e SciPost Phys. 19, 098 (2025)

Generalized charges, part II: Non-invertible
symmetries and the symmetry TFT

Lakshya Bhardwaj and Sakura Schéfer-Nameki

Mathematical Institute, University of Oxford,
Andrew-Wiles Building, Woodstock Road, Oxford, OX2 6GG, UK

Abstract

Consider a d-dimensional quantum field theory (QFT) ¥, with a generalized symmetry
S, which may or may not be invertible. We study the action of S on generalized or g-
charges, i.e. g-dimensional operators. The main result of this paper is that g-charges
are characterized in terms of the topological defects of the Symmetry Topological Field
Theory (SymTFT) of S, also known as the “Sandwich Construction”. The SymTFT is
a (d + 1)-dimensional topological field theory, which encodes the symmetry S and the
physical theory in terms of its boundary conditions. Our proposal applies quite generally
to any finite symmetry S, including non-invertible, categorical symmetries. Mathemat-
ically, the topological defects of the SymTFT form the Drinfeld Center of the symmetry
category S. Applied to invertible symmetries, we recover the result of Part I [1] of this
series of papers. After providing general arguments for the identification of q-charges
with the topological defects of the SymTFT, we develop this program in detail for QFTs in
2d (for general fusion category symmetries) and 3d (for fusion 2-category symmetries).
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%fgym 3(8) %phys T
S

Figure 1: The sandwich construction: a theory ¥ in d dimensions with global symme-
try S can be obtained as an interval compactification of a d + 1 dimensional SymTFT
3(S) with two boundary conditions: %fgm is the topological symmetry boundary,

where all the symmetry structure is localized, and ’thys is the physical boundary.
After the interval compactification, the topological defects (drawn as blue lines) of
%f,;ym become topological defects of the theory ¥ that generate the S symmetry of ¥.

1 Introduction and summary of main results

Consider a d-dimensional QFT ¥. As is by now very well known and established, the general-
ized global symmetries of T are described in terms of topological defects of various dimensions
in T [2]. Let T admit a (generalized) symmetry! S. Throughout this paper we assume that
S is a discrete, as opposed to a continuous, symmetry. This symmetry can be a higher-form
symmetry, a higher-group, or a non-invertible symmetry, with a well-defined set of rules how
to compose symmetry generators. Although, mathematically speaking, S has the structure of
a fusion (d — 1)-category, which captures these properties of topological defects of T, we will
make an effort to make this language well-motivated from a physics point of view.

The goal of this paper is to describe the charges under generalized symmetries. Put dif-
ferently, we characterize the physical operators in the theory ¥, which transform under the
symmetry S.

For ordinary symmetries that form groups, the point-like operators that they act on should
transform in representations. Likewise, the analog extension to p-form symmetries reads, that
p-dimensional operators transform in representations of the p-form symmetry group. How-
ever, already for such group-like (invertible) O-form and higher-form symmetries, we have
shown in Part I [1], see also [3], of this series of papers that representations comprise only a
subset of possible charges. Generically, there can be charges for p-form symmetries that are of
dimension q > p.

In this paper we extend the scope and allow also for non-invertible symmetries, whose
study in particular in d > 3 has recently been initiated in [4-10] from various perspectives. At
this point we will simply allow the symmetry S to be any fusion higher-category (that describes
non-invertible symmetries in d > 3).

It is useful to introduce some terminology. Generalized charges describe the possible ways
generalized global symmetries can act on operators in a QFT. We further characterize gener-
alized charges as follows [1]:

1We will frequently drop the adjectives “generalized” and “global” in this paper, and refer to “generalized global
symmetries” simply as “symmetries”.
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Definition 1.1: Definition

Generalized charges of g-dimensional operators are referred to as q-charges.

In the current paper, which is Part II in this series, we discuss generalized charges for
non-invertible symmetries. Whilst in Part I it was possible to easily derive the q-charges from
first principles using the structure of symmetry defects, in the non-invertible realm it will be
extremely useful to utilize the so-called Symmetry TFT (SymTFT) [11] (and [12-14] for earlier
discussions), which is a d + 1-dimensional topological field theory, whose precise properties
we will discuss in detail. The SymTFT has two boundary conditions: a topological one, which
encodes the symmetries, and a physical one. This is also known as the “sandwich construction”.

The main statement that we will put forward in the current paper and substantiate from
multiple vantage points is the following:

Main Statement: Generalized charges from SymTFT

The g-charges, with 0 < g < d —2, of a symmetry S are (g + 1)-dimensional topological
operators

Qq+] ) (1)

genuine or non-genuine, of the Symmetry TFT 3(S).
Put differently, the g-charges are the topological defects of the Drinfeld center of the
symmetry S.

Thus, as with any sandwich (SymTFT), the flavor (charges) comes from the (Drinfeld) cen-
ter. The remainder of this introduction is an overview of each of the concepts in this statement,
and illustrative examples.

The SymTFT. Given a theory ¥ with symmetry S, there is a SymTFT 3(S) [11-14], which is
a (d +1)-dimensional TQFT. Its interval compactification reduces back to the original theory ¥.
See figure 4. Conventionally, the left boundary condition %fgym is topological, while the right

boundary condition %ghys is either topological or non-topological depending on whether the
QFT ¥ is topological or non-topological respectively. The topological defects living inside the
worldvolume of %fsym, unattached to any topological defects of the bulk TQFT 3(S), describe
the symmetry S.

The proposal can be summarized in terms of the following statement (we will provide a
more refined statement of this “sandwich” construction later on in statement 2.1):

After the interval compactification, the topological defects of %Zym become precisely the
topological defects of T of the symmetry S. See figure 5. Let us note the following points:

* The symmetry S determines the pair (3(S), %fgym). Importantly, this is independent of
the theory ¥ that we start with. That is, this pair is same if the symmetry S is realized
in any other d-dimensional QFT ¥’.

* On the other hand, the boundary condition %ghys depends on the identity of the d-
dimensional QFT . That is, we have

phys phys
ifT#%T.

We will adopt the following terminology for the TQFT 3(S), which has become quite common
in the community, which depends solely on the symmetry S:
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%fgym 3(8) thys T
(b)

Figure 2: SymTFT for BF type theories with p-form symmetry. The bulk topological

defect Q;lfl has Dirichlet boundary condition on the symmetry boundary and ends

in a p-dimensional operator &,, and sti d—p

a consequence of which it projects onto the symmetry boundary to become a non-
trivial topological defect S7. After interval compactification, the above picture shows
precisely the non-trivial linking between the charge O, and the symmetry defect D.

_, has Neumann boundary condition, as

Definition 1.2: Definition: SymTFT

Symmetry TFT (or SymTFT for short) associated to a symmetry S is the TQFT 3(S)
described above.

An inherent definition of the (d + 1)-dimensional symmetry TFT 3(S) is that it admits a
d-dimensional topological boundary condition ‘Bf,sym, whose topological operators form
S, a fusion (d — 1)-category. In the language of [8,15], S is the symmetry category of

sym
BI™,

We re-emphasize that SymTFT is defined without reference to the theory . An intuitive —
and sometimes also constructive — way to think about the SymTFT is as a type of “gauging of
S in d + 1 dimensions”.

Example 1.1: SymTFT as a BF-theory

Lets make this precise in the case of an abelian p-form symmetry G®) = Zy: in this
instance we couple the theory to a (p + 1)-form gauge field of a Zy gauge theoryind +1
dimensions. This can be formulated in two ways. In terms of a continuous, U(1)-valued
(p + 1)-form field b, and its dual c4_,_;, the SymTFT has action

i
83(3) =—N bp+1 A dcd—p—l . 3
2n Mg

This is a Dijkgraaf-Witten theory for Zy or a BF-theory. We will often also use the for-
mulation using cochains:*> A cochain b,,; € CP*'(My,1,Zy) and its dual ¢;_,_, with
action

S3s) = f bpr1UdCq_p1- @
Mg
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The topological defects of this SymTFT are

QU = el Q) =i (5)

The topological boundary condition, which yields the Z](\f)

nal theory, is

p-form symmetry of the origi-

b,.q: Dirichlet,
p+1 ( 6)

Cd—p—1* Neumann.

In particular this means that the topological operator Q;lfl ends on the symmetry bound-

ary ’Bfgym whereas folp_l projects to a topological defect Sy_,_; in %fgm, which will after
the interval compactification, generate the p-form symmetry.
Due to the BF-coupling, these operators are not commutative, but satisfy

2miL(M, M’ . ,
%) QP Q% (). %)

Qe (") = exp

This in turn means that on the symmetry boundary, the operator Sg_p_l will link non-

trivially with the end of the bulk topological operator, Q;b+)1’ which is a p-dimensional

defect &,. This is depicted in figure 2. After interval compactification, we obtain the
theory ¥ with symmetry generated by D;_p_l (which is the image of S;_p_l under the
interval compactification), and p-charge O,,.

Although the above BF-action is familiar, e.g. from QFT, holography or even string theory,
it is only a very special example of a SymTFT. In particular the simple recovery of the symmetry
S= ZI(\I;) in terms of imposing Dirichlet/Neumann b.c. on the fields b and c is in general not
as straight-forward. We will illustrate this now.

Example 1.2: SymTFT for 2d theories with G(®) = §

Consider a 2d theory, with non-anomalous 0-form symmetry, given by a non-abelian,
finite group G© = S5 the permutation group of three elements. This is parameterized by

GO =3, = {id,a,a? b,ab,a®b}, (8)

with relationships
a®=b2=id, ba =a’b. 9

To construct the SymTFT we also require the knowledge of its representations, which are
denoted by + (trivial), — (sign), E (2d representations). As this group is a semi-direct
product S5 = Z4 X Z, we can write a BF-type action for Z; and then implement the outer
automorphism Z, action. However, for a general non-abelian finite group this is not
possible, so we shall discuss the SymTFT from a different perspective.

Mathematically, starting with a symmetry S we can directly compute the topological
defects of the SymTFT (without constructing the theory itself).

For an abelian group-like symmetry, the topological defects of the SymTFT will be
labeled by a group element g € G and a representation R. For 2d theories, these are

2For a discussion how to map between these, see [16].

6
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topological lines in the 3d SymTFT

Q™. (10)

In this abelian case, we can recover the original symmetry S = G(*) by restricting to the
lines R = 1, as the boundary conditions along the symmetry boundary are

Q(ll’R) : Dirichlet,
(g,1) an
Q) Neumann.

If the lines le’R) end on physical boundary, they give rise to genuine local operators
(genuine O-charges) transforming in a representation R. If the lines Q(lg#id’R) end on
physical boundary, they give rise to twisted sector local operators which are attached to
g-topological lines and additionally transform in representation R. These considerations
are in complete agreement with the BF-theory analysis in example 1.1.

However, for non-abelian G(®) in 2d, the topological defects of the SymTFT will be

shown to be labeled by

* conjugacy classes [g],

* representations of the stabilizer group H, of g € [g].
For G = S5 there are three conjugacy classes

[ld]1 Hid :SB)
[a] s Ha = {ld: a, a2} = ZS ) (12)
[b], Hy={id, b} =17Z,.

The representations of H, = Z5 are 1d and characterized by third roots of unity 1,
w = e2™/3 )2, Likewise the representations of H, = Z, are labelled by =.
The topological lines of the SymTFT are then

Q™. R=1,—E,

QP R=1w0,0% (13)
Q™. R=x.

The first observation here is that the original symmetry S is not obviously a straightfor-
ward b.c. on a subset of lines, unlike the abelian case. We will see that this requires
studying so-called algebras and their bimodules. This example demostrates very nicely,
that we need to consider a formulation of the SymTFT beyond abelian BF-type theories.

Generalized charges. The main result of this paper is the identification of the generalized
charges under the symmetry S with the topological defects of the SymTFT. We will now add
some more substance to the main claim of the paper, statement 1.

Let us consider here the case of a g-charge of S associated to a genuine (q+ 1)-dimensional
topological operator Q. of 3(S). The generalization to non-genuine Qg is similar. Opera-
tors in T transforming in the g-charge Q ., are constructed in the SymTFT setup by performing
an interval compactification of Qg4 as shown in figure 3. Let us pick:

&

4 =a topological g-dimensional operator at the end of Q,; along ‘Bfgym s

phys (14)

M, =a non-topological g-dimensional operator at the end of Q ., along B~ .
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Figure 3: Construction of the g-charges from bulk topological operators Q,.,: The
topological operator of the SymTFT Q ., ends on the symmetry boundary ’B?’m as

well as on the physical boundary %ghys: in a g-dimensional topological operator &,
and a non-topological operator M, respectively. After interval compactification, this
results in a g-charge O,. The operator can also be a twisted sector for the symmetry
S, i.e. attached to topological defects D, in S. This occurs whenever &; in %fgym
forms a junction between Qg and Sy, which is a topological defect in S.

If there does not exist an end M, of Q ., along ‘thys, then the g-charge Q. is not carried by
any g-dimensional operator in the theory . The operator £, may be a twisted sector operator,
which is attached to a symmetry defect S, ,; € S. Upon interval compactification, this results
in a g-charge O, (which may be a twisted sector operator, if £ was attached to Sg41), see
figure 3.

The topological operators of the SymTFT of dimension less than or equal to p form a p-
category. This immediately leads to the following conclusion:

Statement 1.1: Higher-categorical structure of generalized charges

All g-charges (for 0 < g < d —2) of a symmetry S combine to form the structure of a
(d — 1)-category Z(S) of topological defects of codimension greater than or equal to 2
of the SymTFT 3(S).

Mathematically, the (d — 1)-category Z(S) of topological defects of the SymTFT 3(S) is
known as the Drinfeld center of the symmetry fusion (d — 1)-category S.

We will now consider the two examples from before: the abelian BF-theory as well as the
2d theory with 0-form symmetry Ss, to illustrate these statements.

Example 1.3: Generalized charges for BF-theories

The topological defects of the SymTFT for a Z](\?)-form symmetry in (5). To see whether
these are all the defects, lets restrict to d = 3 and p = 0 so the SymTFT is

55(3) = J bl U 5C2 . (15)
M,

The standard topological defects are

QP =elnt, Qb ao
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In addition we can also consider topological defects that are condensation defects, or
theta-defects, which correspond to inserting a mesh of lines ng) on a 2d surfaces

. 1 i
c (i) Q") = — L QW) Q). (7
( 2 251 ) |H1(M2,ZN)|M16H%:/12,ZN) ' v ’

The Drinfeld center for this symmetry contains both this defect as well as the defect where
the condensation is applied to Q,

© (b) 1 (b) ©
ClQ, (M), Q" )| = ————— E Q,'(M;)Q,"(My). (18)
( 2 ? ! ) |H1(M2:ZN)| M;€H;(My,Zy) ! ' 2 2

We will see in this paper from a different perspective (using properties of fusion 2-
categories) that these defects are the complete set of simple objects in the Drinfeld center
of S.

That the condensation defects have to be present in the bulk SymTFT is also clear
from the perspective of the dual boundary conditions, when we have a ZJ(VU 1-form sym-
metry: b; Neumann and c, Dirichlet. With this boundary condition we have symmetry
generators, that are projections of the lines Q(lb) parallel to the boundary. The 3d theory
with these boundary conditions has a 1-form symmetry, and we can form the conden-
sation defects in the 3d theory by gauging the 1-form symmetry on a 2d surface. The
above SymTFT condensation defects project precisely to the condensation defects in the
3d theory.

An even more manifest way to include these defects is to revisit the construction of
the SymTFT: we started off with a 3d theory ¥ with 0-form symmetry Z](\?) . The SymTFT
is obtained by coupling the theory to a 4d Zy-gauge theory, and gauging the symmetry
S= ZJ(\(,)). Before gauging we can stack the theory with S-symmetric TQFTs [9]. Including
these in the construction of the SymTFT means we get additional couplings, which are
localized on submanifolds

stheta = U b1U5c2+f a, U5a6+blua1)' (19)
M, M,

This corresponds to coupling the BF-theory in addition to localized Zg-form gauge theo-
ries on 2d submanifold M, in the 4d worldvolume of the SymTFT. After the coupling we
obtain precisely the condensation defects of the 4d SymTFT discussed above.

Example 1.4: Generalized charges for G(®) = S5 in 2d.

The topological defects in the SymTFT for the O-form symmetry S; in 2d are listed in
(13). The charges of the form Q(l[id]’R) end on symmetry boundary and give rise after in-
terval compactification to genuine local operators in the representation R. The lines with
non-trivial conjugacy classes Q[lg IR give rise to twisted sector operators after the interval
compactification: such operators are attached to topological line operators generating S;

symmetry.
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Gauging and the Drinfeld center. Gauging a (non-anomalous) part of the symmetry S re-
sults in another symmetry S’. We will see that gauging will not change the SymTFT and its
topological defects (i.e. the Drinfeld center), i.e. if a theory ¥ with symmetry S maps under a
gauging operation to a theory with symmetry S’ then

3(8)=3(S). (20)

Furthermore this means that the generalized charges do not change! The only change in the
sandwich is

BT - BY, (21)

whereas we keep the SymTFT and the physical boundary %ghys unchanged. The squeezed
sandwich gives of course a different physical theory, related by gauging to the original theory.
Even though the generalized charges are unchanged, what does change due to (21) is the
separation into twisted and untwisted sector charges.

Lets revisit this briefly in the case of the abelian BF-theory. Changing B*™ means we
change the boundary conditions on the finite gauge fields b and c. E.g. we considered the
boundary conditions (6) with b, Dirichlet and c¢4_,_; Neumann realizing theory with Z](\I,’)
p-form symmetry. Gauging the latter is simply realized in terms of a change in boundary
conditions and results in a Zy (d — p — 2)-form symmetry

Z}(\?_p_z) : {bpﬂ , N.elilmann, 22)
Cd—p—1> Dirichlet.

Plan of the paper. After this introduction and overview of the main results, we will now
proceed with the main text. In section 2 we discuss general aspects of symmetries, and define
the Symmetry TFT. Furthermore a detailed exposition of the sandwich conjecture is provided.
We exemplify the SymTFT for invertible and non-invertible symmetries. We also show that we
can use the SymTFT to classify all S-symmetric TQFTs in section 2.8, which will have important
applications in [17,18].

Section 3 contains the main result of the paper: the identification of the generalized
charges (or g-charges) with the topological defects of the SymTFT. The latter are mathemati-
cally characterized in terms of the Drinfeld center of the symmetry category S. We discuss how
the bulk topological defects can be identified with charges, and how to compute the action of
the symmetry on such charges. Again, we provide examples, invertible and non-invertible to
illustrate the general results. As a corollary we rederive the results of Part I [1] for invertible
symmetries and higher-representations.

Section 4 is devoted to the case of 2d theories, and their symmetries, SymTFTs, Drinfeld
centers and so the generalized charges. This is particularly insightful for symmetries derived
from non-abelian finite groups, as well as the intrinsically non-invertible symmetries, such as
the Ising symmetries.

Section 5 discusses the 3d theories and their fusion 2-category symmetries. The main
focus here is on symmetries of the type 2-Vec; and gauged versions thereof, which in fact are
(up to symmetries that are module categories of fusion categories) the most general fusion
2-categories. We determine the Drinfeld center and discuss the generalized charges in several
examples.

2 General aspects of symmetries and the SymTFT

At the most basic level, symmetries correspond to topological defects of a theory. However, one
can also abstract out a symmetry S and study it independently of a specific theory admitting

10
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the symmetry S. The generalized charges of a symmetry S can be similarly studied without
referring to a specific S-symmetric theory, which may or may not admit operators realizing
all the possible generalized charges. This abstraction is akin to the study of groups and their
representations, irrespective of a specfic theory, where they are realized.

It is for these reasons that we begin with a general discussion of symmetries, delineat-
ing clearly what it means for a theory ¥ to admit a symmetry S. This sets the stage for the
discussion of generalized charges in the subsequent sections.

As a preparation for discussing generalized charges, we discuss the notion of a symmetry
TFT 3(S) associated to a symmetry S, and how the interval compactifications (which we refer
to as the sandwich constructions) of 3(S) realize S-symmetric theories.

2.1 Topological defects and symmetry category

The fundamental notion in the discussion of symmetries is that of topological defects. Topolog-
ical defects of various dimensions can coexist in a given theory, and in general form a layering
structure, i.e. there can be topological defects embedded within other topological defects. As
a consequence, the different topological defects of a d-dimensional theory ¥ form a (d — 1)-
category S(%). We will denote

Dl()a) : atopological defect of dimension p in a theory, (23)

where a takes values in a label set for the symmetry. In a (d —1)-category, we have topological
defects of dimensions 0 <p <d —1.
In more detail, following [8], we have the following identification:

1. Topological defects of codimension-1 of T describe objects of S(¥).

2. Topological defects of codimension-2 of T converting a codimension-1 topological defect

Dc(la_)1 to another codimension-1 topological defect D(gli)l describe 1-morphisms of S(%)
(@) (b)

from the object corresponding to D, -, to the object corresponding to D, ;. Denote the
. . (@) y(b)
collection of these 1-morphisms by Hom(D,,, D", ).

3. Pick two codimension-2 topological defects Dgfg;A ) and Dgfg;B) in Hom(Dc(ia_)l,D(Sb_)l).
Topological defects of codimension-3 of ¥ converting DEEZ;A ) to Dé‘ﬁg;B) describe 2-
morphisms of S(¥) from the 1-morphism corresponding to Dé‘fg;A ) to the 1-morphism

; (a,b;B)
corresponding to D, ”,"".

4. One can continue iteratively in this fashion until one reaches codimension-d topological
defects of T that correspond to (d — 1)-morphisms of S(%).

Moreover, the topological defects can be fused together to give rise to other topological
defects. This converts S(¥) into a multi-tensor (d —1)-category. Following the language used
in [8,15], we refer to S(¥) as the symmetry category of the theory <.

Definition 2.1: Symmetry category

The symmetry category S(¥) of a d-dimensional theory ¥ is the multi-tensor (d — 1)-
category formed by topological defects of X.

11
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There are a few points to be made here:

1. We obtain a multi-tensor rather than a tensor (d — 1)-category in general, because we
allow the theory ¥ to have topological local operators other than multiples of identity
local operator. If the only topological local operators of ¥ are multiples of the identity,
i.e. if ¥ is a simple theory, then S(¥) is a tensor (d — 1)-category.

2. If T only admits finite symmetries, then S(¥) is a multi-fusion (d — 1)-category. If
additionally the only topological local operators of T are multiples of identity, then S(%)
is a fusion (d — 1)-category.

3. S(%) is Karoubi- or condensation-complete in the sense of [19,20], because it contains
all kinds of condensation defects that can be obtained by gauging/condensing other
topological defects.

2.2 Symmetry: Definition independent of a theory

The above notion of symmetry category is tied to a particular theory. But it is often useful to
abstract out the notion of symmetries and study them independently of a theory.

We imagine a collection of abstract topological defects living in d spacetime dimensions
which has all the properties that could make this collection of abstract topological defects
the topological defects of a d-dimensional theory. We can refer to such a collection of abstract
topological defects as a symmetry. Mathematically, we can define symmetries as follows:

Definition 2.2: Symmetry
A symmetry S is a Karoubi (or condensation)-complete multi-tensor (d — 1)-category.

In this paper, we study only finite symmetries, in which case S is a multi-fusion (d —1)-category.
We moreover restrict to the case in which S is a fusion (d — 1)-category for simplicity. We will
denote the topological defects in an abstract symmetry category by

Sl(f‘) : atopological defect of dimension p in S, (24)

distinguishing them at a notational level from the topological defects of a d-dimensional theory.
Compare (24) with (23).

Example 2.1: Non-anomalous (higher-)group symmetries

The simplest examples of symmetries are the standard O-form global symmetries de-
scribed by a group G(9. If the O-form symmetry is non-anomalous (i.e. does not carry
any ’t Hooft anomaly), its associated (d — 1)-category is

S =8¢0 :=(d—1)-Veceo, (25)

namely the (d — 1)-category formed by G(®-graded (d — 1)-vector spaces. This includes
three types of topological defects:

1. Topological codimension-1 defects
s¥.,  gec, (26)

generating the 0-form symmetry.
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2. p-dimensional TQFTs® for p < d — 1 that can be constructed by performing a (pos-
sibly generalized) gauging of the trivial p-dimensional TQFT. Equivalently, these
are p-dimensional TQFTs admitting a topological boundary condition.

3. Combinations (i.e. fusion products) of 0-form symmetry generators with the above
TQFTs.

Note that the topological defects of the first type are invertible, but the topological defects
of the second and third types are non-invertible.

The above description generalizes to arbitrary non-anomalous invertible symmetries,
that includes higher-form and higher-group symmetries. Such a symmetry is described
by a p-group G® for 1 < p < d —1, and the associated (d — 1)-category is

S =S8gp = (d—1)-Vecgw), 27)
which contains combinations of

1. The symmetry generators for the p-group G). This includes within it r-form sym-
metry groups G for 0 < r < p—1. Correspondingly we have symmetry generators

s¥ ., gec, 28)

2. Condensation defects, which are themselves of three types:

* g-dimensional TQFTs for ¢ < d — 1 that can be constructed by performing a
(possibly generalized) gauging of the trivial g-dimensional TQFT.
* Condensation defects of the type discussed in [7] that can be obtained by

gauging the symmetry generators S ()

d_r_1 On g-dimensional sub-manifolds in
spacetime for g < d —1.

¢ Mixtures of the above two.

It should be noted that, following [19], we call any defect obtained by any kind of
gauging as a condensation defect in this paper.

Example 2.2: (Higher-)representation symmetries

Another natural class of fusion (d — 1)-categories is
S =(d—1)-Rep(G?), (29)

for finite groups G(©, namely the (d — 1)-categories formed by (d — 1)-representations
of groups G(¥). The corresponding symmetries are generally non-invertible and hence
such higher-representations provide natural examples of non-invertible symmetries. In
concrete theories, (29) arises as symmetry after one gauges a G(©) non-anomalous 0-form
symmetry.

3More precisely, two p-dimensional TQFTs related by stacking an invertible p-dimensional TQFT are associ-
ated to the same p-dimensional defect in (d — 1)-Vecs). Reference [20] refers to p-dimensional TQFTs modulo
invertible ones as “p-dimensional non-anomalous topological orders”.
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If G is abelian, then after gauging we obtain a (d — 2)-form symmetry group [2]

G2 =GO, (30)

where G is Pontryagin dual of G®. Correspondingly, we have the identification

(d —1)-Rep(G®) = (d —1)-Vec -1 , (31)
GG(d*Z)
where G4V is a (d — 1)-group whose only non-trivial component is the (d — 2)-form

G(d—2)
symmetry group G2, Thus the two types of symmetries that we have discussed are
not mutually exclusive. The higher-representation symmetries of type (29) are not of
higher-group type iff G is a non-abelian group.

Similarly, gauging a non-anomalous G®) p-group symmetry leads to a generally non-
invertible symmetry described by a fusion (d — 1)-category

S =(d —1)-Rep(GP), (32)

namely the (d — 1)-category formed by (d — 1)-representations of the p-group G®).
See [9,10,21] for more details. Again, for special p-groups G, the associated higher-
representation symmetries are of higher-group type. If G®) is a product of higher-form
symmetry groups without any mixing between them

p—1
GcP = l_[ G , (33)

r=0

and if the 0-form symmetry group G(*) in G() is abelian, then after the gauging we obtain

a dual (d — 1)-group
d—2

(d-1) _ ] | (r)
Gdual - Gdilal ? (34)
r=d—p—1
which splits into a product of dual higher-form symmetry groups, which are

G(r)

dual — é\(d_r_Z) = Hom (G(r)’ U(l)) > (35)

where the hat denotes the Pontryagin dual group. Correspondingly, in such a case we
have
(d —1)-Rep(GP)) = (d — 1)-Vec - - (36)
dual

However, in general higher-representation type symmetries differ from higher-group sym-
metries.

2.3 Equipping a theory with a symmetry

Since we have abstracted out the notion of a symmetry S, we can now ask when a d-
dimensional theory ¥ admits the symmetry S. That is, we want to identify the abstract collec-
tion of topological defects comprising S as topological defects realized in the theory . Note
that, in general, we can identify two different defects in S as the same topological defect of T.
In other words, we are seeking a map

o: S - S8%). 37)

This map should respect the full fusion higher-categorical structure. Thus, mathematically o
should be what is known as a tensor functor. We are thus led to following definition:
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Definition 2.3: Theory Admitting a Symmetry

We call S a symmetry of ¥ if and only if there exists a tensor functor
oc: S — S%), (38)

from the symmetry S to the symmetry category S(%) of ¥.

Note that given a theory ¥, there may be multiple ways of realizing the symmetry S in <.
That is, in general there may be multiple choices for the functor o. If this is the case, then it
means that there are multiple collections of topological defects of ¥ that behave like defects
captured by the category S. This leads to the following definition:

Definition 2.4: S-symmetric Theories

The tuple
T, =(%,0), (39)

is referred to as an S-symmetric d-dimensional theory whose underlying theory is ¥.

