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Abstract

We present a general method for calculating Rényi entropies in the ground state of a one-
dimensional critical system with mixed open boundaries, for an interval starting at one of
its ends. Technically, we consider the case when the boundary operator implementing the
change of boundary conditions is degenerate under the Virasoro algebra. By exploiting
the null-vectors conditions, we derive the ordinary differential equations that govern
the scaling functions associated to the entropies. In particular, we provide an explicit
formula for the second Rényi entropy. Additionally, we identify and compute the leading
finite-size corrections to compare our theoretical results with numerical data for the
Ising and three-state Potts critical chains.

Copyright B. Estienne et al. Received 2025-04-07 L)
This work is licensed under the Creative Commons Accepted 2025-09-23 ek
Attribution 4.0 International License. Published 2025-11-06 updates
Published by the SciPost Foundation. doi:10.21468/SciPostPhys.19.5.119
Contents
1 Introduction 2
2 Summary of results 4
2.1 Scaling functions for Rényi entropies 4
2.2 Generic BCFT 8
2.3 The critical Ising model 10
2.4 The critical three-state Potts model 11
3 The cyclic orbifold in the presence of a boundary 13
3.1 The cyclic orbifold construction 13
3.2 The cyclic orbifold on the upper half-plane 15
4 Differential equations for the scaling functions 17
4.1 The function (¥, - o - ¥;,) in a generic Z, orbifold 17
4.2 The function (¥;, - 04 - ¥y,) in a generic Z, orbifold 20
4.3 The function (¥, - 0 - ¥;,) in a generic Z5 orbifold 23
5 The critical Ising model 24
5.1 The quantum chain and the BCFT 24


https://scipost.org
https://scipost.org/SciPostPhys.19.5.119
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.19.5.119&amp;domain=pdf&amp;date_stamp=2025-11-06
https://doi.org/10.21468/SciPostPhys.19.5.119

e SciPost Phys. 19, 119 (2025)

5.2 Rényi entropies 25
5.2.1 Scaling functions for the entropy 51(v+_) 25

5.2.2 Scaling functions for the entropy SI(VJ”[ ) 27

6 The critical three-state Potts model 28
6.1 The lattice quantum chain 28
6.2 The boundary CFT 29
6.3 Determination of an entropy scaling function 30

7 Conclusion 31
A Hypergeometric differential equation 33
B Change of variable for Fuchsian differential equations 34
C Derivation of the ODE for (¥, - 0 - ¥;,) in the Z; orbifold 36
D Orbifold structure constants 38
E Alternative derivation of scaling functions in the Ising CFT 40
References 42

1 Introduction

The understanding of quantum entanglement has proved to be a research topic of continued
and central interest for physicists working in domains as diverse as high energy physics, con-
densed matter theory and quantum information. Entanglement measures have turned out to
be useful diagnostic tools for tensor network algorithms, quantities of interest for the AdS/CFT
correspondence, and, most relevantly for the present work, a powerful tool for probing the
physics of quantum many-body systems. With respect to the latter, the study of entanglement
has proved crucial to the study of phase transitions in one-dimensional quantum systems, by
allowing their detection and the characterization of their critical exponents and corresponding
central charge [1-4]. Important applications of entanglement are found in higher dimensions
as well. We mention, for two-dimensional systems, the establishment of intrinsic topological
order and various anyonic quantum dimensions [5,6] and the detection and counting of crit-
ical Dirac fermions [7-10]. Finally, entanglement can also be used in two [11-15] or higher
dimensions [16, 17] to reveal gapless interface modes. While the focus on entanglement en-
tropies has been mostly theoretical, in recent years, experimental proposals as well as actual
experiments have been designed to measure them [18-23].

The basic setup is as follows: one considers a quantum system in a pure state |¥), and a spa-
tial bipartition of said system into two complementary subregions A and B. The entanglement
between them is then encoded in the reduced density matrix p, = Trg|¥)(¥| and it can be
quantified through entanglement measures, such as the Rényi entanglement entropies [24—28]

1

SN(A)= 1-N

logTra(py ) » (1)
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Figure 1: An interval of length £ in a 1d critical chain with mixed BC (af3) and length
L.

and in particular the N — 1 limit, corresponding to the well-known von Neumann entropy:

S(A) = ~Trs(palog pa) - @

For strongly correlated quantum systems, the theoretical computation of entanglement en-
tropies is a technically challenging endeavor. However, if these systems are one-dimensional
and critical, the formidable toolbox of two-dimensional Conformal Field Theory (CFT) is avail-
able to tackle such computations. Arguably the most renowned result obtained in this frame-
work is the universal asymptotic growth for the ground state entanglement entropy of an in-
terval A of length ¢ in an infinite system: [1,2,29-32]

N+1
smm~§7;4%e (L — o0, 3)

where c is the central charge of the one-dimensional critical system under consideration. The
calculation of entanglement entropies through such methods rests on two crucial insights. The
first one is that, for integer values of N, and a subsystem A = U;[u;, v;] built as the union of
some disjoint intervals, the moments of the reduced density matrix Try (pﬁ' ) can be expressed
as the partition function of an N-sheeted Riemann surface with conical singularities corre-
sponding to the endpoints of the intervals [u;,v;] [2,29]. Such partition functions can be
evaluated, with significant toil, for free theories and some special cases of interacting mod-
els [4,32-41]. In general, however, a second insight is needed to make progress: the replica-
tion of the spacetime of the theory can be “exchanged” for the replication of the target space of
the CFT [42-44]. Such a construction, known in the literature as the cyclic orbifold CFT [44],
is built from the permutation symmetric product of N copies of the original CFT (referred
to as the mother CFT), by modding out the discrete subgroup Zy of cyclic permutations. In
this framework, the conical singularities of the mother CFT defined on the replicated surface
are accounted for by insertions of twist operators [42] in cyclic orbifold correlators. Thus, by
computing correlators of twist operators, one can evaluate Tr, (pﬁ’ ) for a variety of setups.
Furthermore, one can easily adapt this twist operator formalism to encode modified boundary
conditions around the branch points [45], which is fitting for computations of more refined
entanglement measures such as the symmetry-resolved entanglement entropy [46-51] or for
explorations of entanglement in non-unitary systems [45,52].

In this article, we consider the Rényi entanglement entropy in a one-dimensional critical
system, with open boundary condition (BC) a at one end of the chain and 8 at the other
end, when the subregion A is a single interval adjacent to one boundary (see Figure 1). In the
scaling limit, such a critical system is described by a Boundary Conformal Field Theory (BCFT),
with a well-understood [53-56] correspondence between the Virasoro representations and the
conformal boundary conditions, and an algebra of boundary operators that interpolate between
them, namely the boundary condition changing operators (BCCOs) (@A),
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The case of identical BCs, namely a = 8, has been thoroughly analysed using either con-
formal field theory methods [2, 32, 57-60] or exact free fermion techniques [61-63]. These
analytical studies have been complemented with numerical implementations based on density-
matrix renormalization group (DMRG) techniques [64—67] and other methods [68]. In that
setup, the determination of the Rényi entanglement entropy reduces to computing a one-point
twist function on the upper half-plane or on the disk, and yields the following universal be-
haviour, as the lattice spacing a — 0 (keeping ¢ and L finite) [2]:

(ac) ¢c N+1 [ZL . (nﬁ)]
Sy W)~ — log| — — | [+1 +Cy, 4
(0 ~ S =——1log| —sin( == ) | +logga + C 4)
where g, is the universal boundary entropy [69] associated to the boundary condition @, and
Cy is a non-universal constant that does not depend on a.

In the case of mixed boundary conditions a # f3, conformal invariance yields the general
form of the Rényi entropy

@p)py ., CN+1 [Z_L(ﬂ'_f)} 1 ()
Sy () 5N log sin 7 +1_Nlog]-'N (/L) +Cy, (5)

where ]-'IE]aﬁ ) is a universal scaling function, which interpolates smoothly between the values

gé_N and gflj_N . The aim of the present work is to find an exact determination of this scal-
ing function for £ € [0,L]. We focus on the situation when the BCCO (*#) is degenerate
at level two under the Virasoro algebra, i.e. when 1(*#) = 1), in the usual Kac notation.
Through Cardy’s doubling trick, the problem then amounts to computing a (chiral) four-point
function of the form (¥;,070¥;,) in a cyclic orbifold CFT, where o is the twist operator, and
WUy, = (P12)®Y is the replicated degenerate operator. We perform this calculation in various
examples, by deriving a linear Ordinary Differential Equation (ODE) for this four-point func-
tion, through the use of null-vector conditions under the orbifold Virasoro algebra. We also
compute the leading finite-size corrections to (5) by applying a similar approach to the cor-
relators of the form (‘1’120;;,0' ¢\1112), where 0 is a composite twist operator, associated to a
primary operator ¢ in the mother CFT. Typically, ¢ is an “energy-like” operator, i.e. a relevant
primary operator in the invariant sector under the discrete symmetries of the model.

The article is organised as follows. In Section 2, we recall the general setup leading to
the generic form (5), and we provide a summary of our analytical and numerical results for a
generic BCFT, and for the Ising and three-state Potts critical chains. In Section 3 we quickly re-
view the cyclic orbifold construction, emphasising its implementation on the upper-half plane,
including the calculation of some OPE structure constants, which are useful for our particular
purpose. In Section 4 we expose the derivation of ODEs for the scaling functions ]_-IE]a/i ) in
various cases. The more technical details are included in the Appendix.

2 Summary of results

2.1 Scaling functions for Rényi entropies

We consider a quantum system at criticality on an open chain of size L, with lattice spacing
a. The left and right ends of the system have distinct boundary conditions, denoted as a and
B, respectively. As the system size becomes sufficiently large, the universal properties of the
bulk are described by a two-dimensional CFT, whereas the behaviour of the boundaries can
be effectively characterised using conformal boundary conditions. Notably, we are excluding
any consideration of subleading corrections resulting from irrelevant boundary perturbations
[70-72]. We also assume that the CFT describing the scaling limit of the chain is unitary.

4
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Our goal is to evaluate the entanglement entropy between the interval A = [0,{] and its
complement B = [{, L], in the ground state, as depicted in Figure 1. The N Rényi entropy
SI(VO‘/5 )(6 ) is obtained from the lattice partition function on an N-sheeted covering [2], which,
in the continuum limit, corresponds to a partition function with conical singularities. Alterna-
tively, one may employ the twist field formalism, as outlined in [73]. In this framework, the
N Rényi entropy is determined by the one-point function of the lattice twist operator:

SI(\Iaﬁ)(E) = 10g<alattice> . (6)

1-N

In the scaling limit the lattice twist operator admits an expansion in terms of increasingly
irrelevant local fields in the corresponding CFT, as discussed around Eq. (15). The leading
contribution is governed by the one-point function {o(¢, £ ))giﬁ ) of the twist operator o [73]
on the infinite strip S; (with imaginary time running along the imaginary axis)

S;={weC, 0<Re(w)<L}, (7

with conformal BC a (resp. ) on the left (resp. right) boundary. The dimension of the twist
operator o is given by [43,44]
hy = — (N ! ) ©)
724 NJ’

where c is the central charge. Upon mapping to the upper half plane H via the map

St~ H, ©)
w e z(w) =exp(inw/L),
one gets
2h,,
i = |2 (o). (10)

On the right-hand side, the upper half-plane H has boundary conditions a for x > 0 and 3 for
x < 0, as in Fig. 2. The corresponding Rényi entropy reads

12 N Ta L 1—

S](Vaﬁ)(E) — iw log[é Sin(n—e)il + LN logflslaﬁ)(einf/L,e—iﬂ:l/L), (11)

where we reintroduced the lattice spacing a, and the universal function fls,aﬁ ) is given by

APED = -2 (o),  seH. (2

For a = f3, the function .FIE,aa) reduces to a one-point function on H, or equivalently on the
unit disc D:

Fye0 = (0(0)5) =gt (13)
[see (62)], and one recovers the well-known expression (4) of [2]. In the generic situation
a # B, the function .F]E,a/j ) is non-trivial. This function tends to a finite constant on each

part of the boundary. Indeed, since the CFT is unitary, the leading behaviour is given by the
bulk-boundary OPE o — 1, which yields

