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Abstract

The 3d A-model is a two-dimensional approach to the computation of supersymmetric
observables of three-dimensional N = 2 supersymmetric gauge theories. In principle, it
allows us to compute half-BPS partition functions on any compact Seifert three-manifold
(as well as of expectation values of half-BPS lines thereon), but previous results focussed
on the case where the gauge group G is a product of simply-connected and/or unitary
gauge groups. We are interested in the more general case of a compact gauge group
G = G/T, which is obtained from the G theory by gauging a discrete one-form symmetry.
In this paper, we discuss in detail the case of pure A’ = 2 Chern-Simons theories (without
matter) for simple groups G. When G = G is simply-connected, we demonstrate the exact
matching between the supersymmetric approach in terms of Seifert fibering operators
and the 3d TQFT approach based on topological surgery in the infrared Chern-Simons
theory Gy, including through the identification of subtle counterterms that relate the
two approaches. We then extend this discussion to the case where the Chern-Simons
theory Gy can be obtained from G by the condensation of abelian anyons which are
bosonic. Along the way, we revisit the 3d A-model formalism by emphasising its 2d
TQFT underpinning.
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1 Introduction

To the theoretical high-energy physicist in 2025, the main claim to fame of supersymmetry
may be its uncanny ability to deliver exact results in what are otherwise strongly-interacting
quantum field theories (QFTs) [1-4]. In recent years, independently of supersymmetry, a very
large body of work explored higher-form symmetries and other generalised symmetries [5] —
see e.g. [6-58] for a very partial list of references and [59-64] for some lectures and reviews;
additional recent works include [65-89]. Our ever-evolving and ever more capacious notion
of global symmetry has led to many new constraints on the dynamics of quantum systems. In
this context, it is natural to ask whether supersymmetric methods can shed new light on the

study of generalised symmetries, and vice versa.
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Three-dimensional N' = 2 supersymmetric QFT provides an ideal laboratory to explore
this question. Our knowledge of supersymmetric observables in such theories is very well
developed, and those 3d theories can also admit an intricate set of generalised symmetries;
see e.g. [9,19,44,90,91]. In this work, building on previous insights [92-95], we hope to
initiate a systematic study of generalised symmetries in 3d N = 2 gauge theories through
the computation of their half-BPS observables. We will here focus on theories with one-form
symmetries. The general context of our endeavour is the so-called 3d A-model [96], which
allows us to compute half-BPS observables on Euclidean space-times that take the shape of
oriented Seifert three-manifolds M. These Seifert manifolds are circle fibrations over a two-
dimensional orbifold X, y,

S;— M—> T,y )

They form the most general set of half-BPS geometries on which to define 3d N = 2 field
theories [97].} One can then compute the supersymmetric partition functions Z , and, more
generally, correlation functions of arbitrary half-BPS lines wrapping the Si fibre direction:

In principle, one can compute the supersymmetric path integrals for the observables (2) using
supersymmetric localisation [103-106], yet this is a practical course of action only for M a
Seifert manifold of relatively simple topology, such as for the ‘topologically twisted index’ on
M =3, x $'[107-110] or for M = L(p, q); a ‘squashed’ lens space [111-115], including the
squashed three-sphere S g =L(1,1), [116-119] which plays a central role in understanding 3d
RG flows [120-123]. A distinct and more powerful approach involves viewing the 3d N = 2
theory 7 on R? x S} as a 2d N = (2, 2) theory Ds1 T of Kaluza-Klein (KK) type [96,107,124],
using the fact that the supersymmetric background on the fibration (1) is literally a pull-back
of the topological A-twist [125] on the base X, y [97,126]. This is the framework of the 3d A-
model, which is really a 2d topological quantum field theory (TQFT) approach — the 3d theory
is not fully topological on M, but it is topological along the base X, y. The A-model formalism
allows us to define geometry-changing operators which correspond to changing the details of
the Seifert fibration. Indeed, the partition function on M can always be computed by inserting
a Seifert-fibering operator G, along the circle factor of the product manifold %, x S[{ [126]:

Iy = (gM>Zg><Sl . 3)

This approach is most fully realised in the case where T is a 3d A/ = 2 supersymmetric gauge
theory — that is, a super-Yang—Mills-Chern-Simons-matter theory [127,128] - for some com-
pact gauge group G, which gives us a UV-free description of the physics. Indeed, in this case
the A-model for DS/} T is most efficiently written down as an effective field theory for the 2d
N = (2,2) abelian vector multiplets along the 2d Coulomb branch. The vacua of this effective
field theory in 2d are known as Bethe vacua, which are essentially obtained as critical points
u = 1 of the effective twisted superpotential YW(u) of the A-model. Here u is a complex scalar
valued in the complexified Cartan subalgebra hc C g¢, g = Lie(G). In the simplest cases, to be
discussed momentarily, the 2d vacuum equations take the form:

aW(a)):L

u

exp (27'ci ©))

and they are often closely related to Bethe ansatz equations [124].2 Equivalently, they corre-
spond to the supersymmetric ground states of the 3d theory quantised on R x T2. Then, the

1Up to one important exception, the so-called superconformal index background S; xS1[98,99]; see e.g. [100].
And not including 3d orbifolds recently discussed e.g. in [101,102].

2This latter fact will be of no interest to us in this work, except for the fact that it explains this by-now standard
terminology of ‘Bethe vacua’ to denote the 2d vacua of the A-model on a cylinder.
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half-BPS observables (2) can always be computed as traces over Bethe vacua:

(L)= D, HOEIG (L), (5)

UeSpg

as we will review in some detail. In particular, the on-shell Seifert fibering operator takes the
form:

N
Gu(@) =] [ G40, 6)

which is a product of Seifert-fibering operators G, , localised at the orbifold points of X, y,
each introducing an exceptional fibre of the Seifert fibration M = [0; g;(q;, p;)], where the
coprime integers (g, p) are called the Seifert invariants of the exceptional fiber [129].

The 3d A-model formalism was fully fleshed out in [126] under an interesting and slightly
restrictive assumption: the gauge group G = G was assumed to be a product of simply-
connected and unitary factors. Equivalently, it was assumed that the fundamental group of
G was a freely generated abelian group,

NOEY /A (7)

Then (4) gives us the correct vacuum equations. For simplicity of presentation, in the fol-
lowing, we can assume that 7;(G) = 0. One of our goals is to relax this assumption on the
compact gauge group G. Recall that, if G denotes the unique simply-connected group with Lie
algebra g, all the other possible compact gauge groups take the form:

G=G/T, rcz(G), 8)

where Z(G) denotes the centre of G. Going from G to G corresponds physically to gauging a
discrete one-form symmetry Fg(é) = T. Such a gauging is possible only if the matter fields in

chiral multiplets sit in representations of G and if the 't Hooft anomaly of Féé) is trivial.

In this paper, the first of a series, we explore the gauging of one-form symmetries in N = 2
supersymmetric Chern-Simons (CS) theories Gy, where K is the supersymmetric CS level for
a simple simply-connected group G, in the absence of matter fields. These theories are in
many ways ‘too simple’, since they flow to ordinary (V= 0) Chern-Simons theories ék in the
infrared (with k = K —h", for h" the dual Coxeter number of g). Yet they already contain all
the essential ingredients involved in gauging F?Eé); in particular, the 't Hooft anomaly of the
one-form symmetry only depends on the CS levels [5]. Thus, studying Chern-Simons theories
allows us to focus on the most essential conceptual aspects of the one-form gauging in 3d
gauge theories. In particular, our main result will be to derive the explicit formula for the
Seifert-fibering operator (6) of the Gy theory in terms of one for Gy given in [126]. (The
addition of matter chiral multiplets in this discussion is straightforward, but will be discussed
elsewhere.)

Moreover, since the infrared CS theory is actually a 3d TQFT whose observables can be
computed by topological surgery [130], it is very instructive to compare the Seifert-fibering
operator formalism to standard 3d TQFT results [131-139].% We find that the two approaches
exactly agree up to a counterterm. This counterterm is proportional to the central charge c(§;)
of the 2d WZW[ G, ] model that arises at the boundary of the CS theory [130,155], and it relates
our supersymmetric scheme, wherein the partition function depends mildly on the Riemannian
metric on M [156], to the topological scheme of Witten wherein the partition function is
metric-independent but depends on a choice of framing [130]. For instance, for the so-called

3See also [140-154] for related work on CS theories on Seifert manifolds.
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squashed three-sphere (with squashing parameter b?> € Q in the present context [126]), one
finds:

mic(g
7899161 = exp(~ 50 (12152 -2) ) 7197, ©

where the squashing-dependence of the supersymmetric partition function of the ' = 2 CS
theory only appears through this prefactor.* Our analysis provides a very detailed consistency
check of the results of [126], including various subtle phase factors that arise from the quan-
tisation of the gauginos.®

The content of this paper can be summarised by the following diagram:

- 1 [95] 1
Ggon X, xS GgonXg, xS
G G
;o [126]167, 3.2.3|G7,
e ifert Gg on Seifert M
; Gy on Seifert M 324 K
IR | (10)
\ ~ anyon condensation )
v GronX, xS! » G on By X S
\ 3.1
«  2.3.3|top. surgery 3.1.3
G, on Seifert M 313 Gy on Seifert M.

As the upper commuting diagram in (10) implies, the present paper aims to combine the
recent analysis of three of the authors [95] about gauging FBE;) on X, xS ! (see also [92,94])
with the introduction of non-trivial Seifert fibering operators as discussed in [126]. The lower
commuting diagram in (10) discusses the infrared perspective, where we can use the full power
of the 3d TQFT formalism. In particular, the gauging of the one-form symmetry in the 3d TQFT
has been long understood [131] — it is often called ‘anyon condensation’ in the (condensed-
matter) literature [19, 157, 158], and it corresponds to extensions by simple currents in the
WZW model that lives at the boundary of space-time [159-161]. We shall review in some
detail how the gauging procedure in the 3d A-model perspective is equivalent to the anyon
condensation process; see also [162,163] for some closely related discussion that significantly
influenced our work.

An important limitation of the present work is that it only addresses gauging processes of
F?Eé) that correspond to condensing abelian anyons that are bosonic. This means that all the

Bethe vacua of the Gy theory are bosonic, just like the ones of the Gy theory. Consequently, the
3d TQFT Gy, is bosonic. This need not be the case in general, as some of the abelian anyons one
can condense can be fermionic, which leads to G, theories that are fermionic, that is, they are
spin-TQFTs [164] and not only bosonic TQFTs.® The more general case, where the one-form

“Incidentally, assuming this result is also valid for b € C and using the formula

2
T, = —%Re [% longS;SYh:l] s
from [97] for the two-point function of the energy-momentum tensor, we then find 7, = 0, in agreement with the
fact that the infrared theory is a 3d TQFT.

SThese consistency checks for 5K were already known to the authors of [126] but have not been spelled out in
the literature until now, despite the promise made in [126]. Better late than never.

SThe list of all possible CS theories G, bosonic or fermionic, for G simple, is reviewed in Appendix B.
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symmetry gauging may lead to fermionic ground states, will be discussed in future work [ 165].
Finally, one can also consider non-invertible symmetries and their explicit realisation in the 3d
A-model; we will study some instances of categorical symmetries in future work as well [166].
This paper is organised as follows. In section 2, we give a detailed account of the 2d TQFT
approach to 3d A = 2 theories and we establish the precise relationship between the Seifert
fibering operator and the 3d TQFT formalism for the Gy CS theories. In section 3, we study
one-form symmetries and their gauging on Seifert three-manifolds, focussing on the CS theo-
ries Gx = (G /Ty and with the assumption that the I' symmetry lines are bosonic. Our group-
theory conventions are summarised in appendix A, and appendix B explains the classification
of G, Chern-Simons theories (bosonic or fermionic) for g a simple Lie algebra.

2 The 3d A-model and Chern-Simons theory

Let us begin by reviewing the 3d A-model formalism, emphasising those more elementary as-
pects that will allow us to best explain the intimate relationship between the A-model approach
to 3d N = 2 gauge theories and the 3d TQFT approach to Chern-Simons theory on Seifert
manifolds. While we closely follow the approach of [96,107,126], some of the discussion pre-
sented here appears to be new.” We refer to the review [100] for further details on 3d N = 2
supersymmetry on curved space in this approach.

In the following, 3 denotes any two-manifold (or, later, two-dimensional orbifold) on
which the A-model is defined. The three-manifold is always taken to be the Seifert manifold
M =% x; S, wherein the S factor may be non-trivially fibred.

2.1 Elementary aspects of 2d TQFTs

Consider a 2d TQFT 7,4 with a finitely-generated Hilbert space on the circle, #%:. This theory
has a finitely-generated ring R of topological operators, denoted by .. Let the label u index
the operators generating R. The ring structure is given by:

L,%,=N,," %, (11)

where the sum over repeated indices is understood. These are local operators in 2d, while in
the 3d A-model, they are twisted chiral operators that arise as half-BPS lines wrapped along
Sﬁ, hence the notation. The 2d TQFT structure is fully determined by the 2-point and 3-point
functions of topological operators on the 2-sphere, which are denoted by:

Nur =(LuLs)s»  Nuwp =(£,2,%2, ), - (12)

From the path integral point of view and using the topological invariance to move operators
around ¥ = §2, it is clear that these quantities are fully symmetric in the indices. In a slightly
more formal language, this gives us a Frobenius algebra structure — that is, ), also called the
topological metric, gives us the Frobenius pairing, with n(%,,, £,) = n,,,, which is assumed to
be non-degenerate. We also assume that there exists a unique unit operator %, = 1, indexed
by u =0, and we then have:

NMVO =MNuvs -/\/’,uv)L = ;wpnpl’ (13)

where n*” denotes the inverse of the topological metric. In the 3d A-model, the fusion coeffi-
cients N, WA will take value in K = Z(y), the field of fractions of flavour parameters (denoted

"Though most of it is likely known to experts. See also [167] for a related discussion of the modular group
action on the states of the 3d N = 2 theory on T2
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by y) of the 3d A-model. The integrality of these coefficients follows from the fact that the
correlators (12) are also 3d NV = 2 supersymmetric path integrals on S2 xS, which have an ob-
vious interpretation as 3d topologically twisted indices in the presence of half-BPS lines [108].
In this paper, since we focus on pure Chern-Simons theories, the fusion coefficients will be
integers and the chiral ring is then known as the Verlinde algebra.

Handle-gluing operator in the twisted chiral-operator basis. By the operator-state corre-
spondence, there exists a twisted chiral-operator basis {|u)} of the 2d TQFT Hilbert space 5%,
were ¢, is inserted at the origin of the disk:

p (O — 1) = 2,00). (14)

By topological invariance, this is equivalent to inserting £, at the tip of a long cigar, with
the supersymmetric ground state on S! obtained by evolving the resulting state for a long

time [168]:
Q- -

We similarly define the ‘out’ state (u| using a cigar going in the opposite direction:

(D po=(ul. (16)

In this quantum-mechanical language, the topological metric is the overlap of states,
Ny = (ulv). The product 5 ® H#5 — H is represented by the pair of pants:

. = >IN (vl (pl, (17)

V.0

and the coproduct by the opposite cobordism:

. = D INWN*P(p]. (18)

. U,

Note also that we have a useful resolution of the identity represented by an empty cylinder:

. =™ (], (19
l v
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where the indices u, v, - - - are always raised and lowered with the topological metric. One can
build any 2d TQFT observable from these building blocks. In particular, we are interested in
the handle-gluing operator, which is simply obtained by gluing two pairs of pants together:

H= (1 . = D7 PPN )AL (20)

U, v,p,A

This allows us to compute observables on a closed genus-g Riemann surface %,
— -1 _ -1
(2,2, - )Zg =(Hr g2, )21 =Tra (HE 2,2,+), (21)

where the torus partition function precisely gives the trace over #%:. It is important to note
that we can think of A as a local operator on X, which corresponds to deforming a whole
handle (including its contribution to the curvature) into a singular point [107].

paragraphBethe vacua basis and diagonalised fusion rules. In the 3d model, as in any so-
called semi-simple 2d TQFT (see e.g. [169]), we have a distinguished basis of states, {|a)},
which diagonalise the fusion rules. Here, in some A-model of twisted chiral multiplets, these
states are indexed by the so-called Bethe vacua, namely the (gauge-invariant) solutions u = i,
to the 2d vacuum equations, also known as the Bethe equations:

W) _

e (22)

(1) = exp (ZTEi
schematically,® where u denote the fundamental twisted chiral fields, and IT(u) is called the
gauge flux operator. The field u € h¢ is built out of the holonomy of the abelianised 3d gauge
field along S[{ together with the 3d real scalar o:

1
u=ip(c +iay), a9 =5 A, (23)
T

with 8 the radius of S 1 [100]. Many 3d A-model quantities, including the gauge flux opera-
tors and the handle- glumg operator, can be written as rational functions of the single-valued
variables x = e2™ € T ¢ G (valued in a maximal torus T of G).® We denote the set of Bethe
vacua by:

@)™ =1,Vme AS

mw’

Sgg = {u € hc//\mw,

andw-ﬁ;«éﬁ,VWGWg}/Wé. 24)

Here Aglw is the magnetic weight lattice of G. The Bethe vacua of the G gauge theory cor-
respond to the solutions to (22) that form complete orbits of the Weyl group W. The Bethe
states |a) = |{i,) can be constructed as the path integral on a cigar with the boundary condition
set by the Bethe vacua i, € Sz on the right-hand-side boundary. Then, two things are true:

1. The Bethe states are orthonormal:

<a|ﬁ> = 6(1[3 . (25)

8This holds for 3d A/ = 2 gauge theories with gauge group G that are ‘simply connected’ in the sense of (7).
°See e.g. [170] for a recent discussion of the algebraic properties of the handle-gluing operators and of the
Bethe equations themselves.
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The states are orthogonal in the topologically twisted 2d theory because the A-twisted

theory does not admit any solitons that would interpolate between distinct vacua,'® and
we normalise them to be of unit norm.
2. The Bethe states diagonalise all the twisted chiral operators:
Zyla) =2, (a)la), (26)

where £ (a) denote the eigenvalues of the operator . This is simply because, in the
A-model effective description, % is built out of the fundamental fields u and clearly
ula) = ,|a) by definition.

Let S denote the matrix that encodes the change of basis between the chiral-ring basis and the
Bethe-state basis:!!

) =Y 5,%a). 27)

Note that there is no particularly distinguished state amongst the Bethe vacua. Instead, the
unique vacuum |0) = |u = 0), which corresponds to the empty cigar, has a non-trivial decom-
position:

10) = So%at). 28)

It directly follows that:
Zs: = (1)s2 =mgo = Z:(Soa)2 - (29)

a

From the above consideration, we can easily show that the fusion rules are diagonalised. First,
we note that:

Sua = (alu) = (al2,]0) = > (alL,5,"1B) = £,(c)Soq (30)
B
hence:!?
Sua
2, (a)= "= (31)
SOa

Note that, since the Bethe states are orthonormal, we can raise and lower the a indices at no
cost, unlike for the u indices (hence S,“ =S,,,). Now, given that:

(2.2, —N,,*2)la) =0, (32)
we see that (26) together with (31) imply that:

Suasva _ N;wlsla

= , 33
(Soa)? Soa 53)
where no sum over a is implied. This is equivalent to:
—1y A
SuaSva(STH
N‘uvl :Z paC va a ) (34)

SOa

a

19This is like for a B-twisted Landau-Ginzburg model of chiral multiplets [125,171]. Essentially, the vacuum
equations only allow for constant values for u.

"Here we index the two bases by u, v, p,--- and a, 8,7, - - -, respectively.

2Here we assume that Sy, # 0. For Chern-Simons theories this will be true, as this is the statement that
dy = S0q/Soo = 1 for the quantum dimensions of the chiral primaries of unitary RCFT (see e.g. [172]).
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or, more symmetrically:

SuaSyaS
uava“pa
Niyp = Z B (35)
a

a

This is the statement that the Bethe vacua diagonalise the fusion rules, since we then have:

. =Z%|a><a|<a|. (36)

The handle-gluing operator (17) is then also diagonal,

H= ZS&fIa)(al , thatis: H(a)= S&f , 37)
a
and the correlators (21) are given by the more familiar Bethe-vacua formula [107,110]:

_ —2¢Sua S
(G2 )y =M 2,2, ), =Z(s§a2gﬁi.--) , (38)

a

which naturally generalises the g = 0 three-point functions (35).

2.2 Seifert fibering operators

In the 3d A-model on ¥ x S!, an additional quasi-topological operation is allowed. Let us first
consider X the cylinder, so that the 3d space-time is

M=RxT?, (39)

where R is the Euclidean time of the A-model. The supersymmetric ground states of the 3d
N = 2 theory quantised on T? are isomorphic to the set of Bethe vacua:

ASD = 5. (40)

The insertion of a line £, along Sj at the tip of a long cigar gives us a state as before:

g)\@ = |$)L>: (41)

where we drew the T2 boundary more explicitly.!®> Now, from the 3d perspective, we should
expect some non-trivial action of the modular group SL(2,Z) on this Hilbert space. Assuming
that this modular action is understood, we can tentatively introduce a non-trivial fibration of
the 5}\ circle over the X base through a Dehn surgery — we will discuss this in more detail in
subsection 2.3.3 below.

13We will mostly suppress the extra circle from our notation, however.

10
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The Seifert fibering operator. Given some modular action U € SL(2, Z), which we will write
as the 2 x 2 matrix:

~ [s —p
U—(t q)esuzzx (42)

one could, in principle, work out the modular action on the supersymmetric ground-states,
which we denote by /. Then, in the 2d Hilbert space picture, we can tentatively define the
Seifert fibering operator as:

o = > Ol A o). 43)
. 7,0

Here we simply glued an empty cap (0| onto a pair of pants with a non-trivial twist by {{. Note
that U is determined by the coprime integers p and g, up to an ambiguity (s, t) — (s—p, t +q)
which does not affect the supersymmetric geometry [126]. In the Bethe-vacua basis {|a)}, the
operation (43) takes the simpler form:

U
Gop =, <2la)(al. (44)

a SOa
Here we defined the matrix element:
Uyo = (0U]a). (45)

In particular, the Seifert fibering operator is also diagonalised by the Bethe vacua, just like the
handle-gluing operator it is built from, with eigenvalues:

Gyple) = 5. (46)
SOa

This description only makes sense if we can consistently perform the surgery in the cohomology
of the supercharges Q_ and Q. that survive the A-twists. Indeed, one can preserve precisely
this half of the supersymmetry on any oriented Seifert-fibred three-manifold [97,100]. The
topological invariance along ¥, allows one to concentrate the non-trivial effects of the Seifert
fibration to a finite number of points. In this way, we can obtain non-trivial (q,p) Seifert
fibers through the action of some twisted chiral operators G, , acting at the base points of
the exceptional fibers. The neighbourhood of an exceptional Seifert fibre locally looks like a
quotient of C x Sj by the action:

(z,¢)~(e%,w+2§), @7

for z some local complex coordinate on %. In particular, the Seifert fibering operator G, ,
introduces a Z, orbifold point at z = 0 on %. In practice, to compute the full modular action u
on the Bethe vacua remains an open problem in general 3d A/ = 2 theories. Nonetheless, the
Seifert fibering operators G, ,(u) have been explicitly constructed off-shell for any 3d N’ = 2
supersymmetric G gauge theory, using a mixture of supersymmetric localisation techniques and
A-model arguments [126]. In any 3d A/ = 2 gauge theory, the off-shell Seifert operator, like
the off-shell handle-gluing operator, is a defect line operator wrapping the Sj factor, which
is realised on the 2d Coulomb branch as a particular holomorphic function G, ,(u) of the
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Coulomb-branch variables u; the on-shell operator is simply the value of that function on the
Bethe vacua, which are located at particular points u = i, on the Coulomb branch — here,
we use the shorthand notation G, ,(a) = G, ,(ii,) for the off-shell operator in order to match
our 2d TQFT notation.

Given the above data, we can write down any 3d A/ = 2 half-BPS observable as a 3d A-
model observable [126]. Let us denote by G, the Seifert-fibering operator (6) corresponding
to all the exceptional Seifert fibers:1*

N (ql,pl

MOE ]_[glpl(a)—]_[ o (48)

i=0

Then, inserting G », inside the trace (38), we have:

_ S (qi.p:)
el (s )

a i=0

This gives us the correlation function of half-BPS line operators wrapping Sj at generic fibers,
generalising the M =%, x S}‘ case discussed above.

2.3 Supersymmetric Chern-Simons theory with simply-connected gauge group

Consider a 3d A/ = 2 supersymmetric Chern-Simons (CS) theory with simply-connected sim-
ple gauge group G at level K, where we assume that K > h". Here h" is the dual Coxeter
number of the Lie algebra g = Lie(G). The Chern-Simons level effectively acts like a mass
term for the gaugino,'® and by integrating them out we obtain a bosonic Chern—-Simons the-
ory for G at level

k=K—h", (50)
in the infrared. Hence, in this case, the supersymmetric A-model formalism should match

up against the 3d TQFT formalism for the bosonic ék theory [130]. This is what we show
explicitly in the rest of this section.

