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Abstract

Free Maxwell theory on general four-manifolds may, under certain conditions on the
background geometry, exhibit holomorphic factorization in its partition function. We
show that when this occurs, new discrete symmetries emerge at orbifold points of the
conformal manifold. These symmetries, which act only on a sublattice of flux configu-
rations, are not associated with standard dualities, yet they may carry ’t Hooft anoma-
lies, potentially causing the partition function to vanish even in the absence of apparent
pathologies. We further explore their non-invertible extensions and argue that their
anomalies can account for zeros of the partition function at smooth points in the moduli
space.
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1 Introduction

The way symmetries are understood in Quantum Field Theory has undergone a profound shift
after the seminal work [1]. In the new paradigm of topological operators, symmetries admit a
much richer variety of manifestations, whose formulation goes far beyond the realm of Group
Theory and affects different areas of Physics. This generalization has also involved the closely
related concept of dualities, which, as opposed to symmetries, connect different theories (or, as
is relevant here, a single theory at different parameter values) that often cannot be described
in terms of mutually local fields.!

The quantum-mechanical behavior of the theory under symmetry and duality transforma-
tions may be plagued by ’t Hooft anomalies [9], which are failures of the partition function
to be a gauge-invariant function of the corresponding background fields. Such anomalies,
which can also mix different symmetries, are notoriously invaluable characteristics of the the-
ory, allowing to relate opposite regimes of it, due to their invariance across energy scales. In
particular, the so-called mixed 't Hooft anomalies may be thought of as obstructions to the
simultaneous gauging of the symmetries that are being mixed.

All of the above ingredients will feature prominently in this paper, which addresses them
in the special case of Maxwell theory in four dimensions. Despite the absence of local interac-
tions, when placed on topologically non-trivial four-manifolds, this theory exhibits a wealth of
intricate phenomena. In particular, as shown by [10-12] (and further explored in [13]), one
of its distinctive properties, i.e. electromagnetic duality, can conflict with the classical gravita-
tional background. Specifically, under a duality transformation, the partition function of the
theory acquires an anomalous multiplicative factor that cannot be removed by a suitable choice
of local counterterms. Such an occurrence has more drastic consequences when we focus on
a self-dual theory, whereby (some of) the duality transformations become actual symmetries
of that theory: In this case, the anomaly forces its partition function to vanish.

Zero loci of a (quasi-)modular function, such as the Maxwell partition function in terms
of the (complexified) gauge coupling, are arguably much easier to determine than anomalous
phases. This naturally leads us to wonder whether the zeros of the Maxwell partition function
always signal the presence of an anomalous duality-symmetry. One of the central aims of this
paper is to investigate this question and prove that, in some cases, the answer is affirmative.
We show that, whenever certain specific topological and geometrical conditions on the gravi-
tational background are met, allowing the partition function to have a factorized holomorphic

1Recent reviews on the subject include [2-8].
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component, new symmetries arise at self-dual values of the coupling, which, however, are not
inherited from dualities. We dub them “partial” symmetries because, as we will explain, they
only act non-trivially on a sublattice of flux configurations (e.g. self-dual fluxes). Their mixed
't Hooft anomaly with gravity explains why the partition function can vanish even if the or-
dinary duality-symmetries are all anomaly free. We will describe the properties of these new
symmetries and explore their action on the extended operators of the theory, such as lines and
one-form symmetry defects. Hence, to summarize, we prove that, if the gravitational back-
ground is such that the partition function admits a holomorphic factor which vanishes at a
self-dual value of the coupling, then the theory enjoys a global symmetry plagued by a mixed
't Hooft anomaly with gravity.

As mentioned earlier, within the more recent research wave on Generalized Symmetries,
electromagnetic duality has also been generalized and, more precisely, promoted to a non-
invertible duality. This generalization employs the gauging of a discrete non-anomalous sub-
group of the electromagnetic one-form symmetry of the theory [14-17], and extends the group
of duality transformations acting on the coupling to SL(2,Q) [18,19], or even to the whole
SL(2,R) as shown in [20,21]. As a consequence, now any value of the coupling is fixed by
a subgroup of the non-invertible duality and thus corresponds to a self-dual theory. There is,
however, to the best of our knowledge, no direct method to assess whether the corresponding
non-invertible duality-symmetry suffers from a mixed 't Hooft anomaly with gravity because
no framework is available to derive (or even to define) the anomalous phase of the partition
function.

It is here that the alternative strategy of looking for vanishing loci of the partition func-
tion to detect anomalies mostly pays off. We study, in particular, certain favorable situations
where we control the zeros of the Maxwell partition function, namely simply-connected four-
manifolds with a specific class of lattices of integral harmonic two-forms. We construct them
via connected sums of more elementary four-manifolds. In each of these cases, the relevant
part of the partition function has the form of a well-known generalized Jacobi theta function,
having a simple zero at a smooth point in the space of inequivalent couplings. Hence, the
theory corresponding to that value of the coupling has a vanishing partition function, despite
the fact that all of its invertible symmetries are free of anomalies. Armed with the piece of evi-
dence that we built in the invertible case, we conjecture that the pathological behavior of such
theories is due to a mixed anomaly between gravity and the non-invertible duality-symmetries
(or possibly the partial version thereof) which emerge in this context.

The structure of this paper is as follows. In Section 2, after setting up the stage for our in-
vestigation by revisiting Witten’s work on electromagnetic duality and reviewing the necessary
mathematical background, we introduce the novel notion of partial symmetries and discuss
the physical meaning of the conditions that allow them to emerge. In Section 3, we turn our
attention to the recent non-invertible generalization of electromagnetic duality, and leverage
results from the previous section to probe anomalies of non-invertible symmetries through the
zeros of the partition function. Finally, in Section 4, we draw our conclusions and give some
hints for further exploration. Appendix A contains a concise mathematical toolkit that helps
the unfamiliar reader navigate the numerous definitions and theorems recalled in the main
text.

2 The invertible case

This section deals with invertible duality-symmetries of Maxwell theory on general four-
manifolds. We start in Section 2.1 by reviewing Witten’s work on the duality properties of
the Maxwell partition function. In Section 2.2, we discuss the anomalous phase induced by
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duality transformations in the presence of non-trivial gravitational backgrounds, and study its
relationship with the vanishing of the partition function. In particular, we focus on the cases
in which the latter splits into multiple factors, whereby new symmetries arise at special values
of the coupling. Finally, in Section 2.3, we analyze the effect of these new symmetries on the
extended operators of the theory.

2.1 Revisiting Witten’s work

Consider Maxwell theory on a closed, connected, and oriented four-manifold M, free of sin-
gularities, equipped with a smooth metric g of Euclidean signature, and whose middle coho-
mology is absent of torsion. This theory has a complex gauge coupling

0 2mi
= — 4+ —
2m e

, €8]

T

living in the upper-half plane H, in terms of which the classical action reads?

1 io
S(t,F)= S FA*F+_—FAF
MZe 8m

i @3]
=—f TFTAFT+1F AF .
41 M

Here F denotes the electromagnetic field strength, F* = %(F + «F) its self-dual and antiself-
dual parts, and * the (metric-dependent) Hodge-star operation. F represents a cohomology
class in the image of the map H?(M, 2nZ) — H2(M,R), and can be written locally in terms

of a gauge potential as F % 4.

One of the distinctive features of this theory is the celebrated electromagnetic (or S) duality
in the space of couplings, that is, a correspondence between the quantum theory with coupling
7 and the one with coupling —1/7 [10,11].2 The precise formulation of it uses the partition
function Z[ g, 7], which we take as a definition of the quantum theory. It reads

1
Z[g,7]=(Im7)2® %) J DAe 5P, 3)

where the 7-dependent prefactor is a local counterterm acting as a UV regulator through a
lattice with a Bj-dimensional space of k-forms.

S-duality, at the core, really turns out to amount to a Poisson resummation on Z[ g, 7 ]; how-
ever, it also comes with certain subtle determinants, which, for four-manifolds with non-trivial
topologies, do not leave Z invariant. In what follows, we will review Witten’s computation [10]
leading to this claim, but retaining all factors, including the t-independent ones, which have
been discarded in [10]. This will allow us to derive a more general duality-transformation
law for the partition function, which correctly reproduces Witten’s result when M is a spin
manifold.

Unlike ordinary symmetries, S-duality exchanges mutually non-local degrees of freedom.
This means that, to make it manifest, we have to extend the action (2) to include the dual
field A, with the caveat that A and A cannot be treated as dynamical variables simultaneously.

2If M is non-spin, there can also be a coupling of the form in f m C1 Uw,, with ¢; the first Chern class of the
Maxwell line bundle and w, the second Stiefel-Whitney class of M. Although this term would slightly modify the
modular behavior of the partition function, it would not change the main conclusions of this paper. Therefore, we
will simply ignore it throughout.

3The first observations date back to [22-24].
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One way to implement this is to introduce two real-valued two-form fields F and F, coupled
according to the following action

SZLJ FA(F—dA)+S(t, F), @
27 M

where by “dA” we mean a closed, integrally-quantized two-form, and the last piece is the action
(2) written in terms of F. To quantize S, we are instructed to path-integrate over F, F,A. From
(4) it is clear that both F and A act as Lagrange multipliers. Integrating out the former freezes

Fto F'L dA and we get back the electric frame, i.e. the quantum theory corresponding to
(2). If instead we integrate out A, F localizes on closed two-forms with integral periods, and
the path integral on its local potential A yields the magnetic-dual frame of the same theory.

Let us spell out in more detail the second manipulation. If the path integral is appropriately
normalized with the volume of the gauge group, after path-integrating over A we get the
following expression*

Z[7] = (Im 7)2E1—Bo) f DFDAeS, (5)

where '
S= LJ FFYANFY Tt F ANF 42F A AF +2F AF
41 M (6)
=5(1,6) +S(—3,F).

