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Abstract

We consider the open XYZ spin chain with boundary fields. We solve the model by the
new Separation of Variables approach introduced in [1]. In this framework, the transfer
matrix eigenstates are obtained as a particular sub-class of the class of so-called separate
states. We consider the problem of computing scalar products of such separate states. As
usual, they can be represented as determinants with rows labelled by the inhomogeneity
parameters of the model. We notably focus on the special case in which the boundary
parameters parametrising the two boundary fields satisfy one constraint, hence enabling
for the description of part of the transfer matrix spectrum and eigenstates in terms of
some elliptic polynomial Q-solution of a usual TQ-equation. In this case, we show how
to transform the aforementioned determinant for the scalar product into some more
convenient form for the consideration of the homogeneous and thermodynamic limits:
as in the open XXX or XXZ cases, our result can be expressed as some generalisation of
the so-called Slavnov determinant.
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1 Introduction

In this work, we solve the XYZ open spin chain with arbitrary boundary fields by the new Sep-
aration of Variables approach introduced in [1,2] and compute the scalar product of separate
states. Our aim is to generalise the results obtained in the XXX and XXZ cases [3–5] to the
open XYZ case, i.e. to obtain convenient scalar product representations for the consideration
of the homogeneous and thermodynamic limits.

For the study of quantum integrable models, and in particular for the explicit computation
of physical quantities such as correlation functions, it is especially important to be able to
compute scalar products of some class of states which includes the eigenstates of the model.
For simple models solved by algebraic Bethe Ansatz (ABA), such as the XXZ spin 1/2 chain
or the Lieb-Liniger model with periodic boundary conditions, the determinant representation
initially obtained by N. Slavnov [6] for the scalar products of Bethe states, one of which being
on-shell, has turned to be one of the key-ingredients enabling the computation of form factors
and correlation functions [7–33]. Its generalisation to more complicated models which, in the
(generalised) ABA context, is usually far from being obvious, has therefore been at the centre
of an important activity recently [34–45]. In particular, the obtention of such a formula for the
XYZ periodic model has remained for decades a particularly challenging problem due to the
combinatorial complexity of the construction of the Bethe states in this model [46,47], so that
progresses in this respect could have been made only very recently [42, 45]. Concerning the
XYZ chain with open boundary conditions, an ABA solution was proposed in [48] for boundary
fields satisfying some constraint, but the computation of the scalar products of Bethe states
within this framework still remains an open problem.

For models solved by Separation of Variables (SoV) [1,2,49–83], the natural class of states
generalising the eigenstates are the so-called separate states, which admit factorised wave-
functions. It happens that, by construction, the scalar products of such separate states can
be expressed as simple determinants, at least for models with a rank one underlying algebra
[66, 68–74, 76, 80] (see also [84–86] for higher rank generalisations). However, the form of
these determinants is a priori very different from its original ABA counterpart [6] and seems
less adapted to the computation of physical quantities such as correlation functions. In fact,
it usually depends in an intricate way on the (unphysical) inhomogeneity parameters of the
model, which makes it difficult to consider the homogeneous and thermodynamic limits.

The problem of a reformulation of these determinants in a more suitable form for the
homogeneous and thermodynamic limits has already been considered for XXX and XXZ spin
chains with various types of boundary conditions [3–5, 87]. In the later works, a connection
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with Slavnov-type determinants has been observed for scalar products of certain classes of
separate states, which opened the way to the computation of the model correlation functions
within the SoV framework [88–92]. In particular, the scalar product formulas obtained in [5]
for the open XXZ chain with non-diagonal boundary conditions enabled us recently to explicitly
compute, in the half-infinite chain limit, a class of density matrix elements for some non-
parallel boundary fields [91, 92]. In [92] we notably focussed on the interesting case for
which the (in general non-longitudinal) boundary fields are related by a constraint so that the
spectrum can still be partially described by usual Bethe equations [93–95]. In the present work,
we consider the open XYZ chain with boundary fields, our aim being to generalise the results
of [5] to this model, so as to open the way to the computation of the correlation functions as
in [92]. As in [92], we shall pay a special attention to the case for which the boundary fields
are related by a constraint, enabling one to partially describe the spectrum in terms of usual
TQ and Bethe equations [48,96].

The content of the article is the following. In section 2, we introduce the algebraic aspects
of the model. In section 3, we present its solution by Separation of Variables. We recall that
Sklyanin’s version of the SoV approach for the open XYZ spin chain was developed in [73],
based on the use of a vertex-IRF transformation [46]. Here, we choose instead to present the
solution of the model via a generalisation to the open XYZ chain of the new SoV approach
proposed in [1,2] for the XXX and XXZ models, as an alternative to the approach of [73]. The
use of the vertex-IRF transformation is not necessary within this new approach, which makes
the formal solution presented in section 3 much lighter than the one of [73]. In section 4,
we present our main result, concerning determinant representations for the scalar products of
separate states. We focus here on the case in which the boundary parameters are related by a
constraint (meaning that there are only 5 independent boundary parameters, the last one being
fixed in terms of the others by the constraint), and on the scalar products of separate states
which can be described by an elliptic polynomial Q-function compatible with this constraint.
In that case, we can reformulate the scalar products obtained by SoV as some generalised
Slavnov determinants. The details of the computations leading to this result are then presented
in section 5. It is worth mentioning here that the method we use in this elliptic case is not
a direct generalisation of the one used for the open XXX and XXZ chains [4, 5]. Instead, it is
freely inspired from the one used in [87], however leading here to much simpler results.

2 The reflection algebra for the XYZ open spin chain

Let us first introduce some notations.
For a given imaginary parameter ω (ℑω > 0), the functions θ j(λ|kω), j = 1, 2,3, 4,

k = 1, 2, denote the usual theta functions [97] with quasi-periods π and kπω. In the fol-
lowing, we shall use shortcut notations for the theta functions with simple and double imagi-
nary quasi-period, and write θ j(λ) ≡ θ j(λ|ω), ϑ j(λ) ≡ θ j(λ|2ω). We shall also simply write
θ (λ)≡ θ1(λ), and θs(λ,µ) = θ (λ−µ)θ (λ+µ).

We introduce the eight-vertex R-matrix R(λ) ∈ End(C2 ⊗C2),

R(λ) =







a(λ) 0 0 d(λ)
0 b(λ) c(λ) 0
0 c(λ) b(λ) 0

d(λ) 0 0 a(λ)






, (1)

which corresponds to the elliptic solution of the Yang-Baxter equation (on C2 ⊗C2 ⊗C2):

R12(λ1 −λ2)R13(λ1 −λ3)R23(λ2 −λ3) = R23(λ2 −λ3)R13(λ1 −λ3)R12(λ1 −λ2) . (2)
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Here a(λ), b(λ), c(λ), d(λ) are given as the following functions of the spectral parameter λ:

a(λ) =
2ϑ4(η) ϑ1(λ+η) ϑ4(λ)

θ2(0) ϑ4(0)
, b(λ) =

2ϑ4(η) ϑ1(λ) ϑ4(λ+η)
θ2(0) ϑ4(0)

, (3)

c(λ) =
2ϑ1(η) ϑ4(λ) ϑ4(λ+η)

θ2(0) ϑ4(0)
, d(λ) =

2ϑ1(η) ϑ1(λ+η) ϑ1(λ)
θ2(0) ϑ4(0)

. (4)

They also depend, in addition to the spectral parameter λ and to the elliptic quasi-period ω,
on a parameter η ∈ C which corresponds to the crossing parameter of the model. We shall
suppose here that this parameter η is generic, or at least that Zη ∩ (Zπ+ Zπω) = ;. In (2)
and in the following, the indices denote as usual on which space(s) of the tensor product the
corresponding operator acts. The R-matrix (1) also satisfies the following unitary and crossing
symmetry relations on C2 ⊗C2:

R21(−λ)R12(λ) = −θs(λ,η) I12 , (5)

R12(λ)σ
y
1

�

R12(λ−η)
�t1σ

y
1 = θs(λ,η) I12 , (6)

as well as the identities

R12(λ+π) = −σz
1 R12(λ)σ

z
1 , R12(λ+πω) = −e−i(2λ+πω+η)σx

1 R12(λ)σ
x
1 . (7)

We also introduce the following boundary K-matrix,

K(λ)≡ K(λ;α1,α2,α3) =
θ1(2λ)
2θ1(λ)

�

I+ c x θ1(λ)
θ4(λ)

σx + ic y θ1(λ)
θ3(λ)

σ y + cz θ1(λ)
θ2(λ)

σz

�

, (8)

with coefficients c x , c y , cz given in terms of three boundary parameters α1,α2,α3 as

c x =
3
∏

ℓ=1

θ4(αℓ)
θ1(αℓ)

, c y = −
3
∏

ℓ=1

θ3(αℓ)
θ1(αℓ)

, cz =
3
∏

ℓ=1

θ2(αℓ)
θ1(αℓ)

. (9)

As found in [98,99] (we use here for convenience a parametrization close to the one of [96]),
this K-matrix corresponds to the scalar solution of the reflection equation [100] with the R-
matrix (1):

R21(λ−µ)K1(λ)R12(λ+µ)K2(µ) = K2(µ)R21(λ+µ)K1(λ)R12(λ−µ) . (10)

It also satisfies the properties

K(λ)K(−λ) =
3
∏

ℓ=1

θs(αℓ,λ)

θ2(αℓ)
I , (11)

K(λ+π) = −σz K(λ)σz , K(λ+πω) = (−e−2iλ−iπω)3σx K(λ)σx . (12)

To take into account the boundary conditions at both ends of the spin chain, we in fact intro-
duce two boundary matrices K±, each of them being associated with three boundary parame-
ters α±1 ,α±2 ,α±3 , defining coefficients c x

±, c y
±, cz
± as in (9). They are defined as

K−(λ) = K(λ−η/2;α−1 ,α−2 ,α−3 ) , K+(λ) = K(λ+η/2;α+1 ,α+2 ,α+3 ) . (13)

From the R-matrix (1) and the boundary matrix K− one can construct, following the method
initially proposed in [101], a boundary monodromy matrix U−(λ) as

U−(λ) = T (λ)K−(λ) T̂ (λ) , (14)
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in which T (λ) is the bulk monodromy matrix defined as

T (λ)≡ T0(λ) = R01(λ− ξ1 −η/2) . . . R0N (λ− ξN −η/2) , (15)

and

T̂ (λ)≡ T̂0(λ) = (−1)Nσ y
0 T t0

0 (−λ)σ
y
0 = R0N (λ+ ξN −η/2) . . . R01(λ+ ξ1 −η/2) . (16)

In these definitions, ξ1, . . . ,ξN are arbitrary inhomogeneity parameters. The boundary mon-
odromy matrix U−(λ), as well as the bulk monodromy matrix T (λ), act on the tensor product
H0⊗H, where H0 ≃ C2 is the so-called auxiliary space, whereas H = ⊗N

n=1Hn, with Hn ≃ C2,
is the quantum space of the model. In other words, U−(λ) and T (λ) are to be understood as
2×2 matrices (as written in the auxiliary space) with operators entries in H, and the products
in (14), (15) and (16) are to be understood as matrix multiplication in H0. In particular, we
shall denote

U−(λ) =
�

A−(λ) B−(λ)
C−(λ) D−(λ)

�

. (17)

The boundary monodromy matrix U−(λ) satisfies the reflection equation,

R21(λ−µ)U−,1(λ)R12(λ+µ−η)U−,2(µ) = U−,2(µ)R21(λ+µ−η)U−,1(λ)R12(λ−µ) , (18)

as well as the inversion relation

U−1
− (λ+η/2) =

θ (2λ− 2η)
detq U−(λ)

U−(−λ+η/2) =
eU−(λ−η/2)
detq U−(λ)

. (19)

Here, eU− denotes the ’algebraic adjunct’ of U−, defined by

eU−(λ) =
�

−c(2λ)A−(λ) + b(2λ)D−(λ) −a(2λ)B−(λ) + d(2λ)C−(λ)
−a(2λ)C−(λ) + d(2λ)B−(λ) −c(2λ)D−(λ) + b(2λ)A−(λ)

