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Abstract

We examine noninvertible symmetry (NIS) in one-dimensional (1D) symmetry-protected
topological (SPT) phases protected by dipolar and exponential-charge symmetries, which
are two key examples of modulated SPT (MSPT). To set the stage, we first study NIS
in the ZN × ZN cluster model, extending previous work on the Z2 × Z2 case. For each
symmetry type (charge, dipole, exponential), we explicitly construct the noninvertible
Kramers-Wannier (KW) and Kennedy-Tasaki (KT) transformations, revealing dual models
with spontaneous symmetry breaking (SSB). The resulting symmetry group structure of
the SSB model is rich enough that it allows the identification of other SSB models with
the same symmetry. Using these alternative SSB models and KT duality, we generate
novel MSPT phases distinct from those associated with the standard decorated domain
wall picture, and confirm their distinctiveness by projective symmetry analyses at their
interfaces. Additionally, we establish a topological-holographic correspondence by iden-
tifying the 2D bulk theories-two coupled layers of toric codes (charge), anisotropic dipo-
lar toric codes (dipole), and exponentially modulated toric codes (exponential)-whose
boundaries host the respective 1D MSPT phases.
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1 Introduction

For lattice many-body models, it is customary to express global symmetry (S) as products of
on-site symmetries (S j) in the form S =

∏

j S j , where j are the sites of the lattice. The concept
of symmetry can be generalized to include modulation by rigorously defining the symmetry
group G as [1–7]

G = Gint ⋊ Gsp , (1)

where Gint denotes the internal symmetry group and Gsp represents the spatial symmetry
group. Here, the semidirect product indicates that an element of Gint is non-trivially trans-
formed under the action of an element of Gsp, i.e., gsp gint g

−1
sp ̸= gint where gint ∈ Gint, gsp ∈ Gsp.

If all elements of Gint are instead transformed trivially by elements of Gsp, the resulting sym-
metries are non-modulated and the symmetry group G is expressed as G = Gint × Gsp.

When considering translational symmetry, which is the main focus in this paper, the ex-
amples of modulated symmetries are symmetries with each S j raised to position-dependent
function f j , and the global symmetry is expressed as S =

∏

j(S j)
f j . Local symmetry charges

are spatially modulated and take on the position-dependent value f j . Typical examples of
modulated symmetries are dipole ( f j∝ j), quadrupole ( f j∝ j2), and other multipolar sym-
metries. Even an exponentially modulated charge symmetries with f j ∼ a j for some integer
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a > 1 is possible. All of these examples undergo non-trivial transformations under transla-
tional symmetry.

Various one-dimensional (1D) SPT models protected by modulated symmetries have been
proposed and analyzed [2–4, 8]. Modulated symmetries represent one form of extension of
the conventional notion of global symmetry, along with higher-form [9, 10] and subsystem
symmetries [11,12] that have gained much attention in recent years.

Another notable extension of the symmetry concept in the form of noninvertible symme-
try (NIS) has taken place and is being pursued with vigor - see [13–15] for recent reviews.
For lattice models, it is well appreciated by now that familiar transformations such as the
Jordan-Wigner [16], Kramers-Wannier (KW) [17], and Kennedy-Tasaki (KT) [18,19] transfor-
mations are, in fact, noninvertible operations when performed on a periodic chain. A recent
interesting perspective is to view these NIS operations through the lens of topological holog-
raphy where these algebraic transformations correspond to certain geometric changes in the
boundary conditions at the edges of two-dimensional (2D) topological models [20,21]. A par-
ticularly intriguing recent advance is the observation that the cluster model - a toy example
of Z2 × Z2 symmetry-protected phase in 1D - is protected by a third, KW symmetry which is
noninvertible [22]. This extra noninvertible symmetry suggests the notion of the phase being
protected by fusion category symmetry rather than group-based symmetry, and it is remark-
able that this more abstract form of SPT [23–25] can be realized in such a simple model.
Certain non-Abelian extensions of the cluster model with noninvertible symmetries have also
been explored [25–27].

Motivated by these advances, we ask whether SPT phases protected by modulated sym-
metries may also exhibit noninvertible symmetries, potentially leading to intriguing conse-
quences. For convenience we refer to modulated SPTs as MSPTs, and those with an additional
noninvertible symmetry as NIMSPTs. Our investigation shows that existing MSPTs, at least
those considered in our work, are also NIMSPTs. To be precise, an existing MSPT is one ex-
ample of NIMSPT among a larger set of SPTs protected by modulated symmetries as well
as one noninvertible symmetry. We thus enlarge the possible types of topological matter in
1D to include these various NIMSPTs. In addition, we explore whether the concept of topo-
logical holography - a broad paradigm relating d-dimensional topological models with cer-
tain symmetry to (d + 1)-dimensional models whose symmetry is inherited by the boundary
modes [20, 21, 28–32] - can be applicable in understanding various NIMSPT phases. In each
case of MSPT we successfully identify the corresponding bulk Hamiltonian and prove that its
boundary mode is indeed the NIMSPT with a given modulated symmetry. The noninvertible
symmetry operation of each NIMSPT can be understood as changes in the boundary conditions
of the corresponding bulk topological model.

Our discussion begins by generalizing the investigation of NIS and its implications for the
Z2×Z2 cluster model [22] to arbitrary ZN×ZN cluster model.1 Such groundwork provides the
framework and many of the techniques needed for treating the more challenging NIMSPTs with
ZN dipole symmetry and exponential charge symmetries. To distinguish several different SPTs
treated in this work, we refer to the SPT embodied in the ZN×ZN cluster model as the “charge”
SPT or cSPT, reflecting the fact that this SPT phase is being protected by a pair of on-site,
uniform (rather than modulated) symmetries. We then move to discuss the dipolar SPT (dSPT)
phase embodied in a dipolar cluster state protected by two charge and two dipole symmetries
and identify the NIS associated with it. The dipolar cluster model written down and analyzed in
an earlier work [2,3,33] has only one charge and one dipole symmetry protecting it. The new
dipolar cluster model we introduce and analyze here, on the other hand, turns out to provide a
more natural setting for the discussion of NIS. Finally, we explore the noninvertible symmetry

1A related investigation of the noninvertible symmetry of the ZN ×ZN cluster model has taken place in a recent
work [54]. Though some overlaps exist in our analyses, we present our approach to the problem to make the
treatment self-contained and to allow smooth connection to the discussions on dSPT and eSPT.
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and its consequences of the exponential cluster model [2] embodying the exponential SPT
(eSPT).

Major outcomes of our investigations can be summarized as follows. For the cSPT (Sec. 2),
we identify two new families of cSPTs besides the cluster states by generalizing the roadmap
laid out in [22]. Each family is parameterized by an integer α ∈ ZN and represents a distinct
SPT different from the cluster state when α ̸= 0 and from each other when α ̸= α′. The original
cSPT itself is shown to be the boundary theory of two coupled layers of ZN toric codes. For the
dSPT (Sec. 3), we first write down a new cluster model with dipole symmetries and identify
the appropriate KW and KT transformation. By an extension of the roadmap developed for
cSPT, we identify a family of new dSPTs parameterized by two integers α,β ∈ ZN . The dSPT
is shown to be the boundary theory of two coupled layers of anisotropic, dipolar toric code
Hamiltonian proposed in [34]. For the eSPT (Sec. 4) we perform the similar analysis and arrive
at a new family of eSPTs parameterized by α ∈ ZN . The exponential cluster model appears as
the boundary theory of two coupled layers of exponentially modulated toric codes proposed in
[35,36]. In all three cases, the corresponding KW transformation can be interpreted as changes
in the boundary conditions from rough to smooth boundaries of the appropriately chosen
2D bulk models. For ease of readership, a summary of the distinct NIMSPT Hamiltonians,
highlighting their structural and physical characteristics, is provided in Sec. 5.1.

Overall, this work represents a meaningful addition to the growing list of literature on lat-
tice model with NIS [37–47], as well as the burgeoning field of 1D SPTs protected by modulated
symmetries [2–4, 8]. Particular emphases are given to the marriage of modulated symmetry,
noninvertible symmetry, and topological holography through investigation of several explicit
models of 1D MSPT.

2 Charge symmetry

The ZN qudit degrees of freedom are represented by |g j〉 j , with g j ∈ ZN , at each site j of a 1D
chain. The ZN Pauli operators (Z , X ) act on these states as

Z j|g j〉 j =ωg j |g j〉 j , X j|g j〉 j = |g j + 1〉 j , (2)

where ω= exp(2πi/N). Throughout the paper we use the notation

O W
−→O′ , for WO =O′W , (3)

representing the conjugation of the operatorO by W which is either invertible or noninvertible.
This section covers the noninvertible symmetry associated with gauging the charge sym-

metry, investigate some well-known as well as new SPT phases protected by such noninvertible
symmetry, and conclude with their holographic interpretation as the boundary theory of two
coupled toric codes.

2.1 Gauging and noninvertible charge symmetry

We consider the gauging of the global charge symmetry

C =
∏

j

X j , (4)

for the matter fields (X j , Z j) in 1D. This can be done by introducing gauge fields (X j , Z j) at
the site j and the local gauge symmetry operator

g j = X j Z̄ j−1 Z̄†
j . (5)
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The global symmetry operator C can be expressed as the product of g j ’s: C =
∏

j g j .

The operators that commute with C are X j , Z†
j Z j+1, which map under the gauging to gauge

fields
X j → Z̄†

j−1 Z̄ j , Z†
j Z j+1→ X̄ j . (6)

Formally, it can be implemented by the KW operator KKW [5,19,38]:

KKW =
∑

g,g′
ω
∑

j(g j−1−g j)g ′j−1 |g′〉〈g| , (7)

where |g〉= ⊗ j|g j〉 j and |g′〉= ⊗ j|g ′j〉 j . One can show

X j
KKW−−→ Z†

j−1Z j , Z†
j Z j+1

KKW−−→ X j , (8)

where the bars have been removed on the right side of the arrow. The operator KKW is nonin-
vertible, and can be expressed as the product of an invertible, unitary operator and a nonin-
vertible projection operator [22,40].

2.2 Charge SPT

The 1D SPT phase protected by ZN×ZN symmetry is exemplified by the ZN cluster model [48–
50]

Hc = −
∑

j

(Z2 j−1X2 j Z
†
2 j+1 + Z†

2 j−2X2 j−1Z2 j) + h.c. (9)

The chain is assumed either infinite or when finite and periodic, to have the size L even. The
ground state of the cluster Hamiltonian is given by

|ψc〉 ∝
∑

g

ω
∑

j g2 j(g2 j−1−g2 j+1)|g〉

=
∑

g

ω
∑

j g2 j−1(g2 j−g2 j−2)|g〉 . (10)

Introducing the controlled-Z operation

CZi, j|gi〉i|g j〉 j =ωgi g j |gi〉i|g j〉 j ,

the ground state |ψc〉 is obtained by the action of the unitary operator

Uc =
∏

j

CZ2 j,2 j−1CZ†
2 j,2 j+1

=
∏

j

CZ†
2 j−1,2 j−2CZ2 j−1,2 j , (11)

on the product state |+〉=
∏

j |+〉 j where X j|+〉 j = |+〉 j:

|ψc〉= Uc|+〉.

It can be shown that

X j

CZi j
−−→ ZiX j , X j

CZ†
i j
−−→ Z†

i X j ,

and thus Uc implements

X2 j
Uc−→ Z2 j−1X2 j Z

†
2 j+1 ,

X2 j−1
Uc−→ Z†

2 j−2X2 j−1Z2 j . (12)

5
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This results in the mapping −
∑

j(X j + X †
j )

Uc−→ Hc .
The ZN cluster model hosts two global charge symmetries:

C o =
∏

j

X2 j−1 , C e =
∏

j

X2 j , (13)

over the odd and even sublattices, respectively. They are non-modulated symmetries in the
sense that, when translational symmetry under two-site translation is considered, they remain
invariant.2 Throughout this paper, the translational symmetry we have in mind is the symmetry
under two-site translation. Accordingly, the topological phase protected by a pair of charge
symmetries will be referred to as charge SPT, or cSPT.

In addition, the cluster model exhibits a noninvertible symmetry characterized by the com-
mutation KcHc = HcKc , where the noninvertible KW operator Kc is defined as [5,19,22,38]:

Kc = T Ko
KWK e

KW . (14)

Here Ko
KW and K e

KW are the KW operators acting on the odd and even sublattices, respectively,
and

T =
∑

g

⊗

j

|g j〉 j+1〈g j| j

is the translation by one site. It performs

X j
Kc−→ Z†

j−1Z j+1 , Z†
j−1Z j+1

Kc−→ X j , (15)

and therefore

Z2 j−1X2 j Z
†
2 j+1

Kc−→ Z†
2 j−1X †

2 j Z2 j+1 ,

Z†
2 j−2X2 j−1Z2 j

Kc−→ Z†
2 j−2X2 j−1Z2 j . (16)

The first term Z2 j−1X2 j Z
†
2 j+1 is transformed into its Hermitian conjugate under Kc; the second

term Z†
2 j−2X2 j−1Z2 j is transformed to itself. Overall, the cluster Hamiltonian Hc is transformed

to itself under Kc .
3 One can check K†

c = Kc .
The two invertible and one noninvertible symmetry operators {C o, C e, Kc} of the cluster

model span the fusion algebra:

C eKc = KcC
e = Kc , C oKc = KcC

o = Kc ,

(Kc)
†Kc = (Kc)

2 =

� N
∑

k=1

(C e)k
�� N

∑

k=1

(C o)k
�

. (17)

The first two relations imply that only the C o = +1 and C e = +1 eigenstates survive the
projection inherent in Kc . The Kc operator becomes K†

c Kc = K2
c = N2 and is de facto invertible

in such a symmetric sector. Applying the KW transformation twice gives back the original
model, in accord with the usual notion of KW performing a duality operation.

The three symmetries {C o, C e, Kc} of the cluster model do not form a group and are not
subject to the group-based cohomology classification. A more general classification scheme
for such fusion category symmetry has been formulated [14,15,23–25]. For N = 2, the fusion

2When considering the translational symmetry under one-site translation, C o and C e are modulated symmetries.
3Hc possesses an additional noninvertible symmetry, denoted K∗c , which acts as X j

K∗c−→ Z j−1Z†
j+1 and

Z j−1Z†
j+1

K∗c−→ X j . In this work, we restrict our attention to SPT phases protected by C o, C e, and Kc .

6
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algebra spanned by {C o, C e, Kc} is equivalent to that of the fusion category Rep(D8) [22]. For
N > 2, the fusion algebra of (17) is that of the Tambara-Yamagami (TY) type, TY(ZN×ZN ) [5].
In line with recent terminology in the physics literature, we refer to the SPT phase protected
by fusion category symmetry as noninvertible SPT, or NISPT. The ultimate goal of this work is
to generalize NISPT to SPT protected by modulated symmetries, or MSPTs, to achieve gross
understanding of what we would call the NIMSPT.

