].

[11] M. Headrick, V. E. Hubeny, A. Lawrence and M. Rangamani, Causality &
holographic entanglement entropy, J. High Energy Phys. 12, 162 (2024),
doi:10.1007/JHEP12(2014)162 [preprint doi:10.48550/arXiv.1408.6300].

[12] A. C. Wall, Maximin surfaces, and the strong subadditivity of the covariant holographic
entanglement entropy, Class. Quantum Gravity 31, 225007 (2014), doi:10.1088/0264-
9381/31/22/225007 [preprint doi:10.48550/arXiv.1211.3494].

[13] X. Dong, D. Harlow and A. C. Wall, Reconstruction of bulk operators within the
entanglement wedge in gauge-gravity duality, Phys. Rev. Lett. 117, 021601 (2016),
doi:10.1103/PhysRevLett.117.021601 [preprint doi:10.48550/arXiv.1601.05416].

[14] J. Cotler, P Hayden, G. Penington, G. Salton, B. Swingle and M. Walter, Entanglement
wedge reconstruction via universal recovery channels, Phys. Rev. X 9, 031011 (2019),
doi:10.1103/PhysRevX.9.031011 [preprint doi:10.1103/PhysRevX.9.031011].

[15] FE Pastawski, B. Yoshida, D. Harlow and J. Preskill, Holographic quantum error-correcting
codes: Toy models for the bulk/boundary correspondence, J. High Energy Phys. 06, 149
(2015), doi:10.1007 /JHEP06(2015) 149 [preprint doi:10.48550/arXiv.1503.06237].

[16] P Hayden, S. Nezami, X.-L. Qi, N. Thomas, M. Walter and Z. Yang, Holo-
graphic duality from random tensor networks, J. High Energy Phys. 11, 009 (2016),
doi:10.1007/JHEP11(2016)009 [preprint doi:10.48550/arXiv.1601.01694].

[17] A. Lewkowycz and J. Maldacena, Generalized gravitational entropy, J. High
Energy Phys. 08, 090 (2013), doi:10.1007/JHEP08(2013)090 [preprint
doi:10.48550/arXiv.1304.4926].

61


https://scipost.org
https://scipost.org/SciPostPhys.19.4.084
https://doi.org/10.48550/arXiv.2411.04978
https://doi.org/10.1007/JHEP06(2013)085
https://doi.org/10.1002/prop.201500092
https://doi.org/10.1002/prop.201500091
https://doi.org/10.1007/JHEP06(2020)031
https://doi.org/10.1007/JHEP06(2024)155
https://doi.org/10.48550/arXiv.2207.06536
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.48550/arXiv.hep-th/0603001
https://doi.org/10.1088/0264-9381/29/15/155009
https://doi.org/10.1088/0264-9381/29/15/155009
https://doi.org/10.48550/arXiv.1204.1330
https://doi.org/10.1007/JHEP12(2014)162
https://doi.org/10.48550/arXiv.1408.6300
https://doi.org/10.1088/0264-9381/31/22/225007
https://doi.org/10.1088/0264-9381/31/22/225007
https://doi.org/10.48550/arXiv.1211.3494
https://doi.org/10.1103/PhysRevLett.117.021601
https://doi.org/10.48550/arXiv.1601.05416
https://doi.org/10.1103/PhysRevX.9.031011
https://doi.org/10.1103/PhysRevX.9.031011
https://doi.org/10.1007/JHEP06(2015)149
https://doi.org/10.48550/arXiv.1503.06237
https://doi.org/10.1007/JHEP11(2016)009
https://doi.org/10.48550/arXiv.1601.01694
https://doi.org/10.1007/JHEP08(2013)090
https://doi.org/10.48550/arXiv.1304.4926

e SciPost Phys. 19, 084 (2025)

[18] T. Faulkner, A. Lewkowycz and J. Maldacena, Quantum corrections to holographic entan-
glement entropy, J. High Energy Phys. 11, 074 (2013), doi:10.1007/JHEP11(2013)074
[preprint doi:10.48550/arXiv.1307.2892].