Following the above definition 2.3, it is clear that the symmetry category S(¥) is canonically
a symmetry of the theory ¥, by simply choosing o to be the identity functor

o=id. (40)

In other words, there is a canonical S(¥)-symmetric theory ;3 whose underlying theory is ¥.
The same underlying theory T may lead to multiple S-symmetric theories ¥, for a fixed
S. Let us discuss some examples:

Example 2.3: Equipping a 2d theory with a 0-form symmetry

We now give an example of non-trivial choices of . Consider a 2d theory ¥, which
admits topological line defects

pl®,  geaq, (41)

that are all distinct from each other. Here G is a finite group and the fusion of D;g ) obeys
group multiplication of G. Moreover, assume that we can pick some topological local
operators

D(gg,g’) : Dgg) ®D§g’) N Dggg’), (42)

living at the junctions of these topological line defects in T, such that these lines and local
operators obey associativity:

(gg’g" (gg’eg"
Dy Dy
(gg'.8") (g.88")

Dy - Dy _ )

(g.¢") (g'.¢"
D0 Do

(g) (&) (g") €3] (g") (g"
Dy Dy Dy Dy Dy Dy

Then, it means that these topological line defects and topological junction local operators
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generate a subcategory

Sg €S(%), (44)

of the full symmetry category S(¥) of <.
We can consider making ¥ into a G(©-symmetric theory where G() is some 0-form
symmetry group. That is, we are looking for tensor functors

o: Sgo — S%). (45)
Here S;0) comprises of abstract topological line operators
s, geg®, (46)
and abstract topological junction local operators
S(()g,g’) : Sgg) ®S§g’) N Sggg’)’ (47)

such that these lines and local operators also obey associativity.
Let us restrict our attention to functors o whose image lies in the subcategory S; of
S(%). To specify such a functor, we need to first specify a group homomorphism

p: GO-g, (48)
which specifies o at the level of topological lines
o(s{#) = plPl®) (49)
At the level of topological local operators, we can have

U(S(()g,g’)) = a(g, g/)D(()p(g),p(g’)) , (50)

where a(g,g’) € C*. That is, S(()g’g/) may in general only be proportional to D(()p (@)p(e),
Imposing associativity on a(Sgg )) and O'(S(()g’g/)) leads to the condition

Sa=1, (51)
i.e. ais a 2-cocycle on G valued in C*. Actually a can be shifted

a—a+d6f, (52)

where 8 is a 1-cochain on G(¥) valued in C*. This corresponds to changing the choice of
isomorphism between a(Sgg )} and Dip (&) that allows us to write the equation (50).
Thus various such functors ¢ can be represented as tuples

o=(p,lal), (53)
where p is a group homomorphism and
[a]eH?(G?,C¥). (54)

These functors specify all the possible G(?)-symmetric theories T, whose underlying the-
ory is the same theory ¥.
Some special cases are noteworthy:
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1. If p is an injective homomorphism, then we are choosing a subgroup G® C G as
the O-form symmetry to study. The choice [a] describes a choice of coupling ¥ to
background fields for the G 0-form symmetry.

2. Let T be the trivial 2d theory. Then G = {id}, and the only choice for p is the identity
homomorphism. The tensor functors ¢ are classified by classes [a] in second group
cohomology of G(?). The resulting S-symmetric theories ¥, are known as 2d SPT
phases protected by G(©) 0-form symmetry.

In the above example, the symmetries corresponding to the kernel ker(p) € G© of the
homomorphism p are all implemented by the identity line defect Dgld) in¥

O'(Sgg)) = Dfd), g €ker(p) C GO, (55)

Such symmetries are sometimes referred to as non-faithfully acting symmetries. More gen-
erally, we have:

Definition 2.5: Non-faithful symmetries

Consider an S-symmetric theory ¥,. A symmetry in S acts non-faithfully on ¥ if it is
described by some abstract p-dimensional defect S, € S, which is mapped to the identity

p-dimensional defect Dsd) of the theory ¥ by the corresponding tensor functor o

o(S,) = DIV € 5(%). (56)

The consideration of non-faithful symmetries is physically important because faithfulness
of a symmetry is not an RG-invariant notion. One can begin with a faithfully acting symmetry
in the UV that flows to a non-faithfully acting symmetry in the IR. An example is provided
below.

Example 2.4: Non-faithful symmetries and confinement

Consider Zgl) electric 1-form symmetry of 4d N = 1 SU(2) supersymmetric Yang-Mills
(SYM). This symmetry is faithful in the UV as it acts non-trivially on Wilson lines, while
the identity surface acts trivially on all line operators.

In the IR there are two massive/gapped vacua. Both of these vacua exhibit con-

finement, which means that there are no line operators in the IR on which Zgl) can act
non-trivially. In fact, in each vacuum, the IR theory is actually trivial and the 1-form
symmetry is generated by the identity surface operator of the trivial theory. The Zgl)
symmetry is thus non-faithful in the IR.

Even though the underlying IR theories in both vacua are same (i.e. the trivial the-

ory), the Z(zl)-symmetric IR theories are different. This corresponds to two different
choices for the functor o for the same source and target 3-categories

S= SZ(ZI) , S(T) = 3-Vec = SG(O):{id} , (57)

where the definition of S ) is discussed around (27) and (d—1)-Vec is the fusion (d—1)-
2
category which is the symmetry category of the trivial theory in d-dimensions. Let

s$es, (58)
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be the generator for Z(l), then for both vacua we have

o(s$)=pW e s®), (59)

where Dl()id) denotes the identity p-dimensional operator. To distinguish the two vacua

let S(()_) € S denote the intersection of two Sg_):

=)
S
d (60)

) )
52 52

Then we have .
o(s$7) =+p{¥ e 5(%), (61)

with different signs for the two vacua. The vacuum realizing the negative sign in the
above equation is known as the oblique confining vacuum, while the one realizing the
positive sign is known as the standard confining vacuum.

2.4 Symmetry TFT and the sandwich conjecture

The main concept that we will use to encode generalized charges of a symmetry S is that
of the symmetry TFT (or SymTFT) associated to a symmetry S. The purpose of this subsec-
tion is to introduce this concept to set up the stage for discussion of generalized charges in
the subsequent sections. Roughly speaking, symmetry TFT is a (d + 1)-dimensional topolog-
ical quantum field theory (TQFT) 3(S) that can be used to separate the S symmetry of a
d-dimensional theory ¥, from its dynamics [12], with the symmetry and dynamics living on
two different d-dimensional boundary conditions Sstym and ‘Bgtys of 3(S).

Before discussing this idea in more detail below, let us note a few points about the literature
on this topic. First of all, our presentation is largely inspired by the recent seminal work [11] on
this topic. The concept of SymTFTs is already being prominently used in the recent literature on
the study of symmetries in high-energy physics [14,22-24]. In condensed matter literature,
this idea appeared under the nomenclature* “categorical symmetries” in [13] and has also
appeared in other works, e.g. [25].

Given a symmetry described by a fusion (d — 1)-category S, we can associate to it the
following objects:

Definition 2.6: Symmetry TFT and symmetry boundary

The symmetry TFT (or SymTFT in short) 3(S) associated to a symmetry S is a (d + 1)-
dimensional TQFT fixed by the requirement that it admits a topological boundary con-
dition ‘Bfgym such that the symmetry category S(%Zym) of the boundary %Zym coincides
with §

S(BT=S. (62)

That is, the topological defects living inside 52", and unattached to topological defects

“The term “categorical symmetries” used in this reference does not refer to the notion of symmetry S (which is
a fusion higher-category) as used in this paper. Instead, it more appropriately refers to the notion of generalized
charges of the symmetry S discussed in subsequent sections.
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living in the bulk of the TQFT 3(S), form the fusion (d — 1)-category S.

The SymTFT 3(S) may admit multiple topological boundary conditions whose symmetry
category is S. We fix such a topological boundary condition %;ym in what follows and
refer to it as the symmetry boundary associated to the symmetry S.

The fact that we are restricting to fusion rather than multi-fusion (d — 1)-categories S reflects
in the fact that the topological boundary %;ym is simple, i.e. the only genuine topological local
operators on %;ym are multiples of the identity local operator. Let us note that the SymTFT
3(S) is also simple.

Note that the topological defects on the symmetry boundary %;}m provide a physical real-
ization of the abstract defects comprising a symmetry S. As such, we will denote p-dimensional
topological defects of %fgm by S,.

The utility of the SymTFT is to separate the symmetry and dynamics of a theory ¥, which
is made possible by the sandwich construction described in [11], which we review below.

Statement 2.1: Sandwich construction

An S-symmetric d-dimensional theory ¥, can be expressed as an interval compactifica-
tion of the SymTFT 3(S), as shown in figure 4. The boundary conditions involved in the

compactification are:
* Symmetry Boundary ’Bsym This is a topological boundary condition of 3(S) dis-
cussed above, which w111 be displayed on the left.

* Physical Boundary %p ¥®: This is a boundary condition that depends on the S-
symmetric theory T, Wthh will be displayed on the right.

] —

Figure 4: The Symmetry TFT (SymTFT) 3(S) is a (d + 1)-dimensional topological
field theory associated to a symmetry S of d-dimensional theories. The SymTFT
admits a topological boundary condition, namely the symmetry boundary condition
‘B;ym, whose symmetry category matches the fusion (d — 1)-category associated to
the symmetry S. Given an S- symmetric d-dimensional theory ¥, there exists a
corresponding boundary condition ‘Bp ¥* of the symmetry TFT 3(S), which we refer

to as the physical boundary COIldlthIl As shown in the ﬁgure compactlfymg on
an interval with the symmetry topological boundary condition 8% S ™ on one side, and

the physical (not necessarily topological) boundary condition %ghys on the other side,
recovers the S-symmetric theory T, .

19


https://scipost.org
https://scipost.org/SciPostPhys.19.4.098

e SciPost Phys. 19, 098 (2025)

o
eS1T — D, € §(%)

Figure 5: After the interval compactification, the topological defects S, € S (drawn
as blue lines) of %fgm become topological defects D, € S(%) of the theory T that
generate the S symmetry of .

Some comments are in order:

* If we have two different S-symmetric theories

T, £ T (63)

o’

then the corresponding physical boundaries are also different

phys phys
%TU #%%/ . (64)

This is also true if the underlying theories are the same
T=7, (65)
but they have been made S-symmetric in different ways, i.e.

oc#o. (66)

* The boundary condition %ghys is topological if and only if the underlying theory ¥ is
topological.

* The information about ¢ is encoded in the interval compactification as follows. Pick a
p-dimensional topological defect S,, of the symmetry boundary ‘stym. After the interval
compactification it is converted to a p-dimensional topological defect D, of T. This
defines the functor o via

o(S,) =D, € S(%). (67)

This is illustrated in figure 5.

Unlike the symmetry boundary B%™, a physical boundary $BP"* may not be simple, i.e. there
may exist genuine topological local operators along BP™ that are not multiples of identity. On
the other hand, simple physical boundaries correspond to irreducible S-symmetric theories.

Definition 2.7: Irreducible S-symmetric theory
A d-dimensional S-symmetric theory ¥ is called irreducible if it cannot be expressed
as a direct sum of two other d-dimensional S-symmetric theories.

In other words, in an irreducible S-symmetric theory, any two genuine topological local
operators are related (upto multiplication by a C* element) by the action of S.
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Statement 2.2: Irreducible S-symmetric theories from SymTFT

The physical boundary %ghys corresponding to an irreducible S-symmetric theory ¥, is

simple, i.e. %ghys does not contain any genuine topological local operators other than
multiples of the identity local operator.

2.5 Examples of symmetry TFTs

In this subsection we discuss SymTFTs for symmetries described by groups or higher-groups,
with or without the presence of 't Hooft anomalies. We also discuss SymTFTs for (higher-
Jrepresentation symmetries.

2.5.1 SymTFTs for non-anomalous higher-form symmetries

We start with the SymTFT for non-anomalous, invertible higher-form symmetries, G,
r =0,---,p— 1, which do not mix with each other, and the 0-form symmetry group G©
is abelian. This is a special case of a p-group G®):

p—1
c® =[Ta". (68)

r=0

Then the SymTFT 3(Sg») can be expressed as a BF-theory (or a generalized Dijkgraaf-Witten
theory)® with action

p—1
S[3(Sew)] = D a8y, (69)
Mgy r=0

Here

* a,,; is a dynamical gauge field which is a G("-valued (r + 1)-cochain on M, ;. For
r =0, i.e. for O-form symmetry, this is a standard gauge field a;, which is a 1-cochain.

* by_,_; is another dynamical gauge field which is a G")-valued (d — r — 1)-cochain on
M., where G is the Pontryagin dual group of the group G("). This is the dual gauge
field involved in a BF-theory.

* The cup product between a,,; and b;_,_; involves the natural pairing GMIxG" - R/Z.

For non-abelian G or for an arbitrary p-group G in which component r-form symmetry
groups mix with each other, we do not have a simple Lagrangian description like above, but
the SymTFT can be described abstractly as the theory obtained by gauging a trivial theory. We
discuss this below in section 2.5.2.

The symmetry boundary %3;27) for this symmetry is as follows:

* Dirichlet boundary conditions for the gauge fields a,, 0 <r < p—1, i.e. at the location
of %;ym , We impose
c()

ar+1|%fsy’"() =Ary15 Vi<r<p-—-1, (70)
Gl
sym

where A, is a fixed background field for r-form symmetry on the boundary B¢ .
c\p

>The identification of Dijkgraaf-Witten theories as SymTFTs was discussed in [12,14].
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* Neumann boundary conditions for the gauge fields by_,_;, 0 <r < p—1, i.e. they are

free to fluctuate on the boundary %gr? -
G\P.

A further specialization occurs when the higher-form symmetry is cyclic (or a product of cyclic

groups): Zy. For a ngr) r-form symmetry, the SymTFT can be written in terms of U(1)-valued
forms a,,; and f4_,_;, with action

S[3(S,m)]= LNJ Ay AdPg—r1, (71)
N 21 My.y

where the torsion is imposed by the equations of motion Nda,,; =0and Ndf,;_,_; = 0. This
is particularly familiar in applications in holography, gravity and string theory, where a,  are
form-fields, with a BF-coupling.

2.5.2 SymTFTs for general non-anomalous higher-group symmetries

Consider now a general non-anomalous p-group symmetry G®)
S= Sg(p) =(d— 1)'VeCG(p) . (72)

To obtain the corresponding SymTFT 3(Sg,)), begin by considering the trivial (d + 1)-
dimensional theory 3(™ViaD)  whose symmetry category is the d-category d-Vec of d-vector
spaces.® Different ways of making 3"2) symmetric under G correspond to tensor func-
tors

o: d-Vecgp — d-Vec. (73)

There exists a trivial functor ¢ = 0 in this case which sends every g-dimensional defect
Sq € d-Vecgp to the identity g-dimensional defect Dé‘d) of 3(trivial)

o(Sy) = ng) e d-Vec. (74)
The corresponding G®-symmetric (d + 1)-dimensional theory
3 E)trivial) i (75)

obtained by choosing o = 0 is also referred to as the trivial G®)-symmetric (d +1)-dimensional
theory. Gauging the G®) symmetry of SE)mVlal) results in the SymTFT 3(Sge):

3(Sgm) = 37 /g0, (76)

The symmetry boundary %‘Sgr?) can be physically identified as the Dirichlet boundary condi-
G\P.

tion for the G gauge fields.

In the special case discussed above in section 2.5.1, the gauge field a,; for each r can be
understood as arising from gauging the G r-form symmetry of the p-group (68) in the trivial
(d +1)-dimensional theory. Gauging all r-form symmetry groups gauges the full p-group (68).

®The trivial (d + 1)-dimensional theory 3" is also the SymTFT for the trivial symmetry S = (d — 1)-Vec of
d-dimensional theories, but this fact is not very important in the discussion that follows.
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2.5.3 SymTFTs for anomalous higher-form symmetries

We can also add an anomaly for the invertible higher-form or higher-group symmetries and
characterize the SymTFT. We again start with the case of non-anomalous higher-form symme-
tries and abelian G(®.

Consider a p-group symmetry of the form discussed in (68), which decomposes into higher-
form symmetries as

p—1
gl = l_[ lel) , (77)

and assume moreover that G is an abelian group. There are various possible ’t Hooft anoma-
lies for such a symmetry, which are captured by tensor functors (73). We consider a special
class of such functors, or in other words a special class of 't Hooft anomalies, which are de-
scribed by elements

w e H(BGW, ), (78)
where
p—1
BG® = ]_[B”lc(r), (79)
r=0

is the classifying space of the p-group G?). See the appendix of [26] for background on these
spaces. We label the fusion (d — 1)-category describing such a p-group symmetry with a ’t
Hooft anomaly w as

=85y - (80)

Then, like (69) we can provide a simple Lagrangian description of the SymTFT 3(8&7)) asa
BF-theory (or a generalized Dijkgraaf-Witten theory) with a twist governed by w

82,)1= Z 41 U8y, + A w(ay, a5, @), 81)

Mg r=

where A*w, which is what is often referred to as the twist, is the pull-back to My, ; of w under
the map
A: My, —»BGP, (82)

induced by a choice of gauge fields a;,a,, -+ a,. As such, A*w is a function of these gauge
fields, which is explicitly shown in (81).
Another identification for A*w is that

J A*w(ALAZ) o Ap) 5 (83)
Ma+1

is the effective action for the anomaly theory associated to G®)-symmetry with ’t Hooft
anomaly w, which is a function of background gauge fields A, for G r-form global sym-
metries.

Just like for the case without anomaly, the symmetry boundary 5 5., . for such a special
(p)
p-group involves K

* Dirichlet boundary conditions for the gauge fieldsa,,;, 0<r<p-—1

r+1|$3Sym :Ar+1 . (84)

G(P)

* Neumann boundary conditions for the gauge fields by_,_;, 0<r <p—1.
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However, as we will discuss later, a key difference between the SymTFTs for anomalous and
non-anomalous cases is that not all boundary conditions allowed for 3(Sg») are allowed for
3(Sg(p) ), as they can be obstructed by the presence of the twist term in the action. For example,
if w is non-trivial then one cannot impose boundary conditions in which all b;_,_; fields have
Dirichlet b.c. and all a,.,; fields have Neumann b.c.

2.5.4 SymTFTs for anomalous higher-group symmetries: General case

Consider now an arbitrary p-group G®). The ’t Hooft anomalies are again parametrized by
tensor functors (73) and a special class of 't Hooft anomalies is provided by elements w in
(78). We label the fusion (d — 1)-category for G®) symmetry with ’t Hooft anomaly o as

S§=S87,

Gc® (85)

Let us now describe the corresponding SymTFT 3(Sg(p)). For this purpose, consider again the

trivial (d + 1)-dimensional theory 3™V and consider making it G®)-symmetric without any
’t Hooft anomaly. As discussed earlier, these choices are parametrized precisely by the tensor
functors of the form (73). So, consider the G(p)-symmetric (d + 1)-dimensional theory

3 (trivial)

o b

(86)
obtained by choosing the functor o describing the ’t Hooft anomaly. Note the following:

* For non-trivial o, the G®-symmetric theory BSriViaD is non-trivial, even though the
underlying theory 31D is trivial. In other words, Sgtri"ial) is a non-trivial (d + 1)-
dimensional SPT phase for G®) p-group symmetry. One also refers to 3gri"ial) as the
anomaly theory associated to the ’t Hooft anomaly o of G) symmetry.

* The G®)-symmetry of the (d + 1)-dimensional theory 3gri"ial) is non-anomalous, even

though o captures a non-trivial ’t Hooft anomaly for G®)-symmetric theories in d di-
mensions.

We can now gauge the GP) symmetry of BE;ri"iaD, and this leads us to the required SymTFT
3(8%,,) = 34 /g@). (87)

The symmetry boundary %2’? can again be physically recognized as the Dirichlet boundary
¢

condition for the G) gauge fields.
2.5.5 SymTFTs for non-invertible higher-representation symmetries

We discussed a class of symmetries in example 2.2 whose associated fusion (d — 1)-categories
are
S =(d —1)-Rep(GP). (88)

The associated SymTFT for such a symmetry is
3(8) = 3(Sgw) - (89)

That is the SymTFT for (higher-)representation symmetry (88) is the same as the SymTFT for
the non-anomalous p-group symmetry GP).

We will see that this is actually a general statement: two symmetries related by gauging
have the same SymTFTs.
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2.6 Comparison: Symmetry TFTs and relative theories

The notions encountered in the study of symmetry TFTs are closely related to the notions
encountered in the study of relative theories. In this subsection, our aim is to describe in
which situations these two closely related setups differ from each other, in order to avoid any
potential confusions. Let us begin with the definition of a relative theory:”

Definition 2.8: Relative theory

A relative d-dimensional theory is simply another name for a boundary condition of a
non-trivial (d + 1)-dimensional TQFT.

Thus, the physical boundary %p hys arising in the sandwich construction involving the SymTFT
is a relative theory. However, it should be noted that not all relative theories are physical
boundaries for some SymTFT. This happens whenever the TQFT associated to a relative theory
does not admit a topological boundary condition, as in that case this TQFT cannot be a SymTFT
for any symmetry. Let us provide two well-known examples of relative theories that are of this

type:
Example 2.5: Moore-Seiberg setup [28-30]

A chiral rational CFT (RCFT) is a relative theory as it is a boundary condition of a 3d
TQFT whose line defects form the modular tensor category (MTC) associated to the cor-
responding chiral algebra. However, in general such a 3d TQFT does not admit a topo-
logical boundary condition, and hence cannot be the SymTFT for any symmetry. An
example is provided by the chiral part of Ising CFT, in which case the associated 3d TQFT
is described by the Ising MTC.

Example 2.6: 6d N = (2,0) theories

6d N = (2,0) SCFTs are relative theories as they naturally arise as boundary conditions
of Chern-Simons-type 7d TQFTs [31,32]. These 7d TQFTs do not always have topological
boundary conditions. Examples are provided by 7d TQFTs associated to 6d A = (2,0)
SCFTs corresponding to Lie algebras su(p) for prime p. Again for the same reason as
above, these 7d TQFTs cannot be SymTFTs for any symmetry.

However, when a relative theory can be converted into an absolute theory, the setup of
relative theories coincides with that of SymTFTs. First, recall the definition of an absolute
theory

Definition 2.9: Absolute theory

An absolute d-dimensional theory is a theory that is well-defined without having to be
attached to any non-trivial higher-dimensional theory.

"The terminology was introduced in [27] and has been used since then in a variety of contexts which are unified
by the definition that follows.
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Figure 6: The sandwich construction converting a d-dimensional relative theory T,

which is a boundary condition of a (d + 1)-dimensional TQFT 3, into an absolute
theory T2, using a topological boundary condition BP of the TQFT 3.

One can convert a relative theory ™! into an absolute theory T2, if the (d + 1)-dimensional
TQFT 3 attached to the relative theory "' admits a topological boundary condition 8P, This
involves a sandwich construction similar to the one used in the context of SymTFT. See figure
6. Consequently, we can identify the two sandwich constructions as follows:

(BE™,3(8), BE T) = (B0, 3, T, 7), (90)
with the symmetry S being identified as the symmetry category of the topological boundary

S =S(B*P). (91)

2.7 Gauging and SymTFT

Since the symmetry S of a d-dimensional theory ¥, can be separated out to the symmetry
boundary ‘Biym of the SymTFT 3(S), operations on the theory ¥, related to the symmetry S
are also separated out to operations on the symmetry boundary %;ym. One such operation is
that of gauging. In this subsection, we describe how it can be understood from the point of
view of symmetry boundary %i.ym.

We want to consider the most general notion of gauging/condensation, which can be for-
malized into the existence of a topological interface between the original system and the system
obtained after gauging. The physical idea behind this formalization is that we can provide
Dirichlet boundary conditions to the gauge fields arising from the gauging procedure. The
Dirichlet b.c. is then identified as the associated topological interface.

After the above physical motivation, let us describe the general procedure. Given an S-
symmetric theory T, we can obtain an §’-symmetric theory ‘Z;, if the following holds:

1. There exists a simple boundary condition ‘B?.’,m of the SymTFT 3(S) such that the sym-
metry category of B2," is &’

S(BLN=8". (92)
2. Moreover, there exists a topological (d — 1)-dimensional interface
IS,S’ : %Zym — %fg,m , (93)

from SBfSym to %g,m, such that 75 ¢ is not attached to any d-dimensional topological
defect of 3(S). See figure 7. This means that the boundaries ’B?,m and %;ym are related
by condensation, meaning that they lie in the same condensation component of all

topological boundary conditions of 3(S).

26


https://scipost.org
https://scipost.org/SciPostPhys.19.4.098

e SciPost Phys. 19, 098 (2025)

Is,s o

Figure 7: The interface Zg s/ changes boundary %;ym to boundary %Zy,m Using the
two boundaries as symmetry boundaries in sandwich construction and keeping the
physical boundary SBg};yS fixed leads respectively to S-symmetric theory T, and S’-
symmetric theory ¥/ ,. The interface Zs s becomes a topological interface Iz, v,
from ¥, to ‘Z; ,. In such a situation, the two topological boundary conditions ‘B;ym
and %fg,m are related by gauging, and equivalently the two theories ¥, and ¥, are
related by gauging. Moreover, one also often says that the symmetries S and S’ are
related by gauging, or that they are dual symmetries.

Then T, is the result of interval compactification of 3(S) using the same physical boundary
‘Bglzys but different symmetry boundary SB:SSy,m See figure 7. The compactification of Zg s/
produces an (S,S’)-symmetric interface Iy &, from the S-symmetric theory T, to the S'-
symmetric theory /. In such a situation, we say that the theories and symmetries are related
by gauging:

Definition 2.10: Theories related by gauging

S’-symmetric theory E; , and S-symmetric theory T, are related by gauging. That is,
we can obtain ‘S:T, by gauging S symmetry of T, and we can obtain ¥, by gauging S’
symmetry of T .

Definition 2.11: Symmetries related by gauging and Morita equivalence

Symmetries S and S’ are dual symmetries related to each other by gauging. That is, we
can obtain S’ by gauging S, and vice versa.

In mathematical terminology, one also says that the fusion (d — 1) categories S and S’
are Morita equivalent to each other.

Note that equivalence via gauging, i.e. Morita equivalence, implies that the associated SymTFT
are same

3(8)=3(S". (94)

By performing gaugings of a symmetry S, one can go to various different symmetries S’. The
full set of symmetries S’ gauge-related to the symmetry S is parametrized by the symme-
try categories of the boundary conditions lying in the condensation component of topological

boundary conditions in which %fgym lies.
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Example 2.7: Gauging of non-anomalous (higher-)group symmetries

As mentioned in example 2.5.5, the symmetries
S=8x», and & =(d—1)-Rep(GP), (95)

are Morita equivalent, i.e. they are related by gauging. This has been discussed in detail
in recent literature on symmetries [9,10,21].
The symmetry boundary conditions are as follows:

* For S = Sg» the topological boundary conditions are Dirichlet for the G gauge
fields.

* For &’ = (d — 1)-Rep(G®P) the topological boundary conditions are Neumann for
the G gauge fields.

* The (d —1)-dimensional interface Zs s/ can be physically understood as being con-
structed by imposing the Dirichlet boundary condition on the dynamical G’ gauge
fields living on the Neumann boundary %‘Sg/m. This converts the Neumann bound-
ary %fg,m to the Dirichlet boundary Sstym.

In the special case when the p-group decomposes as a product of higher-form sym-
metry groups as in (68) with abelian G(®), the boundary condition %;y,m comprises of
the Neumann boundary conditions for the gauge fields a,, 0 < r < p — 1 and Dirichlet
boundary conditions for the gauge fields by_,_;, 0 < r < p—1 appearing in (69). Indeed,
this claim can be easily verified explicitly. On the one hand, we have

S = SG(d—l) 5 (96)

dual

associated to a non-anomalous (d — 1)-group symmetry

d—2

(d-1) _ (r)

Gdual - l—[ Gdilal’ 97)
r=d—p—1

with the component r-form symmetry groups being

G(F) — a(d—r—Z) , (98)

dual
where the hat denotes the Pontryagin dual group. On the other hand, simply exchanging
the Dirichlet with Neumann boundary conditions, interchanges the role of a, and by_,_,

in (69), thus identifying the resulting boundary condition as ’B?’m and

o@D

dual

3 (SGS‘LD) =3(Sgw) - (99)

One can also interchange Dirichlet and Neumann conditions for (a,, by_,_,) for a
few specific values of r, rather than all values of r as done above. In this way, we obtain
even more topological boundary conditions of 3(Sg)). The symmetries captured by
these boundary conditions are non-anomalous higher-group symmetries obtained from
the G®) symmetry by gauging component r-form symmetry groups for those values of r
for which the Dirichlet-Neumann interchange was performed.
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2.8 S-symmetric TQFTs from SymTFT

In this subsection, we discuss an important physical application of SymTFTs. Given a UV d-
dimensional theory, an important physical question is to understand all the possible infrared
phases that the theory can flow to. If the UV theory carries symmetry S, then the IR theory must
also be S-symmetric. As a simplification, we may restrict to understanding gapped/massive
IR phases with symmetry S, which are parametrized by possible S-symmetric d-dimensional
TQFTs. The classification of such TQFTs is thus of paramount importance and below we see
that this classification can be rephrased as classification of topological boundary conditions
of the SymTFT 3(S). The latter problem is often much easier to tackle as one can bring
in mathematical machinery that has been developed for understanding topological boundary
conditions of TQFTs. We develop these lines of reasoning in more detail in [17,18].