2.3 Kennedy-Tasaki transformation

The Kennedy-Tasaki (KT) transformation maps the SPT phase to the spontaneous symmetry
breaking (SSB) phase and vice versa. For the cSPT it is implemented by [5,19,51,52]

KTc = UcKcU
†
c , (18)

where Uc defined in (11) maps the paramagnetic state
∑

g |g〉 to the cluster ground state. One
can show

X2 j−1
KTc−−→ X †

2 j−1 ,

X2 j
KTc−−→ X2 j ,

Z†
2 j−1Z2 j+1

KTc−−→ Z2 j−1X2 j Z
†
2 j+1 ,

Z†
2 j Z2 j+2

KTc−−→ Z†
2 jX2 j+1Z2 j+2 . (19)

Using K†
c = Kc , it follows that (KTc)† = KTc and (KTc)2 = (Kc)2. The two charge symmetry

operators of the cluster model transform under KTc as

C o KTc−−→ (C o)† , C e KTc−−→ C e . (20)

On the other hand, Kc under the KT conjugation becomes

KTcKc =
�

Uc Po
�

KTc ≡ Vc · KTc , (21)

where Po =
∏

i P2 j+1 is the product of on-site charge conjugation

Pj =
∑

g j

| − g j〉 j〈g j| j ,

on odd sites. For N = 2, Vc = Uc Po reduces to Uc as Po becomes an identity, recovering the
N = 2 expression obtained earlier [22].

Conjugating the cluster model Hc by KTc results in two copies of ZN Ising model. First,
the conjugation by U†

c transforms Hc to the trivial model −
∑

j(X j + X †
j ). Performing KW on

this gives, according to (15), the double Ising model

Ĥc = −
∑

j

Z†
j−1Z j+1 + h.c. , (22)

which remains invariant under the final conjugation by Uc . It thus follows that

Hc
KTc−−→ Ĥc ,

and the reverse Ĥc
KTc−−→ Hc can be checked easily. The trivial SPT phase −

∑

j(X j + X †
j ), on the

other hand, is mapped to itself under KTc , not to the double Ising model.

7
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Transformations of symmetry operators of the cluster model under KTc are summarized as

{C o, C e, Kc}
KTc−−→ {(C o)†, C e, Vc} . (23)

Since V 2
c = Uc(Po)2U†

c = UcU
†
c = 1, the symmetry group generated by Vc is Z2. For general

N , Vc has a non-trivial commutation relation with C o, i.e. VcC
o = (C o)†Vc , and one can check

that C o generates a normal subgroup in a group generated by {C o, Vc}. The overall symmetry
group spanned by {(C o)†, C e, Vc} is characterized as

Ze
N × (Z

o
N ⋊Z

Vc
2 ) , (24)

where ZVc
2 acts as an outer automorphism on Zo

N . The double Ising model indeed possesses
the symmetries of (24). Note that all three symmetries are now invertible, since (Vc)2 = 1.
The action by Kc effectively performs the projection to the symmetric sector, and acting solely
within this sector is what transforms the noninvertible Kc into the invertible operator Vc .

The SSB ground states of the double Ising model are characterized by a pair of ZN integers
|go, g e〉 representing the two charge SSB states on the even and odd sublattice, respectively:

g2 j−1 = go , g2 j = g e .

The order parameters characterizing the SSB ground states are
∑

j Z2 j+1 and
∑

j Z2 j . Each
ground state |go, g e〉 generally breaks all three symmetries of the double Ising model, yet
the ground state degeneracy (GSD) remains at N2 rather than 2N2. For N = 2, this was
attributed to the existence of a hidden Z2 symmetry group {1, Vc} which leaves each ground
state invariant [22]. For N > 2, however, such explanation will undergo some modification.

Let us choose a ground state |go, g e〉 and act on it with elements of the symmetry group
(C o)η1(C e)η2(Vc)η3 , where η1,η2 ∈ ZN and η3 ∈ Z2:

(C o)η1(C e)η2(Vc)
η3 |go, g e〉= |η1 + (−1)η3 go,η2 + g e〉 . (25)

It shows that any ground state generated by Vc can alternatively be generated by C o raised to
an appropriate power η1. This explains why the GSD is still N2.

A further consequence of (25) is that each ground state |go, g e〉 is invariant under
(C o)η1(C e)η2(Vc)η3 when the condition

η1 = 2go (mod N) , η2 = 0 , η3 = 1 , (26)

is satisfied. The invariant symmetry operation by (C o)η1 Vc is Z2 since [(C o)η1 Vc]2 = 1. When
N = 2, η1 = 0 and {1, Vc} forms a Z2 subgroup whose action on any ground state yields
identity. For general N > 2, however, η1 varies with the quantum number go of the ground
state and it is not appropriate to view {1, (C o)η1 Vc} as forming a subgroup. We will shortly
introduce another model of SSB sharing the same symmetry group and the GSD as the double
Ising model, but in which the structure of the invariant symmetry operation is quite different.

2.4 Other cSPT states

This subsection is devoted to the discovery of a new SPT model sharing the same set of sym-
metries {C o, C e, Kc} as the cluster model, while lying outside the conventional cohomology
classification scheme based solely on the two charge symmetries. SPT phases protected by C o

and C e are classified by the second cohomology H2(ZN ×ZN , U(1)) = ZN , and represented by
the cluster model

H(k)c =
∑

j

(Zk
2 j−1X2 j Z

−k
2 j+1 + Z−k

2 j−2X2 j−1Zk
2 j) + h.c. , (27)
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for k ∈ ZN . All the discussions of Kc and KTc in the previous section can be generalized
straightforwardly to arbitrary k by introducing generalized KW operator K(k)KW

K(k)KW =
∑

g,g′
ω
∑

j k(g j−1−g j)g ′j−1 |g′〉〈g| , (28)

and defining
K(k)c = T (K(k)KW)

o(K(k)KW)
e , KTc = UcK

(k)
c U†

c .

It turns out, however, that K(k)c Hc ̸= HcK
(k)
c unless k = 1.

2.4.1 Other cSPT states: Hc′

Now, we will construct another cSPT protected by C o, C e, and Kc . To this end we introduce
the ZN Y -operator defined as Y =ω1/2X Z (ω1/2 = eπi/N ). The algebra among (X , Y, Z) is

ZX =ωX Z , ZY =ωY Z , Y X =ωX Y , (29)

recovering the well-known Pauli algebra and Y = Y † at N = 2. This operator transforms under
Vc as

Y2 j−1
Vc−→ Z2 j−2Y †

2 j−1Z†
2 j , Y2 j

Vc−→ Z2 j−1Y2 j Z
†
2 j+1 ,

Z2 j−1
Vc−→ Z†

2 j−1 , Z2 j
Vc−→ Z2 j ,

(30)

thus
Y2 j−1Y †

2 j+1

Vc−→ Z2 j−2Y †
2 j−1Z−2

2 j Y2 j+1Z2 j+2 , (31)

making the sum Y2 j−1Y †
2 j+1 + Z2 j−2Y †

2 j−1Z−2
2 j Y2 j+1Z2 j+2 invariant under Vc .

Based on this observation we write down a new model sharing the same {C o, C e, Vc} sym-
metries as the double Ising model:

Ĥc′ = −
∑

j

ωαZ2 j Z
†
2 j+2 −

∑

j

Y2 j−1Y †
2 j+1

�

1+ Z†
2 j−2Z2

2 j Z
†
2 j+2

�

+ h.c. , (32)

where α ∈ ZN characterizes a distinct SSB.4 All the terms in this Hamiltonian mutually com-
mute. The first term is minimized by Z2 j Z

†
2 j+2 = ω

−α, and the second term is reduced to

−Y2 j−1Y †
2 j+1(1 + Z2 j−2Z−2

2 j Z2 j+2) → −2Y2 j−1Y †
2 j+1 in the ground state. The overall ground

state conditions are
Z2 j Z

†
2 j+2 =ω

−α , Y2 j−1Y †
2 j+1 = 1 . (33)

The first condition in (33) imposes g2 j+2 = g2 j + α in the Z-basis at the even sites, giving
g2 j = g e+α j for some g e ∈ ZN . The order parameter for this state is

∑

jω
−α j Z2 j . The second

condition imposes gY
2 j−1 = gY for some gY in the Y -basis (Y |gY 〉=ωgY

|gY 〉) at the odd sites.
The order parameter for the odd-site state is

∑

j Y2 j−1. The overall SSB ground states are
labeled by these two quantum number as |(gY )o, g e〉. Note that α is a fixed parameter of the
Hamiltonian Hc′ and not a quantum number of the ground state.

One can show

ωη1 Z2 j−2Y †
2 j−1Z†

2 j

(Co)η1 (C e)η2 Vc−−−−−−−−−→ Y2 j−1 ,

ωη2 Z2 j
(Co)η1 (C e)η2 Vc−−−−−−−−−→ Z2 j , (34)

4Under periodic boundary condition, L has to be a multiple of 2N .

9

https://scipost.org
https://scipost.org/SciPostPhys.19.4.110


SciPost Phys. 19, 110 (2025)

implying

(C o)η1(C e)η2 Vη3
c |(g

Y )o, g e〉= |η1 −δη3,1α+ (−1)η3(gY )o,η2 + g e〉 . (35)

It follows that the ground state |(gY )o, g e〉 is invariant under (C o)η1(C e)η2 Vη3
c when

η1 = 2(gY )o +α (mod N) , η2 = 0 , η3 = 1 . (36)

Each SSB ground state of Ĥc′ has one operator (C o)η1 Vc with η1 fixed by (36) that leaves
it invariant. In general, (C o)η1 Vc squares to one. For N = 2, η1 = α is independent of the
ground state and one has a state-preserving Z2 subgroup {1, (C o)η1 Vc}. For N > 2, the element
(C o)η1 Vc depends on (gY )o of the ground state via (36).

We proceed to apply KT†
c on the newly found SSB model Ĥc′ to arrive at a new family of

SPT models Ĥc
KT†

c−−→ Hc′ parameterized by α ∈ ZN :

Hc′ = −
∑

j

ω−αZ†
2 jX2 j+1Z2 j+2 −

∑

j

Y2 j−1X2 jY
†

2 j+1(1+ Z2 j−2X †
2 j−1Z−2

2 j X2 j+1Z2 j+2) + h.c. (37)

This Hamiltonian indeed preserves the {C o, C e, Kc} symmetries associated with the cluster
model Hc . The unique ground state of Hc′ is fixed by

Z†
2 jX2 j+1Z2 j+2 =ω

α , Y2 j−1X2 jY
†

2 j+1 = 1 . (38)

The Hamiltonian Hc′ can be mapped to a simpler one through two mutually commuting
unitary rotations: the first one is Uc in (11) and the second one is

Wd =
∏

j

CZ2 j−2,2 jCZ†
2 j,2 j . (39)

The subscript d in Wd refers to dipolar, as Wd transforms the trivial Hamiltonian −
∑

j X2 j to
the dipolar cluster model [2] defined on the even sublattice:5

−
∑

j

X2 j + h.c.
Wd−→−

∑

j

Z2 j−2Z†
2 jX2 j Z

†
2 j Z2 j+2 + h.c. (40)

Under the combined operation U†
cd =W †

d U†
c ,

Z†
2 jX2 j+1Z2 j+2

U†
cd−→ X2 j+1 ,

Y2 j−1X2 jY
†

2 j+1

U†
cd−→ X2 j−1X2 jX

†
2 j+1 . (41)

The SPT Hamiltonian Hc′ itself transforms to

Hc′
U†

cd−→−
∑

j

ω−αX2 j+1 −
∑

j

X2 j−1X2 jX
†
2 j+1 −

∑

j

X2 j + h.c. (42)

The transformed Hamiltonian is written entirely in terms of X operators and its ground state is
easy to write down as gX

2 j−1 = α and gX
2 j = 0, where gX is the quantum number in the X -basis:

X |gX 〉 = ωgX
|gX 〉. The ground state of Hc′ in (37) is |ψc′〉 = Wd Uc|(gX )o = α, (gX )e = 0〉.

By comparison, the cluster ground state is |ψc〉 = Uc|(gX )o = (gX )e = 0〉. In the decorated
domain wall (DDW) interpretation, the new SPT state is obtained by applying two layers of
DDW operations, with each layer consisting of charge domain walls (Uc) and dipolar domain
wall (Wd), respectively.

5It is amusing that the unitary transformation associated with the dipolar cluster model should arise in the
context of SPT models purely dealing with on-site charge symmetries.
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2.4.2 Other cSPT states: Hc′′

Using (30), we can show that

Y2 j−2Y †
2 j

Vc−→ Z2 j−3Y2 j−2Z−2
2 j−1Y †

2 j Z2 j+1 , (43)

and construct yet another model sharing the symmetries generated by {C o, C e, Vc}:

Ĥc′′ = −
∑

j

ωαZ2 j−1Z†
2 j+1 −

∑

j

Y2 jY
†

2 j+2

�

1+ Z2 j−3Z−2
2 j−1Z2 j+1

�

+ h.c. (44)

Note that Ĥc′′ represents a family of models parameterized by α ∈ ZN . When N = 2, the
Hamiltonian Ĥc′′ is related to Ĥc′ via translation T by one site: Ĥc′′ = T Ĥc′T

−1. The ground
state conditions for Hc′′ are

Z2 j−1Z†
2 j+1 =ω

−α , Y2 jY
†

2 j+2 = 1 . (45)

This means g2 j−1 = go+α j for some go ∈ ZN and the order parameter for the odd-site state is
∑

jω
−α j Z2 j−1. Similarly, gY

2 j = (g
Y )e and the order parameter for the even-site state is

∑

j Y2 j .

The overall SSB ground states are labeled by two quantum number as |go, (gY )e〉. Compared
to the ground states of Ĥc′ , the roles of gY and g are interchanged in this case.

Since

ωη2 Z2 j−1Y2 j Z
†
2 j+1

(Co)η1 (C e)η2 Vc−−−−−−−−−→ Y2 j ,

ωη1 Z†
2 j−1

(Co)η1 (C e)η2 Vc−−−−−−−−−→ Z2 j−1 , (46)

we conclude

(C o)η1(C e)η2 Vη3
c |g

o, (gY )e〉= |η1 + (−1)η3 go,η2 −δη3,1α+ (g
Y )e〉 . (47)

When η3 = 0, the only operation that leaves the ground state invariant is η1 = η2 = 0, which
is an identity. For η3 = 1, choosing

η1 = 2go (mod N) , η2 = α (mod N) , (48)

will leave the ground state invariant, with the corresponding invariant symmetry opera-
tor given by (C o)η1(C e)η2 Vc . This operator becomes an identity when raised to a power
2γ/gcd(γ, 2), where γ = N/gcd(N ,η2). More importantly, the symmetry operation involves
some powers of both C o and C e, in contrast to Ĥc and Ĥc′ where the invariant symmetry op-
eration (C o)ηVc involves only C o. When N = 2, for η2 = 0, the invariant element is just Vc ,
but for η2 = 1, a new unbroken symmetry element C eVc exists, regardless of the ground state
on which it acts.