[19] Y. Gertner, Y. Ishai, E. Kushilevitz and T. Malkin, Protecting data privacy in private informa-
tion retrieval schemes, J. Comput. Syst. Sci. 60, 592 (2000), doi:10.1006/jcss.1999.1689.

[20] R. Gay, 1. Kerenidis and H. Wee, Communication complexity of conditional disclosure of
secrets and attribute-based encryption, in Advances in cryptology — CRYPTO 2015, Springer,
Berlin, Heidelberg, Germany, ISBN 9783662479995 (2015), do0i:10.1007/978-3-662-
48000-7_24.

[21] B. Applebaum, B. Arkis, P Raykov and P. N. Vasudevan, Conditional disclosure of secrets:
Amplification, closure, amortization, lower-bounds, and separations, in Advances in cryp-
tology — CRYPTO 2017, Springer, Cham, Switzerland, ISBN 9783319636870 (2017),
doi:10.1007/978-3-319-63688-7_24.

[22] B. Applebaum and B. Arkis, On the power of amortization in secret sharing, ACM Trans.
Comput. Theory 12, 1 (2020), doi:10.1145/3417756.

[23] B. Applebaum and P N. Vasudevan, Placing conditional disclosure of secrets in the commu-
nication complexity universe, J. Cryptol. 34, 1 (2021), doi:10.1007/s00145-021-09376-1.

[24] R. Allerstorfer, H. Buhrman, A. May, E Speelman and P V. Lunel, Relating non-local
quantum computation to information theoretic cryptography, Quantum 8, 1387 (2024),
doi:10.22331/q-2024-06-27-1387 [preprint doi:10.48550/arXiv.2306.16462].

[25] V. R. Asadi, K. Kuroiwa, D. Leung, A. May, S. Pasterski and C. Waddell, Conditional disclo-
sure of secrets with quantum resources, (arXiv preprint) doi:10.48550/arXiv.2404.14491.

[26] M. M. Wilde, Quantum information theory, Cambridge University Press, Cambridge, UK,
ISBN 9781139525343 (2013), doi:10.1017/CB09781139525343.

[27] K. M. R. Audenaert and N. Datta, a,-Rényi relative entropies, J. Math. Phys. 56, 022202
(2015), doi:10.1063/1.4906367 [preprint doi:10.48550/arXiv.1310.7178].

[28] P Hayden and J. Preskill, Black holes as mirrors: Quantum information in random sub-
systems, J. High Energy Phys. 09, 120 (2007), doi:10.1088/1126-6708/2007/09/120
[preprint doi:10.48550/arXiv.0708.4025].

[29] B. Yoshida and A. Kitaev, Efficient decoding for the Hayden-Preskill protocol, (arXiv
preprint) doi:10.48550/arXiv.1710.03363.

[30] S. Aaronson, A. Bouland and L. Schaeffer, Lecture notes for the 28th McGill invitational
workshop on computational complexity, St. James, Barbados (2016), https://www.cs.
mcgill.ca/~denis/notes16.pdf.

[31] Z. Brakerski, Black-hole radiation decoding is quantum cryptography, in Advances in cryp-
tology — CRYPTO 2023, Springer, Cham, Switzerland, ISBN 9783031385537 (2023),
doi:10.1007/978-3-031-38554-4 2 [preprint doi:10.48550/arXiv.2211.05491].

[32] V. E. Hubeny, M. Rangamani and T. Takayanagi, A covariant holographic entangle-
ment entropy proposal, J. High Energy Phys. 07, 062 (2007), doi:10.1088/1126-
6708/2007/07/062 [preprint doi:10.48550/arXiv.0705.0016].