Given the above physical motivation, consider an irreducible S- symmetric d-dimensional
TQFT ¥,. According to statement 2.2, the physical boundary condition %p ¥ arising in its
sandwich construction is simple. Moreover, since ¥ is topological, the the phy51cal boundary
‘Bg};y needs to also be topological. We are thus led to the following correspondence:

Statement 2.3: Classification of S-symmetric TQFTs

Irreducible S-symmetric d-dimensional TQFTs, for a fusion (d — 1)-category S, are in
one-to-one correspondence with simple topological boundary conditions of the (d + 1)-
dimensional SymTFT 3(S) associated to S.

Let us denote by
BL, (100)

an irreducible S-symmetric TQFT obtained by choosing the physical boundary BP"* to be a
simple topological boundary condition ‘sty,m

B = B (101)

We have a few general comments:

* From the discussion of the previous subsection, we know that two such irreducible S-
symmetric TQFTs ‘Z(%Sym) and ‘Z(%;gym) are related by a gauging if the corresponding

topological boundaries ‘B Y™ and B g arerelated by gauging.

However, it should be noted that this gauging procedure does not involve the symme-
try S. In fact, by combining the symmetries descending from both the symmetry and
physical boundaries, the S-symmetric TQFT S(%Sym) actually has an enlarged

§'xS, (102)

symmetry, where S’ denotes the opposite category of S’, arising due to the fact that we
need to invert the orientation of 5B y,m, when using it as a physical boundary rather than
a symmetry boundary The S-symmetric TQFT (5" S Y™ is obtained by gauging the S’
symmetry of ‘Z(% ™). Similarly, the S-symmetric TQFT ‘Z(% ”™) is obtained by gauging
the S” symmetry of S(%zﬁn).
* There is a canonical irreducible S-symmetric TQFT for any symmetries S, namely the
TQFT
T(BYM), (103)
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obtained simply by choosing

BPIYS = B (104)

Physically, T(%gm) describes an IR phase in which the symmetry S is completely spon-
taneously broken. See for instance the example 2.8 below where this notion of sponta-
neous breaking reduces to the well-known notion of spontaneous breaking of G(*) 0-form

symmetry.

Let us observe the statement 2.3 at play in the following example:
Example 2.8: G(®)-symmetric 2d TQFTs

It is well-known that irreducible 2d TQFTs with a non-anomalous G*) 0-form symmetry
are classified by:

1. A subgroup H C G describing the symmetry that is not broken spontaneously in
a particular vacuum v of the TQFT.

2. An element
B € H*(H,C"), (105)

describing the SPT phase for the H symmetry arising in the vacuum v.

Let us denote such a G©-symmetric 2d TQFT as
T(r,p) - (106)

The structure of the full G(®-symmetric TQFT including the symmetry properties of the
other vacua is completely determined in terms of the above two pieces of information.
On the other hand, the above two pieces of information also describe possible gaug-
ings of a non-anomalous G® 0-form symmetry in 2d. H is the subgroup being gauged
and 3 captures the discrete torsion for the gauging. Thus we have simple topological
boundary conditions
SYM  _ (2 Sym
B = Bs o/ (H B, (107)
of the SymTFT 3(Ssw) obtained by performing the corresponding gaugings of the G(*

symmetry of the symmetry boundary %Zyn;)).
G

These two facts are related as follows. The G(©)-symmetric TQFT T(u,p) 1s obtained
by performing the interval compactification of the SymTFT 3(Sg) with %‘Sgyr?o) as the
G

symmetry boundary condition and
phys __ ¢ Sym
BPWS = ‘B(H’ﬁ) , (108)

as the physical boundary condition. That is, we have

T(B 31 5)) = T p) - (109)

3 Generalized charges and the Drinfeld center

The previous section discussed aspects related to symmetries of a d-dimensional theory. In this
section, we discuss how these symmetries act on operators of various dimensions in the theory.
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Under the action of a symmetry, the operators combine together into multiplets, where each
multiplet of operators can be associated a generalized charge for that symmetry. We further
characterize generalized charges as follows:

Definition 3.1: gq-charges
Generalized charges of g-dimensional operators are referred to as q-charges.

Note that not every g-charge needs to be realized in a theory having the symmetry. That is,
given a particular g-charge, the theory may not contain a multiplet of q-dimensional operators
transforming in that g-charge.

3.1 Generalized charges from SymTFT

In this subsection, we will see that generalized charges for a symmetry S can be neatly encoded
in terms of the associated SymTFT 3(S). See statement 3.2 for the main result.

Sandwich construction of an uncharged operator. Let us begin by considering a sim-
ple (possibly non-topological) genuine g-dimensional operator O, in a d-dimensional S-
symmetric theory ¥, and ask how it can be constructed via the sandwich construction. The
simplest possibility, considered in figure 8, is that O lifts to a g-dimensional simple operator
M, living on the physical boundary ‘BI;;YS that is not attached to any bulk operator of the
SymTFT 3(S). However, this means that O, is left completely invariant by the action of the
symmetry S! This is because the symmetry S lives on the symmetry boundary 8%, and thus
does not talk to the operator M, living on the physical boundary ‘Bg};ys, which after interval
compactification translates to the fact that the symmetry S of ¥, does not act on the operator

Oq of .

Sandwich construction of a charged operator. Thus, if O, carries a non-trivial g-charge
under S, its sandwich construction must be more complicated. The boundary operator M,
must be attached to a simple non-identity bulk topological operator Q,, of 3(S), and the bulk
operator Qg must itself end on the symmetry boundary %fsym along a simple g-dimensional
topological operator &;. See figure 9. Now the action of S symmetry on O, is encoded in
how the topological operators of B¢ ™ interact with the ends &q of Qi along %Sym The

latter information is purely a SymTFT information, encoded in how B ™ serves as a boundary
condition of the TQFT 3(S).

Symmetry action generating a multiplet of charged operators. The action of the topo-
logical operators S, of ‘Bfgm may convert an end &, of Qg4 to another end 8‘; of Qg4 along

sym
sBS

St & &. (110)
Performing the sandwich construction using the end S’ along B2, while keeping the end

M, along %phys fixed, leads to a different q- d1men51onal operator of ¥ that we label (9’ See

ﬁgure 9. We learn that the symmetry S of T can act as
D, =0(S,): Oy — 0. (111)

Physically, in such a situation, one would say that O, and (’)(’1 live in the same irreducible
multiplet of g-dimensional operators under the action of symmetry S.
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Bs" 3(8) B T,
M, = 0,

Figure 8: The sandwich construction of a g-dimensional operator O, uncharged un-

der S involves a g-dimensional operator M, along the physical boundary %g};ys that
is not attached to any defects of the bulk SymTFT 3(S). Since the symmetry is sep-
arated out to the other boundary, i.e. the symmetry boundary ‘Bfgm, it does not act
on M, implying that O, is uncharged. In the figure, D, := o(S,) € S(%) is the
r-dimensional topological defect of ¥ generating the symmetry corresponding to an

r-dimensional topological defect S, € S of ’Bfgm.

Twisted and untwisted sector operators in same multiplet. In fact, if the symmetry S, € S
is non-invertible, the action can be more complicated. The operator £ é obtained by acting on

the operator &, may live at the end of a (g+1)-dimensional topological defect S, ; of %gm. See
figure 10. The resulting operator O; of T obtained after performing interval compactification
of Qq41 with M, as one end and & é as the other end, lives at the end of the (q+1)-dimensional
topological defect Dy, = 0(S441) of T. In such a situation, one says that (9(’1 lives in the
twisted sector® for the symmetry Sq+1- Thus the action of a non-invertible symmetry com-
bines together untwisted and twisted sector operators in the same irreducible multiplet. More
generally, a non-invertible symmetry mixes operators in different twisted sectors together.

Multiplet as an operator on physical boundary. Above we saw that two operators O, and
(9(’1 of T obtained via the sandwich constructions involving the same operator M, along %ghys

8Note that such a twisted sector operator is in general a non-genuine operator living at the boundary of Dyi15

but could be a genuine operator if D, is the identity defect, i.e. if Dj,; = D;ifi.
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but different ends &; and & é along %Zym are in the same multiplet, if £, and & é are related by
the action of some symmetry S, € S.
The key point in this discussion can be stated more simply. Beginning with an operator O,

of T and studying its sandwich construction leads us to an operator M, along %p ¥* attached
to a (q+1)-dimensional topological operator Qg4 of 3(S). Now this operator M, can be used
to construct a variety of operators (’)"1 of T by performing sandwich construction w1th various
ends £ é of Qq41 along %fgym. Thus using the existence of operator O, of ¥, we have uncovered

the existence of many other operators (’)"] of T, where we only used information about the
symmetry S in the process.

\
\
\

\
\
A

Figure 9: The sandwich construction of a g-dimensional operator O, that is non-
trivially charged under S involves a g-dimensional operator M, along the physical
boundary EBP ¥* that is attached to a non-trivial topological defect Qg1 of the bulk
SymTFT 3(8 ) The bulk operator Q ., needs to subsequently end along a topologi-
cal g-dimensional operator &; along B ¢ Y™ As shown in the figure, an r-dimensional
topological operator S, can act on &, transforming into another g-dimensional topo-
logical end 8; of Q44 along %}ym. This implies that, after the interval compactifi-
cation, the r-dimensional topological operator D, := o(S,) of T generating the sym-
metry S, acts on O, transforming it into another g-dimensional operator O, which
originates from the same operator M, along %g};ys, but the other end £ é along ‘B;ym.

We say that the two operators O, and (’)(’1 live in the same irreducible multiplet under
S.
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By 3(8) B T
5q Qg1 Mq = Oq

Figure 10: A non-invertible r-dimensional topological operator S, can act on &, trans-

. s . . . sym .
forming it into another q-dimensional topological end 5(; of Qg4; along B¢, with
the end Sé having the property that it is attached to a (g + 1)-dimensional topo-
logical defect Sq,; of %fsyrn. This implies that the g-dimensional operator (’)(’1 of ¥
lives in the same multiplet as the untwisted sector operator O;. The operator (9(’1
is in twisted sector for the symmetry S, and lives at the end of the corresponding
topological defect Dy, of T generating the symmetry Sq,;. Thus, in the presence
of non-invertible symmetries, an irreducible multiplet of operators contains both un-
twisted and twisted sector operators.

Thus it is reasonable to refer to all operators O/ obtainable from O, as lying in the same
multiplet as O, under S. From the above discussion we see that the whole multiplet can be

deduced beginning from the operator M, along

statement:

phys
%TU .

Thus, we are led to the following

Statement 3.1: Irreducible multiplets from the physical boundary

An irreducible multiplet of simple q-dimensional operators under symmetry S of a the-
ory ¥, corresponds to a simple g-dimensional operator M, along the associated physical

boundary %ghys, which is allowed to be attached to a simple (q + 1)-dimensional topo-
logical operator Qg ; of the SymTFT 3(S):

Qq+1
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A simple g-dimensional operator O, of T, in the multiplet M, lives generally at the end
of a simple topological (q + 1)-dimensional operator D, and is extracted by choosing a
simple g-dimensional operator &, lying at the end of Qg ; along the symmetry boundary
%Zym, whiscg in general is attached to a simple (g + 1)-dimensional topological operator
Sq+1 of B Sy .

D
Sq+1 Qq+1 M q+1 (113)
q = O

£,

q

See the preceding discussion and figures 9 and 10 for more details.

Generalized charge associated to a multiplet. The action of S on simple g-dimensional
operators of T; living in an irreducible multiplet M, is captured in how Q. interacts with
the topological symmetry boundary %gm. This is essentially the definition of the bulk opera-
tor Qg in terms of the information of BY", leading us to the following characterization of
generalized charges in terms of SymTFT, which is the main statement of this paper:

Statement 3.2: Generalized charges as topological defects of SymTFT

Consider any d-dimensional QFT, whose symmetry is described by a fusion (d — 1)-
category S. Then:

The generalized charges for the symmetry S are topological defects of the SymTFT
3(S) associated to S.

In particular, g-charges are (q + 1)-dimensional topological defects of 3(S). This
includes g-charges in the range of 0 < g < d — 2. We do not study the general structure
of (d — 1)-charges in this paper.”

More concretely, consider an irreducible multiplet of g-dimensional simple operators of
%, transforming under S. The operators in this multiplet transform in the irreducible g-
charge corresponding to a simple (g + 1)-dimensional topological operator Qg1 of 3(S).
The operator Qg is attached to the simple g-dimensional topological operator M, of

h . . . . . .
%g Y corresponding to the irreducible multiplet under consideration.

It should be noted that in a particular S-symmetric theory ¥, there may not exist a multiplet
of g-dimensional operators transforming under a q-charge Q4. In such a situation, although
the SymTFT 3(S) contains the corresponding (q + 1)-dimensional topological operator Qg 1,

it does not admit a g-dimensional end M, along the physical boundary %gljrys.

In the above statement 3.2, we can include both genuine and non-genuine (q + 1)-
dimensional topological operators of the SymTFT 3(S). Consequently, the higher-categorical
structure of topological defects descends to generalized charges.

Statement 3.3: Generalized charges and Drinfeld center

g-charges (for 0 < g < d —2) of a symmetry S combine to form the structure of a fusion
(d —1)-category Z(S) of topological defects of codimension greater than or equal to 2

°The main reason for this is that in general we now need to account for ends of d dimensional topological oper-
ators of 3(S) on the symmetry boundary that change the symmetry boundary condition — these would correspond
to (d — 1)-charges of interfaces between an S-symmetric theory T and a gauged version ¥/S of it.
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of the SymTFT 3(S). This (d — 1)-category Z(S) is known as the Drinfeld center of the
fusion (d — 1)-category S.

The Drinfeld center Z(S) can be expressed in terms of the full symmetry category S (3(8 ))
of the SymTFT 3(S), which is a fusion d-category, as

2(S) =End Q4?), (114)

s(3s) (

where the right hand side denotes the endomorphism category, which is a fusion (d — 1)-

category, of the identity d-dimensional defect di) of 3(S), or in other words the identity

object of 5(3(S)).

Invariance of generalized charges under gauging. As discussed in the previous section,
the SymTFT for two symmetries S and S’ related by gauging are same

3(8)=3(S8"). (115)

This implies that the generalized charges for the two symmetries, which are topological defects
of the SymTFTs, must also be the same

Z(8)=2(S). (116)

In other words, gauging preserves the collection of generalized charges.
However, note that the corresponding symmetry boundaries are different

sym sym
BIM £ BY". (117)

These boundaries carrying different collections of topological defects along them, which are
respectively described by S and S’. Consequently, the possible topological ends of a (q + 1)-
dimensional topological defect Qg,; of the SymTFT are different along the two boundaries.
Moreover, the action of topological defects living on these boundaries on the ends are different.

Thus, even though the generalized charges for S and S’ form the same higher-category,
the structure of a multiplet of operators transforming in a particular generalized charge, and
the action of the symmetries on the multiplet, can be highly different for two cases S and S’.

3.2 Computation of generalized charges

In this section we will develop how the topological defects of the SymTFT can be computed.
We will motivate the definition of the Drinfeld center using a physical approach. The Drinfeld
center of fusion 2-categories has been defined in [33,34] and see [35] for study of Drinfeld
center of fusion 3-categories.

3.2.1 Projections and Drinfeld center

As we discussed in the previous subsection, generalized charges of a symmetry S of d-
dimensional theories form a (braided) fusion (d — 1) category Z(S) known as the Drinfeld
center of the fusion (d — 1)-category S. The center Z(S) can be constructed from just the
information of S. In other words, the generalized charges of a symmetry S can be computed
from just the information of the symmetry S. Below we elucidate the mathematical construc-
tion of the center in physical terms.
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B 3(S) B 3(8)
/ iiiiiiiiiiiiiii // iiiiiiiiiiiiiii
Q)
S Qp Sp

Figure 11: Projecting the bulk topological operator Q, parallel to the boundary gives

rise to topological defect S}(,Q" ) on the ‘B;ym boundary.

Ba" 3(S) B 3(S)

Figure 12: Projecting the bulk topological operator Q, parallel to the boundary in the
presence of a g-dimensional topological defect S, on the boundary, which results in

a junction operator S(QP )_ (S,), which is sometimes referred to as the half-braiding.
p+q—d*—4

Projection. The most basic information about a p-dimensional defect Q, € Z(S) is that of

a p-dimensional defect Sl(,Qp ) € S. Physically, these two p-dimensional defects are related by a

projection map as shown in figure 11. We take the topological defect Q,, of the SymTFT 3(S)

parallel to the symmetry boundary %Zym and fuse it with ‘stym to obtain the topological defect

Sl(,Q” ) of ‘Bfgm. We refer to this process as projection of Q,, onto ‘Bfgm.

It should be noted that the projection does not preserve simplicity of operators. That is,
even if Q,, is a simple topological operator, its projection SPQP may not be a simple topological
operator. For example this happens when considering non-abelian group-like symmetries.

Projections in the background of a boundary operator. Consider a g-dimensional topo-
logical defect S; € S of B2 where p +q > d and consider performing the projection of
Q, onto %;ym in the background of S, as shown in figure 12. The projection now provides a

(p + g — d)-dimensional topological operator S(Q" )_ (S,) of BY™ living at the intersection of
p+g—d "4 S
S, and S;Qp ),
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q+1 q+1 (Q ) (23)
(23) / (23) Spra-a(®a)
Sq Sq

Q) (2)
S(z) o Qp S(z) Sp+z+1 d(sq+l)

/ 5% (s02)
5(12) y ,,,,,,,,,,,,,,, 5(12) 5(1) - ?Tq, ,d ,,,,,,,,

/ iiiiiiiiiiiiiii // iiiiiiiiiiiiiii
""""" @ | @ 3)
3 (3 E
Sq+1 Sq+1 Sp+q+1 d(Sq+1)
(Q)) (13)
N QP p+lq d(S )
5(13) 5(13)
q q
1) (1) Q) 1)
Sq+1 Sq+l Sp+[q+1 d(S +1)

Figure 13: Consistency condition between projection and fusion: The top diagrams
show three g + 1-dimensional topological defects on SBfSym with junctions S(gi 1) We
can project the bulk defect (top right figure). Alternatively, one can fuse the two
junctions 5512) and 8323) first and then project Q, onto the boundary — this is shown
at the bottom. These operations need to commute. Let us emphasize that the defects

S((lﬂzl do not fill the whole boundary B%", i.e. we have ¢ +1 < d.

Consistency conditions on projections. So far we have associated to a defect Q, € Z(S) a
collection of defects in S of various dimensions

(@) (Q
(s, 52 ys)[a= d=p, 5,5} (118)
The operator
s (s, (119)
p+q —d

is often referred to as the half-braiding. This collection of defects needs to satisfy various
consistency conditions.
Consider topological defects

(12) . (1) (2)

Sq : Sq+1 Sq+1 > (120)
(23) . (2) (3)

Sq : q+1 - Sq+1 >

of %Zym with g satisfying the condition that p + q > d. Projecting Q, onto this configura-
Q) Q)

tgd (Sélz)) converting Sp gt d(S ) +1)

tion of defects of %;ym as in figure 13, we obtain S
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By 3(S)
,,,,,,,,,,,,,,, S(Qq+1) R,
/ q+1
(__
- / Qq+1
(Qg+1)
& !

Figure 14: Projecting half of an L-shaped bulk topological operator Qg on the sym-

metry boundary %S produces a canonical topological end &, (Qge1) of Q41 along

Diye 5 » which is attached to the topological operator Sé?rqf]) of %gm.
into S;?LZ )+1 d(S( Y1) as it passes 8(12), and 51(3%1 d(S(ZB)) converting S;?r‘; e d(S(Z)l) into

(@) 3

Sp+‘;+1 d(S(gJBl) as it passes 5(23)

Alternatively, we can fuse 5(12) and 8(23) along S(Z) to obtain a topological defect

(13) . g(12) (23) . (1) (3)
S§ =8P o SFV 81— 8G3 (121)
Q) Q)

Projecting Q,, onto the fused configuration, we obtain S

into S;?L‘;)Jrl_d (Séi)l) as it passes 5313).

Clearly, the two options

(S((IB)) converting S

(1)
p+q—d p+q+1— d(s +1)

1. first fusing and then projecting, or
2. first projecting and then fusing

should both lead to identical results. This imposes the consistency condition that the fusion of

;3‘; d(5(12)) (3‘; d(S(Z?’)) along S;?r‘; )+1— d(S(z)l) should be equal to S;(i‘; d(S(lg)) or in
equations
(Q ) (Q ) ~ (Q
p+}:1 d(5(12))® @) o) p+2 d(5(23)) p+l;1 d(s(ls)) (122)
p+q+1 d " q+1

See figure 13.

Collecting everything together. A collection of defects (118) in S satisfying consistency
conditions (122) is the mathematical definition of a defect Q, in the Drinfeld center Z(S) of
S. Above we have explained how this mathematical definition arises naturally by considering
the physical process of projecting a defect of the SymTFT 3(S) onto the physical boundary
‘Bfgm in a variety of ways.

3.2.2 Multiplet structure

The multiplet structure associated to a generalized charge Q ., can be computed as follows.
Consider an L-shaped version of a simple topological defect Qg4 of 3(S) as shown in figure 14
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BI" 3(S)
S(a)

qy **************
o

Sq (@)
/ T -
Qq+1
(Qg+1)
e
(Qq+1)

Figure 15: The end &,
(Qq+l)

(Sq) of Qq41 is obtained as the fusion of the defect S, with

the canonical end 8

and only project half of the L-shape onto %;ym. This provides a canonical simple end

(Qq+1)

&, (123)

(Qq+1)

of Qg4 along %Zy which is attached to the (q + 1)-dimensional topological defect S, of

sym
Bs,

Now consider a simple (q+1)- dimensional topological defect Séi)l of ‘stym. Then, possible

namely the projection of Qg onto B¢ Y™ See figure 14.

simple ends of Qg along B¢ %M that are attached to S q +1 are in one-to one correspondence

with simple g-dimensional topological defects transitioning S ‘”1) into S;i)l
In more detail, a simple g-dimensional topological defect
. (Qg+1) (a)
Sq: Sq:1 =S (124)
provides a simple topological end
of Qg4 along B ™ that is attached to S(a) This is obtained by fusing &, Q1) with S, along
(Qg+1) .

S, e

(Qq+1)(S )_ (Qq+l) ® (Qq+1) S (126)

q+1

as shown in figure 15.

3.2.3 Action of the symmetry
The canonical end 5 Q1) has the property that it is left invariant by the action of any topo-
logical defect S, € 8 This invariance is encoded in the equality of two defect configurations
displayed in figure 16.

The action of S, on an arbitrary end &, Qqr1)
(Qq+1)

(Sq) of Qq41 is then computed by first resolving
itinto the canonical end 5
end g(Qq-H)

and S, asin (126), and then commuting S, across the canonical

See figure 17. Now all the topological defects of %Zym are on one side of the end
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BIm3(S)

(Qq+1 )

LS‘q—&-l iiiiiiiiiiiii

(Qq+1)
&g (Sy)

(Qq+1)
NI CS

(Qg+1)
& !

Figure 16: There are two ways of performing an L-dip in the presence of a boundary
topological operator S,.. Equating the two ways implies that the half-braiding of Q1

. . . . Q
with S, acts trivially on the canonical end E(S w+1) of Qg41-
EéQ"“) and can be rearranged using the information of S as desired. After the rearrangement,

we can perform a fusion with EéQq”) to obtain the resulting collection of ends.

After the interval compactification, this action of topological defects of %;ym on ends of
Qq+1 descends to an action of topological defects generating symmetry S of theory T, on
g-dimensional operators living in a multiplet M, transforming in g-charge Q.

The above described action should be thought of as the simplest action of the symmetry
S which generates all the possible actions that one might care about. For example, using the
above action we can derive lasso and higher-lasso actions of symmetry S, where the symmetry
topological operators link the non-topological g-dimensional operators in various ways. We
describe this concretely for d = 2 in section 4.3.

3.3 Examples of generalized charges

3.3.1 (Higher-)reps as charges: Group and higher-group symmetries

In Part I [1] of this series of papers and [3], generalized charges for group and higher-group
symmetries were studied from a direct analysis, rather than relying on the technology provided
by SymTFT. In this subsection, we recover this statement from the SymTFT point of view.
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@)
Sq ] | — Sq+11 !
Qg+1
(Qq+1)(S ) —_ 5(5Qq+]) 4q
S,
.
S(a) ,,,,,,,,,,,,,
g+
Sq —+——
(Qg+1)
s@) (g [~ Sqn1
r+q+1 —d // Qui1
Sy - (Qq+1)
(C/’q qts ) ______
Figure 17: Action of a topological operator S, of B ¢ Y™ on the end &, (Qq”)(Sq) of Qg41-

First we resolve the configuration using figure 15. We then use the property that S,

(Qq+1

acts on the canonical end S; by leaving it invariant, but producing an extra half-

braiding.

The main statement of the paper [1] was

Statement 3.4: Genuine generalized charges are higher-representations

g-charges of genuine g-dimensional operators under a p-group symmetry G with a ’t
Hooft anomaly [w] are (q + 1)-representations of G®), for 0 < q < d —2.

See the appendix B of [1] for a quick review on higher-representations of groups and higher-
groups. We recover this statement in two ways: by performing Drinfeld center computation
described in (3.2.1), and by using the theta defects discussed in [9, 21].

Derivation using the Drinfeld center. Let us say we are studying a G} symmetry with
arbitrary 't Hooft anomaly o with SymTFT 3(S "(p)) Consider constructing a topological defect

Qq+1 of 3(S o 2 ») whose projection onto the symmetry boundary % is
G(P)

Q1) _ o(Tgen)
Sera V=85, (127)

where Sc(z +q1+1) is a topological defect of B¢, 7 obtained by inserting a decoupled copy of a
G(P)
sym

(q + 1)-dimensional TQFT ¥, inside the worldvolume of B¢, .

([;,(P)

42


https://scipost.org
https://scipost.org/SciPostPhys.19.4.098

e SciPost Phys. 19, 098 (2025)

Consider performing the projection of Q,; on top of a topological operator

s¥ ., gec®, (128)

generating an r-form symmetry inside the p-group G®). As discussed in previous subsection,
this provides an operator

(Qq+1) [ o(2)
S (s, (129)

T
located at the intersection of Sc(lg_)r_1 and S; +q1”). But any such operator can be obtained by
beginning with a topological operator D,_, inside T, ; and inserting both of them inside the

worldvolume of %2’? .
G,(P)

In other words, we obtain a map
G — {(q — r)-dimensional topological operators of Eqﬂ} , (130)

for all r-form symmetry groups. The consistency conditions (122) require the above map to
describe a (q + 1)-representation p of the p-group G®).

Thus, using the Drinfeld center construction on &7 |, we have managed to construct a
class of (q + 1)-dimensional topological defects of the SymTFT 3(88@)) that correspond to

(q + 1)-representations of the p-group GP). These are the generalized charges appearing in
3.4.