2.3.1 Bethe vacua and integrable representations

States generated by Wilson lines. An interesting basis of states for the G, bosonic CS the-
ory on T? can be obtained by inserting Wilson lines along the circle at the centre of a solid
torus [130,155] — this prepares a specific state:

|W7L> S %Tz . (51)

The Wilson lines W, are indexed by the highest-weights A € Ag’;, corresponding to irreducible
representations of G. Only the level-k integrable representations are allowed, corresponding
to A such that (A, 0) < k for 6 the highest root of g (see Appendix A).

Consider putting our 3d N = 2 CS theory on % x Sj. It should be clear from the discussion
of subsection 2.1 that the CS states (51) are precisely the states (14) generated by twisted-
chiral operators in the 3d A-model, with %, = W, being a Wilson line wrapping S}, which we

denote by:
WA@ =|W,(S))) = W;,0). (52)

14We will review the relevant Seifert geometry in section 2.3.3 below. Here we defined (qo, po) = (1, d).
15To see this, one can consider a super-Yang-Mills term as a UV regulator, in which case the gauginos have a
mass proportional to K g2, with g the 3d Yang-Mills coupling.
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Indeed, the supersymmetric Wilson line,

W, = Tr, P exp (lf (A— iadw)) ) (53)
S

is given in the A-model by a Laurent polynomial in the variables x, = 2™, the character of

the representation 9%,:'°
W, (u) = Chl(e_zni”) = Z e~ 2rip(W) (54)
PER;

Note that the supersymmetric Wilson line is equivalent to the ordinary Wilson line in the IR,
because o = 0 on-shell in the A/ = 2 Chern-Simons theory. The relation between Wilson loops
wrapping Seifert fibers and group characters is also well-established in pure CS theory [143].

Solutions to the Bethe equations. Let us now check explicitly that the Bethe vacuum equa-
tions reproduce the expected results from G, Chern-Simons theory [155], assuming that
K > hY, as expected because the Bethe vacua give us the supersymmetric ground states of
the Gx N = 2 theory on a torus. The twisted superpotential of the A" = 2 CS theory on a
circle reads:

K K,
W= E(u, u) + 2—4 , (55)

where (u,u) denotes the Killing form (see Appendix A for our conventions). We will set the
UV gravitational Chern-Simons terms K, [173] to

K, = dim(g), (56)

which ensures that the gravitational CS level in the infrared bosonic CS description vanishes.!”
The gauge flux operator reads:

II(uw)™ = exp (mea_W) s (57)
du

and the Bethe vacua are obtained as solutions u = i of the Bethe equations, II(1)™ = 1,
namely:

2miK(m,2) _ G
MK =1, YmeAl , (58)

for m any GNO-quantised magnetic flux for G, which is equivalent to saying that K(-,u) is a
weight. Taking u = u,e® with {e“} our basis for Aglw dual to the fundamental-weight basis

{e,}, we have (m,u) = k?m, i, in terms of the Killing-form matrix x? for g, and so:
—1( b b
K (pw +A7)
f, = ————, (59)

where A = Pw+A is some weight. Admissible solutions to the Bethe equation need to be acted
on freely by the Weyl group Wz. The maximal orbits under W are in one-to-one correspon-
dence with regular dominant weights, which are dominant weights A such that A* > 1, Va,
in the fundamental-weight basis. Hence we can parametrise the Bethe vacua by Aa regular

®Here we picked the convention (53) for the Wilson loop in the representation A, which would be the Wilson
loop in the complex conjugate representation in the conventions of [100], which we otherwise follow. This is so
as to match standard conventions for bosonic CS theories in what follows.

Integrating out the gauginos has this effect. See e.g. Appendix A.2 of [126] for a more detailed explanation.
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dominant weight. We write this down as A= pw + A asin (59), with A any dominant weight
and (py,) = (1,---,1). The latter happens to be the Weyl vector:

pW=Zea=— a. (60)

G

. . . 1 A A
Finally we need to quotient by large-gauge transformations around S,, it ~ i + m, Vm € A _,

which act on the weights as:
A~A+Ka", (61)

for a¥ € A, the coroots. Hence the Bethe vacua take value in:

A
re ———| (62)
Wé X KAcr

which are precisely the level-k integrable representations of Gy (see e.g. [172]).

Bethe states from vortex loops. In the path integral formalism, the Bethe states |Gi;) of
the G theory correspond to half-BPS boundary conditions that set the A-model field u to (59)
on the right-boundary of a cap — see e.g. [168,174]. Interestingly, the Bethe states can be
generated by some twisted chiral operators V,:

VA@ =V,10) = |1,), 63)

which are indexed by integrable representations just like the Wilson loops. In 3d, the V, lines
are half-BPS vortex loops [175,176] wrapping S}, which are disorder operators that impose a
singular profile for the abelianised gauge field around the loop:

A

A
A, ~=2d 6
o™~ 5 d¢, (64)

which is precisely the condition imposed by (59). These vortex operators are also known as
monodromy defect operators or 't Hooft loop operators — see e.g. [131,143,177,178]. Here
¢ is the angular coordinate winding around the loop, and we use the shorthand notation

A

Ag = Ka_;ia. The specification of such a defect is equivalent to inserting a (non-quantised)

magnetic flux A/K on the cigar. For any weight A, the half-BPS vortex loop takes the explicit
form:

V) = exp (—if i(A— iodw)) , (65)
Sa
where one conjugates the gauge field A along Sj to the Cartan subalgebra. Inserting this
operator into the A/ = 2 supersymmetric CS path integral modifies the equations of motion
from F =0 =D =0 to:

A n

A A
Fa=f“6v, Da=—fa5v, (66)

and o = 0, with 6, a Dirac §-function at the location of the vortex line which integrates to
27 on the cigar. Note that F, + D, = 0 due to supersymmetry.
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2.3.2 Bethe states and modular transformations

The Bethe vacua are supersymmetric ground states of the 3d ' = 2 theory quantised on
T2 =38! x S/i, where the first circle is the ‘spatial direction’ in the A-model on X. While the A-
model supersymmetry treats the two circles differently in general (since the two supercharges
that survive on a generic X x Sj anticommute to translation along S}‘), when X is a flat cylinder
so that the 3-manifold is R x T2, all four supercharges are preserved, and thus we expect a
well-defined action of the modular group SL(2,Z) on the Bethe states, as already mentioned
in section 2.2.

In the case of the ' = 2 Chern-Simons theory éK without matter fields, the SL(2, Z) action
is well understood in terms of the infrared 3d TQFT: the S transformation directly maps the
Wilson loop states to the Bethe states (also known as Verlinde states):

[W3) = Sakldy) . (67)

The change of basis (27) is thus given by the S-matrix of the infrared Chern-Simons theory.
This implies that, under a large diffeomorphism S of the T2 boundary of the solid torus, the
Wilson line W, along the central longitude S/i is mapped to the vortex line V;, wrapping the
same circle.

We can now check that the 3d A-model formalism reproduces the known results for mod-
ular matrices of the Chern-Simons theory. Firstly, we already noted that the insertion of any
half-BPS line along S/} is diagonalized by the Bethe vacua. Here, inserting W, at a point on

the cap [i,,), we obtain:

v, @ = chy (e 2™),) . (68)

= (@1, |W) = (&1,|W;|0) = chy (e 2™) S, . (69)

Then, we see that:

S

Recall that Sy, is related to the handle-gluing operator by (37), and that the latter is given
by [107]:
’H(u) — Krank(g)lKl l_[ (1 _ eZniot(u))_1 , (70)

a€eA

for this G NV = 2 CS theory, with |«| the determinant of the Killing form. Hence, we find:

SOM — /H(ﬁu)_% = Ag e—%(l)w’ﬁw“‘u) l_[ (1 _e%(a,Pwﬂl«)) , (71)

acAt

where the product is over the positive roots, and with the normalisation:

1 A
1 AT
As = —5— =A== (72)
K= |K‘|§ KAcr

determined up to a sign (here we fixed the sign by comparing to the known CS results). We
then find: . y
SA“ = chl(e_zmu“)SOH = AS Z E(W) e_T(W(PW""A)’PW""H) , (73)

WEWg
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where we used the Weyl character formula (A.19). Upon writing K as K = k + h", this is the
well-known formula for the S-matrix of the bosonic CS theory G, [132,179].

The ‘ordinary’ fibering operator introduces a principal circle fibration over X~ [96]. For this
N =2 supersymmetric CS theory, it is given by:

]_-(u) — eZTci(W—uauW) — ezm(—%(wﬂ‘“?—?) ) (74)

Evaluating this on the Bethe vacua and using the identity (o, pw) = h¥ dim(g)/12, one finds:
‘F(ﬁu) — e—2nihu+%c(5k) , (75)

where h,, and ¢(G,) are given by:

hu ~ 2(k+hY) - 9K s c(Gy) = Cr Ry 1 X dim(g). (76)

These are the conformal spin and the central charge of the corresponding WZW[ G, ] model.
Recall that 8, = e2™" is the topological spin of the Wilson line W,. The fibering operator thus
acts on the Bethe vacua exactly like the inverse of the modular T-matrix of the G, CS theory:

(Gy)

T}u=:5luemﬁ0m__ﬂ_)::5AM]TQM)_1. 77)
These modular matrices satisfy the SL(2,Z) relations:

s?=c, (ST =cC, c?=1, (78)
where the central element C acts as the charge conjugation matrix:

1, ifR, =R,

79
0, otherwise. (79)

Clu=5lﬂ={

That is, Cy, = 1 if A and u are the highest weights of complex conjugate representations. '8

Recall that the usual SL(2,Z) generators read:

0 —1 11 -1 0
s=(1 %) t=(01) e=(3 ) (50

We further note that the relations (37) and (77) between the A-model operators and the 3d
TQFT modular matrices are well-known ‘experimental facts’ in the literature, and that they
have often been used to identify TQFT phases of 3d supersymmetric theories [180-188]. The
above discussion hopefully clarifies this relationship; we will also extend it to general Seifert
fibering operators.

2.3.3 Seifert geometry and topological surgery

Let us briefly review a few relevant facts about Seifert geometry. (See [126] for a longer
review.) From a TQFT perspective, we wish to view the introduction of a non-trivial circle
fibration over ¥ as a sequence of topological surgery operations. The elementary surgery,
generally called Dehn twist, is performed at a smooth point on X, where we locally have the
trivial fibration A = D? x SA, where D? is a small disk. Then A is a tubular neighbourhood

18Recall that the only compact real Lie algebras that admit intrinsically complex representations (as opposed to
real or pseudoreal) are ay_; = su(N) (for N > 2) and ¢. In all the other cases we have C = 1.
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of a regular fiber. For many purposes, it is useful to view N as the solid torus, T(1,0), where
we insert %, along the longitude (i.e. the non-contractible 1-cycle) at the origin of the disk;
the contractible 1-cycle (here, the boundary of the cigar) is called the meridian. Recall that
the meridian M of a solid torus is uniquely defined (up to orientation), while the longitude L
is only defined up to a shift:

L—>L+tM, (81)

for t € Z. Picking local coordinates (z,)) on D? x Sj, this ambiguity corresponds to the
non-trivial automorphism:

(z, ) > (2, ). (82)

This will be important below. Then, introducing a non-trivial fibration at z = 0 corresponds to
replacing T(1,0) by a non-trivially fibred solid torus.

Seifert fibre topology. A Seifert 3-manifold M is a circle bundle over an orbifold:
81 - M _>i:g,N(q1,"' :qN)) (83)

where f]g,N is a genus-g closed Riemann surface with N orbifold points. The Seifert fibration
is fully determined by the following Seifert invariants:

M=1[d; g;(q1,p1), -+, (qu, )]
= [0’ g:(lzd)z (ql)p].)a"' J(qN?pN)]J

with d the degree of the circle bundle and (q;,p;) (i =1, -+ ,N) the so-called Seifert invariants
of the exceptional fibers over the Z, -orbifold points. By convention, we have ¢; > 1 (and

(84)

g; > 1 for a non-trivial orbifold point) and p; € Z. Moreover, we generally treat the ‘degree’ d
as a trivial orbifold point (qg, pg) = (1,d). This corresponds to the identity

Gra(w) = Fw), (85)

between fibering operators, giving us a degree-d fibration. The neighbourhood of each excep-
tional fibre is a solid fibred torus T(q, t), with pt = 1 mod q. The class of geometries (84) is
rather rich. Many explicit examples of supersymmetric backgrounds on Seifert-fibred three-
manifolds were discussed in [126]. For instance, this class includes all lens spaces, various
homology spheres such as the Poincaré homology sphere, and some torus bundles. We will
discuss of few of these examples below.

Each (g, p) exceptional Seifert fibre can be obtained by a Dehn surgery at the orbifold point,
starting with a smooth point on the base ¥, removing a tubular neighbourhood N' = T(1,0)
of the regular fiber, and gluing back a solid torus with a prescribed SL(2,Z) twist. Let (v, ¢)
denote the coordinates along the longitude and meridian of the boundary of M — A/, and
let (¢/,¢”) be the corresponding coordinates on the solid torus that we glue back in. The
longitudes and meridians are related as:

L'=qL+tM, M’ =pL—sM, pt+gs=1. (86)

In terms of the local coordinates, this corresponds to:

Y\ _ = (Y ~ (s -p
(—w)_u(w’)’ U_(t q)’ ©7)

which is the matrix anticipated in (42). Note that p = 0 (and hence g = s = 1) is the trivial
gluing (the remaining parameter t then gives us a trivial twist of the solid torus as in (82),
and does not affect the topology of the 3-manifold).
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In the following, it will be useful to define the matrix:

| P S)\=_p
U—(_q t)_ uUs, (88)

which we also denote by U = U@P) to emphasise the dependence on the Seifert invariants
(g, p). The SL(2,7) matrix (88) can be written in terms of the S and T matrices (80) as [132]:

U@r) = £rmg...TMmg (89)
where the integers (my, - - ,m,) give us the partial fraction decomposition of —p/q as follows:

1
q my_—

1

mj

and the overall sign in (89) is chosen so that g > 0. Note the ambiguity:

e = P ) _, pyappmo—_( P StmMopP ©1)
—q t —q t—myq)’

which does not affect the topology of M.

Seifert fibering operator from topological surgery. Given this explicit topological descrip-
tion of the (q, p) fiber, we can revisit the description of the Seifert fibering operator given
above (46). For the supersymmetric CS theory Gy, since the S, matrix that expands Wilson
lines into Bethe vacua is the modular S-matrix, we find the matrix elements:

Uyo = (0lUA2L,) Zsop Qp|ilh,) = US),y, — for U, = (@, Uld,),  (92)

where we used the fact that S, is symmetric. Note that the S matrix is needed to expand the
cap (0| into Bethe vacua (28). More generally, we can consider the matrix element:

Uyp = Walldli,) = (US),1, (93)

which corresponds to the insertion of a supersymmetric Wilson loop W, ! at the exceptional
Seifert fiber.?® Of course, the matrix I/ realises the SL(2, Z) action (88) on the Bethe vacua. It
can then be constructed as in (89) using the known S and T modular matrices:

Urgpr = T™S - T™SC'% (94)

Here we denoted this matrix by Urgpr, the ‘3d TQFT’ U matrix, to emphasise that the matrix
constructed in this way depends on U and not just on (q, p), namely it depends on the specific
choice of t as well.>! A completely explicit expression for this Urgpr is known from the CS
literature [132,133,139]. It reads:

1
(UTQFT )MA = rank(g) Z ( QFT).ux 2 (95)
nenl (q)

The choice of t does not affect the topology of the three-manifold but it does affect its framing.

2Here W, ! = Wj; denotes the Wilson loop in the representation 25 = R, conjugate to W,, or equivalently the
Wilson loop W, wrapping the Sj fibre with the opposite orientation with respect to (53).

21We can take (89) together with (90) as defining t, but we could also choose another t by turning on the
parameter m, in (91). Note also that, in order to compute the matrix element Z/{HO, the overall power of the central
element C does not matter since C,, = 6,,,. More generally, choosing a different sign in (89) would correspond to
replacing U,,; by U, 3, or equivalently to flipping the orientation of the Wilson loop in (93).
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where we sum over elements of the mod-q reduction of the magnetic flux lattice for the simply-
connected gauge group G:

G

- A
A ()=~ (96)
mw

with the summands:

Ungrrdur = Ase” BHOID S T e(w)

weW,
i
><eXP[—q—K(p|hoW+u||2—2(low+u,W(pw+7t)+21<n) ©7)
+ tlw(pw +2) +2Kn]1?) ],

and with the prefactor Ag defined in (72) and the notation ||u||* = (u, u) for the norm squared
of u, using the (inverse) Killing form.22 We also introduced the Rademacher function for the
SL(2,7Z) matrix U [132]:

q—1
@(U)E—li-l-lZS(p,q), s(p,q) = iZ:cot(n—l)cot(n—lp) , (98)
q 4q q q

=1

where s(p, q) is the so-called Dedekind sum. Using the Weyl character formula, we can mas-
sage the expression (95)-(97) into the more suggestive form:

_ rank(g) _2mity, 2micn _
(Urorrdyn =q 2 Z e @ “chy (6 ¢ (u m)) X (U%FT)MO, (99)
neAgw(q)
with: o ~ "
Uierdo = €T Ag (G ¢~ T 02t w0
x P [T (1= e el m), (100)
aceAt

in terms of the Bethe vacua i, = (ow + u)/K. Here we defined the phase factor:

g = i) — ~B(0W+) (101)
which happens to be the contribution of a single gaugino to the Seifert fibering operator [126].
Let us now introduce the following modified ¢/ matrix:

2mit ( <(Gy)
-

Ususy)ur =€ ¢ T)(UTQFT);M ) (102)

which is defined in such a way that the explicit t dependence drops out. We will now check
that Ugygy is indeed the correct supersymmetric result.

2.3.4 Seifert fibering operators in the supersymmetric CS theory

The Seifert fibering operator G, , is the natural generalisation of the ordinary fibering op-
erator (with 7 = G; ;). It allows us to introduce a (q,p) Seifert fibre in a supersymmetric
fashion [126]. Recall that the Seifert fibre is associated to the SL(2,Z) matrix U in (88) that
we would use for 3d surgery. In our A/ = 2 CS theory, the off-shell Seifert fibering operator

22We also slightly abuse notation when we write down expressions like (97) which contain some weights A and
some fluxes n, which live in dual spaces. It is then understood that (u,n) = u(n).
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is given as a sum over the ‘orbifold fluxes’ n (called ‘fractional fluxes’ in [126]) taking value
in (96):

Gop@ =g > G, W, (103)

neAl (q)
with

2mi

2mpw(u tn) a(u—tn)

_ (GOYIM(E) p— " (plu)—2(n )+ (n)) € l—e?
gq p(u)n (g ) e—znlpw(u) l_[+ 1— eZﬂ:ia(Ll)
A

, (104)

where the first exponential arises from the level-K supersymmetric Chern-Simons action itself,
and the product over roots arises from one-loop fluctuations of the vector multiplet. The
expression (104) is independent of the choice of t such that pt = 1 mod ¢.?*

Comparison to the 3d TQFT result. According to general 3d TQFT arguments reviewed
above, the Seifert fibering operator in a 3d TQFT (the bosonic CS theory Gy) should act diag-
onally on the Bethe states as:

A 0 A
f,) = ——,). (105)
Son

gq P

By direct comparison between the TQFT and supersymmetric result for the A/ = 2 CS theory
Gy, we easily check that the on-shell fibering operator matches with what is expected from
the TQFT only if we use what we called the Ug;gy matrix elements defined in (102), namely:

(g,p) (g.p)
(Z/[ ) mit Z/{
Gplily) = —2XHD _ o~ ie(G) 12 (106)
Sou Sou

where, from now on, we denote by U = Urqpy the ‘proper’ TQFT matrix (94). This relation
can be extended to the insertion of a Wilson loop W,~ ! wrapping the exceptional fiber. In-
deed, from supersymmetric localisation we know that the Wilson loop at that orbifold point
gives us the character chl(ezm'%), where the argument is properly gauge invariant under
(u,n) > (u+1,n+p) [126]. We then have the on-shell insertion:

( (q,p)) 7L u(‘ip)
Wy (@), () = — > = Tjh——, (107)
’ Sou Sou

where the second equality follows from (102).

In hindsight, the fact that the TQFT and supersymmetric computations give slightly differ-
ent answers was to be expected. Indeed, in the supersymmetric case we consider a ‘partially
twisted’ theory which is not exactly topological: the partition function can in principle depend
on the 3d metric in a mild fashion, through an explicit dependence on the choice of transversely
holomorphic foliation (THF), also known as a dependence on the ‘squashing parameter’ in the
case of a lens space [97,156]. On the other hand, the TQFT computation is truly topological
— that is, metric-independent. Recall that, in the case of the bosonic Chern-Simons theory as
discussed by Witten [ 130], one introduced a gravitational Chern—-Simons counterterm propor-
tional to ¢;(G) to cancel out an explicit metric dependence of the ‘naive’ quantum theory, at
the price of introducing a dependence on the framing of M. It is thus natural to interpret the
relative phase in (106) as the contributions from that same counterterm with an opposite sign,
thus removing the dependence on framing and reintroducing some mild metric dependence.
A similar story should hold for the Wilson-loop insertions, which are unambiguously fixed in

2Indeed the shift t — t + q leaves the answer invariant because (n,n) € 2Z.
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the supersymmetric context while they can depend on a choice of framing of the loops in the
TQFT. We will give some non-trivial evidence for the correctness of this interpretation in the
following.

2.4 Supersymmetric CS partition functions on Seifert manifolds

Consider the supersymmetric partition function on the Seifert 3-manifold (84). It is given by
the insertion of the Seifert fibering operator (48) in the 3d A-model:

N
Z,/S\EIJSY[GK] = <g/\/l >2g - Z/H(ﬁu)g_l l_(!g i,Pi(ﬁH)' (108)
u 1=

On the other hand, the TQFT computation using Dehn surgery at the exceptional fibers gives
us:

TQFT ZSZ 2g—N—-1 l_[u;s%i,pi)’ (109)

i=0

as expected from (49). From the above discussion, we find that:
Z850SY = ¢S 71 OFT | (110)

with the non-trivial counterterm:

eS¢ = exp (——C(Gk) Z ) (111)

As we just discussed, this counterterm should remove the framing anomaly of the TQFT parti-
tion function, giving us a supersymmetric partition function that depends mildly on the choice
of metric. On general grounds, we expect that this counterterm can be written in terms of the
supergravity background fields that define the half-BPS Seifert geometry, as an ‘almost’ local
functional involving the gravitational Chern-Simons term as well as Chern-Simons terms for
the U(1)y gauge field (or perhaps the 7 invariant n(M,A®)) and other auxiliary fields [173].
We know that this functional cannot be supersymmetric, since it allows us to go from a super-
symmetric to a TQFT scheme, which makes it much harder to pin it down explicitly. We leave
realising S.; as an explicit local functional in the background fields as a challenge for future
work.

More generally, we can compute the correlation function of Wilson loops W, wrapping
generic fibers at distinct smooth points z; € flg’N, as well as Wilson loops W)L_,» ! wrapping the
exceptional (q;, p;) fibers, through the Bethe-vacua formula:

N
(TTwa < T Twit)., = > m@)s [ T, @2 x [ [0y Wi 1(6,), (112
k i u k i=0

where we defined the Seifert fibering operator with a Wilson line inserted:

rank() 2mice
ST ehle T MG, (), (113)

neAl (q)

2o[Wr 1) =

as an obvious generalisation of (103). The 3d TQFT result for the same observable reads:

—1 TOFT = 2-2g—N-1 S)Lk“ . (qi,pi)
<l:[WAk 8 l_,[WAi >M ZSOM l_[ % l_[uuxli ’ (114)
1

u k Sou i=0
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and we thus find:

(TTwax]1 W;f)iw — e SaeXia (TTwax]1 w;f)jf” . (115)
) | ) .

L 1

Note again that the insertion of the supersymmetric Wilson lines at an exceptional (q, p) fibre
differs from the insertion of ordinary Wilson lines in the bosonic CS theory by a non-trivial
power of the topological spin 6, = e2"1:

W, susy = 0, W, ot - (116)

This is necessary in order to remove the dependence on the framing of the loop - indeed,
the factor of T is known to arise from the two-framing of a Wilson loop?* wrapping the
exceptional fiber [143]. The Wilson loops W, wrapping regular fibers also have a specific
framing, as written above, which is in a sense dictated by supersymmetry. We can always view
the insertion of the Wilson loop as a trivial Dehn surgery (p = 0) with a loop inserted, and we
have then the freedom of choosing my = —tj, in:

UGD = (ST ™)z, (117)

which is the freedom to shift the two-framing of the loop. This multiplies (114) by a factor of
(Ty, 2, )" for each W,, [130].

To conclude this section, let us now discuss a few instructive special cases. We first discuss
lens spaces, which are the Seifert fibrations over the two-sphere with at most two exceptional
fibers, and in particular we briefly discuss Wilson loops on S2. We then consider the equally
interesting case of torus bundles over the circle which admit a Seifert structure.