�

, (20)

and detq U− the quantum determinant, which is a central element of the reflection algebra,
and which is given by

detq U−(λ) = detqT (λ)detqT (−λ)detqK−(λ) , (21)

where

detqT (λ) = a(λ+η/2) d(λ−η/2) , (22)

a(λ) =
N
∏

n=1

θ (λ− ξn +η/2) , d(λ) = a(λ−η) =
N
∏

n=1

θ (λ− ξn −η/2) , (23)

and

detqK±(λ) = θ (2η± 2λ)
3
∏

ℓ=1

θs(λ,α±
ℓ
)

θ2(α±
ℓ
)

. (24)

Still following [101], let us finally introduce the transfer matrix

T (λ) = tr
�

K+(λ) T (λ)K−(λ) T̂ (λ)
�

= tr [K+(λ)U−(λ)] , (25)

which defines a one-parameter family of commuting operators on H:

[T (λ),T (µ)] = 0 , ∀λ,µ . (26)
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The Hamiltonian of the open XYZ spin 1/2 chain, which can be obtained in terms of a loga-
rithmic derivative of the transfer matrix (25) in the homogeneous limit (ξn = 0, n= 1, . . . , N)
and at λ= η

2 , is given by

H =
∑

a∈{x ,y,z}

� N
∑

n=1

Jaσ
a
nσ

a
n+1 + ha

+σ
a
1 + ha

−σ
a
N

�

, (27)

in which the coupling constants Jx ,y,z and the components hx ,y,z
± of the boundary fields are

parameterised as1

Jx =
θ4(η)
θ4(0)

, hx
± = c x

±
θ1(η)
θ4(0)

=
θ1(η)
θ4(0)

3
∏

ℓ=1

θ4(α±ℓ )

θ1(α±ℓ )
, (28)

Jy =
θ3(η)
θ3(0)

, hy
± = ic y

±
θ1(η)
θ3(0)

= −i
θ1(η)
θ3(0)

3
∏

ℓ=1

θ3(α±ℓ )

θ1(α±ℓ )
, (29)

Jz =
θ2(η)
θ2(0)

, hz
± = cz

±
θ1(η)
θ2(0)

=
θ1(η)
θ2(0)

3
∏

ℓ=1

θ2(α±ℓ )

θ1(α±ℓ )
. (30)

3 Diagonalisation of the transfer matrix by SoV

In this section, we briefly explain how the new SoV approach, proposed in [1] in the open XXX
and XXZ cases, can be adapted to characterize the transfer matrix spectrum and eigenstates
for the inhomogeneous deformation of the open XYZ model considered here.

3.1 Transfer matrix properties

Let us start by recalling some elementary properties of the transfer matrix, which can be easily
deduced from the properties of the R-matrix and of the boundary K-matrices. For convenience,
we introduce the following notations:

ξ(h)n = ξn +
η

2
− hη , h ∈ {0, 1} , n ∈ {1, . . . , N} , (31)

ξ
(0)
0 =

η

2
, ξ

(0)
−1 =

η

2
+
π

2
, ξ

(0)
−2 =

η

2
+
πω

2
, ξ

(0)
−3 =

η

2
+
π+πω

2
. (32)

Proposition 3.1. The transfer matrix T (λ) is an even elliptic polynomial2 in λ of order 2N +6,
i.e. it satisfies the following parity and quasi-periodicity properties in λ w.r.t. the periods π and
πω:

T (−λ) = T (λ) , T (λ+π) = T (λ) , T (λ+πω) =
�

−e−2iλ−iπω
�2N+6 T (λ) . (35)

1We have exchanged h+ and h− with respect to standard notations, instead of exchanging ’+’ and ’-’ in the
K-matrices as done in our previous open XXZ papers [91] and [92].

2We say that a function f is an even elliptic polynomial of order (or degree) 2n if it is an even function which
in addition satisfies the quasi-periodicity properties:

f (λ+π) = f (λ) , f (λ+πω) =
�

−e−2iλ−iπω
�2n

f (λ) . (33)

It means that there exist constants C ,λ1, . . . ,λn such that

f (λ) = C
n
∏

j=1

θs(λ,λ j) . (34)
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Moreover, it satisfies the following quantum determinant property

T (ξn +η/2)T (ξn −η/2) =
detq K+(ξn) detq U−(ξn)

θ (η+ 2ξn)θ (η− 2ξn)
, (36)

and its value at the special points (32) is central and can be evaluated as

T (ξ(0)0 ) = τ0 I , with τ0 = (−1)N
θ (2η)
θ (η)

detqT (0) , (37)

T (ξ(0)−1) = τ−1 I , with τ−1 = cz
− cz
+
θ (2η)
θ (η)

detqT
�π

2

�

, (38)

T (ξ(0)−2) = τ−2 I , with τ−2 = −ei
�

2
∑N

n=1 ξn−(N+3)η− 3πω
2

�

c x
− c x
+
θ (2η)
θ (η)

detqT
�

−
πω

2

�

, (39)

T (ξ(0)−3) = τ−3 I , with τ−3 = ei
�

2
∑N

n=1 ξn−(N+3)η− 3πω
2

�

c y
− c y
+
θ (2η)
θ (η)

detqT
�

−
π+πω

2

�

. (40)

Then, under the condition

εn ξ
(0)
n , −3≤ n≤ N , εn ∈ {−1, 1} , are pairwise distinct modulo (π,πω) , (41)

we can write the following interpolation formula for the transfer matrix,

T (λ) = T0(λ) I+
N
∑

n=1

rn(λ)T (ξ(0)n ) , (42)

in which we have defined the functions

rn(λ)≡ rn(λ|ξ1, . . . ,ξN ) =
N
∏

k=−3
k ̸=n

θs(λ,ξ(0)k )

θs(ξ
(0)
n ,ξ(0)k )

, −3≤ n≤ N , (43)

T0(λ) =
3
∑

n=0

r−n(λ)τ−n . (44)

3.2 SoV basis

Let us suppose that the inhomogeneity parameters are generic, or at least that they satisfy the
condition

εn ξ
(hn)
n , 1≤ n≤ N , hn ∈ {0, 1} , εn ∈ {−1,1} , are pairwise distinct modulo (π,πω) , (45)

and that the boundary matrices K+(λ) and K−(λ) are not both proportional to the identity. Let
A be any function of the spectral parameter λ satisfying the relation

A(λ+η/2)A(−λ+η/2) =
detq K+(λ) detq U−(λ)
θ (η+ 2λ) θ (η− 2λ)

. (46)

Then, one can show similarly as in [1] that, for almost any choice3 of the co-vector 〈S | and of
the inhomogeneity parameters satisfying (45), the states

〈h | ≡ 〈S |
N
∏

n=1

�

T (ξn −
η
2 )

A(η2 − ξn)

�1−hn

, h≡ (h1, . . . , hN ) ∈ {0, 1}N , (47)

3In [1], the determinant of the matrix formed by the coordinates of the covectors (3.17) in the natural basis is
computed and proven nonzero for some special choice of the inhomogeneities and the coordinates of the convector
〈S |. Being this determinant a nonzero multivariable polynomial in these parameters, it can be zero only on the
codimension 1 hypersurface of its zeros. This means that these covectors form a basis out of this zero hypersurface,
that is for almost any value of the inhomogeneities and choice of 〈S |.
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form a basis of H∗. Let |R 〉 ∈H be the unique vector such that

〈h |R 〉= δh,0
N0

V (ξ(0)1 , . . . ,ξ(0)N )V (ξ1, . . . ,ξN )
, (48)

for some given normalisation coefficient N0. Here we have used the shortcut notation (31) for
the shifted inhomogeneity parameters, and have defined, for any set of variables ζ1, . . . ,ζN ,
the quantity,

V (ζ1, . . . ,ζN ) =
∏

1≤i< j≤N

θs(ζ j ,ζi) . (49)

Then the states

|h 〉=
N
∏

n=1

�

θ (2ξn − 2η)
θ (2ξn + 2η)

T (ξn +
η
2 )

A(η2 − ξn)

�hn

|R 〉 , h≡ (h1, . . . , hN ) ∈ {0, 1}N , (50)

form a basis of H, which satisfies with (47) the following orthogonality condition:

〈h |k 〉= δh,k
N0

V (ξ(h1)
1 , . . . ,ξ(hN )

N )V (ξ1, . . . ,ξN )
, ∀h,k ∈ {0, 1}N . (51)

3.3 SoV characterisation of the transfer matrix spectrum and eigenstates

The discrete SoV characterisation of the transfer matrix spectrum and eigenstates follows from
standard arguments, similar to those developed for the open XXX and XXZ chains in [1], see
also [73] for a formulation for the open XYZ chain within Sklyanin’s SoV approach.

Theorem 3.1. Let us suppose that the inhomogeneity parameters are generic, or at least that
they satisfy the non-intersecting conditions

εn ξ
(hn)
n , 1≤ n≤ N , hn ∈ {0, 1} , εn ∈ {−1,1} ,

and ε j ξ
(0)
− j , 1≤ j ≤ 3 , ε j ∈ {−1, 1} ,

are pairwise distinct modulo (π,πω) . (52)

Let us also suppose that the boundary matrices K+(λ) and K−(λ) are not both proportional to the
identity. Then the transfer matrix T (λ) is diagonalisable with simple spectrum, and its spectrum
ΣT is given by the set of functions of the form

τ(λ) = T0(λ) +
N
∑

a=1

rn(λ)τn , (53)

in terms of the functions (43) and (44), where τ1, . . . ,τN satisfy the following inhomogeneous
system of N quadratic equations:

τn

�

T0(ξn −η) +
N
∑

k=1

rk(ξn −η)τk

�

=
detq K+(ξn) detq U−(ξn)

θ (η+ 2ξn)θ (η− 2ξn)
, ∀n ∈ {1, . . . , N} . (54)

Then, the vectors

∑

h∈{0,1}N

N
∏

n=1

Q(ξ(hn)
n )V (ξ(h1)

1 , . . . ,ξ(hN )
N ) |h 〉 , (55)

∑

h∈{0,1}N

N
∏

n=1

�

�

θ (2ξn − 2η)A(η2 + ξn)

θ (2ξn + 2η)A(η2 − ξn)

�hn

Q(ξ(hn)
n )

�

V (ξ(h1)
1 , . . . ,ξ(hN )

N ) 〈h | , (56)
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with coefficients Q(ξ(0)n ),Q(ξ
(1)
n ) satisfying

Q(ξ(1)n )

Q(ξ(0)n )
=
τ(ξn +

η
2 )

A(η2 + ξn)
=

A(η2 − ξn)

τ(ξn −
η
2 )

, ∀n ∈ {1, . . . , N} , (57)

in terms of the function (46), are respectively the right and left T -eigenstate with eigenvalue
τ ∈ ΣT , which are uniquely defined up to an overall normalisation factor.

Let us decompose the function A (46) as

A(λ) = (−1)N
θ (2λ+η)
θ (2λ)

AK(λ) a(λ) d(−λ) , (58)

in which

AK(λ+η/2) AK(−λ+η/2) =
detq K+(λ) detq K−(λ)

θ (2η+ 2λ) θ (2η− 2λ)
. (59)

Then one can easily show that

N
∏

n=1

�

−
θ (2ξn −η)
θ (2ξn +η)

a(ξn +
η
2 ) d(−ξn −

η
2 )

a(−ξn +
η
2 ) d(ξn −

η
2 )

�hn

V (ξ(h1)
1 , . . . ,ξ(hN )

N )

=
V (ξ(0)1 , . . . ,ξ(0)N )

V (ξ(1)1 , . . . ,ξ(1)N )
V (ξ(1−h1)

1 , . . . ,ξ(1−hN )
N ) .