By applying KT†
c on Ĥc′′ , one arrives at yet another cSPT model Hc′′ , also parameterized by

α:

Hc′′ = −
∑

j

ω−αZ2 j−1X2 j Z
†
2 j+1 −

∑

j

Y †
2 jX2 j+1Y2 j+2(1+ Z†

2 j−1X †
2 j Z

2
2 j+1X2 j+2Z†

2 j+3) + h.c. (49)

This Hamiltonian also preserves the {C o, C e, Kc} symmetries in common with Hc and Hc′ . The
unique ground state of Hc′′ is fixed by

Z2 j−1X2 j Z
†
2 j+1 =ω

α , Y †
2 jX2 j+1Y2 j+2 = 1 . (50)
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The Hamiltonian Hc′′ can be mapped to a simpler one through two mutually commuting
unitary rotations: the first one is Uc in (11) and the second one is

Wd ′ =
∏

j

CZ2 j−1,2 j+1CZ†
2 j−1,2 j−1 . (51)

W ′d transforms the trivial Hamiltonian −
∑

j X2 j−1 to the dipolar cluster model [2] defined on
the odd sublattice:

−
∑

j

X2 j−1 + h.c.
Wd′−−→−

∑

j

Z2 j−3Z†
2 j−1X2 j−1Z†

2 j−1Z2 j+1 + h.c. (52)

Under the combined operation U†
cd ′ =W †

d ′U
†
c ,

Z2 j−1X2 j Z
†
2 j+1

U†
cd′−−→ X2 j ,

Y †
2 jX2 j+1Y2 j+2

U†
cd′−−→ X †

2 jX2 j+1X2 j+2 . (53)

The SPT Hamiltonian Hc′′ itself transforms to

Hc′
U†

cd−→−
∑

j

ω−αX2 j −
∑

j

X †
2 jX2 j+1X2 j+2 −

∑

j

X−2
2 j X2 j+1X 2

2 j+2 + h.c. (54)

The ground state of the transformed Hamiltonian is given by gX
2 j = α and gX

2 j−1 = 0. The

ground state of Hc′′ in (49) is given by |ψc′′〉 =Wd ′Uc|(gX )o = α, (gX )e = 0〉, with two layers
of DDW. For N = 2, Hc′ and Hc′′ correspond to Heven and Hodd SPT Hamiltonians in [22].

2.5 Edge modes

We demonstrate that all three SPT models Hc , Hc′ , and Hc′′ represent distinct phases by in-
terfacing two of the models and examining the symmetry fractionalization taking place at the
edges.

To demonstrate the symmetry fractionalization taking place between Hc and Hc′ , we ex-
amine the Hamiltonian:

Hc|c′ = −
l/2
∑

j=1

Z†
2 j−2X2 j−1Z2 j −

l/2−1
∑

j=1

Z2 j−1X2 j Z
†
2 j+1 −

L/2
∑

j=l/2+1

ω−αZ†
2 j−1X2 j−1Z2 j

−
L/2−1
∑

j=l/2+1

Y2 j−1X2 jY
†

2 j+1

�

1+ Z2 j−2X †
2 j−1Z−2

2 j X2 j+1Z2 j+2

�

+ h.c. (55)

This is a model where Hc occupies 1 ≤ j ≤ l (l=even) sites and Hc′ occupies l + 1 ≤ j ≤ L
sites, with L − l chosen as a multiple of 2N . Though the model Hc|c′ is defined on a periodic
chain, there can be multiple ground states which satisfy

Z†
2 j−2X2 j−1Z2 j = 1 (1≤ j ≤ l/2) ,

Z2 j−1X2 j Z
†
2 j+1 = 1 (1≤ j ≤ l/2− 1) ,

Z†
2 j−2X2 j−1Z2 j =ω

α (l/2+ 1≤ j ≤ L/2) ,

Y2 j−1X2 jY
†

2 j+1 = 1 (l/2+ 1≤ j ≤ L/2− 1) . (56)
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From these conditions we can infer the action of C o on the ground state |ψ〉 as

C o|ψ〉=
L/2
∏

j=1

X2 j−1|ψ〉

=
L/2
∏

j=1

(Z†
2 j−2X2 j−1Z2 j)|ψ〉

=ωα(L−l)/2|ψ〉= |ψ〉 , (57)

the last line following from L− l being a multiple of 2N . The action of C e on the ground state,
on the other hand, is

C e|ψ〉=
L/2
∏

j=1

X2 j|ψ〉

=

 

l/2−1
∏

j=1

Z2 j−1X2 j Z
†
2 j+1

!

X̃ l

 

L/2−1
∏

j=l/2+1

Y2 j−1X2 jY
†

2 j+1

!

X̃ L|ψ〉

= X̃ l X̃ L|ψ〉 , (58)

where two fractionalized edge operators emerge:

X̃ l = Zl−1X l Y
†
l+1 , X̃ L = YL−1X L Z†

1 . (59)

With two additional edge operators Zl and ZL that commute with the Hamiltonian Hc|c′ ,
the two pairs of edge operators (X̃ l , Zl) and (X̃ L , ZL) span the algebra

Zl X̃ l =ωX̃ l Z̃l , ZL X̃ L =ωX̃ L Z̃L , (60)

implying N2-fold degenerate ground states.
The fractionalization of Kc can be deduced by examining how Kc acts on the fractionalized

operators in (59) within the ground state subspace [22]:

X̃ l Kc|ψ〉=ω−αKc X̃
†
l |ψ〉 ,

X̃ LKc|ψ〉=ωαKc X̃
†
L|ψ〉 ,

Z†
l ZLKc|ψ〉= Kc Zl Z

†
L |ψ〉 ,

K2
c |ψ〉= N

N
∑

k=1

(X̃ l X̃ L)
k|ψ〉 . (61)

An explicit expression for Kc that satisfies these relations is given by:

Kc|ψ〉= εPZ−αl ZαL

� N
∑

k=1

(X̃ L X̃R)
k

�

|ψ〉

= εP

� N
∑

k=1

K(k)c,l K(k)c,L

�

|ψ〉 , (62)

where we introduced the abbreviations

K(k)c,l = Z−αl X̃ k
l , K(k)c,L = ZαL X̃ k

L .

The prefactor ε is either +1 or -1, but its exact value does not affect the ensuing discussion.
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Setting Kc → P
�

∑N
k=1 K(k)c,l K(k)c,L

�

without loss of generality, we arrive at the algebra among
the fractionalized symmetry operators:

K(k)c,l X̃ l =ω
−αX̃ l K

(k)
c,l , K(k)c,L X̃ L =ω

αX̃ LK(k)c,L , (63)

and confirm that they form projective representations for all α ̸= 0. We conclude that Hc′

with α = 0 lies in the same SPT phase as the cluster state but Hc′ with α ̸= 0 realizes a new
SPT phase though both Hc and Hc′ are protected by the same set of symmetries. In particular,
C o reduces to an identity while C e fractionalizes as shown in (58). This means that the two
phases of Hc and Hc′ are distinguished only by virtue of the presence of the KW symmetry Kc
and its fractionalization with respect to one of the global symmetries, C e.

It is straightforward to write down an interfacial model between Hc and Hc′′ or even be-
tween Hc′ and Hc′′ and go through the same exercise as above to demonstrate symmetry frac-
tionalizations. Besides, we can demonstrate that Hc′ ’s with different α’s correspond to distinct
SPT phases, thus represent a family of SPTs distinct from the cluster state as well as from one
another. Calculations are mostly variations on what has been covered in this subsection, and
can be found in the Appendix B and C.

We conclude this section with a note that an alternative approach to distinguish the various
cSPT phases, besides the symmetry fractionalization at the interface of the two cSPTs, is to
compute the strange correlators between two cSPTs [53]. Furthermore, Ref. [54] employs the
SymTFT framework to classify distinct cSPT phases, demonstrating that their total number is
given by N2 f (N) for odd N and 3

4 N2 f (N) for even N , where f (N) denotes the number of
integers k satisfying gcd(N , k) = d with d2 ≡ 0 (mod N).

2.6 cSPT from holography

From the perspective of topological holography, a d-dimensional theory with a finite symmetry
group S can be viewed as the boundary of a (d + 1)-dimensional topological quantum field
theory, known as a symmetry TFT (SymTFT) [9,28,55–57]. In this framework, the symmetry
information and the dynamical information are separately encoded on two distinct boundaries.
For instance, the ZN transverse Ising model, which emerges as the boundary effective theory
of the ZN toric code [21], serves as a clear example of topological holography: the ZN charge
symmetry in the Ising model is inherited from the 1-form symmetry of the bulk toric code, and
the charged operators in the Ising model correspond to the endpoints of charge strings that
extend from the bulk to the boundary.

When considering the boundary theory of two coupled toric codes, one can explore a vari-
ety of boundary conditions or anyon condensation schemes. One such choice leads to the 1D
cluster state as the (1+1)D effective boundary theory of the bilayer toric code. The ZN ×ZN
symmetry of the cluster state can be traced back to the Wilson loop operators (1-form symme-
tries), one from each toric code layer. Rather than detailing this construction here, we defer a
full discussion to Sec. 4, where we introduce a generalized toric code and analyze its boundary
theory. The coupled toric codes and their relation to the cluster state then emerge as a special
case of that framework.

3 Dipole symmetry

One way to generalize the charge symmetry is to impose an additional multipolar symmetry
such as the dipole symmetry on. Another way is to keep the charge symmetry, but elevate it
to an exponentially modulated variety. Both schemes fall in the broad category of modulated
symmetries and there are SPT phases protected by them [2]. In this section, we consider
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the noninvertible symmetry associated with gauging the dipole symmetry and investigate SPT
phases protected by it. The case of exponentially modulated charge symmetry will be discussed
in Sec. 4.

3.1 Gauging and noninvertible dipole symmetry

We consider the gauging of dipole symmetry D =
∏

j X j
j along with the charge symmetry

C =
∏

j X j on an infinite chain [5,6]. The local gauge symmetry operator

g j = X j Z̄
†
j−1 Z̄2

j Z̄†
j+1 , (64)

involves gauge fields (X j , Z j) and matter fields (X j , Z j). The global symmetries are expressed
in terms of g j as

C =
∏

j

g j , D =
∏

j

g j
j . (65)

The matter field operators that commute with C and D are X j and Z j−1Z−2
j Z j+1, which trans-

form under the gauging as

X j → Z̄ j−1 Z̄−2
j Z̄ j+1 ,

Z†
j−1Z2

j Z†
j+1→ X̄ j . (66)

This mapping is implemented by the dipolar Kramers-Wannier (dKW) operator KdKW [5]:

KdKW =
∑

g,g′
ω
∑

j(g j+1−2g j+g j−1)g ′j |g′〉〈g| . (67)

Dipolar SPT (dSPT) phases protected by one charge and one dipole symmetry were pro-
posed in [2]. A simple model explicitly realizing dSPT order is [5]

H(k)d = −
∑

j

N
∑

m=1

�

(Z j−1Z†
j )

kX j(Z
†
j Z j+1)

k
�m

. (68)

This model is given as the sum over all m-th powers 1≤ m≤ N , in contrast to [2] where only
the m= 1 and m= N − 1 were considered in the definition of the model. While not changing
the symmetry of the model, this change in the sum over m has an important bearing on the
consideration of noninvertible symmetry.

Implementing KdKW on H(k)d gives the dual Hamiltonian

H(k)d

KdKW−−→−
∑

j

∑

m

�

Z j−1Z†
j X−k

j Z†
j Z j+1

�m
, (69)

which equals the original model H(k)d only if k2 ≡ −1 mod N [5]. Since the dipolar SPT model
is well-defined only for N > 2, the smallest integer values of (k, N) for which the noninvertible
symmetry holds is (k, N) = (2, 5). Even in this case, the noninvertible symmetry holds only
when we allow a full summation over m ∈ ZN .

3.2 Dipolar SPT

Although the dipolar cluster model H(k)d does possess charge and dipole symmetries, and the
noninvertible symmetry for special choices of k, it seems desirable to work with a model for
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dSPT that can embody the noninvertible symmetry in a more natural way. The following model
meets such criterion:

Hd = −
∑

j

Z2 j−1X2 j Z
−2
2 j+1Z2 j+3 −

∑

j

Z2 j−2Z−2
2 j X2 j+1Z2 j+2 + h.c. (70)

This model has the charge operator X dressed by quadrupole operator Z Z−2Z (dipole-
antidipole domain wall) defined exclusively over the even (odd) sites in the case of odd-site
(even-site) X . There are two charge and two dipole symmetry operators associated with this
model:

C o =
∏

j

X2 j−1 , C e =
∏

j

X2 j ,

Do =
∏

j

X j
2 j−1 , De =

∏

j

X j
2 j . (71)

Here, dipole symmetries are modulated in the sense that the translation by two lattice sites
results in non-trivial change of the symmetry operator: T−2Do(e)T2 = Do(e)C o(e).

The ground state is given by

|ψd〉 ∝
∑

g

ω
∑

j g2 j(g2 j−1−2g2 j+1+g2 j+3)|g〉

=
∑

g

ω
∑

j g2 j+1(g2 j+2−2g2 j+g2 j−2)|g〉 , (72)

and can be obtained by the CZ operation

Ud =
∏

j

CZ2 j,2 j−1CZ−2
2 j,2 j+1CZ2 j,2 j+3

=
∏

j

CZ2 j+1,2 j−2CZ2 j+1,2 j+2CZ−2
2 j+1,2 j , (73)

on the paramagnetic state |+〉=
∏

j |+〉 j . For proof, note that

X2 j
Ud−→ Z2 j−1X2 j Z

−2
2 j+1Z2 j+3 ,

X2 j+1
Ud−→ Z2 j−2Z−2

2 j X2 j+1Z2 j+2 , (74)

and thus −
∑

j(X j + X †
j )

Ud−→ Hd .
Crucial to our agenda is the fact that the model exhibits a noninvertible symmetry

Kd Hd = Hd Kd with
Kd =

�∏

j

SWAP2 j,2 j+1

�

Ko
dKW(K

e
dKW)

† , (75)

and Ko
dKW and K e

dKW are the dKW operators introduced in (67) acting on the odd and even
sublattices, respectively. SWAP2 j,2 j+1 is the SWAP gate acting on the qudits at 2 j and 2 j + 1.
The Kd performs the transformation

X2 j
Kd−→ Z†

2 j−1Z2
2 j+1Z†

2 j+3 ,

X2 j+1
Kd−→ Z2 j−2Z−2

2 j Z2 j+2 ,

Z2 j−2Z−2
2 j Z2 j+2

Kd−→ X2 j+1 ,

Z†
2 j−1Z2

2 j+1Z†
2 j+3

Kd−→ X2 j , (76)
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and preserves Hd : Kd Hd = Hd Kd . Altogether, there are two charge symmetries, two dipole
symmetries, and one noninvertible symmetry associated with Hd which generate the fusion
algebra:

C oKd = Kd C o = Kd , C eKd = Kd C e = Kd ,

DoKd = Kd Do = Kd , DeKd = Kd De = Kd ,

K†
d Kd =

�

∑

k

(C e)k
��

∑

k

(C o)k
��

∑

k

(De)k
��

∑

k

(Do)k
�

. (77)

The unitarity of Kd is recovered in the symmetric sector C o = C e = Do = De = 1.