2.4.1 Supersymmetric CS theory on lens spaces

Consider the supersymmetric lens space L(p, q);, where b is a continuous squashing parameter.
This supersymmetric background admits a Seifert fibration for:

=2cq. (118)
q2

Indeed, any g = O Seifert manifold with at most two exceptional fibers is a lens space, and we
have [126]:

L(p,@)p =[0;0;(q1,P1),(q2,P2)],  P=P192+P2g1, q=q152—P1ta, (119)
as well as:%°
q' =qys1 —Ppaty, q¢'=1modp. (120)
One can easily prove that:
t;, b2—¢q t, b>—
L_b"—q , 22 _ g , (121)
q1 p q2 p
from which one finds:
SUSY _ _“ic(ék) b’ +b2—q—¢ TQFT
ZL(p,q)b - exp( 12 p ZL(p,q) ) (122)

We see that, in this concrete example, the counterterm S, depends on both the topology of the
lens space and on the squashing parameter b, while the TQFT answer is of course independent
of b.

24That is, a choice of two vector fields normal to the loop and respecting the Seifert fibration structure.
2Note that L(p,q) and L(p,q’) are homeomorphic up to an orientation reversal.
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Wilson loops on the three-sphere. As a simple special case, consider L(1,1); = S, the
round three-sphere (b = 1), which can be obtained using a single ordinary fibering operator.
Thus, considering a single Seifert fibering operator with (g, p) = (1, 1), we have:

u
U=T"1sCTt = ( 1 mo) ) S—“O — it (123)

-1 t

with my = —t. Then, according to (114), the two-point function of Wilson loops wrapping the
Hopf fibre (giving us a standard Hopf link) is given by:

(W, Wy ) = stsAM —T ST,,ST o (124)

where we used the SL(2, Z) relations to obtain the final answer. Up to a choice of framing of
S? and of the loops, this is of course the standard answer, S_}, for a Hopf link [130].° The
supersymmetric answer (115) then removes the explicit t-dependence, giving us (TS™'T),;.

Another interesting case of Wilson loops on the three-sphere is that of the torus knot. The
(p, q) torus knot T}, 4 is a knot lying on the surface of an unknotted torus in R3, specified by
two coprime integers p and q that describe its winding around the surface [189]. Like any
knot, it has an associated Jones polynomial, given by (in a normalisation with V{jpnec(t) = 1)

@11 1 — tPH — (91 4 ¢a+P
2

VTp’q(t) =t 1— tz )

(125)

which should be reproduced by computing the one-point function of an appropriate funda-
mental Wilson loop in SU(2) Chern-Simons theory [130]. To see how to obtain this quantity
using our formalism, we use the fact that the knot complement of Tj, 4 is the squashed three-
sphere S2, viewed as a Seifert fibration over the spindle S?(p, q). Therefore, to reproduce the
above, we simply need to compute the one-point function of a Wilson loop wrapping a generic
fibre on Sg, with Seifert invariants q; = p,q, = q, and p; chosen such that

qip2 +q2p1 =1 (126)

(recalling that S g’ =L(1,1);). Again using (114), we obtain

<W1>TQFT Z 1M u(‘]l Pl)u(qz p2)

SO Ko

sin(ZE) 1 (127)
Z Z 2Kq [pju —2(2Knj—€;)u+t; (ZKn}—e]) ]’
n;=0¢;=%+1

which is precisely the result obtained in [137] for the same quantity (up to normalisation).
This expression is simplified greatly in [143] to

1,2
<W1>§2QFT = Z I? t—%(‘hfh—fh—fh—l) [1 _ t‘h"‘l _ th2+1 + t‘h"“lz] , (128)

with t = e 2™/K_ Upon normalising by the one-point function of the unknot (W) $3 = S10
(from above) and setting q; = p, g, = q, this precisely reproduces (125), as expected.

26That we get S~! and not S is due to our choice of orientation of S%. For (g, p) = (1,—1), we do get S.,.
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2.4.2 Supersymmetric CS theory on torus bundles

In order to give a non-trivial consistency check on the 3d A-model formalism in a case with
more than two exceptional Seifert fibers, it is interesting to consider torus bundles which also
admit a Seifert fibration [132,190]. Torus bundles are non-trivial fibrations of T2 over the
circle:

MA=IxT?/~,, A€SL(2,7), (129)

with I = [0, 1] the unit interval and with the identification {0} x T2 ~, {1} x A(T?), where the
T2 fibre is identified with itself up to a large diffeomorphism.?’ Identifying the interval I with
the time direction, the axioms of TQFT [130] give us the M?* partition function as a trace:

Z\5T = Trye, (A), (130)

where A is the representation of A on the torus Hilbert space, and hence the partition function
is literally the trace of the matrix A.

Torus bundles from surgery on T3. There are exactly five torus bundles that admit a Seifert
fibration, including the trivial fibration [190]:

M =[1;0;]1=T°,
M =[0;0;(2,1),(2,1),(2,—1),(2,-1)],
MT™'S =10;0;(3,2),(3,—1),(3,—1)], (131)
M?® =[0;0;(2,1),(4,-1),(4,—1)],
M3 =10;05(2,1),(3,-1),(6,—1)].

The first one is the three-torus, whose partition function (130) counts the number of lines in
the G, CS theory, and which is also the Witten index of the 3d A/ = 2 supersymmetric CS
theory Gg. For the pure SU(N); Chern-Simons theory, for instance, we have [191]:

(132)

zoisumyd=(“ 0T,

N-1

More interestingly, we can consider the partition function on the C-twisted torus bundle. Ac-
cording to (130), it gives the trace of the charge conjugation matrix (79), which consequently
counts the number of lines that are in self-conjugate representations.?® Since the charge conju-
gation matrix is the identity for all compact simple Lie algebras that do not admit intrinsically
complex representations, this determines many partition functions:

ZyelGel=Zps[G], if Lie(G) € {ay, b, ¢y 0y €7, €5, 45 0o} - (133)

The only remaining simple algebras are a, = su(n+ 1) (n > 1) and ¢¢. For SU(N);, we count
the self-conjugate integrable representations as follows. The conjugate of a Young tableaux is
its transpose, which reverses the Dynkin labels as (A}, ..., AN"1) — (AN~ ..., A1). Counting
the self-conjugate integrable representations for SU(N ), thus amounts to counting the reversal

?The topology of M?* only depends on the conjugacy class of A, not on the specific A chosen [190].
Z8More precisely, representations which are real or pseudoreal.

24


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106

e SciPost Phys. 19, 106 (2025)

invariant (N — 1)-tuples whose sum is bounded by k. This gives:%’
k|, N
Elpd_q
(LzJN 2 )(1+k—2¥L§J), N even,
Zpmc[SUN) ] = [@J2+ N1 (134)
(2N_12), N odd.
2

As anticipated, these values agree perfectly with the supersymmetric calculation described in
section 2.4.%° For the remaining three torus bundles twisted by T~'S, S and ST, the TQFT
partition functions are not generally integers, since the corresponding TQFT matrices are com-
plex. For SU(2),, the partition functions for these three torus bundles can be compared with
the explicit result [132], which is valid for all non-parabolic elements of SI.(2,Z). Up to a
different choice in orientation for the torus bundles, we find precise agreement:

Zams[SU(2)i] = 6k mod 2,05
Z 1-15[SU(2)i] = 6k mod 3,0 + €3 S mod3» (135)
ZMST[SU(z)k] = 5k mod 3,0 T e+76kmod3,1 .

Obtaining simple-looking formulas for all values of k becomes increasingly difficult for larger
rank. For instance, we find:

Zpgs [SU(B)k] = O mod 4,0 10k mod 4,15
Zrs[SUBN] = 3 (2+ k= V3i[ 52 | = 6 moas2) (136)

2ni _m il
ZMST[SU(B)k] = 5k mod 6,0 tes 5k mod 6,1 +te 3 5k mod 6,2 +es3 5k mod 6,3 *

In any case, we find good agreement between the two distinct TQFT computations, and hence
with the supersymmetric computation.

3 Gauging one-form symmetries on Seifert manifolds

In this section, we generalise the discussion of the previous section to the case of N’ = 2 super-
symmetric Chern—-Simons theories Gx, where G is not necessarily simply-connected. Denoting
by G the simply-connected group for the simple Lie algebra g, and by Z(G) its centre, we
consider:

G=G/T, TcT=2(G). (137)

Conceptually, the easiest way to obtain all possible Gx CS theories is by gauging the corre-
sponding three-dimensional one-form symmetry Fé(ll) = T, which must be a non-anomalous

subgroup of the full one-form symmetry féé) of the 3d gauge theory.

In this section, we wish to carry out this gauging in the language of the 3d A-model on
M, generalising recent discussions that focussed on M = ¥, x S}x [93-95]. First, however, it
is useful to attack the problem from the 3d TQFT perspective. The standard TQFT approach

2For N odd, this is equal to the number of I\%-tuples whose sum is bounded by |_§J, since adjoining the reverse to
those gives all suitable symmetric (N—1)-tuples. As a consequence, Z »c[SU(N),] = Z;3 [SU(%)L k| ]. For N even,
the number of Dynkin labels is odd, and reversal invariant labels take the form (A%, ..., AE-1 ; A% ; A%‘l, oAb,
Thus we count the number of (%—1)-tuples with sum j, leaving k+1—j choices for Az ,and sumover j =0,..., [%J
The claim follows after a binomial massage.

30We checked this numerically for a large number of cases.
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to gauging one-form symmetries brings to light some important caveats relevant to the 3d A-
model approach, which were not fully appreciated before.?! The upshot is that, in this paper,
we will limit ourselves to those 3d NV = 2 CS theories G that flow to bosonic Chern-Simons
theories in the infrared. The most general case involves spin-TQFTs as well, and will be treated
in detail in a future work [165].

3.1 Anyon condensation in bosonic Chern-Simons theories

First of all, we would like to understand which is the most general N’ = 2 supersymmetric Gg
Chern-Simons theory we can consider. Given the Gy Chern-Simons theory, which flows to the
bosonic CS theory Gy in the infrared with

k=K—-h">0, (138)

we can obtain the gauge group G = G/T by a process known as ‘anyon condensation’ [19, 131,
157,158]. Let
T >7(6), (139)

denote the full one-form symmetry of the Gy theory, and let y € T denote the group elements.
This one-form symmetry is generated by the abelian anyons of the 3d TQFT. These are the
Wilson lines a, = Wi such that the fusion of a, with all the other Wilson lines gives us a
single Wilson line. Thus we can define the fusion action:

a, Wy, = Wy (140)
In particular, the fusion of the abelian anyons reproduces the group law of the abelian group
(1)
I, , namely N

Ay = Ayyyr (141)

Let hla,] = h/ly denote the conformal spin of the abelian anyon a,, which is given by the

conformal dimension (mod 1) of the corresponding WZW[G, ] simple current. The one-form
symmetry group F)Sl) - fs(é) generated by y is non-anomalous if and only if h[a, ] € %Z. In this
paper, we consider the stronger condition:

hla,Jmod1=0, VyerT, (142)

so that the abelian anyons we condense are all bosonic. This ensures that the infrared Chern—
Simons theory (G/TI'), remains bosonic. The possible gaugings of non-anomalous subgroups
I C T for all simple simply-connected compact Lie groups are discussed in appendix B. All the
possible bosonic CS theories for G simple are listed in table 1.

3.1.1 Action of the one-form symmetry on the lines

Consider the states generated by Wilson lines and vortex lines of the @k theory, as discussed
in the previous section:

W#@ =W,), V#@ =V,) = Iit,). (143)

31At least not by the present authors.
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Table 1: List of all possible bosonic CS theories G, for G simple. Here n denotes
the rank of the gauge group, k € Z the CS level, and the conditions (142) for the
existence of G, as a bosonic TQFT are given in the last column. The (Eg)y, (F4)«
and (G,); CS theories are uniquely determined by their level, and thus are not listed
here. See appendix B for more details.

g Ek I'=2Z(G)| rcr G = (5/I‘)k conditions
a, SU(n+ 1), Zpir Z, | (SUn+1)/z,.), | XD ey
by, Spin(2n + 1), Z Z, SO(2n+ 1), tez
¢ Sp(2n); Z Z, PSp(2n); Mez
oot || SpinCal +2), z, Zy PSO(4l + 2), ez
Z SO(4l + 2), tez
Zoy x 7 PSO(41), reza® ez
LY Spin(4l)x | ZyxZ, Z, SO, (41); kneg,
Z, SO_(41); ez
z3°e SO(41), kez
¢ (Eq )k Zs Zs (Es/2Zs ) 5€Z
&7 (E7 )k Z, Z, (E7/Z)x tez

Let us denote the longitude (non-contractible 1-cycle Sj) and the meridian (contractible one-
cycle) of this solid torus by A and B, respectively. The abelian anyons act on lines in two
ways, by braiding and by fusion. For any 3d TQFT, the braiding phase that one obtains when
unlinking a, and W, is given by [130]:*2

S—l

Ao 0(r(w)
Sou  O(W)O(A,)
where the last equality is just a convenient notation for this braiding phase, for now. We denote

the operator obtained by acting with an abelian anyon a, on the one-cycle C by U"(C). We
then have:

B(a,,W,) = =11(0,)", (144)

Z/{Y(A)|WM> = |Wy(u)) ’ MY(BNWM) = H(ﬁM)Y|WM> ) (145)

from fusion and linking, respectively. Conversely, the action on vortex loops (and hence on
the Bethe states) is:

Note that U”(A) is a twisted chiral operator in the A-model, which is thus diagonalised by the
Bethe vacua, with H(ﬁu)y being our notation for the eigenvalues. The actions (145) and (146)
are compatible with (67) provided that:

Sy(yy = 110, S,y - (147)

y(u)y

32The second equality can be derived by considering W, and a, linked and running along a twisted ribbon.
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Indeed, we have the more general relation (in any 3d TQFT, see e.g. [159]):

SY(M)Y/(V) = B(Cly, aY/)B(ay, WM)B(aY/’ Wv)SpW . (148)

The self-braiding phases B(a,,a, ) capture the ’t Hooft anomaly of féé). One the T? Hilbert
space, this anomaly controls the group commutator:

B(a,,a_,W,)

=B(a,,a,)}, 149
Bla,,W,) (a,,a,) (149)

[ura), u'®)]=
where in the second equality we compute the braiding of a,, with a_, W, by separating a_,
from W, and going through the two lines individually.

Charge sectors, orbits and twisted-sector states. The Wilson lines (or, similarly, the Bethe
vacua) are organised into sectors and orbits by the action of IN“?S), or of any subgroup F?E(li)
thereof. Consider first the action on Wilson lines by linking a,. This defines the one-form

symmetry charge 7, of the line W,, as an element of the Pontryagin dual group:
4, € ['=Hom(T, U(1)), such that B(a,,W,)=19,(y), VyrerT. (150)

The same charge 1, is assigned to the vortex line V), and to the Bethe state |,,), by fusing the
vortex line with the abelian anyons. In either description, this splits the torus Hilbert space
into charge sectors:

Ay = (R) A, (151)

el

It is important to note that this decomposition results from the action of " (1) in the Wilson-
line basis but from the action of /" (A) in the vortex-line (i.e. Bethe-state) basis. In the former
description, the states in %ﬁ are generated by the set of Wilson lines with fixed 1“3(;) charge:

Sy ={w, | (@, =9,(r), VreT}. (152)

The set of Wilson lines with vanishing charge — that is, with ¢ = 1 — will be of particular
interest since they survive gauging.

Secondly, we consider the fusion of Wilson lines with the abelian anyons a,, or similarly
the linking of a vortex line with the same a,. This defines orbits of integrable representations
under the action of T

u— y(u), yerl. (153)
For 5k based on a simple Lie algebra g = Lie(G), this group action on the highest weights is
well understood in terms of the action of the centre of G on the affine Dynkin diagram of g —

see e.g. [172]. Let us denote by &(u) the T orbit of some u, and more generally any orbit by
 (as the orbit is independent of the element uy € ©):

d\): {Ml)uz)-'. uu’|cf)|}' (154)

Here || denotes the length of the orbit. We denote by Stab(&) C T the stabiliser of any
element u € &, and we recall that |Stab(¢)| = |T'|/|| by the orbit-stabiliser theorem.3? In
the Wilson-line basis, we may define the I'-invariant orbit states:

W) =co )W), (155)

UED

33Here we use the fact that I' is abelian, hence Stab() = Stab(u) is the exact same abelian group for any element
u € . This uneasy notation should not cause any confusion.
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with ¢, some unspecified normalisation factor. More useful for us will be the following or-
thonormal states, which are built simply by summing over orbits of Bethe states:

1
&) = ),  U(B)o)=|d). (156)
Vi) §, !

Assuming the vanishing of the ’t Hooft anomaly, the operators U/"(.A) and UY(B) can be di-
agonalised simultaneously. In particular, the orbits > and the states |&) are then assigned a
specific charge 0 € I'. The states that trivialise all charge operators &"(C) on T? are thus the
Bethe-state orbits with ¥ = 1.

Finally, we need to consider the twisted-sector states as well. These are states obtained by
inserting an abelian anyon as along the time direction [131]:

|

W, =|w,;6) e £, (157)

where %”T(f) denotes the 6-twisted Hilbert space. The line W, can only participate in a &-
twisted state if it is fixed by fusion with a5, namely if 5(u) = u.>* We can similarly generate
%"g) using the &6-twisted Bethe states, which are defined similarly in terms of vortex lines:

A = spang {[0,;8) | s(w)=p}, Ser. (158)

The one-form symmetry charges of the 6-twisted sector states are independent of &, and thus
the same as in the untwisted sector:

U'(B)IW,;6) =T1(0, )" [W,;6),  UT(AliL,; 6) =T1(@,) 1,5 6) . (159)

The action of 7(A) on |W,;8) is seemingly more complicated due to the trivalent junc-
tion [163,192], yet one can argue that the naive fusion gives the correct result, namely:

This is most easily shown in the A-model perspective [95]. Since the stabiliser group of u is the
same for every orbit element u € &, we find that the full orbit ¢ has a twisted-sector copy for
every 6 € Stab(&). In particular, we can define the twisted-sector orbit states of Bethe vacua:

058) = —— > 18,:6),  U(B);8) = |;6), (161)

generalising (156). These states are orthonormal: (&; 6'|;6) = 8 54/655:-

3.1.2 Condensing the lines: The G torus Hilbert space

From now on, consider I' a non-anomalous subgroup of the full one-form symmetry such that
the condition (142) holds. On any 3-manifold, the condensation of these bosonic abelian
anyons for I' is a three-step process [131]:

3*We note that the trivalent vertex between the W, and a; lines is unique whenever the line a; is bosonic and
non-anomalous (i.e. a condensable anyon). The trivalent vertex corresponds to a state in the Hilbert space of the
sphere with three insertions W,,, W and a;. For a condensable boson 6, we have trivial braiding with all the lines,

B(8,a) =0, by definition, hence ‘;% =1 by (144). We then find that Nuvé = C,, using the Verlinde formula (35).

29


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106

e SciPost Phys. 19, 106 (2025)

1. Restrict the set of lines to the ones of vanishing one-form charge. In either the Wilson-
line or the vortex line basis, those are the lines %, indexed by u such that:

My,) =1, Yy er. (162)

In other words, one restricts to the # = 1 charge sector. For I' non-anomalous, this
includes all its abelian anyons.

2. Identify the lines £, that belong to the same orbit & = (u). In particular, the abelian

anyons a, are identified with the trivial line.

3. Every line £, is replaced by a set of lines 3&5) where § € Stab(u). In the original G
theory, these lines are lines %, meeting with a; transversely, but those configurations
become genuine lines after step 2.

On the solid torus in the Bethe-state basis, for definiteness, these three steps correspond to
inserting all the possible abelian anyons along the A, 13 and time direction, respectively. The
torus Hilbert space of the G, = (G/I'), theory is obtained by projecting the extended Hilbert
space (including all twisted sectors) of the G, theory down to the states invariant under 2" (C):

HplG] = @ ADIG [Ty xTs
5er (163)
= Spanc.{ |&; ) ‘ () =1, § € Stab(e)} .

Here T denotes the I action generated by the line operators U"(C). The G; theory enjoys a
dual zero-form symmetry 19 > f* which acts by permutation on the ‘twisted-sector’ labels &.
In many situations, it is more convenient to consider the following ‘charge-y’ states defined as
discrete Fourier transforms:

1 A
Z 1(8)|d;6), where T = Stab(&) and y €1. (164)

\% |Fc?)| 5€Ty,

These states diagonalise Fég), with y, viewed as a character of T, being their Fg(g) charge;

see [163] for a closely related discussion. The corresponding outgoing states are defined to be

"

| x) =

1

(D x| = x(8) (d; 01, (165)
VTl é;i
so that
(03/,X/|CA0,X) = 5@(,6/5)“(/ 5 (166)

by the orthogonality of characters.

3.1.3 Modular matrices of the gauged theory

Combining the condition (142) with (144), it is clear that we have 0(y(u)) = 6(u) for the
Wilson lines of vanishing Féé) charge. Hence the orbit states (155) have a definite topological
spin. Correspondingly, the T-matrix of the G; theory is given in terms of the one for the G,
theory as:

To@y) =0,y Tuv,  for d=ad(u), & =d'(v), (167)

where it is understood that the indices (¢, y) run over the states (164). More precisely, we
have:
T(‘f),l)’(‘b/;l/) = (C(A)/; X/|T|(1A); ){) = 5)()(’56)6)”11;1/49 for &= oS(u) . (168)
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In particular, the T matrix remains diagonal and encodes the topological spins of the G;. states
as expected.

While the S-matrix of the G theory is a bit more involved, its general structure easily
follows from the explicit form of the orthonormal states (164) written in terms of the ék
states. By definition, we have:

S(d’il),(d)/,ll) = (C’z\)/; ){/|S|(LA), ){) . (169)
Expanding it out, we find:
1
Sy = T Z Z x’(5’)*x(5)z Z (u,;6'|Slu,; 6). (170)
o€l 6'ely UED W €y

The overlap (u,; 5’|S|u,; §) vanishes unless 5 = &’. Let us thus define the matrix elements:
S0, = (fiy; 81Slti,; 8), (171)

generalising the S-matrix S, = ngo of the ék theory in the FB(é)-neutral sector. Note that
Sy(u)y'(v) = Suv for the states that survive step 1 and 2 of the anyon condensation process, and
the same holds true for the 6-twisted sectors. Hence we can pick any fixed u to represent each
orbit &(u) and sum over the identical copies. We then immediately find the expression:
S(o.(e2") = I > 26y x()S,. (172)
T | [Ty | Hi

O0€Ty NIy

In any theory without twisted sectors (that is, where all the orbits ¢ are of maximal dimen-
sion), this would give us S ;) (@,,/) = IT|S,,- More generally, using the fact that u = 0 always
has trivial stabiliser (the orbit thereof being the set of |T'| abelian anyons), we see that:

So,(é,y) = |l Sopu» (173)

in perfect agreement with the A-model result of [95]. In particular, since Sy, gives us the S3
partition function of the 3d TQFT [130], we directly see that:>°

Zss[G ] =T Zgs[ G ] - (174)

To access the full S matrix, however, we need to compute explicitly the overlaps (171), which
corresponds to a Hopf link of W, with W, where the two loops are also connected by the a5
line. While it would be interesting to perform this computation explicitly, the final answer for
any simple gauge group G = G/T has already been painstakingly computed in the context of
WZW models [161], and we will simply use those known results. In particular, the matrix
(171) can be built in terms of the S-matrix of a smaller ‘orbit’ Lie algebra. We will give the
explicit expressions in the case of G = SU(N) below.

Given these S and T matrices, we can now build any SL(2,Z) matrix U exactly as in (94),
and we can then construct any Seifert manifold partition function and observables for the Gy
bosonic Chern-Simons theories exactly as for the Gy theories.

3.1.4 Example: SU(N); Chern-Simons theory

As a concrete example, let us discuss the gauging of centre subgroups for the pure SU(N);
Chern-Simons theory. As discussed at length in [95], the SU(N); theory has a non-anomalous
7, one-form symmetry if kN /r? € Z. If r is even and kN /r? is odd, the topological spin of
the line generating the Z, symmetry is half-integer, and the Z, gauging consequently results
in a spin-TQFT. In this work, we focus on the bosonic cases, that is (r — 1)kN /r? is even (see
appendix B.1).

35Changing the framing does not affect this relation thanks to the simple relation between T matrices.
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Action of Zy on integrable representations. The lines are then labelled by integrable rep-
resentations A = (A!, ..., AN™1) for SU(N), where the integrability condition reads:

N—1
Z A9 <k. (175)
a=1

These correctly enumerate the vacua of the pure SU(N), theory, whose number is given by
(132). From these tuples, the Bethe vacua i are determined using (59). The fusion of abelian
anyons with Wilson lines W, gives rise to orbits under Zy, which is equivalent to the 2d 0-
form symmetry permuting the Bethe vacua, &1 — i + y,. As before, v, is a generator of Zy,
which in the fundamental weight basis is given by y,, = —. From this, we can work out
the action on the integrable representations. For a general shift &t — i + y we have to find the
corresponding integrable highest-weight after the shift by using large gauge transformations
and Weyl invariance. For y = ny, withn=0,...,N — 1, one finds:>°

AN+a—n a=1,---,n—1,
[A%] >y -[A9]=[A], A*={K—N-—|A|, a=n, (176)
AT a=n+1,---,N—1,

where |A| = Z]::_ll A%. This action is easily pictured in terms of Young tableaux. The v, shift
corresponds to adding the Young tableau [t?o] = [K—N,0,---,0] to the top of the Young

tableau [t“] for the highest weight A = [A%], and simplifying the resulting SU(N) tableau:”

K—N—t""1, a=1,
t* = yo(tH) = 77)
0 t N1 g=2... N—1.
This representation also makes it clear that the action of ¥ maps integrable representations
to integrable representations, and also that the Zj, orbit of the trivial representation A = 0 is
always maximal, consisting of the representations:

[O)..' JO]J [k’o)..' JO]J [O)k705.'.50]) [05.'.5051(]) (178)

with k = K —N. These are the set of N abelian anyons.
The ZS) charge of a Wilson line W, is precisely the N-ality of the corresponding represen-
tation:>8 :
(1,70 = =7 "), (180)
where the N-ality is given by
N—1 N-1
n(A)=> art= > 4, (181)
a=1 1
with t? the labels of the corresponding Young tableau (that is, the N-ality is the number of
boxes in the Young tableau).>’

a=

36Note that due to (175) we have A" > 0, as required.