(60)

Hence the left eigenvector (56) can equivalently be rewritten as

V (ξ(0)1 , . . . ,ξ(0)N )

V (ξ(1)1 , . . . ,ξ(1)N )

∑

h∈{0,1}N

N
∏

n=1

�

�

−
AK(

η
2 + ξn)

AK(
η
2 − ξn)

�hn

Q(ξ(hn)
n )

�

V (ξ(1−h1)
1 , . . . ,ξ(1−hN )

N ) 〈h | . (61)

3.4 Characterisation in terms of a functional TQ-equation

For some choice of ϵ ≡ (ε+1 ,ε+2 ,ε+3 ,ε−1 ,ε−2 ,ε−3 ) ∈ {+1,−1}6, let us consider the following simple
solution of (59),

AK(λ)≡ Aϵ(λ) =
∏

σ=±

3
∏

i=1

θ (ασi + ε
σ
i (
η
2 −λ))

θ (ασi )
=
∏

σ=±

3
∏

i=1

θ (λ− η2 − ε
σ
i α

σ
i )

θ (−εσi α
σ
i )

, (62)

and denote

Aϵ(λ) = (−1)N
θ (2λ+η)
θ (2λ)

Aϵ(λ) a(λ) d(−λ) . (63)

The states (47) and (50) with the choice (63) of the function (46) will be denoted respectively
as

ϵ〈h | and |h 〉ϵ . (64)

Proposition 3.2. Under the hypothesis of Theorem 3.1, let us suppose that the six boundary
parameters ασi , i = 1,2, 3, σ = ±, satisfy the following constraint:

∑

σ=±

3
∑

i=1

εσi α
σ
i = (N − 2M − 1)η , (65)

for some choice of ϵ ≡ (ε+1 ,ε+2 ,ε+3 ,ε−1 ,ε−2 ,ε−3 ) ∈ {±1}6 such that
∏

σ=±
∏3

i=1 ε
σ
i = 1. Then, any

entire function τ for which there exists a function Q of the form

Q(λ) =
M
∏

n=1

θs(λ, qn) , q= (q1, . . . , qM ) ∈ CM , (66)
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such that τ and Q satisfy the TQ-equation

τ(λ)Q(λ) = Aϵ(λ)Q(λ−η) +Aϵ(−λ)Q(λ+η) , (67)

is an eigenvalue of the transfer matrix (i.e τ ∈ ΣT ), which can therefore be written in the form
(53). Moreover, in that case, the function Q (66) satisfying (67) with τ is unique, and the
corresponding right and left eigenvectors of T are given by (55) and (56).

Proof. The proof of this proposition is standard. We have mainly to observe that, if an entire
function τ(λ) satisfies the TQ-equation (67) under the condition (65) and with Q of the form
(66), then it is an even elliptic polynomial in λ of order 2N + 6. Moreover, the identities

τ−i = Aϵ(ξ
(0)
−i )

Q(ξ(0)−i −η)

Q(ξ(0)−i )
, Aϵ(−ξ

(0)
−i ) = 0 , ∀i ∈ {0, 1,2, 3} , (68)

which can be verified by direct computations, imply that τ(λ) has the form (53). Hence we can
apply our previous theorem and observe that the identities (57) are verified as consequence
of the TQ-equation computed in the points ±ξ(0)n and ±ξ(1)n for any n ∈ {1, . . . , n}. □

Except in the exceptional case of coinciding roots, the corresponding Bethe equations for
the roots q j of Q (66) solution of (67) under the constraint (65) are therefore

Aϵ(q j)Q(q j −η) +Aϵ(−q j)Q(q j +η) = 0 , 1≤ j ≤ M . (69)

The constraint (65) is the direct XYZ analog of Nepomechie’s constraint [93, 94] for the XXZ
open spin chain. Such kind of constraint already appeared in different contexts in the liter-
ature: for instance within the ABA study of the eight-vertex model [48], or within the direct
study of the TQ-equation [96].

Such a description of the transfer matrix spectrum and eigenstates, in terms of even elliptic
polynomial Q-functions solving a homogeneous TQ-equation (67) in a given sector M < N ,
is of course not complete. A complete description of the general open XYZ transfer matrix
spectrum in terms of Q-function solutions of a homogeneous4 TQ-equation is still unknown.
Note however that, if the constraint (65) is satisfied with some choice of M and ϵ, it is also
satisfied, with the same boundary parameters, for M ′ = N−1−M and ϵ′ = −ϵ. On the basis of
a numerical analysis, it was conjectured in [94,95] in the XXZ case and in [96] in the XYZ case
that the solutions Q(λ) (66) of degree 2M of (67) with some particular choice of ϵ, together
with the solutions of degree 2M ′ with M ′ = N − 1 − M and ϵ′ = −ϵ, provide the complete
spectrum and eigenstates of the transfer matrix.

4 Scalar products of separate states: Main results

In this section, we present the main results of our paper, namely the determinant representa-
tions that we have obtained for the scalar product of separate states.

As usual for models considered in the SoV framework, the scalar products of separate
states can be represented as determinants with rows labelled by the inhomogeneity parameters

4It is also possible to have, in general XYZ open spin chains, a formulation of the spectrum in terms of elliptic
polynomial solutions of a TQ-equation with an additional inhomogeneous term, as proposed in [102] (see also
[103] where another inhomogeneous formulation was derived - and proved to be complete - from SoV in the
general open XXZ case). Besides the presence of the inhomogeneous term, the TQ-equation of [102] also differs
from (66)-(67) by the fact that it involves a couple of non-even related Q-functions, instead of a single even one.
We do not consider this kind of formulation in our present paper.
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(see Proposition 4.1). For physical applications such as the computations of form factors and
correlations functions in models for which the eigenstates can be characterised by solutions of
Bethe equations, it turns out to be convenient to use instead determinant representations with
rows and columns labelled by the two sets of Bethe roots, the prototype of which being the
celebrated Slavnov determinant representation [6]. Focusing on cases for which eigenstates
of the model can be described by usual Bethe equations, namely under the constraint (65),
we present in Theorem 4.1 the analog of such a Slavnov determinant representation for the
scalar product of two separate states, one of which being an eigenstate of the model (see
also Theorem 4.2 for the orthogonality of the two different sectors which can be described
by the same constraint). As in [8], the scalar product is expressed in terms of a Jacobian of
the transfer matrix eigenvalues. This generalises to the open XYZ case the formulas obtained
in [4,5] in the open XXX and XXZ cases, which played a fundamental role in the computation
of the correlation functions in [91,92]. It is however worth mentioning that the approach we
used to derive this result from (78) is not the direct analog of the approach used in the XXX
and XXZ cases. This new approach will be detailed in the section 5.

Let ϵ〈 P | and |Q 〉ϵ′ be two arbitrary separate states of the form

|Q 〉ϵ′ =
∑

h∈{0,1}N

N
∏

n=1

Q(ξ(hn)
n )V (ξ(h1)

1 , . . . ,ξ(hN )
N ) |h 〉ϵ′ , (70)

ϵ〈 P |=
1
N0

∑

h∈{0,1}N

N
∏

n=1

�

�

−
Aϵ(

η
2 + ξn)

Aϵ(
η
2 − ξn)

�hn

P(ξ(hn)
n )

�

V (ξ(1−h1)
1 , . . . ,ξ(1−hN )

N ) ϵ〈h | , (71)

for some ϵ,ϵ′ ∈ {±1}6. Here Aϵ denotes the solution of (59) given by (62), whereas ϵ〈h | and
|h 〉ϵ′ , h≡ (h1, . . . , hN ) ∈ {0, 1}N , stand for the states (47) and (50) with function A (46) given
by Aϵ and Aϵ′ respectively.5 Note that we have

|h 〉ϵ′ =
N
∏

n=1

�

Aϵ(
η
2 − ξn)

Aϵ′(
η
2 − ξn)

�hn

|h 〉ϵ , (72)

so that the separate state (70) can alternatively be written on the basis given by |h 〉ϵ,
h ∈ {0, 1}N , as

|Q 〉ϵ′ =
∑

h∈{0,1}N

N
∏

n=1

�

�

Aϵ(
η
2 − ξn)

Aϵ′(
η
2 − ξn)

�hn

Q(ξ(hn)
n )

�

V (ξ(h1)
1 , . . . ,ξ(hN )

N ) |h 〉ϵ . (73)

We recall that, up to the choice of a global normalisation, the eigentstates of the transfer
matrix are particular cases of the above separate states, for P and Q satisfying (57) with the
functions Aϵ and Aϵ′ respectively. Our aim is therefore to compute the scalar product ϵ〈 P |Q 〉ϵ′
of ϵ〈 P | and |Q 〉ϵ′ .

4.1 The original SoV determinant representation

It follows from (51) that the scalar product of (71) and (73) is given by

ϵ〈 P |Q 〉ϵ′ = ϵ〈Q | P 〉ϵ′ (74)

=
N
∏

n=1

P(ξ(0)n )Q(ξ
(0)
n )
∑

h∈{0,1}N

N
∏

n=1

�

−
Aϵ(

η
2 + ξn)

Aϵ′(
η
2 − ξn)

P(ξ(1)n )Q(ξ
(1)
n )

P(ξ(0)n )Q(ξ
(0)
n )

�hn V (ξ(1−h1)
1 , . . . ,ξ(1−hN )

N )

V (ξ1, . . . ,ξN )
.

5More generally, the states ϵ〈h | and |h 〉ϵ in (70) and (73) may stand for any SoV basis elements diagonalising
the transfer matrix T (λ) as in Theorem 3.1, provided that it satisfies (51) for a given normalisation constant N0,
and that it also satisfies (72). For instance, such a basis could also be constructed as in [73] by using the Vertex-IRF
transformation.

11

https://scipost.org
https://scipost.org/SciPostPhys.19.4.090


SciPost Phys. 19, 090 (2025)

As usual for models solved by SoV, we can rewrite this expression in the form of a simple
determinant, which depends however in a intricate way on the inhomogeneity parameters. In
the present case, it is a consequence of the following lemma, which can be proven by standard
arguments, similarly as in Proposition 4 of [104]:

Lemma 4.1. Let ΞN be the space of even elliptic polynomials of order 2(N−1), i.e. of holomorphic
functions f on C satisfying the properties

f (−u) = f (u) , f (u+π) = f (u) , f (u+πω) = (−e−2iu−iπω)2(N−1) f (u) , (75)

and let {Θ( j)N }1≤ j≤N be a basis of ΞN . Then, there exists a constant C such that, for any set of
complex variables x1, . . . , xN ,

V (x1, . . . , xN ) = C det
1≤i, j≤N

�

Θ
( j)
N (x i)
�

. (76)

It follows from Lemma 4.1 that, for any function F and any set of complex variables
x1, . . . , xN ,

∑

h∈{0,1}N

N
∏

n=1

F(xn)
hn

V (x (1−h1)
1 , . . . , x (1−hN )

N )

V (x1, . . . , xN )
=

det1≤i, j≤N

�

Θ
( j)
N (x i −

η
2 ) + F(x i)Θ

( j)
N (x i +

η
2 )
�

det1≤i, j≤N

�

Θ
( j)
N (x i)
� ,

(77)
in which we have used the shortcut notation x (h)i = x i +

η
2 − hη, 1 ≤ i ≤ N , h ∈ {0,1}. Here

{Θ( j)N }1≤ j≤N stands for any basis of ΞN , and the ratio (77) is independent of the choice of the

basis {Θ( j)N }1≤ j≤N of ΞN . Applying (77) to (74), we therefore obtain the following determinant
representation for the scalar product:

Proposition 4.1. Let ϵ〈 P | and |Q 〉ϵ′ be two arbitrary separate states of the form (71) and (70)
for some ϵ,ϵ′ ∈ {±1}6. Then the scalar product (74) can be rewritten as

ϵ〈 P |Q 〉ϵ′ =
det1≤i, j≤N

h

P(ξ(0)i )Q(ξ
(0)
i )Θ

( j)
N (ξ

(1)
i )−

Aϵ(
η
2+ξi)

Aϵ′ (
η
2−ξi)

P(ξ(1)i )Q(ξ
(1)
i )Θ

( j)
N (ξ

(0)
i )
i

det1≤i, j≤N

�

Θ
( j)
N (ξi)
� , (78)

in which {Θ( j)N }1≤ j≤N stands for any basis of ΞN , and the ratio (78) is independent of the choice

of the basis {Θ( j)N }1≤ j≤N .

Remark 1. At this stage, we have not made any hypothesis on the particular form of the func-
tions P and Q. They can be any arbitrary functions on the discrete set of parameters ξ(hn)

n ,
1 ≤ n ≤ N , hn ∈ {0, 1}, such that the two vectors (71) and (70) are well-defined. Also, the
boundary parameters are here completely arbitrary.