Derivation using theta defects. We can also easily recover statement 3.4 as a special case
of the following more general construction of [9,21]:

Statement 3.5: Theta defects

Any (d + 1)-dimensional theory T/G®) that can be constructed by gauging a G sym-
metry of a (d + 1)-dimensional theory T admits a class of (¢ + 1)-dimensional topological
defects, known as theta defects, that correspond to (q+1)-representations of the p-group
Gc®,

The idea behind theta defects is that inserting any G®)-symmetric (g + 1)-dimensional TQFT
inside the spacetime occupied by ¥, and then performing the G(P) gauging, produces a (q+1)-
dimensional topological defect of the gauged theory T/G®). See figure 18. As explained in
detail in section 3 of [21], G®)-symmetric (q + 1)-dimensional TQFTs, and hence (q + 1)-
dimensional theta defects, are parametrized by (g + 1)-representations of G,

Now, one can apply the statement 3.5 to the SymTFT 3(Sg(p)) of a G®) symmetry with
arbitrary 't Hooft anomaly o. This admits precisely a gauging construction (87)

3(5(0;:@)) — BSTiViaD/G(P) . (131)

The theta-defects in this gauging provide a collection of (¢g+1)-dimensional topological defects
of 3(5(‘5@)) labeled by (q + 1)-representations of GP). By the general statement 3.2, these

topological defects of S(S(g ,) describe g-charges for symmetry S°,

(p G®°

Genuine operators in the multiplet. Let us describe the topological ends of Qg,; along

‘B;yfl that are not attached to any non-trivial topological defects of ‘Biﬁn . Such ends give
c) c)
rise to genuine operators in a multiplet transforming in the g-charge Q . Below, we will call

such ends as genuine ends for brevity.
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Gauge G

T x (GP)-TQFT,) T/G®

Figure 18: Theta defects: Consider a theory T with p-group symmetry G®). We
take the product with a g-dimensional G®-TQFT (shown in yellow), and gauge the
diagonal G»). The TQFT then becomes a topological defect in the gauged theory
T/G®P); the theta-defect (shown in green).

Qan) of Qg+ is attached to S( "“)

( q+1)

The canonical end &, . Thus possible genuine ends of

. sym . . .
Qg1 are in one-to-one correspondence with ends of S inside B ¢, ¥, which in turn are in

one-to-one correspondence with the topological boundary cond1t1onsGof) the TQFT Tg4;.

Note that T, has at least one topological boundary condition, and hence we have at least
one genuine end for each topological operator Q ., corresponding to a higher-representation
p of G®). This justifies the remaining part of the statement 3.4 which claims that a multiplet
of operators transforming in g-charge Qg,; contains genuine g-dimensional operators of a

Sg(p)-symmetric d-dimensional theory.

3.3.2 (Higher-)reps as charges: (Higher-)representation symmetries

As discussed in previous subsection a higher-representation type symmetry
S =(d —1)-Rep(GP), (132)

can be obtained by gauging a non-anomalous G®) p-group symmetry. Thus the two symme-
tries have the same collection of generalized charges.

Moreover, above we constructed a class of generalized charges for a G p-group symme-
try described by higher-representations of G?). Consequently, there is a class of generalized
charges for (d —1)-Rep(G®) symmetry described by higher-representations of G,

Consider such a g-charge Q. described by a (q+1)-representation p of G Its projection
onto the new symmetry boundary B (Zm 1)Rep(G®) 13

S(Qq+1) S(p)

q+1 q+1° (133)

where S(p ) e (d — 1)-Rep(G®) is the topological operator on B>™
to (g + 1) -representation p.

(d—1)-Rep(G»)) corresponding

(Qg+1) . S(p)

Thus the canonical end &, is attached to This implies that the possible ends of

(p )
Qg1 along BY™ (d—1)-Rep(G®) that are attached to S, for some (q + 1)-representation p’ are in

(p) (0"
S Sq+1’
(0"

Sq+1

one-to-one correspondence with intertwiners between (q + 1)-representations and

as these intertwiners describe the g-dimensional topological defects between S * ( g+1 and

In particular, the genuine ends of &, Q1) are in one-to-one correspondence with the inter-

twiners between (q + 1)-representation p and the identity (q + 1)-representation.
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3.3.3 Twisted (higher-)reps as charges: Group symmetries

We can easily compute all the remaining generalized charges for a G(*) 0-form symmetry with
a’t Hooft anomaly
[w] e HIL(GO,C). (134)

In other words, we can finish the computation of the Drinfeld center

z(skh), (135)

of the fusion (d —1)-category Sl 1n section 3.3.1, we encountered generalized charges cor-

G(O)
responding to higher-representations of G(°). The remaining generalized charges correspond
to twisted higher-representations of subgroups of G(©),
Consider a simple topological defect Q;_; of 3(8 (0)) whose projection S(Qd 2 onto the
symmetry boundary %3[“’] involves a (d — 1)-dimensional topological defect in ste ) lymg
G(0)
in a non-trivial grade g € G©. In order for the projection of Q,_; to be consistent in the

background of a topological defect S (g ) of %Sy[rfj] , the projection S, (Qd 1) must involve (d—1)-

6(0)

dimensional topological defects in ste lymg in all grades

G0)
g€(gl, (136)

where [g] is a non-trivial conjugacy class of G(*). We can thus express

S(Qd 1) _ @ S(Qd 15 g)’ (137)
g<lsl

where S((ﬁdl‘l’g) is the piece of sg‘f‘g—l) lying in the grade g. The defect Sfﬁdl‘l’g ) must be of the
form ( ) (&) (T-1)
Qi-1,8) _ ol -
(18 — ) g glTen) (138)

S(I_d—l)

where is a topological defect of ’BZE’T obtained by inserting a decoupled copy of a

G(0)

(d —1)-dimensional TQFT ¥,_; inside the worldvolume of B, [w]

G(0)
Now choose an element

heH,, (139)

where H, C G is the stabilizer subgroup of the element g, and perform a projection of Qg1
on top of

st (140)
The resulting half-braiding SQd 5S4 ) 1) descends to a half-braiding SQd L8 (S4_ ) 1) located at the
intersection of S(Qd &) and § ( )1. Following similar arguments as in section 3.3.1, we see that
the half-braiding SQd v g(S(h) ) describes a map

H, — {(d —2)-dimensional topological operators of T4_;} . (141)

The consistency conditions (122) require the above map to describe a [cog]-twisted (d—1)-
representation p of H, where
[wg]€HY(H,,CY), (142)
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is obtained as

d
wg(hl:hz,"' ’hd) = l_[wS(i)(hl;"' ,hiag:hi+1"” 5hd)7 (143)
i=0

where h; € H, 5(i) =1 for even i and 5(i) = —1 for odd i.

Thus the possible simple (q¢ — 1)-dimensional topological defects of Z(S [eo]

() are specified
by two pieces of data:

1. A conjugacy class [g] c G(©.

2. An w,-twisted irreducible (d — 1)-representation p of the centralizer H, of an element
gelgl

We can thus express the full Drinfeld center as

2 (ska) = D —1)-Rep®s (), (144)
[g]

where the sum is over conjugacy classes of G, and (d—1)-Rep®s(H ¢) is the (d—1)-category of
w,-twisted (d—1)-representations of the centralizer H, of a representative g in conjugacy class
[g]. This is consistent in the case of 2-categories, where the center was discussed in [34, 36].

When there is no anomaly w = 1, then all w, = 1, implying that we have standard (d —1)-
representations of centralizers in the corresponding Drinfeld center:

2(Sg0) =EP(d —1)-Rep(H,). (145)
le]

3.4 Comparison: Generalized charges and relative defects

Just like SymTFTs are related to relative theories (see section 2.6), generalized charges, which
are topological defects of SymTFTs, are related to relative defects of relative theories. The
notions of relative and absolute defects were introduced in [37] and will be reviewed below.
We begin with the definition of a relative defect of a relative theory

Definition 3.2: Relative defect of a relative theory

A relative g-dimensional defect O;d of a relative d-dimensional theory T is a defect of

7'l that is attached to a non-trivial (q + 1)-dimensional topological defect Qq+1 of the
(d + 1)-dimensional TQFT 3 of which ¥ is a boundary condition. See figure 19.

As discussed in section 2.6, a physical boundary %p ¥ of a SymTFT 3(S) is an example of a
relative d-dimensional theory. Then clearly a g- dlmen51onal operator M, living on the physical
boundary %phys attached to a non-trivial (q + 1)-dimensional topological defect Q,.; of the
SymTFT 3(S ) is a relative defect of the relative theory ‘BP " In other words, a multiplet M,
of g-dimensional operators transforming non-trivially under the S symmetry of an absolute
theory ¥, corresponds to a relative defect of the relative theory inhyS

A similar notion is that of a relative defect of an absolute theory

Definition 3.3: Relative defect of an absolute theory

A relative g-dimensional defect Oflel of an absolute d-dimensional theory 2 is a defect
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of T2 that is attached to a non-trivial (¢ + 1)-dimensional topological defect Dy of
T3 See figure 20.

On the other hand, an absolute defect is defined as:

Definition 3.4: Absolute defect

An absolute defect is a genuine defect not attached to any higher-dimensional defects.

We can have absolute defects in an absolute theory T2 or in a relative theory ", but we will
focus on absolute defects of absolute theories in what follows.

Now suppose that we are given a topological boundary condition B*P of a TQFT 3 that
converts a relative theory T into an absolute theory T2, It is then possible to convert
a relative defect Of;l of the relative theory T into a relative or absolute defect O, of the

absolute theory T2, This can be done by performing an interval compactification shown in
figure 21 after choosing a topological g-dimensional end &; of Q4,; along BP. The end may

Figure 19: A g-dimensional relative defect O;el of a d-dimensional relative theory

7'el js attached to a non-trivial (q + 1)-dimensional topological defect Qg1 of the
(d + 1)-dimensional TQFT 3 associated to T

rsabs

\

Figure 20: A g-dimensional relative defect O(r]el of a d-dimensional absolute theory
%S i5 attached to a non-trivial (¢ + 1)-dimensional topological defect Dy4q of gabs,
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sBtop 3 Irel (Zabs
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Sq+1 Qq+ 1 — D q+1
& Ot Oq

Figure 21: Conversion of a relative defect O;el of a relative theory " into an absolute
or a relative defect O, of the absolute theory gabs,

be attached to a (g+1)-dimensional topological defect S, of BP. After the compactification,
Sq+1 becomes a (g + 1)-dimensional topological defect D, of gabs If Dy, is trivial, then O,
is an absolute defect of the absolute theory %3bs_ On the other hand, if Dg41 is non-trivial, then
O, is a relative defect of the absolute theory gabs,

Note that the above conversion procedure is the same as the procedure for converting a
g-dimensional operator M, along the physical boundary %p ¥* associated to a multiplet of
g-dimensional operators transformmg in the g-charge Qg4 1nto operators O, of the theory T,
comprising the multiplet associated to M,.

The following examples of relative defects of relative theories were studied in [37]:

Example 3.1: Codimension-2 defects in 6d A/ = (2, 0) theories

6d N = (2,0) SCFTs are well-known examples of relative theories. In [37] an argu-
ment was put forward for the existence of relative codimension-2 defects in these theo-
ries. Such relative codimension-2 defects necessarily correspond to irregular punctures in
Class S constructions, but not all irregular punctures come from relative codimension-2
defects.

A relative codimension-2 defect Mael of a 6d NV = (2,0) SCFT ¥ studied in [37]
has the property that the codimension-2 topological defect Qs of the associated 7d TQFT
3 that /\/lfl is attached to carries localized 2-form symmetries along its worldvolume.
That is, there are 2-dimensional invertible topological operators Q12°C that live along the
worldvolume of Qs. This has the following consequence: as we convert the relative defect
Mfl into an absolute or relative codimension-2 defect O, of an absolute 6d N = (2,0)
SCFT 32, we find localized 1-form symmetries along the worldvolume of O,. Such
localized 1-form symmetries (more precisely the defect group thereof) are essentially
the source of the trapped 1-form symmetries carried by irregular punctures in Class S
constructions discussed in [37].
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Figure 22: Topological lines S; and local operators S, of a symmetry S of a 2d theory
%. The fusion of lines results in a sum of lines, with multiplicities given by the fusion
coefficients N/ s

4 Generalized charges and SymTFT ind = 2

The general framework of the last two sections will now be put to work in concrete physical
theories, starting in 2d, and working ourselves up in dimensions.

In 2d, a general (possibly non-invertible) symmetry S is described by a fusion 1-category.
This is a very well-known statement in this spacetime dimension and predates the systematic
studies of generalized global symmetries initiated by [2]. Some initial works advocating this
viewpoint in 2d are [38-40]. See also [15] for a review of this approach using terminology
similar to that used here, and [41-47] for recent works on categorical symmetries in 2d.

Much is well-known about the associated SymTFT 3(S). The SymTFT is obtained by ap-
plying the Turaev-Viro-Barrett-Westbury construction [48,49] (see also [50,51]) and is often
referred to as the Turaev-Viro theory'® based on S. The Drinfeld center for fusion categories
have a long-standing history in mathematics, see [53,54] for a comprehensive discussion.

However the perspective of 0-charges of the symmetry S as topological line defects
in the SymTFT 3(S) is new and was recently initiated in [46]. We will shed new light onto
applications of fusion category symmetries from this perspective in this very well-developed
field in [17,18].

4.1 Symmetries and symmetric 2d theories

Consider a 2d theory ¥. Its symmetry category is a multi-tensor category S¢. The objects of Sz
are topological line defects of T, and morphisms of S are topological local operators between
two topological line defects. See figure 22.

Abstracting out the above notion, a finite symmetry S of a 2d theory is described by a
multi-fusion category S. In this paper, we restrict to the case of a fusion category symmetry
S. We label objects of S by S; and morphisms by Sy, which are elements in the vector space
of morphisms from S; to S

So € Hom(Sy,S7). (146)

The fusion of two objects S; and S} is denoted by
$1®85;. (147)
The fusion satisfies associativity

(5,85))®s7=s,8(s;®5), (148)

1%In the condensed matter literature, there is a corresponding construction, known as the Levin-Wen string-net
construction [52], of a 2+1-dimensional lattice model using the information of a fusion category S which admits
a gapped phase described by the 3d Turaev-Viro TQFT 3(S).
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and we are provided a canonical isomorphism, known as the associator,

53 (5,,51,57) € Hom((5, ® 57) ® 57, 5, @ (5] ®57)), (149)

between these.

A fusion category has a finite set of isomorphism classes of simple objects, with the property
that there are no morphisms between two simple objects lying in different isomorphism classes.
We parametrize these isomorphism classes for S by a and pick a representative simple object

st (150)
in each class. The fusion rules then specify non-negative integers Nya P via

sV est = PNePsT. (151)
Y

A 2d theory ¥ is equipped with symmetry S if we choose a tensor functor as in definition
2.3
o: S§-8K%). (152)

This means we choose a topological line defect
Dl :U(Sl): (153)

of T for every object S; of S. We may choose the same topological line defect of ¥ for different
objects of S, i.e. we may have

o(S)) = o(S) e S(®), S1ZS]€S. (154)
Similarly, we choose a topological local operator D, of T for each morphism S, of S
0(Sg)=Dy: D;—Dj, (155)
where
D;=0(S;), D;=0(5), (156)
and
So: S1—857, (157)

isa morphism in S. Again, we may choose the same topological local operator of ¥ for different
morphisms of S. The map o needs to also respect the fusion rules and associativity of the fusion
category S. The pair

T, =(%,0), (158)

describes an S-symmetric 2d theory ¥, whose underlying 2d theory ¥.

Example 4.1: 0-form symmetries with anomaly in 2d

Let us discuss the fusion category Sg(‘g associated to a finite G(® 0-form symmetry in 2d
with a ’t Hooft anomaly

[w] e H3(G®,CX). (159)

This fusion category is also denoted as

Stel = vecl]

G G)° (160)

and recognized as the category of G(®-graded finite dimensional vector spaces with as-

w]

sociator [w]. The isomorphism classes of simple objects of Sé(o) are labeled by group
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elements g € G(® and we pick representative simple objects

st&) (161)
in each class. The fusion rules are
si8) @ s = glah), (162)
and let us choose (non-canonical) isomorphisms
s 5@ ggt _ gleh (163)

The group cohomology class [w] captures the associator S§* in (149). To see this, let us
first construct two morphisms

Shoks ks h k hk
M), s{ MR e Hom( (s @ s{) @ 51, 51, (164)
st (ehkL) . _ o(ghk)  o(ah)
&hkGL) | o(gh, 8
M) = g8 o gle ) (165)
and (ShKR) . _ o(ghk) | o(hk) © o oK)
SAIGR) ) h.k h k
SR 1= g o I o gass (5(8) 5, 5. (166)

Now, since Hom( (Sgg) ® Sgh)) ® S%k),Sgghk)) is a one-dimensional vector space, we can

relate the two morphisms S(()g’h’k;L) and S(()g’h’k;R) by a C* number, which is described by
a representative w of the class [w] as follows
h,k; h,k;
SEMER = w(g, h, k)SEMEP. (167)

The precise representative w depends on the choices made for

(ah) (8) g o) olsh)
5" € Hom (58 @ s, s . (168)

Since Hom (Sgg) ®S§h),55gh)) is a one-dimensional vector space, we can modify our
choice by

h h
sEM - B(g,mSEM, (169)
for B an arbitrary C* valued 2-cochain on G(¥, which modifies S(()g’h’k;” and S(()g’h’k;R)
accordingly, such that the relation (167) is obeyed with the replacement

w—>(,o><5ﬁ. (170)

Example 4.2: 2d SPT phases protected by 0-form symmetry

Consider a non-anomalous finite G 0-form symmetry. A 2d G(°)-SPT phase is a G-
symmetric theory ¥, whose underlying theory ¥ is the trivial 2d theory, for which the
symmetry category is

Sz = Vec, (171)

HHere, and in all equations that follow, we drop tensor products with identity endomorphisms for brevity.
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namely the category of finite dimensional vector spaces. An SPT phase is then described
by a tensor functor

o: Sgo — Vec, 172)

which is also known in the mathematics literature as a fiber functor from Sg).

Since [w] = 1, we can pick morphisms S(()gg,) such that the representative w = 1 in
(167). Now, the map o must be such that

Dig) =0 (Sgg)) = ng) , Yge G(O), (173)

where Dgld) is the identity line defect of T, or in other words the vector space C associated

to complex numbers in Vec. That is, Dig) is a one-dimensional vector space in Vec. We
choose some (non-canonical) isomorphisms

pl: D& - pid, (174)

Let
D¢ = (s¥¥7): ¥ eDE) — piEs). (175)

/7
After applying the isomorphisms D(()g) and their inverses, we can translate D(()g’g ) to a
morphism in

B(g,g’) € Hom (Dgid) ® D?d), ng)) = Hom (Dgid), Dgid)) =C*, (176)

specified by a C* valued 2-cochain 8 on G(¥). The equation (167) with w = 1 now
translates to
of=w=1, a7z7)

implying that 8 must be a 2-cocycle. This 2-cocycle 8 can be changed by exact 2-cocycles
B— B xby, (178)

if the isomorphisms D(()g) are modified as
p{¥ - 1(g)D, (179)

where y is an arbitrary C* valued 1-cochain on G(©,
We thus conclude that different fiber functors o correspond to elements

[B1e H3(GO,C), (180)

which classifies the 2d SPT phases protected by non-anomalous G® 0-form symmetry.
One may ask the same question for G(®) 0-form symmetry with non-trivial ’t Hooft
anomaly [w]. In this case, there are no SPT phases, because the equation (167)

5B =w, (181)

is a contradiction to the fact that [w] # 1, and hence admits no solutions.
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Example 4.3: Representation symmetries

Another interesting class of fusion categories are representation categories. That is, con-
sider
S =Rep(G®), (182)

namely the category whose objects are finite dimensional representations of a finite group
G and morphisms are intertwiners between representations. The simple objects are
thus irreducible representations. The fusion is tensor product of representations.
For an abelian group G©, such a symmetry is invertible as we can identify the cate-
gory as
Rep(G®) = Veczo) = Sz » (183)

where G(© is the group Pontryagin dual to G(®. For a non-abelian group, the symmetry
is non-invertible, as a non-abelian group carries at least one irreducible representation
of dimension bigger than one, which cannot be invertible as dimension is multiplicative
under tensor product.

Such a symmetry is carried by a 2d theory ¥,/G© obtained by gauging a non-
anomalous G(®-form symmetry of a 2d theory . For this reason, such a symmetry for
non-abelian G© is referred to as a non-intrinsic non-invertible symmetry [22], given
that the non-invertibility is not intrinsic since it can be removed by gauging Rep(G®)
symmetry back to non-anomalous G©) 0-form symmetry. See [15] for details on this
gauging procedure.

Example 4.4: SPT phases protected by Rep(G(?)) representation symmetry

Consider a representation symmetry S = Rep(G(?)). SPT phases protected by such a
symmetry correspond to functors

o Rep(G(O)) — Vec. (184)

There is always such a functor for any G©, including non-abelian G for which the
Rep(G©) symmetry is non-invertible. This is the forgetful functor that sends a represen-
tation to its underlying vector space and an intertwiner to the corresponding linear map
between vector spaces. Thus, there is a canonical SPT phase for Rep(G(®) symmetry;
which we may refer to as the “trivial” SPT phase. This SPT phase can be obtained by
gauging the G(® symmetry of the 2d G(©)-symmetric TQFT with |G?| vacua describing
a phase in which G(© symmetry is completely spontaneously broken.

It should be noted that there exist fusion categories which do not admit fiber func-
tors, and hence the corresponding symmetries do not admit any SPT phase, not even a
“trivial” SPT phase. We saw that G(®) 0-form symmetries with non-trivial ’t Hooft anoma-
lies provide examples of such symmetries. A non-invertible example is provided by Ising
symmetry that is discussed in the next example. In other words, the trivial 2d theory can
be made symmetric under a non-anomalous G(*) 0-form symmetry and under Rep(G(?)
representation symmetry, but not under an arbitrary categorical symmetry.

There may exist other SPT phases protected by Rep(G(?)) symmetry. We can describe
a criteria for finding them. Choose a pair

(H,[BD, (185)
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where H € G is a subgroup and

[B]€ H*(H,C*). (186)

This pair describes an SPT phase for Rep(G(®)) symmetry if and only if there is a single
irreducible [ B ]-twisted representation'? of H, upto isomorphism. In such a situation the
category

ReplPl(H), (187)

of [ B ]-twisted representations of H can be identified with Vec and the action of Rep(G©)
on Rep[ﬁ I captures the information of the corresponding fiber functor o. Such an
SPT phase can be obtained by gauging the G(©) symmetry of the 2d G(¥)-symmetric TQFT
describing a phase in which G(®) symmetry is spontaneously broken to subgroup H along
with an SPT phase [] for H. See example 2.8 for more details on such G©©-symmetric
2d TQFTs.

Example 4.5: Intrinsic non-invertible symmetries: Ising symmetries Slting

Let us introduce a couple of examples of intrinsic non-invertible symmetries, namely
symmetries that cannot be obtained by gauging invertible symmetries. These symmetries
correspond to two closely related fusion categories

S=8¢

Ising ’

(188)

distinguished only by a sign in the associator. These fusion categories are referred to
as Ising fusion categories, or Tambara-Yamagami categories based on the abelian group
Z,. We would refer to the corresponding symmetries as Ising symmetries. The simple
objects (upto isomorphisms) for both categories are

. id
Obj(SE,,) = {819,517, s} (189)

The fusion rules can be taken to be
(P) (P) _ (id)
S7°®S7 =587,
(P) (S) _ <(8)
S ®87 =877,

(190)
() P) _ (8
s s =5,
(8) (8) _ c(id) (P)
s g5 =5l gslP),
with the non-trivial associators being
(P) o(8) o(P)) (8)
se(s7,59,58) =—1€End (s¥),
(8) o(P) c(S)) (id) P)
53 (s9,5%,5%) = (1,-1) e End (s{V @ 517) , (191)
8) ¢ gy 1 (1 1 (s)
SSSS(Sl 817,83 )_:I:E(l _1) End(ZS1 )

127 [ B]-twisted representation is a representation of the [f3 ]-twisted group algebra C[G®] in which the algebra
multiplication does not quite follow group rules, but is twisted by : v, - v,, = B(g1,82)Ve e,
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B 3(S) B 3(8)

Figure 23: Projecting the bulk topological lines Q; parallel to the boundary.

SgS)’Sgs)’Sgs)) differentiates the two Ising fusion

All other associators are trivial, i.e. equal to identity endo-

The sign in the final associator SSSS(

. + —
categoges Slsmg and S g
morphisms.

4.2 SymTFT topological lines and the Drinfeld center

According to the general discussion of section 3.1, the O-charges for a symmetry S in
2d, namely different ways in which a symmetry S can act on local operators in 2d, are
parametrized by the topological line defects of the associated Turaev-Viro theory 3(S), which
is the SymTFT associated to S. The topological line defects of 3(S) form a modular tensor cat-
egory Z(S) that can be recognized as what is known mathematically as the Drinfeld center
of . This can be seen by studying the interactions of topological line operators of 3(S) with a
topological boundary condition %zym of 3(S) whose symmetry category is S, i.e. the topologi-
cal line operators on ‘Bi}’m form the fusion category S. In the language of SymTFT, we refer to
%fgm as the symmetry boundary condition for the sandwich construction of S-symmetric 2d
theories.

Following the general analysis of section 4.2, let us study the interactions of topological
line operators of 3(S) with the boundary %Zym (see also [51]). Consider a topological line
operator Q; of 3(S) and push it to the symmetry boundary 87", as shown in figure 23. In

this way, we obtain a topological line operator Sng) of %fgyrn, which is an object of S

Q; — S\, (192)

Note that we are working with general non-simple objects and topological lines here. Also,
note, that not all symmetry generators will be simply projections to the boundary of Q; lines
(e.g. we will see later that the S; symmetry lines do not arise as a projection).

Now, let us perform the above projection in the presence of a topological line operator S;
of %fsym. As shown in figure 24, this procedure produces a topological local operator S(()Ql)(Sl)
on ‘Bzym

s&(s): S8 5sWes), (193)

which mathematically is a morphism in the fusion category S, sometimes referred to as a

half-braiding. Let us collect S(()Ql)(Sl) for all S;, and refer to this collection as S(()Ql).
Now, instead of performing the projection of Q; in the presence of a single topological line
of %;ym, consider performing the projection in the presence of two topological lines S; and S
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Figure 24: Projecting the bulk topological lines Q; parallel to the boundary in the
presence of a line S; on the boundary, which results in a junction operator S(()Ql)(Sl ),
which is sometimes referred to as the half-braiding.

of %;ym. As shown in figure 25, we can now either project Q, first and then fuse S, S7, or first
fuse S1,S7 and then project Q;. These two processes must yield identical results, leading to a
consistency condition on the pair

(Sng),S(()Ql)) ’ (194)

which can be expressed as

S5 (819,81,81) 0 862 (81) 0 (85) 7 (51,52, 57) 0 552 (57) 0 55 (51,57, 51*) (195)
=5\ (s, 05!).

An object Sng) of § along with a collection S(()Ql) of morphisms of type (193), satisfying
the condition (195) is precisely the mathematical definition for an object Q; of the Drinfeld
center Z(S) of S

Q, = (51@),5) . (196)
Thus we have justified the following statement:

Statement 4.1: Topological lines of SymTFT from Drinfeld center

Consider a symmetry of 2d theories described by a fusion category S. Topological line
operators of the associated SymTFT 3(S), which is a 3d TQFT, correspond to objects of
the Drinfeld center category Z(S) of the fusion category S.

Now consider a topological local operator Q, between two topological line operators Q;
and Q] of the SymTFT 3(S)
Q: Q;—Qi. (197)

This local operator corresponds to a morphism in the Drinfeld center Z(S). To see this, project
the configuration

(Ql)Qg_J QO)) (198)

to the symmetry boundary ‘stym as shown in 26. This projects to a configuration
Q/
(Q1,Q},Q0) — (12,51, 55%) (199)
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Sl ®SZ -

Figure 25: Projection of the bulk topological lines Q; has to commute with the process
of fusion of boundary topological lines.

where S(()QO) is a topological local operator on ’Bfgym between topological lines Sng), Sng) of

‘stym, described by a morphism of S
s glan gl (200)

Now consider projecting the configuration (198) in the presence of a boundary line S; € S.
There are two possible projections as shown in figure 27 including now lines on the symmetry

boundary, which should yield identical results. This means that the morphism S(()QO) has to
satisfy the following consistency condition with the half-braidings

S(()Ql)(sl) o S(()QO) — S(()QO) o S(()Ql)(sl) . (201)

A morphism (200) satisfying the condition (201) is precisely the mathematical definition for
a morphism of the Drinfeld center Z(S) of S. Thus we have justified the following statement:

Statement 4.2: Category of topological lines of SymTFT is Drinfeld center

Consider a symmetry of 2d theories described by a fusion category S. The category
formed by topological line and local operators of the associated SymTFT 3(S) is the
Drinfeld center Z(S) of the fusion category S.
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B 3(S) B 3(8)
/ iiiiiiiiiiiiiii // iiiiiiiiiiiiiii
Q, s\
1 Qo S(()QO)
Q Sng)
/¥ 0 // 777777777777777

Figure 26: Projecting the bulk topological lines Q;, Q] with junction Q, parallel to

the boundary.
BY" 3(S) BY" 3(S) B 3(S)
g " e 7 iiiiiiiii
Sngl) S] Sinl)
S(()QO) / S(()QO)
S, SEQ]) Sng)
/ / 777777777 / / 777777777

Figure 27: Projecting the bulk topological lines Q;, Q] with junction Q, parallel
to the boundary in the presence of a line S; on the boundary. The equality of the
diagrams results in the consistency condition (201).