: (aB)r, = 1-N . (aB)r, = 1-N
lim F ,Z3) = , lim F ,Z8) = . 14
A Iy (z,2) =g, Y (2,2) = gg (14)

The leading asymptotic behaviour of the entanglement entropy as the lattice spacing a
approaches zero is captured by (11-12), up to an additive constant that is independent of
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o(z,z)

B v (0) a

Figure 2: Operator insertions for the Zy orbifold BCFT correlators of interest on the
upper-half plane with mixed BC (a for x > 0 and 3 for x < 0 ). There is another
BCCO at x = oo, which is not depicted here.

the boundary condition and arises from the normalisation of the twist operator. When com-
paring with a finite-size system, it is necessary to account for various sources of corrections
originating from irrelevant deformations of the Hamiltonian in both the bulk and the bound-
ary [74,75] or parity effects [76]. Furthermore, it is well established [57, 77] that for open
systems, these finite-size corrections to the entanglement entropy are more pronounced than
for a periodic chain. The most significant corrections arise from the subleading scaling of the
lattice twist operators [45]. Like any other lattice operator, the lattice twist operator o j,ice
can be expressed, in the continuum limit, as a local combination of scaling operators

2h
Oattice ™~ Z C¢Cl U¢O'¢+..., (15)
¢ primary

where ... denotes the contribution of descendants under the orbifold Virasoro algebra. Here,
a is the lattice spacing, and the constants Cy are non-universal, dimensionful amplitudes.
The sum is over primary operators of the mother theory, and o4 denotes the composite twist
operator [45,52, 78] associated to the primary operator ¢. The conformal dimension of the
composite twist operator is given by
hg

hU¢:hU+F’ (16)
where h¢ is the conformal dimension of ¢. Thus, the expectation value of the twist operator
reads, in the scaling limit,

2hU¢
(O-lattlce(g»(aﬁ) Z Cd) (Lg) (aﬁ)(z Z)+ 17)

: TT
¢ primary 2L sin 4~

where z = exp(imf/L), and the typical scaling function is given by

]-'(aﬁ)(z 7)= |z —z|"" *{og(z, )y,  zeH. 18

It obeys the boundary conditions

Flah) (@) . Fap) )
w0 N B H =4y, 18 A, g (BB =4 185 (19)

where A((;)l and A(ﬁ ) are bulk-boundary OPE coefficients in the mother CFT [see (54)].
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One can implement the change of boundary conditions by the insertion of the BCCO
W(@B) = (4f(2P))®N associated to the change of BC a — f3 on all replicas in the orbifold BCFT:

)@ — (BP9 (00)x w*P)(0))y
T (w9 (c0)w@)(0))y

(20)

where X denotes any product of bulk operators. An alternative expression for the scaling
functions (12) and (18) can then be obtained through a conformal map from the upper half-
plane H to the unit disk D, namely u — (u—z2)/(u—%). This yields

(TPI(1)o(0)0*P)(z/2))p
(BB (1)P(ah)(z/2))p,
(P (1) 4 (0)EP)(z/2))y,
(TP (1)Wb) (z/2))y,

FiP(z,2) =

(21

(@B, =y _
FN,(i) (Z,Z) -

As is customary with the Zy cyclic orbifold, one possible approach to studying the scaling
function (21) is to work on the N-sheeted branched covering of the base manifold. In this
approach, a three-point function as in the RHS of (21) becomes a disk partition function of the
mother CFT, with the boundary partitioned into 2N connected components, with alternating
boundary conditions a and f3, as described in [57]. This can be generalized to the case of an
excited twist field, yielding the expression

sty gy 1AL ¥ (0 e/2)) 60)),
N.g N2Nhy, <¢(/5a)(1)¢(a/5)(2/5)>

N ) (22)
D
where w = exp(2i7t/N). One of the main limitations of this unfolding method is the dramatic
increase of moduli space. What starts as a simple one-variable problem, involving only the
variable 11 = z/%, becomes a more complicated problem with 2N variables. Although, in the
specific case under study, these 2N positions of the operators are not entirely independent,
calculating the 2N -point correlation functions typically requires treating them as if they were.
As a result, this method is only practical for certain CFTs, where the computation of such 2N-
point correlation functions can be carried out explicitly, such as in the Ising model or the free
scalar field [57]. We thus adopt an alternative approach to calculate the scaling function.
Rather than unfolding the correlation function into the cumbersome expression (22), one
can instead operate within the framework of the cyclic orbifold. Cardy’s doubling trick guar-
antees that the correlation function (\P(ﬁ“)(oo)od,(z,:Z)\Il(aﬁ)(o))H is a linear combination of
conformal blocks of the form

L COIN NG
w(@)(0) ) <o¢(z)'

After rescaling and observing that |z — Z| = (z — £) /i for any z € H, we thus obtain the scaling
function as a linear combination of rescaled conformal blocks:

A COINRNENE
Fiz,2)=(n—-1)"" > X, >—< n=z/z. (24

T wep)(0) os(n)

(23)

The allowed intermediate states ¥, are in correspondence with untwisted boundary opera-
tors [79], determined by the bulk-boundary OPE o, — ¥; as the operator o, tends to the

7
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boundary and the boundary OPE ¥(@®) . ¢(f9) _, @, ~and the coefficients X, can be related
to the OPE structure constants. Naturally, the complexity is conserved to some extent, and
the main challenge here lies in dealing with orbifold conformal blocks, which are significantly
more intricate than standard Virasoro ones [40, 80]. However, it has been shown in [45]
that provided the operators y(*#) and/or ¢ are degenerate under the Virasoro algebra in the
mother CFT, it is possible in some cases to derive a linear ODE for these conformal blocks.
This is the approach we follow in this paper, under the assumption that the operator 1)(*#) is
degenerate at level two.

2.2 Generic BCFT

We consider a mother CFT with central charge ¢ < 1. We shall use the Kac parameterisation
for the central charge and the conformal dimensions

6(1—g)? —5g)*—(1—g)?
_6-g)r hrS:(r s¢) —(A—g)" 0<g<1, 25)

g 48
and we denote by ¢,, the primary operator of dimension h,,. As mentioned above, we re-
strict our analysis to the particular case when the operator 1)(*%) has conformal dimension
hy, =hy, =(3g —2)/4, in which case we have

c=1

Lzlw(aﬁ) =g L_zw(aﬁ) ) (26)

Under this assumption, we derive a linear ODE for the leading and subleading scaling functions
at N = 2, and for the leading scaling function at N = 3. Using the Frobenius method, the
solutions of these ODEs can always be represented as explicit, exact power series, which in
some cases simplify to well-known special functions, such as hypergeometric functions. The
results presented below are expressed in terms of the parameterisation (see Appendix B)

(1+ )

44m
In polar coordinates, if z = rexp(if), then n = exp(2i0) and {(z/z) = cos?(6/2). The
contribution to F(z,%) from the conformal block with intermediate state ¥ in the channel
Arg(z) — 0 is typically a power-series solution to the ODE, of the form

Flz,2)=F[{(z/2)], {(n)= (27)

oo

F()=0-0""> a, (1-0)". (28)

n=0

Alternatively, one can work with the basis of solutions {F;.(1—{)}, corresponding to the channel
Arg(z) — m.

The N = 2 Rényi entropy. For N = 2, we find that, upon the change of variables (27), the
scaling function ]-"éaﬁ )in (11) obeys the hypergeometric ODE (see Appendix A). The boundary
conditions (14) then determine the function ]-'z(aﬁ ) completely:

féaﬁ)(z,i) =¢.'G (cos2 g) + gﬁ_1 G (sin2 %) , 0 = Arg(z), (29)

where the function G is the unique solution of (A.12) satisfying G(0) = 0 and G(1) = 1. This
function can be expressed in terms of Gauss’s hypergeometric function ,F; as

8 oF (g,1—g;2g(¢)
oFi(g,1—g;2g(1)”°

G(¢) = ¢Ms (30)
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where g is related to the central charge through (25), and the exponent in the prefactor reads
hy3 = 2g — 1, which is positive in any unitary CFT.!

Any scaling function ]:éaf ) (18) contributing to the finite-size corrections of S;aﬁ ) involves

a composite twist operator o ,. For generic ¢, we derive the fourth-order linear ODE for .Féaf ),
upon the change of variable (27)

(g — g [16(1—2g)h,, —3(3g —2)(16h,, — 1)I({— 1] F({)

+2(g—1)(1—2¢) [ (4% —8g +3) +3 (68 — 15 + 10— 8gh,, ) (L — D] F'({) -

+({—1)[8(2g% —5g +3) + (66g2 — 177g +120— 16gh,, ){({ — 1) | F"({)
+5(2¢ —3)2(¢ — 1?1 - 20F"() +28° (¢~ 1 FP () = 0.

The local exponents of the ODE at { — 0 or { — 1 yield the dimensions of intermediate states
¥, in the conformal blocks (24):

1, (1®¥;3+¥3®1), V303, V30 Y;. (32)

Let us denote by F;({), F5({), F3(£), F4(¢) the solutions of the ODE corresponding to these
conformal blocks, and normalised so that F;({) ~ ({ — 1)h“’k/ 2 as ¢ — 1. The functions Fi({)
can be described as explicit power series and evaluated numerically to arbitrary precision for
{ €[0,1], through the Frobenius method. The physical solution then reads, up to an overall
phase factor,

_ Argz
Fog @0 = M QO+ A B0+ A Fa(D + A4 F(0), {=cos’ ==, (33)
where the constants A4, ..., A, are related to the orbifold OPE structure constants in a simple
manner.

The N = 3 Rényi entropy. For N = 3, the scaling function féaﬁ ) obeys the third-order ODE
upon the change of variable (27)

4AB(6A+ B +3)(1 —20)F({) +2[9AB—CZ(1—0)]F'(Q) 54
—9(4A+ B —2)(1—-20)¢(1 - F"() +18L*(1 - {)*F"({) =0,
where
A=g—1, B=6g—5,  C=36A%+2B%+30AB—18A—3B. (35)

The local exponents at { — 0 or { — 1 correspond to the intermediate states

1, (1®Y13@ Y13+ Y138 1@ Y13 +YP138Y13©1), P13 ® Y13 @ Y13, (36)

and .F?Eaﬁ ) is given by a linear combination of the power series solutions Fq, F,, F3.

In a non-unitary CFT, the function ]-'éaﬁ ) no longer captures the leading scaling behaviour of the Rényi entropy,
because the most relevant twist operator is a composite twist operator o, (where ¢ is a primary operator of the
mother CFT, with a negative scaling dimension), rather than the bare twist . However, the solution (29-30)
for .7-'2(“/5 ) remains valid if hi3 > 0. If h;3 < 0O then the boundary conditions (14) no longer apply, since the most
relevant term of the OPE as z approaches the boundary is o — ¥,3.
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Figure 3: The second Rényi entropy of the interval [0, m] in the critical Ising chain
with two types of mixed BC, for a chain of size M = 26. In both cases, the interval is
adjacent to the a = + boundary.

2.3 The critical Ising model

We consider the critical Ising quantum chain, with free (f) or fixed (+ or —) open BCs. There
are two inequivalent choices with different left and right BCs, namely (a, ) = (+,—), and
(@,B)=(+f).

The leading behaviour of Rényi entropies for generic N in the critical Ising model was
previously obtained in [57] through a different approach, and compared to numerical data of
the actual Ising chain obtained using DMRG. It is worth noting that even for relatively large
systems of ~ 10 sites, large deviations were observed between the lattice data and the leading
CFT prediction.

Our method allows to recover the leading CFT contribution to the Rényi entropy (for N = 2
and N = 3), but also to compute the first subleading correction. We observe that the agreement
with the lattice data becomes excellent once this correction is taken into account, even for small
systems of ~ 26 sites accessible to exact diagonalisation.

For N = 2, the scaling functions appearing in the expansion (17) read

.7-"§+_)(rei9,re_i9)= ﬁ(l—%sinze) , f(+ )(re re %)= «/E(l—%sinz 9) s
. ‘ 0 . . 30 (37)
f§+f)(rele, re %) = v2cos 2 Fézf)(rele, re %) = v2cos i
The expressions for the leading contribution F, (ap) agree with the results reported in [57]. As

far as we know, the subleading corrections }' (@ /5 ) had not been computed previously. We show
in Figure 3 the remarkable agreement between our CFT calculations (which include the leading
and subleading contributions) and the numerical results from the exact diagonalisation of the
Ising Hamiltonian, for the second Rényi entropy of the interval [0, m] in a system of M sites.