Remark 2. The expression (78) being independent of the choice of the basis {Θ( j)N }1≤ j≤N of
ΞN , we are free to choose the most convenient basis according to our purpose. For instance
we could choose

Θ
( j)
N (u) =

θ
2( j−1)
1 (u) θ2(N− j)

4 (u)

θN−1
4 (0)

, j = 1, . . . , N , (79)

which corresponds to a rewriting of (49) as a generalised Vandermonde determinant:

V (ζ1, . . . ,ζN ) =
∏

1≤i< j≤N

θs(ζ j ,ζk) = det
1≤i, j≤N





θ
2( j−1)
1 (ζi) θ

2(N− j)
4 (ζi)

θN−1
4 (0)



 . (80)
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Another natural choice (that we shall use in Section 5), is to consider a basis of ΞN given by
functions of the form

Θ
( j)
N ,W (λ) =

N
∏

k=1
k ̸= j

θs(λ, wk) =
W (λ)
θs(λ, w j)

, j = 1, . . . , N , with W (λ) =
N
∏

j=1

θs(λ, w j) , (81)

for some set of parameters w1, . . . , wN such that ±w j , 1≤ j ≤ N , are pairwise distinct modulo
π and πω.

4.2 Slavnov’s type determinant representation

We now consider functions P and Q of the form

P(λ) =
M
∏

j=1

θs(λ, p j) , Q(λ) =
M ′
∏

j=1

θs(λ, q j) , (82)

for some sets of roots p1, . . . , pM and q1, . . . , qM ′ , and we more particularly focus on special
cases of interest in which the constraint (65) is satisfied. Our aim is to transform the deter-
minant representation (78) into some more convenient form for the computation of physical
quantities such as correlation functions, similarly as what has been done in the open XXX and
XXZ cases [4,5].

More precisely, we focus here on the two following special cases which are compatible with
the constraint (65) and the rewriting of eigenstates in terms of functions of the form (82):

1. ϵ = ϵ′, and M = M ′, with the constraint (65) being satisfied.

2. ϵ′ = −ϵ, and M ′+M = N −1, so that, in particular, if the constraint (65) is satisfied for
(M ,ϵ), it is still satisfied for (M ′,ϵ′).

In the first case, we obtain the following determinant representation for the scalar product
(78), which is similar to the representations that have been obtained in the open XXX and XXZ
cases:

Theorem 4.1. Let us suppose that the boundary parameters satisfy the constraint (65) for a given
ϵ and a given M, and let {q1, . . . , qM} be a solution of the Bethe equations (69), implying that
Q(λ) of the form (66) is a solution of the homogeneous TQ-equation (67) and that the associated
left and right separate states |Q 〉ϵ and ϵ〈Q | are transfer matrix eigenstates with eigenvalue τQ.
Let {p1, . . . , pM} be arbitrary parameters, and let ϵ〈 P | be the left separate state of the form (71)
associated with the elliptic polynomial (82) of roots p1, . . . , pM . Then

ϵ〈 P |Q 〉ϵ
ϵ〈Q |Q 〉ϵ

= ϵ〈Q | P 〉ϵ
ϵ〈Q |Q 〉ϵ

=
V (q1, . . . , qM )
V (p1, . . . , pM )

M
∏

j=1

θs(2q j ,η)

θs(2p j ,η)

detM

�

SQ(p,q)
�

detM

�

SQ(q,q)
� . (83)

The elements of the M ×M matrix SQ(p,q) are given in terms of the M-tuples p = (p1, . . . , pM )
and q= (q1, . . . , qM ) as

�

SQ(p,q)
�

i, j =Q(pi)
∂ τQ(pi)

∂ q j

= Aϵ(pi)Q(pi −η)
�

t(pi + q j −η/2)− t(pi − q j −η/2)
�

−Aϵ(−pi)Q(pi +η)
�

t(pi + q j +η/2)− t(pi − q j +η/2)
�

,

(84)
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in which we have defined

t(λ) =
θ ′(λ− η2 )
θ (λ− η2 )

−
θ ′(λ+ η

2 )

θ (λ+ η
2 )

. (85)

In the limit pi → qi , 1≤ i ≤ M, the elements of the matrix (84) become
�

SQ(q,q)
�

i, j = Aϵ(−qi)Q(qi +η)

×
�

−δ j,k
∂

∂ µ

�

log
Aϵ(µ)Q(µ−η)

Aϵ(−µ)Q(µ+η)

�

µ=qi

+ K(qi − q j)− K(qi + q j)

�

,
(86)

in which we have defined

K(λ) = t(λ+η/2) + t(λ−η/2) =
θ ′(λ−η)
θ (λ−η)

−
θ ′(λ+η)
θ (λ+η)

. (87)

Remark 3. We have chosen to present here directly a formula for the scalar product ϵ〈 P |Q 〉ϵ
normalised by the “square of the norm”6

ϵ〈Q |Q 〉ϵ since this is the typical kind of ratios that
one encounters when computing correlation functions. In other words, this means that the
non-renormalised scalar product ϵ〈 P |Q 〉ϵ is expressed as

ϵ〈 P |Q 〉ϵ =
cQ detM

�

SQ(p,q)
�

V (p1, . . . , pM )
∏M

j=1 θs(2p j ,η)
, (88)

with cQ being a normalisation coefficient which does not depend on P. This coefficient cQ is
computable, but it has a quite complicated expression (see for instance (123) in the simplest
case M = N/2), and its knowledge is not necessary for physical applications such as the
computation of the correlation functions.

In the second case, we obtain the following orthogonality property of the two different
sectors (M ,ϵ) and (M ′,ϵ′) for ϵ′ = −ϵ and M ′ = N −M − 1:

Theorem 4.2. Let ϵ〈 P | and |Q 〉ϵ′ be two arbitrary separate states of the form (71) and (70), with
P and Q being functions of the form (82). We moreover suppose that ϵ′ = −ϵ and M ′+M = N−1.
Then, the scalar product of ϵ〈 P | and |Q 〉ϵ′ vanishes:

ϵ〈 P |Q 〉−ϵ = 0 . (89)

Remark 4. The orthogonality property of Theorem (4.2) is valid under completely general
boundary conditions, we do not necessarily suppose here the constraint to be verified. How-
ever, an important hypothesis is the form of the functions P and Q as even elliptic polynomials
as in (82).

The proof of these results is presented in the next section.

5 Scalar products of separate states: Details of the computations

We now explain in this section the different steps of the computations of the scalar products,
from the original SoV representation (78) to the representations obtained in Theorem 4.1 and
Theorem 4.2.

6The terminology “square of the norm” is of course abusive since, from our construction of the left/right eigen-
states, the quantity ϵ〈Q |Q 〉ϵ has no reason to be positive.
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5.1 Proof of theorem 4.1 in the case 2M = N

In this section, as well as in the sections 5.2 and 5.3, we consider the case ϵ = ϵ′, P and
Q being of the same order 2M . Since ϵ is fixed, we shall slightly simplify the notations and
denote {ai}i=1,...6 = {−εσi α

σ
i }i=1,2,3;σ=±, so that

Aε(
η
2 + ξn)

Aε′(
η
2 − ξn)

=
Aε(

η
2 + ξn)

Aε(
η
2 − ξn)

=
∏

σ=±

3
∏

i=1

θ (ξn − εσi α
σ
i )

θ (−ξn − εσi α
σ
i )
=

6
∏

i=1

θ (ai + ξn)
θ (ai − ξn)

. (90)

With these notations, the constraint (65) enabling one to express the spectrum in terms of the
homogeneous TQ-equation (67) is written as

6
∑

ℓ=1

aℓ = (2M + 1− N)η , (91)

and the Bethe equations (69) for the roots q1, . . . , qM of Q are, for 1≤ i ≤ M ,

∑

σ=±
σ

6
∏

n=1

θ (σqi −η/2+ an) a(σqi)d(−σqi)Q i(qi −ση) = 0 , (92)

in which we have used the shortcut notation

Q i(λ) =
Q(λ)
θs(λ, qi)

. (93)

Let us start in this section by proving Theorem 4.1 in the simple case 2M = N . Let us
first suppose that all the parameters p1, . . . , pM , q1, . . . , qM ,ξ1, . . . ,ξN are generic. Then, by
choosing a basis of the form (81), with

W (λ) = P(λ)Q(λ) , i.e. (w1, . . . , wN ) = (p1, . . . , pM , q1, . . . , qM ) . (94)

in the expression (78) of the scalar product of ϵ〈 P | and |Q 〉ϵ, we obtain7

ϵ〈 P |Q 〉ϵ = (−1)N
N
∏

n=1

(PQ)(ξn −
η
2 ) (PQ)(ξn +

η
2 )

(PQ)(ξn)
∏6

i=1 θ (ξn − ai)

detN M

det1≤i, j≤N

h

1
θs(ξi ,w j)

i

= (−1)N
N
∏

n=1

(PQ)(ξn −
η
2 ) (PQ)(ξn +

η
2 )

∏6
i=1 θ (ξn − ai)

detN M
V (w1, . . . , wN )V (ξN , . . . ,ξ1)

,

(95)

in which we have used the explicit expression for the generalised Cauchy determinant

det
1≤i, j≤N

�

1
θs(ξi , w j)

�

=
V (w1, . . . , wN )V (ξN , . . . ,ξ1)
∏N

i, j=1 θs(ξi , w j)
. (96)

In (95), M is the N × N matrix with elements

Mi, j =M{a}(ξi , w j) , (97)

in which we have defined the function

M{a}(u, v) =
∑

ε=±
ε

∏6
n=1 θ (u+ εan)

θs(u+ ε
η
2 , v)

. (98)

7Here and in the following we are using the compact notation (PQ)(x) = P(x)Q(x).
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The determinant of this matrix can be considered as a generalised version of the elliptic Filali
determinant [105], dressed here by the product involving the boundary parameters.

Note that similar representations were obtained in our previous works [4, 5]. In these
works concerning the XXX and XXZ open spin chains, the strategy to further transform these
scalar product representations was then to find an identity enabling one to exchange the role
of the two variables in the expression for the matrix elements (the analog of (98)), and there-
fore of the two sets of variables {ξ} and {p}∪{q} in the analog of (95) and (78), see equation
(D.9) of [5]. The resulting determinant representation for the scalar product was then already
explicitly regular with respect to the homogeneous limit, and could be further transformed to
a determinant of Slavnov’s type, see the details in [4,5]. The difficulty, for the generalisation
of this approach to other models, is precisely that the obtention of the key exchange identity
is model-dependent, and may therefore not be possible (at least without involving the whole
determinant) if the matrix elements are not symmetric enough. In fact, in the present most
general elliptic case, for which the expression (97)-(98) explicitly involves 6 boundary param-
eters (instead of 4, as in the open XXZ case considered in [5]), we could not find a simple
exchange identity such as (D.9) of [5]. A direct elliptic analog of the identity (D.9) of [5]
can nevertheless be formulated in the case of only 4 boundary parameters related by the con-
straint, i.e. in the case, under the constraint, in which two of the 6 boundary parameters are
opposite of each others and can therefore be simplified from the expression of (97)-(98). In
that special case, the strategy of [4,5] can effectively be applied.8

To tackle the most general case that we want to consider here, with the 6 boundary param-
eters being completely arbitrary except for their relation by the constraint (65) (or equivalently
(91)), we have therefore developed a different approach. The idea is here to pass quasi-directly
from the representation (95) to the Slanov-type determinant by multiplying the matrix M of
elements M{a}(ξi , w j) by a judiciously chosen matrix X . The matrix X should be chosen so
that its columns are labelled by the inhomogeneity parameters, and so that the matrix ele-
ments of the product X ·M can be computed in a simple way by Cauchy’s residue theorem,
and simplifies when the Bethe equations are satisfied. This approach is freely inspired from
the one used in [87] for the antiperiodic XXZ model, the formulas of [87] being however quite
different from those of the present case.