4.3 Action of topological operators on charges

In order to understand how a topological line operator Q; € Z(S) encodes a 0-charge for an S
symmetry, we need to understand the topological local operators arising at the end of Q; along
%:gym and how these topological local operators interact with the topological line operators of
B
Denote by

v@)(s)), (202)

the vector space of topological local operators arising at the end of bulk line Q; along %;ym,
attached to a boundary line S; € S. See figure 28. A topological local operator

So € Hom(Sy,57), (203)
on Sstym acts as a linear map
L(Sp): V@I(s) - v@)(s), (204)

by performing a fusion operation as shown in figure 29.
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50 = V(Ql)(sl)

Figure 28: VQ1(S;) is the vector space at the junction between the bulk line Q; and
sym

the topological defect S; on the boundary B¢ .

BY" 3(S) B 3(S)

—]

So € Hom(S1, S,

—]

& € VQ(sy)

Figure 29: A topological line Q; in the SymTFT ends on the symmetry boundary,
with junction &, with the line S;. A topological local operator S, € Hom(S;,S7) can
be fused with &; to create a junction L(S,) - £, between Q; and Sj.

Now note that there is a canonical local operator

gl g y(@) (5501)) , (205)

obtained by dipping half of an L-shaped Q; bulk line into %;ym as shown in figure 30. Recall

that Sng) is the projection of Q; onto the symmetry boundary (parallel to the boundary). This
operator commutes with the half-braiding (193) of S; as argued in figure 31, which means

that the action of all half-braidings on EéQI) is trivial.
Moreover, this canonical operator allows us to express any operator & € V(@(S;) as

&= L(S(()go)) . 8(()Q1) , for some S(()SO) € Hom (Sng),Sl) . (206)
See figure 32 for an explanation. Thus, the operator EéQ1) provides a natural isomorphism

v(@)(s,) 2 Hom 5%, s,) . (207)
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BT 3(S) BT 3(S)

7

géQ1) c V(Ql)(ngl))

Figure 30: The L-dip. Projecting half of an L-shaped SymTFT topological line oper-
ator Q; onto the symmetry boundary 8", results in a canonical end é’éQl) of Q,

along %Zym attached to a topological line defect Sng) of %Zym.

Action of symmetry on 0-charges. We can now describe various types of actions of S on an
end local operator
& € V@(sy), (208)

for some S;. All such actions can be deduced from the following simple action. Consider a

line S € S which does not intersect S; and move it past &. The result of this move can be

represented as shown in figure 33, where we have the end local operator 5(()Q1) emitting Sin)

which is converted into S; by a morphism

(£0,57) & Q Q
Sy " =502 0 5(8)(s)) € Hom (5] @512, 5, 851 ) , (209)
where .
s e Hom(s'%, s,), (210)

is obtained from &, by applying the isomorphism (207).
Any other action can be understood in terms of the above action. For example, consider a
line S7 linking &, such that as it intersects Sy, it converts S; into S{ via a local operator

Sp € Hom(S;" ® Sy, S7 ®577). (211)

This is also known as the lasso action [41,46]. As shown in figure 34, by applying the above-
discussed simple action, we can replace this configuration by a configuration involving end

operator é’éQl) emitting Sng) which is converted into 7’ by a morphism

SSV(Si) o SSSS(Si/’Si*Jsi) ° SO o (SSSS)_I(Si*:SDSi) o S(()go,sl) o SSSS (Si*?si’ngl)) o S(c)oeV(Si*) ,
(212)
in Hom(Sng), S7), where S5V and S3°¢ are evaluation and co-evaluation maps respectively.
Ultimately, all of the information regarding the action is encoded in the bulk topological
line operator Q; that we begin with. We have thus justified the following statement:

Statement 4.3: 0-charges of a symmetry in 2d

0-charges of a symmetry S of 2d theories correspond to topological line operators of the
associated SymTFT 3(S).
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Q1)
S

B3 LA
g(ng) c V(Ql)(ngl))
p
N S(()Ql)(sl) 1
1
géQ]) c V(Ql)(Sng))

Figure 31: There are two ways of performing an L-dip in the presence of a boundary
topological line S;. Equating the two ways implies that the half-braiding of Q; with
S, acts trivially on the canonical end of Q;.

4.4 Examples of 0-charges

We now provide a large class of examples of 0-charges and the action of symmetries on these:
starting with (not necessarily abelian) group-like 0-form symmetries, including the specializa-
tion to abelian groups and including anomalies. We also discuss the representation-category
symmetries. Finally, we study intrinsic non-invertible symmetries given by the Ising category.

4.4.1 Invertible symmetries: General case
Consider a G 0-form symmetry in 2d with a ’t Hooft anomaly

we H H(G®,Cc"), (213)
discussed in detail in example 4.1. Let us compute the Drinfeld center Z(Sé’(o)), or in other

words the possible 0-charges.

Untwisted 0-charges. First of all, let us consider untwisted 0-charges, i.e. those 0-charges
characterizing multiplets containing only local operators in untwisted sector for G0 0-form

symmetry. For such a 0-charge Q;, we have the projection onto EB‘SSY?
G(0)

siW =g psoez, (214)

where Sgid) is the identity line on ‘ngl . The local operator S(()Ql) (Sgg )) can be identified with
G(0)
an endomorphism of nsté ), or equivalently as an endomorphism of a vector space

Vo, ZC". (215)
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Q

Figure 32: Mapping from any &, operator to the canonical operator 6’(()Q1) with a

(&)

o € Hom(Sng),Sl). This is done just by partially projecting Q; below

morphism S
&o-

The condition (195) becomes
Q1) ((c(8)) Q1) (&) _ Q1) (g8
se (589) 550 (s17) = s{®) (58867 (216)

converting V,, into a representation of the O-form symmetry group G©. Thus, untwisted
0-charges are characterized by representations of G(©).

Twisted 0-charges. Now consider an irreducible twisted 0-charge Q., i.e. a O-charge char-

acterizing multiplets containing local operators in twisted sector for G©) 0-form symmetry. For

Q1)
So!

morphisms to exist, we must have

sSW2n BHs®, n>oez, (217)
gelel

where [g] is a conjugacy class of G%). The half-braidings can now be identified as endomor-
phisms of a vector space

_ (8)
Vo, = D Vo! 218)
g<lgl

where each Véf ) > ¢ admits a closed action of
s (s™), nheH, GO, (219)
where H, is the centralizer subgroup of the element g € G, The condition (195) becomes
(1S (sM) s (s3)) = s (s#) (220)
for all h,h" € H,, where

(g,h,h)w(h, 1, g)
)= c* 221
wg(h,h’) w(h.g. 1) eC”, (221)

is a 2-cocycle on Hy, referred to as being obtained by taking the slant product of w with g (see

e.g. [55]). The equation (220) means that V(g‘f ) forms an w,-twisted representation of H,. In

fact, the whole action of G(® on the space Vg, is induced from this w,-twisted representation
of H,. Thus, irreducible twisted 0-charges are characterized by following two pieces of data:
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(E0S)
So I / @)
/

Figure 33: Key action of the symmetry S on the local operators &, at the ends of
topological lines Q; of the SymTFT. This is the 2d version of figure 17, carrying out
the fusion at the end explicitly.

1. A conjugacy class [g] ¢ G©.

2. An w,-twisted irreducible representation R of the centralizer H, of an element g € [g],
where w, is specified in (221).

We denote an irreducible O-charge specified by the above two data as

Full Drinfeld center. We can express the category of 0-charges as

2(8%,) = P Rep®s(H,), (223)
[g]

where the sum is over conjugacy classes of G(*), and Rep®s(H ) is the category of w,-twisted
representations of the centralizer H, of a representative g in conjugacy class [g]. The mor-
phisms are intertwiners of these representations. When there is no anomaly «w = 1, then all
w, =1, implying that we have standard representations of centralizers in (223):

Z(Sg0) = P Rep(H,). (224)
[g]

Q(l[g 1R)

Action of symmetry on O-charges. Consider an irreducible 0-charge . A multiplet

M, of local operators in a S(‘;(O)-symmetric 2d theory ¥, transforming in the O-charge Q(l[g }R)
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Figure 34: Lasso action follows from the general action in figure 33.

comprises of local operators in g-twisted sectors for all g € [g]. The vector space formed by
g-twisted sector operators in the multiplet M, can be identified with the vector space Véf)

appearing in (218). In total, combining the different twisted sector operators together, the

local operators living in the multiplet M, can be identified with the vector space V,,, appearing

in (218). The action of G© on these local operators is identified with the action of GO on
(&)

VQ1 .

4.4.2 Invertible symmetries: Abelian case

For abelian G(?), we can decompose the Drinfeld center as

Z (Sé’(o)) = Vecg;0) X Rep (G(O)) . (225)
That is, the simple topological line operators of the SymTFT 3 (Sé)(o)) can be labeled as

Q¥™, (226)

where g € G© and R is a one-dimensional representation of G© twisted by w g+ Such twisted
representations are in one-to-one correspondence with standard linear representations, as one
can go from one twisted representation to another twisted representation by tensoring with

a linear representation. We can in fact identify the line operators Q(lg’R) in terms of the La-
grangian formulation (81), which takes the following form in this case

5[3(8&0))] = J a, Udb, + A*w(a;). (227)
M;

The identification is as follows:

* The lines Q(lid’R) for various linear representations R of G(©) can be identified with Wilson
lines Wg(a;) in the representation R for the G(®-valued gauge field a;

QU = Wy(ay). (228)

« Similarly, we can try to construct Wilson lines using the G©)-valued gauge field b,, which
requires a choice of a representation of G, or equivalently a choice of an element
g€ GO: W,(b;). However, such a Wilson line is not gauge invariant under bulk gauge
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transformations. This is an effect of the twist term .4*w(a; ). Under bulk gauge transfor-
mations, the line W, (b,) picks up a term which is a function of a;. To cancel this gauge

variation, we have to dress the Wilson line W\g(bl) with another gauge non-invariant

Wilson line for a; transforming in a w,-twisted representation R of G, The combined
Wilson line for b; and a; gauge fields is gauge invariant,

QP = W, (by)Wges (a1), (229)

and in this way we obtain the lines Q(lg B for general g. This alternate construction does

not use information of the symmetry boundary %:SSYF .
G(0)

The different Drinfeld centers (225) for different w but same abelian G© are distinguished
by the spins of the lines Q(lg’R), which is computed as

6(Q¥™)=R(g) e U(1), (230)

where R(g) is the phase by which g acts in the one-dimensional twisted representation R.

4.4.3 Invertible symmetries: Some special cases
Let us discuss the 0-charges for a few special cases of invertible symmetries.

1. Z, without Anomaly: Consider a non-anomalous

G =7, = (id, b), b%=id, (231)

0-form symmetry, where id is the identity element and b is the generator. The repre-
sentations will be denoted by R = =, corresponding to the trivial + and non-trivial —
representation of Z,. In this case, the SymTFT is also known as the toric code model.
We have four irreducible 0-charges:

Q(lid’+) = {Untwisted sector operator with b acting trivially},

Q(lid’_) = {Untwisted sector operator with b acting by a minus sign},

(b.4) (232)
Q;" " = {Twisted sector operator with b acting trivially},
Q(lb’_) = {Twisted sector operator with b acting by a minus sign} .
2. Z, with Anomaly: Since
H3(Z,,C*)=1Z,, (233)

a Z, 0-form symmetry can have a unique non-trivial anomaly w. Let us study 0-charges
for a Z, 0-form symmetry with the non-trivial anomaly. In this case, the SymTFT is also
known as the double semion model. We have four irreducible 0-charges:

Q(lid’+) = {Untwisted sector operator with b acting trivially},

Q(lid’_) = {Untwisted sector operator with b acting by a minus sign}, 234)
Q(lb’i) = {Twisted sector operator with b acting by i},

Q(lb’_i) = {Twisted sector operator with b acting by —i}.

The action of b is %i for twisted sector operators because that is how b acts in irreducible
wy-twisted representations. To see this, choose a representative of «w such that the only
non-trivial evaluation is

w(b,b,b)=—1, (235)
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from which we compute that the only non-trivial evaluation of the slant product wy, is

wy(b,b)=—1. (236)

Consequently the square of the action of b in a w,-twisted representation is —1, implying
that b acts in the two irreducible w;-twisted representations as *i respectively.

3. S3 without Anomaly: For abelian 0-form symmetries, all irreducible multiplets contain
a single operator. However, for all non-abelian 0-form symmetries, one has irreducible
multiplets containing multiple operators, and this happens already in the untwisted sec-
tor. The simplest of non-abelian finite groups is G(® = S5, namely the permutation group
of three elements, which we parameterize as

GO = Sy ={id,a,a? b,ab,a’b}, (237)
with relationships
a®=p%= id, ba = a’b. (238)

Let us consider non-anomalous G(® = S, 0-form symmetry. The irreducible represen-
tations will be denoted by + (trivial), — (sign), E (2d representation). The untwisted
irreducible 0-charges are

Qgid’” = {Untwisted sector operator with (a, b) acting trivially},

Qgid’_) = {Untwisted sector operator with (a, b) acting as (1,—1)}, (239)

Q(lid’E) = {Two-dimensional multiplet (OéE’U, O(()E’Z)) of untwisted sector operators;
with b acting as the exchange (’)(()E’l) — OéE’Z)

and a acting diagonally as (’)gE’l) — w(’)gE’l), (’)E)E’z) — szgE’2) } R

where w is a third root of unity.

In addition to the above, there are two different types of twisted sector charges as there
are two non-trivial conjugacy classes [a] and [b], whose representatives can be chosen
to be a and b respectively. The corresponding stabilizers are

H,={id,a,a®’} =25, H,={id,b}=2,. (240)

Let us discuss first the twisted sector operators associated to the conjugacy class [a]. An
irreducible multiplet involving such twisted sector operators is two-dimensional, with

one of the operators O(()a) being in a-twisted sector and the other operator O(()az) being
in a2-twisted sector. On top of that, we can specify the action of S; on the multiplet by
specifying the action of H, on the operator Oga). We have three irreducible 0-charges of
this type

Q{lH? = {a acting as O — Oga)} ,

Q(l[a]’w) = {a acting as (’)ga) — w(’)ga)} , (241)
Qg[a]’wz) = {a acting as (’)ga) — wZO(()a)} .

Let us now discuss the twisted sector operators associated to conjugacy class [b]. An
irreducible multiplet involving such twisted sector operators is three-dimensional, with

operators O(b), O(()ab), O(()aZb) being respectively in b-twisted, ab-twisted and a?b-twisted
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sectors. On top of that, we can specify the action of S; on the multiplet by specifying
the action of H; on the operator (’)gb). We have two irreducible 0-charges of this type

Q(l[b]’+) = {b acting as O(b) — O(b)}
([bl— (b) (b) (242)
Q; = {b acting as Oy — —0, }

4. Z4 without Anomaly vs. Z, x Z, with Mixed Anomaly: Let us now discuss two cases
of invertible symmetries that have the same set of 0-charges. On the one hand, we have
a non-anomalous

GO = Z4=1{id, q, a’,a®}, (243)
0-form symmetry, for which there are 16 irreducible 0-charges
Q“™, o0<pq<3, (244)

describing a”-twisted sector operators on which a acts as i¢ € U(1). The fusion rules
of the corresponding 16 topological line operators of the SymTFT 3(Sy,) follow group
multiplication of Z, x Z, and their spins are

o (") =ira. (245)

On the other hand, consider
G® =7, x7Z,=1{id,a, b,ab}, (246)
with a mixed ’t Hooft anomaly between the two Z, factors associated to anomaly theory
A;UB,, (247)

where A; and B; are background fields for the two Z, factors. An explicit group-cocycle
w realizing the anomaly is such that the only non-trivial evaluations are

w(X,)’,Z):—l, VXE{Cl,ab}; )’,ZE{b,ab}- (248)

From this one computes the following 16 irreducible 0-charges

Q(lds S = {Untwisted sector operator with (a, b) acting as (s,s’)},

Q(b’s’s ) = {b-twisted sector operator with (a, b) acting as (s,s")},

Q(a Sis) {b-twisted sector operator with (a, b) acting as (s, is’)}, (249
Q(ab S5 {ab-twisted sector operator with (a, b) acting as (s, is")},

where 5,5 € {+1,—1}. The fusions of the corresponding 16 topological line operators
of the SymTFT 3(52’2 ><ZZ) again follow Z,4 x Z, group multiplication and their spins are

0 (Q(lid,s,s’)) =1, 0 (Q(lb,s,s’)) _ S/, 0 (Q(la,s,s')) —s, 0 (Q(lab,s,s’)) —iss’ .
(250)
The fusion rules and spins for line operators of 3(Sz,) and 3(82)2 XZZ) match, implying
that the two Drinfeld centers match

Z(SZ4) Z( 7 XZZ) (251)
and since we are in 3d the two SymTFTs also match
3(82,) = 3(S7,xz,) - (252)
In fact Bg Y™ and B s Y. are two different topological boundary conditions of this
4 Z X7
SymTFT, which can bleeiated by gauging non-anomalous Z, subgroups of these sym-
metries.
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4.4.4 Non-invertible representation symmetries

The simplest examples of non-invertible symmetries in 2d are described by fusion categories
of the form
S =Rep(G®), (253)

for a finite non-abelian group G(®. These symmetries are obtained by gauging non-anomalous
G 0-form symmetry. Consequently the O-charges for (253) symmetry is the same as that for
non-anomalous G© 0-form symmetry, which we computed in section 4.4.1

Z(Rep(G)) = 2(Ss0) = P Rep(H,), (254)
[g]

where the sum is over conjugacy classes of G©, and Rep(H ¢) is the category of linear repre-
sentations of the centralizer H, C G of a representative g in conjugacy class [g].

However, the untwisted 0-charges for S = S become twisted 0-charges for S =Rep(G(?)
and vice versa. For example, an irreducible 0-charge

QU € Rep(Hig) = Rep(G?) € Z(Sgm), (253)

for § = Sg) describes untwisted sector operators transforming in irreducible representation R
of GO, However, for S = Rep(G(O)), the same 0-charge Q(lid’R) describes operators in twisted
sector for the symmetry

s® e 8 =Rep(G?), (256)

corresponding to irreducible representation R.

4.4.5 Intrinsic non-invertible symmetries: Ising symmetries

One can also equally study O-charges of intrinsic non-invertible symmetries, like Ising sym-
metries described in example 4.5. Using this one can directly compute the Drinfeld centers of
these fusion categories. These were also computed via a different method in [56]. Most of the
computation is similar for the two Ising categories SIJSr ing and S g While making statements
that are valid for both of these categories, we will denote them by sting, where s is a sign that
can take any value s € {+,—}.

First consider simple objects of Z(sting) that project to the identity object of sting. Let

the half-braiding (193) of such an object with Sgp) and Sgs) be mp and mg respectively. Then,
we find that mp and mg need to satisfy the following consistency conditions, coming from the

fusion rules in SIS .
sing

m123=1, mpmg = mg, mgzmp=1, (257)
which imply that we have two solutions, both of which have mp = 1, but are differentiated by
mg = +1. We label the two simple objects of Z(S;. ) as

Ising

Q(lid*’i) = {Untwisted sector operator with (Sgp)’sgs)) acting as (1, :lzl)} , (258)
(id,+,+)

respectively. Note that Q;

is the identity object of Z(S;

)
Ising
Second, consider the simple objects of Z(S;, ) that project to the object Sgp). Again, let

mp and mg be half-braidings, but now they have to satisfy the following consistency conditions

m% =1, —mpmg = mg, m% =mp=—1. (259)
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Again we have two solutions, both of which have mp = —1, but are differentiated by mg = +i.
We label the two simple objects of Z(S5. ) as

Ising

Q(lp’_’ii) = {Sgp)-twisted sector operator with (Sgp)’sgs)) acting as (—1, :l:i)} , (260)
respectively.

Third, consider the simple objects of Z(sting) that project to the object Sgs)' Let mp be

the half-braiding with P. There are two half-braidings with S, as such a half-braiding is an
endomorphism of Sgld) ) Sgp). Let (mg 1, mg p) be the half-braiding endomorphism. Now, from
(Sgp))2 = Sfd), we obtain the consistency condition

ms=-1, (261)

where the minus sign comes from the associator S§** (Sgp), Sgs), Sgp)) in (195). From the fusion

rule Sgp) ® Sgs) = Sgs)’ we obtain the consistency condition

mpms’l = —mS,P . (262)

(
1

1 o)__s (1 1)fmg; O 1 1)\(mg; O 1 1

where on the left side we have half-braiding with S gid) @ Sgp), while on the right hand side we

From the fusion rule S ® Sgs) = gid) ® Sgp), we obtain the consistency condition

have three associators and two half-braidings with S gs). The above matrix equation gives rise
to one new condition which can simple be stated as

s
2 _
TTlS,1 = E(l + TTlp) . (264)
Now we obtain a total of four solutions:
. 2mi
mp=i, mgq = vseT ,
18mi
mp=1, m51—\/§elﬁ,
(265)
mp =—1i, mg 1 = Vse6
lami
mp =—i, mgq,=+/se1o

where we have chosen /s = 1,1 respectively for s = 1,—1. We label these four simple objects
of Z(S+ )as

Ising
Q(ls’i’l/ 16) {Sgs)-twisted sector operator with Sgp) acting as i
and Sgs) acting as (621_72,—i621_7g) < End (Sgid) ® SgP))} ’
Qﬁs’i’_7/16) = {Sgs)-twisted sector operator with Sgp) acting as i
and S&S) acting as (e%,_ie%) < End (Sgid) o SgP))} )
(S,—i,~1/16) (s) ) ) (266)
Q" = {51 -twisted sector operator with S; ~ acting as —i
Q719 = {5

1 1 -twisted sector operator with S&P) acting as —i

and S&S) acting as (e%ﬁ, ie%ﬁ) € End (Sgid) o Sgp))} ,
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—  c® = ($)
OS:11/16) 51 O(S:1,1/16) S
0 0

() ()
51 S} s

S(S)
_ ¢27i/16 S(S) + (_i)ezm/m !

5
(S,i,1/16) 1 (8,i,1/16) | o(P) 1
(90 (’)0 S)
S%S) Sgs)

Figure 35: Action of S%S) on an S&S)-twisted sector operator (’)gs’i’l/ 16) transforming
(8,i,1/16)

in O-charge Q;

and the corresponding four simple objects of Z(S; g) as
Q(ls,i,s/ 16) — {S&S)-twisted sector operator with Sgp) acting as i

10mi

and Sgs) acting as (eT,_ie%ﬁ) < End (Sgid) ® SgP))} )

Q(ls’i’_3/ 16) _ {S&S)-twisted sector operator with Sgp) acting as i

and S&S) acting as (e%,—ie%) € End (Sgid) ® Sgp))} ,
Q(ls’_i’g/m) = {Sgs)-twisted sector operator with Sgp) acting as —i (267
and Sgs) acting as (e%, ie%) € End (Sgid) ® SgP))} ’
QSS"i"S/ 16) — {Sgs)-twisted sector operator with Sgp) acting as —i
and 555) acting as (e#,ie$) < Fnd (Sgid) @Sgp))} _
Notice that Sgs) acts on such an Sgs)-twisted sector operator by two U(1) valued phase factors.

This statement may seem confusing and so we clarify its meaning in ﬁgure_ 35.
Finally, consider simple objects of Z(S;. ) that project to the object Sgld) ® Sgp). The half-

Ising
braiding of such an object with Sgp) is an endomorphism of Sgld) ) Sgp), which we denote as
(mq, mp). The half-braiding with Sgs) is an endomorphism of 2555), which we denote as the
matrix
(m1,1 m1,p) ) (268)
le mRP

where m; ; describes sub half-braiding

s @i, 5 g gls) (269)
m, p describes sub half-braiding

s @ sl 5P @ 5l) (270)
mp, describes sub half-braiding

s @5t stV g gl 271)
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and mpp describes sub half-braiding
s es? 5P esls)

From (Sgp))2 = Sgid), we obtain the consistency conditions

From S&S) ® SEP) =S gs)’ we obtain the consistency conditions

mpim) =myy,
—my pm; =myp,
MpiMp = Mpy,

—me mp = mRP .
From Sgs) ® S%S) = Sgid) o S%P), we obtain the following consistency conditions

mymy1+mypmp; =1,
Mp1Mmyp—MppMpp =1,
my ymy p+my pmpp =0,
my ymp; —Mmppmp; =0,
mp My — My pMp; =My,
Mp1My p + MppMpp = Mp,
my 1My p—mypmpp =0,

ml,lle + mRPle =0.
A solution of these equations which is not a direct sum of previous solutions is

ml’lszPZO, ml’p:mp’]_:l, —m1=mp=1.

(272)

(273)

274)

(275)

(276)

This simple object of Z(S;,, g) corresponds to an irreducible 0-charge describing a multiplet

composed of an untwisted sector local operator Ogid) and an Sgp)

O(()P). We denote the object by

Q(lideep’%ex) = {Sgp) acting as ((’)Sd), O(()P)) — (—Oéid), (’)ép))

and S%S) acting as the exchange (’)gd) — (’)gp)} .

-twisted sector local operator

277)

Note that including this simple object, we reproduce the total quantum dimension 16 for

Z(S$. ). Thus, we have found all isomorphism classes of simple objects in Z(S).

Ising

Example 4.6: 0-charges in the Ising CFT

All of the above 0-charges for the Ising symmetry S;.  discussed above are realized

Ising

by conformal primary operators in the 2d Ising CFT, which admits the Ising symmetry.
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See [41] for a table of these operators. The 0-charges for these operators are

Q(id,+,—) - {Energy operator e} >

Q(P D = {Operator 1) with spin-1/ 2} ,
Q(P_ ) = {Operator v with spin-1/ 2} ,
Q(S 41/16) — {Operator s with spin ezm/le} ,
(S L=7/16) — {Operator A with spin e~ 147/ 16} , (278)
Q(S —im1/16) {Operator § with spin e—2m/16} ,
Q(S —17/16) — {Operator A with spin e'#™/ 16} ,
Q(ldep ) {Multiplet (o, u) of spin/order operator o

and disorder operator u} .

There is an interesting consequence for the operator spectrum that we can deduce from
the study of 0-charges:

Statement 4.4: Order operator exists iff disorder operator exists

Consider an Ising-symmetric 2d QFT ¥, admitting an untwisted sector local operator
(’)go) charged non-trivially under the Z, subsymmetry of Ising symmetry generated by
Sgp). From an analysis of the 0-charges, we see that such an operator must transform
in the 0O-charge Q(lideap’?’ex), and hence must arise in a multiplet (O,,0,,) of two local
operators, where the other operator O,, lies in the twisted sector for the Z, subsymmetry,

and is uncharged under the Z, subsymmetry.

4.5 Symmetry boundaries and gauging

In this subsection, our aim is to discuss general methods using which one can determine differ-
ent topological boundary conditions of a 3d SymTFT 3(S). Such boundary conditions can be
used as symmetry boundary conditions for the same SymTFT 3(S). We discuss two different
methods:

1. The first method involves beginning with the symmetry boundary ‘Bfgm and gauging the
S symmetry of it. Different gaugings lead to different topological boundary conditions of
3(S). Aswe will discuss later, mathematically, this involves determining indecomposable
module categories of S, or equivalently special types of algebras in the fusion category
S.

2. The second method uses the fact that a topological boundary condition B8P of 3(S) is
specified by specifying which topological line operators of 3(S) can end on B'P. Thus,
this method relies only on the knowledge of the center Z(S) but not the fusion category
S itself. As we will discuss later, mathematically, this involves determining Lagrangian
algebras in the Drinfeld center Z(S).

Apriori, the second method might seem more general than the first, as the first method can
only produce topological boundary conditions of 3(S) that may be obtained by gauging the
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sym sym sym  __ sym sym
B B BIT = B B
SleS IleMS,S’ Sl ®11€M3’3/

Figure 36: A topological line S; on ‘B;ym can act on an interface I; between ‘Bfgym
and %‘Ssy,m to give rise to another interface between the two boundaries.

boundary %gm. However, for 3d SymTFTs, it is a general fact that all topological boundary
conditions are related by gaugings. So the above two methods are equivalent.
Let us discuss the two methods in detail below.

4.5.1 Method 1: Topological boundary conditions by gauging

We are interested in gauging the S symmetry of %fgm to produce another topological boundary
condition %‘Ssy,m This problem was discussed for a general two-dimensional system in the
language used in this paper in [15]. Here we briefly review the key concepts involved and
refer the reader to [15] for more details, where the reader can also find more mathematical
references.