To illustrate the large amplitude of finite-size effects, we show in Figure 4 how the CFT
prediction fares against the lattice results with and without the incorporation of the subleading
term. Even for the curve including both subleading and leading terms in (17), the agreement
with lattice data becomes worse close to the boundary. This can be traced to the presence of
corrections from descendants of twist operators, which introduce terms of O(M ~"~1) relative
to the bare twist contribution.

We can perform the same kind of analysis for the third Rényi entropies Séaﬁ ). In this case,

10
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Figure 4: The second Rényi entropy of the interval [0, m] in the critical Ising chain
of size M = 26 with mixed free fixed BC. Inclusion of the subleading term in the ex-
pansion (17) is crucial for obtaining a satisfying agreement between CFT predictions
and lattice results.

we obtain the scaling functions

f§+_)(rei9, re9)=2 (1 - g sin” 9) , ]-'?()J;_)(reie, re9)=2 (1 - 19—6 sin’ 9) ,
; : 0 . . 20 (38)
.7-"§+f)(rele, re %) =2cos 3 ]-":g“;f)(rele, re %) =2cos 5

In Figure 5, we once again compare our CFT calculations (including both the leading and

subleading term) with the lattice results for the third Rényi entropy Sgaﬂ ) , to good agreement

for mixed fixed BC (Fig. 5a) and mixed free fixed BC (Fig. 5b). As for the N = 2 results,

(ap)
3

with the lattice results. Further finite-size corrections in this case decay as O(M ™

As announced in the beginning of the section, our results for the bare twist correlators
(for all configurations of mixed BC) are compatible with the ones of [57]. The subleading
contribution to the Rényi entropies from the excited twist correlator is largely responsible
for the mismatch between the lattice and CFT data in the aforementioned article. Finite-size
corrections of this magnitude can be suppressed only with much larger system sizes M ~ 10°
sites [60].

is necessary to obtain a satisfying match
2h5/3—1)

including the CFT subleading contribution to S

2.4 The critical three-state Potts model

In the three-state Potts quantum chain, we denote by R, G, B the three possible values of each
spin. We consider two types of boundary conditions: fixed (R, G or B), and restricted (GB, RB
or RG). For example, the condition GB means that the boundary spin can take the values G
or B, with equal energy.

The lattice expectation value (O jyice (£ ))(SfB’R) follows an expansion of the form (17). Here,
the conformal dimensions of twist operators are h, = 1/20 and h, = 1/4. We estimate
numerically the non-universal amplitudes Cy, C, by a simple analysis on the critical three-state
Potts chain with periodic boundary conditions.
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Figure 5: The third Rényi entropy of the interval [0, m] in the critical Ising chain
with two types of mixed BC, for a chain of size M = 26. In both cases, the interval is
adjacent to the a = + boundary.

The scaling function ]-'éGB’R) is obtained by setting g = 6/5 in (29-30). The leading finite-
size correction ]-'é’GEB’R) is determined by applying the Frobenius method to the fourth-order
ODE (31) - see Section 6. Remarkably, in this case, only a single intermediate state ¥ = 1
contributes in the channel associated to Arg(z) — .

Putting everything together, we can compare the lattice computation for the second Rényi
entropy SéGB’R) with our analytic results in Figure 6. We observe that the inclusion of the
subleading term gives an analytic curve that is closer to the lattice data, and in fact matches
it quite well for most of the data points. We have also checked that the discrepancy between
the CFT and the lattice data is supressed for a system of M = 18 sites, compared to smaller
system sizes.

Firstly, due to the operator content of the D-series Mg 5 CFT, we expect the higher order

corrections to SgGB’R) to have a slower power law decay than in the case of the Ising CFT. We
conjecture that the next-to-subleading contribution will decay as ~ M 2o 1, These correc-
tions arise from the operators oy and agl). While ]-'g;;GB) can be calculated by a repeat of the
method employed for the subleading term, the correlator involving a descendant twist opera-
tor would require the derivation of a new differential equation, which is beyond the scope of
this work.

Furthermore, the quantum chain sizes we can reach are diminished in the case of the three-
state Potts model, since the size of the space of states grows as ~ 3. This memory constraint
prevents us from reaching sizes at which higher order corrections are suppressed, using our
computational methods. This limitation can be, perhaps, bypassed through the usage of more
sophisticated numerical tools, such as DMRG or tensor network methods, to access system
sizes M for which the unknown higher-order correction terms are further suppressed.

We obtain the scaling limit of SgGB’R), by solving the third-order ODE (34) for .7-"§GB’R) . Like

for .FéiB’R), only one intermediate state ¥ = 1 contributes, and we compute the corresponding
power series by solving the ODE numerically with the Frobenius method. However, in this
case, we do not have access to the leading finite-size correction féiB’R), with relative amplitude

M5, Thus, our CFT results are limited to the dominant term of SgGB’R), and the comparison
with numerical results is expected to be poor. The CFT predictions are shown in Fig. 7.
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Figure 6: The second Rényi entropy of the interval [0,m] in the critical three-state
Potts chain of M = 18 sites, with mixed (GB,R) BC.

3 The cyclic orbifold in the presence of a boundary

Here we review briefly the cyclic orbifold construction [43,44,79], and we examine specifically
the features of the corresponding orbifold boundary CFT, in the upper-half plane geometry. We

follow the notations of [79].

3.1 The cyclic orbifold construction
Consider the original CFT model M, which we shall call the mother CFT. The cyclic orbifold
CFT My, is obtained by taking N identical decoupled replicas of M, and allowing for defect
lines along which the copies are connected cyclically.

The underlying algebra for M consists of currents T")(z), with r € Zy playing the role of
the discrete Fourier index with respect to the cyclic permutation of replicas. The total energy-
momentum tensor of My is given by T(®, and the other currents T(") can be viewed as ad-
ditional conserved currents in an extended conformal algebra. The associated Laurent modes
are denoted Lgp, where the index m belongs to Z/N. They generate the orbifold Virasoro

algebra OViry
1O 10T = (m—mLe + N m2— 1) 5 s 3
I: m’~'n ]_(m n) m+n + 12 m(m ) m+n,0 Yr+s,0 » (39)

where c is the central charge of the mother CFT. The invariant subalgebra (of the universal
enveloping algebra) with respect to the Z, action is called the neutral subalgebra Ay. It is

generated by monomials with a vanishing total Fourier index:

Ay =(L00- 1P r 447, =0 modN). (40)
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Figure 7: The third Rényi entropy of the interval [0, £] in the critical three-state Potts
chain of size L with boundary conditions (GB,R), (R,R) and (GB, GB), in the scaling
limit. The mixed BC curve can be seen to interpolate between the identical BC results.

The orbifold Virasoro algebra and the neutral subalgebra have antiholomorphic counterparts
OViry and Ay, respectively.

In the holomorphic part of the CFT M, for prime N, the operator content is classified in
terms of the primary operators under the neutral subalgebra Ay. It is shown in [79] that in the
bulk CFT My, the corresponding scalar operators form the full set of OViry ® OViry primary
operators which are invariant under cyclic permutations of the replicas. There are three kinds
of Ay primary operators. The untwisted non-diagonal operators are symmetrised products of

non-identical primary operators ¢, ..., ¢ on the decoupled copies
N-1
(1, O] =# D a1 ® @ Puin (41)
a=0

The untwisted diagonal operators associated to a primary operator ¢ of M are of the form

#17) (po-®¢), ifp#1,

O e... o (42)
#L,-(1®---®1), if¢p=1,

where r =1,...,N—1. The twist operators are the non-local operators inserting the endpoints
of defect lines connecting the replicas cyclically. The bare twist operator ¢ corresponds to a
cyclic permutation a — a + 1 across the defect, with boundary conditions around the branch

point given by the vacuum state. The composite twist operator associated to the primary
operator ¢ of M is the form [52,81]

0p(z)=#1lim [N DN [$,1, . 1]z + )0 (2)] (43)

where h is the conformal dimension of ¢p. For ¢¢ = 1, one simply sets o1 = ¢. The twisted
sector of the operator content also includes the conjugate twist operators U; associated to

a — a—1, and more generally the operators O'Eﬁk] associated to a — a + k for k € Zj. The
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orbifold Virasoro modes Lg) acting on an untwisted operator must have an integer index m,

otherwise they vanish. In contrast, due to the non-trivial monodromy of T(") around a branch
point, the modes pr mode acting on o (resp. ') must have an index m € Z—r/N (resp.

m € Z + r/N), and similarly for o, and o’

b The following operators are also primary under
AN:

(r) (r) 1(r) (r) t
T =#L SN T T =#L “N—r)N T 44)
forr=1,...,N.

The conformal dimensions of the above operators read

Nh,+1, if¢p #1,
Migrpn) =hg, +othg o he =Nhy,  heo = {2 ’ ifp =1
h b b (45)
c 1 ¢ r
h0¢_h‘7;_ﬂ(N_]v)+ﬁ’ hag)—hU;(N—r)—hadj-l-N,
where h¢ denotes the conformal dimension of ¢p. The normalisation factors # in (41-44) are
chosen so that the two-point function of any .4y primary operator O on the full plane satisfies

(0(0)0T(1))¢ =

3.2 The cyclic orbifold on the upper half-plane

To construct the cyclic orbifold BCFT, we will work on the upper half-plane H, with the bound-
ary along the real axis. We parameterise H by z = x+iy with x € R and y > 0, and we impose
the gluing condition on the boundary for the stress-energy tensor components:

TO) =Tx), for x €R, (46)

which ensures that the boundary is conformal, i.e. it preserves the total stress-energy tensor
[82]. The Zy orbifold, however, has an extended symmetry, and we must choose if and how
the components of the additional currents T'#% are glued at the boundary. Our usage of the
replica trick provides a clear indication for these choices: since we are considering N copies
of the same mother BCFT, we must impose the gluing condition T,(x) = T,(x) on each of
them. By taking the Fourier transform of this relation, we find that in the orbifold CFT we are
effectively imposing:

Vrezy, VxeR, TO) =T (x). 47)
This implies that the boundary preserves a full copy of the OViry algebra. By the same rea-
soning on CFT replicas, the physically relevant orbifold boundary states correspond to having
the same conformal BC on the N copies of the mother CFT.

On the upper half-plane, we will set the conformal BC a on the positive real axis x > 0 and
the conformal BC f on x < 0. To implement such mixed conformal BC in a BCFT, we shall work
with the formalism of boundary condition changing operators (BCCOs) [53]. These operators,
restricted to live on the boundary, are placed at the points of suture of regions of different
BC. The full operator algebra of a BCFT is then formed by considering the OPEs between both
BCCOs and bulk operators. For a given pair of conformal BCs (a, ), there can be several
primary BCCOs implementing the change a — 3: we denote such an operator 1/)( 2 , where
h specifies its conformal dimension. The most relevant BCCO implementing a — ﬁ is simply
referred to as (@),

In the Zy orbifold CFT, we only consider untwisted BCCOs. We define the diagonal BCCOs
» (aﬁ) w(aﬁ) . ® wglaﬂ) ) (48)

~~

N times
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and likewise for ¥(*#) while the non-diagonal BCCOs are

[Py oy 1P = wa(“ﬁ) ey, (49)

ha+1 ha+N

where at least two dimensions h;,h; are distinct. Orbifold correlators with mixed BC are
obtained by inserting the most relevant diagonal BCCOs:

(TP (00) 01(21,%1) - Oz, %,) ¥ P(0)) g
(W(B)(00)W(@B)(0)) g

(01(21,21) -+~ Oz, 2 )Y = (50)

By Cardy’s doubling trick [54,82], such (n + 2)-point correlators are given by linear combina-
tions of the (2n + 2)-point conformal blocks on the Riemann sphere C with external operators

\IJ(OO): Ol (zl ): 51 (il )’ RS} On(zn)’ 611(211)7 \II(O) > (51)

where O;(%) is the antiholomorphic counterpart of O;(z). In more precise terms, O; is the
operator conjugate to O; with respect to the symmetry algebra preserved by the boundary [83].
For Zy twist operators, conjugation acts as ¢ = O';b [42]. For instance, the one-twist function

o) _ (W9 (00)o(z,2)¥(*P)(0))y

(PP (00)@)(0))y ©2

(0(2,2)

is given by a linear combination of conformal blocks of the form

vl (00), o 07
>—k< . (53)
w(@P)(0) o(z)

The intermediate state Wy, is a diagonal or non-diagonal untwisted boundary operator. It must
be compatible both with the boundary condition a, and the boundary condition 3. For in-
stance, if ¥, is diagonal, it must be of the form ¥, =, ® - - - ® ¢;,, where h is such that both
BCCOs z/;(““) and w;ﬁ F) are allowed in the mother CFT.