8More precisely, if we suppose, with the notations of (90), that a6 = −a5, then the quantity θs(ξi , a5) can be
factorised out of the expression of the function M{a}(ξi , w j) (97). The 4 remaining parameters satisfy the sum rule
∑4
ℓ=1 aℓ = η. Under this constraint, one can easily show the following identity, which is the direct elliptic analog

of the identity (D.9) of [5]:

1
θ (2u)

∑

σ=±

σ

∏4
ℓ=1 θ (u+σaℓ)

θs(u+σ
η

2 , v)
=

1
θ (2v)

∑

σ=±

σ

∏4
ℓ=1 θ (v +σ(

η

2 − aℓ))

θs(v +σ
η

2 , u)
. (99)

This identity enables us to directly exchange the role of the parameters ξi and w j in the expression (98) of the
matrix M (97) when the set {a} contains only 4 parameters instead of 6, provided we also exchange {a} with
{η/2− a}. In other words, it means that the scalar product (78) can alternatively be expressed (up to an easily
computable factor) as the following ratio of determinants:

ϵ〈 P |Q 〉ϵ∝
det1≤i, j≤2M

h

Θ
( j)
2M (wi −

η

2 )−
∏4

ℓ=1
θ (wi+

η
2 −aℓ)

θ (wi−
η
2 −aℓ)

∏N
n=1

θs(wi−
η
2 ,ξn)

θs(wi+
η
2 ,ξn)

Θ
( j)
2M (wi +

η

2 )
i

det1≤i, j≤2M

�

Θ
( j)
2M (ξi)
� , (100)

which does not depend on the choice of the basisΘ( j)2M . We obtain also similar expressions in cases for which 2M ̸= N
by means of Lemma 5.2 and by using similar arguments as in Appendix D of [5]. Finally, such an expression can
be transformed into a Slavnov-type determinant of the form (84) by proceeding as in Appendix E of [5], up to
some little subtleties related to the fact that we have to deal here with theta functions instead of hyperbolic ones.
However, it seems that the identity (99) cannot easily be generalised to the case of 6 boundary parameters, which
explains why we had to proceed differently in the general case.
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To this aim, let us introduce, for a generic parameter γ, the following basis {Θ̄( j)2M}1≤ j≤2M
of Ξ2M ≡ ΞN , defined by

Θ̄
( j)
2M (λ)≡ Θ̄

( j)
2M ,Q,γ(λ) =

Q(λ+ η
2 )Q(λ−

η
2 )θs(λ,γ)

θs(λ, z j)θs(λ, z̃ j)
, 1≤ j ≤ 2M , (101)

with

(z j , z̃ j) =

¨

(q j +
η
2 , q j −

η
2 ) , if j ≤ M ,

(q j−M +
η
2 ,γ) , if j > M ,

(102)

and let us consider the matrix X ≡ XQ,γ of elements

Xi,k ≡
�

XQ,γ

�

i,k =
Θ̄
(i)
2M (ξk)

θs(ξk,γ)θ (2ξk)
∏

n̸=k θs(ξk,ξn)
, 1≤ i, k ≤ 2M . (103)

The determinant of X is nonzero and can easily be computed.9 Note however that its exact
value is unimportant for the proof of Theorem 4.1, since it does not depend on P and therefore
simplifies in the normalised expression (83), as we shall see later.

The elements of matrix X ·M are then given by

[X ·M]i, j =
2M
∑

k=1

Xi,k ·Mk, j =
2M
∑

k=1

Res(Fi, j;ξk) , (104)

in which we have defined the following functions:

Fi, j(λ)≡ FQ,{a},{ξ}(λ; zi , z̃i , w j)

=
θ ′(0)Q(λ+ η

2 )Q(λ−
η
2 )

θs(λ, zi)θs(λ, z̃i)
∏2M

n=1 θs(λ,ξn)

∑

ε=±
ε

∏6
n=1 θ (λ+ εan)

θs(λ+ ε
η
2 , w j)

.
(105)

Note that, under the constraint
6
∑

ℓ=1

aℓ = η , (106)

which corresponds to (91) for N = 2M , and for all 1≤ i, j ≤ N , the function Fi, j (105) satisfies
the properties

Fi, j(−λ) = −Fi, j(λ) , Fi, j(λ+π) = Fi, j(λ) , Fi, j(λ+πω) = Fi, j(λ) , (107)

so that it is an odd elliptic function of λ. Hence, the sum of the residues at its poles in an
elementary cell vanishes. Moreover, if Fi, j has a pole at some point x , it has also a pole at −x ,
and

Res(Fi, j;−x) = Res(Fi, j; x) . (108)

These properties enables one to compute the matrix elements in (104), given by the sum over
the residues of Fi, j at ξk, 1≤ k ≤ 2M , in terms of the sums over the residues at the other poles
of Fi, j . This leads to the following block matrix for the product X ·M:

X ·M=

�

G(1,1) G(1,2)

G(2,1) G(2,2)

�

, (109)

9The determinant det1≤i,k≤N [Θ̄
(i)
N (xk)], for arbitrary values of x1, . . . , xN , is given up to a constant

by Lemma 4.1. The constant can then be fixed by choosing appropriate values for the x i: for
(x1, . . . , xN ) = (q1 −

η

2 , . . . , qM −
η

2 , q1 +
η

2 , . . . , qM +
η

2 ) the matrix becomes triangular and the determinant is given
by the product of its diagonal elements. The explicit expression for the determinant of X follows easily.
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with G(1,1), G(1,2), G(2,1) and G(2,2) being blocks of size M × M . Explicitly, we obtain, for
1≤ i, j ≤ M :

�

G(1,1)
�

i, j =
2M
∑

k=1

Res(Fi, j;ξk) = −Res(Fi, j; p j +η/2)−Res(Fi, j; p j −η/2)

=
Q i(p j)

θ (2p j)

∑

σ=±

σQ i(p j +ση)
∏6

n=1 θ (p j +σ
η
2 −σan)

a(σp j)d(−σp j)
, (110)

�

G(1,2)
�

i, j =
2M
∑

k=1

Res(Fi, j+M ;ξk) = −δi, j

�

Res(Fi, j+M ; qi +η/2) +Res(Fi, j+M ; qi −η/2)
�

= δi, j
Q i(qi)
θ (2qi)

∑

σ=±

σQ i(qi +ση)
∏6

n=1 θ (qi +σ
η
2 −σan)

a(σqi)d(−σqi)
, (111)

�

G(2,1)
�

i, j =
2M
∑

k=1

Res(Fi+M , j;ξk) = −
∑

σ=±
Res(Fi+M , j; p j +ση/2)−Res(Fi+M , j;γ)

=
Q(p j)

θ (2p j)

∑

σ=±

σQ(p j +ση)
∏6

n=1 θ (p j +σ
η
2 −σan)

θs(p j +σ
η
2 , qi +

η
2 )θs(p j +σ

η
2 ,γ) a(σp j)d(−σp j)

−Xγ(qi +η/2)M{a}(γ, p j) , (112)

�

G(2,2)
�

i, j =
2M
∑

k=1

Res(Fi+M , j+M ;ξk) = −δi, j Res(Fi+M , j+M ; qi +η/2)−Res(Fi+M , j;γ)

= δi, j
Q i(qi +η)Q i(qi)

a(qi)d(−qi)

θ (η)
∏6

n=1 θ (qi +
η
2 − an)

θs(qi +
η
2 ,γ)

−Xγ(qi +η/2)M{a}(γ, q j) , (113)

in which we have used the shortcut notation

Xγ(λ) =
Q(γ+ η

2 )Q(γ−
η
2 )

θs(γ,λ)θ (2γ)
∏2M

n=1 θs(γ,ξn)
. (114)

Without any particular assumption on the parameters, i.e. keeping q1, . . . , qM generic, it is
possible to further transform the above determinant of size 2M by using, as in [3,5], the usual
formula for the determinant of block matrices:

det
2M
[X ·M] = det

M
G(2,2) · det

M

�

G(1,1) − G(1,2)
�

G(2,2)
�−1G(2,1)
�

. (115)

Since G(2,2) is the sum of a diagonal invertible matrix and a rank one matrix, it is possible
to compute explicitly its determinant by the matrix determinant lemma and its inverse by
the Sherman–Morrison formula. This leads to some generalised version of a Slavnov-type
determinant, however quite complicated (see [5] in which such kind of generalised formula
was presented in the open XXZ case).

This formula simplifies drastically when we particularise {q1, . . . , qM} to be a solution of
the Bethe equations (92): in that case, the expression (111) vanishes, so that G(1,2) = 0, and
therefore

det
N
[X ·M] = det

M

�

G(1,1)
�

· det
M

�

G(2,2)
�

. (116)

As mentioned just above, the determinant of the matrix G(2,2) can explicitly be computed.
However, its exact value is unimportant for the computation of the ratio (83), since G(2,2) does
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not depend on P. The elements of the matrix G(1,1) can be rewritten as

�

G(1,1)
�

i, j =
−Q(p j)

a(p j)d(−p j)a(−p j)d(p j)

∑

σ=±

a(σp j)d(−σp j)
∏6

n=1 θ (σp j −
η
2 + an)Q i(p j −ση)

θ (2σp j)θs(p j , qi)

=
−Q(p j)
∏6

n=1 θ (an)

a(p j)d(−p j)a(−p j)d(p j)

∑

σ=±

σAϵ(σp j)Q(p j −ση)
θ (2p j +ση)θs(p j −ση, qi)θs(p j , qi)

. (117)

Using the identity

θ ′(u− v)
θ (u− v)

−
θ ′(u− v ±η)
θ (u− v ±η)

−
θ ′(u+ v)
θ (u+ v)

+
θ ′(u+ v ±η)
θ (u+ v ±η)

=
θ (2u±η) θ (2v) θ (±η) θ ′(0)

θs(u, v) θs(u±η, v)
,

(118)

which can be proven by usual arguments concerning elliptic functions, we obtain that

�

G(1,1)
�

i, j =
Q(p j)
∏6

n=1 θ (an)

a(p j)d(−p j)a(−p j)d(p j)

�

SQ(p,q)
�

j,i

θ ′(0)θ (η)θ (2qi)θs(2p j ,η)
, (119)

in which
�

SQ(p,q)
�

i, j is given by the expression (84). Noticing that

M
∏

j=1

�

a(p j)d(−p j)a(−p j)d(p j)
�

=
N
∏

n=1

�

P(ξn −η/2)P(ξn +η/2)
�

, (120)

we finally obtain

det
M

�

G(1,1)
�

=
M
∏

j=1

Q(p j)
∏6

n=1 θ (an)

θ ′(0)θ (η)θ (2qi)θs(2p j ,η)

detM

�

SQ(p,q)
�

∏N
n=1 P(ξn −

η
2 )P(ξn +

η
2 )

. (121)

Therefore, we have proven that

ϵ〈 P |Q 〉ϵ =
cQ detM

�

SQ(p,q)
�

V (p1, . . . , pM )
∏M

j=1 θs(2p j ,η)
, (122)

in which

cQ =
N
∏

n=1

Q(ξn −
η
2 )Q(ξn +

η
2 )

∏6
i=1 θ (ξn − ai)

M
∏

j=1

∏6
i=1 θ (ai)

θ ′(0)θ (η)θ (2q j)

detM

�

G(2,2)
�

V (q1, . . . , qM )V (ξ1, . . . ,ξN ) detN X
(123)

is a coefficient which does not depend on P (note also that it should be independent of γ). It
means that, if eP is another even elliptic polynomial of the form (82) and p̃ = (p̃1, . . . , p̃M ) is its
M -tuple of roots, and if ϵ〈 eP | is the corresponding left separate state built from eP as in (71),
we have

ϵ〈 eP |Q 〉ϵ =
cQ detM

�

SQ(p̃,q)
�

V (p̃1, . . . , p̃M )
∏M

j=1 θs(2p̃ j ,η)
, (124)

with the same coefficient cQ (123), so that

ϵ〈 P |Q 〉ϵ
ϵ〈 eP |Q 〉ϵ

=
V (p̃1, . . . , p̃M )
V (p1, . . . , pM )

M
∏

j=1

θs(2p̃ j ,η)

θs(2p j ,η)

detM

�

SQ(p,q)
�

detM

�

SQ(p̃,q)
� . (125)
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In the limit p̃ j → q j , 1≤ j ≤ M , we obtain (83).
To conclude this section, let us briefly comment about the case in which 2 of the 6 bound-

ary parameters are opposite from each others, say for instance a5 = −a6. We have already
mentioned that, in this special case, it was possible to apply the strategy of [4,5] to compute
the scalar products, see the footnote 8. The choice a5 = −a6 also induces some simplifica-
tions in the new approach presented in this section: under this hypothesis, we can indeed
simply choose γ = a5 in (101)-(105), so that the functions (105) no longer have a pole in γ.
This means that the terms of the form Xγ(u)M{a}(γ, v) in the expressions (112)-(113) vanish.
Therefore, in particular, the matrix G(2,2) (113) is simply a diagonal matrix, instead of being
the sum of a diagonal matrix and a rank one matrix, so that the explicit expression of its de-
terminant – and hence of the constant cQ (123) – is much simpler. The general formula issued
from (115), in which we do not suppose q1, . . . , qM to be a solution of the Bethe equations,
would also be much less cumbersome in that case. However, this does not induce any partic-
ular simplification in our main result (83), once we impose the Bethe equations for q1, . . . , qM
and normalise adequately the scalar product.