T

In the second equality above we have completed the square and defined the real-valued two-
form G, whose self-dual and antiself-dual parts are

1 . 1 .

Gr=vViFt+—=F", G =JrF +—F, 7
e JT

whereas the last piece in (6) is the magnetic-dual Maxwell action, featuring the dual field

strength and inverse gauge coupling. At this point, we can convert the path integral on F into

a t-independent path integral on G, storing the T dependence in the Jacobian factor:

J DFe SO = 3=F o~ J DG eS19 = (i7)~F (—in) F, ®)

where, to evaluate the gaussian path integral on G, we have used an appropriately-normalized
basis of (anti)self-dual two-forms:

By
gi=22ngkfp;f, with Jp;f/\pli:izskl, and Gy €R Vk. )
k=1 M

Now, recalling that Bzi —B;+Bg= %( x £ o) are finite quantities in the continuum limit, with
%, 0 being the Euler characteristic and the signature of M respectively, Eq. (5) becomes

fusted x—o _xto

Z[-i=e7 v 7 77 Z[1]. (10)

T

Since the signature of a spin manifold is a multiple of 16, the above expression correctly
reproduces Witten’s result when M admits a spin structure; otherwise, in general, there is an
extra non-trivial o-dependent phase in the S-duality transformation.®

“In order not to clutter the notation, we suppress the dependence of Z on the space-time metric g.
>This phase has also been derived in [25] via Poisson resummation and in [26] by a direct computation of the
partition function.
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As is well known, if the space-time M is a spin manifold, the quantum Maxwell theory
has an exact perturbative symmetry that shifts the theta angle by multiples of 27, which cor-
responds to the statement Z[7] = Z[7 + 1]. The latter, together with S-duality, makes the
partition function into a non-holomorphic modular form of (generally half-integral) weights
(%, %) under the modular group SL(2,Z). In contrast, in the absence of space-time spin
structures, the extra o-dependent phase in (10) prevents the partition function from trans-
forming as a genuine modular form, and, moreover, only theta-angle shifts under multiples of

47 leave the theory invariant. Therefore, for non-spin M, the duality group is

(S,Tz):{MESL(Z,Z) ‘ M:( (1) (1) ) mod2, or M:( (1) (1) ) modZ}, (11)
which is the index-three® congruence subgroup of SL(2,Z) generated by the order-four ele-
ment and the free element

(0 -1 » (12
S_(l O)’ and T_(Ol)’ 12)

respectively. Under the (standard fractional linear) action of M = (‘CI 3) € (S, T?) on 1, the
partition function transforms as follows

Z[M(z) = b ] = 0N (c1 4 4)F (cr +d) 5 2[7] s
— |C’L’ +d|% ei%[ns(M)—Zarg(cr+d)]Z[T]’

where s(M) € N is the number of occurrences of the generator S in the element M (e.g.
s(—I) = 2, with I the identity matrix). Note that, this quantity is well defined modulo 4 in
the subgroup (S, T2) c SL(2,Z), because the latter has a single relation, S* = I. As one can
readily check, the transformations (13) associated with both M = =] are trivial for any choice
of M, so that the quantum theory is well defined and invariant under charge conjugation.
Moreover, under s(M) — s(M)+ 4, one must send arg(ct +d) — arg(ct +d)+ 27, so that the
phase in Eq. (13) is well defined.

2.2 Symmetries and anomalies
2.2.1 The duality bundle

The discussion of the previous section makes it clear that the Maxwell partition function
Z[g,7] is generally not single-valued under continuous deformations of the coupling [13].
Indeed, electromagnetic duality implies that the space of couplings corresponding to inequiv-
alent Maxwell theories is not H but the orbifold H/T', where, as we have seen, I is either the
full SL(2,Z) or a congruence subgroup thereof, when the space-time M is spin or non-spin
respectively. Monodromies of Z are detected by looping around the singularities of H/I" and,
at fixed basepoint 7, they form an Abelian representation of I':

Z[M(7)] = f:(M) Z[7], (14)

where M €T and f.(M) € C*.7

®This can be easily seen by noticing that its mod-2 reduction (i.e. its quotient by the subgroup of all matrices
congruent modulo 2 to the identity) is (S, T?) mod2 ~ Z, C Z, X Z, ~ SL(2,Z,).

7As explained in [13], Z should be thought of as a section of the equivariant line bundle defined on C x H by
the action (z,7) — (f;(M) - 2, M (7)), with the composition law f.(M o N) = fy,(M) - f.(N). By choosing local
counterterms appropriately, in the spin case, f, can be turned into a T-independent twelfth root of unity.
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Dualities, in general, are not symmetries, because they relate different theories (or theories
corresponding to different values of the parameters). However, in the Maxwell case, as is
well known, the duality group I' does not act freely on H. The fixed points® are obviously
the singularities of H/T, and duality becomes a global symmetry of the theories associated
to these specific values of the coupling. Consequently, non-trivial monodromies of the form
(14), which, as shown in (13), depend on the gravitational background through y and o,
signal the presence of a mixed ’t Hooft anomaly between the duality-symmetry and gravity.’
Moreover, since Z is single-valued on H, they force the partition function to vanish at the fixed
points. In what follows, we would like to ask whether the converse holds true, that is, if zeros
of Z imply the presence of non-trivial monodromies, and hence of anomalies. Since Z is a
non-holomorphic section, its vanishing does not guarantee the non-triviality of the equivariant
line bundle. As we will see, however, for certain favorable choices of (M, g), for which the
conventional duality-symmetries are anomaly free, we will still be able to relate the vanishing
of Z to the presence of a mixed anomaly, but for a much subtler symmetry.

Fortunately, the partition function (3) of Maxwell theory can be computed very explicitly.
Following [10], one first divides F into its exact and its harmonic piece, and consequently
splits the path integral into a continuous part (independent of the theta angle) and a discrete
sum over isomorphism classes of line bundles. If we normalize (3) by the volume of the gauge
group and expand the harmonic part of F in a basis {e;}; of H>(M, 2nZ), the computation
gives!?

1

Z[g,7]=(m T)%(bl—l) Z q%mi(Gij—Qij)quzmi(Gu‘*Qii)mj , (15)
mezb2

where b; is the ith Betti number of M, q = ¢2™7, and

1 1
Qij:w e;Nej, Gij:m Mei/\*ej, (16)

are the intersection form and the induced metric on H%(M,Z) respectively. The power of
Im~7 in (15) arises from the non-zero modes of A modulo gauge transformations, yielding
a gaussian integral over B; — b; — By + 1 real variables in the lattice regularization. While
mostly irrelevant for our purposes, this factor (in particular its divergence at zero coupling
for b; > 1) has an amusing physical interpretation, best apparent when our Euclidean space-
time M has a factorized circle.!! Indeed, consider Maxwell theory on A x R, where A is an
oriented three-manifold with no torsional cycles, and R plays the role of “time”. The Hilbert
space of (classical) vacua of this theory is the one of a quantum particle propagating on the
torus T?*™), which has infinite dimension for b;(N) > 0. After compactifying the time, in
the e2 — 0 limit, the partition function precisely computes the dimension of this Hilbert space.
Since by (M) = by(N x S1) = b;(N) + 1, this explains the zero-coupling divergence of (15).
In the following, we are going to restrict our attention to the discrete sum in (15) and, in
particular, to its two main characters (16). As a simplifying technical assumption, we will limit
ourselves to considering simply-connected space-time manifolds, i.e. b; = 0, and normalize the

8While T = i,i00 are fixed points for both SL(2,7Z) and (S, T?), the so-called triality point T = e™/? is a property
of SL(2,Z) only.

°Since we do not discuss pure ’t Hooft anomalies of the duality-symmetry (analyzed in [27, 28]), we only
consider constant couplings and trivial I' bundles on space-time.

19Since our main focus is on the T dependence of the partition function, we suppress 7-independent factors:
They amount to the (metric-dependent) determinant of the laplacian over the non-zero modes of A and to a
multiplicative constant given by the volume of a b,-dimensional torus. The latter originates from path integrating
over the harmonic part of A, consisting of b; periodic variables, which the theory is completely blind to, due to its
(electric) one-form symmetry.

We thank Joseph Minahan for discussions on this point.
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partition function by the one corresponding to M = S*, which is just (+/Imt)~!. Therefore,
we will study the quantity

1

Zlg.7)=VImTZ[g,v]= D, ¢ @rmgamGrann, (17)

mezb2

and its zeros at finite values of the coupling.

First of all, it is easy to see that the quadratic forms G+Q appearing above are both positive
semi-definite, with kernels intersecting only at the origin, which guarantees the convergence of
the sum. However, as pointed out earlier, its non-holomorphic T dependence makes it difficult
to infer the presence of anomalies from its vanishing. Hence, we find it natural to ask under
which circumstances the quantity (17) splits into the product of a holomorphic (antiself-dual)
and a antiholomorphic (self-dual) part

5 _ —imiQrm _ImiQtm!
Zlg,rl= D, q MU L g, (18)

b b
m_€7 2 m,€7Z 2

where we have defined the intersection pairings Q* = %(Q + G). The two parts are physi-
cally interpreted as the instanton and the anti-instanton sum. Such a splitting occurs if two
conditions are simultaneously satisfied:

1. Q is block diagonal (over the integers), i.e. it is of the form Q = QT ® Q~, where Q" is
positive definite and Q™ is negative definite;

2. There exists a metric g on M whose associated Hodge star is diagonal in the basis (over
the reals) where Q is block diagonal, which means that Q*, Q™ are the spaces of harmonic
self-dual and antiself-dual two-forms respectively.

The former condition is a purely topological one, and it amounts to requiring the existence
of a matrix L € GL(b,,Z) such that LTQL = Q* @ Q~.'? For example, the intersection form

of the product manifold S? x §2 is ((1) (1)), which is clearly not diagonalizable over the integers,

whereas the intersection form of the twisted bundle S?%S? is ((1) ! ), which can be diagonalized

to (3_%) by means of L = (97!) € SL(2,Z). For further details about isomorphisms of
intersection forms, see Appendix A.