We can approach this problem from the point of view of the fact that if ‘Bfgym and ’Bif’/m are

related by gauging, then there exist topological interfaces between them. The collection of
all such topological interfaces forms an indecomposable module category Mg s of the fusion
category S. Let us quickly justify this statement. The fact that the topological interfaces form a
1-category M s is straightforward: different interfaces describe objects of the category and
interface changing local operators describe morphisms of the category. Moreover, a topological
line operator of %fsym may act on such an interface to produce another interface. This action
converts the category Mg s of topological interfaces into a (left-)module category for the
fusion category S describing topological line operators of %;ym. See figure 36.
The topological line operators of %fg,m, which are valued in the fusion category S’, act in a
similar fashion, thus converting M s into a right module category for S’. An equivalent way
of stating this is that S” describes endofunctors of the category Mg s/ that commute with the
action of S on Mg 5. This provides a way of deriving the symmetry S’ from the knowledge
of the indecomposable module category M s/ of S.

One can also directly perform the gauging. The idea is that the gauged boundary %f;’,m
is obtained from %;ym by inserting a fine-enough trivalent mesh of topological operators of
‘stym. We require that the size and shape of the mesh is irrelevant, i.e. correlation functions
of the mesh do not depend on the size and shape. Then, we can make the mesh arbitrarily
dense and think of %fsym with infinitely dense mesh as a new topological boundary condition
%fg,m. See figure 37.

Such a mesh can be produced by choosing an algebra

A= (Al)AI(:’)’ABp) > (279)
in the fusion category S, where A is a (possibly non-simple) line defect in S and
Ay A ®A — A,

Ay A oA ®A,

(280)
are local operators providing trivalent junctions for the line A;. These junction operators are

required to satisfy the conditions shown in figure 38, which ensures that changing the size and
shape of a mesh built using algebra A does not impact correlation functions of the mesh.
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%fgym %sym %syrn

7 S'

Figure 37: If the correlation function of a fine-enough mesh of topological lines of
SBfSym is independent of how dense the mesh is, then ‘B?m with mesh can be un-
derstood as a new boundary %fg,m. The intuitive idea is that ’B?/m is obtained by
taking an infinitely dense mesh on 8%, but by the above property that is the same

as having a fine-enough but finitely dense mesh on %;ym.

1 Al Al Al

A A A
AP Ay AP /1P
Ag Ag 0 AP = /AP 0
0 0
Ay Ay

=}
Il

Al Al Al
p p
AO AO
cp cp
AO AO
A Ay A A A A

Figure 38: Consistency conditions on the algebra A= (Al,Ag,Af)p).

Now, we have two different descriptions of gauging: one in terms of topological interfaces
M s, and the other in terms of a mesh A of topological operators of Sstym. These two de-
scriptions are equivalent. A topological interface can be described in terms of the algebra A as
a (possibly non-simple) topological line M; € S of %fsym where the mesh can end. There are
two types of ends, described by local operators M, M," € S

M(I)): M1®A1—>M1,

My : M, - M;®A.

(281)

See figure 39.

Different ways in which the mesh can end must be equivalent, which means that the local
operators M’ Mgp satisfy conditions shown in the figure 39. Now, a topological interface in
the category M s is obtained from the information

M = (M, My, M), (282)

by taking the limit of infinitely dense mesh in the presence of M as shown in figure 40.
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M, M, A
M, Mg?
M A M,
M, M, M, A A M, A A
Mg _ M, M B
My M - M
My Ay Ay M, Ay A M, M,

Figure 39: Two types of ends of the algebra object A; on the topological line defect
M;, and the consistency conditions satisfied by these ends.

sym sym sym sym sym sym
BY BY B B B BY

M, M, M,

Figure 40: Placing a mesh of A in the presence of a line operator M; participating in
a right module M of algebra A).

Mathematically, M is called a right module of the algebra A in the fusion category S. Thus,
the left module category M s of the fusion category S is obtained as the category of right
A-modules Mod,(S) for an algebra A in the fusion category S

MS,S’ = MOdA(S) . (283)

Similarly, the line operators on the topological boundary %fg,m can be understood as line op-
erators of %?m on which the A mesh can end from both sides. Let B; € S be such a (possibly
non-simple) topological line operator. Then we need topological operators providing ends of
Aon B,

B’: B;®A; — By,

B;*: B;—B;®A,

1,
Bop: A1®B1 —)Bl,

B;: B, —A ®B,

(284)

which satisfy the module conditions for A from both left and right sides of B, along with extra
conditions shown in figure 41. Together these conditions allow taking the limit of infinitely
dense mesh.
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B, B, Ay B A A B A
A, B A A B A B, B,
A By A By A B A By

B, A B, A B, A B, A

Figure 41: Extra conditions converting a left and right module into a bimodule for
the algebra A. We omit the labels for the morphisms, but any A; line ending from the

left (right) gives rise to Bé(r), etc.

Mathematically, the collection

B =(By,B", B, BP, BiP), (285)

is known as a bimodule for the algebra A and thus we can identify
S’ = Bimod,(S), (286)

where the right hand side denotes the category of A-bimodules in the fusion category S.
Let us discuss some examples of gaugings via this method.

Example 4.7: Gaugings of invertible symmetries

Consider a G© 0-form symmetry with a ’t Hooft anomaly [w] € H3(G®, C*). Its possible
gaugings are described by following two pieces of data:

1. A subgroup H € G'© that we would like to gauge. This is only possible if the ’t
Hooft anomaly restricted to H is trivial, i.e.

[w]ly =0€H3(H,CX). (287)

2. A discrete torsion [ 3] for the gauging, which is an equivalence class of 2-cochains
on H valued in C* whose representatives satisfy

6p =wly, (288)

where w is a fixed representative 3-cocycle of the class [w]. The equivalence rela-
tion between such 2-cochains is

B~p+6y, (289)

for 1-cochains y on H valued in C*.
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We can obtain this classification of possible gaugings of the symmetry Sco:(O) by computing
both module categories of Sg(o), and by computing the possible algebras in Sé’(o). Below,
let us roughly sketch how these two computations proceed.

First of all, consider an indecomposable module category M of Sé’(o). The group G©
acts on simple line operators in M. Pick a simple line M; € M. Let H be the subgroup
of G which leaves M; invariant. In the language of [1], H is a O-form symmetry of line
M, induced from the bulk G(¥) 0-form symmetry. In order to derive the restriction (287),
let us look more closely at the action of this induced O-form symmetry. Let M(gh) forhe H
be local operators implementing the action of H on the line M;. These local operators in

general have the fusion

() ) — (hh')
My"M," = p(h,h )M, ", (290)

for a 2-cochain f on H valued in C*. The associativity of the action of H induced sym-
metry leads to equation (288), which implies (287). We can modify

Mg — y(hmg”, (291)

for a 1-cochain y on H valued in C*, which changes 8 according to the equivalence
relation (289), but does not modify (288). Thus, we have recovered the classification of
possible gaugings of Sg’(o) from the point of view of its module categories. Before moving
on, let us note that for the case without any ’t Hooft anomaly [«w] = 0, the equivalence
class [8] € H?(H,C*) describes a ’t Hooft anomaly of the induced H 0-form symmetry
on the line M;.

Now, let us discuss algebras A of Sg’(o) for such gaugings. For gauging H € G(¥, the
line operator comprising the algebra is

A =Ps. (292)
heH

The algebra product Ag involves morphisms
st g M) _, glhH) (293)

which we take to be B(h,h’) € End(Sghh/)) = C*. The associativity of Ag shown in figure
38 implies the condition (288), which further implies (287).

Example 4.8: Gaugings of representation symmetries

Consider a symmetry associated to a representation category of a finite group
S = Rep(G?). (294)

This is obtained as dual symmetry after gauging a non-anomalous G(®) 0-form symmetry
in 2d. As such, its possible gaugings should coincide with possible gaugings of S;) sym-
metry discussed in the previous example, where we saw that such gaugings are classified
by following two pieces of data

1. A subgroup H € G,

2. An element [f3] € H2(H,C*).
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Indeed, it is easy to construct module categories for Rep(G(?)) corresponding to the above
two pieces of data. We begin with the category

ReptPl(H), (295)

of projective representations of H in the class []. A linear representation Ry; of H acts
on such a projective representation R’ by tensor product

R' - Ry ®R/, (296)

such that the resulting projective representation Ry ® R’ is also in the class [3]. We can
thus act a representation R of G®ona projective representation R’ of H by decomposing
R into a representation Ry of the subgroup H and then acting Ry; on R’ as in (296).

In general, these gaugings of Rep(G(?) are generalized gaugings of non-invertible
symmetries. For example, the gauging corresponding to module category Vec associated
to H =1 and [] = 0 converts Rep(G(?)) symmetry into dual non-anomalous G© 0-form
symmetry. For non-abelian G(®, Rep(G?) is a non-invertible symmetry and the above
gauging is necessarily a generalized non-group-like gauging of non-invertible Rep(G®)
symmetry.

Example 4.9: Gaugings of Ising symmetries

. . . .. sym
there is a unique topological boundary condition ‘B Siing of

the SymTFT 3(Slssing) upto isomorphisms/dualities. One can gauge the Z, subsymmetry

For an Ising symmetry S’

Ising’

of Ising symmetry generated by Sgp), but the resulting topological boundary condition

of B(Slssing) is isomorphic to %fgsm and carries a dual symmetry that is again the same
Ising

Ising symmetry sting. See [57] for a classification of module categories of Ising fusion
categories.

4.5.2 Method 2: Topological boundary conditions from the SymTFT

Another method for characterizing a topological boundary condition B*P of a 3d TQFT 3 is in
terms of the bulk topological line operators that can end on the boundary B*P. This method
does not involve knowledge of another topological boundary condition of 3 to produce B%P.

Let A(la) for various a be the simple line operators of 3 that can end on B"*P, and let V,, be

the vector space of topological local operators lying at the end of A(la) along B'P. From this
information, we can define a line operator A; of 3 as

A =PvAY. (297)
a

As discussed in figure 42, the fusion of these local operators lying in V, provide a product
operation Ag on the line A;. As the fusion is associative, (Al,Ag) defines an algebra A in the
category Z of topological line operators of the 3d TQFT 3. There is further structure on the
algebra A. We can first braid the ends and then fuse them, and this should be the same as fusing
them without braiding, meaning that the algebra A needs to be commutative. See figure 43.
Finally, there is a technical condition requiring that A must be a maximal algebra satisfying
the above conditions. Imposing all these requirements, we can recognize A as a Lagrangian
algebra in Z, leading to the following statement
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Figure 42: Fusion product on the A-lines.

Statement 4.5: Topological boundary conditions from Lagrangian algebras

Topological boundary conditions of a simple 3d TQFT 3, modulo stacking with invertible
2d TQFTs, correspond to Lagrangian algebras of the modular fusion category Z formed
by topological line defects of 3.

An important condition that is extremely helpful in identifying the various possible La-
grangian algebras is that the line A; comprising a Lagrangian algebra A has the property that

dim(4;) = y/dim(2), (298)

where dim(A, ) is the quantum dimension of the line A; and dim(Z) is the quantum dimension
of the category Z which is defined to be

dim(2) = (dimQ®)’, (299)

a

where Q(la) are different simple lines of Z. Now consider any topological boundary ’Bfgym of 3.
Let S be the fusion category describing symmetry category of B3, which allows us to express
the bulk 3d TQFT as the SymTFT for S symmetry

3=3(5), (300)
and the category of bulk topological lines as the Drinfeld center for S

Z=2Z(S). (301)
Then, using the general fact that

v dim(Z2(8)) = dim(S), (302)

we can rewrite the condition (298) for a Lagrangian algebra A associated to an arbitrary topo-
logical boundary condition B"P of the SymTFT 3(S) for S symmetry as

dim(A;) = dim(S). (303)

Let us discuss some computations of topological boundary conditions via this method.
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N\

A A A Ay

Figure 43: Braiding the ends of A; and then fusing them should be the same as simply
fusing them. This implies commutativity of the algebra A;.

Example 4.10: Topological boundary conditions of 3d DW gauge theories

Consider a 3d gauge theory for a finite gauge group G© without any DW twist. This
theory is the SymTFT 3(S¢() for a non-anomalous G(© 0-form symmetry of 2d theories.
As discussed earlier, the simple line operators of this 3d TQFT can be labeled as

Q¥ (304)

where [g] is a conjugacy class of G® and R is an irreducible representation of the cen-
tralizer H, € G of a representative g € G of the conjugacy class [g]. The quantum
dimension of such a line operator is

dim (Q(l[gl’“) = size([g]) x dim(R), (305)

where size([g]) is the number of elements of G'*) in the conjugacy class [¢] and dim(R)
is the dimension of the vector space underlying the representation R.
The symmetry boundary condition %‘ssyrg) of 3(S;w) realizing non-anomalous G
G

0-form symmetry is obtained by choosing a Lagrangian algebra A” whose underlying line
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operator is

R =P, (306)
R

where [id] is the conjugacy class containing only the identity element id of G®, whose
centralizer is Hy = G, and the sum is over all irreducible representations R of G©. It
is straightforward to see that the condition (303) is satisfied, as we have

dim(A?) = dim(Ss0) = |G|, (307)

where |G(O)| is the order of the group G(©,

On the other hand, the symmetry boundary condition B>™

Rep(G() of 3(Ss() realizing

S =Rep(G®), (308)

symmetry is obtained by choosing a Lagrangian algebra AN whose underlying line oper-

ator is .
A =P, (309)
[g]

where the sum is over all conjugacy classes of G® and id is the identity representation
of each centralizer H ¢+ Again the condition (303) is satisfied, as we have

dim(A)) = dim(Rep(G)) = |G| . (310)

Other topological boundary conditions of 3(Sgw) involve both non-trivial conjugacy
classes and non-trivial representations of centralizers. See [58] for the full classifica-
tion, which also discusses the case of non-trivial DW twist [w] € H3(G®, C*).

Example 4.11: Topological boundary conditions and defect group

It is illustrative though to study all topological boundary conditions for abelian G(© with-
out any DW twist. In this case it is well-known that the topological line operators of the
bulk DW theory 3(S;0)) are parametrized by the defect group (the terminology was
introduced in [59]) which is the product of the group and its Pontryagin dual

L=G9x GO, (311)
The lines can be labeled as
Q¥¥,  gec®, zegO. (312)
There is a pairing on £
n: LxL-UQ), (313)
which is given as
A . g(g")
n((g,8),(¢,8)) ==, (314)
( ) g'(g)
where
g(gHeu(n), (315)
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is the action of g’ in one-dimensional representation labeled by g of G(®.

The various topological boundary conditions are obtained by choosing a Lagrangian
subgroup A (also called polarization) of the defect group £, which is a maximal subgroup
of £ on which the pairing 7 trivializes

nla=1. (316)
We can describe A also as
A=(H,0), (317)
where
Hc GO, (318)
is a subgroup and
0: H-H, (319)

is a homomorphism. The subgroup H is obtained as
H = mg(A), (320)

where
o : L=GO x GO - GO (321)

is the projection from L to its G factor. For the homomorphism 6, pick an element

(h,8)eA, heH, geGO, (322)
and specify R
0(h) =iy(8), (323)
where R
iy: GO -H, (324)

is the Pontryagin dual surjective map to the injective map
iy: H—GO, (325)

corresponding to the choice of subgroup H of G(?). The homomorphism 6 is well-defined
and does not depend on the choice of the element (h, g) € A. Moreover, the fact that 1
trivializes on 6 translates to a condition

(h)(h)O(KW )W) =1€U(1), (326)
which means that 6 describes an element
[B]l€H*(H,U(1)). (327)
The two are related as follows [9]:
O(R)(H') = B(h,h)B(H, ). (328)

Let us label the topological boundary condition of 3(Sg;()) obtained from the polar-
ization A as B”". The boundary condition

Sym  __ mA
B =B, (329)
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recovering the non-anomalous G(® 0-form symmetry is obtained from polarization

Ap = {Q*¥|g € G0}, (330)

An arbitrary B” is obtained by gauging of G(*) symmetry of B*>. The subgroup H being
gauged is precisely the one described in (320) and the discrete torsion [f3] involved in
the gauging is described in (327).

Example 4.12: Topological boundary conditions of 3d doubled Ising TQFT

Consider a doubled Ising TQFT in 3d, which is the SymTFT for an Ising symmetry in 2d.
Its topological line operators were discussed in section 4.4.5. We claimed earlier that

there is a single topological boundary condition, which is the symmetry boundary SB‘SSySm

. Ising
The line operator underlying the corresponding Lagrangian algebra A" can be deduced
from the Drinfeld center description of the bulk topological lines. From the discussion

in section 4.4.5, we know that the only bulk lines that can end on %Z{m are Q(lid’+’+),

Ising
Q(lld’+’_) and Q(lldeap’jF’eX), and there is only a one-dimensional space of topological local
operators that can lie at the end of each such bulk topological line along the boundary

SB‘SS{m . This means that the topological line operator underlying A8 must be

Ising

Allsing — Q(lid,+,+) ® Q(lid,+,—) ® Q(lidGBP,:F,ex) ) (331)

We can easily check that the condition (303) on the quantum dimensions is satisfied.

5 Generalized charges and SymTFT ind = 3

In 3d, a general (possibly non-invertible) symmetry S is described by a fusion 2-category. The
study of such 2-categorical (and higher-categorical) symmetries in non-topological quantum
field theories was initiated in [8], with many subsequent followups exploring and developing
the structure further [9,10,21,60-64].

The associated SymTFT 3(S) has been studied for arbitrary fusion 2-categories by [65,66]
which we could refer to as the Douglas-Reutter-Walker TFT, while some special cases have
been studied long ago [67,68] going under the name of the Crane-Yetter construction.®

We will discuss 1-charges and 0-charges of such symmetries in this section. The Drinfeld
centers of fusion 2-categories have been studied by [36,70-73].

5.1 Fusion 2-Categorical Symmetries

Consider a symmetry S in 3d given by a fusion 2-category — for a mathematical background see
[20,65]. The topological operators have now an extra layer compared to the fusion category
case:

* Objects, which are topological surface operators: Sga).

3In the condensed matter literature, the corresponding constructions of lattice models flowing to these 4d TFTs
was provided by Walker-Wang [69] for the Crane-Yetter case.
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* 1-Morphisms, which are topological line operators. These are Sga’ﬂ ) lines in

Hom(Sgo‘),Sg3 )). These form a 1-category.

* 2-Morphisms, which are topological local operators, which form a vector space, i.e.
5 & Hom(s(®, 54

In each dimension of topological defects we have a fusion product

(@) B) — afcly)
s e s = Q?NY s, (332)
And given two lines
s12, g, @
323) %2) ?3) (333)
N D
we have a composition operation, which can be understood as fusion along the surface ng),
to produce a new line
S @ sV sV 5P, (334)
2
There are various coherence relations for whose details we refer the reader to [65].
A recent classification result [72] states that any fusion 2-category is gauge/Morita equiv-
alent to a fusion 2-category of the form

2—Vec?

co) X Mod(B), (335)

where 2—Vecg(o) describes a G® 0-form symmetry with anomaly w, and Mod(B) is the fusion
2-category formed by module categories of a non-degenerate braided fusion category B. As a
corollary, since Drinfeld center is Morita equivalent, we learn that all Drinfeld centers of fusion
2-categories are of the form

Z(2—Vecg,)® Z(Mod(B)), (336)

but Z(Mod(B)) is trivial as B is non-degenerate. In conclusion, the Drinfeld center of any
fusion 2-category is of the form
Z(2— Vec‘(‘;(o)) ) (337)

which we described already in section 3.3.3.
A few examples of such symmetries are discussed below.

w

Example 5.1: O-form symmetries with anomaly in 3d: 2-Vec ¢

Consider a finite 0-form symmetry group G'*) with a ’t Hooft anomaly
w e HY(GY,c"), (338)

in 3d. The associated fusion 2-category is

S = 2-Vecg, - (339)
The distinct simple topological surfaces are
s, gec, (340)
with fusion
sBesP =gt ¢ hec®. (341)
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The only lines are along each surface Sgg ), i.e. 1-endomorphisms of Sgg ). Thereisa single
simple line

s, (342)

upto isomorphism on S (g), which is the identity line on Sgg).

The anomaly w describes coherence relations generalizing the associator involved in
the 2d case discussed in example 4.1.

For these fusion categories, we argued that the center is given by (144), which was
discussed also in [36].

Example 5.2: 2-representation and 1-form symmetries: 2-Repgo)

Gauging non-anomalous G© 0-form symmetry in 3d, leads to
S = 2-Rep(G?), (343)

symmetry. If G is non-abelian, then this is the fusion 2-category associated to a non-
anomalous
¢ =GO, (344)

1-form symmetry; i.e.
2-Rep(G(0)) =Scw = 2-Vecg) . (345)

If G© is non-abelian, we can understand it as the fusion 2-category associated to a non-
invertible Rep(G®) 1-form symmetry.

The symmetry 2-Rep(G?) always involves non-invertible simple surfaces. The full
list of distinct simple surfaces is provided by irreducible 2-representations of G(*), which
are characterized by following two pieces of data:

1. A subgroup H € G©,
2. An element 3 € H2(H,C>).

See [9,10] for more details.

These surface operators can be understood as being obtained by gauging G or
Rep(G©) 1-form symmetry on an identity surface in 3d spacetime, and are thus referred
to as condensation defects.

Unlike 2-Vecy,,, the symmetry 2-Repg( involves line operators between distinct
simple surfaces. These lines correspond to intertwiners between the two irreducible 2-

representations corresponding to the two simple surfaces.

Example 5.3: General non-invertible 1-form symmetries

In the previous example, we saw the appearance of a Rep(G(®) 1-form symmetry, which is
non-invertible for non-abelian G(?). A general non-invertible symmetry in 3d is associated
to a braided fusion category B3 describing the line operators generating the symmetry. The
associated fusion 2-category describing such a symmetry is

S(B) = Mod(B), (346)
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in which surfaces correspond to module categories of 5. All of these surfaces can be
obtained by condensing the lines in B. Indeed, module categories describe the possible
gaugings of lines along a two-dimensional surface. See section 4.5.1 for more details.

Example 5.4: 2-groups and their 2-representations

Above we have discussed the fusion 2-categories associated to 0-form and 1-form sym-
metry groups in 3d. Generalizing these, if we have a G®) 2-group symmetry in 3d with
’t Hooft anomaly

w € HYBGY, ), (347)

then the corresponding fusion 2-category is

Sa)

o = 2-Vecy

S (348)

A general simple surface in this 2-category is obtained by gauging appropriate subgroups
of 1-form symmetries on the surfaces generating 0-form symmetries.
Similarly, gauging a non-anomalous G® 2-group symmetry, we obtain a symmetry

S = 2-Rep(GP), (349)

in which surfaces are described by 2-representations of the 2-group G®. The key differ-
ence from the case of 2-Rep(G?) is that now not every surface is a condensation surface
obtained by gauging line operators! Examples of such type were discussed at length
in [9].

5.2 Generalized charges for Z, 0-form symmetry

Consider non-anomalous Z, 0-form symmetry in 3d, for which the associated fusion 2-category
is
SZ(ZO) = Z-VeCZ2 s (350)

whose simple objects up to isomorphisms are
bi _ [l g 1
0bj(S,0) = {859,557}, (351)

where ng) is the topological surface operator generating the Z, 0-form symmetry of the 3d

symmetry boundary Bz}fr\r/leczz of the associated 4d SymTFT Z(2-Vecy, ).

The generalized charges for this symmetry are described by the Drinfeld center
Z(2-Vecy,) = 2-Vecy, ®2-Rep(Z,). (352)
Its simple objects upto isomorphisms are
Obj( Z(2-Vecy,)) = {@J”, @5, @}, @)™} , (353)

where Q;ZZ) generates the 2-Rep(Z,) factor and Q(zv) generates the 2-Vec; factor. These

objects describe different 1-charges, whose physics is discussed below.
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Projection onto the symmetry boundary B>

. The above simple topological lines of

Z(2-Vecy,) project onto the symmetry boundary Bz. Vec, carrying the Z, 0-form symmetry as
2

(Z9)

(i) _, (Q(‘d)) ~ g04) Z) _, (Q ) ~ o aid)
QS V=gl Q;* = 2559,
W) _, (Q(V)) V) WZy) _, (Q(VZ”) W) (354)
Q, 2IESs, Q, =2S,".
Note that both topological surface operators S, (4 and S, ) on the symmetry boundary 82 Vecy,

are straightforwardly recovered via such a projection of bulk surfaces. This fact does not hold
quite so straightforwardly for a non-abelian G(® 0-form symmetry, simply because surfaces
in a 4d SymTFT must have commutative fusion rules, while the surfaces on the boundary
generating G(® 0-form symmetry have non-commutative fusion rules.

5.2.1 1-charges

1-charge Q(ld). This is the trivial 1-charge and corresponds to the identity topological surface

operator of the 4d SymTFT Z(2-Vecy,). Its ends along the 3d symmetry boundary 82 Vees,

correspond to topological line defects of B\, . In this case, the only topological line defect

2-Vec
is the identity line defect, so the only possible end is

g0 — gl ¢ Sy (355)

Thus a multiplet ./\/l(lid) of line operators of a Z, 0-form symmetric 3d theory T, transforming

in the 1-charge Q(zid) comprises of a single simple genuine line operator
o9, (356)

on which the Z, 0-form symmetry acts trivially.

1-charge QgZZ). The defect Q(zzz) ends on the boundary B;}_’I\I/lecz , with the ends given in terms
2

of two choices of lines
gFIE (357)

This follows from the fact that the projection of Q(ZZ) is 25, (d) 55 discussed in (354), and ZSgd)
has two simple 1-morphisms to the trivial surface Sg 4,
Correspondingly, a multiplet MgZZ) of line operators of a Z, 0-form symmetric 3d theory

%, transforming in the 1-charge QgZZ) comprises of two simple genuine line operators
OP®) (358)
The action of Z, 0-form exchanges the two simple genuine line operators

zy: O o) (359)

There are no ends of the surface operator Q(zzz) along Bzyac that are attached to non-
Vecz,

. This is because its projection ZSgd)

trivial topological surface defects of B2\ admits no

2-Vec

1-morphisms to ng). Thus the multiplet ./\/l(1 2) does not contain any twisted sector line oper-
ators.
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1-charge Q;V). There is only one end

N, (360)
of the surface operator ng) along the symmetry boundary Bz}ﬁecz for Z, 0-form symmetry.
2

Additionally, the topological line operator Siv) is attached to the non-trivial topological surface
) sym
operator S, ° of BZ—VecZ .
2
Thus a multiplet /\/lgv) of line operators of a Z, 0-form symmetric 3d theory ¥ transform-

ing in the 1-charge Q(ZV) comprises of a single simple line operator
o, (361)

which lies in the twisted sector for the generator ng) of the Z, 0-form symmetry. In particular,
Ogv) lies at the end of the topological surface operator

D" :=0o(s{"), (362)

of the underlying theory ¥ generating the Z, 0-form symmetry that converts the 3d theory ¥
into a Z, 0-form symmetric 3d theory T, determined by a functor

o: S

Z(o) —> S‘I , (363)
2
where S is the symmetry 2-category of ¥. If Dév) is a non-trivial topological surface operator,
then Ogv) is a non-genuine line operator living at the end of the surface operator ng). On the
other hand, it is possible for ng) to be the trivial topological surface operator ng) (i.e. when
the Z, 0-form symmetry is non-faithful), in which case Ogv) is a genuine line operator.
The action of Z, on Ogv) is trivial.

1-charge Q(ZVZZ). This is a combination of the above two 1-charges. There are only two
possible ends

5§VZz)(i) ) (364)

of the surface operator Q(ZVZZ) of Z(2-Vecy, ) along B;@ecz . Both of the topological line oper-
2

Zo)(%)

ators Efv are additionally attached to the non-trivial topological surface operator ng) of

B .
2-Vecz,

Correspondingly, a multiplet /\/l(l‘/ZZ) of line operators of a Z, 0-form symmetric 3d theory

2)

¥, transforming in the 1-charge ngz comprises of two simple line operators

OVE), (365)

which lie in the twisted sector for the generator ng) of the Z, 0-form symmetry. These opera-
tors are either non-genuine or genuine depending on whether or not the Z, 0-form symmetry
of T, is realized faithfully.

The action of Z, 0-form exchanges the two simple twisted sector line operators

ZZ : O&VZZ)("') —> O%VZZ)(_) . (366)
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5.2.2 O0-charges

0-charges correspond to 1-morphisms in the Drinfeld center 2-category (352). First of all, the
simple 1-endomorphisms (upto isomorphisms) of various simple objects are

End (Q(?) = {@!”,Q{”} 2 Rep(z,),

End (Q(Zz)) {Q(Zz ;id) Q(Zz )} o~ VEC(ZZ) ,

End(QY"”) ={@{""",@{""} = Rep(z,),
End (Q(VZZ)) {Q(VZZ ld)7 Q(sz )} ~\ec(Z,).