37The Dynkin labels A° are related to Young tableaux [t!, -+, t" '] (with t' > t2 > --- >tV as A% = t¢— ¢,
with tV = 0.

%8Using (177), we can study the action of the 0-form symmetry on the flux operator: The N-ality n(1) changes
under v, to n(y, - A) = n(A) + K mod N. Thus if N|K, the N-ality is preserved in each orbit, as required for the
gauging procedure [95]. Otherwise, we have

M0y, + 1) = e >R T1(@,)"0 (179)

which is simply the mixed anomaly between Zg)) and ZI(\}) [95].

39The identification (180) fixes an ambiguity in the definition of the gauge flux operator IT" (see equation (208)
below), which for the SU(N) theory is determined only up to an N-th root of unity. In the A-model, the ambiguity
can be fixed by demanding 3d modularity for the expectations values of elementary topological lines on T3, as
demonstrated in [95].

32


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106

e SciPost Phys. 19, 106 (2025)

Anyon condensation. It is now straightforward to perform the three-step gauging process,
as discussed in section 3.1.2. Consider I' = Z,, assuming the conditions mentioned above. In
Step 1, we restrict ourselves to the % = 1 sector with IT(u; )" = 1, where y = ]7\7)/0 is a generator
of Z,. Due to (180), this amounts to selecting the integrable representations A with

n(A)=0 modr. (182)

In particular, if we want to gauge the full Zy (assuming that (N —1)k/N is even, in this case)
then we restrict ourselves to Wilson lines of N-ality zero. In Step 2, we consider the Z, orbits
of Wilson lines, which are easily obtained by a repeated application of (176). This partitions
the set of # = 1 lines into orbits whose dimensions are divisors of r. In Step 3, we create r/I
distinct copies for each orbit of length .

The total number of lines in the resulting (SU(N)/Z, ), theory then agrees perfectly with
the A-model calculation for the Witten index of the (SU(N)/Z, )k theory, with K =k + N [95]:

1 -1
LGUW)/Z)d =5 > s@(5 ), (183)

d| ged(r,K) d

where J; is Jordan’s totient function (see [95] for more details).

Modular matrices. Finally, we discuss the modular matrices of the gauged theory. As men-
tioned before, the gauging is understood at the level of orbit Lie algebras of the corresponding
WZW model, with the S-matrix of the gauged theory being obtained as a sum over the S-
matrices of the possible orbit Lie algebras under the one-form symmetry.

For simplicity, let us discuss the case of the full Zy gauging. For N an arbitrary inte-
ger, the stabiliser for the orbits can be any subgroup of Zy. Let u and v be two represen-
tations giving rise to states in the SU(N), theory, with & = &(u) and &’ = &’(v) their
Zy orbits, as before. The states in the PSU(N), theory are then accordingly labelled by
(&, x) and (&, x"), see (164). Explicitly, we label the charge-y states by some integers
j=0,...,[Ty| —1, and analogously j’ for ¢&’. The intersection I';, N T}, is a subgroup of order
ged(|T,, T4 |), which is generated by d 470, with d; o = N/ ged(|T; 1, [T;/|). Consequently,
we parametrise the sum (172) over this intersection as the multiples [ of d;, 41, which we
denote by I € (d, 4/70). The orbit algebra for some element Iy, depends only on the subgroup
it generates. This gives us [161]:

o . 2_, 2
PSU(N ) N 2“‘({\[} i e_”‘k(N 5\5‘1“’1\’) )SSU(ng(Z;N))kgcd(l,N)/N ‘

(@.20(6"2) ~ [T, [Tl ¢ s (184)

leldy o770)

Aside from the phase originating from the characters y (1) = e*™/!/N | the summands depend
only on the value gcd(l, N). It generates itself a Z,.y subgroup, where r(I) = N/ gcd(l,N).
Using this, we obtain:

PSU(N); N %ﬁf’)le—“i’{N (-

N e SUN /r(D)k/rty
(@0,(851) ™ Ty [T | '

1
)
0S5 (185)

l€{dy o 70)
This sum over S-matrices for theories of smaller rank N /r(1) requires a map between integrable
representations for SU(N) and SU(%’), for any divisor d of N. This map can be constructed for

instance using the observation [95] that the number of Z; fixed points of the SU(N), theory
is equal to the number of vacua of the SU(%) k theory. It is given explicitly in terms of Dynkin
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labels by:*°

186
L2 AT AL A2, AT, AL A2, ATy s (A1, 22, .., A0, (180)

- {m[SU(N)k]Zd — %R [su) ],

This isomorphism thus applies precisely to the form (185): If u sits inside some orbit ¢, it has
stabiliser Ty, under Zy, and is consequently a fixed point under T;. Since in (185) we sum
over a subgroup of this stabiliser (the one that fixes v as well), we can use (186) to reduce u
(as well as v) to the corresponding element i (and ¥) in the SU(%’) « theory, whose S-matrix
is known. ‘

The S-matrix for all the (SU(N)/Z, ), theories can be obtained analogously, by adjusting
the characters y(l) to be characters for Z, rather than for Zy, and the stabilisers T; will be
subgroups of Z, rather than Z,.

3.2 One-form symmetries on supersymmetric Seifert manifolds

Let us now return our attention to the A-model. The supersymmetric Seifert manifolds (84)
are half-BPS backgrounds obtained from %, xS ! by the repeated application of Seifert fibering
operators (43) adding in exceptional fibers (q;,p;), i = 0,---,N. In the Gx N = 2 supersym-
metric CS theory (and more generally in V' = 2 CS-matter theories with gauge group G), we
define the off-shell Seifert fibering operator as in (103), as a sum over the orbifold flux lattice
ne Agw(q). Our main interest is thus in the object:

GopWy,  uche/W,, neAl (q), (187)

whose explicit expression for G, was given in the previous section. The u parameters are
subject to large gauge transformations, u, ~ u, + 1, which amount to quotienting h; by the
magnetic weight lattice:

u~u+m, VmeAng,

(188)
thus obtaining a cylinder for each Cartan generator. We further need to quotient by the Weyl
group action on u. The Bethe vacua are then specific solutions @ on this classical Coulomb

branch (C*)rank(@)/ W;. We note the important identities [126]:

gq,p(u + m)n+pm = gq’p(u)n 5 gq,p(u)n+qm = H(u)mgq,p(u)n > (189)

which are consequences of gauge invariance and of the Z, orbifold structure at the (q,p)
special fiber, respectively. Recall that the off-shell gauge flux operator (57) trivialises on-shell
(that is, for u = @1). In the following, we explain how this structure generalises to N' = 2 CS
theories Gi for G not simply-connected, under the assumption that Gy, is a bosonic CS theory
as explained above.

The supersymmetric partition function on M for the Gx theory can be obtained by gaug-
ing the non-anomalous one-form symmetry I‘?)(Cli) 2T of the Gy theory, summing over all back-
ground gauge fields:

ZalG ] =T > 2 [Ge1(B), (190)
BeH2(M,T)

“0Tn order to find fixed points under a Z, subgroup, we require that k is divisible by d, since are no fixed points
N

otherwise [95]. Using the action (176) of the 0-form symmetry [A] — y-[A] with y = ny,, we determine withn = 3
that A =A% ifa=b mod %’, and thus all fixed points are of the form (186). These are d repeated tuples of length
%], with the last entry of the last tuple missing. The second constraint comes from the component AT =k— [A].
Using k > |A/|, this is equivalent to A' + A2 +--- + ATl < %, which are thus in one-to-one correspondence with

the integrable representations of SU(%V) k.
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with m(M) some constant that we leave implicit. Equivalently, we sum over all possible in-
sertions of abelian anyons a, = U" along one-cycles of M:

ZulGl=[rmM  un) S (191)
TEHI(MJF)

In the following, we compute this quantity using the A-model perspective, in which case we
will not need to determine the normalisation factor m(M) to obtain the complete answer.

3.2.1 Orbifold fluxes and the homology of the Seifert fibration

The first step is to expound on the structure of the homology group H;(M,T), and on its
relation to the structure of the orbifold base %, y on which the A-model lives. Consider the
Seifert fibration

St — M-y (192)

At the location of any (g, p) exceptional fibre on the orbifold base, we can have an orbifold
flux. Consider a single U(1) factor for simplicity, with a gauge field A. The general orbifold
flux on X, y can be localised at a generic point z, and at the orbifold points ;:

N
1 n;
ﬂdA=n052(z—zo)+ E —_52(z—zi). (193)

i=1 1t

More invariantly, we have an orbifold line bundle L with first Chern class

a(L)= %J
=

Topologically, any such L is determined by the integers ny and n; modulo some relations, which
we write as:

dA:n0+Z%. (194)
N i i

g

N
L = [1; 8 (0 m)] = [ — Dy g5 (g, m; +niq;)], (195)
i=1
keeping track of the genus g of the base, for m; € Z. Here the second equivalence tells us
that the orbifold flux at the orbifold point z; is Z -valued - that is, we can always convert g;
units of orbifold flux into one unit of ordinary flux. (This is anticipated in the second relation
of (189).) The orbifold Picard group consists of all the topological classes of orbifold line
bundles. It reads:

Pic(Sg ) = {Lo 2 [1:8: (g 0)], L; 2[0: (40, 5;)] [ (L)Y =Lo,j=1,--,N}.  (196)

It is not freely generated, in general. Our Seifert manifold (83) is essentially the total space
of some particular orbifold line bundle called the defining line bundle:*!

M= Ly=[d; g;5(q;:,p0)]- (197)

The so-called 3d Picard group Eié(./\/l) consists of all the topological classes of 3d line bundles
that are obtained as pull-backs of orbifold line bundles, where L, pulls back to the trivial line
bundle [126]: _

Pic(M) = Pic(Zg y)/(Lo) - (198)

For our purposes, the most useful presentation of this group is in terms of generators of the
first homology of the trivial fibration %, y x Sj. Let [w,] denote the generator of H; (Sﬁ), and

“IMore precisely, M = [L,] the circle fibration associated to the defining line bundle.
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let [w;] correspond to a one-cycle w; on the Riemann surface that circles once around the
orbifold point z; € %, y. We then have:

Pic(M) = {[wa], [w;]

N
qlwl+pled =0, Vi, Y [o]=dlw,d}.  (199)
i=1

The generators of (196) pull back to ordinary line bundles on M as follows:
" (Lo) = —[wal, " (L;) = —sjlwal + tj[w;]. (200)

In the present work, the abelian group (199) is important mostly because it gives us the non-
trivial part of the first homology (and second cohomology) of the Seifert manifold:

H,(M,Z) = H*(M, Z) = Pic(M) & Z*¢ , (201)

where the Z2?¢ factor comes from the ordinary A- and B-cycles of the genus-g base. By the
universal coefficient theorem, one also finds that, for I'-valued one-cycles:

Hy(M,T) = Pic(M,T) @ T8, (202)
where we defined the tensor product:
Pic(M,T) = Pic(M) ®T. (203)
The gauging in (191) involves summing over the elements of the finite abelian group (202).

3.2.2 Topological lines in the 2d perspective

From the perspective of the A-model on the 2d orbifold ¥, y, the three-dimensional one-form
symmetry appears as two-dimensional one-form and zero-form symmetries:

i) — rWer®, (204)

and its 't Hooft anomaly appears as a mixed anomaly between ') and I'®) [95]. Indeed, TV is
generated by point-like topological operators corresponding to the 3d lines L{V(S/i) wrapping
the circle direction, while the 2d zero-form symmetry r© js generated by topological lines
U (C) wrapping homology 1-cycles

|z, ifN=0,
[C] € Hl(zg,NJ Z) = {Z2g+N_1 ifN>0. (205)

In addition to the ordinary A- and B-cycles on Xi,, we have the generators [w; ] (for N> 0), as

defined above, subject to the relation Z?Zl[a)i] = 1. We also introduce a ‘fake’ orbifold point
(90, po) = (1,4d) to carry the degree of the fibration as shown in (84), effectively replacing N
with N+ 1 in (205).

The I') symmetry and its gauging. The one-form symmetry in 2d is generated by:
US)=1. (206)
It is a local operator diagonalised by the Bethe vacua,
I17|da) = 1(a)r|ay, (207)

36


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106

e SciPost Phys. 19, 106 (2025)

which can be written off-shell as [95]:

oW . S
II(u)" = exp (2niyﬁ) = 2miK(ru) y € Ar(fl{Nr/Aglw =T, (208)

up to a phase ambiguity discussed in [95]. Here we view y as an element of the magnetic flux
lattice for G = G/T, which is finer than the magnetic flux lattice for G. While the ordinary
gauge flux operator [T™, m € A1C1;1w’ corresponds to the insertion of some G magnetic flux on
¥ (and is then trivial on-shell in the G theory), the insertion of the refined flux operator I1"
corresponds to the insertion of a G bundle on ¥ which does not lift to a G bundle, and it is
thus a non-trivial observable of the Gy theory.

Gauging I'")) amounts to summing over all possible insertions of the topological operator:

(L7 pys (209)

which simply restricts the sum over Bethe vacua to those that satisfy II(1)" = 1. That is,
we restrict ourselves to the ¢ = 1 charge sector, in accordance with ‘Step 1’ of the anyon
condensation process of subsection 3.1.2.

The I'®© symmetry and its gauging. Next, we consider the insertion of arbitrary topological
lines for T®) on the orbifold. The insertion of lines on a smooth 2, was discussed in detail
in [95], and the relevant aspects will be reviewed below. By setting g = 0 for now, we can
focus on the topological lines wrapping the orbifold points. Denoting by w the small one-cycle
wrapping the orbifold point at the base of a (q, p) fiber, the line /" (w) acts on the (&-twisted
sector) Bethe vacua as:

uy(w)[gq,p]ﬁ\l‘u; 5) = gq,p(ﬁy(u))lﬁu; 5) . (210)

This is best explained in pictures:

U ()G p]= E{@H.=:‘iﬁan (211)

where the crossed disk denotes the G, , operator. That is, using topological invariance and the
trivial fusion a_,a, = 1, we obtain the Seifert fibering operator surrounded by a topological
line y simply as the composition:

U ()Ggp, ] =UT(B) Gy, UT(B), (212)

from which (210) directly follows. This can be written as an off-shell twisted chiral-ring op-
erator as:

U ()G, (W)] =Gy p(u+7). (213)

The gauging of r© corresponds to summing over y € I', giving rise to a new Seifert fibering
operator which we will discuss momentarily.

The consideration of a Riemann surface with g > 0, and the insertion of topological lines
along its 2g A- and B-cycles, does not affect this discussion, since the Seifert fibering operators
are local operators in 2d. As explained in [95], the insertion of topological lines

2g 28
ur=[Junc), with y=>ylclers, (214)
=1 =1
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where {[C;]} form an integral basis for H,(X%,,Z) = 728, simply restricts the sum over Bethe
vacua to those fixed by all the elements y; € I'. For any local operator O, we have

. = i )81

(OuUr)y, = > OH@E ™. (215)
ﬁeSé?

Here, the set of Bethe vacua we sum over consists of those Bethe vacua that are left invariant

by the smallest subgroup Hg,o) C 1'© that contains all the y;s:

S ={tie Spp |1+ 7 O ~ 11, ¥y e HO}. (216)

Summing over all the insertions (214) accounts for the ‘Steps 2 and 3’ of the anyon conden-
sation process on Xg X st.

3.2.3 The Seifert fibering operator for G

Let us take another look at the off-shell fibering operator for the Gy theory,

G =q""2" > G, @17)

neAl (q)

with the explicit expression for the summands given in (104). With some work, one can
establish the identity:

gq,p(u + Y)l‘l+p)/ = gq,p(u)n > (218)

using our stated assumptions about I'.*?> One can show that this is consistent with the non-
trivial homology relation q[w]+ p[w,] = 0 appearing in (199). Note also that (218) naturally
generalises the first identity in (189). Indeed, it is the statement that the Seifert fibering
operator of the G theory is consistent with gauge invariance under large gauge transformations
along the maximal torus of G = G/T and not simply along the one of G:

GopU+m)pipm =Gy,  YmeAS, >AC . (219)

For our purposes, we can focus on the on-shell fibering operator, which is what should appear
in the A-model formula (49). The action of gq,p on the Gy states (164) is easily worked out

using the fact that Gy Seifert fibering operator is diagonalised by the Bethe states (even in the
presence of the lines defining the &-twisted sectors), similarly to the T-matrix (167),

Gopls 8) = Gy (@I 5), V5T, (220)

We then see that:

) ) 5 s ) ,
(&5 x'1Gg pld; ) = ﬁ Z Z x’(5’)*x(5)ZZ(u’;é’lgq,plu;5>
s 6’el, 6€ely, edued (221)

16,
= =L Gy, (@).

o] =

Thus, the eigenvalues of the Seifert fibering operator G, , on the G states are simply obtained
by averaging the eigenvalues of the Gy operator over the I'®) orbits of vanishing I'") charge:

1
Gapl32) = Gp(@)iz),  with G (d)= > G, (@), (222)

tew

“2More precisely this holds on-shell in the = 1 sector, which is what is needed for our purposes here.
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for & = &(i1). The Gg Seifert fibering operator can also be elegantly obtained by summing
over the insertions " [w] around the orbifold point. The action (213) give us:

G5 (&)= =G, (@ +7), (223)

IT| =

in perfect agreement with (222). Using the identity (218), we can further massage this into:

GO (3)=651 D Ggp(@y, (224)

neAS (q)

for any & € @ and where the orbifold-flux sum is now over the mod-q reduction of the mag-
netic weight lattice for G = G/T. Moreover, while we can consider the sum over topological
lines (223) for orbits ¢ with generic one-form charge ¢ € I', the result is non-vanishing if and
only if # = 1.** These expressions for ggp(d)) were first obtained by Brian Willett in [92] but
our derivation clarifies a few subtle points, especially regarding the assumptions we needed
to make about the Bethe vacua of the G theory being bosonic.

Comparison to the TQFT formulas. For explicit computations, we most readily use the
formula (222), namely

g9, (@) = Z g (a,) (225)

uew

for the Seifert fibering operator of the Gy = (G/ Ik theory, with G, (&) = gq@p(a). The
supersymmetric answer can be compared to the 3d TQFT formula, and the two should be
related by the exact same counterterm as in (106):
(a,p)
(&,2),0

, (226)
S0,(6,7)

G (A ,—He(Gy)
gq’p(w) =e 12q
noting that ¢(Gy) = ¢(G,) = c(§), where the ¢/~ and S-matrix elements appearing on the
right-hand-side are those built out of the S and T matrices described in section 3.1.3. This
relation is equivalent to the following non-trivial equality involving the modular matrices of
the Gy and Gy theories, respectively:
(a.p) (a.p)
u(w 2,0 uuo
SO,(w,)() |d\)|u€@ SO,u

(227)

In the special case (q,p) = (1, 1), this is equivalent to the statement that the ordinary fibering
operator satisfies F(i1,) = F(i,) if u and v are in the same orbit, while for generic (g, p) this
identity is quite more involved since it involves an ‘averaging’ over orbits. While we leave a
mathematical proof of (227) to the interested reader, we verified this numerically in a number
of non-trivial examples.**

3.2.4 Supersymmetric partition functions for Gg

The supersymmetric partition function of the G theory on the Seifert three-manifold M takes
the exact same form as in (108), except that we now trace over the Bethe states (164) of the
Gg theory:

255Gk 1=(0%,), = > HO(@) 1]_[gG (@). (228)

Vs (&,1)

“3In a sense, the non-trivial fibration combines ‘Step 1’ and ‘Step 2’ of the anyon condensation process.
#That is, for all the examples discussed in section 3.2.5 below.
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Here the Seifert fibering operators are as defined in (225), and the eigenvalues of the handle-
gluing operator are given by:

Mo ) =HO@Nbix),  HOB)= M), (229)
as discussed in detail in [95]. Note that (229) also directly follows from (173) together with
the general A-model relations H(1,) = S, 2 and HO(®) = S 0Gu)’ The relation between
the supersymmetric partition function (228) and the TQFT answer dlscussed in section 3.1.3
should remain exactly as in (110), with the same theory-independent counterterm multiplied
by the WZW model central charge. Given our explicit proof of the relation (110) for the
ék theory in section 2.4, the proof of the same relation for the G; theory is equivalent to
proving (227), which is a non-trivial identity formulated entirely in the 3d TQFT language —
again, we leave the completion of this important missing step to the interested reader.

While (228) is our final and main result, it is interesting to further confirm how it arises
as a sum over topological lines in the A-model. Inserting all possible topological symmetry
operators for D x 1M on Y, v gives us:

789Gy ] = |r|2g+N+1Z S Uy, (230)

6€T (y,0)er2s++1

where I1° denote the I'") symmetry operator and we use the shorthand:

Urs) = ]_[W(cl)]_[u@(w) with (r,g)_Zn[CzHZc [w]er?™ i, (231)

i=0 i=0

generalising (214) to a Riemann surface with N+ 1 marked points (including the point z = g
supporting the (qq,po) = (1,d) operator). Performing this sum as discussed above (and in
more detail in [95] in the case of the sum over I'%¢) gives us exactly the formula (228).

Partition functions for the (SU(N)/Z, )k theories. For G = SU(N), we can further massage
the formula (230), similarly to the discussion in [95]. Since the insertion of /¥ implements a
projection onto the space of Bethe vacua fixed simultaneously by all 7, the sum (230) can be
simplified drastically by collecting the expectation values for all elements y generating a Z,
subgroup. Gauging the full Zy symmetry, we may then express the PSU(N ), partition function
on arbitrary Seifert manifolds M as:

ZMPSUN )] = s D Jaed) 3 MO 11_195,?(”(‘5% (232)
d|N aes Zdﬂ 1
Zg9=1 .

where o is the Zy orbit containing &i. Here, Sg¢ is the set of all Bethe vacua i in the Zy
charge sector = 1 which are fixed under a Z, subgroup. This can be easily generalised to all
subgroups SU(N)/Z,, for any suitable*> divisor r of N:

ZM[(SU(N)/Zr)K]:% DT dae(d) D H@E 11—[gpsu(m(w) 233)

d|ged(r,K) ﬁeSZd (9=1)(Zr)

BE

where we sum over Z; fixed points with Z, charges ¢ = 1 instead. The g-reduced PSU(N)
fluxes 7 € APSUM)(q) can be obtained form the SU(N) fluxes n € ASYN)(q) by 7t = A™!n,

4>See section 3.1.4.
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with A the SU(N) Cartan matrix (see Appendix B.1). This final result thus gives an efficient
method to compute the partition function for all (SU(N)/Z, )i theories based on the fixed
points under the Z; subgroups. It generalises the Witten index (183) and the topologically
twisted indices [95, Equation (3.108)] on %, x S ! to arbitrary Seifert manifolds M.

3.2.5 Examples and consistency checks

In this final section, we provide some evidence for the proposed formalism in the form of
various consistency checks, as well as explicit results of partition functions on specific Seifert
geometries that we demonstrate to match across distinct calculations.

S2 x S1 partition function. When M contains an S! factor, we can interpret the partition
function Z ,,[G] = Mo as an index, and it should consequently be an integer for any 3d N = 2
theory. For any 3d TQFT, the Hilbert space 5. is one-dimensional and therefore

Zs2451[G] =1, (234)

for all compact simple gauge groups G [130, 164]. In particular, gauging a subgroup I' of
the 3d centre symmetry leaves the partition function invariant. Since this particular three-
manifold has nontrivial first homology, gauging is clearly a non-trivial operation. In the A-
model language, (234) is equivalent to

DIH@ =0 Y] HEIT, (235)

UESyg ﬁeSgg 1

which is consistent with the normalisation factor (230). Here Sg; I denotes the set of Bethe
vacua in the ¢ = 1 sector.