As for the latter condition, let us spend a few words on it here, just to build some intuition,
and postpone again a more detailed discussion to Appendix A. Since the metric G is positive
definite, we have, in obvious notation, G(m + *m, m + +m) > 0, with equality holding iff m is
(anti)self-dual. But from (16) we realize that G(m, *m) = Q(m, m). Thus we conclude that

G(m, m) > [Q(m, m)], (19)

with equality holding precisely (and exclusively) in the space of (anti)self-dual harmonic two-
forms. We dub “extremal” the metrics'® that saturate the bound (19). For example, on the
product manifold S? x S2, conformal classes of metrics are labeled by a single real number
R, given by the ratio between the radii of the two spheres. Extremal metrics are those with
R =1, i.e. for which the two spheres have equal size. The existence of extremal metrics on
generic four-manifolds is an open conjecture in the math literature, proven only recently in
specific cases [29,30]. The reader interested in learning more about this problem is referred
to Appendix A and references therein.

125uch changes of basis are called isomorphisms of intersection forms. Note that, in general, Q and Q" ® Q™ will
not be similar as endomorphisms.

3More precisely, one should talk about whole conformal classes of metrics, because G is invariant under Weyl
rescaling.
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2.2.2 A novel duality-symmetry

Let us then focus on pairs (M, g) that satisfy the two above conditions, and analyze the con-
sequences on the anomaly of duality-symmetries. As we said, in these cases the normalized
partition function of Maxwell theory splits as

Z[r,t]1=2_[7]Z,[7], (20)

where the +(—) recalls that we are summing over (anti)self-dual configurations. The two fac-
tors, separately, would represent the normalized partition function of Maxwell theory on a
space M equipped with a negative/positive-definite lattice of integral harmonic two-forms.
However, due to Donaldson’s theorem (see Appendix A), such a space can never be smooth,

unless it is (homeomorphic to) a connected sum of @2 /CP? manifolds (the bar denotes re-
versed orientation), for which the intersection form is just —/+ the identity. Maxwell theory on
a connected sum of N copies of CP? (or of its orientation reversal) is free of duality anomalies,
because its normalized partition function is the Nth power of the Jacobi theta function

Zep[7]=105(7), (21)

which vanishes nowhere.'# Therefore, in all interesting cases, only the product (20) will have
the physical meaning of a normalized Maxwell partition function, and not each factor sepa-
rately.

Arguably, the easiest example featuring a partition function which does have a vanishing
locus, but admits no non-trivial monodromies under the conventional duality-symmetries is as
follows. Start from M = (52 xS2)*8, that means the connected sum'® of eight copies of $2xS2.
This is a spin manifold, so the duality group is the entire SL(2,Z). Remarkably, its intersection
form can be block diagonalized over the integers, with Q* = [+Eg], the Cartan matrix of
the Eg algebra, with all entries positive (see Eq. (A.3)). We call M Eg #ME8 the manifold with
intersection form [+Eg ]®[—Eg ], which is homeomorphic (in fact diffeomorphic) to (S2xS$2)*8,
and thus smooth. Moreover, a metric whose Hodge star is diagonal in this basis is conjectured
to exist (see Appendix A for further details). With this special choice of metric, the normalized
partition function of Maxwell theory on M, #ME8 reads

Lty 41, [T, 7] = EalT] B[ 7], (22)

where E4[7] is the weight-four Eisenstein series, i.e. a modular form transforming under
SL(2,Z) as E4[t] — (ct + d)*E,[7].'® Clearly, the particular structure of (22) kills all non-
trivial monodromy phases for the ordinary duality-symmetries, and thus naively the theory
looks free of anomalies. Nevertheless, the partition function vanishes at the triality point
T = e™/3 because E, does. This observation poses the problem of how to interpret this zero
of the partition function when there is no obvious anomaly argument for it.

It is not difficult to realize that here the equivariant line bundle controlling the anomaly,
which is trivial, splits into the product of a non-trivial holomorphic line bundle times its anti-
holomorphic counterpart (which is isomorphic to its dual, or inverse). E4[ 7] is a holomorphic
section of this holomorphic line bundle. We claim that, besides the conventional duality-
symmetries at T = i,e™/3, which are both non-anomalous, Maxwell theory on M = M Es #MEB
possesses extra duality-symmetries at the same fixed points, which rotate the self-dual fluxes

“Note that, if on CP?> we include the coupling im f €1 U Wy, the normalized partition function becomes
Zep2[7] = 8,4(%), which also vanishes nowhere, but it does not simply pick a 7-dependent factor under S-duality.

15See Appendix A for all relevant definitions.

6Notice that this is compatible with Eq. (13), using that y = 18 and o = 0 for (52 x $2)*®, and recalling that
we have normalized Z as in (17).
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only, leaving the antiself-dual ones untouched (or equivalently, the other way around). These
exotic “partial” symmetries have the same order of their ordinary counterparts; the one at v =i
is still non-anomalous, whereas the one at T = ¢™/3 has an anomalous phase ¢*™/3 under the
Z¢ transformation M = TS = (% s ), associated to the holomorphic line bundle. The anomaly
of this exotic triality-symmetry is the reason why the partition function vanishes at the triality
point.

To justify our claim, let us focus on the pure S transformation, for simplicity. Recall that, at
the level of the normalized partition function Z (17), electromagnetic duality can be rephrased
in terms of a Poisson resummation. In particular, for the split normalized partition function
(18), we have two separate Poisson resummations:

Z[r,7]= Z e~ mTQ (m_m ) Z o~ TiEQH(m, m,)

m_ez’2 erEZbEr
— +
= (—ir) % S —ri-he IO (j7)F ST bRk (23)
k_ezb2 kJ,GZbgr
_ b
= (—it) T (i) Z[-1,—z],
where we have used the unimodularity of the lattice, that is, detQ™ = (—1)b2— detQ™ = 1.

When we are at the self-dual point T = i, the above equation reduces to an identity, showing
indeed that S-duality is never anomalous. However, at T = i, and only there, we can also just
perform one of the two Poisson resummations and reach the same conclusion. As anticipated,
this gives us a new symmetry of the theory at the self-dual point. The exact same argument
can be carried over for the triality operation (when M is spin), leading in that case to possible
anomalous phases.

As is clear from the discussion above, if we start from a formulation of Maxwell theory
at the self-dual point in terms of “electric” variables, while the ordinary S-symmetry yields
the description in terms of “magnetic” variables, the partial S-symmetry gives us, instead,
a novel formulation of the same theory, featuring a mixed magnetic/electric frame, which
forbids the presence of a Lagrangian. This ties up nicely with the fact that, as opposed to
the conventional duality-symmetries, these exotic ones do not originate from dualities on the
conformal manifold; they exist solely at the fixed points! Note, also, that they are not purely
internal symmetries of Maxwell theory (like ordinary duality-symmetries are), because they
only emerge for very specific metrics of the space-time (see Section 2.2.3 for more on this
aspect).

Clearly, this discussion can be generalized to any choice of (M, g) leading to the splitting
(20), where the (anti)holomorphic part may itself be composed of several factors, and the an-
tiholomorphic line bundle need not necessarily be the inverse of the holomorphic one: Each
factor of Z will enjoy its own duality-symmetry. In fact, the appearance of such partial sym-
metries goes beyond the factorization (20): It occurs whenever Q admits, over the integers,
a positive (negative) definite subspace made of self-dual (antiself-dual) harmonic two-forms.
A paradigmatic example is the K3 manifold, where, with a suitable choice of metric, the nor-
malized Maxwell partition function can be written as

Zs[7, 7] = Eg[ T Z(s2x52y93[ T, T]. (24)

Here Z(s2x52y#s is the normalized partition function of Maxwell theory on (S? x $2)#3, which is
free of anomalies, whereas the two E, factors are due to the sublattice [—Eg]®? C Q of antiself-
dual harmonic two-forms. The ordinary triality-symmetry in this case has an anomalous phase
e8™/3 which can as well be detected by operating a partial triality transformation that only
involves the antiself-dual integral modes.
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Let us conclude by stressing the relevance of isolating an (anti)holomorphic piece from the
normalized partition function. When this happens, we can claim that the vanishing of such a
factorized piece of the partition function at the triality'” point implies the anomaly of a triality-
symmetry, possibly of a partial one. This simply follows from the fact that a holomorphic
modular form vanishing at T = ™3 must be proportional to a power of E4 7]

2.2.3 Physics of extremal metrics

This section is devoted to analyzing the physical properties of Maxwell theory on manifolds
equipped with extremal metrics.

Recall that the mapping class group of a smooth four-manifold M is defined as
noDiffeo(M). This group acts on the second cohomology group as O(Q,Z), the subgroup
of GL(b,,Z) that fixes the intersection form Q of M.'® Under the action of the mapping class
group, the metric G transforms as G — LTGL. Hence, it is natural to ask what happens if
L € 0(Q,Z) leaves G invariant.

Although in general it is not guaranteed that any matrix L € O(Q,Z) can be realized as
a diffeomorphism (it is nevertheless guaranteed in a large class of four-manifolds), consider
one that is, and suppose that it leaves G invariant. This does not guarantee yet that L can be
realized as an isometry for any given metric g associated to G. It can be shown, however, that
the diffeomorphism preserves a Riemannian metric if and only if it is isotopic to a diffeomor-
phism of finite order.'” Therefore, modulo all these subtleties, we can think of the intersection
O(G,Z)N 0(Q,Z) as an accidental space-time symmetry of the theory. In fact, note that the
group O(G,Z) N O(Q,Z) is finite because O(G,Z) is finite (being G positive definite). This
means, in particular, that all the elements in this intersection have finite order, which, as said,
makes them good candidates to be realizable as isometries.

To be more concrete, let us give a couple of examples.