(367)

The endomorphisms of the identity defect di) should be thought of as genuine line defects
of the Drinfeld center.
Then we also have simple 1-morphisms (upto isomorphisms) between different simple

objects, which are
Hom (@0?, Q%) = {Q1**)} 2 Vec,
Hom (Q(V) Q(sz)) {Q(V VZz)} ~\/ec.

Below, we discuss the physics of the corresponding 0-charges.

(368)

Projections. The projections of these lines onto the symmetry boundary B>y,  are

2- Vec
S(Q“C‘)) ~ 5 @) ~ S(id)
1 5

(v;id)
SgQ ) ~ > g

(369)
(Q(V N a ~ g(Viid)
1 5

where S%V;id) is the identity line on ng), and

(zz id)

)

114

(id)
51 (m) € End(25{?),

(Zz'—))

114

S(v id)

(vz2 i)y

1

(id)
S id
(S(ld) ) (S End(25£ )),
(V)

S(Q(VZZ B

114

( S(V 1d)) W)
(v:id) € End(ZS2 ),
S; 0

(id,Zg) ) ) . .
(Q ) ~ (S§1d) S:(lld)) c Hom(Sgd),ZSSd)),

(Q(WZZ)) WVid)  o(Vsid) (V) o)
S, = (s slVi) e Hom(s,”, 285").

Q(id). The line operator Q(lid) is the identity line operator of the 4d SymTFT
sym
2-VecZ2

1s the identity operator, so the only possible end is

0-charge

Z(2-Vecy,). It can end on B 1n a topological local operator of B . The only topo-

2-Vecy,

logical local operator on B2 Vecs,

£ =557 €Sy0. (371)
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Thus a multiplet /\/lgd) of local operators of a Z, 0-form symmetric 3d theory ¥, transforming

in the O-charge Q(lld) comprises of a one-dimensional space of local operators generated by an
operator

O((Jid) . Ogid)(l) R Ogid)(Z) ) (372)

between two line operators Ogid)(l) and Ogid)(z) of T, transforming in the 1-charge Q(zid). The
Z- O-form symmetry acts trivially on Ogd).

The identity line operator Dfd) of T transforms in the 1-charge Q(zid). So we can choose
Ogid)(l) — Ogid)(Z) — D%id) ) (373)

In this case an operator (’)gd) is a genuine local operator of the theory ¥, which transforms
trivially under Z, 0-form symmetry.

0-charge Q(l_). This is a genuine topological line defect of Z(2-Vecy ) that projects to the

trivial line in Bgr\r/lecz and has a single possible topological end
2

5. (374)

Thus a multiplet Mg_) of local operators of a Z, 0-form symmetric 3d theory ¥, transforming

in the O-charge Q(1_) comprises of a one-dimensional space of local operators generated by an
operator

=) . (id)(1) (id)(2)
0f: oW _, plid@ (375)
between two line operators (’)gld)(l) and (’)gld)(z) of T, transforming in the 1-charge Q(Zld). The
Z- O-form symmetry acts on Oé_) as
Zy: 05 -0, (376)

If we choose O . @
id)(1 id)(2 id

0; =0 =Dy, (377)

then (’)(()_) is a genuine local operator of the theory ¥ which transforms in the non-trivial one-

dimensional irreducible representation of the Z, 0-form symmetry group.

0-charge Q(lzz;id).

QgZZ) of the 4d SymTFT Z(2-Vecy, ). It has two possible topological ends

This is the identity topological line defect in the topological surface defect

5ézz;id)(++) . giZz)(‘F) N g%Zz)(ﬂ’ (378)
and .
5(()Zz;ld)(——) . gizz)(—) = 5§Zz)(—) ) (379)
along B?_’?ecz , where as discussed earlier 592)&) are ends of QgZZ).
2

Thus a multiplet Mézz;id) of local operators of a Z, 0-form symmetric 3d theory ¥, trans-

forming in the 0-charge ngz;ld) comprises of a two-dimensional space of local operators gen-

erated by operators _
O(()Zz;ld)(++) : ngz)("")(l) N OgZz)(H(Z) )

Y _ _ (380)
ngz’ld)( ). (’)gZZ)( )(1)_)0522)( )(2)’

where (’)gZZ)(i)(l) and OgZZ)(i)(z) are two multiplets of line operators (which can be same or

different) in ¥, transforming in the 1-charge Q(zzz). The Z, 0-form symmetry acts as

O(()Zz;id)(++) - OgZz;id)(——) ' (381)
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0-charge Q(IZ”_). This is a non-identity topological line defect along the topological surface

defect QEZZ) of the 4d SymTFT Z(2-Vecy, ). It has two possible topological ends

D) @), @) (382)
and _
5éZz;ld)(—+) . 5§ZZ)(_) R g%Zz)(H , (383)
along B;YI\I/IeCZ , Where as discussed earlier é’iZZ)(i) are ends of Q;ZZ).
2

Thus a multiplet M(()Zz;_) of local operators of a Z, 0-form symmetric 3d theory ¥, trans-

forming in the 0-charge Q(lzz;_) comprises of a two-dimensional space of local operators gen-

erated by operators .
(’)ézz;ld)(+_) . ngz)("')(l) N ngz)(—)@) ) 84)
OéZz;id)(—ﬂ . ngz)(—)(l) N ngz)(+)(2) )

OEIHD 4pg OEIER

where are two multiplets of line operators (which can be same or

different) in ¥, transforming in the 1-charge Q(ZZZ). The Z, 0-form symmetry acts as

O(()Zz;id)(+—) O(()Zz;id)(—ﬂ _ (385)

0-charges Q(IV;id), Q(IV;_), Q(lvzz;id) and Q(lvzz;_). The 0-charges Q(1V;id) and Q(1V;_) are anal-
ogous to the 0-charges Q(lid) and Q(1_) respectively, with the only difference being that the local
operators transforming under the 0-charges Q(lvﬁd) and QSV;_) are additionally attached to the
topological surface operator Dév) generating the Z, O-form symmetry of ¥, .

In a similar fashion, the 0-charges Q(lvzz;id) and ngzz;—) are analogous to the 0O-charges

Q(lzz;id) and Q(lzz;_), respectively.

0-charge Q(lid’ZZ). This 0-charge corresponds to a topological line defect lying at the end of
(Z,)

the surface defect Q, *’ of the SymTFT Z(2-Vecy,), see (368). It has two possible topological
ends

along B;y_il;ecz , Where as discussed earlier 8%22)&) are ends of Q(ZZZ) and Sfd) is the identity
2

. sym

line on BZ—VecZ2'

Thus a multiplet Mgd’ZZ) of local operators of a Z, 0-form symmetric 3d theory ¥, trans-

forming in the O-charge Q(lid’Z2) comprises of a two-dimensional space of local operators gen-
erated by operators .
o= . olid) _, oF)®), (387)

where OgZZ)(i) are two line operators of T, in a multiplet transforming in the 1-charge QEZZ)
and Ogld) is a line operator of ¥, on which Z, acts trivially. The Z, 0-form symmetry acts as

Oéid,Zz)(H O(()id,zz)(—) ] (388)

Q(IV’VZZ). This is analogous to the 0-charge Q(lid’ZZ), with the only difference being

VZs)

0-charge
that the local operators transforming under the 0-charge Q(lv’ are additionally attached to

the topological surface operator Dév) generating the Z, 0-form symmetry of ¥, .
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Table 1: Summary of 1-charges for Z, magnetic 0-form symmetry of 3d pure SO(3)
(a)

gauge theory: the first column indicates the 1-charge Q, °, the second column in-
dicates some line operators in the gauge theory reahzmg the 1-charge, and the last
column specifies whether this is an untwisted or twisted sector line operator for the
Z, 0-form symmetry. The 0-charges are discussed in the text.

| (a) | Gauge Theory Realization (’)( 91 Sector

Q(zid) Dfd) , W 4 untwisted
Q\™ 208 ow?d untwisted
ng) Wlf““d1 twisted
(2‘/22) 2W1fund twisted

5.2.3 Realization in 3d pure SO(3) gauge theory

Consider 3d pure gauge theory with SO(3) gauge group. This theory has a Z, 0-form symmetry,
known as magnetic 0-form symmetry, associated to the fact that

m,(SO(3)) =Z,. (389)

The topological codimension-1 operator generating this O-form symmetry would be referred
to as
p{". (390)

Let us discuss the realization of the above-discussed 1-charges and 0-charges in this theory.

(id)

1-charge Q, This is always realized trivially in any theory with Z, 0-form symmetry by

the identity line operator D(id)

In the particular SO(3) gauge theory under study, there also exist non- topologlcal operators
realizing this 1-charge. An example is provided by the Wilson line operator W J in adjoint
representation of SO(3).

1-charge Q(2Zz). This can also always be realized trivially in any theory with Z, 0-form sym-

Dgid)(l) and Dgid)(z)

metry. We simply take two copies of the identity line

DD = pidD) g p) _ pp(id), 391)
Although D%ZZ) is a non-simple line operator, it can be converted into a simple Z,-symmetric
line operator by imposing a Z, action that exchanges the two copies of Dfd)

Zy: Dgid)(l) —> Dgid)(z) . (392)
The above action implies that this Z,-symmetric line operator D%ZZ) transforms in the 1-charge
Q(Zz)'

. . L (Z,) . .
Non-topological line operators transforming in 1-charge Q2 ) can also be obtained simi-

larly starting from a non-topological line operator (’)( i) transforming in trivial 1-charge Q(ld).
In the case of SO(3) gauge theory, let us take it to be

O(ld) adJ (3 93)
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Ogid)(l) and (’)gid)(z) of (’)gid)

Then take two copies
OgZz) — Ogid)(l) o Ogid)(Z) _ 2O§id) , (394)

and impose Z, action _ .
Zy : Ogld)(l) — Ogld)(z). (395)

This converts (’)gZZ) into a simple Z,-symmetric line operator of the SO(3) gauge theory, trans-
forming in the 1-charge Q(ZZZ).

We do not know of line operators in SO(3) gauge theory that transform in 1-charge QEZZ)
and do not descend in the above way from line operators transforming in the trivial 1-charge

di) . However, we will exhibit an example of line operators of this type in the case of 3d pure
SU(3) gauge theory discussed below.

1-charge Q(zv). It is not possible to realize this 1-charge in every Z, 0-form symmetric 3d
theory. For example, consider the 3d BF theory with action

SZJ a2U5b0, (396)
M;

where a, and b, are Z, valued 2-cocycle and 0-cocycle gauge fields respectively. In this case,

the Wilson surface operator
exp (J inaz) . (397)

generates a Z, O-form symmetry, but there are no operators in the twisted sector for this
symmetry, as it would be in contradiction with the existence of the 2-form symmetry in this
theory generated by the Wilson point-like operator

exp(inthy). (398)

This is because if the Wilson surface operator can end, then cannot be charged non-trivially
under a 2-form symmetry, but in this theory it is charged under the 2-form symmetry generated
by the above Wilson point operator.

However, in the case of SO(3) gauge theory under study, there do exist line operators
transforming in the 1-charge Q(zv). An example is provided by the Wilson line operator Wlﬁmc1
in fundamental representation of the gauge algebra su(2), i.e.

oY) = wfund, (399)

This operator is attached to the generator Dév) of the Z, 0-form symmetry, and hence lies in
the twisted sector. The Z, symmetry acts trivially on Wlﬁmd.

1-charge Q;VZZ). This 1-charge can always be realized in a Z, 0-form symmetric 3d theory
%, if the theory ¥, admits a line operator Ogv) transforming in the 1-charge Q(zv). We take
two copies Ogv)u) and Ogv)(z) of Ogv)

Ol%) .= oM g 0V = 20("), (400)

and impose Z, action
Zy: OV s oV, (401)
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This converts OgVZZ) into a simple Z,-symmetric line operator of ¥, transforming in the 1-

charge Q(zvzz)_

In the case of 3d SO(3) gauge theory, we can pick

oY) = wfund (402)

)

. 4/
and construct the corresponding operator Og >’ as above.

(Vz,)

2
and do not descend in the above way from line operators transforming in the 1-charge ng).

However, we will exhibit an example of line operators of this type in the case of 3d pure SU(3)
gauge theory discussed below. A summary of all 1-charges can be found in table 1.

We do not know of line operators in SO(3) gauge theory that transform in 1-charge Q

0-charge Q(lid). Let us now discuss 0-charges. The 0-charge Q(lid) is always realized trivially

in any theory with Z, 0-form symmetry by the identity local operator D(()id) .

In the particular SO(3) gauge theory under study, there also exist non-topological operators
realizing this O-charge. An example is provided by the genuine (i.e. gauge invariant) local
operator

o =T1rF, (403)

where F is the field strength. The magnetic Z, 0-form symmetry acts trivially on it.

This theory also contains non-genuine operators transforming in the 0-charge Q(lid). An
example is provided by the field strength F, which is a local operator arising at the end of
the adjoint Wilson line operator Wla dJ, because the field strength transforms in the adjoint
representation of the gauge group. The magnetic Z, O-form symmetry acts trivially on this
non-genuine local operator.

0-charge Q(l_). This is not always realized in an arbitrary Z, 0-form symmetric 3d theory .
An example is provided by trivial 3d theory made Z, O-form symmetric in the trivial way. This
theory does not carry a local operator charged non-trivially under the Z, 0-form symmetry.

However, in the SO(3) gauge theory under study, there exist magnetic monopole operators
that carry this O-charge. Such a monopole operator has the property that we have

J w,=1€7/27, (404)
S2

on a small sphere S? surrounding the monopole operator. Here w, is second Stiefel-Whitney
class for SO(3) gauge bundles. It being non-trivial means that the monopole configuration
associated to such a monopole operator cannot be lifted to a monopole configuration for the
double cover SU(2) of SO(3).
0-charges Q(lzz;id) and Q(lzz;_). This 0-charge can always be realized in an arbitrary Z, 0-
form symmetric 3d theory €. Recall from (391) that any such theory contains a line operator
D§ZZ) comprised of two copies Dgid)(l) and Dgid)(z) of the identity line operator Dgid). We have
topological local operators
D(()ld)(ll) : Dild)(l) . Dgld)(l) ’
D(()id)(zz) : D;id)(z) - Dgid)(z) ’
D(()id)(lz) : Dgid)(l) - Dgid)(z) ’ (405)

(@D, @) _, i)
py V. pli® , pidtl)
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which are identity local operators going between the two copies of the identity line. The Z,
2) exchanges these local operators as

0-form symmetry action on DiZ

D(()id)(ll) D(()id)(zz) , w06)

D(()id)(lz) D(()id)(21) ,

and thus the D(gid)m) @D(()id)(zz) and D(()id)(lz) GBD(()id)(ZD realize the O-charges Q(lzz;id) and Q(lzz;_)

respectively. . _
In fact, more generally consider an operator 0(()1d) of ¥, transforming in the 0-charge led)

transitioning between two line operators (’)gld)(“) and (’)gld)(ﬂ ) both transforming in the trivial

1-charge Q(Zld). In the same fashion as above, using four copies of O(()ld) transitioning between

two copies of Ogld)(a) and Ogld)(ﬁ ), we can construct multiplets of local operators transforming

in the O-charges Q(lzz;ld) and Q(lzz;_).

0-charge Q(IV;id). gv)

definitely contains local operators (’)(()V;id) transforming in the O-charge Q(IV;id) . An example is

If T, contains a line operator Ogv) transforming in 1-charge Q. ’, then it

provided by the identity local operator along the line Ogv). In general, we can take any genuine

local operator O(()id) of ¥, transforming in the O-charge Q(lid) and take its OPE with the line Ogv)

to obtain non-identity local operators on Ogv) transforming in O-charge Q(1V;id). Similarly,
(id)
. 1

line operators transforming in Q(zld) with the line Ogv) produces non-genuine local operators

transforming in Q(lvud) transitioning between two different line operators transforming in Q(ZV).

In the SO(3) gauge theory under study, we have local operators comprised of field strength

between two different Wilson line operators in half-integral spin representations of su(2). Such
)
2

taking OPE of non-genuine local operators transforming in Q5 transitioning between two

Wilson lines transform in 1-charge Q. * and the local operators transform in 0-charge Q(lv).

0-charge Q(IV;_). If ¥, contains a local operator O(()_) transforming in O-charge Q(l_) and a
line operator Ogv) transforming in 1-charge Q(ZV), then it contains local operators transforming
in O-charge Q%V;_). Examples are produced by taking OPE of (’)(()_) and Ogv).

For the SO(3) gauge theory under discussion, we can take O(()_) to be a monopole op-
erator for SO(3) whose associated monopole configuration cannot be lifted to an SU(2)
monopole configuration, and (’)gv) to be the Wilson line Wlf“nd. Taking the OPE we obtain
S0O(3) monopole operators living along Wlfu“d, on which Z, 0-form symmetry acts non-trivially.

0-charge Q(lid’ZZ). Any Z, 0-form symmetric theory ¥, contains a local operator transforming

in such a 0-charge. Simply take two copies Diid)(l) Dgid)(z) of identity line operator with Z,

0-form symmetry acting by exchanging the two copies. As discussed earlier, this gives rise to a
Zy-symmetric line D%ZZ) transforming in 1-charge Q(ZZZ). Then take two copies of identity local
operators
A\ . A\ .
p{¥® . pid  pid® = e (1,2}, (407)
with Z, action

D(()id)(l) D(()id)(Z) ) (408)

The multiplet D(()id)(l) ® D(()id)(z) transforms in O-charge Q(lid’ZZ).
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Table 2: Summary of 1-charges for Z, charge conjugation O-form symmetry of 3d
pure SU(3) gauge theory: the first column indicates the 1-charge Q(za), the second
column indicates some line operators in the gauge theory realizing the 1-charge, and
the last column specifies whether this is an untwisted or twisted sector line operator

for the Z, 0-form symmetry. The 0-charges are discussed in the text.

| an) | Gauge Theory Realization (’)ga) | Sector
Q(lid) WlR ) untwisted
(Z,) Rn.m) R,y ;
Q; w; oW, , n#Em untwisted
Q(IV) Vortex line for SU(3)V; twisted
QS/ZZ) Vortex lines for PS U(B)Vl(”) ® Vl("’z) twisted

Similarly, given any local operator (’)gd) transforming in 0-charge Q(lid) transitioning be-

tween two line operators (’)gid)(a) and Ogid)(ﬁ ) transforming in 1-charge Q(zid), we can construct

a multiplet of local operators transforming in 0-charge Q(lid’ZZ) by taking two copies of Ogd),
that transitions between line operators (’)gid)(a) and OgZZ)(ﬁ ) where OEZZ)US ) is obtained from
0P a5 in (394).

0-charge Q(lv,vzz). Given any local operator (’)gv) transforming in 0-charge Q(1V;id) transition-
ing between two line operators Ogv)(a) and Ogv)(ﬁ) transforming in 1-charge Q(V), we can

construct a multiplet of local operators transforming in O-charge Q(lv’VZZ) by taking two copies

OgVZZ)(ﬁ) Ogvzz)(ﬁ)

of Ogv)’ that transitions between line operators Ogv)(a) and where is ob-

tained from Ogvm ) as in (400).

5.2.4 Realization in 3d pure SU(3) gauge theory

In the previous subsection we discussed all kinds of 1-charges and 0-charges for Z, O-form
symmetry, as realized in 3d pure SO(3) gauge theory with the Z, 0-form symmetry being the
magnetic one. As we saw, most of these charges can be realized non-trivially in the SO(3)
gauge theory, but some charges (like the 1-charges Q(ZZZ) and QgZZV)) can only be realized
trivially using operators transforming in other charges. In this subsection, we study another
gauge theory in 3d with Z, O-form symmetry which provides non-trivial realizations of all
charges.
The theory that we study in this subsection is pure gauge theory in 3d with gauge group
SU(3), and the
Z(ZO) = charge conjugation symmetry, (409)

descending from the Z, outer automorphism of the su(3) gauge algebra. The topological
codimension-1 operator generating this O-form symmetry would again be referred to as Dév).

1-charge Q(zid). This is realized by any Wilson line corresponding to an irreducible represen-
tation of SU(3) whose highest weight has same Dynkin coefficients (n, n) for the two nodes
(id) _ 4R
oY =w, o, (410)

As the outer-automorphism exchanges the two Dynkin coefficients, such a representation, and
hence the corresponding Wilson line, is left invariant under the action of outer-automorphism.
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An example is provided by the adjoint Wilson line whose highest weight has Dynkin coefficients
(1,1).

1-charge Q(ZZZ). This is realized by any Wilson line WlR ™ corresponding to an irreducible
representation of SU(3) whose highest weight has different Dynkin coefficients (m, n) for the
two nodes for m # n. Under the action of Z, outer-automorphism, such a Wilson line is ex-
changed with the Wilson line is exchanged with a Wilson line W1R ™ corresponding to an
irreducible representation of SU(3) whose highest weight has Dynkin coefficients (n, m). An
example is provided by the fundamental Wilson line whose highest weight has Dynkin coeffi-
cients (1, 0), which is exchanged with the anti-fundamental Wilson line whose highest weight

has Dynkin coefficients (0, 1).

1-charge Q(ZV). This is realized by a Gukov-Witten/vortex line operator V; having the prop-
erty that

J w,=1€Z/2Z, (411)
Sl

on a small circle linking the vortex line V;. Here w; is a characteristic class for bundles of the
disconnected group .
SUB)=SU(3)xZ,y, (412)

constructed using the outer-automorphism action of Z, on SU(3). An SU(3) bundle with non-
trivial class w, does not restrict to an SU(3) bundle. The fact that we have a non-trivial w; on
a circle around the line V; means that V; arises at the end of the topological surface operator
ng) generating the Z, outer-automorphism symmetry.

1-charge Q;VZZ). This is realized by vortex line operators Vl(w) and Vl(wz), around which we
have PSU(3) bundles where

— SU(3
PSU(3) = PSU(3) x Zy = ), Z,. (413)
3
These line operators have the property that
J w,=1€27/27Z, (414)
S1

on a small circle linking these lines. Here the characteristic class w, captures the obstruction
for being able to restrict a PSU(3) bundle to a PSU(3) bundle. As a consequence, both these
vortex lines are attached to Dév).

Moreover, consider a small disk D? intersecting Vl(w) at a point. Then, we have

f wy,=1€Z/3Z, (415)
DZ

where the characteristic class w, captures the obstruction for being able to lift a
PSU(3) =SU(3)/Zs, (416)

bundle to a SU(3) bundle. Similarly, for Vl(wz), we instead have
f wy=2€7Z/37. (417)
D2
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Now since Z,, outer-automorphism acts non-trivially on the Z4 center, the Z, 0-form symmetry
exchanges the two vortex lines

Zoy Vl(w) — Vl(wz). (418)

0-charge Q(lid). This is realized by any monopole operator for which the co-character
¢: UQ)—-SURB), (419)

has equal winding numbers along the two U(1); comprising the maximal torus
U(1); xU(1), € SU(3). The winding numbers are exchanged by the Z, outer-automorphism.

0-charge Q(l_). This is realized by the genuine local operator

o™, (420)
constructed using the gauge singlet
TrF, (421)

comprised from the field strength F. The action of the outer-automorphism on su(3) implies
that the above operator picks up a sign under the action of this Z,

Zy: O — oM, (422)

0-charge Q(lzz;id). Local operators carrying this O-charge are realized by taking OPE of

monopole operators having equal winding numbers with the Wilson lines having unequal
Dynkin coefficients.

0-charge Q(lzz;_). Local operators carrying this 0-charge are realized by non-genuine oper-

L . . Rem Rinn :
ators transitioning between Wilson lines W, @™ and W, ™ for m # n composed out of field
strength.

0-charge Q(IV;id). Local operators carrying this O-charge are realized by taking OPE of

monopole operators with equal winding numbers with the vortex line operator V; for SU(3)
discussed above.

0-charge Q(IV;_). Local operators carrying this 0-charge are realized by taking OPE of genuine

local operator (’)(()TrF) with the vortex line operator V; for SU(3) discussed above.

0-charge Q(lvzz;id). Local operators carrying such charges are realized by taking OPE of

monopole operators having equal winding numbers with the vortex line operators Vl(w) and
2 U

Vl(w ) for PSU(3) discussed above.

0-charge Q(IVZ”_). Local operators carrying such charges are realized by non-genuine
2 —_
monopole operators transitioning between the vortex line operators Vl(w) and Vl(w ) for PSU (3)

discussed above. Such monopole operators have the property that on a small sphere S? linking
them, we have

J wy, #0€Z/37. (423)
S2
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5.3 Z, 1-form symmetry

Consider now a non-anomalous Z, 1-form symmetry in 3d, for which the associated fusion
2-category is

SZ(D = 2-Rep(Zz) s (424)
2
whose simple objects up to isomorphisms are
Obj(S5,) = {59, s}, (425)
with fusion
s @ 5§ = 25(7) (426)

simple 1-endomorphisms (upto isomorphisms) are

Bnd(s() = {509, 5}

" — (427)
End(SgZz)) — {5522,1(1)’8522, )} )
Sg_) is the generator of the Z, 1-form symmetry and ngz;_) generates a 0-form symmetry

localized along the surface S;ZZ). There are also simple 1-morphisms between the two simple
objects, which up to isomorphisms are

Hom(s{®, s = {s{**)} |

. . (428)

Hom(sy™),s0¢) = {s»1V} |
Since this symmetry can be obtained by a gauging a non-anomalous Z, 0-form symmetry in
3d, the associated SymTFTs are same, i.e.

Z(2-Vecy,) = 3(2-Rep(Z,)), (429)
but the symmetry boundaries are different

sym sym
By Vec, 7 Borep(z,) - (430)

sym
2-Rep(Z,)
along a two-dimensional worldvolume inside the
sym
2-Rep(Z,)”
as the condensation surface defect for the Z, 1-form symmetry.

Since the SymTFTs are same, their topological operators, in other words the Drinfeld cen-

ters are the same

S;ZZ) is a topological surface operator on the 3d symmetry boundary B

sym
2-Rep(Z,)

three-dimensional worldvolume occupied by B

obtained by
gauging the Z, 1-form symmetry of B

This surface operator is also known

Z(2-Vecy,) = Z(2-Rep(Z,)). (431)

Physically this means that the sets of 1-charges and O-charges are the same for both symme-
tries. However, since the symmetry boundaries are different, the ends of topological operators
along the boundaries are different, which leads to different multiplet structure for operators
transforming in these charges. Let us begin with a discussion of 1-charges.

sym

Projections. The projections of bulk surfaces to the symmetry boundary BZ-Rep(Zz) are
@) o @) & olid @) o @) o
S, Mg lmglh gl g% T gl (432)
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5.3.1 1-charges

1-charge di). Since this corresponds to the identity topological surface operator of the 4d
SymTFT Z(2-Rep(Z,)), its ends along the 3d symmetry boundary Bz}f:ep(zz) correspond to
topological line defects of B?_’gep(zz) that lie at the end of some (trivial or non-trivial) topolog-

ical surface operator S, € 2-Rep(Z,). Thus, there are three possible simple ends
00 gl ) ) () glidz) (433)

sym

2 Rep(Zy)’ while

where Sgd)(ﬂ and Sfd)(_) are not attached to any topological surfaces of B

E?d)(zz) is attached to the topological surface S;ZZ) of B;}_'gep(zz).

Consequently, a multiplet Mgid) of line operators of a Z, 1-form symmetric 3d theory ¥,

transforming in the 1-charge Q(zld) comprises of three line operators

Ogid)(+) Ogid)(—) ’ Ogid)(zz) . (434)

5

Here (’)gid)(i) are genuine line operators of T which are not charged under the 1-form symmetry,

but are permuted into each other by fusion with the topological line operator
D7 = a(s), (435)

generating the Z, 1-form symmetry of ¥ ;. That is, we have
P @ O — Pl .