In the mother BCFT, bulk-boundary and boundary-boundary OPEs read

P(x+iy,x—1iy) o ZAE;)% (2y)216 4y (x) + ..., (54)
h
Yl G )~ D> BT, =) Ty )+ (55)

3

In (54), ¢ denotes a scalar bulk operator and a is the BC on the real axis. In (55), w(aﬁ )(xl)

and 1/)51[2j Y)(xz) are two BCCOs, with x; > x,. The.... denote the contributions from the Virasoro
descendants. We write these OPEs in shorthand notation as

h hs
The OPE structure constants can be expressed as correlation functions:
AL, = (0 (i/2,—1/ 20900} = (SO (1), (57)
Biﬁ‘ﬁfhg = (0P V(). (58)
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Correspondingly, in the orbifold BCFT, we have the OPEs

og(x +iy,x—iy) ~ >, AS) g 2" 70 @) + .., (59)
ylaa)
WU 0) ~ DB, (o —xp) T e gl® )+, (60)
L By
qJS

where the sums in the RHS run over BCCOs of the form ¥, or [¢y,,..., Yy, ], and the ...
denote Ay descendants. We write, in short-hand notation

(@B) g, (A7) (ap)
S>>0, w e N ) 61)
4

£
For w(@®) = 1 the structure constants in (59) read

A = (o) =gl ™, A =g Ay, (62)
where g, is the partition function on the unit disc with BC a. This quantity is also known
as the universal boundary entropy, since it can be written as g, = (0|a), where |a) is the
boundary state associated to the conformal BC a, and |0) is the vacuum state. More generally,
the bulk-boundary structure constant for a twist operator reads

AS) 4 = 8a N NGOy (W () - (VY (63)

in the case when ¥ is a diagonal BCCO, ¥ = ¥y, (this can be easily extended to non-diagonal
BCCOs).
The structure constants in (60) read

N
(afa) _ [ plapa)
Blphi:lphj ’\Ilhk - (Bhi,hj,hk) 2 (64)
(apa) =T b
apa _ afa
B\I’h \Ijh [ql)hk ----- whkN] - N l_[Bhi,hj,hka : (65)
a=

4 Differential equations for the scaling functions
In this section, we outline the derivation of the ODEs announced in Sec. 2, following the

approach of [45]. The derivation relies on the null-vector equations satisfied by the orbifold
primary operators.

4.1 The function (¥, - 0 - ¥;,) in a generic Z, orbifold

The entropy scaling function ]-'éaﬂ ), given by equation (12), can be expressed in terms of the

Z,, orbifold conformal blocks
P15(00) W, o(1)
Je(n) = >—< , (66)
¥15(0) o(n)

as in (24). In [45], an ODE was obtained for a related object, namely the bulk correlation
function

(T15(00)a (D)o (n, 1)¥15(0)) ¢
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Let us recall this derivation, as it will serve as a prototype to derive more involved ODEs in the
present context. In the mother CFT, we have the null-vector conditions

(gL_y—L%)-y15=0, L ,-1=0, (67)

where g is related to the central charge through (25). The above relations translate respec-
tively into null-vector conditions for the replicated operator

[Zg 19-(19Y (L(_ll))z] W, =0,
W_ 0,0,y — (68)
[¢28) 191 ] 9, =0,

and for the twist operator

1Y, -o=o0, (69)

the latter equation deriving from the induction procedure [44]. Additionally, since ¥y, is
invariant by cyclic permutations of copies, we have

LY v, =0, (70)

The first step in the derivation of the ODE starts with the following contour integral along the
close contour C,, enclosing the singular points 0, 1 and n:

} dw (w—1)V2(w— )2 Ji(n, w), (71)
Coo

where J; is the modified conformal block

_ \1112(00) \I’k 0(1)
TOW)L) - w;,(0) a(n)

This contour integral must vanish, given that the relation (70) yields
Je(n,w)=0(w™), asw—o00. (73)

Moreover, the null-vector relation (69) ensures that the integrand has no pole at w = 1 and
w = 7). The only poles occur at w = 0, as can be read from the OPE

TOWLE ) = (w2 LPLEY +w2LPLEY 4w LWLV ro) 19y,) . 74)

Since ¥y, and o are primary, we have

TOWLEY - 10,) = 3w 2LOLEY - jwyy), (75)
<1
(Wo] - T (W) = an‘H (o] - L8V, (76)
n>0
and
TOW)o1) =Y (w—1"2LY, o), (77)
n<0
TOW)om) =Y (w—n)"22LY o). (78)
n<0
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As a consequence, the integration contour for (71) can be replaced by a contour C, enclosing
only the singular point 0. The vanishing of this integral yields the orbifold Ward identity

Up5(00) W o(1)
>_< _o, 79
u-¥15(0) o)

/!
u= (a(O)L(_ll) +a/(0)LV + “T(O)Lgﬂ) 1, aw) =1 -w)P(n-w)/2. (80)

where

Using the orbifold commutation relations, we can write
e 9) = a(0) (19) + @+ 2h16"(0) |- 191 (81)

Inserting the first null-vector condition (68), we obtain
- 101) =[ 280019 - a(0) (1Y) + @/ (OLG + 2h1a" O] 1912) . (82)

Finally, since the modes Lg?) are simply the Virasoro modes of the orbifold CFT, we can use the
standard procedure to express their action on a correlation function (or conformal block) as a
differential operator. We find that the conformal blocks J satisfy the ODE

64¢°n*(n—1)*J"(n) +16gn(n—1) [(—14¢> +23g —6)n +2g(1—4g)] J'(n)

(83)
+(3g—2) [+3(5g —6)(1 —2g)*n* + 12g(1 —2¢g)n + 16g*(g — 1) ] J(n) =0.

The local exponents for J(7) are given by

0 1 (o)

This corresponds to the intermediate states {1, $,3} in the channel n — 1, and {0, 03} in the
channels ) — 0 and n — oo. Note that, when the mother CFT is a minimal model M, ,, one
can check for various values of (p, p’) that these are exactly the intermediate states allowed
by the orbifold fusion rules found in [79], and that they all have multiplicity one.

Let us now return to the entropy scaling function ]-"éaﬁ ) (24). The typical power-series
solutions of the ODE around 1 = 0 or n = oo diverge close to the physical domain for 7,
namely the unit circle, and the analogous solutions around 1 = 1 only converge on a portion
of the unit circle. A more convenient choice is the variable {:

(1+ M)
a/m

This change of variable offers several advantages. First the ODE remains of Fuchsian type (see
Appendices A and B). Additionally, the physical domain corresponds to 0 < { < 1, since

¢(n) = (84)

Czcosz%, 0<{<L. (85)

This means that { is not only real but also remains in the domain where the Frobenius method
yields convergent power series expansions (both around { = 0 and { = 1). Finally, imposing
the appropriate boundary conditions as { — 0 and £ — L becomes simpler, as these correspond
to { — 1 and { — 0 respectively, whereas both limits collapse to 7 — 1 in the variable 7.
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After some elementary algebra (see Appendix A), the scaling function is found to satisfy
the following ODE:

LE—DF"(O)+2(1-g)2 —DF({)+(2—38)1—gIF({) =0, (86)

where we have introduced the change of variable f;aﬁ )(z,é) = F[{(z/2)]. We recognise the
hypergeometric equation (A.12) with parameters

3
a=2-3g, b:£—2g. (87)

Provided that h;3 > 0 (that is g > 1/2), any holomorphic solution on 0 < { < 1 can be written
as

F(O)=A6(0)+uG(1-0), (88)

where A and y are constants, and

oF (g,1—-¢8;2¢8[%)
2Fi(g,1—8;2¢g[1)
Indeed, G is given by the function I, of Appendix A, normalised so that G(0) = 0 and G(1) = 1.

As argued in Section 2.1, the limiting values at £ = 0 and £ = L are given by the boundary
entropies g;l and g/gl respectively. This fixes the values of A and u, and we obtain

G(Q)=¢*71 x

(89)

]—"éaﬁ)(z,é) — g;lG[C(Z/i)] + g,;lG[l —{(z/2)]. (90)

At g = 1/2, corresponding to a non-unitary CFT with central charge ¢ = —2, the local expo-
nents of (86) at { = 0 become degenerate, with value zero, and hence the solution space is
spanned by a hypergeometric function and a function of the form f({)log{, where f is an
entire function.

4.2 The function (¥, - 0, - ¥;,) in a generic Z, orbifold

We now turn to the universal scaling functions Féaf )(z, %) encoding the subleading corrections
in (17). Such a function corresponds to the conformal blocks

U1a(00)y g, oD
I S
¥1,(0) og(n)
Here we consider the case of a generic composite twist operator o 4, with conformal dimension

(92)

where h is the conformal dimension of the operator ¢ in the mother CFT. This means that we do
not assume any null-vector condition on 04, and in particular (69) no longer holds. For ¥,,,

by combining the null-vector conditions (68) with the commutation relation [L(_ll) , L(_lz) 1= L(_Og) ,
we obtain the relation

1,0 0); (0 0 1/ ()3
L1 Be) = 290G~ 19— 2 (19)° [ e 93)
We obtain two Ward identities by computing the following closed-contour integrals

jEdW(w—1)3/2(W—n)3/2fk(n,W), and de(w— D¥2(w—n)*Pw T (n,w), (94)
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where
B Wpy(00) A G¢(1)
Ti(n,w) := >—< - (95)
TOW)LE) - 1;,(0) oy(n)

Combining these relations, we obtain an equation of the form
Aj - Wy5(00) v, o4(1)
> >—< =0, (96)
Wi Pe2(0) o4(n)
where u; and A; are elements of the Virasoro subalgebra generated by the modes Lf)?). This

yields a linear ODE of order four on the conformal blocks Ji. In terms of the scaling function
(18) F{2(z,2) = F[¢(2/2)], the ODE reads

(g —1)g[16(1—2g)h—3(3g —2)(16h— 1)¢({ —1)]F({)

+2(g—1)(1—20)[ (48> —8g +3) +3(68> —15g + 10— 8gh){({ — )| F'()
+¢({—1)[8(2g2—5g +3) + (6682 —177g +120— 16gh){({ — 1] F"({)
+5(2¢ —3)3(¢ — DX (1 —20)F" () + 283 =1’ FM () =0.

This ODE is manifestly invariant under { — 1—{, which reflects the invariance of the rescaled

97)

conformal blocks (1 — 1)*J,.(n) under 1 — 1/7. If we parametrize the conformal dimension
of ¢ ash=h, o with A € R, the ODE takes the form

[ —DPFPQ) —3(2g —3)L(C - DR -DF”(Q)

+2(z—1)[4(g —1)(2g —3) + (64— 97g + 378> — AL — D] F"() (98)
+(g—D(1—20[(2g —3)(2g — 1) + 5(28 —47g +20g> —22*){({ = D] F'({)

+(g = D[5(2g —1)(8—17g + 85 —22%) + (3g —2)(2g —2—A)(2g — 2+ A)({ — D]F ().