3.3 Kennedy-Tasaki transformation

The KT transformation for the dipolar cluster model is implemented by [5]

KTd = Ud Kd U†
d ,

where Ud defined in (73) maps the paramagnetic state
∑

g |g〉 to the cluster ground state. One
can show

X2 j
KTd−−→ X2 j ,

X2 j+1
KTd−−→ X †

2 j+1 ,

Z2 j−2Z−2
2 j Z2 j+2

KTd−−→ Z2 j−2Z−2
2 j X2 j+1Z2 j+2 ,

Z†
2 j−1Z2

2 j+1Z†
2 j+3

KTd−−→ Z2 j−1X2 j Z
−2
2 j+1Z2 j+3 . (78)

The symmetry operators of the cluster model transform as

C o KTd−−→ (C o)† , C e KTd−−→ C e ,

Do KTd−−→ (Do)† , De KTd−−→ De . (79)

The noninvertible symmetry Kd under the conjugation by KTd becomes

KTd · Kd =
�

Ud Po
�

KTd ≡ Vd · KTd . (80)

In summary, the symmetries of the dipolar cluster model transform to a new set of symmetries

{C o, C e, Do, De, Kd}
KTd−−→ {(C o)†, C e, (Do)†, De, Vd} , (81)

all of which are invertible and unitary. Since V 2
d = 1, the symmetry group generated by Vd is

Z2. For general N , Vd has a non-trivial commutation relation with C o, C e, Do, and De, and the
overall symmetry group is described as

Zc,e
N ×Z

d,e
N × [(Z

c,o
N ×Z

d,o
N )⋊Z

Vd
2 ] , (82)

with ZVd
2 acting as an outer automorphism on Zc,o

N ×Z
d,o
N .

Conjugating the dipolar cluster model Hd by KTd results in two copies of ZN dipolar Ising
model, or double dipolar Ising model (dIM2),

Ĥd = −
∑

j

Z j−2Z−2
j Z j+2 + h.c. (83)
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One can explicitly check that dIM2 possesses all the symmetries shown on the right side of (82).
The ground states are characterized by g j+2 − g j = g j − g j−2 on the even and odd sublattice
separately. There are altogether four quantum numbers go

c , g e
c , go

d , g e
d ∈ ZN to characterize the

ground state:
g2 j = g e

c + g e
d · j , g2 j+1 = go

c + go
d · j (mod N) . (84)

The order parameters are
∑

j Z†
2 j Z2 j+2,

∑

j Z†
2 j−1Z2 j+1,

∑

j Z2N j , and
∑

j Z2N j+1.
The ground state |go

c , g e
c , go

d , g e
d〉 breaks all the symmetries of the dIM2 model, yet the GSD

is only N4 not 2N4. The action by an element of the symmetry group on the ground state
yields

(C o)η1(C e)η2(Do)η3(De)η4 Vη5
d |g

o
c , g e

c , go
d , g e

d〉

= |η1 + (−1)η5 go
c ,η2 + g e

c ,η3 + (−1)η5 go
d ,η4 + g e

d〉 , (85)

where η1,η2,η3,η4 ∈ ZN and η5 ∈ Z2. These states collectively span a Hilbert space of
dimension N4.

When η5 = 1, the state |go
c , g e

c , go
d , g e

d〉 remains invariant under the action of
(C o)η1(C e)η2(Do)η3(De)η4 Vd provided that other parameters satisfy the condition

η1 = 2go
c (mod N) , η2 = 0 ,

η3 = 2go
d (mod N) , η4 = 0 . (86)

The invariant symmetry operator (C o)η1(Do)η3 Vd squares to one.

3.4 Other dSPT states

One-dimensional dSPT phases protected by C and D symmetries in (65) are classified by the
cohomology H2(Z2

N , U(1))/[H2(ZN , U(1))]2 = ZN [3, 7]. A similar reasoning shows that 1D
SPT phases protected by {C o, C e, Do, De} symmetries of (71) are classified by

H2(Z4
N , U(1))/[H2(Z2

N , U(1))]2 = Z4
N . (87)

One can write down explicit models realizing each of these SPTs:

H(k1,k2,k3,k4)
d = −

∑

j

X2 j · (Z2 j−1Z−2
2 j+1Z2 j+3)

k1(ω−1Z2 j−2Z−2
2 j Z2 j+2)

k2(Z2 j−3Z−3
2 j−1Z3

2 j+1Z†
2 j+3)

k4

−
∑

j

X2 j+1 · (Z2 j−2Z−2
2 j Z2 j+2)

k1(ω−1Z2 j−1Z−2
2 j+1Z2 j+3)

k3(Z†
2 j−2Z3

2 j Z
−3
2 j+2Z2 j+4)

k4

+ h.c., (88)

where k1, k2, k3, k4 ∈ ZN . The Hamiltonian in (70) corresponds to a special case with k1 = 1,
k2 = k3 = k4 = 0. Within the family of models H(k1,k2,k3,k4)

d , H(1,0,0,0)
d , H(0,1,−1,0)

d , and H(0,−1,1,0)
d

preserve the symmetry Kd under PBC. Performing Kd on H(0,1,−1,0)
d or H(0,−1,1,0)

d results in a
unit translation of the terms in the Hamiltonian, while no such translation takes place for
H(1,0,0,0)

d . This has a subtle but important effect when the model is placed on a finite segment
of the chain such as in the consideration of the fractionalized edge modes at the interface with
another SPT. For this reason, we will focus on the analysis of the H(1,0,0,0)

d = Hd model in the
remainder of the paper. The way we arrived at (88) and other details can be found in the
Appendix.
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We now construct an alternative Hamiltonian that preserves the same symmetries
{C o, C e, Do, De, Vd} as dIM2. As before, we introduce Y ≡ ω1/2X Z which transforms under
Vd as

Y2 j
Vd−→ Z2 j−1Y2 j Z

−2
2 j+1Z2 j+3 ,

Y2 j+1
Vd−→ Z†

2 j−2Z2
2 jY

†
2 j+1Z†

2 j+2 ,

Z2 j
Vd−→ Z2 j ,

Z2 j+1
Vd−→ Z†

2 j+1 . (89)

Since
Y2 j−1Y−2

2 j+1Y2 j+3
Vd−→ Z†

2 j−4Z4
2 j−2Y †

2 j−1Z−6
2 j Y 2

2 j+1Z4
2 j+2Y †

2 j+3Z†
2 j+4 , (90)

the following model satisfies all the symmetries shown on the right side of (81):

Ĥd ′ = −
∑

j

ωα+β j Z2 j−2Z−2
2 j Z2 j+2

−
∑

j

Y2 j−1Y−2
2 j+1Y2 j+3(1+ Z2 j−4Z−4

2 j−2Z6
2 j Z
−4
2 j+2Z2 j+4) + h.c. (91)

A pair of ZN integers (α,β) parametrizes the model. The first term in Ĥd ′ is minimized by
Z2 j−2Z−2

2 j Z2 j+2 =ω−α−β j . The product of Z ’s in the second term can be represented as

Z2 j−4Z−4
2 j−2Z6

2 j Z
−4
2 j+2Z2 j+4 = Z2 j−4Z−2

2 j−2Z2 j · (Z2 j−2Z−2
2 j Z2 j+2)

−2 · Z2 j Z
−2
2 j+2Z2 j+4 , (92)

and equals one in the ground state. The overall ground state conditions are

Z2 j−2Z−2
2 j Z2 j+2 =ω

−α−β j , Y2 j−1Y−2
2 j+1Y2 j+3 = 1 . (93)

The ground states |(gY
c )

o, (gc)e, (gY
d )

o, g e
d〉 can be labeled by four ZN integers satisfying

g2 j = g e
c + g e

d j −α
( j − 1) j

2
− β
( j − 1) j( j + 1)

6
,

gY
2 j−1 = (g

Y
c )

o + (gY
d )

o · j . (94)

The order parameters are
∑

j g2N j ,
∑

j g†
2 j−2 g2 jω

α j+β j( j+1)/2,
∑

j gY
2N j−1,

∑

j(g
Y
2 j−1)

† gY
2 j+1. As

in the dIM2, there are N4 ground states although all five symmetries of the model Ĥd ′ are
broken.

Since

ωη1+η3 j Z†
2 j−4Z2

2 j−2Y †
2 j−1Z†

2 j

(Co)η1 (C e)η2 (Do)η3 (De)η4 Vd−−−−−−−−−−−−−−−−−→ Y2 j−1 ,

ωη2+η4 j Z2 j
(Co)η1 (C e)η2 (Do)η3 (De)η4 Vd−−−−−−−−−−−−−−−−−→ Z2 j , (95)

the ground state quantum numbers undergo the transformation

(C o)η1(C e)η2(Do)η3(De)η4 Vη5
d |(g

Y
c )

o, (gc)
e, (gY

d )
o, g e

d〉

= |η1 +δη5,1α+ (−1)η5(gY
c )

o,η2 + g e
c ,η3 +δη5,1β + (−1)η5(gY

d )
o,η4 + g e

d〉 ,

under the action by the symmetry group elements. The condition to leave the ground state
invariant is

η1 = 2(gY
c )

o −α (mod N) , η2 = 0 ,

η3 = 2(gY
d )

o − β (mod N) , η4 = 0 , η5 = 1 . (96)
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The invariant symmetry operator (C o)η1(Do)η3 Vd is Z2 squares to one. This looks identical to
the invariant symmetry element of the dIM2, but the structure of the ground states as well as
the rules for fixing (η1,η3) are different in the two models - see (86) and (96).

Applying KT†
d on the Hamiltonian (91) gives Ĥd ′

KT†
d−−→ Hd ′ where

Hd ′ = −
∑

j

ωα+β j Z2 j−2Z−2
2 j X2 j+1Z2 j+2

−
∑

j

Y2 j−1X2 jY
−2

2 j+1Y2 j+3

�

1+ Z†
2 j−4Z4

2 j−2X †
2 j−1Z−6

2 j X 2
2 j+1Z4

2 j+2X †
2 j+3Z†

2 j+4

�

+ h.c. (97)

The same {C o, C e, Do, De, Kd} symmetries exist for both the original dipolar cluster model Hd
and this one. The unique ground state of Hd ′ is fixed by

Z2 j−2Z−2
2 j X2 j+1Z2 j+2 =ω

−α−β j ,

Y2 j−1X2 jY
−2

2 j+1Y2 j+3 = 1 . (98)

The lengthy expression inside the parenthesis of (97) equals 1 by virtue of the first condition.
The new dSPT Hamiltonian Hd ′ in (97) can be brought to a simpler form through two

successive unitary rotations: Ud in (73) and

Wo =
∏

j

CZ†
2 j−4,2 jCZ4

2 j−2,2 jCZ−3
2 j,2 j . (99)

The subscript o refers to octupolar, as Wo transforms the trivial Hamiltonian −
∑

j X2 j to the
octupolar cluster model on the even sublattice:

−
∑

j

X2 j + h.c.
Wo−→−

∑

j

Z†
2 j−4Z4

2 j−2Z−3
2 j X2 j Z

−3
2 j Z4

2 j+2Z†
2 j+4 + h.c. (100)

Under the combined operation U†
do =W †

o U†
d ,

Z2 j−2Z−2
2 j X2 j+1Z2 j+2

U†
do−−→ X2 j+1 ,

Y2 j−1X2 jY
−2

2 j+1Y2 j+3

U†
do−−→ X2 j−1X2 jX

−2
2 j+1X2 j+3 . (101)

The Hamiltonian itself transforms to

Hd ′
U†

do−−→−
∑

j

ωα+β jX2 j+1 −
∑

j

X2 j−1X2 jX
−2
2 j+1X2 j+3 −

∑

j

X2 j + h.c. (102)

The ground state of this Hamiltonian is given by

gX
2 j+1 = −α− β j , gX

2 j = 0 .

The ground state of the new SPT Hamiltonian Hd ′ itself is given by applying Udo = WoUd on
it. Each layer of the unitaries can be interpreted as the decoration by dipolar domain walls
(Ud), followed by the second layer of octupolar domain walls decorating the even sites (Wo).

One may attempt to construct other Hamiltonians sharing the same symmetry group as
DIM2 but whose ground states are invariant under a different set of symmetry elements. We
feel that such analysis can be done but may not result in particularly new insights.
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3.5 Edge modes

We reveal the distinct nature of the two dipolar SPT Hamiltonians Hd and Hd ′ by examining
the symmetry fractionalization in the Hamiltonian:

Hd|d ′ = −
l/2
∑

j=1

Z2 j−4Z−2
2 j−2X2 j−1Z2 j −

l/2−2
∑

j=0

Z2 j−1X2 j Z
−2
2 j+1Z2 j+3 −

L/2
∑

j=l/2+1

ωα+β j Z2 j−4Z−2
2 j−2X2 j−1Z2 j

−
L/2−2
∑

j=l/2+1

Y2 j−1X2 jY
−2

2 j+1Y2 j+3

�

1+ Z†
2 j−4Z4

2 j−2X †
2 j−1Z−6

2 j X 2
2 j+1Z4

2 j+2X †
2 j+3Z†

2 j+4

�

+ h.c. ,

(103)

where L is a multiple of 2N , L − l is a multiple of 12N . This Hamiltonian consists of Hd over
1 ≤ j ≤ l and H ′d defined over the remaining sites l + 1 ≤ j ≤ L. The ground states should
satisfy the conditions:

Z2 j−4Z−2
2 j−2X2 j−1Z2 j = 1 (1≤ j ≤ l/2) ,

Z2 j−1X2 j Z
−2
2 j+1Z2 j+3 = 1 (0≤ j ≤ l/2− 2) ,

Z2 j−4Z−2
2 j−2X2 j−1Z2 j =ω

−α−β j (l/2+ 1≤ j ≤ L/2) ,

Y2 j−1X2 jY
−2

2 j+1Y2 j+3 = 1 (l/2+ 1≤ j ≤ L/2− 2) . (104)

The action of symmetry operators C o, C e, Do, and De within the ground state subspace
can be expressed as:

C o|ψ〉= |ψ〉 , C e|ψ〉= X̃ l,l+2X̃ L,2|ψ〉 ,
Do|ψ〉= |ψ〉 , De|ψ〉= X̆ l+2X̆2|ψ〉 , (105)

where |ψ〉 is a ground state of Hd|d ′ . Various fractionalized operators are deduced by examin-
ing the action of global symmetry operators on the ground states:

X̃ l−2,l = Zl−3X l−2Z†
l−1X l Y

†
l+1Yl+3 ,

X̃ L−2,L = YL−3X L−2Y †
L−1X L Z†

1 Z3 ,

X̆ l = Zl−1X l Y
−2
l+1Yl+3 ,

X̆ L = YL−1X L Z−2
1 Z3 . (106)

Subscripts underlying the operators refer to the location of the X operators. The fractionalized
charge operators (denoted by X̃ ) carry two spatial indices, while the fractionalized dipole
operators (denoted by X̆ ) carry only one spatial index.