5.2 Proof of theorem 4.1 in the case 2M > N

Let us now explain how one can adapt the computation presented in the last section to the
case 2M > N . As in [3–5], we need to change the size of the scalar product determinant
representation since the number of roots of P and Q (82) is not equal to the number N of
inhomogeneity parameters. In the present case, this can be done by means of the following
identities.

Lemma 5.1. Let x1, . . . , xL be generic parameters. Let ε= ±1, and let r1, . . . , rℓ be such that

εr j ̸= ±ri ,±ri −η mod (π,πω) , ∀i < j . (126)

Then, for any function F which is regular in η
2 +εr j , 1≤ j ≤ ℓ, any basis {Θ( j)L }1≤ j≤L of ΞL , any

basis {Θ( j)L+ℓ}1≤ j≤L+ℓ of ΞL+ℓ, we have

det1≤i, j≤L

�

Θ
( j)
L (x i −

η
2 )− F(x i)Θ

( j)
L (x i +

η
2 )
�

det1≤i, j≤L

�

Θ
( j)
L (x i −

η
2 )
�

= lim
xL+1→

η
2+εr1

. . . lim
xL+ℓ→

η
2+εrℓ

det1≤i, j≤L+ℓ

�

Θ
( j)
L+ℓ(x i −

η
2 )− F (ℓ){r}(x i)Θ

( j)
L+ℓ(x i +

η
2 )
�

det1≤i, j≤L+ℓ

�

Θ
( j)
L+ℓ(x i −

η
2 )
� ,

(127)

in which

F (ℓ){r}(λ) = F(λ)
ℓ
∏

j=1

θs(λ−
η
2 , r j)

θs(λ+
η
2 , r j)

. (128)

Proof. We proceed by induction on ℓ. (127) obviously holds for ℓ = 0. Let us suppose that it
holds for a given ℓ≥ 0, and let us consider a basis of ΞL+ℓ+1 of the form

Θ
( j)
L+ℓ+1(λ) =

YL+ℓ+1(λ)
θs(λ, y j)

, 1≤ j ≤ L + ℓ+ 1 , with YL+ℓ+1(λ) =
L+ℓ+1
∏

k=1

θs(λ, yk) , (129)

in which we suppose that the parameters±y1, . . . ,±yL+ℓ+1 are pairwise distinct moduloπ,πω,
with the particular choice yL+ℓ+1 = rℓ+1. Then the functions

Θ
( j)
L+ℓ(λ) =

Θ
( j)
L+ℓ+1(λ)

θs(λ, rℓ+1)
, 1≤ j ≤ L + ℓ , (130)

20

https://scipost.org
https://scipost.org/SciPostPhys.19.4.090


SciPost Phys. 19, 090 (2025)

define a basis of ΞL+ℓ, so that, with this choice of basis in the right hand side of (127),

det1≤i, j≤L+ℓ

�

Θ
( j)
L+ℓ(x i −

η
2 )− F (ℓ){r}(x i)Θ

( j)
L+ℓ(x i +

η
2 )
�

det1≤i, j≤L+ℓ

�

Θ
( j)
L+ℓ(x i −

η
2 )
�

=
det1≤i, j≤L+ℓ

�

Θ
( j)
L+ℓ+1(x i−

η
2 )

θs(x i−
η
2 ,rℓ+1)

− F (ℓ){r}(x i)
Θ
( j)
L+ℓ+1(x i+

η
2 )

θs(x i+
η
2 ,rℓ+1)

�

det1≤i, j≤L+ℓ

�

Θ
( j)
L+ℓ+1(x i−

η
2 )

θs(x i−
η
2 ,rℓ+1)

�

=
det1≤i, j≤L+ℓ

h

Θ
( j)
L+ℓ+1(x i −

η
2 )− F (ℓ){r}(x i)

θs(x i−
η
2 ,rℓ+1)

θs(x i+
η
2 ,rℓ+1)

Θ
( j)
L+ℓ+1(x i +

η
2 )
i

det1≤i, j≤L+ℓ

�

Θ
( j)
L+ℓ+1(x i −

η
2 )
�

= lim
xL+ℓ+1→εrℓ+1+

η
2

det1≤i, j≤L+ℓ+1

�

Θ
( j)
L+ℓ+1(x i −

η
2 )− F (ℓ+1)

{r} (x i)Θ
( j)
L+ℓ+1(x i +

η
2 )
�

det1≤i, j≤L+ℓ+1

�

Θ
( j)
L+ℓ+1(x i −

η
2 )
� .

(131)

In the last equality we have used that Θ( j)L+ℓ+1(εrℓ+1) = 0 if j ̸= L + ℓ + 1, and that

F (ℓ+1)
{r} (εrℓ+1 +

η
2 ) = 0 (F (ℓ){r} being regular at η2 + εrℓ+1 due to (126)), so that only the last

coefficient of the last line of each determinant survives in the limit. This proves the statement
for ℓ+ 1. □

We now formulate a special case of Lemma 5.1 that will be useful for the computation of
the scalar products.

Lemma 5.2. Let x1, . . . , xL be generic parameters, let a ∈ C, and let F be a function which is
regular at the points −a + jη, 1 ≤ j ≤ ℓ, for a given ℓ ∈ N. Then, for any basis {Θ( j)L }1≤ j≤L of

ΞL , any basis {Θ( j)L+ℓ}1≤ j≤L+ℓ of ΞL+ℓ, we have

det1≤i, j≤L

�

Θ
( j)
L (x i −

η
2 )− F(x i)

θ (x i+a)
θ (x i−a) Θ

( j)
L (x i +

η
2 )
�

det1≤i, j≤L

�

Θ
( j)
L (x i −

η
2 )
�

= lim
xL+1→η−a

. . . lim
xL+ℓ→ℓη−a

det1≤i, j≤L+ℓ

�

Θ
( j)
L+ℓ(x i −

η
2 )− F(x i)

θ (x i+a−ℓη)
θ (x i−a+ℓη) Θ

( j)
L+ℓ(x i +

η
2 )
�

det1≤i, j≤L+ℓ

�

Θ
( j)
L+ℓ(x i −

η
2 )
� .

(132)

Proof. It is enough to set r j = jη− η2 − a in the hypothesis of Lemma 5.1. These parameters
satisfy (126), and

θ (λ+ a)
θ (λ− a)

ℓ
∏

j=1

θs(λ−
η
2 , r j)

θs(λ+
η
2 , r j)

=
θ (λ+ a)
θ (λ− a)

ℓ
∏

j=1

θ (λ− a+ ( j − 1)η)θ (λ+ a− jη)
θ (λ− a+ jη)θ (λ+ a− ( j − 1)η)

=
θ (λ+ a− ℓη)
θ (λ− a+ ℓη)

,

(133)

which leads to (132). □

These results can directly be applied to transform the original SoV representation (78)
of the scalar product of the separate states ϵ〈 P | and |Q 〉ϵ, with P and Q of the form (82) if
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2M = N + ℓ, ℓ≥ 0. With the notations (90), it follows from Lemma 5.2 that

ϵ〈 P |Q 〉ϵ =
N
∏

n=1

(PQ)
�

ξ(0)n

�

det1≤i, j≤N

�

Θ
( j)
N (ξ

(1)
i )
�

det1≤i, j≤N

�

Θ
( j)
N (ξi)
�

×
det1≤i, j≤N

�

Θ
( j)
N (ξ

(1)
i )−

6
∏

n=1

θ (ξi+an)
θ (ξi−an)

(PQ)(ξ(1)i )

(PQ)(ξ(0)i )
Θ
( j)
N (ξ

(0)
i )

�

det1≤i, j≤N

�

Θ
( j)
N (ξ

(1)
i )
�

=
N
∏

n=1

(PQ)(ξ(0)n )
V (ξ(1)1 , . . . ,ξ(1)N )

V (ξ1, . . . ,ξN )

× lim
ξN+1→η−as

. . . lim
ξN+ℓ→ℓη−as

det1≤i, j≤2M

�

Θ
( j)
2M (ξ

(1)
i )−

6
∏

n=1

θ (ξi+a′n)
θ (ξi−a′n)

(PQ)(ξ(1)i )

(PQ)(ξ(0)i )
Θ
( j)
2M (ξ

(0)
i )

�

det1≤i, j≤2M

�

Θ
( j)
2M (ξ

(1)
i )
� ,

(134)

for some given as ∈ {an}1≤n≤6, and in which we have set

a′n =

¨

as − (2M − N)η , if n= s ,

an , otherwise.
(135)

Note that these parameters satisfy the sum rule

6
∑

ℓ=1

a′ℓ = η . (136)

We can now transform the determinant in the numerator of the last line of (134) according
to the process presented in the last section. However, so as to avoid dealing with complicated
coefficients which are irrelevant for the computation of the normalised scalar product (83),
let us directly consider the ratio of the scalar product ϵ〈 P |Q 〉ϵ by the scalar product ϵ〈 eP |Q 〉ϵ,
in which eP is another function of the form (82) with roots p̃1, . . . , p̃M :

ϵ〈 P |Q 〉ϵ
ϵ〈 eP |Q 〉ϵ

=
N
∏

n=1

P(ξ(0)n )

eP(ξ(0)n )

det1≤i, j≤2M

h

1
θs(ξi−

η
2 ,w̃ j)

i

det1≤i, j≤2M

h

1
θs(ξi−

η
2 ,w j)

i

det1≤i, j≤2M

�

M{a′}(ξi , w j)
�

det1≤i, j≤2M

�

M{a′}(ξi , w̃ j)
� , (137)

in which we have denoted, similarly as in (94),

(w1, . . . , w2M ) = (p1, . . . , pM , q1, . . . , qM ) , (138)

(w̃1, . . . , w̃2M ) = (p̃1, . . . , p̃M , q1, . . . , qM ) , (139)

and in which we have set

ξN+n = nη− as , 1≤ n≤ 2M − N . (140)

The function M{a′}(u, v) is defined as in (98), in which the parameters a1, . . . , a6 are replaced
by a′1, . . . , a′6.