The local exponents for F({) are given by

0 1 o

0 0 “ahy,

L o —4hyy +1 . 99)
hy3 hi3 —4h;, +(1+A)/g

his+1 hyi3+1 —4h;,+(1—-24)/g
The correspondence between singular points in the variables 1 and { is given by
n—1 2 .
, (1—g)n:1(T) , ifImn>0, /i

g ~ -_—, 2 ~ _
-0 4,/ ~ (L2 i n—oo 4
n n Cn—d(‘“) , ifImn <0,

(100)

In particular, the limits Arg(z) — 0 and Arg(z) — m are mapped to { — 1 and { — 0, re-
spectively. In these limits, we have 1 — 1, and the contribution of J; to féaf ) (24) scales
as (n— 1)h“’k, which is proportional to (1 — ¢ )h“’k /2 and 4 hy / 2 respectively. Similar relations
can be established for { — 00, in correspondence with n — 0 and n — oo. Hence, the local
exponents (99) correspond to the intermediate states (counted with their multiplicities):

{1,[1,v13],%93,%¥,3}, inthechannels{ - 0and{—1,

{050,000 in the channel (101)
1,0,01,0701,2,01,—2}: in the channel { — oo.
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Recall that the conformal blocks are labelled by primary operators under the neutral subalgebra
Ay.

When the mother CFT is a minimal model, one can check on various examples that the
orbifold fusion rules derived in [44] from the Verlinde formula are consistent with these inter-
mediate states.

The physical solution F,

(a(f ) can be written as a linear combination

FEP(a,2) = Ay Fy(0) + Ay F(0) + A Fa() + A Fy(Q), (102)

where { = {(z/%), and Fy, F,, F5, F, are the holomorphic solutions of (97) of the form

oo

F()=0-0""> ., (-0, (103)

n=0

normalised so that a;, = 1. The differential equation (97) can be solved via the Frobenius
method, yielding infinite series which are convergent for |1 — {| < 1. By symmetry, a basis of
solutions around ¢ = 0 is simply given by the functions F;(1—{). In practice, using truncated
series is extremely efficient to evaluate these functions numerically to arbitrary precision.

The last step is to describe a general algorithm for the determination of the coefficients A,.
Using the OPEs (59) and (60), one obtains

4 =\ hy

@), 5y — 2=\ (@) plapa)

Fen = Z( _ ) (AL, BER o +-). (104)
Arg(z) Ok:1 1

where ... denotes the subdominant contributions from the descendant operators. Using (100),
the dominant term of Fj.({) in this limit is [(n—1)/ 4i1% ~ [(z—2)/4i]™, and thus we obtain
fork=1,2:

_ ghy 4@  plapa)
Me=4" AL L Byt g - (105)

The determination of A3, A, is less direct, due to the two-fold degeneracy of the intermediate
state ;5. We use the alternative expansion

féf‘f)(z,i) =1 F1(1=0) + pp Fo(1 = 0) + uz F3(1 = O) + g F4(1 = 7). (106)

Like in the expansion { — 1, here we have

—4h (B) (Bap) —
Y = 4 % ‘A%,\pk B“Ile‘I’lz\Ijk , fork=1,2. (107)
Using the change of basis
4
FeQ) =Y preFe(1=0), (108)
=1

and comparing the two expansions of ]:éaqf )(z,i), we obtain the relations

4
D Abie = b (109)
k=1

Setting £ = 1,2 in these equations then yields the values of A3, A4 in terms of Aq, Ao, Uy, Uo,
and the coefficients p;,. The latter can be obtained numerically, using the numerical power
series expansions of the functions F;({) and F,(1—{) in the intersection of their convergence
domains.
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4.3 The function (¥, - 0 - ¥;,) in a generic Z, orbifold

Here, the relevant conformal blocks are of the form

Upy(00) o'(1)

v
Je(m) = >—k—< . (110)
W1,(0) o(n)

We give the null-vectors of ¥, at levels two and three:

2
1 _
L) Wy =— > 1LY gy, (111)
Sg s=0
B, () _ 1 [,0,0;@  (;6-)°
JASH L_z-\Illz—E[ZL_lL_lL_1+(L_1 )]-\1/12, (112)

for r € {0,1,2}.

To derive an ODE for the conformal blocks, we employ seven orbifold Ward identities,
together with the six null-vector conditions above. To not overload the presentation of this
section with technical details, we relegate the specifics of the derivation to Appendix C.

We obtain the ODE for the scaling function .Féaﬂ ) in the variable Z (84)

4AB(6A+B +3)(1 —20)F({) +2[9AB—CZ(1—)]F'(Q)

7 2 211 (113)
—9(4A+B —2)(1-20)(1 = OF () +18¢7(1 - ) F7({) =0,

where
A=g—1, B=6g—5, (114)
and
C = 36A% + 2B® + 30AB — 18A— 3B. (115)
For generic (A, B), if C has the above value, then the local exponents for F({) are
0 1 00
0 0 —2A-%-1
2A+1 2A+1 —
B+1 241 —2A

For the above values of (A, B), this gives

0 1 (o)
0 0 —6hyy + 2hy,
hys  hys  —6hjy+ %hlz + %

=0 Tz Oyt 3hy

These local exponents correspond to the intermediate states:

{1,[1,v¢13,4%13],¥13}, inthe channels{ - 0and{ —1, 116)
{019, 0512),014}, in the channel { — oo,

where we use the shorthand notation o,y =0y _.

From this point on, one can proceed as in the case of ]-"éaf ), except that the complication

coming from non-trivial multiplicities of the local exponents is absent.

It is worth pointing out that the existence of this third order ODE was anticipated in [84],
where only a weaker, fourth order ODE had been obtained. This third order ODE is optimal for
generic CFTs, as confirmed by conformal block counting using the orbifold Verlinde formula
[79].
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Table 1: Boundary operator spectrum of the Ising BCFT.

(@B) | + | — f
+ lljl 1/)6 1/)5
— 1/% ¢1 1/)5
f ws ws ’lljl)lpa

5 The critical Ising model

5.1 The quantum chain and the BCFT

The Hamiltonian of the Ising quantum chain with open BC, describing M spins with generic
BC at the boundary, is given by:

M-1 M
Hgp Z—Zsjfsjfﬂ—h Zsf—hasi—hﬁsfw, (117)
f= =

where s;.(’y * denote Pauli spin operators acting on site j. We denote the lattice spacing by a,
so that the length of the chain is L = Ma. The parameters h,,hg denote external magnetic
fields (in the z direction) acting at the boundary sites j = 1 and j = M. The ground state of
this Hamiltonian is then found by exact diagonalization (ED) for system sizes M < 26 sites,
and from it, the Rényi entropies are evaluated.

To take the scaling limit of the critical chain, we send M — o0,a — 0 while keeping
L = Ma fixed. In this limit, bulk criticality is achieved for h = 1, while each boundary admits
three critical points h,,hg € {0,+00}, corresponding to free, + and — BC.

From a CFT perspective, the scaling limit of the critical Ising chain with open boundaries
is very well understood. It is described by the BCFT with central charge ¢ = 1/2 and a bulk
operator spectrum consisting of three primary operators — the identity 1 (h; = 0), energy ¢
(h, = 0) and spin s (h, = 1/16)- and their descendants [85]. The three boundary critical
points correspond to the three conformal boundary conditions for the Ising BCFT, which, in
the framework of radial quantization on the annulus, allow the construction of the following
physical boundary states [53]:

If) =11) —le)) (free BC), (118)
1 1 1 .
|£) = Ell» + Eh?» + WB» (fixed BC), (119)

where |¢)) denotes the Ishibashi state [86] corresponding to the primary operator ¢p. The
physical boundary states |a) are in one-to-one correspondence with the primary operators of
the bulk CFT:? |f) <> s and |£) <> 1/¢. The boundary operators that interpolate between two
conformal BCs can be inferred from this correspondence [53,88]. The spectrum of primary
boundary operators wga/& ) of the Ising BCFT is summarized in Table 1.

The ground state entropies read

1
=8-—=—F7 :17 (120)
8+=28 /2 &f

and the bulk-boundary OPE coefficients for the energy operator are given by

) _ 40 = () _
AN =AT)=1, alj=-1. (121)

2This statement is strictly true if the bulk CFT is diagonal, see [87] for a detailed discussion.
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5.2 Rényi entropies

According to the general discussion (17), in the scaling limit with a — 0, the lattice twist
operator admits a local expansion into scaling operators of the corresponding orbifold CFT,
leading to

2h, 2hg,
a _ wa _
(O-lattlce(e))(aﬁ) = Cl (—) ‘F]E]a[j)(z:z) + Ce (2L—> flsli‘f)(z,z) oo, (122)

2L sin ’f sin ”TZ
where
FP @2 =l -2 (0@ a)g",  FyP@2)=lz—2% (0, 0)5",  (123)

and z = exp(inf/L). The amplitudes C; and C, in (122) are not universal quantities, but they
can be obtained with very high accuracy from a numerical analysis of the infinite Ising chain.
Here one can employ the free fermion techniques of [1] and the well-known analytical results
for the Rényi entropy of an interval in an infinite system [2,30] to obtain numerical fits for C;
and C,, with great accuracy.

In our computational setup, the system sizes accessible through exact diagonalization are
limited to M < 26 and for technical reasons we only consider even system sizes. With system
sizes of this order of magnitude, finite-size corrections are quite significant. In fact the finite-
size effects are still important even at the much larger system sizes (M ~ 100 sites) accessible
through DMRG methods [57]. The most relevant corrections we have found arise from the
subleading scaling of the lattice twist operator, given in equation (122). The relative amplitude
of the subleading term with respect to the leading one scales like O (M —2he/N ) Since we do
not have access, numerically, to system sizes large enough to suppress these corrections, it is
necessary to take into account the first two terms in the expansion of (122) to find a good
agreement with the lattice data. Such subleading contributions to the lattice twist operator
have previously been understood, through the path-integral formalism on the corresponding
replicated surface, under the name of “unusual corrections” [75,89].

5.2.1 Scaling functions for the entropy S z(v+_)

In the critical Ising model, the only primary BCCO between the boundary conditions a = +
and 8 = — has dimension h, = 1/2, and thus we denote ¥(*=) = W,. Here, we set g = 4/3
in (25), so that the central charge is ¢ = 1/2, and h;; = 1/2. In the limits Arg(z) — 0
and Arg(z) — m, for any twisted operator o, the boundary OPEs reduce to o | . — land

a¢| — 1, respectively. As a consequence, for both F; ) and Fn (+ ) , only the conformal block
with intermediate state ¥, = 1 contributes in the expansion (24) and thus, in each case, the
scaling function is given by the solution of the ODE associated to the local exponent 0 at { — 1
or { — 0.

The case N = 2. The scaling function F§+_) obeys the hypergeometric equation (86)

L —1F"(Q)—2(2¢—DF'({)+ 2F() =0. (124)

The solution with local exponent 0 at { — 1 can be determined by the Frobenius method. It
turns out that the linear recursion for the coefficients yields a sequence (a,) which vanishes
for n > 2. We obtain

F()=1-0-+1-0)P?=1-¢0-0). (125)

25


https://scipost.org
https://scipost.org/SciPostPhys.19.5.119

e SciPost Phys. 19, 119 (2025)

In terms of the variable 8 = Arg(z), we have { = cos?(8/2), which yields

F; (cos2 %) = 1—}‘sin29. (126)

The physical solution is then given by F;, up to a multiplicative factor, which is determined by
the BCs (14). We obtain:

f’é+_) (reigjre_ie) = \/5(1—%511'129) . (127)

Similarly, for ]—";;_), after setting g = 4/3 and h = hs, = 9/32 in the fourth-order equation
(97), we consider the solution with local exponent 0, and apply the Frobenius method. This

yields the function

F1(8)=1-97(1-2). (128)
Using the BCs (19), we obtain

Fo (ret®, re ) = v2(1— §5in20) . (129)

The case N = 3. With a similar approach, we solve the third-order ODE (113) and the BCs
(14) for .F?E+_), and we obtain

f§+_)(reie, re %) =2 (1 — g sin® 9) . (130)

In contrast, we do not have an ODE for fét_), but we can obtain its expression as follows.
Using the multiplicities found in [79], we have the fusion rules in the Z5 orbifold of the Ising
CFT:

o, x0,—1, Y, x¥, —1, \Ilgxas—mr(z). (131)

Hence, there is only one conformal block of the form (23). This means that the conformal
blocks in the three possible channels are all proportional. For the rescaled conformal blocks,
we have

¥,(00) ol(1) ¥ (0) ol()
v(0), , sol)  F ‘ ) ‘
J(n) = >—< oc o® o< o® . (132)
¥:(0) o:(n) v (0) oe(n)  ¥(00) ae(n)
The local exponents at n — 0 and n — 1 are u = —hy_ —h, +hyo = —1 and —2h, ,
respectively. Hence, the function defined as
K(n) :=n(n—1)%J(n), (133)
is an entire function on C. In the limit n — o0, one has
h E_hag_ha-( ) —2[_1, — 2
J(n) o5, 1™ ’ = K o m n. (134)

Thus, K(7) is a polynomial of degree two. Due to the symmetry J(1/1) = n?'e:J(n), the
polynomial K(n) is of the form

K(n)=a(n?+1)+bn. (135)

Using the OPE at  — 1, for generic N
N 2h
o.(Moi(1)=(n—1)21+ N—‘Zf(n —1) 22O+, (136)
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we obtain the expansion

2h
J(n) = (n—= 1) + = (T TOIT,) (g — 1) Hee2 4 (137)
The expectation value is easily computed:
3
<\Ije|T(0)(1)|qje> = Nhs = E . (138)

This yields
4 .
K(n)=n+ (=1 =n(1-Fsin’6). (139)
Finally, by imposing the BC (14), we obtain

fé;_)(reie, re9)=2 (1 - 19—6 sin’ 9) . (140)

5.2.2 Scaling functions for the entropy S ](V+f )

Here also, there is only one primary BCCO between the boundary conditionsa =+ and 8 = f,
and it has dimension h, = 1/16. Hence, we denote the replicated BCCO as /) = W_. We set
g =3/4in (25), so that c =1/2 and h;, = 1/16. Since, in the limit Arg(z) — 0, we have the
OPE 04 | . — 1, only the conformal block with intermediate state ¥, = 1 contributes to the
scaling function.