Additionally, we have four operators Zl−2, Zl , ZL−2, and ZL which commute with the Hamil-
tonian Hd|d ′ . These are defined at the sites where the stabilizers are “missing”. The commu-
tation relations among the fractionalized operators are given by:

Zl−2X̃ l−2,l =ωX̃ l−2,l Zl−2 , Zl−2X̆ l = X̆ l Zl−2 ,

Zl X̃ l−2,l =ωX̃ l−2,l Zl , Zl X̆ l =ωX̆ l Zl ,

ZL−2X̃ L−2,L =ωX̃ L−2,L ZL−2 , ZL−2X̆ L = X̆ L ZL−2 ,

ZL X̃ L−2,L =ωX̃ L−2,L ZL , ZL X̆ L =ωX̆ L ZL . (107)
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The action of Kd on the fractionalized symmetry operators in (106) within the ground state
subspace is summarized as follows:

X̃ l−2,l Kd |ψ〉=ω−βKd X̃ †
l−2,l |ψ〉 ,

X̃ L−2,LKd |ψ〉=ω−αKd X̃ †
L−2,L|ψ〉 ,

X̆ l Kd |ψ〉=ωα+βKd X̆ †
l |ψ〉 ,

X̆ LKd |ψ〉= Kd X̆ †
L|ψ〉 ,

Zl−2Z†
L−2Kd |ψ〉= Kd Z†

l−2ZL−2|ψ〉 ,

Zl Z
†
LKd |ψ〉=ω−α−2βKd Z†

l ZL|ψ〉 ,

K2
d |ψ〉= N2

 

N
∑

k1,k2=1

(X̃ l−2,l X̃ L−2,L)
k1(X̆ l+2X̆2)

k2

!

|ψ〉 . (108)

An explicit expression for the fractionalized dKW operator Kd that satisfies these relations
is given by:

Kd |ψ〉= εPZ−α−2β
l−2 Zα+βl Z−αL−2X̆−α−2β

L

 

N
∑

k1,k2=1

(X̃ l−2,l X̃ L−2,L)
k1(X̆ l X̆ L)

k2

!

|ψ〉

= εP

 

N
∑

k1,k2=1

K(k1,k2)
d,l K(k1,k2)

d,L

!

|ψ〉 , (109)

where ε is either +1 or -1, and

K(k1,k2)
d,l = Z−α−2β

l−2 Zα+βl X̃ k1
l−2,l X̆

k2
l ,

K(k1,k2)
d,L = Z−αL−2X̃ k1

L−2,L X̆ k2−α−2β
L . (110)

The exact value of ε does not affect the demonstration of the projectivity of the fractionalized
operators.

We can now show that the edge modes have projective representations for (α,β) ̸= (0,0):

K(k1,k2)
d,l X̃ l−2,l =ω

−β X̃ l−2,l K
(k1,k2)
d,l ,

K(k1,k2)
d,l X̆ l =ω

α+β X̆ l K
(k1,k2)
d,l ,

K(k1,k2)
d,L X̃ L−2,L =ω

−αX̃ L−2,LK(k1,k2)
d,L ,

K(k1,k2)
d,L X̆ L = X̆ LK(k1,k2)

d,L . (111)

Therefore, Hc′ for α ̸= 0 or β ̸= 0 is a new dSPT protected by the same symmetries
{C o, C e, Do, De, Kd} as Hd but distinct from it. Each integer pair (α,β) defines an SPT dis-
tinct from the dipolar cluster model as well as from each other.

3.6 dSPT from holography

The Ising model and the cluster model are characterized by different symmetries, namely ZN
and ZN ×ZN . Not surprisingly, they arise as boundary theories of the single and two coupled
layers of the toric codes, respectively. The dipolar Ising model and the dSPT model given in
(68), on the other hand, share the same charge and dipole symmetries given in (65), suggesting
that both models may emerge from the same bulk theory in the holographic framework.
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(a) (b) (c)

Figure 1: (a) Bulk stabilizers of the anistropic dipolar toric code given in (112). (b)
Boundary operators (114) at the bottom rough boundary fixing the e-condensing
boundary conditions, active boundary operators at the top boundary, vertical Wilson
loop operator playing the role of charge operator, and two horizontal Wilson loop
operators playing the role of charge and dipole symmetry operators g(e)c , g(e)d are de-
picted. (c) Same as (b), for the smooth bottom boundary realizing the m-condensing
boundary condition. The top boundary is rough in both (b) and (c).

We begin by identifying the proper bulk theory to be the anisotropic, dipolar toric code on
a 2D square lattice proposed in [34]. It is a stabilizer code with two kinds of stabilizers:

HadTC = −
∑

i

Vi −
∑

i

Pi + h.c. ,

Vi = X i+ x̂ X−2
i X i− x̂ X i+ ŷ

2
X−1

i− ŷ
2

,

Pi = Zi− ŷ
2+ x̂ Z−2

i− ŷ
2

Zi− ŷ
2− x̂ Zi Z

−1
i− ŷ . (112)

The vertices of the square lattice are labeled by i (to be distinguished from j labeling the sites
of 1D lattice), while the link variables are defined at i + ŷ/2 - see Fig. 1(a).

We refer to the anyons associated with Vi and Pi as e and m anyons, respectively. Conser-
vation laws associated with the anyons are

∏

i

Vi = 1=
∏

i

Pi ,
∏

i

V ix
i = 1=

∏

i

P ix
i , (113)

referring to the charge and the x-dipole moment conservations of the e and m anyons. A
fully isotropic 2D model with both charge and dipole conservations, known as the rank-2 toric
code (R2TC) has been proposed as well [58], and one can also think of the model (112) as its
anisotropic version.

Consider placing the theory on a cylinder with periodic boundary conditions along the
x-direction and open boundaries at y = 1/2 and y = L y − 1/2 (L y ∈ N), with a rough
boundary terminating on the y-links on both edges as shown in Fig. 1(b). We fix the boundary
conditions at the bottom edge by introducing the truncated stabilizer and the bottom boundary
Hamiltonian as [refer to Fig. 1(b)]

P b
ix
= Zix x̂+ ŷ/2+ x̂ Z−2

ix x̂+ ŷ/2Zix x̂+ ŷ/2− x̂ Zix x̂+ ŷ ,

H(e)bot = −
∑

ix

P b
ix
+ h.c. (114)

The superscript b refers to the stabilizers being defined at the bottom of the cylinder. Together,
ground states of the bulk and bottom boundary Hamiltonian define the low-energy Hilbert

23

https://scipost.org
https://scipost.org/SciPostPhys.19.4.110


SciPost Phys. 19, 110 (2025)

space of the effective (1+1)D system. This choice of boundary conditions corresponds to the
condensation of e anyons, hence the superscript in H(e)bot.

We then identify the Wilson loop operator extended along the y-axis that commutes with
H(e)bot:

W (e)
ix
=
∏

iy

Zi− ŷ/2 . (115)

This operator already commutes with the bulk stabilizers and plays the role of a charge oper-
ator at each site ix in the effective (1+1)D theory. The Wilson loop operators extended along
the x-axis that commute non-trivially with W (e)

ix
are

g(e)c =
∏

ix

X i− ŷ/2 , g(e)d =
∏

ix

X ix
i− ŷ/2 . (116)

They serve as the charge and dipole symmetry operators of the effective (1+1)D system, re-
spectively.6 The significance of translational symmetry in the holography picture is evident
from the structure of g(e)d given in (116) which undergoes a nontrivial transformation under
the action of the translation operation.

All three Wilson loop operators are depicted in Fig. 1(b). The commutation relations
among W (e)

ix
, g(e)c and g(e)d are recovered by identifying them with effective Pauli operators

(X̄ j , Z̄ j)

W (e)
ix
→ Z̄ j , g(e)c →

∏

j

X̄ j , g(e)d →
∏

j

X̄ j
j , (117)

where we have identified ix of the 2D site i with the site j in the 1D chain.
Now we turn to the top boundary and write down all symmetry-allowed terms:

V t
ix
= X ix x̂+(L y−1/2) ŷ ,

P t
ix
= Zix x̂+(L y−1/2) ŷ+ x̂ Z−2

ix x̂+(L y−1/2) ŷ Zix x̂+(L y−1/2) ŷ− x̂ Z−1
ix x̂+(L y−1) ŷ , (118)

with the superscript t representing their localization near the top boundary. These operators
commute with the bulk stabilizers and thus act within the low-energy Hilbert space in which
the bulk and the bottom-boundary stabilizers are all equal to one. In terms of the effective
spins (X̄ , Z̄) introduced in (117), we can map these top-localized operators to effective 1D spin
operators:

V t
ix
→ X̄ j , P t

ix
→ Z̄ j−1 Z̄−2

j Z̄ j+1 . (119)

There are two kinds of boundary Hamiltonians one can construct in terms of the effective
spin operators that have been identified in (119). One of them is the dipolar Ising model

H = −
∑

ix

(V t
ix
+λP t

ix
) + h.c.

Eq. (119)
−−−−−→−

∑

j

X̄ j −λ
∑

j

Z̄ j+1 Z̄−2
j Z̄ j−1 + h.c. , (120)

with the transition between the paramagnetic and the symmetry-breaking phase controlled by
λ. The other is the dipolar SPT model

H = −
∑

ix

N
∑

m=1

(ω−kV t
ix
(P t

ix
)k)m

Eq. (119)
−−−−−→−

∑

j

N
∑

m=1

�

(Z̄ j−1 Z̄†
j )

k X̄ j(Z̄
†
j Z̄ j+1)

k
�m

. (121)

As anticipated, both the dipolar Ising model and the dipolar SPT model share the same sym-
metry and can arise as boundary theories of the same 2D bulk model.

6Alternatively, one may interpret the Wilson loop operators along the x-axis-when not expressible as products
of boundary stabilizers-as symmetry operators of the effective (1+1)D system.
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Instead of rough boundary, consider the case of smooth bottom boundary terminating on
the vertices as shown in Fig. 1(c). Physically, this corresponds to having an m-anyon condens-
ing Hamiltonian at the bottom:

H(m)bot = −
∑

ix

V b
ix
+ h.c. ,

V b
ix
= X(ix+1) x̂ X−2

ix x̂ X(ix−1) x̂ X ix x̂+ ŷ/2 . (122)

The effective charge and symmetry operators in the case of the smooth bottom boundary are
[Fig. 1(c)]

W (m)
ix
=
∏

iy

X i , g(m)c =
∏

ix

Zi , g(m)d =
∏

ix

Z ix
i , (123)

which can be identified with effective spins as

W (m)
ix
→ Z̄−1

j , g(m)c →
∏

j

X̄ j , g(m)d →
∏

j

X̄ j
j . (124)

The symmetry-allowed operators at the (rough) top boundary, introduced in (118), now map
to

V t
ix
→ Z̄ j−1 Z̄−2

j Z̄ j+1 , P t
ix
→ X̄−1

j . (125)

Comparing this with the earlier identification (119) in the case of rough bottom boundary,
we conclude that changing the bottom boundary condition from rough to smooth, or from
e-condensing to m-condensing, effectively corresponds to performing the dipolar Kramers-
Wannier duality KdKW introduced in (66):

X̄ j → Z̄ j−1 Z̄−2
j Z̄ j+1 ,

Z̄ j−1 Z̄−2
j Z̄ j+1→ X̄−1

j . (126)

The scheme discussed so far can be generalized to produce boundary theory corresponding
to the dipolar SPT model (97) protected by two charge and two dipole symmetries. The ap-
propriate 2D bulk theory is that of two coupled layers of anisotropic dipolar toric code model
we have already discussed. The Hamiltonian for each layer is given by

H1(2) = −
∑

i

V1(2),i −
∑

i

P1(2),i + h.c. , (127)

where the subscript 1(2) labels the layer. We introduce the e-condensing boundary condition
for both layers at the bottom

H(e)bot = −
∑

ix

(P b
1,ix
+ P b

2,ix
) + h.c. , (128)

with P b
1(2),ix

defined in the same manner as in (114).
Accordingly, the symmetry-allowed Hamiltonian at the top boundary becomes

H = −
∑

ix

(V t
1,ix

P t
2,ix
+ V t

2,ix
P t

1,ix
) + h.c. , (129)

with V t
1(2),ix

and P t
1(2),ix

defined in the same manner as in (118). Via the identification:

V t
1,ix
→ X̄2 j , P t

1,ix
→ Z̄2 j+2 Z̄−2

2 j Z̄2 j−2 ,

V t
2,ix
→ X̄2 j+1 , P t

2,ix
→ Z̄2 j+3 Z̄−2

2 j+1 Z̄2 j−1 ,
(130)
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the model in (129) maps exactly to the dSPT model in (70) with two charge and two dipole
symmetries. The layer index turns into the even/odd sublattice sites of the effective 1D model.

It was shown that the dSPT phase possesses a noninvertible symmetry
Kd =

�∏

j SWAP2 j,2 j+1

�

Ko
dKW(K

e
dKW)

†. This symmetry operation is performed by first convert-
ing the rough bottom boundaries of both layers into smooth boundaries, followed by applying
SWAP gates between sites with identical coordinates across the two layers, which effectively
exchanges even and odd sites.

4 Exponential symmetry

Having considered the gauging of charge and dipole symmetries and the NIMSPT phases as-
sociated with them, we move to consider the exponentially modulated symmetry and its as-
sociated NIMSPT called eSPT. A holographic interpretation of the eSPT in terms of the bulk
topological model is given.