* Consider the product S? x S2. As already mentioned, the intersection form is H = (9 ),
and a conformal class of metrics gives G = diag(R, 1/R), where R is the ratio between
the sizes of the two spheres. The mapping class group is generated by H itself and minus
the identity: O(H,Z) = (H,—1) ~ Z4 X Z,. The element —1 is not very special: It always
leaves any G invariant in any manifold with any intersection form. Indeed, the action of
the mapping class group on G is projective. The isometry realizing this element flips the
orientation of all the two-cycles of the four-manifold. More interesting, instead, is the
element H, whose action consists of interchanging the two spheres, sending R — 1/R
[11]. This does not leave G invariant, unless R = 1, which is exactly the condition that
defines the extremal metrics. In this case, the metric g = g52 ® g5 is manifestly invariant
upon interchanging the two spheres (because they have equal radius), and hence this
element of the mapping class group corresponds to an extra isometry of the space-time.

« Consider the connected sum CP2#CP-. The intersection form is given by Q =diag(1,—1)

. . . _ x +v/x2—1 )
and the most general metric on the second cohomology is given by G = ( /T ,

where x > 1, which can be easily derived by imposing *> = 1. The minimum value
x =1 corresponds to extremal metrics. The mapping class group in this case is given
by 0(Q,Z) = 0(1,1,Z) = 0(1,Z) x O(1,Z) = Z, x Z,, which is generated by —1 and
P = diag(1,—1). The —1 transformation is analogous to the previous example. The
generator P, instead, which corresponds to flipping the orientation of CP! C @2, acts on
G by interchanging the branches of the square roots. This shows again that the extremal

7Recall that the normalized partition function never vanishes at T =i and 7 = ico.
18For details on this, the reader is referred to Appendix A.
See the mathoverflow discussion “Realizing mapping classes as isometries?”.
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metrics are the only fixed points of the mapping class group. If this transformation

is induced by a finite-order diffeomorphism, a theory on CP2#CP equipped with an
extremal metric enjoys an extended space-time symmetry.

In general, if Q = Q" ® Q™ over the integers, a generic G will not be left invariant under
0(Q,7Z). However, the G bilinears associated to extremal metrics are left invariant by the
subgroup O(Q*,Z) x O(Q~,Z). This is clear from the fact that, by definition, extremal metrics
are such that G = Q" @ —Q™. If these transformations can be promoted to isometries, theories
on manifolds equipped with extremal metrics experience an enhancement of the space-time
symmetry.

Let us now come back to Maxwell theory and draw an analogy between the mapping class
group and the duality group.?° The partition function is obviously invariant under diffeomor-
phisms but, as for the duality group, such transformations are not “symmetries”, because they
relate the theory on (M, g) to the theory on (M, g’ = ¢(g)) with ¢ € Diff(M). This clearly
holds for discrete diffeomorphisms too, i.e. for those induced by elements of the mapping class
group: Suppose a given L € O(Q, Z) is realized by a diffeomorphism ¢; € Diff(M), then

Z[¢1(8), ] =2[g,7]. (25)

Now, pick an extremal metric g,. This will induce a bilinear G, with the property that
G, = LTG,L. As noted above, this feature is likely to promote ¢, to an isometry of g,, and
thus to lead to a (non-anomalous) symmetry of the whole theory (and not just to an invariance
of the discrete sum over line bundles). In other words, the extremal metrics g, play the exact
same role for the mapping class group as the orbifold points 7, = i,e™/? do for the duality
group.

The above discussion sheds some light on the very special nature of the exotic duality-
symmetries that we introduced in the previous section. They are neither purely internal nor
purely external symmetries of Maxwell theory; they are somewhat a mixture of the two, be-
cause they emerge exclusively at the fixed points both of the mapping class group (i.e. the
extremal metrics g,) and of the duality group (i.e. the orbifold points 7,). Perturbing away
from either one of these values, even mildly, breaks this peculiar type of symmetry.

2.3 Action on lines

In this section, we analyze how extended operators behave under the partial symmetry we
have defined in the previous section. We begin by reviewing the implications of the standard
S-duality for the correlation functions of line operators [31],2! and then extend these results
to the case of the partial version of the S-duality-symmetry.

Let us consider the partition function of Maxwell theory at coupling 7 with the insertion of
a general number of Wilson loops. This can be written by inserting a source for the connection
as

Z[g,7,jl= (Imr)%(Bl_BO) J DA exp (—S(T,F) + LJ A/\j) s (26)
21 M

with j =), 21q,.6®(y,), where 5@ (y,) is the three-form “delta-function” localized on the
one-cycle y,. With this choice for the source j, the partition function with insertion is by
definition
zlg, v 1= 2lg, 7 )] [welre-. 27)
k

20See [11], where these two concepts are elegantly unified in six dimensions by the theory of a self-dual two-
form.
21See also [32], where the duality covariance of the Wilson loop is analyzed in detail.
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Considering Wilson loops supported on homologically trivial cycles,?? we have that the source
is exact and can be written as j = dJ. Therefore, integrating by parts we have

1 i
Z[7,j]1= (Im1)2E—5o) f DA exp (—S(T,F) + —f F /\J) ) (28)
21 M

We can now perform S-duality on the partition function with sources, using the procedure
explained in Section 2.1. We consider the action (4) with the addition of the external-source
deformation

Szij F/\(f—dA)+S(r,f)—if FAJ. (29)
2T M 2T M

Again, integrating out F freezes F to F i dA, and we get back the partition function with
sources in the electric frame. The magnetic-dual frame is obtained by integrating out A, so
that F localizes on closed two-forms with integral periods. In this way we obtain (5) with the
insertion of the source, namely the action (6) is modified to

S=4LTEJ TF ANF 4T F AF +2(FT—IDAFT +2(F—J )AF
M

(30)
=5(1,9)+5(-3,6),
where we have defined
A ~ AN ]_ A n 1 A
F=F—J, Gt=ViF +—F%, G =vTF +—=F". (31)
J7 JT
After the integration over G, taking into account the 7 dependence we get
By By 1 N 1p
Z[7,j]1= (%) 7 (—it) 2 (Im7)2Br—5o) f DAe 5= (32)

where the integration variable A is a connection with Dirac-string singularities. More explicitly
we have that
df =df —dJ =—21 Y _q;:6(1y), (33)
k

where in the second equation we used that F is closed due to the path integration over A.
This is exactly the disorder-operator description of the insertion in the functional integral of ’t
Hooft lines of charge —q, along the cycles y,. Therefore, using (28), we can rewrite (32) as

zZIe N[ [wolrd)e =¥ () F @ F 22 [T % .. Ga
k k
Assuming Z[7] # 0, we can divide both sides by it and, applying (10), arrive at the following
relation:
J Twetride = 7% s, (35)
k k

which, at the self-dual point 7 = i, implies a selection rule that connects the vevs of Wilson and
't Hooft lines within the same theory. Note that the relation (35) does not see the additional
factors of T coming from the modular properties of the partition function.

22Correlators of Wilson ('t Hooft) loops supported on non-contractible cycles vanish on a compact manifold, due
to the electric (magnetic) one-form symmetry [1].
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We now generalize this procedure to the partial symmetry described in Section 2.2.2. To
do so, we start from the expression in (28) and, as in Section 2.2.1, we expand the harmonic
part of F in a basis of H>(M, 2nZ). In particular, the source deformation is

LJ FAJ= LJ (da+mje]-)/\J = LJ da /\J+2nimin~jaj, (36)
27 M 27 M 27 M

where we defined Q;; ol = 4—7112 J e; AJ € R/Z.2® With the same assumptions of Section 2.2.1,
M

we obtain
Z[T,j] — (Irn T)%(Bl—Bo)f Da e—Ian—anda/\*da+%fda/\J
1 1 i j i j (37)
x Z qzm (Gij—Q;j)m C_l‘_‘m (Gij+Q;;)m e2mim'Q;jal
mezb2
Let us disregard for the moment the continuous part (the first line in the above formula),
on which the partial duality acts trivially, and focus instead on the discrete sum. Assuming
that the conditions of Section 2.2.1 on G and Q are satisfied, we obtain the split form

. i N oyt N
Z[T,J] _ z : e—mr(ml_Qijm7)+2mm‘_Qija7 2 : e—ﬂ:lr(mﬂrQ:'jer)+21'51ml+Q17}oc+ . (38)
— +
m_ez"2 m+€Zb2

By performing a Poisson resummation, like in Eq. (23), but on just one of the factors, for
example the first one, we get

Z[T,J] _ (—iT)_g Z e—ni(—%)[(k,—af)iQi—j(k,—a,)f] Z e—ni%(mﬂrQ?}m{r)+2niaiQij£_
k_ez’2 erEZbEr
(39)
At the self-dual point T = i the anomalous phase is trivialized, and —% = 7. The structure of
(38) is exactly the one of generalized Jacobi theta functions with characteristics [33,34], and
Eq. (39) directly follows from their modular properties. We will have more to say about these
functions in Section 3.2.

Let us now comment on this result. In general, the insertion of a Wilson or ’t Hooft line
can be interpreted as turning on a non-flat magnetic or electric background, respectively, for
the associated one-form symmetry, given by a Dirac delta localizing on a disk D bounding the
line y. Then, a' € R/Z are the components of the harmonic part of this Dirac delta in the basis
{e;};. In other words, for the Wilson line, we have

JAEJF:J F/\5(2)(D)=J da/\*db+J miei/\ajej, (40)
y D M M M

where d »db = —5©®)(y), and the corresponding background for the magnetic one-form sym-
metry, modulo gauge transformations, reads

B, =a'e; +xdb. (41)

It is clear that, the discrete sum in (37) is associated with a flat magnetic background. Indeed,
when neglecting the continuous part, the effect of the Wilson line is equivalent to the insertion
of the following magnetic one-form symmetry operator

Uy(a) = eiai I F , (42)

*The periodicity of the coefficients o’ comes from the observation that exp(2rim'Q;;n’) = 1 when n/ € Z.
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where 3; = PD(e;), with “PD” denoting Poincaré duality. In this case, the action of the partial
symmetry simply consists in exchanging the antiself-dual part of the magnetic background
with an electric one, leaving the self-dual part of it untouched.