The case N =2. The scaling function ]-'2(+f ) obeys the hypergeometric equation (86)
L= DF"(O) +3(20 = DF'()) — 1F () =0. (141)
We perform the change of variable f(8) = F[cos?(0/2)], which yields the regular ODE
f(0)+ &f(8)=0. (142)
The unique solution which obeys the BCs (14) is given by

: , 6
.7-";”[) (re’, re7'?) = +v2cos a2 (143)

For 7., we set g = 3/4 and h= hs, = 9/32 in the fourth-order equation (97). The

2,
scaling function is then given by

; ; 30
fgf) (rele, re_’e) =+/2cos ik (144)
Indeed, one can easily verify that it solves the ODE, and obeys the BCs (19).

The case N = 3. For the scaling function ]-"§+f ), the third-order ODE (113) and the BC (14)
yield

. . 0
.7-"§+f) (rele, re_le) = 2cos 3 (145)

For the scaling function ]_-?Etf ), we have not derived an ODE. In this case, the multiplicities
computed in [79] yield the fusion rules

o, x0,—>1+[1,¢,¢], U x W, — 1+[1,¢,¢], \IJsxcrg—>as+U§2). (146)
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Hence, the space of conformal blocks is two-dimensional. We assume that these conformal
blocks obey a second-order Fuchsian ODE. Then, the above fusion rules yield the local expo-
nents of the ODE for Fétf ), in terms of the variable :

0 1 oo
_
0 0 35 . (147)
1 1 2
2 2 73

These are exactly the local exponents of the hypergeometric ODE (A.12), with parameters
a= % and b = 0. Changing variables to { = cos?(0/2), we find that the function cos(26/3)
corresponds to the solution with local exponent 0 at { — 1. By imposing the BC (19), we
obtain

. ‘ 20
fétf) (re', re %) =2cos 5 (148)

6 The critical three-state Potts model

6.1 The lattice quantum chain

A natural extension of the Ising chain, the three-state Potts model allows the spins at each site
to take one of three possible values {R, G, B}, which we can also conveniently parametrize by
third roots of unity {1, w, @}, with w = exp(27i/3). The Hamiltonian of the three-state Potts
model, tuned to its bulk critical point [90-92] is given by:

M-1 M-1
Hop=—v | > (22], +Z]Z31)+ > (% +x]) + B +HP | (149)
= i=

where v = +/3/(21%/2) is the conformal normalization factor [92] and the operators Z ; and
X act at site j as:

1 0 0 010
Z=l0 w 0 |, Xx=|0 01 (150)
0 0 w? 100

The terms H ga) and H](\f) set the BCs at the ends of the chain. For the purpose of this analysis,
we will set fixed BC of type R at site M and restricted boundary conditions of type {G,B} at
site 1 — the spin at site 1 is forbidden from taking the value R. This is implemented through
the boundary terms:

-1

H® =h ., HEB=p[ o (151)
0

S O =
o O O
o O o
o = O
= O O

The critical points of interest for the boundaries correspond to h = +00. However, for any
h > 0, the boundaries will flow towards the same critical points, up to irrelevant boundary
perturbations [93]. These are typically inconsequential when h takes a large positive value.
Alternatively, one can implement |h| = oo by simply restricting the local Hilbert spaces of the
boundary sites to exclude the {G,B} and {R} configurations on the left and right boundary,
respectively.
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Table 2: Spectrum of scalar primary operators in the three-state Potts CFT.

Operator Conformal dimension Zs charge

1 0 0
=1 2 0
X=¢13 L 0

P14 3 0
s, st = b33 % +1
P, 7 = day 3 +1

6.2 The boundary CFT

The scaling limit of this critical chain is captured by the D-series BCFT M(6,5) with cen-
tral charge ¢ = 4/5 and a bulk primary operator spectrum that contains the scalar op-
erators given in Table 2 as well as the non-scalar operators with conformal dimensions
(h,h) = (2/5,7/5),(7/5,2/5),(3,0),(0,3). One can, as shown in Table 2, assign a Z5 charge
to the scalar operators, and their respective conformal families, that is consistent with the fu-
sion rules between them. The conjugation in Table 2 is thus used to distinguish the operators
with the same conformal dimension, but opposite Z, charge.

In the scaling limit, the fixed and restricted boundary critical points will correspond, natu-
rally, to the fixed and restricted® conformal boundary states [53,94]. The conformal boundary
states are labelled by the primary operators of Table 2, and they can be expressed in terms of
the Ishibashi states |¢)) as

1) = NTAD) + [¥) + [N + A(le) +[s)) + s’ )))] (fixed R),
) = NI + wlyp)) + By ")) + Ale) + wls)) + @ls"))] (fixed G),
") = NT(1) + @) + wlp ™)) + Ale)) + dls)) + wIS‘ "] (fixed B),
le) = NTA2(11) + [¥) + [T — A7 (le) + ) + s’ )) (restricted GB),
ls) = NTA2(|11) + wlyp) + @lp ")) — 271 (|e)) + wls)) + @ls"))]  (restricted RB),
sy = NTA2(11) + Bly) + wlp™) =27 (|e)) + @ls)) + Is‘»)] (restricted RG),

4| 2 .m 4| sin(2mt/5)
N = msm = A=\ Sn(/5) (153)

Due to the Z; symmetry of the Hamiltonian, we have some freedom to set which con-
formal boundary state corresponds to the fixed boundary condition R in the chain. However,
this uniquely determines the CFT boundary state that corresponds to the restricted boundary
conditions GB. This can be understood by considering the spectrum of boundary operators
that interpolate between these conformal BC [56], and ensuring the results are consistent
with the underlying Zs symmetry. In our case, choosing fixed R < |1) forces us to assign
restricted GB < |g). The most relevant boundary operator interpolating between these BCs
is 1/)(GB R) [56], with conformal dimension h, = 2/5.

The ground state degeneracies read [91]

(152)

where

30

3In [53] they are referred to as “mixed” BC.

5—+/5)\*
8r= ( [) s 8B = 28rcos(m/5). (154)
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6.3 Determination of an entropy scaling function

In this section, we illustrate the calculation of the scaling function f]gaf ) for N = 2, in the
critical three-state Potts chain with boundary conditions @ = GB on the left boundary and
B = R on the right. This function determines the subleading contributions to the Rényi entropy
SgGB’R), arising from the composite twist operator o,, where ¢ is the energy operator of the
Potts model. Hence, the mother BCFT is the Virasoro minimal model M(6,5), and in Kac
notation, we have € = ¢ 5.

Setting g = 6/5 and h= hy +h./2=1/4in (97), we obtain the ODE

—24[18¢({ — 1) + 71F({) + 6(2¢ — 1[44L({ — 1) + 71F'({)
—30¢(¢—D[9L(C — 1) +41F"($) +375[¢( — 1I*(2L — DFA(Q) (155)
+250[¢(C —DPFP) =0.

The Riemann scheme (99) yields

8

1L U1 09

(156)

vguiNElN o | ©
vlpuiNGglN O =
=

|
u1ho

The solutions around ¢ = 0 are obtained in terms of a power series, using the Frobenius
method. They take the form

oo

F(1=0)=¢" > @, ", with qo=1. (157)
n=0

To determine the coefficients ay ,, it is convenient to rewrite the ODE using the differential
operator 6 = {J,. It takes the form

[Py(0) +{P1(0) + {2Py(0) + {3P3(0)]- F =0, (158)

with
Py(0) =—6(50 —12)(56 —7)(106 —7)

P,(0)=6(560 —7)(4+210 —6562 +256°)

(159)
Py(0) =—3(50 —8) (18 — 130 —956% + 500°)
P3(0)=2(0+1)(50 —9)(560 —8)(50 —3).
The local exponents y; are the roots of the characteristic polynomial Py:
7 7 12
-0 - =L == 160
Y1 5 Y2 10 5 Y3 5 ) Y4 5 5 ( )

and they correspond to the first and second column of (156). The coefficients a; , are given
by the linear recursion relation (where, by convention, a; , = 0 if n < 0):

~Pilretn=1agn1 + Poyie + 1= 2)a n + P3(yi + 1 —3)aing
Po(yx +n)

Apn = , (161)

provided Py(y; + n) does not vanish for n > 1. This condition holds except for the case
Y4 = 73 + 1, which can be traced back to the degenerate fusion oy x o, — 2¥;3. In par-
ticular for F3 we have Py(y3 +1) = P;(y3) =0, and a3 ; becomes a free parameter (changing
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the value of a;; amounts to adding a multiple of F, to F3). The actual physical solution
corresponds to a certain choice of az ;, while F, is unphysical.

From the above recursion relation one can obtain the series expansion of all solutions (157)
to a high order with minimal computational cost. For instance, for k = 1, the first coefficients
a; , of the series are

24 98 553 13566 10826144

1: _45 P ) ) ) )
137299 3887 167141 203744879
7703652 423213759 27519615504 5654297376

203744879’ 14873376167 1234490221861 314101062367

(162)

The truncated power series are accurate enough to evaluate the functions Fy({) to arbitrary
precision, provided that |{| does not approach 1 too closely. For values of { near 1, the other
basis of solutions F;({) can be used instead.

In the determination of the physical scaling function, a huge simplification occurs, since
the boundary condition @ = R is incompatible with the boundary operator 113, and hence the
OPE as Arg(z) — 7 simplifies to

o.(2,%) . — 1RR) (163)

This implies that, out of the four independent solutions to the ODE in the domain |{| < 1, only
F{(1—2{) contributes, and we get

FoiPe8) = m FO-0). (164)
The constant u; is given by
_ A® p[RRGB) ® _ —1,R) (R.R,GB) _
Uy = Ao’g’l B‘I’u,l,‘l’u > AO'E,I = gR Ae,l B B\I’IZ:I;\PIZ =1 5 (165)

where the universal boundary entropy and the bulk-boundary structure constant for ¢ in the
M(6,5) BCFT read, respectively [91,94,95]:

ng(S_‘/g) ’ Agg:(ﬂ) , (166)

30 2

It may be possible to obtain a simpler ODE by exploiting the null vectors of o,. According
to conformal block counting through the orbifold Verlinde formula [44], the optimal ODE is
expected to be of third order. However, we have not derived this optimal ODE; instead, we
work with the generic fourth-order ODE derived earlier.

The fourth order ODE used here for the Potts model is not optimal. Using the optimal
third order ODE would remove the degeneracy of the solution corresponding to the exponent
15 and allow to determine directly the physical solution. Alternatively, the physical solution
can be determined by demanding that F3(1 — ) can be expressed as a linear combination of
Fi(Q) for k < 3.