4.1 Gauging and noninvertible exponential symmetry

The exponential symmetry operator is defined as

E =
∏

j

X a j

j . (131)

When a and N are coprime and a ̸= 0 (mod rad(N)) [2, 35, 36], the exponential symmetry
operator E defined in (131) is a ZN symmetry. Conversely, if a = 0 (mod rad(N)), there
exists an integer m ∈ Z with am = 0 (mod N). In this case, the exponential symmetry acts
only on the sites with |r|< m, and the generator G becomes local in the thermodynamic limit.
Likewise, when a and N are not coprime, the exponential symmetry reduces to a Zq symmetry,
where q = N/gcd(a, N).

The exponential gauge symmetry operator is defined

g j = X j Z̄ j−1 Z̄−a
j , (132)

which generalizes the charge-gauging operator in (5). The global symmetry can be expressed
E =

∏

j(g j)a
j
.

The matter-field operators that commute with E are X j and Z−a
j Z j+1, which transform

under the exponential gauging as

X j −→ Z̄†
j−1 Z̄a

j , Z−a
j Z j+1 −→ X̄ j . (133)

The exponential Kramers-Wannier (eKW) operator KeKW that performs this transformation is
given by

KeKW =
∑

g,g′
ω
∑

j(ag j−1−g j)g ′j−1 |g′〉〈g| . (134)

Another exponential symmetry and the associated gauging operator can be constructed as

E′ =
∏

j

X a− j

j =
∏

j

(g ′j)
a− j

,

g ′j = X j Z̄
a
j−1 Z̄−1

j . (135)

Under the second eKW operator

K ′eKW =
∑

{g j},{g ′j}

ω
∑

j(g j−1−ag j)g ′j−1 |g′〉〈g| , (136)
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one obtains the transformation

X j
K ′eKW−−→ Z̄−a

j−1 Z̄ j , Z†
j Za

j+1

K ′eKW−−→ X̄ j . (137)

4.2 Exponential SPT

The exponential cluster state representing the exponential SPT (eSPT) order is given by [2]

He = −
∑

j

(Za
2 j−1X2 j Z

†
2 j+1 + Z†

2 j−2X2 j−1Za
2 j) + h.c. , (138)

with positive integer a > 1. The a = 1 case corresponds to the cSPT phase discussed in
Section 2. The Hamiltonian commutes with two exponential symmetry operators:

Eo =
∏

j=1

(X2 j−1)
a j

, Ee =
∏

j=1

(X2 j)
a− j

. (139)

Here, exponential symmetries are modulated in the sense that translation results in non-trivial
modification of the symmetry operator: T2Eo(e)T−2 ̸= Eo(e).

Some comments on the boundary conditions are in order. We assume that a and N are
coprime, so that a−1 is well-defined as an integer that, when multiplied by a, equal 1 mod
N : a · a−1 mod N = 1. For instance, when N = 5 and a = 2, a−1 = 3, since 2 × 3 = 1
(mod 5). On an infinite lattice, when a and N are coprime, the exponential symmetry defined
in (131) corresponds to a ZN symmetry. Otherwise, it should be reduced to a Zq symmetry,
where q = N/gcd(a, N), modifying the symmetry-breaking conditions and GSD accordingly.
If we instead impose PBC with the system size (even) L, the symmetry breaking GSD situa-
tion depends on whether aL/2 = 1 (mod N). When aL/2 ≡ 1 mod N , the two exponential
symmetries are well-defined on the closed manifold, and the resulting theory resembles a
ZN × ZN symmetry-breaking phase, exhibiting a ground state degeneracy of N2. However, if
aL/2 ̸≡ 1 mod N , the exponential ZN symmetry must be reduced to a Zk symmetry, where
k = gcd(aL/2 − 1, N), in order to be consistent with the PBC.

The ground state of the Hamiltonian (138) is

|ψe〉 ∝
∑

g

ω
∑

j g2 j(ag2 j−1−g2 j+1)|g〉

=
∑

g

ω
∑

j g2 j−1(ag2 j−g2 j−2)|g〉 , (140)

which follows from applying the unitary operator

Ue =
∏

j

CZa
2 j,2 j−1CZ†

2 j,2 j+1

=
∏

j

CZ†
2 j−1,2 j−2CZa

2 j−1,2 j , (141)

on the product state |+〉=
∏

j |+〉 j . It can be shown that Ue implements

X2 j
Ue−→ Za

2 j−1X2 j Z
†
2 j+1 ,

X2 j−1
Ue−→ Z†

2 j−2X2 j−1Za
2 j , (142)

which results in the mapping −
∑

j(X j + X †
j )

Ue−→ He.
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The eSPT model exhibits, in addition to the two modulated charge symmetries in (139), a
noninvertible symmetry

Ke = T (KeKW)
o(K ′eKW)

e , (143)

where Ko
eKW and (K ′eKW)

e are the eKW operators in (134) and (136) acting on the odd and even
sublattices, respectively. It performs the transformation

X2 j
Ke−→ Z−a

2 j−1Z2 j+1 ,

X2 j+1
Ke−→ Z†

2 j Z
a
2 j+2 ,

Z†
2 j Z

a
2 j+2

Ke−→ X2 j+1 ,

Z−a
2 j−1Z2 j+1

Ke−→ X2 j , (144)

and preserves He.
7 The symmetry operators of the eSPT model span the fusion algebra:

EeKe = KeEe = Ke = EoKe = KeEo ,

K†
e Ke =

�∑

k

(Ee)k
��∑

k

(Eo)k
�

. (145)

4.3 Kennedy-Tasaki transformation

The KT transformation for the eSPT model is implemented by KTe = UeKeU†
e . One can show

X2 j
KTe−−→ X2 j ,

X2 j+1
KTe−−→ X †

2 j+1 ,

Z†
2 j Z

a
2 j+2

KTe−−→ Z†
2 jX2 j+1Za

2 j+2 ,

Z−a
2 j−1Z2 j+1

KTe−−→ Za
2 j−1X2 j Z

†
2 j+1 . (146)

The symmetry operators of the exponential cluster model transform as

Eo KTe−−→ (Eo)† , Ee KTe−−→ Ee . (147)

On the other hand, the noninvertible symmetry Ke under the KT-conjugation becomes

KTeKe =
�

UePo
�

KTe ≡ Ve · KTe . (148)

In summary, the symmetries of the exponential cluster model becomes

{Eo, Ee, Ke}
KTe−−→ {(Eo)†, Ee, Ve} , (149)

all of which are invertible, unitary symmetries. Since V 2
e = 1, the symmetry group generated

by Ve is Z2. The overall symmetry group is described as

Ze,e
N ×

�

Ze,o
N ⋊Z

Ve
2

�

. (150)

Conjugating the exponential cluster model He by KTe results in two copies of ZN exponen-
tial Ising model, or double exponential Ising model (eIM2):

Ĥe = −
∑

j

�

Z−a
2 j−1Z2 j+1 + Z†

2 j Z
a
2 j+2

�

+ h.c. (151)

7One can equally well define Ke = T (K
′∗
eKW)

e(K∗eKW)
o, ∗=complex conjugation, and still preserve the symmetry

of He. In this case, the operators on the rhs of (144) become their Hermitian conjugates.
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One can explicitly check that eIM2 possesses all the symmetries shown on the right-hand side
of (149). The ground state is characterized by

ag2 j−1 = g2 j+1 , g2 j = ag2 j+2 . (152)

We have altogether two quantum numbers go
e , g e

e ∈ ZN to characterize the ground state |go
e , g e

e〉,
where g2 j−1 = go

e · a
j and g2 j = g e

e · a
− j .

It can be shown that

(Eo)η1(Ee)η2 Vη3
e |g

o
e , g e

e〉= |η1 + (−1)η3 go
e ,η2 + g e

e〉 . (153)

When
η1 = 2go

e (mod N) , η2 = 0 , η3 = 1 , (154)

the ground state |go
e , g e

e〉 is invariant under the operation by (Eo)η1(Ee)η2 Ve. The order param-

eters are
∑

j(Z2 j)a
j
and

∑

j(Z2 j−1)a
− j

.

4.4 Other eSPT states

The SPT classification for two exponential symmetries (Eo, Ee) goes as H2(Z2
N , U(1)) = ZN ,

and represented by models

H(k)e = −
∑

j

�

X2 j(Z
a
2 j−1Z†

2 j+1)
k + X2 j−1(Z

†
2 j−2Za

2 j)
k
�

+ h.c. , (155)

where k ∈ ZN . Only the k = 1 model maintains the NIS under Ke.
A Hamiltonian sharing the same {Eo, Ee, Ve} symmetries as eIM2 can be constructed. Using

the transformation:

Y2 j
Ve−→ Za

2 j−1Y2 j Z
†
2 j+1 ,

Y2 j+1
Ve−→ Z2 jY

†
2 j+1Z−a

2 j+2 ,

Z2 j
Ve−→ Z2 j ,

Z2 j+1
Ve−→ Z†

2 j+1 , (156)

we get

Y−a
2 j−1Y2 j+1

Ve−→ Z−a
2 j−2Y a

2 j−1Za2+1
2 j Y †

2 j+1Z−a
2 j+2 . (157)

The following model is invariant under the same set of symmetries {Eo, Ee, Ve} as the eIM2:

Ĥe′ = −
∑

j

ωa jαZ2 j−2Z−a
2 j −

∑

j

Y−a
2 j−1Y2 j+1

�

1+ Za
2 j−2Z−a2−1

2 j Za
2 j+2

�

+ h.c. , (158)

where the parameterα satisfiesα ∈ ZN . All the terms in the Hamiltonian H mutually commute.
The first term is minimized by Z†

2 j−2Za
2 j =ω

a jα. The product of Z ’s in the second term becomes

Za
2 j−2Z−a2−1

2 j Za
2 j+2 =

�

Z†
2 j−2Za

2 j

�−a
·
�

Z†
2 j Z

a
2 j+2

�

, (159)

and equals one in the ground state. The overall ground state conditions

Z†
2 j−2Za

2 j =ω
a jα , Y−a

2 j−1Y2 j+1 = 1 , (160)

results in the ground state configuration

gY
2 j+1 = agY

2 j−1 , g2 j−2 = ag2 j − a jα , (161)
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and the ground states can be expressed as |(gY
e )

o, (ge)e〉, where

gY
2 j−1 = a j(gY

e )
o ,

g2 j = a− j g e
e +α(a

j−2 − a− j−2)(1− a−2)−1 . (162)

The inverse (1−a−2)−1 is understood as an integer that, when multiplied with 1−a−2, equals
1 mod N . Since

ωη1a j
Z†

2 j−2Y †
2 j−1Za

2 j

(Eo)η1 (Ee)η2 Ve−−−−−−−−−→ Y2 j−1 ,

ωη2a− j
Z2 j

(Eo)η1 (Ee)η2 Ve−−−−−−−−−→ Z2 j , (163)

we conclude

(Eo)η1(Ee)η2 Vη3
e |(g

Y
e )

o, g e
e〉= |η1 +α+ (−1)η3(gY

e )
o,η2 + g e

e〉 . (164)

When
η1 = 2(gY

e )
o −α (mod N) , η2 = 0 , η3 = 1 , (165)

the ground state |(gY
e )

o, g e
e〉 remains invariant under the action by (Eo)η1(Ee)η2 Ve. The order

parameters for this state are
∑

j

Za j

2 jω
−α(a2 j−2−a−2)(1−a−2)−1

,
∑

j

Y a− j

2 j−1 . (166)

Applying KT†
e on the Hamiltonian (158) gives Ĥe′

KT†
e−−→ He′ where

He′ = −
∑

j

ω−a jαZ†
2 j−2X2 j−1Za

2 j

−
∑

j

Y a
2 j−1X2 jY

†
2 j+1

�

1+ Za
2 j−2X−a

2 j−1Z−a2−1
2 j X2 j+1Za

2 j+2

�

+ h.c. , (167)

which preserves the same {Eo, Ee, Ke} symmetries as the original eSPT model He. The ground
state of the new eSPT model He′ is fixed by

Z†
2 j−2X2 j−1Za

2 j =ω
a jα , Y a

2 j−1X2 jY
†

2 j+1 = 1 . (168)

The Hamiltonian (167) can be simplified through two unitary rotations: Ue in (141) and

We =
∏

j

CZa
2 j−2,2 jCZ(−a2−2+a2)/2

2 j,2 j , (169)

where a2 ≡ a mod 2 is introduced to ensure that the exponent of CZ2 j,2 j remains an integer for
arbitrary a. The We operation transforms the trivial Hamiltonian −

∑

j X2 j to a cluster model
defined on the even sublattice:

−
∑

j

X2 j + h.c.
We−→−

∑

j

Za
2 j−2Z (−a2−2+a2)/2

2 j X2 j Z
(−a2−2+a2)/2
2 j Za

2 j+2 + h.c. (170)

Under the combined operation U†
ee =W †

e U†
e ,

Z†
2 j−2X2 j−1Za

2 j

U†
ee−→ X2 j−1 ,

Y a
2 j−1X2 jY

†
2 j+1

U†
ee−→ω(1−a2)/2X a

2 j−1X2 j Z
1−a2
2 j X †

2 j+1 , (171)
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and the Hamiltonian He′ transforms to

He′
U†

ee−→−
∑

j

ω−a jαX2 j−1 −
∑

j

ω(1−a2)/2X a
2 j−1X2 j Z

1−a2
2 j X †

2 j+1 −
∑

j

ω(1−a2)/2X2 j Z
1−a2
2 j + h.c. (172)

This Hamiltonian is not written entirely in terms of X operators, but one can still easily iden-
tify its ground state. Depending on a being odd or even (a2 = 1 or 0), the ground state is
characterized by

gX
2 j−1 = a jα , gX

2 j = 1 (a2 = 1) ,

gX
2 j−1 = a jα , gY

2 j = 1 (a2 = 0) . (173)

Explicitly, the ground state of the new eSPT Hamiltonian He′ in (167) is written

WeUe|(gX )o = α , (gX )e = 1〉 (a2 = 1) ,

WeUe|(gX )o = α , (gY )e = 1〉 (a2 = 0) , (174)

where gX
2 j−1 = a j(gX )o, gX

2 j = (g
X )e, and gY

2 j = (g
Y )e. Again the new eSPT allows a two-layer

DDW interpretation.