62


https://scipost.org
https://scipost.org/SciPostPhys.19.4.084
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.48550/arXiv.1307.2892
https://doi.org/10.1006/jcss.1999.1689
https://doi.org/10.1007/978-3-662-48000-7_24
https://doi.org/10.1007/978-3-662-48000-7_24
https://doi.org/10.1007/978-3-319-63688-7_24
https://doi.org/10.1145/3417756
https://doi.org/10.1007/s00145-021-09376-1
https://doi.org/10.22331/q-2024-06-27-1387
https://doi.org/10.48550/arXiv.2306.16462
https://doi.org/10.48550/arXiv.2404.14491
https://doi.org/10.1017/CBO9781139525343
https://doi.org/10.1063/1.4906367
https://doi.org/10.48550/arXiv.1310.7178
https://doi.org/10.1088/1126-6708/2007/09/120
https://doi.org/10.48550/arXiv.0708.4025
https://doi.org/10.48550/arXiv.1710.03363
https://www.cs.mcgill.ca/~denis/notes16.pdf
https://www.cs.mcgill.ca/~denis/notes16.pdf
https://doi.org/10.1007/978-3-031-38554-4_2
https://doi.org/10.48550/arXiv.2211.05491
https://doi.org/10.1088/1126-6708/2007/07/062
https://doi.org/10.1088/1126-6708/2007/07/062
https://doi.org/10.48550/arXiv.0705.0016

e SciPost Phys. 19, 084 (2025)

[33] N. Engelhardt and A. C. Wall, Quantum extremal surfaces: Holographic entangle-
ment entropy beyond the classical regime, J. High Energy Phys. 01, 073 (2015),
doi:10.1007/JHEP01(2015)073 [preprint doi:10.48550/arXiv.1408.3203].

[34] N. Engelhardt, G. Penington and A. Shahbazi-Moghaddam, Twice upon a time:
Timelike-separated quantum extremal surfaces, J. High Energy Phys. 01, 033 (2024),
doi:10.1007/JHEP01(2024)033 [preprint doi:10.48550/arXiv.2308.16226].

[35] N. Engelhardt, G. Penington and A. Shahbazi-Moghaddam, Finding pythons in unexpected
places, Class. Quantum Gravity 39, 094002 (2022), doi:10.1088/1361-6382/ac3e75
[preprint doi:10.48550/arXiv.2105.09316].

[36] G. Arora, M. Headrick, A. Lawrence, M. Sasieta and C. Wolfe, Geomet-
ric surprises in the python’s lunch conjecture, SciPost Phys. 16, 152 (2024),
doi:10.21468/SciPostPhys.16.6.152 [preprint doi:10.48550/arXiv.2401.06678].

[37] R. Bousso, Z. Fisher, S. Leichenauer and A. C. Wall, Quantum focusing conjecture, Phys.
Rev. D 93, 064044 (2016), doi:10.1103/PhysRevD.93.064044.

[38] N. Engelhardt, G. Penington and A. Shahbazi-Moghaddam, A world without pythons
would be so simple, Class. Quantum Gravity 38, 234001 (2021), doi:10.1088/1361-
6382/ac2de5 [preprint doi:10.48550/arXiv.2102.07774].

[39] A. May, Quantum tasks in holography, J. High Energy Phys. 10, 233 (2019),
doi:10.1007/JHEP10(2019)233 [preprint doi:10.48550/arXiv.1902.06845].

[40] A. May, G. Penington and J. Sorce, Holographic scattering requires a connected entan-
glement wedge, J. High Energy Phys. 08, 001 (2020), doi:10.1007/JHEP08(2020)132
[preprint doi:10.48550/arXiv.1912.05649].

[41] A. May, Holographic quantum tasks with input and output regions, J. High
Energy Phys. 08, 055 (2021), doi:10.1007/JHEP08(2021)055 [preprint
d0i:10.48550/arXiv.2101.08855].

[42] A. May, J. Sorce and B. Yoshida, The connected wedge theorem and its consequences,
J. High Energy Phys. 11, 153 (2022), doi:10.1007/JHEP11(2022)153 [preprint
doi:10.48550/arXiv.2210.00018].