In order to see the action of the partial symmetry on the whole Wilson line, we have to
reincorporate the continuous part in (37), which, however, is left untouched by the symmetry
operation. Therefore, what we get after the partial transformation cannot be cast in terms
of an insertion of any dyonic line. Nevertheless, we can still express the result in terms of a
restricted mixed electric-magnetic background of the form

Be = ai_el._ 5
N - (43)

By, =ale +x*db,
where the restriction comes from the allowed gauge transformations: B, — B, + h_ and
B,, — B, +h, +dc, with hy harmonic (anti)self-dual integral two-forms and ¢ a globally
well-defined one-form. Note that {h.,c} correspond exactly to the gauge redundancy of the

original magnetic background (41), i.e. B, = §©?(D).

3 The non-invertible case

In Section 2 we have learned a lesson: If the partition function vanishes at the triality point,
this is the signal of an anomalous symmetry. In particular, we have proved this statement
when the zero originates from an (anti)holomorphic factor. This begs the question: Can the
same conclusion be drawn if the partition function vanishes at a different point (i.e. a smooth
one) of the conformal manifold H/T'? The purpose of this section is to build evidence in this
direction.

Recall that, the zeros of a (anti)holomorphic modular form of weight k in the fundamental
region H/SL(2,7Z) are governed by [35]

1 1
Evi+§vp+vioo+ Z vpzﬁ, (44)
p#i,p,ico

where v, is the order of the zero at the point x, and p = e is the triality point. Notice, in
particular, that generalized theta functions associated with unimodular lattices have zeros at
neither T =inor T = ico. Moreover, since the polynomial ring of holomorphic modular forms
is C[E4, Eg ], powers of E,4 are the only ones that vanish at the triality point. Therefore, if we
consider a lattice that does not have any Eg factor (like the one we will encounter in Section
3.3), Equation (44) gives us information about the zeros of its generalized theta function at
smooth points.

The physical interpretation of these zeros is a bit elusive. One possibility is that they might
be linked to anomalies of the non-invertible generalization of the duality-symmetries. Recent
studies have indeed shown that, by combining the ordinary SL(2,Z) duality transformations
with the gauging of discrete subgroups of the U(1) x U(1) one-form symmetry, one gets non-
invertible duality operations that enhance the action on 7 to SL(2,Q)[18,19].2* Consequently,
besides the ordinary invertible duality-symmetries Z, and Zs at the orbifold points, we will
have non-invertible duality-symmetries associated to the PSO(2, Q) (or even to the PSO(2,R))
stabilizer group of smooth points.

After reviewing the construction of non-invertible dualities in Section 3.1, we will discuss
how to implement “partial” gauging operations in Section 3.2, which allow us to turn non-
invertible the partial symmetries that we have introduced. In Section 3.3, we will present an

24The enhancement is even to the full SL(2,R), as shown in [20,21].
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explicit example of partition function vanishing at a smooth point, and interpret it from the
anomaly viewpoint.

3.1 Non-invertible dualities

In this section, we make the first step in the construction of the partial non-invertible symmetry
of Maxwell theory by reviewing the results of [14-17] and [18,19]. In particular, we are going
to review the action of the discrete gauging on the coupling and the construction of the non-
invertible symmetry operator.

First, let us discuss the discrete gauging. If we turn on backgrounds for both the electric
and magnetic one-form symmetries, and sum over them, the partition function becomes?’

|HO(M, Zy )| |HO(M, Zy)|

1
ZGN [t]= Z Z (Im T)E(BI_BO)
e H! Z H! Z
Nm | (M, Ne)l | (M: Nm)| BmEHZ(M,ZNm)BeEHz(M’ZNe) (45)

J‘ DAe 2e 2 IM(F_B )A*(F_B ) fM(F_Be)/\(F —B )+ 2m fM(F_Be)/\B

where we dubbed GNe the gauging operator, following the convention in [20]. In Eq. (45), B,

is the background of the electrlc Zy, and By, is the background of the magnetic Zy_ one-form
symmetries. When gcd(N,,N,,) = 1, there is no mixed anomaly between the two one-form
symmetries, and the sum over the background fields can be carried out safely. This process
has the effect of changing the periodicity of the field strength and of its dual [17,20,36]. One
can go back to a canonically normalized gauge field by simply rescaling the coupling, which
leads to the following relation

N2
ZG}V\,[ t]= N?fZ[N2 ] (46)

As discussed in the references, the gauging operator is invertible up to condensates, meaning
that it enjoys a non-invertible fusion rule

G Gp/m P_ (gcd(q,m)) 5 (47)

a/n mn ged (p,n)

where C(Z) is a condensate of electric and magnetic symmetry operators, supported on an

interface M
Cey= . expliagp F+ib¢ F|, (48)
)
My€Hy(M3,Zy) My Ny

No€Hy(Ms3,Zg)

where F = @ *F ——F is the flux measuring the electric charge. The condensate (48) defines

a projector of line operators. It projects out all the Wilson lines whose charge is not a multiple
of a and all the ’t Hooft lines whose charge is not a multiple of b. The gauging operation acts

Ne

Nm 0
on the coupling constant via the matrix Gr, = ( o e ), effectively extending the PSL(2,7)

Nm f
action to PSL(2,Q).

Putting all these ingredients together, we have that almost any point in the moduli space
(or literaly any point, if we use the PSL(2,R) version) has a non-trivial isotropy group, which
is an intrinsic property of the point itself. We can concretely visualize this group by taking

. . . . . N2 .
any path in the moduli space. For instance, consider a coupling of the form 7 = IW This

25For the normalization we use the same conventions of [1].
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value is fixed by an entire U(1) N PSL(2,Q) group. We can identify e.g. a Z, subgroup of it by
applying the sequence of transformations DT = Gn, SGr. T = 7. In other words, we rescale

Ne  Nm
the coupling via a discrete gauging, perform the standard S duality-symmetry at the self-dual
point, and then go back to the original coupling with the opposite discrete gauging. At the
level of Maxwell theory, this operation is always well defined, since Z[i] is always non-zero.
The price we pay for including the discrete gauging is that the operator D now defines a non-
invertible symmetry of the theory at that specific coupling, because of the fusion rule (47) of
the G operators.

Of course we can do something analogous to define a Z3 subgroup of the isotropy group
2

of T = p]%, by making use of the triality symmetry. However, we must be careful, because
we can onlrgf do that if the partition function does not vanish at the triality point p. This van-
ishing represents an obstruction to constructing the non-invertible triality symmetry operator
associated to that specific Z5 subgroup. Let us give an example. Consider the K3 manifold. Its
partition function (24) vanishes at the triality point, as a consequence of a mixed anomaly of
the triality-symmetry with gravity. Starting from a generic coupling 7 = g%e™/3 with q € Q,
we can apply the gauging operator G,, which leads to

which prevents us from constructing the non-invertible triality operator.

3.2 “Partial” gaugings

In order to better understand how partial symmetries arise, as well as their possible gener-
alization to partial non-invertible symmetries, it is useful to describe the properties of the
field theory in a more algebraic manner. In particular, we show how the partition function of
Maxwell theory on a manifold obtained via connected sums can be rewritten as the product of
the partition function of Maxwell theory on the individual components, suitably normalized.
This allows us, at least formally, to define the partition function even on non-smooth spaces.

To see this, let us recall that a connected sum is achieved by cutting from two closed four-
manifolds an S and then gluing the two manifolds along this boundary (see Appendix A). As
we discussed in Section 2, when the intersection matrix of a manifold is block diagonal, one
can think of the associated four-manifold as obtained via a connected sum of “irreducible” com-
ponents. Moreover, if the Hodge-star operator is simultaneously block diagonal, the partition
function can be written as a product

Zpun 7,81 = (Im7) 72 Zy [ 7, 2120 [ 7, 21, (50)

where Z \,[7,%]and Z/[7, %] are as in Eq. (17), for the two manifolds M and N, respectively,
which we assume to be simply-connected. We can now notice that, since the partition function

on S*is Zg:[7,%]= (Im7)"2, by multiplying and dividing by this quantity we end up with2®

Zlt, 71207, 7]
Zga[T, 7] '

ZM#/\/‘[T, f] = (51)
This decomposition is similar to the one in [37], with the crucial difference that now the
above equation holds for a non-topological theory. The expression (51) allows us to interpret
the partial symmetry in terms of the symmetry of the “partial” theory.

26Recall that, since our focus is on the T dependence, we are neglecting the laplacian determinants. The latter
would spoil the factorization (51), because the laplacian determinant on M#M\ is in general different from the
product of the respective laplacian determinants on M and .
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As we anticipated, this may become a way to formally define the partition function even
on non-smooth spaces, like for example?’

Zyg,, 171257, 7]
Z p—

MEs#MEs[T] B Zgal7]

(52)

Despite this is a mere algebraic manipulation, as we will show shortly, it will allow us to define
a notion of gauging of the partial theories, and therefore to construct non-invertible partial
symmetries.

To this end, we will follow [11],2® and define the generalized partition function

Z[i]:amf)—% S qHm G g G hQy)m g 2nilmii Qe (53)

mezb2

where v and ¢ are vectors with rational entries, that correspond to non-trivial backgrounds
for finite subgroups of the U(1) electric and magnetic one-form symmetries respectively.?’
Gauging is then achieved by summing over these backgrounds.