4.5 Edge modes

We now consider the Hamiltonian He|e′:

He|e′ = −
l/2
∑

j=1

Z†
2 j−2X2 j−1Za

2 j −
l/2−1
∑

j=1

Za
2 j−1X2 j Z

†
2 j+1 −

L/2
∑

j=l/2+1

ω−a jαZ†
2 j−2X2 j−1Za

2 j

−
L/2−1
∑

j=l/2+1

Y a
2 j−1X2 jY

†
2 j+1

�

1+ Za
2 j−2X−a

2 j−1Z−a2−1
2 j X2 j+1Za

2 j+2

�

+h.c. (175)

This is a model in which He acts on the sites 1 ≤ j ≤ l (with even l), and He′ acts on the sites
l + 1≤ j ≤ L (with even L), where L and l are chosen to satisfy

al = 1 (mod N) . (176)

A periodic boundary condition is imposed. The ground states are required to satisfy

Z†
2 j−2X2 j−1Za

2 j = 1 (1≤ j ≤ l/2) ,

Za
2 j−1X2 j Z

†
2 j+1 = 1 (1≤ j ≤ l/2− 1) ,

Z†
2 j−2X2 j−1Za

2 j =ω
a jα (l/2+ 1≤ j ≤ L/2) ,

Y a
2 j−1X2 jY

†
2 j+1 = 1 (l/2+ 1≤ j ≤ L/2− 1) . (177)

From these conditions, one can derive

Eo|ψ〉= |ψ〉 , Ee|ψ〉= X̃ l X̃ L|ψ〉 ,

Zl X̃ l =ω
a−l/2

X̃ l Z̃l , ZL X̃ L =ωX̃ L Z̃L ,

where
X̃ l = Za−l/2+1

l−1 X a−l/2

l , Y−a−l/2

l+1 X̃ L = Y a
L−1X L Z−1

1 . (178)
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The action of Ke within the ground state subspace can found by examining how Ke acts on
the fractionalized operators in (178) within the ground state subspace [22]:

X̃ l Ke|ψ〉=ω−aαKe X̃ †
l |ψ〉 ,

X̃ LKe|ψ〉=ωaαKe X̃ †
L|ψ〉 ,

Z†
l Za−l/2

L Ke|ψ〉= KeZl Z
−a−l/2

L |ψ〉 ,

K2
e |ψ〉= N

N
∑

k=1

(X̃ l X̃ L)
k|ψ〉 . (179)

An explicit expression for Ke that satisfies these relations is given by:

Ke|ψ〉= εPZ−a−l/2+1α
l Zaα

L

� N
∑

k=1

(X̃ l X̃ L)
k

�

|ψ〉

= εP

� N
∑

k=1

K(k)e,l K(k)e,L

�

|ψ〉 , (180)

where we introduce the abbreviations

K(k)e,l = Z−a−l/2+1α
l X̃ k

l , K(k)e,L = Zaα
L X̃ k

L ,

in the second line. The prefactor ε is either +1 or −1.
Finally, we demonstrate that the fractionalized KW operators satisfy the algebra

K(k)e,l X̃ l =ω
−aαX̃ l K

(k)
e,l , K(k)e,L X̃ L =ω

aαX̃ LK(k)e,L , (181)

thereby confirming that they furnish projective representations for allα ̸= 0. Other conclusions
derived for cSPTs can be readily generalized to the case of eSPTs.

4.6 eSPT from holography

In this section, we present a holographic perspective on eSPT by interpreting them as bound-
aries of 2D topological orders obtained from gauging the exponential symmetries introduced
in [35]. Notably, the noninvertible symmetry defined in (134) can be understood as arising
from creating a genon defect at the edge of these topological ordered states.

Figure 2: Stabilizers for each layer of eTC. The layers are labeled by 1,2. r and r̃
represent the vertex and plaquette coordinates.
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The construction relies on having two layers of exponentially modulated toric codes ob-
tained by gauging exponential symmetries. Each modulated toric code consists of a pair of
stabilizers shown in Fig. 2. Such model was introduced in [35] and will be referred to as
exponential toric code (eTC). In Fig. 2, the exponent a is introduced to induce modulation
of the Wilson loop operator along the x-axis, while preserving uniformity along the y-axis.
The original model [35] introduced modulations along both axes, but for our purpose only
the modulation along the x-direction is needed. The edge mode arising at the boundary of a
single layer of eTC is the exponentially modulated Ising model [59].

The eTC Hamiltonian for each layer labeled by subscript 1,2 is

H1(2) = −
∑

r

Q1(2),r −
∑

r̃

B1(2),r̃ + h.c. , (182)

where

Q1,r = X−a
1,r+ x̂

2
X1,r− x̂

2
X1,r+ ŷ

2
X−1

1,r− ŷ
2

,

Q2,r = X−1
2,r+ x̂

2
X a

2,r− x̂
2
X2,r+ ŷ

2
X−1

2,r− ŷ
2

,

B1,r̃ = Z−1
1,r̃+ x̂

2
Za

1,r̃− x̂
2
Z−1

1,r̃+ ŷ
2

Z1,r̃− x̂
2

,

B2,r̃ = Z−a
2,r̃+ x̂

2
Z2,r̃− x̂

2
Z−1

2,r̃+ ŷ
2

Z2,r̃− ŷ
2

. (183)

Coordinates denoted by r (r̃) refer to the vertex (plaquette center) of the square lattice, as
shown in Fig. 2. These coordinates are related by r + ŷ

2 = r̃ + x̂
2 .

The ground states of the above Hamiltonian are projected onto the vanishing charge and
flux sector by the Qr and Br̃ operators. As discussed in [35], the model realizes either topo-
logically ordered phases or trivial phases depending on the parameters a. The Hamiltonian
embodies the following conservation laws:

∏

r

(Q1,r )
arx = 1 ,

∏

r̃

(B1,r̃)
a−rx = 1 ,

∏

r

(Q2,r )
a−rx = 1 ,

∏

r̃

(B2,r̃)
arx = 1 .

(184)

The theory thus describes a modulated gauge theory with the exponential charge and flux
being conserved.

Suppose we place such a bilayer system on a stripe that is periodic along the x direction
with open boundary at y = 0 and y = L, as depicted in Fig. 3. We can choose boundary
stabilizers on the rough boundary at the bottom (y = 0) as

Hbot = −
∑

r̃∈edge

Z−a
2,r̃+ x̂

2
Z2,r̃− x̂

2
Z−1

2,r̃+ ŷ
2

−
∑

r̃∈edge

Z−1
1,r̃+ x̂

2
Za

1,r̃− x̂
2
Z−1

1,r̃+ ŷ
2

+ h.c. (185)

These boundary stabilizers, shown in Fig. 3(a), take on the value +1 along with the bulk
stabilizers. Such boundary stabilizer allows the exponential charge to be condensed at the
boundary. The bottom boundary defines the holonomies of the stripe, which label the different
degenerate ground states. When the holonomy operators are pushed to the top boundary, they
can also be interpreted as a global exponential symmetry acting on the 1D edge. We have two
such holonomy operators in the bilayer eTC, one from each layer:

g1 =
∏

r̃x

X a r̃x

1,r̃+ x̂
2

, g2 =
∏

r̃x

X a−r̃x

2,r̃+ x̂
2

, (186)
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(a) (b)

Figure 3: (a) Boundary operators at the bottom rough boundary [Eq. (185)] and the
top rough boundary [Eq. (189)], serving as the boundary condition and the active
degrees of freedom, respectively, of each layer of the exponential toric codes. Two
horizontal Wilson loop operators serving as two symmetry operators of the eSPT,
g1, g2 for layers 1 and 2, are shown along with the vertical Wilson loop operators
serving as the charge operators. (b) Similar to (a) for smooth bottom boundary and
rough top boundary.

where r̃x refers to the x-coordinate of r̃. One can observe that the two Wilon operators g1
and g2 undergo nontrivial transformations under the action of the translation operation. Ad-
ditionally, the Wilson loop operators extended along the y−axis that do not commute with g1
or g2 are

W1(r̃x) =
∏

r̃y

Z1,r̃+ x̂
2

, W2(r̃x) =
∏

r̃y

Z2,r̃+ x̂
2

, (187)

with the product running along the y-coordinate of r̃ given by r̃y . We can identify these
operators with some effective spin operators:

g1→
∏

j

X̄ a j

2 j+1 , g2→
∏

j

X̄ a− j

2 j ,

W1(r̃x)→ Z̄2 j+1 , W2(r̃x)→ Z̄2 j .
(188)

Operators in each layer are converted to the effective 1D spin operators on the even and odd
sublattice sites.

The operators at the top edge that can commute with the two symmetry operators g1 and
g2 in (186) are Za

2,r̃+ x̂
2

Z−1
2,r̃− x̂

2

Z−1
2,r̃− ŷ

2

, Z−1
1,r̃+ x̂

2

Za
1,r̃− x̂

2

Z1,r̃− ŷ
2
, and X1(2),r̃− x̂

2
. Rather than forming

a top edge-localized Hamiltonian in terms of these operators acting on one of the layers, one
can form a composite Hamiltonian that acts on both layers at once. One such possibility is
offered by the edge stabilizer model with rough boundary as shown in Fig. 3(a):

Htop = −
∑

r̃∈edge

Za
2,r̃+ x̂

2
Z−1

2,r̃− x̂
2
Z−1

2,r̃− ŷ
2

X1,r̃− x̂
2
−
∑

r̃∈edge

Z−1
1,r̃+ x̂

2
Za

1,r̃− x̂
2
Z1,r̃− ŷ

2
X2,r̃+ x̂

2
+ h.c. (189)

Using (188), the terms that commute with g1 and g2 are identified as

X1,r+ ŷ
2
→ X2 j+1 ,

Z†
1,r̃+ x̂

2

Za
1,r̃− x̂

2
Z−1

1,r̃− ŷ
2

→ Z̄a
2 j−1 Z̄†

2 j+1 ,

X2,r+ ŷ
2
→ X2 j ,

Z−a
2,r̃+ x̂

2
Z2,r̃− x̂

2
Z2,r̃− ŷ

2
→ Z̄2 j−2 Z̄−a

2 j , (190)
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and Htop is indeed identified with the eSPT model in (138).
Now consider the case of a smooth bottom boundary terminating on the vertices as shown

in Fig. 3(b), and the bottom boundary Hamiltonian given by

Hbot = −
∑

r∈edge

X−a
1,r+ x̂

2
X1,r− x̂

2
X1,r+ ŷ

2
−
∑

r∈edge

X−1
2,r+ x̂

2
X a

2,r− x̂
2
X2,r+ ŷ

2
+ h.c. (191)

The effective symmetry operators in the case of smooth bottom boundary are [Fig. 3(b)]

W1(2)(rx) =
∏

ry

X1(2),r+ x̂
2

, g1 =
∏

rx

Za−rx

1,r+ x̂
2

, g2 =
∏

rx

X arx

2,r+ x̂
2

,

which can be identified with effective spins as

W1(rx)→ Z̄†
2 j+1 , W2(rx)→ Z̄†

2 j ,

g1→
∏

j

X̄ a− j

2 j+1 , g2→
∏

j

X̄ a j

2 j . (192)

The symmetry-allowed operators at the top boundary now map to

X1,r+ ŷ
2
→ Z†

2 j−1Za
2 j+1 ,

Z†
1,r̃+ x̂

2

Za
1,r̃− x̂

2
Z−1

1,r̃− ŷ
2

→ X̄2 j−1 ,

X2,r+ ŷ
2
→ Z−a

2 j−2Z2 j ,

Z−a
2,r̃+ x̂

2
Z2,r̃− x̂

2
Z2,r̃− ŷ

2
→ X̄ †

2 j−2 . (193)

By comparing this with the earlier identification (190) for the case of a rough bottom bound-
ary, we conclude that changing the boundary condition from rough to smooth at the bottom
boundary effectively corresponds to applying the exponential Kramers-Wannier duality, KeKW
at the top of the first layer and K ′eKW on the second layer. Given that the noninvertible symmetry
of the eSPT model is defined as Ke = T (KeKW)o(K ′eKW)

e, the process of changing the bound-
ary condition followed by applying the sequential SWAP gates

∏

i SWAPr,r+ x̂ -which act on the
edge and effectively implement the lattice translation r → r + x̂-is equivalent to performing
the symmetry operation Ke.

5 Summary and discussion

Given the intricate structure of our results, we give a summary of the key physical insights in
the subsection below, and follow it by a detailed discussion of our findings.

5.1 Summary of our findings

We identified several distinct cSPTs protected by the two charge symmetries C o and C e together
with the non-invertible symmetry Kc . In addition to the well-known cSPT,

Hc = −
∑

j

(Z2 j−1X2 j Z
†
2 j+1 + Z†

2 j−2X2 j−1Z2 j) + h.c. , (194)

we identify two new families of cSPTs, Hc′ and Hc′′ , parameterized by α ∈ ZN , which are given
by:

Hc′ = −
∑

j

ω−αZ†
2 jX2 j+1Z2 j+2 −

∑

j

Y2 j−1X2 jY
†

2 j+1(1+ Z2 j−2X †
2 j−1Z−2

2 j X2 j+1Z2 j+2) + h.c. ,

Hc′′ = −
∑

j

ω−αZ2 j−1X2 j Z
†
2 j+1 −

∑

j

Y †
2 jX2 j+1Y2 j+2(1+ Z†

2 j−1X †
2 j Z

2
2 j+1X2 j+2Z†

2 j+3) + h.c. (195)
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Similarly, we identified distinct dSPTs protected by C o, C e, Do, De, and Kd . In addition to
the Hd :

Hd = −
∑

j

Z2 j−1X2 j Z
−2
2 j+1Z2 j+3 −

∑

j

Z2 j−2Z−2
2 j X2 j+1Z2 j+2 + h.c. , (196)

we identify one family of dSPT, Hd ′ , parametrized by α,β ∈ ZN , which are given by:

Hd ′ = −
∑

j

ωα+β j Z2 j−2Z−2
2 j X2 j+1Z2 j+2

−
∑

j

Y2 j−1X2 jY
−2

2 j+1Y2 j+3

�

1+ Z†
2 j−4Z4

2 j−2X †
2 j−1Z−6

2 j X 2
2 j+1Z4

2 j+2X †
2 j+3Z†

2 j+4

�

+ h.c. (197)

For the last, we identified distinct eSPTS protected by Eo, Ee, and Ke. In addition to the
He:

He = −
∑

j

(Za
2 j−1X2 j Z

†
2 j+1 + Z†

2 j−2X2 j−1Za
2 j) + h.c. , (198)

we identify one family of eSPT, He′ , parametrized by α ∈ ZN , which are given by:

He′ = −
∑

j

ω−a jαZ†
2 j−2X2 j−1Za

2 j

−
∑

j

Y a
2 j−1X2 jY

†
2 j+1

�

1+ Za
2 j−2X−a

2 j−1Z−a2−1
2 j X2 j+1Za

2 j+2

�

+ h.c. (199)

5.2 Discussion

Modulated symmetry represents an extension of the global symmetry in quantum theories,
with spatially modulated symmetry charges and modified conservation laws. Recent works
suggested that a noninvertible symmetry may generally co-exist with one of these modulated
symmetries. We have investigated this connection in several models of one-dimensional SPTs
dubbed cSPT, dSPT, and eSPT, to show how SPTs protected by modulated symmetries in general
possess noninvertible symmetry as well, with interesting ramifications.