D) & O = P,

On the other hand, Ogid)(ZZ) is a line operator living at the end of the topological surface defect
DI = o (55, (437)

generating the SEZZ) symmetry of ¥, and is left invariant by fusion with the topological line
operator
Dgzz;_) =0 (ngz;_)) , (438)
generating the localized Z, 0-form symmetry of DéZZ). That is, we have the fusion rule
(id)(Z2)
o]

(Zy5=) _ n(id)(Z3)
®D£ZZ) D1 2 = 01 27, (439)

It should be noted that, if the 1-form symmetry is not faithful and is generated by the
identity line defect Dgld) of T, i.e. if we have

p7) = pliv, (440)

then '
p{¥) = ap{®), (441)

namely two copies of the identity surface defect ng) of . In this case, we also have

O:(lid)(+) ~ Ogid)(_) , (442)
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and

O = 500 (443)
However, if Dg_) acts faithfully and is distinct from the identity line
p{7 2 pi¥, (444)

Z,) .. . .
then Dé 2) is a non-trivial topological surface operator of ¥ that cannot be expressed in terms
of the identity surface operator. In this case, we have

(id)(+) (id)(-)
O ¢ P (445)

and " .
Oi0E) 2 500 (446)

We can compose the line operator (’)gid)%) with the topological line operator
id id
p = o (5@ | (447)

ending the topological surface DéZZ)

(id)
M 1

to obtain a sum of the other two lines in the multiplet

d .d ~y i i -
(’)gl )(Z2) ®D§ZZ) D:EZZ’I )~ Ogld)(ﬂ @ Ogld)( ). (448)

In other words, (’)gld)(ZZ) is a relative line defect in the absolute theory ¥ attached to the con-
densation surface defect DéZZ). Moreover, it can be converted into an absolute line defect

Ogid)(-k) o Ogid)(—)’ (449)

of the absolute theory ¥. According to the discussion of section 5.4 on condensation twisted
charges of [ 1], this absolute line defect should realize Z, 1-form symmetry of ¥, as an induced
0-form symmetry on its worldvolume. Indeed this is the case, as we have

(0899 01O @ plO) 2 OIN) g O, (450)
1-charge Q(zzz). This surface operator of Z(2-Rep(Z,)) can end along B;}-]Eep(zz) in three types
of ends '

é‘gzz)(ld)’ E§ZZ)(ZZ)(i) , (45 1)
where Sizﬁ (9 js not attached to any topological surfaces of B;}—/gep(Zz)’ while Sizz) (Z2)) are
both attached to the topological surface SEZZ) of B;}-,rl'_\r’lep(Zz)' This corresponds to the fact that the

(Zy)

5~ admits one simple line operator to Sgd) and two simple line operators

. (Z)
projection S, % of Q
back to ngz).

Moreover we have the fusion rule

g§ZZ)(id) ® Sg_) ~ ‘ngz)(id) ] (452)

sym
2-Rep(Z,)

into a line operator attached to the condensation surface

Since the Z, 1-form symmetry of B
£Z2)(d) 2)(id)
1

descends to an induced Z, O-form symmetry on

z
, We can convert 5§

defect SéZZ). The latter line operator can be taken to be either of the other two ends 8522)(22),
i.e. we have the fusion rules

5;22)(22)&) ®S(Zz) ngz,id) ~ giZz)(id) ) (453)
2
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On the other hand, the localized Z, O-form symmetry of S;ZZ) generated by ngz;_) exchanges
the other two ends

5522)(22)&) ®S(Zz) ngz;—) g gizz)(zz)(—) . (454)
2

In other words, S§ZZ)(Z2)&) form a non-trivial 2-representation (or equivalently 1-charge) un-
der localized Z, 0-form symmetry of SéZZ).
Consequently, a multiplet MgZZ) of line operators of a Z, 1-form symmetric 3d theory T,

transforming in the 1-charge Q(ZZZ) comprises of three line operators
(2,)(id) (Z)(Z)(*)
o7, o727 (455)

Here OgZZ)(id) is a genuine line operator of T which, as a consequence of the fusion rule (452),

is left invariant under fusion by Di_)
ngz)(id) ® Dg—) ~ ngz)(id) ) (456)

and hence carries induced Z, O-form symmetry. Note that unlike the case of the multiplet
M(lld), this fusion rule holds irrespective of whether the Z, 1-form symmetry is realized faith-
fully on ¥ or not.

The fusion rules (453) on B;}jglep(zz) descends to the following fusion rules in ¥
id) ~ id
0522)(22)&) ®D£Zz) Dgzz,l )~ Oglz)(l )_ (457)
Again we can interpret (’)gZZ)(id) as an absolute defect of the absolute theory ¥ arising from the

OEZZ)(ZZ)&) of the absolute theory ¥ attached to the condensation defect DéZZ).

2)(id)

relative defects

In this case, the absolute defect ng is simple, unlike the case with multiplet /\/l(lid).

We also have fusion rule

ngz)(zz)(‘f‘) ®D(Zz) Dizz;—) ~ ngz)(zz)(—) ) (458)
2
1-charge Q;V). The possible ends of Q(ZV) along the 3d symmetry boundary B;}_'Eep(zz) are
gV gE) @) (459)
where Egv)(i) are not attached to any topological surfaces of B;}-’gep(zz)’ while 8§V)(ZZ) is at-
tached to the topological surface SéZZ) of B;Yglep(zz). Moreover, we have the fusion rule
)+) () ~ c(V))
& ®S; =& , (460)
and the fusion rules a
5§V)(ZZ) ® () ngle )~ 8§V)(+) ® ggV)(—),
: (461)

59/)(22) ® (2 ngz;—) ~ 8§V)(ZZ) )

Consequently, a multiplet /\/l(lv) of line operators of a Z, 1-form symmetric 3d theory ¥,

transforming in the 1-charge Q(zv) comprises of three line operators

oMW WO @), (462)
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V)
Ol

Here are genuine line operators of ¥ interchanged by fusion with Dg_)

OV g pi) 2 OV, (463)

Both these line operators (’)gv)(i) carry a non-trivial charge under Z, 1-form symmetry. On
the other hand, Ogv)(ZZ) is a line attached to the topological surface DEZZ) which is related to
OWE) yin

1

id) ~ -
(’)gv)(ZZ) ®D£ZZJ DiZbl )~ OEV)(H ® OEV)( ). (464)

Finally, the Z, 0-form localized symmetry of DéZZ) descends to an induced O-form symmetry
of OV)@2)
1

OV 0,10, D) 2 O, (465
1-charge Q(ZVZZ). The possible ends of Q(ZVZQ) along the 3d symmetry boundary Bﬁ;lep(zz) are

givzz)(id) , g§vzz)(zz)(i) ’ (466)
where EiVZZ)(id) is not attached to any topological surface of B;gep(zz), while 8§VZZ)(ZZ)(i) are

sym

. Moreover, we have the fusion rules
2-Rep(Z,)

attached to the topological surface SgZZ) of B
giVZz)(id) ® S§_) ~ 5§V22)(id) ’
® ngz)

givzz)(zz)(‘f‘) ®S(Zz) ngz;—) ~ 5§V22)(Z2)(—) )

ggvzz)(zz)(i) S(Zz,id) ~ 8§VZZ)(id) )

1 (467)

Consequently, a multiplet j\/l(l‘/ZZ) of line operators of a Z, 1-form symmetric 3d theory ¥,

transforming in the 1-charge Q(ZVZ2) comprises of three line operators

(VZ,)(id) (VZy)(Z5)(£)
07 7, O] PR (468)
Here (’)gVZZ)(id) is a genuine line operator of ¥ kept invariant by the fusion with Dg_)
OgVZz)(id) ® Dg—) ~ OgVZz)(id) ) (469)
Moreover, this line operator OSVZZ)(M) carries a non-trivial charge under Z, 1-form symmetry.

On the other hand, OgVZZ)(ZZ)(i) are lines attached to the topological surface DéZz) which are
related to Ogvzz)(ld) via

OgVZZ)(ZZ)(i) ® ) Dgzz,id) ~ (’)gVZZ)(id) . (470)
2
These lines are permuted by fusion with localized Z, 0-form symmetry of DéZZ)
Ogvzz)(zz)(‘f‘) ®D(Zz) Dizz;—) ~ OgVZz)(Zz)(—) ) 471)
2
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5.3.2 O0-charges

0-charge Q(id). This is the identity line operator of the 4d SymTFT Z(2-Rep(Z,)). As we are
viewing it as a line operator living on identity surface operator Q( 4 of Z(2-Rep(Z,)), we have
to describe the ends of Q(ld) along ends of Q(ld), possibly attached to other topological line

operators of B> Thus, in total Q( D has the following ends along B2,

2-Rep(Zy)° 2- Rep(Zz)

(id)(++) (id)—) (10)(Z2)(+)
gc()id)& y g(()id)( R g(()id)(Z Yoy (472)
_ _ e

80 5 50 80 .

2

The ends E(id)(++) & () and & (D)) can respectively be identified with identity local

operators of the ends (433) of Q(ld) On the other hand, the end E(ld)(+ ) transitions S(ld)(+)

(id)(-)
81

into , and is additionally attached to the topological line operator S( ) of BY™

_ ) 2-Rep(Zy)"

Similarly, the end Eéld)(_+) transitions 5( 9 into E(Id)(ﬂ, and is additionally attached to the
topological li =) sym (d)(Z2)(-) 4 (id)(z2)

pological line operator S; ~ of B, Rep(Zy)” Finally, the end & lives along &; , and

is additionally attached to the topological line operator S gzz;—) of ngz).
Consequently, a multiplet M(ld) of local operators of a Z, 1-form symmetric 3d theory T,

transforming in the 0-charge Q(ld) comprises of six local operators
(’)gd)(++) ’ O(()id)(——) ’ Ogid)(Zz)H) ) ;
Ogid)(+—) ’ Ogid)(—ﬂ ’ O(()id)(ZZ)(_) i (473)

where O(()id)(++) lives between two genuine line operators (’)gid)(”(l) and Ogid)(”m living in
multiplets

2

M(ld)(l) {O(ld)(+)(1) O(ld)( (1) O(ld)(Zz)(l)}
(d)(2) _ [ HUDHN2) AdD()2) A(id)(Z2)(2) (474)
M; O , O , O

2

both transforming in the same 1-charge Q(zld). Similarly, (’)(()ld)(__) lives between the genuine

line operators (’)gid)(_)(l) and Ogid)(_)(z), O(()id)(ZZ)(H lives between the S;ZZ)-twisted sector line
operators (’)gld)%)(l) and Ogld)(ZZ)(z). These operators Ogd)(“LJr), Ogld)(__) and (’)gd)(ZZ)H) are
not attached to topological line operators participating in the 2-Rep(Z,) symmetry of T,. On
the other hand, the local operator O(()ld)(+_) lives between the genuine line operators Ogld)(ﬂ(l)

(’)gid)(_)(z), and is attached additionally to topological line operator Dg_). Similarly, the

d Ogid)(+)(2), and

and
local operator (’)gd)(_+) lives between the genuine line operators (’)gid)(_)(l) an
is attached additionally to topological line operator Dg_). Finally, the local operator Ogd)(zz)(—)

lives between the DéZZ)-twisted sector line operators (’)gid)(ZZ)(l) and (’)gid)(ZZ)(z)

additionally to topological line operator
D7) =g (s, (475)
Ogid)(ZZ)(l) and Ogid)(ZZ)(z)

, and is attached

Z,)

on the surface Dé attached to . This is summarized as follows

(now understood in the theory ¥,)

(d)(-)(2) (@)(+)(2) (d)Z2)(2)
0] 0] 0] . )2
. . . 2 .
QDG p{) OO p)  ONEO)] = p®N  (476)
(@)(H)D) (@)D (id)(Z2)(1)
Ol Ol Ol ’
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(1d)(Z,)(£)
Oy 7

The local operators are related to the local operators (’)gd)(H) and Ogd)(__)

. . L . . Zs) . .
via sandwich constructions involving the condensation surface Dé 2) inside the 3d theory ¥ as
shown here

() ()
D)) < Ol
1
(7) | piE® = d)(++) (id)(—)
D, ’ OO ’ - Oo D Oo ’
ODE))
~ 1 (D) (D)
DSd,ZZ) (’)1 (91
477
p{*) D) DO “n
D)) 1 1
@ |
D 257
1 QIEAC I d)(++) (id)(—)
Op h % D —O '
ODE:)1)
~ 1 (D) QIS
ng,zz) o) ¢

A key property of the local operator O(()id)(Zz)(H is that it commutes with the action of Z, 0O-
form symmetries of (’)gld)(zle) and (’)gld)(ZZ)(z) induced from the localized Z, 0-form symmetry
of DéZZ)

Ogld)(zz)&) Ogld)(ZZ)(2)
D) OO _ p{#7) OO (478)
Ogid)(Zz)(l) Ogid)(ZZ)(l)
In other words, the operator (’)gd)(ZZ)(H is uncharged under the induced Z, 0-form symmetry.

0-charge Q(l_). This line operator of the 4d SymTFT Z(2-Rep(Z,)) has the following ends
along BZYIF?
-Rep(Z,)

() (-)—) (NZ)H)
50 > 50 50 ’ 4

b

(479)

=)+ (=)= (=)(Z2)()
g9 &t g0,

b

The ends 5(()_)(++) and 5(()_)(__) live respectively along E?d)(ﬂ and Siid)(_), and are additionally

attached to topological line operator Sg_) of B;Yglep(zz). The end 5(()_)(22)(+) lives along Sgid)(ZZ),

and is not additionally attached to S&Zz;_). The end 5(()_)(22)(_) lives along Siid)(ZZ), and is

additionally attached to ngz;_). On the other hand, the end 5(5_)(+_) transitions 5§id)(+) into
g(id)(—) sym
1

, and is additionally not attached to the topological line operator Sg_) of B2_Rep(ZZ).

Similarly, the end 8(()_)(_+) transitions Sgd)(_) into Sgid)(ﬂ, and is additionally not attached
to the topological line operator Sg_) of B;}-]TF\r’lep(Zz)' Finally, the end 8(()_)(22)(+) is non-trivially
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Egd)(ZZ)

charged under the Z, 0-form symmetry of
of S;ZZ).
Consequently, a multiplet ./\/lg_) of local operators of a Z, 1-form symmetric 3d theory ¥,

induced from the localized 0-form symmetry

transforming in the 0-charge Q(1_) comprises of six local operators

() (-)—) (NZ)H)
OO 4 OO OO ’ >

2

(480)

2

=)+ (=)= ()(Z2)-)
o), of o),

where (’)g_)(++) lives between two genuine line operators (’)gid)(ﬂ(l) and (’)gid)(ﬂ(z) living in
multiplets
idMm _ (A AHUEDEID)  H>EdI(2Z2)(1)
MW = {of ,0¢ ,O{VEIDY

. . . . (481)
M(lld)(Z) — {Ogld)(Jr)(Z)’ Ogld)(_)(Z), Ogld)(Zz)(Z)} )

both transforming in the same 1-charge di), and is additionally attached to the topologi-

cal line operator Dgs). Similarly;, (9(()_)(__) lives between the genuine line operators (’)gd)(_)(l)

(’)gid)(_)(z), and is additionally attached to topological line operator Dgs)‘ (’)g_)(ZZ)(H lives

2) Ogid)(ZZ)(l) and Ogid)(Zz)(Z)

and
(z

between the S,

tionally attached to DiZz;_). On the other hand, the local operator (’)(()_)(+_) lives between the

-twisted sector line operators , and is not addi-

genuine line operators (’)gid)(ﬂ(l) and (’)gid)(_)(z), and is not attached additionally to topological

line operator Dg_). Similarly, the local operator O(()_)(_+) lives between the genuine line op-

(id)(—)(1) (id)(+)(2)
05 and O]

erators , and is not attached additionally to topological line operator

Dg_). Finally, the local operator O(()_)(Z2)(_) lives between the S gZZ)-twisted sector line operators

(’)gid)(ZZ)(l) and Ogid)(ZZ)(z), and is attached additionally to Dizz;_).

2)(£)

The local operators O(()_)(Z are related to the local operators Oé_)H_) and (9(()_)(_+) via

sandwich constructions involving condensation surface Dg 2) inside the 3d theory <.

(H(Z2)(+)
Oy ™2

A key property of the local operator is that it anti-commutes with the action

of Z, O-form symmetries of Ogid)(zle) and Ogid)(zzxz) induced from the localized Z, 0-form
symmetry of DéZZ) as shown here:
D(Zz) D(Zz)
> D)) > D))
1 1
p@in) {ofIEW = (cpx DT oo (482)
O(id)(Zz)(l) O(id)(Zz)(l)
1 1
0-charge Q(Zz;id) This line operator of Z(2-Rep(Z,)) has six ends along B 5.
g 1 . P -Replsy X g 2-Rep(Z,)
(Zo;id)(id)(+) (Zo;1d)(Z2)(++) (Z9;1d)(Z2)(—)
5(()2 ) g‘iz D) 5(22 SZ)t) (483)
2> - 2> 2 - 2> 20
& , & , & ,

where Eézz;id)(id)(i) live along the end 5%22)(@ of QEZZ), SéZZ;id)(ZZ)(ss/) transitions between ends
5%22)(22)(5) and 5;'22)(22)(3/) of Q(ZZZ)’ for S,S/ c {+,_}' Additionally, g(()Zz;id)(id)("'), gézz;id)(zz)(‘*“")
and g(()Zz;ld)(Zz)(——)

are not attached to any non-trivial line operators of B . On the
2-Rep(Z,)
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(Z2;1d)(id)(-)
&

g(gzz ;id)(Z2)(+-) and g(()Zz;id)(Zz)(—+)

other hand, is attached to Sg_), and are attached

to Sizz;_). The operator Sézz;id)(id)(ﬂ is uncharged under the induced Z, O-form symmetry

of 5£Zz)ﬁd)_ The ends g(gzz;id)(zz)(ss’) can be converted into the end 5(()22;id)(id)(+) by sandwich

D . . . z
construction inside B, involving condensation defect sZ2),
2-Rep(Z,) 2

Correspondingly, a multiplet Mgzz;id) of local operators of a Z, 1-form symmetric 3d theory
%, transforming in the 0-charge Q(lzzgld) comprises of local operators

O(Zz;id)(id)(+) O(Zz;id)(Zz)(++) O(Zz;id)(Zz)(——)
0 ’ 0 ? 0 ’
o . . (484)
(Z;id)(id)(—) (Z51d)(Z2)(+-) (Z251d)(Z2)(—+)
OO 2 , OO 2 2 , OO 2 2 ,

where O(()Zz;id)(id)(i) live between two genuine line operators (’)gZZ)(id)(l) and OgZZ)(id)(Z) living
in multiplets
M(1Z2)(1) — {ngz)(ld)(l)’ ngz)(Zz)(H(l), ngz)(zz)(—)(l)} )

. (485)
M(lzz)(Z) — {ngz)(ld)@)’ ngz)(Zz)(H(Z), ngz)(Zz)(—)(Z)} )

2)’ and O(()Zz;id)(Zz)(ss’) 2)_

both transforming in the same 1-charge QgZ transition between the ng

twisted sector lines operators OSZZ)(ZZ)(S)(D and OgZZ)(ZZ)(SI)(Z)
O(Zz;id)(id)(+) O(Zz;id)(Zz)(++)
0 » Yo

in the above described multi-

(Zo3id)(Z2)(—)
OO 2 2

plets. The operators and are not attached to any

non-identity line operators. The operator (’)(()Z”id)(id)(_) is attached to D§_), and the operators
O(()Zz;id)(ZZ)H_) and O(()Zz;id)(zzx_ﬂ are attached to DiZz;_).

The local operators ngz;id)(ZZ)(ss/) can be converted into the operator (’)(()Zz;id)(id)(ﬂ by sand-
wich construction involving condensation surface DéZZ) inside the 3d theory %.

(Z5id)(id)(+)
O, ?

A key property of the local operator is that it commutes with the action of Z,

0-form symmetries induced on lines (’)gZZ)(id)(l) and (’)gZZ)(id)(Z) from the Z, 1-form symmetry
of T,:

OgZz)(id)(Z) Di_) ngz)(id)(z)
) O Zsi D) = OZaid)(id)(+) (486)
1 0 0
ngz)(id)(l) ngz)(id)(l)

0-charge Q(lzz;_). This line operator of Z(2-Rep(Z,)) has six ends along B;}—IIlgep(Zz)

> B

(Z2;—)(d)(+) (Z2;=)(Z2)(++) (Z25=)(Z2)(—)
50 2 50 2 2 50 2 2 ,

géZz;—)(id)(—) ) 5(()22;—)(22)(+—) , g(()Zz;—)(Zz)(—H i (487)

where Sézz;_)(id)(i) live along the end Sizz)(id) of ngz), g(()ZZ;—)(Zz)(ss/) transitions between ends

gizz)(zz)(s) and 5522)(22)(5/) of Q(zzz): for S,S/ c {+, _} Addltlonally, gézz§_)(id)(+), g(gzz;_)(zz)(+_)

and Eézz;_)(zz)(_ﬂ are not attached to any non-trivial line operators of B?_’gep(zz). On the
S(()Zz;_)(id)(_) is attached to Sg_), and 5(()22;—)(22)(++) and 5(()22;—)(22)(——) are attached

—)(id)(+)

other hand,
to ngz;_). The operator é’éZZ; is charged non-trivially under the induced Z, 0-form
symmetry of Eizzmd). The ends 8(()22;_)(22)(55/) can be converted into the end é’éZz;_)(id)H) by

. D . . . z
sandwich construction inside BY 5. involving condensation defect S (Z2),
2-Rep(Z,) 2
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Correspondingly, a multiplet Mf)Zz;_) of local operators of a Z, 1-form symmetric 3d theory
)

%, transforming in the O-charge Q(IZZ;_ comprises of local operators

O((JZz;—)(id)(+) O(()Zz;—)(Zz)(++) O(()Zz;—)(Zz)(——)

> ) J

(488)

(Z2;—)(d)(—) (Z2;—)(Z2)(+-) (Z2;—)(Z2)(—)
OO 2 OO 2 2 OO 2 2 ,

> J

where (’)(()Z”_)(id)(i) live between two genuine line operators (’)gZZ)(id)(l) and OgZZ)(id)(z) living

in multiplets
M(lzle) — {ngz)(ld)(l)’ ngz)(zz)('f‘)(l), ngz)(zz)(—)(l)}

B

(489)

B

M(122)(2) — {ngz)(id)(Z)’ ngz)(Zz)(H(Z)’ ngz)(Zz)(—)(Z)}

both transforming in the same 1-charge QgZZ), and (’)(()Zz;_)(ZZ)(ss/) transition between the S;ZZ)-

twisted sector lines operators OSZZ)(ZZ)(S)(U and ngz)(zz)(s’)(z) in the above described multi-

O(()Zz;—)(id)(+), OgZz;—)(Zz)(Jr—) and Oézz;—)(Zz)(—H

plets. The operators are not attached to any

non-identity line operators. The operator ngz;_)(id)(_) is attached to Dg_), and the operators
O(()Zz;—)(zz)(++) and O(()Zz§—)(zz)(——) §Z2;_)-
can be converted into the operator O(()Zz;_)(ld)(ﬂ by sand-

are attached to D

(Zy;—)(Z3)(s5")
0

wich construction involving condensation surface DéZZ) inside the 3d theory %.
—)(id)(+)

The local operators O
A key property of the local operator O(()Zz; is that it anti-commutes with the action of

Z, 0-form symmetries induced on lines 0§ZZ)(id)(1) and OgZZ)(id)(z) from the Z, 1-form symmetry
of T, as shown here

ngz)(id)@) Dg_) ngz)(id)(Z)
D(_) ngz;_)(id)(‘f') — (_1 ) X O(()Zz;_)(id)(+) X (490)
1
ngz)(id)(l) ngz)(id)(l)

Other 0-charges. These are analogous to the above-discussed 0-charges, and we leave the
analysis of the detailed structure of these 0-charges to interested readers.

5.3.3 Realization in 3d pure SU(3) gauge theory

From now on, we restrict ourselves to the analysis of 1-charges and their realizations. Also we
only discuss realizations of these charges involving non-identity operators.

Consider 3d pure SU(3) gauge theory obtained by gauging Z, outer-automorphism sym-
metry of the 3d pure SU(3) gauge theory discussed in section 5.2.4. This theory has a dual Z,
1-form symmetry arising from the gauging. The line operators realizing the 1-charges in the
SU(3) gauge theory also lie in the multiplets associated to the same respective 1-charges also
in the SU(3) gauge theory. Let us observe this in more detail.

1-charge Qgid). A representation R, ) of SU(3) descends to two representations

R RO (491)

(n,n)’ (n,n)’

of SU(3). These two representations are related by tensoring with the one-dimensional repre-

sentation RE(?%)) of SU(3) in which the component connected to identity in SU(3) acts trivially,
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but the component disconnected from identity in SU(3) acts by a sign —1. That is, we have

(+) ) ~p)
R(n,n) ® R(o,o) - R(n,n) : (492)
R (id)()
The corresponding Wilson lines W, ®" provide respectively the lines (911 in a multiplet
(id)

Mgid) transforming in 1-charge Q,".

RY) _
In fact, the Wilson line W, ©9 is the generator Dg ) of the Z, 1-form symmetry.

1-charge Q(ZZZ). As Z, outer-automorphism relates the irreducible representations Ry, ,y and
R, m) of SU(3), the representation

R(ZZ) = R(m,n) ® R(n,m) , (493)

(m,n) *

of SU(3) descends to an irreducible representation of SU(3).
(Z2)

The corresponding Wilson line W, ) provides the lines OgZZ)(id)

in a multiplet MSZZ)
transforming in 1-charge Q(ZZZ).

1-charge Q(zv). The vortex line V; for SU(3) is now a genuine line operator because the

SU(3) is the gauge group. Moreover, since it was in twisted sector of the Z, 0-form symmetry
in the SU (3) gauge theory, it is now charged non-trivially under the dual Z, 1-form symmetry
of the SU(3) gauge theory.

The lines o

_ R
oMW=y, oD =vew, 0, (494)

participate in a multiplet /\/l(lv) transforming in 1-charge Q(ZV).

2 —_
1-charge Q(ZVZZ). In the SU(3) gauge theory, the vortex lines Vl(w) and Vl(“’ ) for PSU (3) are
exchanged by the Z, O-form action, and moreover are in the twisted sector. Consequently,
after gauging, we obtain a genuine line

vt (495)

in the SU(3) gauge theory whose pre-image in the SU(3) gauge theory is the non-simple vortex
line )
Vl(‘“) o Vl(‘” ), (496)

Moreover, Vl(wwz) is charged non-trivially under the Z, 1-form symmetry of the SU(3) gauge
theory.
2
The line Vl(ww ) provides the line

(VZy)
5 -

OSVZZ)(M) participating in a multiplet MSVZZ) transform-

ing in 1-charge Q
6 Conclusions and outlook
The main statement of this paper, that higher-charges of a symmetry S are topological defects

of the SymTFT, or equivalently, elements of the Drinfeld center of S is applicable in any di-
mension. Section 3 does not make any assumptions about the dimension of the theory T. We
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then explored the 2d and 3d theories and their symmetries, providing a construction of the
SymTFT and Drinfeld center, i.e. higher charges, and gauging of symmetries from the SymTFT
perspective, in sections 4 and 5 respectively. The SymTFT approach also provides us with a
characterization of S-symmetric TQFTs, as shown in section 2.8.

We have seen that the SymTFT sandwich construction is very powerful and captures the
salient features of the symmetry structure of a theory, with the symmetries and the physical
theory implemented in terms of boundary conditions. However, as with any sandwich, the
“flavor” is in the middle, i.e. the charges come from the bulk SymTFT and its topological
defects.

With symmetries S characterized in terms of fusion higher-categories, and their charges
in terms of the Drinfeld center Z(S) of the symmetries, this prepares the floor for studying
interesting applications in the IR of these symmetries and charges. In 2d many interesting
results are known that utilize the power of non-invertible symmetries, see e.g. [41,43] in 2d.
We will apply the results of the current paper to such IR-constraints in [17,18].

In d > 3 by now many examples of constructions of non-invertible symmetries exist, see
for instance [4-10, 21, 22, 24, 25, 46, 47, 60-63, 74-111]. It would be exciting to study the
higher-charges of this wealth of symmetries and their IR implications. It would be particu-
larly interesting to develop this in conjunction with the classification results on higher-fusion
categories, thus resulting in a comprehensive take on all symmetries and their charges.
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A Notation and terminology

Let us collect some key notations and terminologies used in this paper — in addition to the ones
used in appendix A of [1]. Throughout ¥ is a theory in d spacetime dimensions.

* S: The Symmetry, usually a fusion higher-category.

* D,: Topological defect of dimension p in T.

3(S): The Symmetry TFT for the symmetry S.

Z(S8): The topological defects of the SymTFT 3(S), i.e. the Drinfeld center of S.

. ‘Bf,;ym: Topological or symmetry boundary condition for the SymTFT.
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. %ghysz Physical boundary condition for the SymTFT.

* S,: Topological defects on the symmetry boundary %;ym

* Qg+1: (g + 1)-dimensional topological operator of the SymTFT, i.e. an element of the
Drinfeld center Z(S).

* &, g-dimensional operator on ‘Bfgm at the end of Qg ;.

* M,: g-dimensional operator (multiplet) on %ghys at the end of Q.

* 0 : Tensor functor from S to the symmetry category S(%). This functor describes how
the (abstract) symmetry S is realized as a symmetry of the theory ¥.

* T, :S-symmetric theory, i.e. a tuple (T, o).
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