As an example, let us consider the gauging of a Z, subgroup of the electric one-form

symmetry for Maxwell theory on TP". The partition function with fluxes is given by

Z[E] = (Im7)72 ) emlmed, (54)

0 mezZ

for n = 0,1. Summing over all possible backgrounds amounts to

NI H SR O WD Wy

n=0,1 meZ meZ (55)
_ -1 miZ(2m)? miZ(2m+1)%) _ 1 0 T
=(Im7) 2(26 4 +Ze 4 )—220[4];
mezZ mezZ

which is compatible with (46), using the normalization in (45).
Repeating the same analysis for a generic manifold and an electric Zy_ gauging, we get

Z6, [7] =Ng—blzz[f§}[f] — 2150, (56)

n

where now n is a b,-vector with Zy -valued entries, encoding the electric background for each
two-cycle in the manifold.
We can repeat the above considerations for the magnetic gauging. Again, as an example,

we consider CP~ and turn on a ¢-type background

0 . .
Z[n] =(Im7)"2 Z eriTm ginm (57)

2 meZ

2’From now on, we do not indicate the 7 dependence in order not to clutter the notation.

28The same expression is obtained in [34] when considering the one-loop partition function of fermions on a
genus-g Riemann surface. In that case, 2 = ii—’; G— % Q is the period matrix of the surface, while ¢ and ¢
represent different spin structures.

PTurning on 1, ¢ is equivalent to turning on background two-form gauge fields B,, B,, of the electric, magnetic
one-form symmetries. This has the consequence of changing the quantization condition of F, from integral to
fractional flux. When B, ,, = w,, the second Stiefel-Whitney class of the manifold, it changes the statistics of the
line operators [25,38,39].
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with again n = 0, 1. Summing over the two options, we obtain

> Zl:g][%‘] =(Im7)77 » (1+(=1)yM)e™™ =2(Im7)2 » ™7’ =4Z[8](4T), (58)

n=0,1 2 mezZ mez

which is compatible with (46), using the normalization in (45).
For a generic manifold and a magnetic Zy_ gauging, we get

Zg, , [T]=NI™ Zz[g][r] = NZZ[N27], (59)
n Np
where n is a b,-vector with Zy_-valued entries, encoding the magnetic background for each
two-cycle in the manifold.
Note that when both ) and ¢ are on, the partition function gets a factor exp(y)Q¢),
which might lead to inconsistencies when gcd(N,, N,) # 1. When the order of the two gauged
symmetries are co-prime, one can redefine the backgrounds as follows

Y =Ny, ¢ —=Neg. (60)

From the field-theory point of view, this amount to taking the gauge fields of the electric and
magnetic symmetries to be of the form B, = ]X[—‘: b.and B, = 1]\\]]—; by, respectively, for b, ;, integer
classes.
As an example, let us once again consider Maxwell theory on @2, where we gauge
a Zq X Z5 subgroup of the one-form symmetry. We pick background fields B, = %be and
B, = %bm, and thus we get
3

Z|:§2k] — (IIIl ’L')_% Z eni'r(m+%k)2627ti(m+%k)%l , (61)
31
3 meZ

which is invariant under k — k + 2Z and | — [ 4+ 3Z.° Hence, the gauging can be performed
by summing over k =0,1 and [ =0, 1, 2, leading to

%}z[%%’;][r] - %Z[g][%’c], (62)

which is compatible with (46), using the normalization in (45).

With this analysis, it is now easy to see how one can define a gauging on the partial theory.
For example, one can consider Mg, #M g, and perform an electric gauging G;? on the self-dual
sector only

n zy [v]  Zy, [§712Z5, [7]
zserzN]r B8 e TR 63
oz L7 Zn: MEs[o 7] Zss[7] Zsa[7] (©3)

With this notion of “partial” gauging, we can repeat the analysis of the previous section and
define a “partial” non-invertible symmetry by combining a partial gauging with a partial sym-
metry. Consider, for example, a theory at coupling T = N2i, whose partition function admits
the splitting

. ZpqIN%]ZN[N?]
z N2i]= =M : 64
Mman [N Zor[N21] (64)
One can now perform a (electric) Gy gauging only on the partial theory defined on M, fol-
lowed by a partial S-duality and finally by a (magnetic) G 1 gauging, such that the coupling

goes back to the starting value G 158Gy (N2i) = N2i. This duality-symmetry operation is now
non-invertible and it is “partial”, in the sense that it only acts on the self-dual fluxes of the
theory.

30These are the large gauge transformation of the background gauge fields. They are related to the arbitrariness
in the choice of integral lifts of these fields.
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3.3 Zeros vs anomalies

There is a fundamental difference between the invertible SL(2,7Z) duality of Section 2 and
its non-invertible SL(2,Q) (or SL(2,R)) generalization: The latter does not correspond to a
“gauge” symmetry in the parameter space H. In other words, configurations connected by
SL(2,Q(R)) transformations do not have to be regarded physically indistinguishable.>! This
is because, as we have reviewed above, the non-invertible defect operators remove some lines
from the spectrum.

However, every point in H now (and not just the orbifold ones as before) is fixed by a non-
trivial subgroup of PSL(2,Q(R)): The subgroup is isomorphic to PSO(2, Q(R)) and depends
on the point. Analogously to the Z, and Z3 subgroups of PSL(2,Z) of the invertible case, this
stabilizer group would be associated to a now non-invertible duality-symmetry of Maxwell
theory corresponding to almost any value of the coupling in H (or literally at any coupling if
we consider the R version) [18]. Such symmetries may have a mixed 't Hooft anomaly with
gravity, and it is tempting to attribute a zero of the partition function at a smooth point 7, to
this anomaly. The anomaly is, of course, an intrinsic feature of the non-invertible symmetry
defined at a given 7,,.

One concrete consequence of this anomaly would be the following. Consider a matrix
M € PSL(2,Q(R)) such that M(t,) = i. Then the transformation M~'SM generates a Z,
subgroup of the stabilizer group of the point 7,. The anomaly thus implies that

Z[t,]=—2Z[M'sM(7,)]. (65)

Provided that Z does not vanish at the triality point, a similar discussion can be carried over
for a Z5 subgroup of the stabilizer group of 7,, using a matrix N € PSL(2, Q(R)) such that
N(7,)=p.

Let us make a remark here. Since M or N necessarily contain a (possibly infinite) number
of gaugings of one-form symmetries, one would naively ascribe the above anomaly to a mixed
one between the one-form symmetries and gravity. However, this cannot be the case: A mixed
anomaly between, say, a Z, x Z,, one-form symmetry group and gravity, if present, would
be independent of the value of T and, starting from the theory at any value of T such that
Z[7] # 0, it would kill Z [11\\;_%'[] by the gauging procedure for any N, multiple of n and N
multiple of m. This would irenply that the partition function will vanish identically. A similar
argument can also be used to exclude the presence of mixed anomalies between the one-form
symmetries and the invertible zero-form symmetries arising at the orbifold points: If present,
they would create many more zeros for Z than e.g. those allowed in the split case by formula
44).

We do not have a direct way to assess whether anomalous phases such as the one in (65)
are present or not. Hence, we rely on the vanishing of the partition function as a criterion to
detect anomalies. Therefore, in the following, rather than aiming to be exhaustive, we limit
ourselves to presenting one concrete example where the partition function of Maxwell theory
has a single zero of order one at a smooth point of the conformal manifold.

Start with the connected sum of 24 copies of the product manifold S x S2. As we have
seen in Section 2.2.2, we can isomorphically map its intersection form to that of the mani-

fold M ;; 3 #Mﬁ:. By choosing an extremal metric g, for which Eée?’ is the lattice of self-dual

fluxes, we have seen that Z [8g;T,T]= E,[t1E4[7]%, which vanishes at the triality point as
the effect of anomalous partial triality-symmetries. Remarkably, however, there exists another
isomorphism of intersection forms, which instead takes us to L @ L, where L is the so-called

3INote that, if this were the case, Z would have been a section of a generalized equivariant bundle which, if
non-trivial, would have implied that Z is identically zero. This is due to the fact that almost any point in H can be
reached from any other point by a SL(2, Q) transformation.
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Leech lattice, an even unimodular 24-dimensional lattice, thus establishing the following dif-
feomorphism

(82 x §2)"2* ~ M, #M (66)

with M;#M the smooth, simply-connected manifold associated to Q;4;. By choosing an
extremal metric g;, for which L is the lattice of self-dual fluxes, the normalized partition
function reads

Zog, 431, 1803 T, T1 = 91(2) 01(T), (67)
where 4, (7) is the generalized theta function of the Leech lattice, a holomorphic modular
form of weight 12, which can be written as>?

1
()= (7E4[7] +5E[7]) . (68)

As is clear from (44), the normalized partition function (67) will now have only one simple
zero at a smooth point Tka) of the conformal manifold. We estimated its approximate location
to be

1) ~0.23510834 + 0.971969171, (69)

which we truncated at eight decimal digits. Notice that this zero is likely lying on the lower
edge of the fundamental domain, i.e. |Tka)| =1.

Given what we said above, it is natural to suspect that this zero is related to the mixed
anomaly with gravity of a partial non-invertible symmetry of Maxwell theory at 7 = TiL),
transforming solely the self-dual (or equivalently the antiself-dual) fluxes. It would be very
interesting to better clarify the nature of such a symmetry and to verify the presence of its
anomaly by a direct computation of the anomalous phase.

4 Discussion

In this paper, we have analyzed some of the intriguing phenomena that originate from con-
sidering free quantum field theories supported on non-trivial geometries. The case of interest
was Maxwell theory on compact four-manifolds, but our results could be easily extended to
other free theories that contain Maxwell as a subsector, such as ' = 4 Abelian gauge theory
in four dimensions. The latter can be obtained from dimensional reduction on a two-torus of
the (2,0) theory living on a single M5 brane in flat space. Hence, the electromagnetic-duality
behavior of the four-dimensional gauge theory is inherited from the way the six-dimensional
theory, including its fermionic sector, reacts to large diffeomorphisms of the torus.