[43] A. May, Complexity and entanglement in non-local computation and holog-
raphy, Quantum 6, 864 (2022), doi:10.22331/q-2022-11-28-864 [preprint
doi:10.48550/arXiv.2204.00908].

[44] A. May and D. Wakeham, Quantum tasks require islands on the brane, Class.
Quantum Gravity 38, 144001 (2021), doi:10.1088/1361-6382/ac025d [preprint
d0i:10.48550/arXiv.2102.01810].

[45] A. May and M. Xu, Non-local computation and the black hole interior, J.
High Energy Phys. 02, 79 (2024), doi:10.1007/JHEP02(2024)079 [preprint
doi:10.48550/arXiv.2304.11184].

[46] A. May, Bulk private curves require large conditional mutual information, J.
High Energy Phys. 09, 42 (2021), doi:10.1007/JHEP09(2021)042 [preprint
doi:10.48550/arXiv.2105.08094].

[47] J. Caminiti, B. Friedman-Shaw, A. May, R. C. Myers and O. Papadoulaki, Holo-
graphic scattering and non-minimal RT surfaces, J. High Energy Phys. 10, 119 (2024),
doi:10.1007/JHEP10(2024)119 [preprint doi:10.48550/arXiv.2404.15400].

63


https://scipost.org
https://scipost.org/SciPostPhys.19.4.084
https://doi.org/10.1007/JHEP01(2015)073
https://doi.org/10.48550/arXiv.1408.3203
https://doi.org/10.1007/JHEP01(2024)033
https://doi.org/10.48550/arXiv.2308.16226
https://doi.org/10.1088/1361-6382/ac3e75
https://doi.org/10.48550/arXiv.2105.09316
https://doi.org/10.21468/SciPostPhys.16.6.152
https://doi.org/10.48550/arXiv.2401.06678
https://doi.org/10.1103/PhysRevD.93.064044
https://doi.org/10.1088/1361-6382/ac2de5
https://doi.org/10.1088/1361-6382/ac2de5
https://doi.org/10.48550/arXiv.2102.07774
https://doi.org/10.1007/JHEP10(2019)233
https://doi.org/10.48550/arXiv.1902.06845
https://doi.org/10.1007/JHEP08(2020)132
https://doi.org/10.48550/arXiv.1912.05649
https://doi.org/10.1007/JHEP08(2021)055
https://doi.org/10.48550/arXiv.2101.08855
https://doi.org/10.1007/JHEP11(2022)153
https://doi.org/10.48550/arXiv.2210.00018
https://doi.org/10.22331/q-2022-11-28-864
https://doi.org/10.48550/arXiv.2204.00908
https://doi.org/10.1088/1361-6382/ac025d
https://doi.org/10.48550/arXiv.2102.01810
https://doi.org/10.1007/JHEP02(2024)079
https://doi.org/10.48550/arXiv.2304.11184
https://doi.org/10.1007/JHEP09(2021)042
https://doi.org/10.48550/arXiv.2105.08094
https://doi.org/10.1007/JHEP10(2024)119
https://doi.org/10.48550/arXiv.2404.15400

	Introduction
	Tools and notation

	Background
	Review of the python's lunch conjecture
	Computationally secure CDS

	Lower bound on CDS and application to AdS/CFT
	Lower bound on correlation in CDS
	Holographic correlation and CDS lower bounds
	A lower bound from complexity?

	Geometry of the lunch and correlation
	Proof of a TEXT lower bound
	Proof of a weakened lower bound

	Example geometries
	Two intervals in pure AdSTEXT
	ETW brane geometry
	AdSTEXT defect and BTZ black hole

	Discussion
	Complexity-correlation relationship in examples
	Two intervals in pure AdS2+1
	Scattering
	Complexity and correlation

	 with conical defect
	Scattering
	Complexity and correlation

	BTZ black hole
	Scattering
	Complexity and correlation

	 with ETW brane
	Scattering
	Complexity and correlation


	References