Note on 0-angles for '), In[95], the gauging of the 2d one-form and zero-form symmetries
were considered separately, and the insertion of a background gauge field for IV acted as a ‘0-
angle’ keeping track of the #-sectors (also called ‘universes’ [193]) — that is, one could consider
the topologically twisted index of some #-sector for ¢ # 1. Once we introduce exceptional
fibers (N > 0), it is apparent from (224) that the naive analogue of the I'®) gauging on the
orbifold already projects us onto the sector Sg; 1. This is immaterial provided that we gauge
the T symmetry simultaneously with vanishing 6-angle, as in the above discussion, which
projects onto the same universe. Due to the non-trivial geometry of the fibration, the effects
of the one-form and zero-form gauging are not clearly separated, and it may thus not be
meaningful to consider them separately. (Indeed, one can only introduce background gauge
fields for IV depending on the topology of M.) Nonetheless, if we insisted on turning on

3d°
0 # 0 on a generic Seifert manifold, we would then find that the partition function vanishes:

Zpl(G/TIR] = 851 Zpm[(G/TIF]. (236)

Incidentally, even on M = T3 not every 8-angle is ‘allowed’. We have demonstrated this
in [95, Equation (3.100)] for the case of pure SU(N ) CS theory. In general, the 8-angle can
furthermore interact nontrivially with the spin structures on M.*® We will discuss this in detail
in future work [165].

4This was anticipated in [95], where it was found that the T partition function for the pure (SU(N)/Z,)x
Chern-Simons theory has a more intricate dependence on the f-angle whenever the non-supersymmetric
(SU(N)/Z,)x theory is a spin-TQFT.
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Trivial homology. In order to gauge the 3d one-form symmetry, we sum over all insertions
of topological lines (230). Note that some or all of these lines might be trivial in homology on
M. We claim that the A-model calculation on the orbifold base 3: of the fibration encodes the
homology group as relations among the fibering operators that ‘construct’ it—this is a claim
we provide evidence for in the following.

Since the background gauge fields for the one-form symmetry I" of a 3d N = 2 theory are
valued in H?(M,T), the 3d gauging (190) of T is trivial if

H?*(M,T) = H;(M,T)=0. (237)

As already alluded to in section 3.1.3, however in such cases the partition function of the G/T
theory differs from that of the G theory by a simple overall factor of |T|:*

H(M,T)=0 = Zy[G/T]=Ir|Z\[G]. (238)

Meanwhile, from the 3d A-model perspective, we still have distinct two-dimensional symme-
tries T and T, and the discrete gauging in 2d is a non-trivial operation in general. Let us
therefore study how the simple relation (238) arises in the A-model.

The condition (237) can be realised in two rather different ways. Either the integral ho-
mology H,(M, Z) is trivial (that is, M is an integral homology three-sphere), and the gauging
is trivial for any 3d centre symmetry. Or, more generally, the integral cohomology is nontriv-
ial, e.g. H;(M,Z) = Z,4 for some integer d, while I' = Zj, such that H;(M,T) = chd(d’N).A'S
Hence the discrete gauging is trivial only if d and N are coprime. While (237) can only occur
for g = 0, two classes of examples we study in detail below are the cases N =0 and d = 0.
The former are the degree-d principal circle bundles M, 4, while the latter include an infinite
family of homology spheres, lens spaces, etc.

The principal circle bundles. Let us first consider the geometries My 4 = S 3/Z.4, which have
H,(M,Z) = Z4. These include in particular the three-sphere S = M 1. For a cyclic one-form
symmetry I' = Zy, the first homology is H;(M,T) = Zg.q4,n),and we are here interested in
the case ged(d,N) = 1.

Focusing as before on the bosonic cases (142), we have F(&i+ ) = I1(21) % F()d. In the
A-model gauging (230), we then consider sums of the form*°

D Fli+ ) = TIF@) 1501 (@). (239)
er

We stress that ged(d, N) = 1 is necessary for the projection map to SgEz ! to work out precisely.
Using (239) and D F(@)4 = |Stab(d)| ! der F(@+ )4, we can express the G partition
function as

€
Gl= A A1 7  ANd
ZMo,d[G]_ Z |O|H (D) F(d). (240)
OESIT /T

This agrees precisely with Z  ,[G] (228) for N =0, up to the factor |I'|. We have thus shown
that
Zp, [G/T) = [T Zp [G1, i Hy (Mg, T) =0, (241)

for the case of I' = Zy. This includes the three-sphere result (174) for any group I' = Zy;, and
it is a consistency check on the normalisation factor in (230).

4This overall factor of |T'| may be understood as the contributions from flat I'-bundles [164].

“8In the following, for simplicity we consider the case where T is cyclic. The general case where T is a product
of cyclic groups follows analogously.

“For all 4 € SJ=!, we have T1° () = 1 with ¢, a generator of I' = Zy, and thus the sum is constant. When
I1%(i1) # 1, it is a nontrivial N-th root of unity—this is of course because ITV¢0 = 1 is the identity. If d does not

share any divisors with N, then I1%° (1) # 1, but [IV%o (1) = 1, and the geometric series vanishes.
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The case d = 0. As a second class of examples, consider the manifolds M = [0;0; (g;, p;)]
with g =d = 0. These have trivial homology if

i 1
Shoa = | (242)
i=1 di [Ti-a

which in particular implies that ged(g;,q;) = 1 for all i # j .59 Many interesting cases can
furthermore be generated by suitably adjusting T such that H, (M, T') = 0 even when H; (M, Z)
is nontrivial. We can write the G partition function as

N
2ulG1= 3>, H@ 2] [G0n@. (244)

WDESp /T few i=1

In order to relate the partition functions for G and G, we postulate the ‘orthogonality’ relation:

N N
[ 1> Gn@=16"1>"] [90n@. V& €S/, (245)

i=1ted tew i=1

Assuming this relation, (244) becomes:

N
ZulGl= Y, M@ Mal] ]9, (@) (246)
i=1

DES /TO)

Due to (224), the G Seifert fibering operator ggp(d)) vanishes if & ¢ Sgg 1/1®_ As a conse-
quence, only the sector % = 1 contributes to this partition function, which precisely gives us
the gauged partition function Z ,[G] (228) (with d = 0), up to the expected factor of |T'|. We
have thus shown that

(245) = Z\y[G/T1=|T|Z\[G], (247)

matching the expectation (238). Of course, this discussion hinges crucially on the very non-
trivial identity (245), which we did not prove for N > 1. (Note that (245) is clearly true for
N = 1.) We conjecture that H;(M,T) = 0 always implies the relation (245). For SU(N)x
Chern—Simons theory, we have checked this numerically in a number of cases.>!

Example: SU(2)x Chern-Simons theory. Before giving some more explicit results for
Seifert manifolds, let us make the formalism concrete on the simple example of N = 2 su-
persymmetric SU(2)x CS theory, with K even but %( odd (recall that here k = K — 2 is the
bosonic level). We have K — 1 states are indexed by a = 0,1,--- ,K —2, and the T and S-
matrices read,

Taﬂ — eZﬂi(ha—Z%)(Saﬁ ,

2 (mla+D)(B+1) (248)
Saﬁ=@sm(na Kﬁ ),

S0particularly interesting examples are the Poincaré homology sphere S®[E,], and the manifold S°[E,,] which
has SL(2,Z) Thurston geometry, where

5!1n particular for the spherical manifolds S*[E,,,;] (m = 3,4,5) (243), we checked (245) numerically up to
N <7 and K < 14, where the identity holds if and only if H,(S*[E,.13], Zy) & Zgeq(e—mn, is trivial.
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where

g(“1) 3(K—2)
h =L = 2
¢ K ’ ¢ K (249)

In order to write down the S and T-matrices of the PSU(2), theory, we need to determine the
states in the gauged theory first. In order to index the states, we use the isospin j, with a = 2j.
For %{ odd, the states in the PSU(2), theory are then labelled by (j,s) with j =0,..., ’;, where
the twisted sector s is trivial, unless j = %, where s labels a Z, stabiliser. Using the formalism
of Section 3.1.4, in particular (185), we then find
0 o k
257, ifj,l#3,
S](O) ifj,orl—% and j#1,

Susts) =\ Ls© 450y, ifj=1= (250)

,and s =5’

E
2(560) 61) iszlzg,andsaés’.
LTk k
Here, S(© denotes the original SU(2), entries Sqp With a = 2j, p = 21, with j,I =0,--- ,%
The state j = % resolves into two states (s = 0, 1) with the 2 x 2 matrix as shown above, with
S E})k = i%. The T-matrix is trivially obtained from the one of the SU(2)g theory.

2°2

Torus bundles. With these, we can study another strong consistency check of our formalism
which comes from the gauging on torus bundles over a circle. As described in section 2.4.2,
the TQFT partition function should coincide with the trace of the matrix that represents the
torus bundle monodromy on the torus Hilbert space,

Z 5G] = Trye, (A9), (251)

extending (130) to the non-simply connected case. Together with the 3d TQFT calculation
described in section 3.1.3, this gives us three separate calculations for the partition functions
Z \a[ Gy ] on the torus bundles that admit a Seifert fibration. Let us check this explicitly in
some simple examples.

For the SU(2); theory, the Z, gauging results in a bosonic PSU(2), theory if k is a multiple
of 4. In those cases, we determine (compare with (135)):

Zpe[PSU2)] = § +26

mod 2,0

Z pr-1s[PSU(2)i ] = 26k mod 12,0 T V367 5 mod 12,4 T Ok mod 12,8 » (252)

]
ZMS[PSU(Z)k] 25k mod 16,0 — i5k mod 16,4 + i5k mod 16,12 >
]
Z st [PSU(2) ] =

2mi

20k mod 24,0 T € ® Ok mod 24,4 T Ok mod 24,8
i

+v/3€6 5 mod 24,16 — Ok mod 24,20 -

For larger rank, the calculations get more involved. For k any multiple of 3, we find (com-
pare with (136)):

Zpe[PSUB) ] =3 (5+k+ Sk mod 6.0) »
Zps[PSU(3),] =36 mod 12,0 + 26k mod 12,3 + 20k mod 12,6 + (2= 1)k mod 12,9 »
ZMT—ls[PSU(S)k] = 36 5 k 1-— 2‘/_1 |_ k+3J + 45k mod 9,0 » (253)
_2mi
Zpst[PSU(3)] =30k mod 180 7€ ° Ok mod 183+ V318 mod 18,6 5

m 2mi
+(2+e 3 )5k mod 18,9 — ‘/§l5k mod 18,12 T (V3i+e™ )8k mod 18,15 -
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Moreover, we have checked the relation (110) numerically for various (SU(N)/Z,); theories
on numerous other geometries, including principal bundles, lens spaces, spherical manifolds,
homology spheres, and more.
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A Lie algebra and Lie group conventions

In this appendix, we gather our Lie algebra and Lie group conventions and recall some useful
formulas. All the material in this appendix (and of the next one) is textbook material, hence
we will be brief — see e.g. [172].

A.1 Lie algebra and Killing form

Consider g a compact (semi-)simple Lie algebra. Its complexification g admits a decomposi-
tion:
gc=bco PV, (A1)
aEA

with b being the Cartan subalgebra and V,, :={X € g | [H,X]=a(H)X , VH € ho} C g are
the root spaces indexed by the roots @ € A C .. The integral span of the roots a € A gives us
the root lattice A, C b, of the Lie algebra g. The simple roots are the rank(g) roots such that any
root @ € A can be written as a linear combination of simple roots, with integral coefficients
which are either all positive or all negative. In particular, the simple roots form a basis of the
root lattice. The set of all positive (negative) roots is denoted by A*, with A=At @ A™.

Another lattice directly associated with the algebra g is the weight lattice A,, C h*. For each
root a € A, there is a Cartan element H, € b satisfying the requirement that H, € [V,,V_,]
and a(H,) = 2. The weight lattice A,, is generated by 8 € h* such that f(H,) € Z. The roots
a are weight for the adjoint representation, and thus we have the embedding A, € A,,. The
quotient of these two lattices gives us a finite abelian group:

Ay/A, = Z(G) =T, (A.2)
which is isomorphic to the centre of G, the unique simply-connected Lie group with Lie algebra

g.

The Cartan-Killing form. We denote by (p, A) the Killing form on weight space A, and
similarly by (u,v) the Killing form on g itself. We denote by ||a||? = (@, @) the length squared
of the root a, with the normalisation that gives ||a||> = 2 to the longer simple roots.>? Let a@

S2Except for g, where the roots have squared lengths 2 and 2. What really matters is that 2/||a||* € Z for all
simple roots.
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denote the simple roots, with a =1, --- ,rank(g). The Cartan matrix of g is defined by:

(a(®, a(0))

ab
AT = (a(b)’a(b))'

(A.3)
Note that this is not symmetric unless g is simply-laced. The fundamental weights {e,} are
defined through the relation:

a(@

M)Wy _s b : (a)yVv =
(ea: (a ) ) - 5(1 > Wlth (a ) - Z(a(a)’ a(a)) 3

(A.4)
where the coroots a¥ = 2a/(a, a) satisfy (a¥,A) € Z for any A € A,,. Using the Killing form
to define the elements (a",—) € b, one also defines the the coroot lattice

A =N, (A.5)

as the lattice spanned by the coroots (a¥,—). Hence by ‘a coroot’ one can mean either a weight
a" € A,, or an element of the dual weight lattice (A.5). Here we choose to view the coroots
as weights, and thus mostly avoid the notation (A.5). Instead, when thinking of the simply-
connected group G, we shall view
A ZALZAC (A.6)
as the magnetic weight lattice of the compact group G. (We review our notation for magnetic
and electric weight lattices in subsection A.2 below.)
The fundamental weights form an integral basis of A, hence any weight A is expanded
as:
A=A%,. (A.7)

For A the highest weight of a representation R, the coefficients A? are called the Dynkin labels
of the representation (they are then non-negative). The simple roots themselves are expanded
as:

al® = e, | (A.8)

hence the Cartan matrix encodes the Dynkin labels of the simple roots. We denote by k™! the
matrix for the symmetric quadratic form (—,—) in the fundamental-weight basis. It is given in
terms of the inverse Cartan matrix as:

I
2

Kg; = (ea, eb) = (A_l)ab (A.9)
Similarly, we denote the dual fundamental basis on h by {e?}, so that e,(e?) = &,°, and the
Killing form on g is then given explicitly by:

ab 2

_ ab __ (a)\V (b)\V

which is clearly symmetric. We also recall the useful relations:

2 ~
det(i) =] | T det(4),  det(A) = |A, /Al = |Z(G), (A.11)
a
as well as:
Ay K
—W | = grank(e) det A12
‘ KA, et(k), (A.12)

where here A,,/KA, denotes the quotient of the weight lattice by the equivalence relation
A~ A+Ka, for any coroot a".
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A.2 Compact groups and their electric and magnetic weight lattices

Given any Lie group G with Lie algebra is g, we consider its (electric) weight lattice AVGv C Ay,
which contains all possible weights for representations of G, and its magnetic-weight lattice
AS < A¥, which is the lattice of the GNO-quantised magnetic fluxes [194],

mw —

(AS )= (AS) . (A.13)

Denoting by A, = AT the dual lattice to the root lattice, which is the largest possible magnetic-
weight lattice, we note that:

AS=A,, AS =A., (AZOY=A_,, (A.14)

for G the universal cover of G and G/Z(G) = G/Z(G) the centreless version of the Lie group.
We then have the inclusions:

2(6) . m1(6)
h* A, C AS C Ay,
I I I (A.15)
ES * *
7(G) . m1(G)
b A ) AS, ) Aer,

g ~ ~ ~
where here A C B stands for relation G = B/A. For T' C T’ any subgroup of the centre I' = Z(G)
given as in in (A.2), we have a group G = G/T, so that:

m(G) =T,  Z(G)=T/T. (A.16)
Conversely, given a Lie algebra g, a choice of sub-lattices
G\ AG G ~ (AG
A x AT C Ay X Ay, suchthat A7 = (AJ)Y, (A.17)

determines a compact Lie group G.

A.3 Weyl group and Weyl character formula

The Weyl group W, = W;; is generated by s,, the reflections along the roots. The action of
these reflections on the weights A € A,, is given by:

sq(A)=2—(a",Va. (A.18)

Any element w € W, can be written as a word in these simple reflections. We denote the action
of w on a weight by w(A). Of particular interest to us will be the Weyl character formula:

Z G(W) e—21‘riw(pw+l)(u) — Chl(e—Zﬂtiu) e—27ripw(u) l_[ (1 _ leEia(u))’ (A.19)

wew, aEAT

which holds for an irreducible representation of highest weight A with character:

chl(e_zmu) = Z e 2mip() (A.20)
PER,

In particular, for A = 0 (the trivial representation) we have the Weyl determinant formula:

Z E(W) e—27riwpw(u) — e—2nipw(u) l_[ (1 _627tia(u)) ) (A.21)

weW, acAt
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Table 2: Simple Lie algebras classification — a short fact sheet.

g G Z(G) hY(g) dim g
ap, SU(n+1) /N n+1 | n(2+n)
b, || Spin(2n+ 1) Z, 2n—1 | n(2n+1)
Ch Sp(2n) Z, n+1 | n(2n+1)
0, Spin(2n) Z,4 for n odd 2n—2 | n(2n—1)
7.5 X Z, for n even

¢ Eg Zs 12 78

¢ E, Z, 18 133

eg Eg 0 30 248

fa F, 0 4 52

9o G, 0 9 14

B Simple Lie groups and Chern-Simons TQFTs

In this appendix, for each simple Lie algebra g, we list our conventions for the Cartan ma-
trix and the Killing form, we study the one-form symmetry of the simply-connected group G,
and we classify the possible N’ = 2 supersymmetric Chern—-Simons theories Gy obtained as
quotients

G=G/T, TCcT=zG). (B.1)

For each G, we write down the abelian anyons generating the one-form symmetry. These are
the Wilson lines a, = Wa,, for some integrable representations A, associated to the group
elements y € T'. Their conformal spin is given by:

(A 20w +2Ay)
hla,]=—1 e ” m

od1. (B.2)

Recall that K = k + h", where k is the bosonic Chern-Simons level and hY the dual Cox-
eter number of g. The abelian one-form symmetry I, generated by a, is non-anomalous if
hla,]€ %Z, and anomalous otherwise. Furthermore, in the non-anomalous case, the resulting
quotient theory (G/T, )k is a bosonic Chern-Simons theory if h[a, ] € Z, and it is a spin-TQFT
if h[a,]+ 3 € Z.

Some relevant quantities for all simple Lie algebras are recalled in table 2. In the following,
n = rank(g).

B.1 The q, series

Consider g = a,, = su(n + 1), for n = 1. The Cartan matrix is given by:

2 -1 0 -+ 0 0
-1 2 -1 0 0
o -1 2 - 0 0
a, : A= . . . . o, det(A)=n+1. (B.3)
0 0 0 2 -1
0O 0 O -1 2
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Let us use the notation N = n + 1. The simply-connected group is G = SU(N), with centre
Z(G) = Zy. This is a simply-laced Lie algebra, hence all simple roots have length squared
|la'®||? = 2 and the Killing form reads:

Kap =A", Kkt =A - (B.4)
In particular, we have:

_1 _ min(a,b)(n+1)—ab

ab —— s a,b=1,...,n, (B.5)
which gives us the matrix:

n n—1 n—2 .- 2 1

n—1 2(n—1) 2(n—2) --- 4 2

1 n—2 2(n—2) 3(n—2) --- 6 3

_1_

) ) . ) (B.6)

n+1 : : - : :

4 6 -« 2(n—1) n-—-1
1 2 3 oo n—1 n

One-form symmetry and Chern-Simons theories. The Z](Vl) one-form symmetry of the
SU(N)y CS theory is generated by the abelian anyon a = a,, with

A, =[k,0,0,--,0]. (B.7)

More generally, the element y = sy, (for s € Zy) corresponds to the abelian anyon a*® = a
and to the integrable representation:

Yo

[45,,]=[k6%°]. (B.8)

We have: (N
ha] = KW sk

Without loss of generality, assume that s divides N and define r = %, so that a® generates the

(mod 1). (B.9)

1 1)
one-form symmetry Zg ) C Zy,". We then have
(mod 1). (B.10)

The Zgl) symmetry is non-anomalous if and only if ’;—IZV € Z. In this case, we have:

hla’]= {

Therefore, gauging Zgl) to obtain (SU(N)/Z,); (in the non-supersymmetric notation) gives us
a spin-TQFT in the first case, while it gives us a bosonic CS theory in the second case.

1 , if r is even and kN is odd,
2 r2
0

kN
. (assuming — € Z) . (B.11)
, otherwise r2

B.2 The b, series

Consider g = b,, =so0(2n+ 1), for n > 2. The Cartan matrix is given by:

2 -1 0 - 0 0
-1 2 -1 - 0 0
0 -1 2 -~ 0 0
b,: A= . . . |, detay=2. (B.12)
0 0 0 2 -2
0 0 O -1 2
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The simply-connected group is G = Spin(2n + 1), with centre Z(G) = Z,. The roots have
squared lengths:

(@) =(2,2,-++,2,1). (B.13)

The Killing form and its inverse are:

2 -1 o0 -+ 0 0 2 2 2 2 1
-1 2 -1 -~ 0 0 2 4 4 4 2
o -1 2 - 0 0 112 4 6 6 3
K= ) , K l=2 . (B.14)
: 2 : :
0O 0 0 - 2 =2 4 6 2(n—1) n—1
0 0 0 -+ —2 4 2 3 n-1 1

One-form symmetry and Chern-Simons theories. The Z(Zl) one-form symmetry of the
Spin(2n + 1), CS theory is generated by an abelian anyon a, with:

k
A’)/0 = [kz 07 e )0]’ h[a)/o] = E . (B.].S)

Therefore the Z(zl) symmetry is never anomalous. Upon gauging, we get
SO(2n+1) = Spin(2n+1)/Z,,
and the Chern-Simons theory SO(2n + 1), is bosonic for k even and a spin-TQFT for k odd.

B.3 The ¢, series

Consider g = ¢,, = sp(2n), for n > 2. The Cartan matrix is given by:

2 -1 0 --- 0 0
-1 2 -1 --- 0 0
o -1 2 - 0 0
. A= . . . . o, det(A) = 2. (B.16)
0 0 o - 2 -1
0 0 o - =2 2

The simply-connected group is G = Sp(2n), with centre Z(G) = Z,. The roots have squared
lengths:
U1 =(1,1,---,1,2). (B.17)

The Killing form and its inverse are:

4 -2 0 0 0 1 1 1 1 1
-2 4 =2 0 0 1 2 2
0O —2 4 0 0 111 2 3 --- 3 3
k= . . . . ,  kt==. . i .| ®a18)
: 21+« .. : :
0 0 0 4 =2 1 2 3 n—1 n—1
0 0 0 -2 2 1 2 3 n—1 n
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One-form symmetry and Chern-Simons theories. The Z(Zl) one-form symmetry of the
Sp(2n)y CS theory is generated by an abelian anyon a, with:

kn
Ayo = [O) e :Oak] P h[ayo] = 7 . (B.19)

Therefore the Zg) symmetry is non-anomalous if and only if kz—” € Z. In the non-anomalous
case, we then have

1 .c kn
5, if 5 is odd kn
hla, 1=472" 2 ’ (assumin — e Z) ) B.20
[ YO] {0 if% is even & 2 ( )

)

Upon gauging, we have PSp(2n) = Sp(2n)/Z, and the Chern-Simons theory PSp(2n); is a
spin-TQFT in the first case and a bosonic theory in the second case.

B.4 The 0, series

Consider g =9,, = so(2n), for n > 2. The Cartan matrix is given by:

(2 -1 0 - 0 0 0\
-1 2 -1 -~ 0 0 O
0 -1 2 -~ 0 0 0
0,0 A= ot |, det(A)=4. (B.21)
0 0 0 - 2 -1 -1
0 0 0 -+ -1 2 0
\o 0 0 - -1 o0 2}

The simply-connected group is G = Spin(2n), with centre Z(G) = Z, if n is odd and
Z(G) = Z4 x Z, if n is even. The Lie algebra is simply-laced hence the Killing form is given as
in (B.4), and we have:

(min(a,b), ifa,b<n—2,
5 ifa<n—2andb=n-—1orn,
Kg;:{ %, ifb<n—2anda=n—1lorn, (B.22)
7 ifa=b=n—1lora=b=n,
%, ifa=n—1and b = n or vice versa,
that is:

(111 13 3
1 2 2 2 1 1
1 2 3 3 3 3

el R A (B.23)
1 2 3 n—2 L2 2
14 3 =2 n  n=2
R =y
2 2 2 7 7

One-form symmetry and Chern-Simons theories forn =21 + 1. Forn =2[+1 (n odd),
the Spin(41 + 2);. CS theory has a one-form symmetry Zgl) which is generated by an abelian

anyon a, with:

kn
Ay, =10,--+,0,k], hla, 1= 5 (B.24)
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Therefore the full Zil) symmetry is non-anomalous if and only if @ € Z. In the non-

anomalous case, we then have

, if w is odd,

1
3 k(2L +1)
h[aYo] = {(2) if k(2£‘+1) — € Z) . (B.25)

. (assuming
is even

Upon gauging, we have PSO(4l + 2) = Spin(4l + 2)/Z,4 and the Chern-Simons theory
PSO(4l + 2); is a spin-TQFT in the first case and a bosonic theory in the second case.
We can also consider gauging the Z(zl) C Zgl) subgroup generated by:

Azy, =[k,0,---,0],  hla?]=~. (B.26)

This symmetry is never anomalous. Upon gauging, we get SO(4l + 2) = Spin(4l + 2)/Z, and
the Chern-Simons theory SO(4l + 2);. is a spin-TQFT if k is odd and a bosonic CS theory if k
is even.