7 Conclusion

In this article, we have outlined a general method for computing Rényi entropies in the ground
state of a one-dimensional critical system with mixed open boundaries, specifically for an
interval starting at one of its ends. Given the significant finite size effects in open chains,
we also examined the leading finite-size correction, which results from subleading scaling
operators in the expansion of the lattice twist operators. Within the conformal field theory
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framework, this involves computing certain three-point functions on the upper-half plane in
the Zy cyclic orbifold: two boundary condition changing operators, and one twist operator
(bare or excited).

To achieve this, we derived Fuchsian differential equations satisfied by these correlation
functions, by exploiting the null-vectors of the twisted and untwisted representations of its
symmetry algebra OViry, along with Ward identities obtained from the additional conserved
currents of the theory. The Frobenius method then systematically provides a way to find power
series solutions to these differential equations. The correlation functions are obtained as partic-
ular linear combinations of these conformal blocks, with coefficients given by certain boundary
and bulk-boundary structure constants.

Among the cases we have analysed are the leading and subleading contributions to the one-
interval second and third Rényi entropies of the Ising model, and the second Rényi entropy
for the three-state Potts model. We have also derived differential equations for mixed BC twist
correlators in the Z, and Z orbifolds of generic BCFTs, as well as an explicit solution for the
second Rényi entropy.

We analyzed the CFT results, incorporating the first subleading correction, and compared
them with numerical data for the critical Ising and three-state Potts spin chains. In both cases,
we found remarkable agreement across all mixed boundary condition choices, despite the
constraints of limited system sizes. Expanding to larger system sizes could be possible through
advanced numerical approaches such as DMRG [96,97] or tensor network methods [68].

An important limitation of our method, first identified in [45], is that obtaining a differ-
ential equation becomes increasingly difficult as the Rényi index N is increased. We have
verified, using the fusion rules in [79], that the expected order of the ODEs grows with N
for generic minimal models, indicating that more orbifold Ward identities will be needed to
obtain the ODEs. Given this growing algebraic complexity with increasing N, it is natural to
question whether the orbifold formulation offers any real advantage over the unfolded pic-
ture. In fact, for small values of N and a limited number of branch points, it might be feasible
to reduce the dependence on moduli to a single variable even in the unfolded setting. This
has been achieved in a few simple settings, typically when the covering space is a torus [98]
or an annulus [60]. However, the orbifold framework provides a natural and systematic way
to perform this reduction: the symmetry of the covering space and the structure of the twist
fields effectively encode the necessary information, and the problem is automatically recast
into a single-variable framework. This is precisely the motivation behind our use of twist
operators, and we believe it represents the main strength of the approach. Importantly, we
believe that the complexity we encounter is intrinsic to the problem and would arise in the
unfolded picture as well—only there it would be further complicated by the need to navigate
a higher-dimensional moduli space. In this regard, the orbifold method has a clear advan-
tage: the reduction in moduli is built into the formalism, so only the algebraic (as opposed to
geometric) difficulties remain to be tackled.

A possible extension of this work would be to generalize the setup for the calculation of
Rényi entropies of an interval contained in the bulk, with mixed BC. However, in this situation,
one would have to find a partial differential equation that a four-point function with two twist
fields and two BCCOs satisfies. Cardy’s doubling trick tells us that such a correlator is given by
a linear combination of six-point conformal blocks on the complex plane, so the corresponding
differential equation would be partial instead of ordinary.
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A Hypergeometric differential equation

In this Appendix, we recall some useful facts about the hypergeometric differential equation.
Euler’s hypergeometric differential equation is given by

nn—=1f"(m)+[(a+b+1n—clf'(n)+abf(n)=0, (A1)

and it has the following Riemann scheme:

0 1 oo
0 0 a . (A.2)
l1—-¢c c—a—b b

The solutions are constructed using Gauss hypergeometric function

o0 b n
B b =) I () —glg+ D@ Hn-D. (A
n=0 ns

Following the conventions of [99], we give a standard basis of solutions to (A.1) around the
singular point 1 = 0:

I,(n) =,F(a,b;c|n),

(A.4)
L) =n"%F(b—c+la—c+1;2—c|n),
and around n = 1:
Ki(n)=,F(a,b;a+b—c+1[1—n), (A5)
K(m)=(1—n)""1F(c—bc—a;c—a—b+1|1—n). '
The two bases of solutions are linearly related by
2
I(n) = PyK;(n), (A.6)
j=1
with the fusing matrix P
T(c)T(d) T(O)T(~d)
—a)T(c—b b
p= [ B Cosaa o O (O ] , (A7)
r(1—a)r(1—b) T(1—c+a)l(1—c+b)
and its inverse:
r(1—c)r(1—d) T(c—1)r(1—d)
-~ — —c+b b
Pt = [ MRS i, ] ) (A.8)
I'(1—a)r(1-b) I'(c—a)T'(c—b)

expressed in terms of Euler’s Gamma function T, with d = c—a—b. Note that P~ is obtained
from P by the change (a, b,c,d) — (a,b,1—d,1—c).

If the parameters of the hypergeometric equation satisfy the relation ¢ = a— b + 1, then
the rescaled function y(n) = n%/2f(n) has Riemann scheme

0 1 fole}
a/2 0 a/2 (A.9)
b—a/2 1—-2b b—a/2
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and therefore, it has the same local exponents at 0 and co. Correspondingly, in terms of the
operator 8 = 10,, the ODE for y reads

[(1=1)6%+ b(n + 16 + @b —a)n—1)] y(m =0, (A10)
and it is invariant under 1 — 1/71. We now introduce the change of variables

1 2
y(n)ﬁF[%}, (A.11)

which yields the differential equation for the function F
1
LC—1DF" () + E(Zb +1)(2¢—1F'())+a(2b—a)F(Z)=0. (A.12)
This is the hypergeometric equation, with modified parameters

Gd=a, b=2b—a, <=b+ (A.13)

N| -

We obtain the two bases of solutions (I;,I,) and (K;,K,) to (A.12), by substituting
(a,b,c) — (a,b,¢) in (A.4-A.5). This yields

L(O) =3F(a,2b—a;b+1/2]Q), KQO=L0-0, A1
L) =¢YV* R(1/2+a—b,1/2—a+b;3/2—b ), Ky()=L(1-). (A15)

Let us describe the limiting behaviour of these solutions as { — 0 and { — 1 in the regime
b < 1/2. Clearly one has I;(0) = 1, whereas I,(0) = 0. To study the behaviour at { — 1, we
use the change of basis

L(O)=Py L(A-0+P,1,(1-0), ie{1,2}, (A.16)

where P ; denotes the matrix element of (A.7) after substituting (a, b,c) — (E,%,E'). On the
right-hand side, one has I;(0) = 1 and I,(0) = 0. Thus we simply get lim,_,4 () =P;.

To summarise, in the regime b < 1/2, the functions Tl, Tz are continuous in ¢ on the interval
[0, 1], with limiting values

L(0)=1, L(1)= %F(b+1/2)F(3b+1/2)cosn(a—b), (A.17)

r(3/2—b)T(3b +1/2)

L(0)=0, L= Tl—a)(1—2b+a)

(A.18)

B Change of variable for Fuchsian differential equations

In Appendix A, we have shown that, if the hypergeometric ODE in the variable 7) is invariant
(after proper rescaling) under 1 — 1/7, then the ODE expressed in the variable

(1+ M)
4ym

is also a hypergeometric ODE, with modified parameters. In the present section, we shall
extend this result to any Fuchsian ODE which is invariant under n — 1/7.

¢(n) = (B.1)
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Consider a generic ODE of Fuchsian type in the variable 7, with singularities at n = 0, 1
and oo. That is to say an ODE of the form

(" =18 + 0" (= 1" pa ()3 + ...+ pa() | y() =0, (B.2)

where each p;(n) is a polynomial of degree at most j. We assume that the ODE is invariant
under n— 1/7.
First, we rewrite the ODE in terms of the operator 6 = 1d,. Using the identity

9] =0(0—1)---(6—j+1), (B.3)
the ODE (B.2) takes the form
[(n—1)"0"+(n—1)" (0" +... +q.(n)]y(n) =0, (B.4)

where each q;(n) is a polynomial of degree at most j. Invariance of the ODE under n — 1/7
means that q;(n) is of the form

j
q;(n) = qu,k n*, with q;; x =qjx. (B.5)
k=0

Moreover, for any non-negative integer m, we have
™2 +n 2 =2T,(2¢—1), (B.6)

where T, is the m-th Chebyshev polynomial of the first kind. We can thus rewrite g;(n) as

j
q;(n) =1"?Q;(¢), where Q;({) = ZQj,k T)j—ax (20 —1), (B.7)

k=0

and, by construction, Q;({) is a polynomial of degree at most j, and it is invariant under
{ — 1— /. Hence, we can rewrite the ODE (B.2) as

[(4ve@=D)" 0"+ (4v2€-D)" Q0"+ + QO |F) =0,  ®8)

where we have applied the change of functions y(n) = F[{(n)]. Now, we need to express the
action of 6 in terms of J;. Using the relation

0= —”C(g_l)a@ (B.9)

one obtains by induction that, for any integer j > 1, 6/ is of the form

j »
6/ =>27p,(0) (VEC—D)" 3k, (8.10)
k=1

where each ;x({) is a polynomial of degree at most (j — k). The polynomials 3;:({) are
determined by the recursion relation

B =1,  Biix(0) =B+ [(2k— N —1/2)+ (- 1) ] (), (B.1D)
where by convention ;;({) = 0 if k ¢ {1,...,j}. Using this recursion, we obtain that
Bix(1—¢)= (—1)k Bjx (). Finally, we introduce the polynomials

n

P,()=Qu(), and P(0)= Z VB ni(0)Quj(Q), fork=1,...,n—1, (B.12)

j=n—k
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and we end up with the ODE in the variable {:

[ =118 + [ =D PO +... + PO | F(Q) =0. (B.13)

The ODE (B.13) is Fuchsian, since each P,({) is a polynomial of degree at most k. Moreover,
using the property P, (1—{) = (—1)"*P,({), we find that this ODE is invariant under { — 1—{.

C Derivation of the ODE for (¥, - 0 - ¥;,) in the Z; orbifold

We present in this section all the orbifold Ward identities and null-vector conditions we used
to derive the third-order differential equation (34).

The Ward identities

We derive linear relations between correlators of the form
(T, 10" (Do), (C.1)

where ¥, and ¥y, are descendants of ¥, under OViry. For this, we consider closed-contour
integrals of the form

§ dz(z — 1) (z — )" g (], (00) T (2) 0 (1o () ¥7,(0)) , (C.2)

where my, € Z+r/N, m3 € Z—r/N, and m4 € Z. Applying the Cauchy theorem on the above
integral yields a linear relation of the form

oo

D a, (LS, 91,)(00)0 (D)o (1)5(0)) Z[b (M(W],(00)(L),, 0D (1)¥5(0))
p=0

1

O

(C.3)
¢, () (1,(00)0 (D)LY, , ) (M)T],(0)) + dy () (¥, (00)a (Do ()L, ¥7,)(0)) ],
where m; = —m,—ms—my—2, and the functions a,, b, ¢,, d,, are the Taylor-series coefficients

of simple power functions of (z,7n), whose exponents are defined in terms of m;, ..., my4. For
instance:

oo oo

A—2)" (1 —n2)™* = q (2P, (-1 E—n)™ =D "d,(n)zF. (C4)
p=0 p=0

In particular, here we shall set N = 3 and m,, m3 > —1/3, and thus, due to the null-vector

condition L(ll)

“1/3° 0 = 0 and its counterpart for o', the first and second terms in the RHS of
(C.3) vanish.