We showed that, under certain precise conditions on both the topology and the metric of
the four-manifold, the (suitably normalized) partition function of Maxwell theory undergoes
a holomorphic factorization. We associated the different factors of the factorization to “would
be” Maxwell theories on generally non-smooth four-manifolds. This observation led to the dis-
covery of a novel type of symmetry, with a mixed internal/space-time nature, arising at special
values of the coupling and acting only on a subsector of flux configurations. We uncovered its
peculiar features as well as its mixed 't Hooft anomaly with gravity. The factorization of the
partition function allowed us to control its vanishing even in the absence of anomalous phases
for the ordinary duality-symmetries, and we leveraged this knowledge to argue for the exis-
tence of mixed 't Hooft anomalies between gravity and the recently-constructed non-invertible
version of duality-symmetries.

32The case of the Leech lattice can easily be generalized to a whole class of examples, given
by the so-called Niemeier lattices, i.e. the 24 positive-definite even unimodular lattices of rank 24,
whose generalized theta functions are parametrized by the Coxeter number h of the lattice, and read
By (h; 7) = %5 ((42 + h)E,[T]® + (30 — h)Eg[ T]?). For the Leech lattice, h = 0.

21


https://scipost.org
https://scipost.org/SciPostPhys.19.4.089

e SciPost Phys. 19, 089 (2025)

It would be interesting to see how much of this analysis survives in the case of interacting
theories sharing analogous modular features, such as A/ = 4 Super-Yang-Mills theories in four
dimensions, whose duality behavior and non-invertible symmetries have been discussed e.g. in
[40] and [41] respectively. This analysis might lead to novel identities between topological
invariant quantities, such as Donaldson-Witten invariants (see [42] for a recent review).

It would also be important to analyze how small perturbations away from extremal met-
rics modify our results and possibly explore the interplay between the softly broken partial
symmetries and the addition of charged matter.>*

Another very intriguing direction of further study concerns the non-Lagrangian theory of a
self-dual two-form in six dimensions, which, upon dimensional reduction on a two-torus, yields
the Maxwell theory in four dimensions, giving a target-space origin to the electromagnetic du-
ality [11]. By dimensionally reducing this theory on the compact four-manifold M, instead,
one gets the theory of two-dimensional compact chiral bosons with target space the interme-
diate Jacobian H*(M,R)/H?(M, Z), where the role of space-time isometries and dualities is
exchanged with respect to Maxwell theory (see [43-45] for examples in the supersymmetric
case). It would be interesting to see whether such a unifying six-dimensional perspective sheds
more light on the partial symmetries we have introduced here, perhaps by clarifying their ef-
fect on the spectrum of lines, and provides some additional insights on the mixed anomalies
between gravity and the non-invertible duality-symmetries. In particular, the partial symme-
tries might be related to discrete isometries of the metric of the six-dimensional theory, which
would give them a geometric origin.

One might also consider compactifying the six-dimensional theory on genus g > 1 Riemann
surfaces and study duality anomalies and possible partial duality-symmetries of the ensuing
U(1)¢ four-dimensional gauge theory. In addition, one could analyze the effect on the four-
dimensional duality structure of compactifications on non-trivially fibered Riemann surfaces.

Finally, it is known that the electromagnetic duality of Maxwell theory is plagued by a pure
’t Hooft anomaly too, which can be detected by promoting the gauge coupling to a space-time
dependent complex parameter [27,28]. It would be important to establish whether the non-
invertible duality-symmetries are also affected by this pure anomaly, which would represent a
gravity-background independent obstruction to gauging them.
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A The space of harmonic two-forms on four-manifolds

After reviewing some basic definitions concerning the geometry of four-manifolds, this ap-
pendix is devoted to an in-depth discussion about the existence of metrics saturating the bound
(19). First, in Section A.1, we define the intersection form of a four-manifold, which character-
izes its topology. Then, in Section A.2, we review the operation of connected sum, as it will be
our main tool in constructing smooth four-manifolds starting from “easy” building blocks. In
Section A.3, we present a powerful classification theorem of simply-connected four-manifolds,
and, in Section A.4, review the concept of mapping class group. Finally, in Section A.5, we talk
about the Hodge star and the existence of “extremal” metrics. This material is taken mainly
from [46] (Chapters 3 to 5) and [47].

A.1 The intersection form

Let us start by discussing the intersection form, which contains much information on the topol-
ogy of our four-manifold M. The space H%(M, Z) is endowed with the cup product, defining
a symmetric, non-degenerate pairing

Q: H3(M,Z) x HA (M, Z) - Z,

(a,b)%f aub.
M

Since we assume H?(M, Z) to be a free module, we can view an element a € H*(M,Z) as
a closed two-form with integer periods (up to shifts by exact forms). Then, the intersection
form is simply given by

(A1)

Q(a,b) = f aAnb. (A.2)
M
Here are some useful facts and definitions.

* We say that Q is positive (negative) definite if Q(a,a) > 0 (< 0) for any non-zero
a € H*(M,Z). We also say that it is even if Q(a,a) is even for any a, otherwise we
say that it is odd.

* The signature of Q is defined as the difference between the dimensions of the max-
imal positive and maximal negative-definite subspace of Q. Concretely, we can al-
ways diagonalize Q over the reals and consider the spaces of positive and negative
eigenvalues. This induces a decomposition H2(M,R) = Hi(M,R) ® H2(M,R). Let
b;(/\/l) = dimHi(M,R). Then the signature is 0 = b; —b;.

* The intersection form is Z-bilinear, symmetric, and, as a consequence of Poincaré duality,
unimodular (i.e. detQ = £1). Moreover, if the manifold is spin, the intersection form is
even (the converse holds if H; (M, Z) has no two-torsion, which is assumed throughout).

e If M and N are simply-connected smooth four-manifolds with isomorphic intersection
forms (i.e. Q o4 to Q \r are connected by a change of basis over the integers), then M and
N are homeomorphic (as we will see, this is a consequence of Freedman’s classification
theorem).

Let us now give some examples.

* The manifold S? x $? has exactly two non-trivial two-cycles given by the two S? factors.
These do not self-intersect, but they intersect each other at a point. Hence, the inter-
section form is given (in this basis) by Qg2,52 = H = [(1) (1,], the “hyperbolic plane”. It

23


https://scipost.org
https://scipost.org/SciPostPhys.19.4.089

e SciPost Phys. 19, 089 (2025)

is easy to see that this form is even and, since the manifold is simply-connected, this
implies that the manifold is spin.

* The manifold $? x $? can be thought of as the trivial bundle $? x C, where we compactify
each fiber with the point at infinity. We can play a similar trick with any line bundle over
S2. These are classified by the first Chern number n € Z, and for any integer, we can
construct a compact manifold by compactifying the fibers. This way we obtain the so-
called Hirzebruch surfaces, F,,, which are nothing but S bundles over S2. It is easy to
compute, e.g. by toric methods, the intersection form of F,: Qp = [(1) ,11] Remarkably,
it turns out that, for n even, Q ;= H, whereas, for n odd, Q s = [52 ] Hence, the

surfaces Fq,., are all homeomorphic (in fact diffeomorphic) to the direct product $? x S2,
whereas all the F 44 to the twisted bundle S2%S?, which is non-spin.

A.2 Connected sums

One very important operation on four-manifolds that we are going to use extensively is the
connected sum. If we have two four-manifolds M and N/, their connected sum M#N is
obtained as follows. First, we remove a small four-ball from both M and V. In this way, they
become manifolds with boundary given by S°. Then, we embed a pair of cylinders S* x [0, 1]
to glue together the two S boundaries in the following manner: one of the cylinders is such
that S3 x {1} coincides with the boundary of M and S® x [0, 1) is in the interior of M, while
the other cylinder is such that S® x {0} coincides with the boundary of A" and S® x (0,1] is in
the interior of . The connected sum is then obtained by identifying these two cylinders. The
following are three important properties of connected sums.

+ Summing an S* will not change the topology of the connected sum: M#S* = M.

* If we use the Mayer-Vietoris sequence on the open manifolds engineered to build the
connected sum, we have H'(M#NMN,Z) = H(M,Z)® H(N,Z) for 0 < i < 4. As a
consequence, we have that y (M#N) = y(M)+ y(N)—2.

* If M and N have intersection form Q ,, and Q », their connected sum M#A\ has in-
tersection form Q, ® Q). Conversely, if M is simply-connected and Q ,, splits as a
direct sum Q; ® Q, then there exist topological four-manifolds N; and N, such that
M= N #N, (as we will see, this is a corollary of Freedman’s classification theorem).

As a first example, consider (CIP’Z#@Z, with the bar denoting reversed orientation. Since
H?(CP?,7Z) = Z, we have that the intersection form is given by a single integer. The generator
of the second cohomology group of CP? is given by the Poincaré dual to CP! ¢ CP?. Since two
CP!s intersect generically in a point, we conclude that Qp2 = 1. Reversing the orientation flips
all the signs in the intersection form, leading to Qs =—1. Hence, Q .y 2 = [(1) 5 ], which

implies that CP2#CP° = 52%S2. Another example, particularly important for the purposes
of this paper, is the connected sum (S? x S2)*®. Remarkably, its intersection form can be
diagonalized over the integers into the form [+Eg] ® [—Eg], where

1 -
1 21
1 21
[+Eg] = ! f ; 1 1 (A.3)
1 21
1 2
| 1 2]
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Therefore we conclude that (S? x $2)#® =~ M Es #MEs, where Mp_ is a topological space with in-
tersection form (A.3). As we will see, by Donaldson’s theorem, Mg, does not admit any smooth

structure. However, the connected sum M, #MES, being homeomorphic to a connected sum
of spheres, is smooth. Notice also that the Eg-form is positive-definite and even. This implies
that (52 x $2)*8 is a spin manifold.

A.3 Classification theorems

Let us now present some very powerful classification theorems.

Theorem A.1 (Serre’s Classification) Let Q : Z X Z — Z be a symmetric, bilinear, and unimod-
ular form.