One-form symmetry and Chern-Simons theories for n = 2I. For n = 2l (n even), the

(1) 5 Z(zl) which is generated by two abelian

Spin(41), CS theory has a one-form symmetry Z,

anyons a, and ay with:
k
Ay, =[0,-+-,0,k,0], hl[a,]= gn,
kn (B.27)
7\/)70 = [0, ’0,0,k], h[ayo] = ?
We also consider the diagonal Z,, denoted by Zgiag’ generated by ay, A7, = Ay 17,
k
Arorro = 16,0,-+,0,0,0],  hlay ] =7 (B.28)

In the special case k = 1, the abelian anyons a,, and ay, are the two Wilson lines in the
spinor representations S*, while ay,+7, is the Wilson line in the vector representation (which
is always a subrepresentation of S* ® §7).

The full one-form symmetry is non-anomalous if and only if % € Z. Then, we obtain the
PSO(41); theory, which is bosonic if k is even and spin if k is odd. If we only quotient by one

of the three Z, subgroups we obtain:
SO..(41) = (Spin(41)/Zy)x ,
SO_(41), = (Spin(41)/Zy)s, (B.29)
SO(41); = (Spin(41)/Z3°®), .

Here, SO.(4l) denote the semi-spin groups, which admit only one of the two spinor represen-
tations, while SO(4l) is the ordinary special orthogonal group which does not admit spinors.
Note that, for all SO(m); Chern-Simons theories (m € Z, from either the b, or 9, series), we
have a spin-TQFT for k odd and a bosonic theory for k even.

B.5 The ¢, series

The exceptional algebras ¢, for n =6, 7,8 are simply laced. Let us consider each in turn.
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B.5.1 The ¢¢ algebra and groups

The ¢4 Lie algebra has the Cartan matrix and quadratic form:

2 -1 0 0 0 O 4 5 6 4 2 3

1 2 -1 0 0 O 5 10 12 8 4 6

o -1 2 -1 0 4 L, 1|6 12 18 12 6 9
A=K=l1949 o -1 2 -1 o|° ¥ =3|4 8 12 10 5 6| ®30

0 0 0 —1 2 0 2 4 6 5 4 3

0 0 -1 0 0 2 36 9 6 3 6

The simply-connected group is G = E¢, with centre Z(G) = Z,.

One-form symmetry and Chern-Simons theories. The (Eg), CS theory has a one-form

symmetry Zgl) generated by an abelian anyon a,, with:

2k
AYO = [01 O) 0’ 0) k; O]) h[aYo] = ? . (B31)

This means that the symmetry is non-anomalous if and only if k € 3Z. In this case, the CS
theory (Eg/Z3); is bosonic.

B.5.2 The ¢; algebra and groups

The ¢, Lie algebra has the Cartan matrix and quadratic form:

2 -1 0 0 0 0 © 4 6 8 6 4 2 4
-1 2 -1 0 0 0 O 6 12 16 12 8 4 8
0 -1 2 -1 0 0 O 1816 24 18 12 6 12
A=x=[0 0 -1 2 -1 0 -1], k1=2-]6 12 18 15 10 5 9
0O 0 0 -1 2 -1 0 24 8 12 10 8 4 6
O 0 0 0O -1 2 0 2 4 6 5 4 3 3
0O 0 0 -1 0 0 2 4 8 12 9 6 3 7
(B.32)

The simply-connected group is G = E,, with centre Z (G) =2Z,.

One-form symmetry and Chern-Simons theories. The (E;), CS theory has a one-form
symmetry Zgl) generated by an abelian anyon a, with:

3k
A,, =[0,0,0,0,0,k,0], hla, 1= i (B.33)
This means that the symmetry is non-anomalous if and only if k € 2Z. In this case, the CS

theory (E,/Z,); is bosonic if % is even and it is a spin-TQFT if % is odd.

B.5.3 The ¢g algebra and groups

The ¢g Lie algebra has the Cartan matrix and quadratic form:

(2 -1 0 0 0 0 0 0 \

1 2 -1 0 0 0 0 0
0 -1 2 -1 0 0 0 0
o 0o -1 2 210 0 o0

ASK=109 0 0 -1 2 -1 0o -1]°
0 0 0 0 -1 2 -1 0
0O 0 0 0 0 -1 2 0
\o 0 0 0 -1 0 0 2
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2 3 4 5 6 4 2 3\
3 6 8 10 12 8 4 6
4 8 12 15 18 12 6 9
4 1|5 10 15 20 24 16 8 12
" T35]6 12 18 24 30 20 10 15 (B.34)
4 8 12 16 20 14 7 10
2 4 6 8 10 7 4 5
KS 6 9 12 15 10 5 8]

The simply-connected group Eg has a trivial centre, so the bosonic CS theory (Eg); does not
have any one-form symmetry.

B.6 The f, and g, algebras

For completeness, let us list the same basic quantities for the f, and g, algebras. The cor-
responding simply-connected group is centreless, hence the Chern-Simons theories for these
groups are uniquely determined by the level and have a trivial one-form symmetry.

B.6.1 The f,; algebra and group

The §, Lie algebra has a Cartan matrix:

A= . (B.35)

The squared lengths of the simple roots are:
U@ = (2,2,1,1). (B.36)

The Killing form and its inverse read:

2 -1 0 O 2 3 2 1
-1 2 =2 o0 4 |3 6 4 2
““lo —2 4 2 * T|243 3% (B.37)
0 0 —2 4 12 321
B.6.2 The g, algebra and group
The g, Lie algebra has a Cartan matrix:
2 =3
A= (_1 ) ) : (B.38)
The squared lengths of the simple roots are:
@2y [ 2
(U1 ={2.3 ) (B.39)
The Killing form and its inverse read:
(2 -3 o (21
K—(_S 6)’ K —(1 %) (B.40)

54


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106

e SciPost Phys. 19, 106 (2025)

References

[1] E. Witten, Constraints on supersymmetry breaking, Nucl. Phys. B 202, 253 (1982),
d0i:10.1016/0550-3213(82)90071-2 [preprint doi:10.48550/arXiv.1607.04848].

[2] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation, and con-
finement in N =2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426, 19 (1994),
doi:10.1016/0550-3213(94)90124-4 [preprint doi:10.48550/arXiv.hep-th/9407087].

[3] N. A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv.
Theor. Math. Phys. 7, 831 (2003), doi:10.4310/ATMP2003.v7.n5.a4 [preprint
doi:10.48550/arXiv.hep-th/0206161].

[4] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun. Math. Phys. 313, 71 (2012), do0i:10.1007/s00220-012-1485-0 [preprint
d0i:10.48550/arXiv.0712.28241].

[5] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized global symmetries,
J. High Energy Phys. 02, 172 (2015), doi:10.1007/JHEP02(2015)172 [preprint
doi:10.48550/arXiv.1412.5148].

[6] E.Sharpe, Notes on generalized global symmetries in QFT, Fortschr. Phys. 63, 659 (2015),
doi:10.1002/prop.201500048 [preprint doi:10.48550/arXiv.1508.04770].

[7] M. Del Zotto, J. J. Heckman, D. S. Park and T. Rudelius, On the defect group of a 6D
SCFT, Lett. Math. Phys. 106, 765 (2016), doi:10.1007/s11005-016-0839-5 [preprint
doi:10.48550/arXiv.1503.04806].

[8] A.Kapustin and R. Thorngren, Fermionic SPT phases in higher dimensions and bosoniza-
tion, J. High Energy Phys. 10, 080 (2017), doi:10.1007/JHEP10(2017)080 [preprint
doi:10.48550/arXiv.1701.08264].

[9] E Benini, P-S. Hsin and N. Seiberg, Comments on global symmetries, anomalies, and du-
ality in (2 + 1)d, J. High Energy Phys. 04, 135 (2017), doi:10.1007/JHEP04(2017)135
[preprint doi:10.48550/arXiv.1702.07035].

[10] L. Bhardwaj and Y. Tachikawa, On finite symmetries and their gauging in two dimen-
sions, J. High Energy Phys. 03, 189 (2018), doi:10.1007/JHEP03(2018)189 [preprint
doi:10.48550/arXiv.1704.02330].

[11] C. Cérdova, B-S. Hsin and N. Seiberg, Time-reversal symmetry, anomalies, and dualities
in (2 + 1)d, SciPost Phys. 5, 006 (2018), doi:10.21468/SciPostPhys.5.1.006 [preprint
doi:10.48550/arXiv.1712.08639].

[12] Y. Tachikawa, On gauging finite subgroups, SciPost Phys. 8, 015 (2020),
doi:10.21468/SciPostPhys.8.1.015 [preprint doi:10.48550/arXiv.1712.09542].

[13] D. Gaiotto, A. Kapustin, Z. Komargodski and N. Seiberg, Theta, time reversal and temper-
ature, J. High Energy Phys. 05, 091 (2017), doi:10.1007/JHEP05(2017)091 [preprint
doi:10.48550/arXiv.1703.00501].

[14] Z. Komargodski and N. Seiberg, A symmetry breaking scenario for QCDs, J.
High Energy Phys. 01, 109 (2018), doi:10.1007/JHEP01(2018)109 [preprint
doi:10.48550/arXiv.1706.08755].

55


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1016/0550-3213(82)90071-2
https://doi.org/10.48550/arXiv.1607.04848
https://doi.org/10.1016/0550-3213(94)90124-4
https://doi.org/10.48550/arXiv.hep-th/9407087
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.48550/arXiv.hep-th/0206161
https://doi.org/10.1007/s00220-012-1485-0
https://doi.org/10.48550/arXiv.0712.2824
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.48550/arXiv.1412.5148
https://doi.org/10.1002/prop.201500048
https://doi.org/10.48550/arXiv.1508.04770
https://doi.org/10.1007/s11005-016-0839-5
https://doi.org/10.48550/arXiv.1503.04806
https://doi.org/10.1007/JHEP10(2017)080
https://doi.org/10.48550/arXiv.1701.08264
https://doi.org/10.1007/JHEP04(2017)135
https://doi.org/10.48550/arXiv.1702.07035
https://doi.org/10.1007/JHEP03(2018)189
https://doi.org/10.48550/arXiv.1704.02330
https://doi.org/10.21468/SciPostPhys.5.1.006
https://doi.org/10.48550/arXiv.1712.08639
https://doi.org/10.21468/SciPostPhys.8.1.015
https://doi.org/10.48550/arXiv.1712.09542
https://doi.org/10.1007/JHEP05(2017)091
https://doi.org/10.48550/arXiv.1703.00501
https://doi.org/10.1007/JHEP01(2018)109
https://doi.org/10.48550/arXiv.1706.08755

e SciPost Phys. 19, 106 (2025)

[15] D. Gaiotto, Z. Komargodski and N. Seiberg, Time-reversal breaking in QCDy,
walls, and dualities in 2+ 1 dimensions, J. High Energy Phys. 01, 110 (2018),
doi:10.1007/JHEP01(2018)110 [preprint doi:10.48550/arXiv.1708.06806].

[16] J. Gomis, Z. Komargodski and N. Seiberg, Phases Of adjoint QCD; And du-
alities, SciPost Phys. 5, 007 (2018), doi:10.21468/SciPostPhys.5.1.007 [preprint
d0i:10.48550/arXiv.1710.03258].

[17] C. Cérdova, T. T. Dumitrescu and K. Intriligator, Exploring 2-group global symme-
tries, J. High Energy Phys. 02, 184 (2019), doi:10.1007/JHEP02(2019)184 [preprint
doi:10.48550/arXiv.1802.04790].

[18] I. Garcia-Etxebarria and M. Montero, Dai-Freed anomalies in particle physics,
J. High Energy Phys. 08, 003 (2019), doi:10.1007/JHEP08(2019)003 [preprint
d0i:10.48550/arXiv.1808.00009].

[19] P-S. Hsin, H. T. Lam and N. Seiberg, Comments on one-form global symmetries and their
gauging in 3d and 4d, SciPost Phys. 6, 039 (2019), doi:10.21468/SciPostPhys.6.3.039
[preprint doi:10.48550/arXiv.1812.04716].

[20] C.-M. Chang, Y.-H. Lin, S.-H. Shao, Y. Wang and X. Yin, Topological defect lines and
renormalization group flows in two dimensions, J. High Energy Phys. 01, 026 (2019),
doi:10.1007/JHEP01(2019)026 [preprint doi:10.48550/arXiv.1802.04445].

[21] C. Cérdova and T. Dumitrescu, Candidate phases for SU(2) adjoint QCD, with two
flavors from N =2 supersymmetric Yang-Mills theory, SciPost Phys. 16, 139 (2024),
doi:10.21468/SciPostPhys.16.5.139 [preprint doi:10.48550/arXiv.1806.09592].

[22] C. Cérdova and K. Ohmori, Anomaly obstructions to symmetry preserving gapped phases,
(arXiv preprint) doi:10.48550/arXiv.1910.04962.

[23] R. Thorngren and Y. Wang, Fusion category symmetry. Part I. Anomaly in-flow and gapped
phases, J. High Energy Phys. 04, 132 (2024), doi:10.1007/JHEP04(2024)132 [ preprint
d0i:10.48550/arXiv.1912.02817].

[24] 1. Garcia Etxebarria, B. Heidenreich and D. Regalado, IIB flux non-commutativity
and the global structure of field theories, J. High Energy Phys. 10, 169 (2019),
doi:10.1007/JHEP10(2019)169 [preprint doi:10.48550/arXiv.1908.08027].

[25] W. Ji and X.-G. Wen, Categorical symmetry and noninvertible anomaly in symmetry-
breaking and topological phase transitions, Phys. Rev. Res. 2, 033417 (2020),
doi:10.1103/PhysRevResearch.2.033417 [preprint doi:10.48550/arXiv.1912.13492].

[26] E Albertini, M. Del Zotto, I. Garcia Etxebarria and S. S. Hosseini, Higher form symmetries
and M-theory, J. High Energy Phys. 12, 203 (2020), doi:10.1007/JHEP12(2020)203
[preprint doi:10.48550/arXiv.2005.12831].

[27] C. Closset, S. Schifer-Nameki and Y.-N. Wang, Coulomb and Higgs branches
from canonical singularities. Part 0, J. High Energy Phys. 02, 003 (2021),
doi:10.1007/JHEP02(2021)003 [preprint doi:10.48550/arXiv.2007.15600].

[28] S. Gukov, P-S. Hsin and D. Pei, Generalized global symmetries of T[M] theories. Part
I, J. High Energy Phys. 04, 232 (2021), doi:10.1007/JHEP04(2021)232 [preprint
d0i:10.48550/arXiv.2010.15890].

56


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1007/JHEP01(2018)110
https://doi.org/10.48550/arXiv.1708.06806
https://doi.org/10.21468/SciPostPhys.5.1.007
https://doi.org/10.48550/arXiv.1710.03258
https://doi.org/10.1007/JHEP02(2019)184
https://doi.org/10.48550/arXiv.1802.04790
https://doi.org/10.1007/JHEP08(2019)003
https://doi.org/10.48550/arXiv.1808.00009
https://doi.org/10.21468/SciPostPhys.6.3.039
https://doi.org/10.48550/arXiv.1812.04716
https://doi.org/10.1007/JHEP01(2019)026
https://doi.org/10.48550/arXiv.1802.04445
https://doi.org/10.21468/SciPostPhys.16.5.139
https://doi.org/10.48550/arXiv.1806.09592
https://doi.org/10.48550/arXiv.1910.04962
https://doi.org/10.1007/JHEP04(2024)132
https://doi.org/10.48550/arXiv.1912.02817
https://doi.org/10.1007/JHEP10(2019)169
https://doi.org/10.48550/arXiv.1908.08027
https://doi.org/10.1103/PhysRevResearch.2.033417
https://doi.org/10.48550/arXiv.1912.13492
https://doi.org/10.1007/JHEP12(2020)203
https://doi.org/10.48550/arXiv.2005.12831
https://doi.org/10.1007/JHEP02(2021)003
https://doi.org/10.48550/arXiv.2007.15600
https://doi.org/10.1007/JHEP04(2021)232
https://doi.org/10.48550/arXiv.2010.15890

e SciPost Phys. 19, 106 (2025)

[29] Y. Choi, C. Coérdova, P-S. Hsin, H. T Lam and S.-H. Shao, Noninvert-
ible duality defects in 3+ 1 dimensions, Phys. Rev. D 105, 125016 (2022),
doi:10.1103/PhysRevD.105.125016 [preprint doi:10.48550/arXiv.2111.01139].

[30] J. Kaidi, K. Ohmori and Y. Zheng, Kramers-Wannier-like duality defects in (3 + 1)D gauge
theories, Phys. Rev. Lett. 128, 111601 (2022), doi:10.1103/PhysRevLett.128.111601
[preprint doi:10.48550/arXiv.2111.01141].

[31] M. Cveti¢, J. J. Heckman, E. Torres and G. Zoccarato, Reflections on the matter of 3D
N =1 vacua and local Spin(7) compactifications, Phys. Rev. D 105, 026008 (2022),
doi:10.1103/PhysRevD.105.026008 [preprint doi:10.48550/arXiv.2107.00025].

[32] E Apruzzi, E Bonetti, [. Garcia Etxebarria, S. S. Hosseini and S. Schéfer-Nameki,
Symmetry TFTs from string theory, Commun. Math. Phys. 402, 895 (2023),
doi:10.1007/s00220-023-04737-2 [preprint doi:10.48550/arXiv.2112.02092].

[33] C. Closset and H. Magureanu, The U-plane of rank-one 4d N =2 KK theo-
ries, SciPost Phys. 12, 065 (2022), doi:10.21468/SciPostPhys.12.2.065 [preprint
doi:10.48550/arXiv.2107.03509].

[34] K. Roumpedakis, S. Seifnashri and S.-H. Shao, Higher gauging and non-invertible con-
densation defects, Commun. Math. Phys. 401, 3043 (2023), d0i:10.1007/s00220-023-
04706-9 [preprint doi:10.48550/arXiv.2204.02407].

[35] L. Bhardwaj, L. E. Bottini, S. Schifer-Nameki and A. Tiwari, Non-
invertible  higher-categorical ~symmetries, SciPost Phys. 14, 007 (2023),
doi:10.21468/SciPostPhys.14.1.007 [preprint doi:10.48550/arXiv.2204.06564].

[36] Y. Choi, H. T. Lam and S.-H. Shao, Noninvertible global symmetries in the Standard Model,
Phys. Rev. Lett. 129, 161601 (2022), doi:10.1103/PhysRevLett.129.161601 [preprint
doi:10.48550/arXiv.2205.05086].

[37] L. Bhardwaj, M. Bullimore, A. E. V. Ferrari and S. Schéfer-Nameki, Anomalies
of generalized symmetries from solitonic defects, SciPost Phys. 16, 087 (2024),
doi:10.21468/SciPostPhys.16.3.087 [preprint doi:10.48550/arXiv.2205.15330].

[38] Y. Choi, H. T. Lam and S.-H. Shao, Noninvertible time-reversal symmetry, Phys.
Rev. Lett. 130, 131602 (2023), doi:10.1103/PhysRevLett.130.131602 [preprint
d0i:10.48550/arXiv.2208.04331].

[39] L. Bhardwaj, S. Schéfer-Nameki and J. Wu, Universal non-invertible symme-
tries, Fortschr. Phys. 70, 2200143 (2022), doi:10.1002/prop.202200143 [preprint
d0i:10.48550/arXiv.2208.05973].

[40] T. Bartsch, M. Bullimore, A. E. V. Ferrari and J. Pearson, Non-invertible sym-
metries and higher representation theory I, SciPost Phys. 17, 015 (2024),
doi:10.21468/SciPostPhys.17.1.015 [preprint doi:10.48550/arXiv.2208.05993].

[41] D.S. Freed, G. W. Moore and C. Teleman, Topological symmetry in quantum field theory,
Quantum Topol. 15, 779 (2024), doi:10.4171/qt/223.

[42] J. Kaidi, K. Ohmori and Y. Zheng, Symmetry TFTs for non-invertible defects, Com-
mun. Math. Phys. 404, 1021 (2023), doi:10.1007/s00220-023-04859-7 [preprint
doi:10.48550/arXiv.2209.11062].

57


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1103/PhysRevD.105.125016
https://doi.org/10.48550/arXiv.2111.01139
https://doi.org/10.1103/PhysRevLett.128.111601
https://doi.org/10.48550/arXiv.2111.01141
https://doi.org/10.1103/PhysRevD.105.026008
https://doi.org/10.48550/arXiv.2107.00025
https://doi.org/10.1007/s00220-023-04737-2
https://doi.org/10.48550/arXiv.2112.02092
https://doi.org/10.21468/SciPostPhys.12.2.065
https://doi.org/10.48550/arXiv.2107.03509
https://doi.org/10.1007/s00220-023-04706-9
https://doi.org/10.1007/s00220-023-04706-9
https://doi.org/10.48550/arXiv.2204.02407
https://doi.org/10.21468/SciPostPhys.14.1.007
https://doi.org/10.48550/arXiv.2204.06564
https://doi.org/10.1103/PhysRevLett.129.161601
https://doi.org/10.48550/arXiv.2205.05086
https://doi.org/10.21468/SciPostPhys.16.3.087
https://doi.org/10.48550/arXiv.2205.15330
https://doi.org/10.1103/PhysRevLett.130.131602
https://doi.org/10.48550/arXiv.2208.04331
https://doi.org/10.1002/prop.202200143
https://doi.org/10.48550/arXiv.2208.05973
https://doi.org/10.21468/SciPostPhys.17.1.015
https://doi.org/10.48550/arXiv.2208.05993
https://doi.org/10.4171/qt/223
https://doi.org/10.1007/s00220-023-04859-7
https://doi.org/10.48550/arXiv.2209.11062

e SciPost Phys. 19, 106 (2025)

[43] V. Bashmakov, M. Del Zotto, A. Hasan and J. Kaidi, Non-invertible symmetries of class
S theories, J. High Energy Phys. 05, 225 (2023), doi:10.1007/JHEP05(2023)225
[preprint doi:10.48550/arXiv.2211.05138].

[44] L. Bhardwaj, L. E. Bottini, S. Schéfer-Nameki and A. Tiwari, Non-invertible symme-
try webs, SciPost Phys. 15, 160 (2023), doi:10.21468/SciPostPhys.15.4.160 [preprint
doi:10.48550/arXiv.2212.06842].

[45] T. Bartsch, M. Bullimore, A. E. V. Ferrari and J. Pearson, Non-invertible sym-
metries and higher representation theory II, SciPost Phys. 17, 067 (2024),
doi:10.21468/SciPostPhys.17.2.067 [preprint doi:10.48550/arXiv.2212.07393].

[46] M. Del Zotto, J. J. Heckman, S. N. Meynet, R. Moscrop and H. Y. Zhang,
Higher symmetries of 5D orbifold SCFTs, Phys. Rev. D 106, 046010 (2022),
doi:10.1103/PhysRevD.106.046010 [preprint doi:10.48550/arXiv.2201.08372].

[47] M. Cveti¢, J. J. Heckman, M. Hiibner and E. Torres, O-form, I-form, and 2-group
symmetries via cutting and gluing of orbifolds, Phys. Rev. D 106, 106003 (2022),
d0i:10.1103/PhysRevD.106.106003 [preprint doi:10.48550/arXiv.2203.10102].

[48] J. J. Heckman, M. Hiibner, E. Torres and H. Y. Zhang, The branes behind generalized
symmetry operators, Fortschr. Phys. 71, 2200180 (2022), doi:10.1002/prop.202200180
[preprint doi:10.48550/arXiv.2209.03343].

[49] J. J. Heckman, M. Hiibner, E. Torres, X. Yu and H. Y. Zhang, Top down
approach to topological duality defects, Phys. Rev. D 108, 046015 (2023),
doi:10.1103/PhysRevD.108.046015 [preprint doi:10.48550/arXiv.2212.09743].

[50] L. Bhardwaj and S. Schéfer-Nameki, Generalized charges, part I: Invert-
ible symmetries and higher representations, SciPost Phys. 16, 093 (2024),
doi:10.21468/SciPostPhys.16.4.093.

[51] L. Bhardwaj and S. Schéfer-Nameki, Generalized charges, part II: Non-
invertible symmetries and the symmetry TFT, SciPost Phys. 19, 098 (2025),
doi:10.21468/SciPostPhys.19.4.098 [preprint doi:10.48550/arXiv.2305.17159].

[52] C. Closset and H. Magureanu, Reading between the rational sections:
Global structures of 4d N =2 KK theories, SciPost Phys. 16, 137 (2024),
doi:10.21468/SciPostPhys.16.5.137 [preprint doi:10.48550/arXiv.2308.10225].

[53] C. Coérdova, P-S. Hsin and C. Zhang, Anomalies of non-invertible symmetries in
(3+1)d, SciPost Phys. 17, 131 (2024), doi:10.21468/SciPostPhys.17.5.131 [preprint
d0i:10.48550/arXiv.2308.11706].

[54] L. Bhardwaj, L. E. Bottini, D. Pajer and S. Schéfer-Nameki, Categorical Lan-
dau paradigm for gapped phases, Phys. Rev. Lett. 133, 161601 (2024),
doi:10.1103/PhysRevLett.133.161601 [preprint doi:10.48550/arXiv.2310.03786].