The ratio of generalised Cauchy determinants in (137) can easily be computed:

det1≤i, j≤2M

h

1
θs(ξi−

η
2 ,w̃ j)

i

det1≤i, j≤2M

h

1
θs(ξi−

η
2 ,w j)

i =
V (w̃1, . . . , w̃2M )
V (w1, . . . , w2M )

2M
∏

i, j=1

θs(ξi −
η
2 , w j)

θs(ξi −
η
2 , w̃ j)

(141)

=
V (p̃1, . . . , p̃M )
V (p1, . . . , pM )

M
∏

j=1

Q(p̃ j)

Q(p j)

N
∏

n=1

P(ξn −
η
2 )

eP(ξn −
η
2 )

2M−N
∏

n=1

P(nη− η2 − as)
eP(nη− η2 − as)

.
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To transform the last ratio of determinants in (137), we can now define, in terms of the
extended set of parameters ξ1, . . . ,ξ2M , a basis {Θ̄( j)2M}1≤ j≤2M ofΞ2M as in (101) and a 2M×2M
matrix X as in (103). Multiplying both matrices in the numerator and denominator of the last
line of (137), we get

det1≤i, j≤2M

�

M{a′}(ξi , w j)
�

det1≤i, j≤2M

�

M{a′}(ξi , w̃ j)
� =

det2M G
det2M
eG

, (142)

in which G and eG have the following block form:

G =
�

G(1,1) G(1,2)

G(2,1) G(2,2)

�

, eG =
�

eG(1,1)
eG(1,2)

eG(2,1)
eG(2,2)

�

. (143)

Here the blocks G(i, j) and eG(i, j), 1≤ i, j ≤ 2, are of size M×M , their elements can be computed
as in the last section, in terms of the residues of the functions

Fi, j(λ)≡ FQ,{a′},{ξ}(λ; zi , z̃i , w j) , (144)

defined as in (105), but in terms of the parameters {a′i}1≤i≤6 (135) instead of {ai}1≤i≤6, and
in terms of the extended set of inhomogeneity parameters ξ1, . . . ,ξ2M . Note that, thanks to
(136), the functions (144) still satisfy the properties (107) and (108). Hence, the elements
of the blocks G(i, j), 1 ≤ i, j ≤ 2, are given by the expressions (110)-(113) in terms of the
parameters {a′i}1≤i≤6 (135) instead of {ai}1≤i≤6, and with the functions a and d (23) replaced
respectively by

aξ(λ) =
2M
∏

n=1

θ (λ− ξn +η/2) = a(λ)
2M−N
∏

n=1

θ (λ− nη+ as +η/2) , (145)

dξ(λ) = aξ(λ−η) = d(λ)
2M−N
∏

n=1

θ (λ− nη+ as −η/2) . (146)

The elements of the blocks eG(i, j), 1 ≤ i, j ≤ 2, are given by similar expressions, however in
terms of the roots p̃1, . . . , p̃M instead of p1, . . . , pM . Note that

eG(i,2) = G(i,2) , 1≤ i ≤ 2 , (147)

since the corresponding columns do not depend on the roots of P (or eP).
In particular, the elements of the block G(1,2) = eG(1,2) are, from (111),

�

G(1,2)
�

i, j =
�

eG(1,2)
�

i, j = δi, j
Q i(qi)
θ (2qi)

∑

σ=±

σQ i(qi +ση)
∏6

n=1 θ (σqi +
η
2 − a′n)

aξ(σqi)dξ(−σqi)

= δi, j
Q i(qi −η)Q i(qi)

aξ(−qi)dξ(qi)

∏6
n=1 θ (qi −

η
2 + a′n)

θ (2qi)

×

�

a(−qi)d(qi)
a(qi)d(−qi)

Q i(qi +η)
Q i(qi −η)

6
∏

n=1

θ (qi +
η
2 − an)

θ (qi −
η
2 + an)

− 1

�

,

(148)

in which we have used that

6
∏

n=1

θ (λ+ η
2 − a′n)

θ (λ− η2 + a′n)

2M−N
∏

n=1

θs(λ−
η
2 , nη− as)

θs(λ+
η
2 , nη− as)

=
6
∏

n=1

θ (λ+ η
2 − an)

θ (λ− η2 + an)
. (149)
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Hence, if we now suppose that the roots q1, . . . , qM of Q satisfy the Bethe equations (92), the
blocks G(1,2) and eG(1,2) vanish, so that

det1≤i, j≤2M

�

M{a′}(ξi , w j)
�

det1≤i, j≤2M

�

M{a′}(ξi , w̃ j)
� =

detM G(1,1)

detM
eG(1,1)

. (150)

The matrix elements of G(1,1) are, from (110),

�

G(1,1)
�

i, j =
Q i(p j)

θ (2p j)

∑

σ=±

σQ i(p j +ση)
∏6

n=1 θ (σp j +
η
2 − a′n)

aξ(σp j)dξ(−σp j)

=
Q i(p j −η)Q i(p j)

(−1)N a(−p j)d(p j)

∏6
n=1 θ (p j −

η
2 + a′n)

θ (2p j)
∏2M−N

n=1 θs(p j −
η
2 , nη− as)

×

�

a(−p j)d(p j)

a(p j)d(−p j)

Q i(p j +η)

Q i(p j −η)

6
∏

n=1

θ (p j +
η
2 − an)

θ (p j −
η
2 + an)

− 1

�

=
−Q(p j)
∏6

n=1 θ (an)

a(p j)d(−p j)a(−p j)d(p j)

2M−N
∏

n=1

1

θs(p j , nη− as −
η
2 )

×
∑

σ=±

σAϵ(σp j)Q(p j −ση)
θ (2p j +ση)θs(p j −ση, qi)θs(p j , qi)

,

(151)

in which we have once again used (149). The elements of eG(1,1) have similar expressions in
terms of p̃ j instead of p j .

The remaining part of the computation is then completely similar as in the previous section,
so that

det1≤i, j≤2M

�

M{a′}(ξi , w j)
�

det1≤i, j≤2M

�

M{a′}(ξi , w̃ j)
� =

N
∏

n=1

eP(ξn +
η
2 )eP(ξn −

η
2 )

P(ξn +
η
2 )P(ξn −

η
2 )

2M−N
∏

n=1

eP(nη− as −
η
2 )

P(nη− as −
η
2 )

×
M
∏

j=1

θs(2p̃ j ,η)Q(p j)

θs(2p j ,η)Q(p̃ j)

detM SQ(p j , qi)

detM SQ(p̃ j , qi)
,

(152)

and, from (137), (141) and (152), we get the result.

5.3 Proof of theorem 4.1 in the case 2M < N

Finally, to conclude the proof of Theorem 4.1, let us consider the case 2M < N .
For generic p1, . . . , pM , q1, . . . , qM ,ξ1, . . . ,ξN , we consider (78), in which we choose a

basis of the form (81) with (w1, . . . , w2M ) = (p1, . . . , pM , q1, . . . , qM ), the other variables
w2M+1, . . . , wN being still to be specified, i.e.

W (λ) = P(λ)Q(λ)WR(λ) , with WR(λ) =
N−2M
∏

n=1

θs(λ, w2M+n) . (153)

Then

ϵ〈 P |Q 〉ϵ =
N
∏

n=1

(PQ)(ξ(0)n )W (ξ
(1)
n )

W (ξn)

det1≤i, j≤N

�

1
θs(ξ

(1)
i ,w j)
−

6
∏

n=1

θ (an+ξi)
θ (an−ξi)

WR(ξ
(0)
i )

WR(ξ
(1)
i )

1
θs(ξ

(0)
i ,w j)

�

det1≤i, j≤N

h

1
θs(ξi ,w j)

i .

(154)
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It is possible to reduce the above determinant to a determinant of the form (97)-(98) by con-
veniently setting, for some s ∈ {1, . . . , 6}, the additional variables w2M+ j as

w2M+ j = as + jη−
η

2
, 1≤ j ≤ N − 2M , (155)

so that

θ (λ+ as)
θ (λ− as)

WR(λ+
η
2 )

WR(λ−
η
2 )
=
θ (λ+ as + (N − 2M)η)
θ (λ− as − (N − 2M)η)

. (156)

Defining

a′n =

¨

as + (N − 2M)η , if n= s ,

an , otherwise,
(157)

we therefore obtain

ϵ〈 P |Q 〉ϵ =
N
∏

n=1

−(PQ)(ξ(0)n )W (ξ
(1)
n )

W (ξn)
∏6

l=1 θ (a
′
l − ξn)

det1≤i, j≤N

�

M{a′}(ξi , w j)
�

det1≤i, j≤N

h

1
θs(ξi ,w j)

i

=
N
∏

n=1

(PQ)(ξ(0)n )W (ξ
(1)
n )

−
∏6

l=1 θ (a
′
l − ξn)

det1≤i, j≤N

�

M{a′}(ξi , w j)
�

V (w1, . . . , wN )V (ξN , . . . ,ξ1)
.

(158)

Note that the parameters a′n, 1≤ n≤ 6, defined by (157) also satisfy the sum rule (136).
We can now transform the determinant of the matrix M≡ (M{a′}(ξi , w j))1≤i, j≤N according

to the previous approach, but we have to adapt slightly this approach since now 2M < N . We
define the following generalisations of the functions (105):

Fi, j(λ)≡ FQ,{a′},{ξ},{r}(λ; zi , z̃i , w j)

=
θ ′(0)Q(λ+ η

2 )Q(λ−
η
2 )R(λ)

θs(λ, zi)θs(λ, z̃i)
∏N

n=1θs(λ,ξn)

∑

ε=±
ε

∏6
n=1θ (λ+ εa′n)

θs(λ+ ε
η
2 , w j)

=
θ ′(0)Q(λ+ η

2 )Q(λ−
η
2 )

θs(λ, zi)θs(λ, z̃i)
∏N

n=1θs(λ,ξn)

∑

ε=±
ε

WR(λ+ ε
η
2 )
∏6

n=1θ (λ+ εan)

θs(λ+ ε
η
2 , w j)

,

(159)

in which we have set

R(λ) =
N−2M
∏

n=1

θs(λ, rn) , with rn = w2M+n −
η

2
= as + (n− 1)η , 1≤ n≤ N − 2M , (160)

and

(zi , z̃i) =











(qi +
η
2 , qi −

η
2 ) , if i ≤ M ,

(qi−M +
η
2 ,γ) , if M < i ≤ 2M ,

(ri−2M ,γ) , if 2M < i ≤ N ,

(161)

with γ being an arbitrary generic number. In (159), we have used that, with the choice (160)
for the additional variables r1, . . . , rN−2M ,

R(λ)θ (λ± a′s) =WR(λ±η/2) θ (λ± as) . (162)

The functions (159) satisfy the properties (107) and (108).

25

https://scipost.org
https://scipost.org/SciPostPhys.19.4.090


SciPost Phys. 19, 090 (2025)

Let now X be the matrix with elements

Xi,k =
Θ̄
(i)
N (ξk)

θs(ξk,γ)θ (2ξk)
∏

n̸=k θs(ξk,ξn)
, 1≤ i, k ≤ N , (163)

in which {Θ̄( j)N }1≤ j≤N is the basis of ΞN defined by

Θ̄
( j)
N (λ) =

Q(λ+ η
2 )Q(λ−

η
2 )R(λ)θs(λ,γ)

θs(λ, z j)θs(λ, z̃ j)
, 1≤ j ≤ N , (164)

and let us compute the product of the matrix X by the matrix M. It takes the following block
form, which generalises (109):

X ·M=

� N
∑

k=1

Res(Fi, j;ξk)

�

1≤i, j≤N

=





G(1,1) G(1,2) G(1,3)

G(2,1) G(2,2) G(2,3)

G(3,1) G(3,2) G(3,3)



 , (165)

in which G(1,1), G(1,2), G(2,1) and G(2,2) are of size M × M , G(1,3) and G(2,3) are of size
M×(N−2M), G(3,1) and G(3,2) are of size (N−2M)×M , and G(3,3) is of size (N−2M)×(N−2M).