We have identified the appropriate Kramers-Wannier and Kennedy-Tasaki transformations
in all three SPTs and used them to map the given SPT model and its protecting symmetries
to a symmetry-breaking model and its symmetries. The enriched symmetry structure of the
original SPT model due to the presence of noninvertible symmetry leads to a similarly enriched
structure in the symmetry group of the dual SSB model. Taking advantage of this enlarged
symmetry, we have identified some new SSB models sharing the same set of symmetries as
the original SSB model. The dual of the new SSB model results in a new kind of SPT, which is
distinct from the original SPT by virtue of the fractionalization of the noninvertible symmetry.
This proves that modulated SPTs are indeed endowed with a richer symmetry structure than
what the group-based cohomology classification would allow. While a similar investigation
for the rich set of cSPTs in the presence of noninvertible symmetry has been done for Z2 [22]
and ZN [54] cluster states, our work represents the first systematic study of its kind for SPTs
protected by modulated symmetries. Table 1 summarizes the symmetry group structures (ex-
cluding the noninvertible part) of the SPT phases and of the SSB phases related by the KT
transformation.

In addition, we have identified the two-dimensional modulated gauge theory with topo-
logical order whose one-dimensional boundary physics precisely captures the given SPT phase.
The bulk theories thus identified are two coupled layers of toric codes, of anisotropic dipolar
toric codes [34], and of exponentially modulated toric codes [35] in the case of cSPT, dSPT,
and eSPT, respectively. Switching the boundary from rough to smooth, or from e-condensing
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Table 1: Symmetry group (SG) of the SPT phases-excluding those associated with
NIS-as well as those obtained after applying the KT transformation are summarized
for the (c,d,e)SPT phases. The definition of each symmetry element can be found in
the corresponding section.

SG of SPT SG after KT

cSPT Ze
N ×Z

o
N Ze

N × (Z
o
N ⋊Z

Vc
2 )

dSPT Zc,e
N ×Z

d,e
N ×Z

c,o
N ×Z

d,o
N Zc,e

N ×Z
d,e
N × [(Z

c,o
N ×Z

d,o
N )⋊Z

Vd
2 ]

eSPT Ze,e
N ×Z

e,o
N Ze,e

N × (Z
e,o
N ⋊Z

Ve
2 )

to m-condensing boundary condition, has the same effect as performing the Kramers-Wannier
transformation in accordance with the general scheme of topological holography [21]. A holo-
graphic interpretation of 1D SPT phases protected by non-modulated symmetries was put for-
ward earlier in [60], and those of SPT-trivial models with modulated symmetries in [61].
Holographic considerations for explicit examples of modulated SPTs are given here for the
first time - see also the related upcoming article [62].

One-dimensional SPT models protected by modulated symmetries have been proposed
only recently [2,3], and their properties remain relatively unexplored. In this work, we have
investigated two additional key aspects of these models: their noninvertible symmetries and
their holographic interpretations. Through explicit analysis of several examples, we conclude
that the presence of non-invertible symmetry and the corresponding bulk topological theory
is an intrinsic feature of one-dimensional SPT phases protected by modulated symmetries,
similar to those protected by non-modulated symmetries.

A subtlety remains in classifying various SSB phases dictated by a given symmetry group.
As noted in all three examples of (c,d,e)SPTs and their KT-duals, the symmetry group of the
dual phase is quite complex, involving some semidirect product structures and displaying sev-
eral SSB models with the same symmetry group but different symmetry-breaking patterns. At
present, these distinct SSB models are more sharply distinguished by their KT-duals, namely
their corresponding SPT models. The SSB models and SPT models are in one-to-one corre-
spondence, as the KT transformation becomes invertible when restricted to SPT states that
are +1 eigenstates of the relevant global symmetries. While this observation suggests that
NISPTs provide a useful diagnostic for how to distinguish various SSB phases in the presence
of semidirect symmetry structure, it is conceivable that a more direct criterion that does not
rely on gauging the symmetry might be developed to differentiate these SSB phases and define
appropriate phase-specific invariants.

We remark that additional charge, dipole, exponential NIMSPT Hamiltonians may exist
beyond those presented in this work. A systematic investigation of the classification of SPTs
in the presence of non-invertible symmetry can be found, for instance, in [42, 46, 54]. The
extension of these schemes to allow for the full classification of NIMSPTs remains an impor-
tant direction for future study. As noted in [46], a SymTFT that fully captures non-invertible
symmetries can, in principle, be obtained by gauging the appropriate anyon dualities within
the SymTFT associated with invertible symmetries. This suggests that such a SymTFT could
serve as a viable tool for the classification of NIMSPTs.

Finally, we note that the noninvertible symmetry of two-dimensional cluster state was re-
cently analyzed in [63]. Whether their analysis of noninvertible symmetry in 2D cluster state
can be extended to the dipolar cluster state recently proposed in [64] is an interesting problem.
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A Classification of SPT phases protected by two charge and two
dipole symmetries

We summarize the SPT phases protected by two charge and two dipole symmetries [3]. The
full classification yieldsZ4

N distinct SPT phases, characterized by the parameters (k1, k2, k3, k4).
We focus on four representative cases: (1,0, 0,0), (0, 1,0, 0), (0,0, 1,0), and (0, 0,0, 1).

For (k1, k2, k3, k4) = (1, 0,0,0), the Hamiltonian is given by

H(1,0,0,0)
d = −

∑

j

Z2 j−1X2 j Z
−2
2 j+1Z2 j+3 −

∑

j

Z2 j−2Z−2
2 j X2 j+1Z2 j+2 + h.c. (A.1)

Within the decorated domain wall framework, this phase corresponds to the decoration of the
charge operator of C o by the dipole domain wall operator of De, and of the charge operator
of C e by the dipole domain wall operator of Do. This results in projective representations
between the edge operators associated with the fractionalization of C o and De, and of C e and
Do.

For (k1, k2, k3, k4) = (0,1, 0,0), the Hamiltonian is given by

H(0,1,0,0)
d = −

∑

j

Z2 j−2Z†
2 jX2 j Z

†
2 j Z2 j+2 −

∑

j

X2 j+1 + h.c. (A.2)

This phase corresponds to the decoration of the charge operator of C o by the dipole domain
wall operator of Do, leading to the projective representation between the edge operators of C o

and Do.
Similarly, for (k1, k2, k3, k4) = (0,0, 1,0), the Hamiltonian takes the form

H(0,0,1,0)
d = −

∑

j

X2 j −
∑

j

Z2 j−1Z†
2 j+1X2 j+1Z†

2 j+1Z2 j+3 + h.c. , (A.3)

where the role of C o, Do in (A.2) is replaced by C e, De.
Finally, for (k1, k2, k3, k4) = (0,0, 0,1), the Hamiltonian is given by

H(0,0,0,1)
d = −

∑

j

Z2 j−3Z−3
2 j−1X2 j Z

3
2 j+1Z†

2 j+3 −
∑

j

Z†
2 j−2Z3

2 jX2 j+1Z−3
2 j+2Z2 j+4 + h.c. (A.4)
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Here, the charge operator of C o (C e) is decorated by the quadrupole domain wall operator of
Qe (Qo), where Qe and Qo are defined as

Qo =
∏

j

X j2

2 j+1 , Qe =
∏

j

X j2

2 j . (A.5)

This results in projective representations between the edge operators associated with Do and
De.

B Interfacing Hc′(α) and Hc′(α′)

Consider the interfacial Hamiltonian given by:

Hc′(α)|c′(α′) = −
l/2
∑

j=1

ω−αZ†
2 j−1X2 j−1Z2 j −

l/2−1
∑

j=1

Y2 j−1X2 jY
†

2 j+1

�

1+ Z2 j−2X †
2 j−1Z−2

2 j X2 j+1Z2 j+2

�

−
L/2−1
∑

j=l/2+1

Y2 j−1X2 jY
†

2 j+1

�

1+ Z2 j−2X †
2 j−1Z−2

2 j X2 j+1Z2 j+2

�

−
L/2
∑

j=l/2+1

ω−α
′
Z†

2 j−1X2 j−1Z2 j + h.c. , (B.1)

where L and l are multiples of 2N . This Hamiltonian can be interpreted as Hc′(α) defined on
j = 1 to l and Hc′(α′) defined on j = l + 1 to j = L. The ground state(s) of Hc′(α)|c′(α′) should
satisfy

Z†
2 j−2X2 j−1Z2 j =ω

α ( j = 1,2, . . . , l/2) ,

Y2 j−1X2 jY
†

2 j+1 = 1 ( j = 1,2, . . . , l/2− 1) ,

Z†
2 j−2X2 j−1Z2 j =ω

α′ ( j = l/2+ 1, l/2+ 2, . . . , L/2) ,

Y2 j−1X2 jY
†

2 j+1 = 1 ( j = l/2+ 1, l/2+ 2, . . . , L/2− 1) . (B.2)

One can derive
C o|ψ〉= |ψ〉 , C e|ψ〉= X̃ l X̃ L|ψ〉 ,

Zl X̃ l =ωX̃ l Z̃l , ZL X̃ L =ωX̃ L Z̃L ,
(B.3)

where two edge operators are

X̃ l = Yl−1X l Y
†
l+1 , X̃ L = YL−1X LY †

1 . (B.4)

The action of Kc within the ground state subspace can found by examining how Kc acts on
the operators in (59) within the ground state subspace [22]:

X̃ l Kc|ψ〉=ωα−α
′
Kc X̃

†
L|ψ〉 ,

X̃ LKc|ψ〉=ωα
′−αKc X̃

†
L|ψ〉 ,

Z̃†
l Z̃LKc|ψ〉= Kc Z̃l Z̃

†
L |ψ〉 ,

K2
c |ψ〉= N

N
∑

k=1

(X̃ l X̃ L)
k|ψ〉 . (B.5)
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An explicit expression for Kc that satisfies these relations is given by:

Kc|ψ〉= εPZα−α
′

l Zα
′−α

L

N
∑

k=1

(X̃ L X̃R)
k|ψ〉

= εP
N
∑

k=1

K(k)c,l K(k)c,L |ψ〉 , (B.6)

where we introduce the abbreviation K(k)c,l = Zα−α
′

l X̃ k
L , K(k)c,L = Zα

′−α
L X̃ k

R in the second line. The
prefactor ε is either +1 or -1, but determining its exact value requires laborious calculations
that do not affect the outcome of the following discussion.

Finally, we can show that

K(k)c,l X̃ l =ω
α−α′ X̃ l K

(k)
c,l , K(k)c,L X̃ L =ω

α′−αX̃ LK(k)c,L , (B.7)

and confirm that they form projective representations when α ̸= α′. Therefore, we can con-
clude that Hc′ with different α lies in different SPT phases.

C Interfacing Hc and Hc′′(α)

Now we introduce the following interfacial Hamiltonian:

Hc|c′′(α) = −
l/2−1
∑

j=1

Z†
2 j−2X2 j−1Z2 j −

l/2−1
∑

j=0

Z2 j−1X2 j Z
†
2 j+1 −

L/2−1
∑

j=l/2

ω−αZ2 j−1X2 j Z
†
2 j+1

−
L/2−1
∑

j=l/2+1

Y †
2 j−2X2 j−1Y2 j(1+ Z†

2 j−3X †
2 j−2Z2

2 j−1X2 j Z
†
2 j+1) + h.c. , (C.1)

which is a model where Hc occupies 0≤ j ≤ l−1 (l=even) sites and Hc′′ occupies l ≤ j ≤ L−1
sites, with L − l chosen as a multiple of 2N . Periodic boundary condition is assumed. The
ground states should satisfy

Z†
2 j−2X2 j−1Z2 j = 1 (1≤ j ≤ l/2− 1) ,

Z2 j−1X2 j Z
†
2 j+1 = 1 (0≤ j ≤ l/2− 1) ,

Y †
2 j−2X2 j−1Y2 j = 1 (l/2+ 1≤ j ≤ L/2− 1) ,

Z2 j−1X2 j Z
†
2 j+1 =ω

α (l/2≤ j ≤ L/2− 1) . (C.2)

From these conditions, one can derive

C o|ψ〉= X̃ l−1X̃ L−1|ψ〉 , C e|ψ〉= |ψ〉 ,
Zl−1X̃ l−1 =ωX̃ l−1 Z̃l−1 , ZL−1X̃ L−1 =ωX̃ L−1 Z̃L−1 ,

(C.3)

where
X̃ l−1 = Z†

l−2X l−1Yl , X̃ L−1 = Y †
L−2X L−1ZL . (C.4)

Using the following relations:

X̃ l−1Kc|ψ〉=ω−αKc X̃ l−1|ψ〉 ,
X̃ L−1Kc|ψ〉=ωαKc X̃ L−1|ψ〉 ,

Z†
l−1ZL−1Kc|ψ〉= Kc Z†

l−1ZL−1|ψ〉 ,

K2
c |ψ〉= N

N
∑

k=1

(X̃ l−1X̃ L−1)
k|ψ〉 , (C.5)
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an explicit expression for Kc becomes:

Kc|ψ〉= εZαl−1Z−αL−1

� N
∑

k=1

(X̃ l−1X̃ L−1)
k

�

|ψ〉

= εP

� N
∑

k=1

K(k)c,l−1K(k)c,L−1

�

|ψ〉 , (C.6)

where we introduce the abbreviations

K(k)c,l−1 = Zαl−1X̃ k
l , K(k)c,L−1 = Z−αL−1X̃ k

L ,

in the second line. The prefactor ε is either +1 or -1, but determining its exact value requires
laborious calculations that do not affect the outcome of the ensuing discussion.

Finally, we can show that these fractionalized KW operators satisfy the algebra

K(k)c,l−1X̃ l−1 =ω
αX̃ l−1K(k)c,l−1 , K(k)c,L−1X̃ L−1 =ω

−αX̃ L−1K(k)c,L−1 , (C.7)

and confirm that they form projective representations for all α ̸= 0. Therefore, we can also
conclude that Hc′′ with α = 0 lies in the same SPT phase as the cluster state and Hc′′ with
α ̸= 0 realizes a new SPT distinct from the cluster state, though Hc and Hc′′ are protected by
the same symmetry group. Additionally, under the symmetry group generated by C o and C e

alone, the Hamiltonians Hc and Hc′′ cannot be shown to represent different SPT phases.
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