[55] M. Cveti¢, J. J. Heckman, M. Hiibner and E. Torres, Fluxbranes, generalized sym-
metries, and Verlinde’s metastable monopole, Phys. Rev. D 109, 046007 (2024),
doi:10.1103/PhysRevD.109.046007 [preprint doi:10.48550/arXiv.2305.09665].

[56] E Baume, J. J. Heckman, M. Hiibner, E. Torres, A. P Turner and X. Yu,
Treelike structure of symmetry topological field theories and multisector QFTS,
Phys. Rev. D 109, 106013 (2024), doi:10.1103/PhysRevD.109.106013 [preprint
doi:10.48550/arXiv.2310.12980].

58


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1007/JHEP05(2023)225
https://doi.org/10.48550/arXiv.2211.05138
https://doi.org/10.21468/SciPostPhys.15.4.160
https://doi.org/10.48550/arXiv.2212.06842
https://doi.org/10.21468/SciPostPhys.17.2.067
https://doi.org/10.48550/arXiv.2212.07393
https://doi.org/10.1103/PhysRevD.106.046010
https://doi.org/10.48550/arXiv.2201.08372
https://doi.org/10.1103/PhysRevD.106.106003
https://doi.org/10.48550/arXiv.2203.10102
https://doi.org/10.1002/prop.202200180
https://doi.org/10.48550/arXiv.2209.03343
https://doi.org/10.1103/PhysRevD.108.046015
https://doi.org/10.48550/arXiv.2212.09743
https://doi.org/10.21468/SciPostPhys.16.4.093
https://doi.org/10.21468/SciPostPhys.19.4.098
https://doi.org/10.48550/arXiv.2305.17159
https://doi.org/10.21468/SciPostPhys.16.5.137
https://doi.org/10.48550/arXiv.2308.10225
https://doi.org/10.21468/SciPostPhys.17.5.131
https://doi.org/10.48550/arXiv.2308.11706
https://doi.org/10.1103/PhysRevLett.133.161601
https://doi.org/10.48550/arXiv.2310.03786
https://doi.org/10.1103/PhysRevD.109.046007
https://doi.org/10.48550/arXiv.2305.09665
https://doi.org/10.1103/PhysRevD.109.106013
https://doi.org/10.48550/arXiv.2310.12980

e SciPost Phys. 19, 106 (2025)

[57] A. Antinucci, E Benini, C. Copetti, G. Galati and G. Rizi, Anomalies of non-
invertible self-duality symmetries: Fractionalization and gauging, (arXiv preprint)
doi:10.48550/arXiv.2308.11707.

[58] J. A. Damia, R. Argurio, E Benini, S. Benvenuti, C. Copetti and L. Tizzano, Non-
invertible symmetries along 4d RG flows, J. High Energy Phys. 02, 084 (2024),
doi:10.1007/JHEP02(2024)084 [preprint doi:10.48550/arXiv.2305.17084].

[59] C. Cérdova, T. T. Dumitrescu, K. Intriligator and S.-H. Shao, Snowmass white pa-
per: Generalized symmetries in quantum field theory and beyond, (arXiv preprint)
d0i:10.48550/arXiv.2205.09545.

[60] L. Bhardwaj, L. E. Bottini, L. Fraser-Taliente, L. Gladden, D. S. W. Gould, A.
Platschorre and H. Tillim, Lectures on generalized symmetries, Phys. Rep. 1051, 1 (2024),
doi:10.1016/j.physrep.2023.11.002 [preprint doi:10.48550/arXiv.2307.07547].

[61] S. Schéfer-Nameki, ICTP lectures on (non-)invertible generalized symmetries,
Phys. Rep. 1063, 1 (2024), doi:10.1016/j.physrep.2024.01.007 [preprint
doi:10.48550/arXiv.2305.18296].

[62] T. D. Brennan and S. Hong, Introduction to generalized global symmetries in QFT and
particle physics, (arXiv preprint) doi:10.48550/arXiv.2306.00912.

[63] R. Luo, Q.-R. Wang and Y.-N. Wang, Lecture notes on generalized symmetries and ap-
plications, Phys. Rep. 1065, 1 (2024), doi:10.1016/j.physrep.2024.02.002 [preprint
doi:10.48550/arXiv.2307.09215].

[64] S.-H. Shao, What’s done cannot be undone: TASI lectures on non-invertible symmetries,
(arXiv preprint) doi:10.48550/arXiv.2308.00747.

[65] C. Copetti, L. Cérdova and S. Komatsu, S-matrix bootstrap and non-invertible symme-
tries, J. High Energy Phys. 03, 204 (2025), doi:10.1007/JHEP03(2025)204 [preprint
doi:10.48550/arXiv.2408.13132].

[66] M. Balasubramanian, M. Buican and R. Radhakrishnan, On the classification of bosonic
and fermionic one-form symmetries in 2+ 1d and ’t Hooft anomaly matching, J. High
Energy Phys. 03, 204 (2025), doi:10.1007/JHEP03(2025)204.

[67] A. Antinucci, C. Copetti and S. Schéifer-Nameki, SymTFT for (3+1)d gap-
less SPTs and obstructions to confinement, SciPost Phys. 18, 114 (2025),
doi:10.21468/SciPostPhys.18.3.114 [preprint doi:10.48550/arXiv.2408.05585].

[68] L. Bhardwaj, D. Pajer, S. Schifer-Nameki, A. Tiwari, A. Warman and J. Wu, Gapped
phases in (2 + 1)d with non-invertible symmetries: Part I, SciPost Phys. 19, 056 (2025),
doi:10.21468/SciPostPhys.19.2.056 [preprint doi:10.48550/arXiv.2408.05266].

[69] M. Del Zotto, S. N. Meynet, D. Migliorati and K. Ohmori, Emergent non-invertible
symmetries bridging UV and IR phases — The adjoint QCD example, (arXiv preprint)
doi:10.48550/arXiv.2408.07123.

[70] C. Cérdova, N. Holfester and K. Ohmori, Representation theory of solitons, J.
High Energy Phys. 06, 001 (2025), doi:10.1007/JHEP06(2025)001 [preprint
d0i:10.48550/arXiv.2408.11045].

59


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.48550/arXiv.2308.11707
https://doi.org/10.1007/JHEP02(2024)084
https://doi.org/10.48550/arXiv.2305.17084
https://doi.org/10.48550/arXiv.2205.09545
https://doi.org/10.1016/j.physrep.2023.11.002
https://doi.org/10.48550/arXiv.2307.07547
https://doi.org/10.1016/j.physrep.2024.01.007
https://doi.org/10.48550/arXiv.2305.18296
https://doi.org/10.48550/arXiv.2306.00912
https://doi.org/10.1016/j.physrep.2024.02.002
https://doi.org/10.48550/arXiv.2307.09215
https://doi.org/10.48550/arXiv.2308.00747
https://doi.org/10.1007/JHEP03(2025)204
https://doi.org/10.48550/arXiv.2408.13132
https://doi.org/10.1007/JHEP03(2025)204
https://doi.org/10.21468/SciPostPhys.18.3.114
https://doi.org/10.48550/arXiv.2408.05585
https://doi.org/10.21468/SciPostPhys.19.2.056
https://doi.org/10.48550/arXiv.2408.05266
https://doi.org/10.48550/arXiv.2408.07123
https://doi.org/10.1007/JHEP06(2025)001
https://doi.org/10.48550/arXiv.2408.11045

e SciPost Phys. 19, 106 (2025)

[71] L. Bhardwaj, C. Copetti, D. Pajer and S. Schifer-Nameki, Boundary SymTFT,
SciPost Phys. 19, 061 (2025), doi:10.21468/SciPostPhys.19.2.061 [preprint
doi:10.48550/arXiv.2409.02166].

[72] R. Argurio, A. Collinucci, S. Mancani, S. Meynet, L. Mol and V. Tatitscheff, Inherited
non-invertible duality symmetries in quiver SCFTs, J. High Energy Phys. 06, 227 (2025),
doi:10.1007/JHEP06(2025)227.

[73] T. T. Dumitrescu, P Niro and R. Thorngren, Symmetry breaking from monopole conden-
sation in QED3, (arXiv preprint) doi:10.48550/arXiv.2410.05366.

[74] E Yan, R. Konik and A. Mitra, Duality defect in a deformed transverse-field
Ising model, Phys. Rev. Res. 7, 033198 (2025), doi:10.1103/ctxg-k3b6 [preprint
doi:10.48550/arXiv.2410.17317].

[75] L.E. Bottini and S. Schéfer-Nameki, A gapless phase with Haagerup symmetry, Phys. Rev.
Lett. 134, 191602 (2025), doi:10.1103/PhysRevLett.134.191602.

[76] E. Furrer and H. Magureanu, Coulomb branch surgery:  Holonomy sad-
dles, S-folds and discrete symmetry gaugings, SciPost Phys. 17, 073 (2024),
doi:10.21468/SciPostPhys.17.3.073 [preprint doi:10.48550/arXiv.2404.02955].

[77] B. Gabai, V. Gorbenko, J. Qiao, B. Zan and A. Zhabin, Quantum groups as global symme-
tries, J. High Energy Phys. 08, 087 (2025), doi:10.1007/JHEP08(2025)087 [preprint
doi:10.48550/arXiv.2410.24142].

[78] PB-S.Hsin and J. Gomis, Detecting Standard Model gauge group from generalized fractional
quantum Hall effect, (arXiv preprint) doi:10.48550/arXiv.2411.18160.

[79] M. Najjar, L. Santilli and Y.-N. Wang, (-1)-form symmetries from M-theory and SymTFT5,
J. High Energy Phys. 03, 134 (2025), doi:10.1007/JHEP03(2025)134.

[80] A. S. Arvanitakis, L. T. Cole, S. Demulder and D. C. Thompson, Topo-
logical defects in Chern-Simons theory, Phys. Rev. D 111, 105014 (2025),
doi:10.1103/PhysRevD.111.105014 [preprint doi:10.48550/arXiv.2412.11718].

[81] C. Cérdova, D. B. Costa and P-S. Hsin, Non-invertible symmetries as condensation defects
in finite-group gauge theories, (arXiv preprint) doi:10.48550/arXiv.2412.16681.

[82] E. D’Hoker, T. T. Dumitrescu, E. Gerchkovitz and E. Nardoni, Cascading from N =2
supersymmetric Yang-Mills theory to confinement and chiral symmetry breaking in adjoint
QCD, (arXiv preprint) doi:10.48550/arXiv.2412.20547.

[83] C. Cordova, D. Garcia-Sepulveda and N. Holfester, Particle-soliton degeneracy in 2d
quantum chromodynamics, (arXiv preprint) doi:10.48550/arXiv.2412.21153.

[84] S. Bharadwaj, P Niro and K. Roumpedakis, Non-invertible defects on the world-
sheet, J. High Energy Phys. 03, 164 (2025), doi:10.1007/JHEP03(2025)164 [preprint
d0i:10.48550/arXiv.2408.14556].

[85] M.K.N. Balasubramanian, A. Banerjee, M. Buican, Z. Duan, A. E. V, Ferrari and H. Jiang,
3d N =4 mirror symmetry, TQFTs, and ’t Hooft anomaly matching, (arXiv preprint)
d0i:10.48550/arXiv.2412.21066.

[86] M. Cveti¢, R. Donagi, J. J. Heckman, M. Hiibner and E. Torres, Cornering relative sym-
metry theories, Phys. Rev. D 111, 085026 (2025), doi:10.1103/PhysRevD.111.085026
[preprint doi:10.48550/arXiv.2408.12600].

60


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.21468/SciPostPhys.19.2.061
https://doi.org/10.48550/arXiv.2409.02166
https://doi.org/10.1007/JHEP06(2025)227
https://doi.org/10.48550/arXiv.2410.05366
https://doi.org/10.1103/ctxg-k3b6
https://doi.org/10.48550/arXiv.2410.17317
https://doi.org/10.1103/PhysRevLett.134.191602
https://doi.org/10.21468/SciPostPhys.17.3.073
https://doi.org/10.48550/arXiv.2404.02955
https://doi.org/10.1007/JHEP08(2025)087
https://doi.org/10.48550/arXiv.2410.24142
https://doi.org/10.48550/arXiv.2411.18160
https://doi.org/10.1007/JHEP03(2025)134
https://doi.org/10.1103/PhysRevD.111.105014
https://doi.org/10.48550/arXiv.2412.11718
https://doi.org/10.48550/arXiv.2412.16681
https://doi.org/10.48550/arXiv.2412.20547
https://doi.org/10.48550/arXiv.2412.21153
https://doi.org/10.1007/JHEP03(2025)164
https://doi.org/10.48550/arXiv.2408.14556
https://doi.org/10.48550/arXiv.2412.21066
https://doi.org/10.1103/PhysRevD.111.085026
https://doi.org/10.48550/arXiv.2408.12600

e SciPost Phys. 19, 106 (2025)

[87] J. J. Heckman, M. Hiibner and C. Murdia, On the holographic dual of a topological sym-
metry operator, Phys. Rev. D 110, 046007 (2024), doi:10.1103/PhysRevD.110.046007
[preprint doi:10.48550/arXiv.2401.09538].

[88] J. J. Heckman and M. Hiibner, Celestial topology, symmetry theories, and ev-
idence for a nonSUSY D3-brane CFT, Fortschr. Phys. 73, 2400270 (2025),
doi:10.1002/prop.202400270.

[89] M. Najjar and Y.-N. Wang, Confinement of 3d N = 2 gauge theories from M-theory on
CY4, (arXiv preprint) doi:10.48550/arXiv.2501.07116.

[90] D. Delmastro and J. Gomis, Symmetries of Abelian Chern-Simons theories and arith-
metic, J. High Energy Phys. 03, 006 (2021), doi:10.1007/JHEP03(2021)006 [preprint
doi:10.48550/arXiv.1904.12884].

[91] C. Cérdova and D. Garcia-Sepulveda, Non-invertible anyon condensation and level-rank
dualities, (arXiv preprint) doi:10.48550/arXiv.2312.16317.

[92] B. Willett, Higher form symmetries in 3d N' = 2 gauge theories on Seifert manifolds, un-
published.

[93] J. Eckhard, H. Kim, S. Schéfer-Nameki and B. Willett, Higher-form symmetries,
Bethe vacua, and the 3d-3d correspondence, J. High Energy Phys. 01, 101 (2020),
doi:10.1007/JHEP01(2020)101 [preprint doi:10.48550/arXiv.1910.14086].

[94] S. Gukov, D. Pei, C. Reid and A. Shehper, Symmetries of 2d TQFTs and equivariant verlinde
formulae for general groups, (arXiv preprint) doi:10.48550/arXiv.2111.08032.

[95] C. Closset, E. Furrer and O. Khlaif, One-form symmetries and the 3d N =2 A-
model: Topologically twisted indices and CS theories, SciPost Phys. 18, 066 (2025),
doi:10.21468/SciPostPhys.18.2.066 [preprint doi:10.48550/arXiv.2405.18141].

[96] C. Closset, H. Kim and B. Willett, Supersymmetric partition functions
and the three-dimensional A-twist, J. High Energy Phys. 03, 074 (2017),
doi:10.1007/JHEP03(2017)074 [preprint doi:10.48550/arXiv.1701.03171].

[97] C. Closset, T. T. Dumitrescu, G. Festuccia and Z. Komargodski, Supersymmet-
ric field theories on three-manifolds, J. High Energy Phys. 05, 017 (2013),
doi:10.1007/JHEP05(2013)017 [preprint doi:10.48550/arXiv.1212.3388].

[98] S. Kim, The complete superconformal index for N =6 Chern-Simons theory,
Nucl. Phys. B 821, 241 (2009), doi:10.1016/j.nuclphysb.2009.06.025 [preprint
d0i:10.48550/arXiv.0903.4172].

[99] Y. Imamura and S. Yokoyama, Index for three dimensional superconformal field the-
ories with general R-charge assignments, J. High Energy Phys. 04, 007 (2011),
doi:10.1007/JHEP04(2011)007 [preprint doi:10.48550/arXiv.1101.0557].

[100] C. Closset and H. Kim, Three-dimensional N' = 2 supersymmetric gauge theories and par-
tition functions on Seifert manifolds: A review, Int. J. Mod. Phys. A 34, 1930011 (2019),
doi:10.1142/S0217751X19300114 [preprint doi:10.48550/arXiv.1908.08875].

[101] M. Inglese, D. Martelli and A. Pittelli, The spindle index from localization, J.
Phys. A: Math. Theor. 57, 085401 (2024), doi:10.1088/1751-8121/ad2225 [preprint
d0i:10.48550/arXiv.2303.14199].

61


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1103/PhysRevD.110.046007
https://doi.org/10.48550/arXiv.2401.09538
https://doi.org/10.1002/prop.202400270
https://doi.org/10.48550/arXiv.2501.07116
https://doi.org/10.1007/JHEP03(2021)006
https://doi.org/10.48550/arXiv.1904.12884
https://doi.org/10.48550/arXiv.2312.16317
https://doi.org/10.1007/JHEP01(2020)101
https://doi.org/10.48550/arXiv.1910.14086
https://doi.org/10.48550/arXiv.2111.08032
https://doi.org/10.21468/SciPostPhys.18.2.066
https://doi.org/10.48550/arXiv.2405.18141
https://doi.org/10.1007/JHEP03(2017)074
https://doi.org/10.48550/arXiv.1701.03171
https://doi.org/10.1007/JHEP05(2013)017
https://doi.org/10.48550/arXiv.1212.3388
https://doi.org/10.1016/j.nuclphysb.2009.06.025
https://doi.org/10.48550/arXiv.0903.4172
https://doi.org/10.1007/JHEP04(2011)007
https://doi.org/10.48550/arXiv.1101.0557
https://doi.org/10.1142/S0217751X19300114
https://doi.org/10.48550/arXiv.1908.08875
https://doi.org/10.1088/1751-8121/ad2225
https://doi.org/10.48550/arXiv.2303.14199

e SciPost Phys. 19, 106 (2025)

[102] M. Inglese, D. Martelli and A. Pittelli, Supersymmetry and localization on three-
dimensional orbifolds, (arXiv preprint) doi:10.48550/arXiv.2312.17086.

[103] E. Witten, Mirror manifolds and topological field theory, (arXiv preprint)
doi:10.48550/arXiv.hep-th/9112056.

[104] M. Marifio, Lectures on localization and matrix models in supersymmetric Chern-Simons-
matter theories, J. Phys. A: Math. Theor. 44, 463001 (2011), doi:10.1088/1751-
8113/44/46/463001 [preprint doi:10.48550/arXiv.1104.0783].

[105] V. Pestun et al., Localization techniques in quantum field theories, J. Phys.
A: Math. Theor. 50, 440301 (2017), doi:10.1088/1751-8121/aa63cl [preprint
doi:10.48550/arXiv.1608.02952].

[106] B. Willett, Localization on three-dimensional manifolds, J. Phys. A: Math.
Theor. 50, 443006 (2017), doi:10.1088/1751-8121/aa612f  [preprint
doi:10.48550/arXiv.1608.02958].

[107] N. Nekrasov and S. Shatashvili, Bethe/gauge correspondence on curved spaces,
J. High Energy Phys. 01, 100 (2015), doi:10.1007/JHEP01(2015)100 [preprint
doi:10.48550/arXiv.1405.6046].

[108] E Benini and A. Zaffaroni, A topologically twisted index for three-dimensional supersym-
metric theories, J. High Energy Phys. 07, 127 (2015), doi:10.1007/JHEP07(2015)127
[preprint doi:10.48550/arXiv.1504.03698].

[109] E Benini and A. Zaffaroni, String-math 2015, American Mathematical Society,
Providence, USA, ISBN 9781470429515 (2017), doi:10.1090/pspum/096 [preprint
d0i:10.48550/arXiv.1605.06120].

[110] C. Closset and H. Kim, Comments on twisted indices in 3d supersymmetric gauge theo-
ries, J. High Energy Phys. 08, 059 (2016), doi:10.1007/JHEP08(2016)059 [preprint
doi:10.48550/arXiv.1605.06531].

[111] E Benini, T. Nishioka and M. Yamazaki, 4d index to 3d index and 2d topological quan-
tum field theory, Phys. Rev. D 86, 065015 (2012), doi:10.1103/PhysRevD.86.065015
[preprint doi:10.48550/arXiv.1109.0283].

[112] L. E Alday, M. Fluder and J. Sparks, The large N limit of M2-branes on Lens spaces,
J. High Energy Phys. 10, 057 (2012), doi:10.1007/JHEP10(2012)057 [preprint
d0i:10.48550/arXiv.1204.1280].

[113] T. Dimofte, Complex Chern-Simons theory at level k via the 3d-3d correspondence,
Commun. Math. Phys. 339, 619 (2015), doi:10.1007/s00220-015-2401-1 [preprint
doi:10.48550/arXiv.1409.0857].

[114] S. Gukov and D. Pei, Equivariant Verlinde formula from fivebranes and vortices,
Commun. Math. Phys. 355, 1 (2017), doi:10.1007/s00220-017-2931-9 [preprint
doi:10.48550/arXiv.1501.01310].

[115] S. Gukov, D. Pei, W. Yan and K. Ye, Equivariant Verlinde algebra from supercon-
formal index and Argyres-Seiberg duality, Commun. Math. Phys. 357, 1215 (2018),
doi:10.1007/s00220-017-3074-8 [preprint doi:10.48550/arXiv.1605.06528].

62


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.48550/arXiv.2312.17086
https://doi.org/10.48550/arXiv.hep-th/9112056
https://doi.org/10.1088/1751-8113/44/46/463001
https://doi.org/10.1088/1751-8113/44/46/463001
https://doi.org/10.48550/arXiv.1104.0783
https://doi.org/10.1088/1751-8121/aa63c1
https://doi.org/10.48550/arXiv.1608.02952
https://doi.org/10.1088/1751-8121/aa612f
https://doi.org/10.48550/arXiv.1608.02958
https://doi.org/10.1007/JHEP01(2015)100
https://doi.org/10.48550/arXiv.1405.6046
https://doi.org/10.1007/JHEP07(2015)127
https://doi.org/10.48550/arXiv.1504.03698
https://doi.org/10.1090/pspum/096
https://doi.org/10.48550/arXiv.1605.06120
https://doi.org/10.1007/JHEP08(2016)059
https://doi.org/10.48550/arXiv.1605.06531
https://doi.org/10.1103/PhysRevD.86.065015
https://doi.org/10.48550/arXiv.1109.0283
https://doi.org/10.1007/JHEP10(2012)057
https://doi.org/10.48550/arXiv.1204.1280
https://doi.org/10.1007/s00220-015-2401-1
https://doi.org/10.48550/arXiv.1409.0857
https://doi.org/10.1007/s00220-017-2931-9
https://doi.org/10.48550/arXiv.1501.01310
https://doi.org/10.1007/s00220-017-3074-8
https://doi.org/10.48550/arXiv.1605.06528

e SciPost Phys. 19, 106 (2025)

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

A. Kapustin, B. Willett and I. Yaakov, Exact results for Wilson loops in supercon-
formal Chern-Simons theories with matter, J. High Energy Phys. 03, 089 (2010),
doi:10.1007/JHEP03(2010)089 [preprint doi:10.48550/arXiv.0909.4559].

N. Hama, K. Hosomichi and S. Lee, SUSY gauge theories on squashed three-spheres,
J. High Energy Phys. 05, 014 (2011), doi:10.1007/JHEP05(2011)014 [preprint
doi:10.48550/arXiv.1102.4716].

Y. Imamura and D. Yokoyama, N =2 supersymmetric theories on squashed three-
sphere, Phys. Rev. D 85, 025015 (2012), doi:10.1103/PhysRevD.85.025015 [preprint
doi:10.48550/arXiv.1109.4734].

L. E Alday, D. Martelli, P Richmond and J. Sparks, Localization on three-manifolds,
J. High Energy Phys. 10, 095 (2013), doi:10.1007/JHEP10(2013)095 [preprint
doi:10.48550/arXiv.1307.6848].

D. L. Jafferis, The exact superconformal R-symmetry extremizes Z, J. High
Energy Phys. 05, 159 (2012), doi:10.1007/JHEP05(2012)159 [preprint
doi:10.48550/arXiv.1012.3210].

I. R. Klebanov, S. S. Pufu and B. R. Safdi, F-theorem without supersymmetry,
J. High Energy Phys. 10, 038 (2011), doi:10.1007/JHEP10(2011)038 [preprint
doi:10.48550/arXiv.1105.4598].

C. Closset, T. T. Dumitrescu, G. Festuccia, Z. Komargodski and N. Seiberg, Con-
tact terms, unitarity, and F-maximization in three-dimensional superconformal theo-
ries, J. High Energy Phys. 10, 053 (2012), doi:10.1007/JHEP10(2012)053 [preprint
doi:10.48550/arXiv.1205.4142].

S. S. Pufu, The F-theorem and F-maximization, J. Phys. A: Math. Theor. 50, 443008
(2017), doi:10.1088/1751-8121/aa6765 [preprint doi:10.48550/arXiv.1608.02960].