* If Q is indefinite and odd, then in a suitable basis it can be written as

Q=[+11""@[-1]®°".

* If Q is indefinite and even, then in a suitable basis it can be written as
Q — [:l:Eg]@m @Hﬂ)n .
Theorem A.2 (Freedman’s Classification) For any integral, symmetric, unimodular form Q,
there is a closed, simply-connected topological four-manifold that has Q as its intersection form.
* If Q is even, there is exactly one such manifold.

* If Q is odd, there are exactly two such manifolds, and at least one of them does not admit
any smooth structure.

In particular, if M and N are closed, simply-connected, smooth four-manifolds with isomorphic
intersection forms, then they are homeomorphic.

Theorem A.3 (Donaldson) The only positive (negative) definite intersection forms of smooth
manifolds are given by [+1]®™ ([—1]%™).

From all these theorems and the fact that (2 x §2)*8 = M Eq #MEB, we can extract the
following important statement.

Corollary A.4 Every smooth, simply-connected four-manifold not homeomorphic to S* is home-
omorphic to:

o (CP2)*m#(CTP°)*" if Q is odd,
. M]if;m#?f(s2 x §2)#" or Mzsm#(sz x §2)#1 if Q is even.

Notice that, in general, there are constraints on how many S? x S summands are allowed
for every M Eq (or M Es) summand such that the whole connected sum is smooth (for instance,

M]i 4#(S2 x $2)*> does not admit a smooth structure [48], but MZZ#(SZ x $2)#3 is smooth,

being it homeomorphic to the K3 manifold). The precise number of how many S? x S? you
can have for each My is still an open problem in mathematics. Indeed, we have the following

Conjecture A.1 (11/8) Every smooth four-manifold M with even intersection form must have
by, > Yo|.
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This means that we should have at least 3 H’s for each pair of Eg’s in Q , 4, namely that the most
general simply-connected, smooth, spin four-manifold (not homeomorphic to S*) is homeo-
morphic to connected sums of K3 manifolds and S2 x $?’s. An important result in this direction,
proven by Furuta in [49], is given by

Theorem A.5 (10/8) Every smooth four-manifold with even intersection form must have
by, > %Ola| + 2 (i.e. at least 2 H’s for every pair of Eg’s).

A.4 The mapping class group

Let us spend a few more words on Freedman’s classification theorem.

Consider two topological, simply-connected, four-manifolds M and A/. Suppose that there
is a homeomorphism f : M — N. Then, we have an isomorphism of cohomology groups
f*:H?(\N,Z) — H%(M,Z). Hence, by identifying H2(M, Z) and H*(\, Z) with Z"2, we see
that performing a homeomorphism between two homeomorphic manifolds is equivalent to a
change of basis of the second cohomology group, which depends only on the homotopy class
of f. At the level of the intersection form, we have Q \ = LJTQ mLg, with Ly € GL(b,,Z) being
the matrix of change of basis induced by f (i.e. the two intersection forms are isomorphic).

Now, given two topological, simply-connected, four-manifolds with isomorphic intersec-
tion forms, can one always find a homeomorphism between them? The answer is in Freed-
man’s classification theorem and it is “almost”. If Q is even, then the answer is yes: Up to
homeomorphisms there is a unique topological, simply-connected four-manifold with inter-
section form Q. However, when Q is odd, we have exactly two. These are distinguished by
the so-called Kirby-Siebenmann class, which is a class in H*(M, Z,), giving an obstruction
for M to be smooth. In particular, the one with a non-trivial Kirby-Siebenmann class admits
no smooth structure, while the one with trivial Kirby-Siebenmann class is smooth (being it
homeomorphic to a connected sum of CP?’s and @z’s).

Therefore, given Q, provided that it is isomorphic to the intersection form of a smooth
four-manifold, it is always realized as the intersection form of a smooth four-manifold.

So far we have focused on homeomorphisms between different topological four-manifolds
(i.e. Homeo(M,N)). Let us now focus on Homeo(M, M). As before, we have that a home-
omorphism f : M — M can be interpreted as a change of basis in H2(M, Z). However, this
time, the intersection form is preserved. Hence, Ly € O(Q,Z) = {L € GL(b,,Z) | LTQL =Q}.
In particular, a result by Quinn [50] states that we have an isomorphism

noHomeo(M) = 0(Q,Z), (A4

where myHomeo(M) is by definition the topological mapping class group (the 7, is due to
the fact that we are only interested in the homotopy class of f).

So far, we have been concerned with topological manifolds and homeomorphisms. But,
in applications, we are interested in smooth four-manifolds. Hence, we now look at how the
above picture changes if we consider m,Diff(M) (i.e. diffeomorphisms). Since every diffeo-
morphism is a particular case of homeomorphism, clearly we have a map

moDIff(M) — 0(Q, Z). (A.5)

However, contrary to the previous case, this map is in general guaranteed to be neither injective
nor surjective. Nevertheless, there is an important result by Wall [51], which states

Theorem A.6 Let N be a closed, oriented, simply-connected four-manifold, and suppose either
that Qs is indefinite or the rank of H*(N/,Z) is at most 8. Then, if M is diffeomorphic to the
connected sum N'#(S? x §2), the map myDiff(M) — O(Q, Z) is surjective.
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Since most of the manifolds we consider are of this form, we will often assume surjectivity.
With a slight abuse of terminology, we will refer to O(Q x4, Z) as the mapping class group of
M.

A.5 Metrics on harmonic forms

So far we have talked extensively about the topology of smooth four-manifolds, and we have
been able to classify the simply-connected ones in terms of the intersection form. Now we shift
our focus onto the second main character of our discussion, the Hodge-star operator.

If we endow our smooth manifold M with a Riemannian metric g, we can define the
Hodge-star operator between two differential forms of the same degree as

an*f =(a,fB),dvol, (A.6)

where (-, ), is the scalar product induced by the metric on differential forms, and dvol is the
volume form of the metric.

On a four-manifold, the Hodge-star operator takes two-forms into two-forms. Moreover
*»x = 1 on two-forms. This means that we have eigenspaces with eigenvalues 1. The elements
of these eigenspaces are called self-dual and antiself-dual forms. Given the rank-6 vector
bundle of two-forms A®), we can decompose it into the direct sum of two rank-3 vector bundles
of self-dual and antiself-dual forms

AP =7 P e a® (A7)

where a € Af) is such that xa = +a. This is obvious for any two-form a can be decomposed
asa=a"+a", where a* = %(1 +)a.

Since the Hodge-star operator on two-forms of four-manifolds depends only on the confor-
mal class of the metric, we also have that the decomposition in self-dual and antiself-dual forms
depends only on the conformal class of the metric. This point of view can be reversed. Indeed,
we can regard any conformal structure for our manifold as being defined by the sub-bundle
decomposition (A.7).

Let us now discuss the action of the Hodge star on H2(M,R). By the Hodge decomposi-
tion theorem, any element w € H2(M,R) admits a unique representative which is harmonic
(meaning that dw = d x @ = 0). The action of the Hodge-star operator sends harmonic forms
into harmonic forms. Hence, we have a decomposition

H*(M,R) = H?(M,R) ® H*(M,R). (A.8)

Clearly we have that an element a € H er(/\/l, R) is such that

J a/\a=f a/\*azf (a,a)dvol = 0. (A.9)
M M M

Hence, the space Hi(M,R) is a maximal positive-definite subspace of the intersection form
(the same discussion holds for H2 (M, R), which is a maximal negative-definite subspace).

A.6 “Extremal” metrics

In this section we will discuss the existence of a class of metrics that saturate the bound (19).3%

Let us start by stating the problem that we want to solve. Suppose that we have chosen a
topology for our four-manifold by fixing the intersection form Q. Over the reals we can always

34We thank Thomas Kragh for insightful discussions on this topic.
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decompose the space of harmonic two-forms into a maximal positive and a maximal negative-
definite subspace under Q, i.e. H2(M,R) = Hi(./\/l, R)® H?(M,R). Can we find a conformal
class of metrics for which all the elements of H JZF(_)(M,]R) are represented by (anti)self-dual
harmonic two-forms?

As discussed in the previous section, a conformal class of metrics is equivalent to choosing
a rank-3 vector bundle A(f) of self-dual differential two-forms. Hence, one is led to find a

bundle ASFZ) in such a way that the space of its global sections contains one representative
for each element in H i(/\/l,R). These representatives are going to be the self-dual harmonic
two-forms (which then determine the antiself-dual harmonic forms).

Here are some results on four-manifolds related to the existence of such metrics. We denote
by Gr* (M) the space of all possible maximal positive-definite subspaces of H2(M,R), and by
Met(M) the space of all possible metrics on M. Then, we can consider the so-called period
map

Im: Met(M)— Grt(M). (A.10)

In [29] it is conjectured that the period map is surjective. This would imply the existence of
the metrics we are seeking. Although this is still an open conjecture, in recent times a useful
result in this direction has been proven in [30]:

Theorem A.7 For asmooth, closed, connected, oriented four-manifold, I1 has dense image. More-
over, if by =1 (or equivalently, b, = 1), then the period map is surjective.

To summarize, we now have the following picture:

* If [+Eg] C Q, and Q is the intersection form of a smooth four-manifold, then it is con-
jectured that there exists a metric in which the [Eg] factor is self-dual.

* If [+Eg] C Q, and Q is the intersection form of a smooth four-manifold with b, =1,
then there exists a metric in which the [Eg] factor is self-dual.

Let us give a couple of examples:

* Q = [+Eg] ® [—Eg] is the intersection form of a smooth four-manifold homeomorphic
to (2 x $2)#8. If the conjecture holds true, it admits a class of metrics where the [Eg]
subspace is self-dual.

* Q =[+Eg] ®[—1] is the intersection form of a smooth four-manifold homeomorphic to
((CIF’Z)#S#@Z, which does admit a class of metrics where the [ Eg] subspace is self-dual.
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