The elements of G(1,1), G(1,2), G(2,1) and G(2,2) can be expressed as in (110)-(113), with
only slight modifications due to the presence of the function R (or equivalently WR) in the
definition of Fi, j (159):

�

G(1,1)
�

i, j =
Q i(p j)WR(p j)

θ (2p j)

∑

σ=±

σQ i(p j +ση)
∏6

n=1 θ (σp j +
η
2 − an)

(−1)N a(σp j)d(−σp j)

=
−Q(p j)WR(p j)
∏6

n=1 θ (an)

a(p j)d(−p j)a(−p j)d(p j)

∑

σ=±

σAϵ(σp j)Q(p j −ση)
θ (2p j +ση)θs(p j −ση, qi)θs(p j , qi)

, (166)

�

G(1,2)
�

i, j = δi, j
Q i(qi)WR(qi)
θ (2qi)

∑

σ=±

σQ i(qi +ση)
∏6

n=1 θ (σqi +
η
2 − an)

(−1)N a(σqi)d(−σqi)
, (167)

�

G(2,1)
�

i, j =
Q(p j)WR(p j)

θ (2p j)

∑

σ=±

(−1)NσQ(p j +ση)
∏6

n=1 θ (σp j +
η
2 − an)

θs(p j +σ
η
2 , qi +

η
2 )θs(p j +σ

η
2 ,γ) a(σp j)d(−σp j)

−Xγ(qi +η/2)M{a′}(γ, p j) , (168)

�

G(2,2)
�

i, j = δi, j
Q i(qi +η)Q i(qi)WR(qi)
(−1)N a(qi)d(−qi)

θ (η)
∏6

n=1 θ (qi +
η
2 − an)

θs(qi +
η
2 ,γ)

−Xγ(qi +η/2)M{a′}(γ, q j) , (169)

in which we have used the shortcut notation

Xγ(λ) =
Q(γ+ η

2 )Q(γ−
η
2 )R(γ)

θs(γ,λ)θ (2γ)
∏N

n=1 θs(γ,ξn)
. (170)

Similarly, the elements of the blocks G(3,1) and G(3,2) are respectively

�

G(3,1)
�

i, j =
N
∑

k=1

Res(Fi+2M , j;ξk) = −
∑

σ=±
Res(Fi+2M , j; p j +ση/2)−Res(Fi+2M , j;γ)

=
Q(p j)WR(p j)

θ (2p j)

∑

σ=±

(−1)NσQ(p j +ση)
∏6

n=1 θ (σp j +
η
2 − an)

a(σp j)d(−σp j)θs(p j +σ
η
2 , ri)θs(p j +σ

η
2 ,γ)

−Xγ(ri)M{a′}(γ, p j) , (171)

�

G(3,2)
�

i, j =
N
∑

k=1

Res(Fi+2M , j+M ;ξk) = −Res(Fi+2M , j+M ;γ) = −Xγ(ri)M{a′}(γ, q j) . (172)
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The block G(1,3) vanishes,

�

G(1,3)
�

i, j =
N
∑

k=1

Res(Fi, j+2M ;ξk) = 0 , (173)

since the functions Fi, j+2M , 1≤ i ≤ M , 1≤ j ≤ N −2M , have no other poles than at the points
±ξk, 1≤ k ≤ N . Finally, for the blocks G(2,3) and G(3,3), we obtain respectively

�

G(2,3)
�

i, j =
N
∑

k=1

Res(Fi+M , j+2M ;ξk) = −Res(Fi+M , j+2M ;γ)

= −Xγ(qi +η/2)M{a′}(γ, w2M+ j) , (174)

�

G(3,3)
�

i, j =
N
∑

k=1

Res(Fi+2M , j+2M ;ξk)

= −(δi, j +δi, j+1)Res(Fi+2M , j+2M ; ri)−Res(Fi+2M , j+2M ;γ)

=
Q(ri +

η
2 )Q(ri −

η
2 )Ri(ri)

∏N
n=1 θs(ri ,ξn) θ (ri ,γ) θ (2w2M+ j)

×

�

δi, j+1

6
∏

n=1

θ (ri − a′n)−δi, j

6
∏

n=1

θ (ri + a′n)

�

−Xγ(ri)M{a′}(γ, w2M+ j) , (175)

in which we have defined Ri(λ) = R(λ)/θs(λ, ri).
Once again, when we particularise {q1, . . . , qM} to be a solution of the Bethe equations

(92), the expression (167) vanishes, so that G(1,2) = 0, and therefore, taking also into account
(173),

det
N
[X ·M] = det

M

�

G(1,1)
�

· det
M+N

�

Ḡ(2,2)
�

, (176)

in which

Ḡ(2,2) =

�

G(2,2) G(2,3)

G(3,2) G(3,3)

�

(177)

is a (M + N) × (M + N) matrix which does not depend on P. The remaining part of the
computation, which consists in considering the ratio of ϵ〈 P |Q 〉ϵ by ϵ〈 eP |Q 〉ϵ, in which eP is
another function of the form (82) with roots p̃1, . . . , p̃M , is then similar as for the other cases.

5.4 Proof of theorem 4.2

Let now ϵ′ = −ϵ. In that case,

Aε(
η
2 + ξn)

Aε′(
η
2 − ξn)

=
Aε(

η
2 + ξn)

A−ε(
η
2 − ξn)

= 1 , (178)

for any choice of the boundary parameters, so that the representation (78) is independent of
the boundary parameters:

ϵ〈 P |Q 〉−ϵ =
N
∏

n=1

(PQ)(ξ(0)n )
det1≤i, j≤N

�

Θ
( j)
N (ξ

(1)
i )−

P(ξ(1)i )Q(ξ
(1)
i )

P(ξ(0)i )Q(ξ
(0)
i )
Θ
( j)
N (ξ

(0)
i )
�

det1≤i, j≤N

�

Θ
( j)
N (ξi)
� . (179)

For M ′ +M = N − 1, let us now choose a basis of ΞN as in (81), with

W (λ) = P(λ)Q(λ) θs(λ, wN ) , (180)
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for any arbitrary wN . We get

ϵ〈 P |Q 〉−ϵ =
N
∏

n=1

(PQ)(ξ(0)n ) (PQ)(ξ(1)n )

(PQ)(ξn)

det1≤i, j≤N

�

θs(ξ
(1)
i ,wN )

θs(ξ
(1)
i ,w j)

− θs(ξ
(0)
i ,wN )

θs(ξ
(0)
i ,w j)

�

det1≤i, j≤N

h

θs(ξi ,wN )
θs(ξi ,w j)

i . (181)

The last column in the determinant of the numerator of (181) being identically 0, we obtain
the result.

6 Conclusion

We have here solved the open XYZ spin 1/2 chain by the new Separation of Variables approach
of [1, 2], and computed in this framework the scalar products of separate states, a class of
states which contains as a sub-class the eigenstates of the model. As usual for models solved
by SoV, these scalar products of separate states have a simple determinant representation,
see Proposition 4.1. However, as usual, this determinant depends in an intricate way on the
inhomogeneity parameters of the model (the latter label its rows, see (78)), which is not very
convenient for the consideration of the homogeneous and thermodynamic limits. Our aim
was therefore to transform the representation (78) into a more convenient one for physical
applications such as the computation of correlation functions.

We have considered in particular the case in which the 6 boundary parameters parametris-
ing the two boundary fields satisfy one constraint (65), so that the transfer matrix spectrum
and eigenstates can be partly described in terms of a usual TQ-equation (67), with a Q-function
being an even elliptic polynomial of the form (66). Focusing on separate states constructed
from even elliptic polynomials of the form (66) under the constraint (65), we have shown
how to transform the representation (78) into a new one (83), in the case in which one of the
separate states is an eigenstate of the model. The representation (83), which constitutes the
main result of our paper, is a direct elliptic generalisation of the determinant representations
which have been previously obtained in the rational [4] and trigonometric [5] cases, i.e. for
the open XXX and XXZ chain respectively. These representations are generalisations of the
famous Slavnov determinant representation [6], and were directly used in the open XXX and
XXZ cases for the computation of correlation functions [90–92].

The approach we used here is however not the direct elliptic generalisation of the approach
used in [4, 5]: the problem comes from the fact that the initial scalar product representation
(78) depends on more boundary parameters in the present XYZ case than in the XXX or XXZ
cases [4, 5], which makes it difficult to use symmetry arguments as in [4, 5]. We instead
proposed a new method allowing to almost directly transform (78) into (83): we multiplied
the matrix appearing in the initial representation (95) issued from (78) by a well-chosen matrix
X , so that the resulting product can be computed via the residue theorem on certain odd elliptic
functions (105), and simplifies when the Bethe equations are satisfied for one the two sets of
parameters labelling the separate states.

The new scalar product formulas that we have obtained here constitute the first step to-
wards the computation of the correlation functions. Building on this result, we have imple-
mented the generalisation of the results of [90–92] to the XYZ open spin chain in [106].
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A The trigonometric limit

We consider here the trigonometric limit ℑω→ +∞, in which, if λ remains finite,

lim
ℑω→+∞

e−iπω/4

2
θ1(λ|ω) = sinλ , lim

ℑω→+∞

e−iπω/4

2
θ2(λ|ω) = cosλ , (A.1)

lim
ℑω→+∞

θ3(λ|ω) = lim
ℑω→+∞

θ4(λ|ω) = 1 . (A.2)

Let us define new boundary parameters ϕ±,ψ± and τ± by

α±1 = −iϕ∓ , α±2 = iψ∓ − ε
π

2
, α±3 = iτ∓ + ε

π

2
+
πω

2
, (A.3)

for some arbitrary sign ε, and we suppose that these new boundary parameters ϕ±,ψ±,τ±
remain finite in the limit ℑω→ +∞. Then, the boundary parameters c x ,y,z

± (9) behave in this
limit in terms of (A.3) as

lim
ℑω→+∞

2eiπω/4c x
∓ =

−i cosh(τ±)
sinh(ϕ±) cosh(ψ±)

, (A.4)

lim
ℑω→+∞

2eiπω/4c y
∓ =

−i sinh(τ±)
sinh(ϕ±) cosh(ψ±)

, (A.5)

lim
ℑω→+∞

cz
∓ = −i

cosh(ϕ±) sinh(ψ±)
sinh(ϕ±) cosh(ψ±)

. (A.6)

Hence, in the limit ℑω → +∞, with η,ϕ±,ψ±,τ± remaining finite, the Hamiltonian (27)
degenerates into the Hamiltonian of the open XXZ spin chain:

HXXZ =
N−1
∑

n=1

�

σx
nσ

x
n+1 +σ

y
nσ

y
n+1 +∆σ

z
nσ

z
n+1

�

+
∑

a∈{x ,y,z}

�

h̃a
−σ

a
1 + h̃a

+σ
a
N

�

, (A.7)

in which

∆= cosη= cosh η̃ , with η= iη̃ , (A.8)

h̃x
± = sinh η̃

coshτ±
sinhϕ± coshψ±

, (A.9)

h̃y
± = i sinh η̃

sinhτ±
sinhϕ± coshψ±

, (A.10)

h̃z
± = sinh η̃ cothϕ± tanhψ± . (A.11)

Moreover, still in this limit, if in addition λ= iu remains finite, the R-matrix (1) degenerates,
up to a global normalisation, into the 6-vertex R-matrix,

RXXZ(u) =







sinh(u+ η̃) 0 0 0
0 sinh u sinh η̃ 0
0 sinh η̃ sinh u 0
0 0 0 sinh(u+ η̃)






, (A.12)

and the boundary K-matrices (13) become

K±(λ∓η/2) −→ℑω→+∞ KXXZ(−iλ;ϕ∓,ψ∓,τ∓) (A.13)
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in which

KXXZ(u;ϕ,ψ,τ) = cosh u I+
coshϕ sinhψ
sinhϕ coshψ

sinh uσz

+
sinh(2u)

2sinhϕ coshψ
[coshτσx + i sinhτσ y]

=

�

cosh u+ sinh u coshϕ sinhψ
sinhϕ coshψ eτ sinh2u

2 sinhϕ coshψ

e−τ sinh 2u
2 sinhϕ coshψ cosh u− sinh u coshϕ sinhψ

sinhϕ coshψ

�

(A.14)

is the K-matrix of the open XXZ spin chain. Finally, the coefficient (62) becomes

Aϵ(λ) −→ℑω→+∞ e−(ε
+
3+ε

−
3 )(u−

η̃
2 )
∏

σ=±

sinh(u− η̃2 + ε
σ
1ϕσ)

sinh(εσ1ϕσ)

cosh(u− η̃2 − ε
σ
2ψσ)

cosh(−εσ2ψσ)
. (A.15)

For the particular choice ε+3 = −ε
−
3 , ε±1 = εϕ∓ , ε

±
2 = ±εψ∓ , we recover the convention of

our previous XXZ papers [5,92]:10 the constraint (65) becomes

ε+3 (τ+ −τ−) +
∑

σ=±

h

εϕσϕσ +σεψσ(ψσ + iε
π

2
)
i

+ (N − 2M − 1)η̃= 0 , (A.16)

with εϕ+εϕ−εψ+εψ− = 1; under this constraint, we recover the XXZ analog of Proposition 3.2
for trigonometric polynomials Q of the form

Q(u) =
M
∏

n=1

sinh(u− q̃n) sinh(u+ q̃n) , q̃= (q̃1, . . . , q̃M ) ∈ CM . (A.17)

It is now easy to see that Theorem 4.1 reduces to Theorem 5.2 of [5] in the trigonometric
limit.11
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