N. A. Nekrasov and S. L. Shatashvili, Supersymmetric Vacua and Bethe ansatz, Nucl. Phys.
B - Proc. Suppl. 192, 91 (2009), doi:10.1016/j.nuclphysbps.2009.07.047 [preprint
doi:10.48550/arXiv.0901.4744].

E. Witten, Topological sigma models, Commun. Math. Phys. 118, 411 (1988),
doi:10.1007/BF01466725.

C. Closset, H. Kim and B. Willett, Seifert fibering operators in 3d N =2 theo-
ries, J. High Energy Phys. 11, 004 (2018), doi:10.1007/JHEP11(2018)004 [preprint
doi:10.48550/arXiv.1807.02328].

O. Aharony, A. Hanany, K. Intriligator, N. Seiberg and M. J. Strassler, Aspects
of N =2 supersymmetric gauge theories in three dimensions, Nucl. Phys. B 499,
67 (1997), doi:10.1016/S0550-3213(97)00323-4 [preprint doi:10.48550/arXiv.hep-
th/9703110].

D. Gaiotto and X. Yin, Notes on superconformal Chern-Simons-matter theories, J.
High Energy Phys. 08, 056 (2007), doi:10.1088/1126-6708/2007/08/056 [preprint
doi:10.48550/arXiv.0704.3740].

P Orlik, Seifert manifolds, Springer, Berlin, Heidelberg, Germany, ISBN 9783540060147
(1972), doi:10.1007/bfb0060329.

63


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1007/JHEP03(2010)089
https://doi.org/10.48550/arXiv.0909.4559
https://doi.org/10.1007/JHEP05(2011)014
https://doi.org/10.48550/arXiv.1102.4716
https://doi.org/10.1103/PhysRevD.85.025015
https://doi.org/10.48550/arXiv.1109.4734
https://doi.org/10.1007/JHEP10(2013)095
https://doi.org/10.48550/arXiv.1307.6848
https://doi.org/10.1007/JHEP05(2012)159
https://doi.org/10.48550/arXiv.1012.3210
https://doi.org/10.1007/JHEP10(2011)038
https://doi.org/10.48550/arXiv.1105.4598
https://doi.org/10.1007/JHEP10(2012)053
https://doi.org/10.48550/arXiv.1205.4142
https://doi.org/10.1088/1751-8121/aa6765
https://doi.org/10.48550/arXiv.1608.02960
https://doi.org/10.1016/j.nuclphysbps.2009.07.047
https://doi.org/10.48550/arXiv.0901.4744
https://doi.org/10.1007/BF01466725
https://doi.org/10.1007/JHEP11(2018)004
https://doi.org/10.48550/arXiv.1807.02328
https://doi.org/10.1016/S0550-3213(97)00323-4
https://doi.org/10.48550/arXiv.hep-th/9703110
https://doi.org/10.48550/arXiv.hep-th/9703110
https://doi.org/10.1088/1126-6708/2007/08/056
https://doi.org/10.48550/arXiv.0704.3740
https://doi.org/10.1007/bfb0060329

e SciPost Phys. 19, 106 (2025)

[130] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121,
351 (1989), doi:10.1007/BF01217730.

[131] G. Moore and N. Seiberg, Taming the conformal zoo, Phys. Lett. B 220, 422 (1989),
d0i:10.1016/0370-2693(89)90897-6.

[132] L. C. Jeffrey, Chern-Simons-Witten invariants of lens spaces and torus bundles,
and the semiclassical approximation, Commun. Math. Phys. 147, 563 (1992),
doi:10.1007/BF02097243.

[133] L. Rozansky, A contribution of the trivial connection to the Jones polynomial and
Witten’s invariant of 3d manifolds, I, Commun. Math. Phys. 175, 275 (1996),
doi:10.1007/BF02102409 [preprint doi:10.48550/arXiv.hep-th/9401061].

[134] M. Ouyang, Geometric invariants for Seifert Fibred 3-manifolds, Trans. Am. Math. Soc.
346, 641 (1994), doi:10.2307/2154864.

[135] T. Takata, On quantum PSU(n)-invariants for Lens spaces, J. Knot Theory Ramif. 05, 885
(1996), doi:10.1142/50218216596000497.

[136] T. Takata, On Quantum PSU(n) invariants for Seifert manifolds, J. Knot Theory Ramif.
06, 417 (1997), doi:10.1142/s0218216597000273.

[137] R. Lawrence and L. Rozansky, Witten-Reshetikhin-Turaev invariants of Seifert manifolds,
Commun. Math. Phys. 205, 287 (1999), doi:10.1007/s002200050678.

[138] S. K. Hansen, Reshetikhin-Turaev invariants of Seifert 3-manifolds and a rational surgery
formula, Algebr. Geom. Topol. 1, 627 (2001), doi:10.2140/agt.2001.1.627.

[139] M. Marifio, Chern-Simons theory, matrix integrals, and perturbative three-manifold in-
variants, Commun. Math. Phys. 253, 25 (2004), do0i:10.1007/s00220-004-1194-4
[preprint doi:10.48550/arXiv.hep-th/0207096].

[140] M. Furuta and B. Steer, Seifert fibred homology 3-spheres and the Yang-Mills equations
on Riemann surfaces with marked points, Adv. Math. 96, 38 (1992), d0i:10.1016/0001-
8708(92)90051-1.

[141] C. Beasley and E. Witten, Non-Abelian localization for Chern-Simons theory, J. Differ.
Geom. 70, 183 (2005), doi:10.48550/arXiv.hep-th/0503126.

[142] N. Caporaso, M. Cirafici, L. Griguolo, S. Pasquetti, D. Seminara and R. J. Szabo, Topolog-
ical strings, two-dimensional Yang-Mills theory and Chern-Simons theory on torus bundles,
Adv. Theor. Math. Phys. 12, 981 (2008), doi:10.4310/ATMP2008.v12.n5.a2 [preprint
doi:10.48550/arXiv.hep-th/0609129].

[143] C. Beasley, Localization for Wilson loops in Chern-Simons theory, Adv. Theor.
Math. Phys. 17, 1 (2013), doi:10.4310/ATMP2013.v17.nl.al [preprint
doi:10.48550/arXiv.0911.2687].

[144] M. Blau and G. Thompson, Chern-Simons theory on Seifert 3-manifolds, J.
High Energy Phys. 09, 033 (2013), doi:10.1007/JHEP09(2013)033 [preprint
doi:10.48550/arXiv.1306.3381].

[145] M. Blau, K. M. Keita, K. S. Narain and G. Thompson, Chern-Simons the-
ory on a general Seifert 3-manifold, Adv. Theor. Math. Phys. 24, 279 (2020),
doi:10.4310/ATMP2020.v24.n2.a2 [preprint doi:10.48550/arXiv.1812.10966].

64


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1007/BF01217730
https://doi.org/10.1016/0370-2693(89)90897-6
https://doi.org/10.1007/BF02097243
https://doi.org/10.1007/BF02102409
https://doi.org/10.48550/arXiv.hep-th/9401061
https://doi.org/10.2307/2154864
https://doi.org/10.1142/s0218216596000497
https://doi.org/10.1142/s0218216597000273
https://doi.org/10.1007/s002200050678
https://doi.org/10.2140/agt.2001.1.627
https://doi.org/10.1007/s00220-004-1194-4
https://doi.org/10.48550/arXiv.hep-th/0207096
https://doi.org/10.1016/0001-8708(92)90051-l
https://doi.org/10.1016/0001-8708(92)90051-l
https://doi.org/10.48550/arXiv.hep-th/0503126
https://doi.org/10.4310/ATMP.2008.v12.n5.a2
https://doi.org/10.48550/arXiv.hep-th/0609129
https://doi.org/10.4310/ATMP.2013.v17.n1.a1
https://doi.org/10.48550/arXiv.0911.2687
https://doi.org/10.1007/JHEP09(2013)033
https://doi.org/10.48550/arXiv.1306.3381
https://doi.org/10.4310/ATMP.2020.v24.n2.a2
https://doi.org/10.48550/arXiv.1812.10966

e SciPost Phys. 19, 106 (2025)

[146] S. G. Naculich and H. J. Schnitzer, Level-rank duality of the U(N) WZIW
model, Chern-Simons theory, and 2d qYM theory, J. High Energy Phys. 06,
023 (2007), doi:10.1088/1126-6708/2007/06,/023 [preprint doi:10.48550/arXiv.hep-
th/0703089].

[147] K. Ohta and Y. Yoshida, Non-Abelian localization for supersymmetric Yang-Mills-
Chern-Simons theories on a Seifert manifold, Phys. Rev. D 86, 105018 (2012),
doi:10.1103/PhysRevD.86.105018 [preprint doi:10.48550/arXiv.1205.0046].

[148] U. Danielsson, Properties of the three-dimensional Chern-Simons partition func-
tion, Phys. Lett. B 220, 137 (1989), doi:10.1016/0370-2693(89)90026-9 [preprint
doi:10.48550/arXiv.1406.5352].

[149] G. Borot, B. Eynard and A. Weisse, Root systems, spectral curves, and analysis of
a Chern-Simons matrix model for Seifert fibered spaces, Sel. Math. 23, 915 (2017),
doi:10.1007/s00029-016-0266-6.

[150] A. Chattopadhyay, S. Dutta and N., Chern-Simons theory on Seifert manifold and matrix
model, Phys. Rev. D 100, 126009 (2019), doi:10.1103/PhysRevD.100.126009 [preprint
doi:10.48550/arXiv.1902.07538].

[151] C. Imbimbo and D. Rosa, Topological anomalies for Seifert 3-manifolds, J.
High Energy Phys. 07, 068 (2015), doi:10.1007/JHEP07(2015)068 [preprint
doi:10.48550/arXiv.1411.6635].

[152] E Bonetti, S. Schéfer-Nameki and J. Wu, MTC[M3, G]: 3d topological order labeled by
Seifert manifolds, (arXiv preprint) doi:10.48550/arXiv.2403.03973.

[153] T. Okazaki and D. J. Smith, Line defect half-indices of SU(N) Chern-Simons theo-
ries, J. High Energy Phys. 06, 006 (2024), doi:10.1007/JHEP06(2024)006 [preprint
d0i:10.48550/arXiv.2403.03439].

[154] T. Okazaki and D. J. Smith, Chern-Simons theories with defects, Rogers-Ramanujan type
functions and eta-products, (arXiv preprint) doi:10.48550/arXiv.2408.07893.

[155] S. Elitzur, G. Moore, A. Schwimmer and N. Seiberg, Remarks on the canonical
quantization of the Chern-Simons-Witten theory, Nucl. Phys. B 326, 108 (1989),
doi:10.1016/0550-3213(89)90436-7.

[156] C. Closset, T. T. Dumitrescu, G. Festuccia and Z. Komargodski, The geome-
try of supersymmetric partition functions, J. High Energy Phys. 01, 124 (2014),
doi:10.1007/JHEP01(2014)124 [preprint doi:10.48550/arXiv.1309.5876].

[157] E A. Bais and J. K. Slingerland, Condensate-induced transitions between topologically
ordered phases, Phys. Rev. B 79, 045316 (2009), doi:10.1103/PhysRevB.79.045316
[preprint doi:10.48550/arXiv.0808.0627].

[158] E J. Burnell, Anyon condensation and its applications, Annu. Rev. Condens. Matter Phys.
9, 307 (2018), doi:10.1146/annurev-conmatphys-033117-054154.

[159] A. N. Schellekens and S. Yankielowicz, Simple currents, modular invariants and fixed
points, Int. J. Mod. Phys. A 05, 2903 (1990), doi:10.1142/S0217751X90001367.

[160] J. Fuchs, B. Schellekens and C. Schweigert, From Dynkin diagram symmetries to fixed
point structures, Commun. Math. Phys. 180, 39 (1996), doi:10.1007/BF02101182
[preprint doi:10.48550/arXiv.hep-th/9506135].

65


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1088/1126-6708/2007/06/023
https://doi.org/10.48550/arXiv.hep-th/0703089
https://doi.org/10.48550/arXiv.hep-th/0703089
https://doi.org/10.1103/PhysRevD.86.105018
https://doi.org/10.48550/arXiv.1205.0046
https://doi.org/10.1016/0370-2693(89)90026-9
https://doi.org/10.48550/arXiv.1406.5352
https://doi.org/10.1007/s00029-016-0266-6
https://doi.org/10.1103/PhysRevD.100.126009
https://doi.org/10.48550/arXiv.1902.07538
https://doi.org/10.1007/JHEP07(2015)068
https://doi.org/10.48550/arXiv.1411.6635
https://doi.org/10.48550/arXiv.2403.03973
https://doi.org/10.1007/JHEP06(2024)006
https://doi.org/10.48550/arXiv.2403.03439
https://doi.org/10.48550/arXiv.2408.07893
https://doi.org/10.1016/0550-3213(89)90436-7
https://doi.org/10.1007/JHEP01(2014)124
https://doi.org/10.48550/arXiv.1309.5876
https://doi.org/10.1103/PhysRevB.79.045316
https://doi.org/10.48550/arXiv.0808.0627
https://doi.org/10.1146/annurev-conmatphys-033117-054154
https://doi.org/10.1142/S0217751X90001367
https://doi.org/10.1007/BF02101182
https://doi.org/10.48550/arXiv.hep-th/9506135

e SciPost Phys. 19, 106 (2025)

[161] J. Fuchs, A. N. Schellekens and C. Schweigert, A matrix S for all simple current exten-
sions, Nucl. Phys. B 473, 323 (1996), doi:10.1016/0550-3213(96)00247-7 [preprint
doi:10.48550/arXiv.hep-th/9601078].

[162] D. Delmastro and J. Gomis, Domain walls in 4d N =1 SYM, J. High
Energy Phys. 03, 259 (2021), doi:10.1007/JHEP03(2021)259 [preprint
doi:10.48550/arXiv.2004.11395].

[163] D. Delmastro, D. Gaiotto and J. Gomis, Global anomalies on the Hilbert space,
J. High Energy Phys. 11, 142 (2021), doi:10.1007/JHEP11(2021)142 [preprint
d0i:10.48550/arXiv.2101.02218].

[164] R. Dijkgraaf and E. Witten, Topological gauge theories and group cohomology, Commun.
Math. Phys. 129, 393 (1990), doi:10.1007/BF02096988.

[165] C. Closset, E. Furrer, A. Keyes and O. Khlaif, The 3d A-model and generalised symmetries,
part II: Spin TQFTs and fermionic Bethe vacua (2025), in preparation.

[166] C. Closset, E. Furrer, A. Keyes and O. Khlaif, The 3d A-model and generalised symmetries,
part III: spin(n) gauge theories and non-invertibles (2025), in preparation.

[167] S. Cecotti, D. Gaiotto and C. Vafa, tt* geometry in 3 and 4 dimensions, J.
High Energy Phys. 05, 055 (2014), doi:10.1007/JHEP05(2014)055 [preprint
doi:10.48550/arXiv.1312.1008].

[168] S. Cecotti and C. Vafa, Topological—anti-topological fusion, Nucl. Phys. B 367, 359
(1991), doi:10.1016/0550-3213(91)90021-0.

[169] C. Teleman, The structure of 2d semi-simple field theories, Invent. Math. 188, 525 (2011),
d0i:10.1007/s00222-011-0352-5.

[170] C. Closset and O. Khlaif, Twisted indices, Bethe ideals and 3d N =2 infrared duali-
ties, J. High Energy Phys. 05, 148 (2023), doi:10.1007/JHEP05(2023)148 [preprint
d0i:10.48550/arXiv.2301.10753].

[171] C. VAFA, Topological Landau-Gingburg models, Mod. Phys. Lett. A 06, 337 (1991),
doi:10.1142/50217732391000324.

[172] P Di Francesco, P Mathieu and D. Sénéchal, Conformal field theory, Springer, New York,
USA, ISBN 9781461274759 (1997), doi:10.1007/978-1-4612-2256-9.

[173] C. Closset, T. T. Dumitrescu, G. Festuccia, Z. Komargodski and N. Seiberg, Comments on
Chern-Simons contact terms in three dimensions, J. High Energy Phys. 09, 091 (2012),
doi:10.1007/JHEP09(2012)091 [preprint doi:10.48550/arXiv.1206.5218].

[174] C. Beem, T. Dimofte and S. Pasquetti, Holomorphic blocks in three dimensions,
J. High Energy Phys. 12, 177 (2014), doi:10.1007/JHEP12(2014)177 [preprint
d0i:10.48550/arXiv.1211.1986].

[175] A. Kapustin, B. Willett and I. Yaakov, Exact results for supersymmetric Abelian
vortex loops in 241 dimensions, J. High Energy Phys. 06, 099 (2013),
doi:10.1007/JHEP06(2013)099 [preprint doi:10.48550/arXiv.1211.2861].

[176] N. Drukker, T. Okuda and E Passerini, Exact results for vortex loop oper-
ators in 3d supersymmetric theories, J. High Energy Phys. 07, 137 (2014),
doi:10.1007/JHEP07(2014)137 [preprint doi:10.48550/arXiv.1211.3409].

66


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1016/0550-3213(96)00247-7
https://doi.org/10.48550/arXiv.hep-th/9601078
https://doi.org/10.1007/JHEP03(2021)259
https://doi.org/10.48550/arXiv.2004.11395
https://doi.org/10.1007/JHEP11(2021)142
https://doi.org/10.48550/arXiv.2101.02218
https://doi.org/10.1007/BF02096988
https://doi.org/10.1007/JHEP05(2014)055
https://doi.org/10.48550/arXiv.1312.1008
https://doi.org/10.1016/0550-3213(91)90021-O
https://doi.org/10.1007/s00222-011-0352-5
https://doi.org/10.1007/JHEP05(2023)148
https://doi.org/10.48550/arXiv.2301.10753
https://doi.org/10.1142/S0217732391000324
https://doi.org/10.1007/978-1-4612-2256-9
https://doi.org/10.1007/JHEP09(2012)091
https://doi.org/10.48550/arXiv.1206.5218
https://doi.org/10.1007/JHEP12(2014)177
https://doi.org/10.48550/arXiv.1211.1986
https://doi.org/10.1007/JHEP06(2013)099
https://doi.org/10.48550/arXiv.1211.2861
https://doi.org/10.1007/JHEP07(2014)137
https://doi.org/10.48550/arXiv.1211.3409

e SciPost Phys. 19, 106 (2025)

[177] E. Witten, Fivebranes and knots, Quantum Topol. 3, 1 (2011), doi:10.4171/qt/26.

[178] K. Hosomichi and K. Suzuki, Supersymmetric vortex loops in 3D gauge theories,
J. High Energy Phys. 04, 027 (2022), doi:10.1007/JHEP04(2022)027 [preprint
doi:10.48550/arXiv.2111.04249].

[179] D. Gepner and E. Witten, String theory on group manifolds, Nucl. Phys. B 278, 493
(1986), d0i:10.1016/0550-3213(86)90051-9.

[180] M. Dedushenko, S. Gukov, H. Nakajima, D. Pei and K. Ye, 3d TQFTs from Argyres-Douglas
theories, J. Phys. A: Math. Theor. 53, 43LT01 (2020), doi:10.1088/1751-8121/abb481
[preprint doi:10.48550/arXiv.1809.04638].

[181] G. Y. Cho, D. Gang and H.-C. Kim, M-theoretic genesis of topological phases,
J. High Energy Phys. 11, 115 (2020), doi:10.1007/JHEP11(2020)115 [preprint
doi:10.48550/arXiv.2007.01532].

[182] D. Gang, S. Kim, K. Lee, M. Shim and M. Yamazaki, Non-unitary TQFTs from 3D N = 4
rank 0 SCFTs, J. High Energy Phys. 08, 158 (2021), doi:10.1007/JHEP08(2021)158
[preprint doi:10.48550/arXiv.2103.09283].

[183] D. Gang, H. Kim and S. Stubbs, Three-dimensional topological field theo-
ries and nonunitary minimal models, Phys. Rev. Lett. 132, 131601 (2024),
doi:10.1103/PhysRevLett.132.131601 [preprint doi:10.48550/arXiv.2310.09080].

[184] A.A. Ardehali, M. Dedushenko, D. Gang and M. Litvinov, Bridging 4D QFTs and 2D VOAs
via 3D high-temperature EFTs, (arXiv preprint) doi:10.48550/arXiv.2409.18130.

[185] D. Gang, H. Kim, B. Park and S. Stubbs, Three dimensional topological field theories and
Nahm sum formulas, (arXiv preprint) doi:10.48550/arXiv.2411.06081.

[186] D. Gaiotto and H. Kim, 3D TFTs from 4d N = 2 BPS particles, J. High Energy Phys. 03,
173 (2025), doi:10.1007 /JHEP03(2025)173.

[187] A. Arabi Ardehali, D. Gang, N. J. Rajappa and M. Sacchi, 3d SUSY enhancement and
non-semisimple TQFTs from four dimensions, J. High Energy Phys. 09, 179 (2025),
doi:10.1007/JHEP09(2025)179.

[188] H. Kim and J. Song, A family of vertex operator algebras from Argyres-Douglas theory,
(arXiv preprint) doi:10.48550/arXiv.2412.20015.

[189] W. B. R. Lickorish, An introduction to knot theory, Springer, New York, USA, ISBN
9781461268697 (1997), doi:10.1007/978-1-4612-0691-0.

[190] A. Hatcher, Notes on basic 3-manifold topology, Cornell University, Ithaca, USA (2023),
https://pi.math.cornell.edu/~hatcher/3M/3M.pdf.

[191] E. Witten, Supersymmetric index of three-dimensional gauge theory, in The many
faces of the superworld, World Scientific, Singapore, ISBN 9789812793850 (2000),
doi:10.1142/9789812793850 _0013.

[192] M. Liand M. Yu, Braiding matrices, modular transformations and topological field theories
in 2 + 1 dimensions, Commun. Math. Phys. 127, 195 (1990), doi:10.1007/BF02096502.

[193] E. Sharpe, An introduction to decomposition, in 2021-2022 MATRIX annals, Springer,
Cham, Switzerland, ISBN 9783031474163 (2024), do0i:10.1007/978-3-031-47417-
0_8.

67


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.4171/qt/26
https://doi.org/10.1007/JHEP04(2022)027
https://doi.org/10.48550/arXiv.2111.04249
https://doi.org/10.1016/0550-3213(86)90051-9
https://doi.org/10.1088/1751-8121/abb481
https://doi.org/10.48550/arXiv.1809.04638
https://doi.org/10.1007/JHEP11(2020)115
https://doi.org/10.48550/arXiv.2007.01532
https://doi.org/10.1007/JHEP08(2021)158
https://doi.org/10.48550/arXiv.2103.09283
https://doi.org/10.1103/PhysRevLett.132.131601
https://doi.org/10.48550/arXiv.2310.09080
https://doi.org/10.48550/arXiv.2409.18130
https://doi.org/10.48550/arXiv.2411.06081
https://doi.org/10.1007/JHEP03(2025)173
https://doi.org/10.1007/JHEP09(2025)179
https://doi.org/10.48550/arXiv.2412.20015
https://doi.org/10.1007/978-1-4612-0691-0
https://pi.math.cornell.edu/~hatcher/3M/3M.pdf
https://doi.org/10.1142/9789812793850_0013
https://doi.org/10.1007/BF02096502
https://doi.org/10.1007/978-3-031-47417-0_8
https://doi.org/10.1007/978-3-031-47417-0_8

e SciPost Phys. 19, 106 (2025)

[194] P Goddard, J. Nuyts and D. Olive, Gauge theories and magnetic charge, Nucl. Phys. B
125, 1 (1977), doi:10.1016/0550-3213(77)90221-8.

68


https://scipost.org
https://scipost.org/SciPostPhys.19.4.106
https://doi.org/10.1016/0550-3213(77)90221-8

	Introduction
	The 3d A-model and Chern–Simons theory
	Elementary aspects of 2d TQFTs
	Seifert fibering operators
	Supersymmetric Chern–Simons theory with simply-connected gauge group
	Bethe vacua and integrable representations
	Bethe states and modular transformations
	Seifert geometry and topological surgery
	Seifert fibering operators in the supersymmetric CS theory

	Supersymmetric CS partition functions on Seifert manifolds
	Supersymmetric CS theory on lens spaces
	Supersymmetric CS theory on torus bundles


	Gauging one-form symmetries on Seifert manifolds
	Anyon condensation in bosonic Chern–Simons theories
	Action of the one-form symmetry on the lines
	Condensing the lines: The Gk torus Hilbert space
	Modular matrices of the gauged theory
	Example: SU(N)k Chern–Simons theory

	One-form symmetries on supersymmetric Seifert manifolds
	Orbifold fluxes and the homology of the Seifert fibration
	Topological lines in the 2d perspective
	The Seifert fibering operator for GK
	Supersymmetric partition functions for GK
	Examples and consistency checks


	Lie algebra and Lie group conventions
	Lie algebra and Killing form
	Compact groups and their electric and magnetic weight lattices
	Weyl group and Weyl character formula

	Simple Lie groups and Chern–Simons TQFTs
	The An series
	The Bn series
	The Cn series
	The Dn series
	The En series
	The E6 algebra and groups
	The E7 algebra and groups
	The E8 algebra and groups

	The F4 and G2 algebras
	The F4 algebra and group
	The G2 algebra and group


	References