Ward 1 Setting W}, = W/, = L)Wy, and (m;, my, my,my) = (—1,1/3,~1/3,—1) and r = 1
in (C.2) yields a linear relation of the form

a0|1(‘1112|(L(1))20T(1)0(n)L |\P12>+a1|1(\P12|L(1)L(1)O- (1)0(77)L(1)|‘I’12) (C.5)
—d0|1<‘1’12|L o (1)0'(77)L(1) (1)|‘1’12>+d1|1<‘P12|L( ot (1)0(77)L(1)L(1)|‘1’12>-

Ward 2 Setting W}, = Uy, ¥/, = (L)W, (my,my,mg,my) = (=1,1/3,—1/3,—1) and
r =1 in (C.2) yields a linear relation of the form

aop (W1l LV (D)o () (L2 10y,)
= dopp (¥12]0 T (M (LN [10) + dyp (T15l0 (D)o (ML) 1w,) (C.6)
+ oy (U15]0 T (1) (ML P LD 115) + dapp (W15]0 T (Do ()LL) w,) .
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Ward 3 Setting W}, = (L))2W0y,, W/, = Wy, (my,my,ms,my) = (—1,1/3,—1/3,—1) and
r =1 in (C.2) yields a linear relation of the form

dops (T12I(L )20 (1o () LY |wy,)
= ag3(U1al(L 3o (Do (M) + ay3 (I (L2 0T (1o (m)[0y) (C.7)
+ g3 (U1 (L PN 0T (1) ()I10) + a3 (Tl (L)LY o (Do (m)y,) -

Ward 4 Setting ¥}, = ¥, V7, = L(_ll)‘lllz, (m;, my,mg,my) =(0,—1/3,1/3,—2) and r = 2 in

(C.2) yields a linear relation of the form

d0|4<‘1’12|UT(1)U(T))L(_23L(_?|‘I’12> + d1|4<‘1’12|UT(1)0(77)L(_2%L(_13 [15)

i @@ i @, 1) (C.8)

+ dy4(W13|0 " (1)o(N)L 7L [¥15) + dgja (3]0 (1)o ()L L[ ¥,) = 0.

Ward 5 Setting ], = L)W, W, = Uy, (my, my, m3,m,) = (—2,—1/3,1/3,0) and r = 2 in
(C.2) yields a linear relation of the form

ao)s (P12 LVLP 0 (1o ()W) + ays (W1, LV LP o (1) o (0)191,)

+ g5 (U1, LB 0T (1) 0 ()W) + ags (U1, L P LB 0T (1) o ()19,) = 0.

(C.9
Ward 6 Setting W7, = ¥p,, ¥/, = L(_ll)\lllz, (my,my,mg,my) = (—1,-1/3,1/3,—1) and r = 2
in (C.2) yields a linear relation of the form

ao|6(‘I’12|L(12)0T(1)U(T))L(_li [¥15) = do|6(‘1’12|UJ'.(1)U(T))L(_22L(_13 [W15)

. (C.10)
+dyj6 (W2l 0T (Do (MLP LD W,) + dyje (T15]0 (1) () LP LY [0,) .

Ward 7 Setting ¥}, = Wy, 9/, = LW, (my, my, my,my) = (—1,1/3,-1/3,—1) and r = 1

in (C.2) yields a linear relation of the form
a0|7(‘1112|L(11)o'*‘(1)a(n)L(_Zi [Pp,) = do|7<‘1’12|0T(1)0(H)L(1)L(2) [W15)

-t (C.11)

+ i {(lo (Do (LG LE915) + dapp (] (Do ()L LE 1)
The null-vector conditions
The null-vector condition on )1, in the mother CFT reads
(§L_y—L%)) -1, =0. (C.12)
This yields, in the Z orbifold
O_1N 609 _
gLy~ ; 91wy, =o, (C.13)
for any r € Z/N. In the present case, we set N = 3, and we get
(362 — 1910 — 21012 v, =0, (C.14)
(362 - 1312 — 2191w, =0, (C.15)
[3¢1%) 1910 —21912] w0, =o0. (C.16)
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D Orbifold structure constants

In the orbifold BCFT, the operator algebra consists of OPEs of three types. First, there is the
operator subalgebra of bulk operators. We shall not directly use the structure constants of
this subalgebra in this work, but they have been discussed in [44, 45, 80, 100]. The second
type of OPE we need to consider in the orbifold BCFT, is the bulk-boundary OPE which encap-
sulates the singular behaviour of a bulk field as it approaches a conformal boundary. In our
calculations, we will only need to work with the OPEs of generic (primary) twist field o4 (z,2)
approaches a (diagonal) conformal boundary a:

hy, —2h

7p(6,y) ~ Zk:Agf;{q,k @) (we(x) +...), (D.1)

where the sum runs over all the diagonal primary boundary operators \If,((“a) = ngf‘a)@ - (kaa),
and the dots stand for their descendants under the neutral subalgebra [79]. We also need to
consider the OPEs of orbifold boundary operators. For generic diagonal BCCOs, this takes the

form

(af) By) (afy) h—hi—h; ((q,(@7)
7)Y, (xz)XI:XZ;Bﬂ,iwk(xl—xz)k (B0 +), 02

for x; > x4, and where the index k runs over all the primary orbifold BCCOs interpolating

between the conformal boundary conditions a and y. In the present work we are only con-
B(aﬁ)’)
\Ill,‘llj,\llk
straightforward to evaluate as they simply factorize into a linear combination of products of
mother BCFT three-point functions. Therefore, we will focus on the bulk-boundary structure

constants Ago;) o, These structure constants can be computed using factorization and unfold-

cerned with untwisted boundary fields. The corresponding structure constants are

ing arguments, along the lines of [79], [84] and [100].
The main result derived in this appendix is that these orbifold structure constants are given
in terms of the mother theory data by

Agra;,q/k — gi—N NNy, <¢(O)¢(kaa)(1)¢(kaa)(w) . ..w(kaa)(wN—1)>; ] (D.3)

Two particular cases are used in this paper:

* when ¥® =1, this simply becomes

A = gAY, (D.4)

* for N =2 and & = 1 this simplifies to

— a _ .
Ay, =82 2 (Y D)) = gt 2 (D.5)

provided the field ;. exists on the boundary a.

The derivation of (D.3) can be done in two steps. First, consider the bulk-boundary struc-

ture constant Aga)l, which can be expressed as the following one-point function on the unit
disk D:
AL = (o(0))2. (D.6)
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This can be interpreted as the following ratio of mother CFT partition functions:

(a)
ZDN

[Z]gx) ]N 5

where Dy, denotes the N-th covering of the unit disk with a branch point at the origin. The
branched covering Dy, is conformally equivalent to the standard unit disk D, but features a
conical singularity at the origin. A careful treatment of the corresponding conformal anomaly
[101], however, reveals that

(o(0))p = (D.7)

zZp) =z, (D.8)
leading to the result
a _[ @V
o)z =[] . (D.9)

Additionally, the partition function ZH(;) is equal to the ground state degeneracy g, = (0|a),
which is defined as the overlap between the vacuum state |0) and the boundary state |a) in
the mother BCFT [91]. Consequently, we have

A(a)

_ ,1-N
o0 = 8q - (D.10)
This structure constant is responsible for the well-known universal additive correction log g, to

the boundary entanglement entropy [2]. Consider now the generic structure constant A

0'¢,‘I/k’
which is equal to the following correlation function on the unit disk:
() _ (aa) ¢
AL = EROI (1))@ : (D.11)
Now the ratio of correlation functions
a
(o502 ))
= , (D.12)
(o (0))y,

can be interpreted as a correlation function in the mother theory involving N boundary fields
(aa)
k

uniformized to the standard unit disk via the holomorphic map z — z'/V | leading to

aa a

(opu W)
(c(0))p,

Substituting (c'(0))5; = g ! yields the announced result.

We note that the structure constant (D.5) can also be obtained from the result of [60] for
the twist 2-point function on the unit disc with conformal BC a. This two-point function is

and one bulk field ¢ on the N-sheeted branched covering Dy. This covering can be

= N (O (@) YW 013)

(0 (0)o(0))p = g, 27 P[IxP(1 = x[*)] 7 Zyq(7), (D.14)

where Z,,(7) is the annulus partition function with boundary conditions a on both boundary
components. The annulus has perimeter 1, and real width —i7/2, where 7 is given by

Fi(3,5,1;1—x?)

2
T(|x]) =i (D.15)
2 Fl (%’ %’ 1) |X|2)
The limit |x| — 1 corresponds to T — 0 and
2
2 1—|xf?
~ _ _=2in/T
=e ~|——] —0. D.16
1 ( 16 ) (b-16)
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Using

Zoa(m) = 0k 2(=1/7), (D.17)
k
and in the absence of degeneracies (n’; « € 10,1}), one finds that the conformal block of
(o(0)o(x))p corresponding to the bulk-to-boundary fusion 0¢(x)| r ) (1 x| 2) 2o thuy Ag";) oYk
x|— ’
is proportional to
[P = x|)] o nk  xi(—1/7), (D.18)

and one can read off the corresponding structure constant, namely
2
—2 5—8h
(AL, ) =gz2 2 hmnk, . (D.19)

We thus recover (D.5) when n’& = 1.

E Alternative derivation of scaling functions in the Ising CFT

In this section, we will derive the bare and excited twist contributions to the second and third
Rényi entropy in the critical Ising chain with fixed mixed BCa =+, =—.

In the Ising BCFT, the boundary field that interpolates between the corresponding confor-
mal BC |£) is the operator ¢g+—), with conformal dimension h = 1/2. The most straightfor-
ward approach to this computation is to use equation (22), as was done in [57], to obtain the
leading scaling function .FIE;’_). Indeed the 2N-points correlation function in the numerator
of (22) can be obtained rather simply using Wick’s theorem, bosonization or even Jack poly-
nomials [102-106]. This method would apply equally well to the subleading scaling function
Py -

These computations can also be done in the orbifold formalism. In the Zy orbifold of
this theory, the change in boundary conditions is implemented by the diagonal operator \If§+_)
defined as in (48). There the essential observation is that the space of conformal blocks is
one-dimensional for the correlation function

(¥ (00)0 4 (2,2)8(0)) (E.1)

T(00)y oD
Fyg(n) = — : (E.2)
v.(0) as(n)
This follows from the trivial fusion rule ¥, x¥, — 1, coupled to the fact that the fusion channel

Oy X O':; — 1 cannot be degenerate (fusion numbers of the form N ala are always equal to one).

and is spanned by

The conformal block in the other fusion channel can be obtained from the fusion rules of the
Zy orbifold, found in [44] for N = 2 and in [79] for N prime. We will focus on the cases N =2
and N = 3. For N = 2 we have

LACS) o'(1) ¥, (00) ol(1)
o , and O¢ , (E.3)
¥,(0) o(n) ¥,(0) o.(n)
while for N = 3 the blocks are
v, (00) o'(1) ¥, (00) ol(1)
oM , and o® , (E.4)
¥, (0) o(n) ¥,(0) o.(n)
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Table 3: Singular behaviour of the conformal block of (E.1) for different N and twist
field insertions o (7).

0 1 [e%e)
N=2,¢=1|-1|—15 |-
N=2¢=¢|-1|—-%|—-%

=
»
©-

I
-

|
—_

|

w

<

3}
|

—_
|

\O| -~
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where agl) o< L_y/30, and o® oL, ,30. These fusion rules also imply the leading sin-
gular behaviour of the conformal block around the points 1 € {0,1, o0}. The corresponding
exponents are given in Table 3.

From the exponents around 7 — 0 and 7 — 1 we can determine the generic form of the
conformal blocks for the four cases enumerated above to be:

_ —2h,,
Fyg(mM=n""(m—1) "¢ Py 4(n), (E.5)

where Py 4(n) is a degree 2 polynomial in 7 satisfying
Py (1) =1*Py 4(1/n). (E.6)

This polynomial can be found by comparing with the OPE

(n—1)" 0 4(mo’ —1*T(1)+... (E.7)
This implies that
-1 2hg 2
N Pyg(n)~1+— Ne 2 (W5 T(D,) (n— 1) (n—1), (E.8)
yielding
Py ¢(n) =2h,, (1=n)*+17. (E.9)

The corresponding scaling functions for N € {2,3} and ¢ € {1, ¢} follows
-1 _1/272
f(+ ) = V2" (1 +2h,, (2 —n"12) ) ) (E.10)

where we used the OPE structure constant of the bulk to boundary fusion o4 — 1, namely

AP =A™ = =v2' (E.11)
since AY =A7 =1and g. =1/v2.
More explicitly in terms of 6 = 7{/L:
sin® 0 7+c0529

Fom=v2 ( ) (E.12)
(+-) 931 20 9c0529—1
Fae (M= ‘/_( ) , (E.13)
2e 11 442
(+-) 4sm 0
]:3,1 (n)=2 = —(7+ 2c0s20), (E.14)
]:352_)(7))22( 16519 9) = —(1+8c0329). (E.15)
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