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Abstract

The linear growth of entanglement after a quench from a state with short-range cor-
relations is a universal feature of many body dynamics. It has been shown to occur in
integrable and chaotic systems undergoing either Hamiltonian, Floquet or circuit dynam-
ics and has also been observed in experiments. The entanglement dynamics emerging
from long-range correlated states is far less studied, although no less viable using mod-
ern quantum simulation experiments. In this work, we investigate the dynamics of the
bipartite entanglement entropy and mutual information from initial states which have
long-range entanglement with correlation between antipodal points of a finite and pe-
riodic system. Starting from these crosscap states, we study both brickwork quantum
circuits and Hamiltonian dynamics and find distinct patterns of behaviour depending
on the type of dynamics and whether the system is integrable or chaotic. Specifically,
we study both dual unitary and random unitary quantum circuits as well as free and in-
teracting fermion Hamiltonians. For integrable systems, we find that after a time delay
the entanglement experiences a linear in time decrease followed by a series of revivals,
while, in contrast, chaotic systems exhibit constant entanglement entropy. On the other
hand, both types of systems experience an immediate linear decrease of the mutual in-
formation in time. In chaotic systems this then vanishes, whereas integrable systems
instead experience a series of revivals. We show how the quasiparticle and membrane
pictures of entanglement dynamics can be modified to describe this behaviour, and de-
rive explicitly the quasiparticle picture in the case of free fermion models which we then
extend to all integrable systems.
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1 Introduction

The standard protocol for studying the non-equilibrium dynamics of closed quantum systems
is the quantum quench [1]. The system is prepared in some initial state and allowed to un-
dergo unitary dynamics which is then probed using an appropriate diagnostic. Typically, the
initial state is chosen to be of simple form and with low entanglement, either a product state
or the ground state of a specific initial Hamiltonian. The reasons for this are both conceptual
and practical. On the practical side, the simplistic nature of the initial states can allow for
exact treatment in specific cases and a more straightforward analysis of the results, forgoing
the need to disentangle complicated initial state correlations from non-equilibrium effects. In
addition, the presence of entanglement in quantum systems presents a major challenge to nu-
merical approaches based on matrix product algorithms. Therefore, by initiating the system
in a lowly entangled state, numerical techniques can be used to track the system evolution,
at least up until the entanglement barrier. On the conceptual side, these states present the
opportunity to understand how the build up of correlations and entanglement between dif-
ferent spatial regions occurs as the system evolves and how it is eventually brought to local
equilibrium [2,3]. Moreover, simple product states can routinely be engineered in an array of
experimental platforms and so theoretical results can be confronted with experimental data.
A vast amount of studies have been performed within this setting leading to a rapid advance-
ment of the field of non-equilibrium quantum matter [4–9]. To maintain this level of growth,
however, it is necessary to go beyond this paradigm and obtain new techniques and insights in
complementary settings. In this paper, we take a small step in this direction and study quench
dynamics from translationally invariant initial states which exhibit long-range entanglement.
In particular, we study the dynamics of the entanglement entropy and mutual information in
quenches to integrable and chaotic models undergoing unitary Hamiltonian and brickwork
circuit evolution. We use exact analytic methods backed up by numerical simulation and show
how the dynamics emerging from these states can be described within the existing set of ef-
fective theories upon suitable modification.

The bipartite entanglement entropy between a subsystem and its complement is one of
the most instructive quantities that one can calculate in a quantum many body system [10].
It can reveal universal information regarding the nature of the non-equilibrium state and its
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approach to local equilibrium. For integrable or close to integrable models, quenched from
lowly entangled states, the quasiparticle picture elegantly captures the leading order dynam-
ics of the entanglement entropy [11]. Using minimal input about the initial state correlations
it can provide quantitative predictions as well as physical insight into the underlying mecha-
nisms of relaxation. Originally formulated in conformal field theory, it has since been extended
to encompass generic integrable models [12, 13], include the effects of dissipation [14], or
excited initial states [15, 16] and also predict the behaviour of a multitude of other quanti-
ties [17–32]. The picture relies on the existence of a set of long lived quasiparticles which are
produced locally by the quench in correlated pairs, or multiplets, and then propagate ballisti-
cally throughout the system. As the members of the pairs separate and enter different spatial
regions they carry with them correlations inherited from the initial state thereby creating en-
tanglement. Given the initial correlations of the quasiparticle pairs and their kinematic data,
the evolution of the entanglement entropy can be found.

In the absence of a stable set of quasiparticle excitations, such as in chaotic systems for
instance, an alternative approach known as the entanglement membrane picture can be used
to study the dynamics of the entanglement entropy [33–35]. This effective theory was first put
forth in the context of random unitary quantum circuits but has also been extended to accom-
modate other systems as well. Therein, the calculation of Rényi entropies was recast as the
computation of the partition function of an effective classical spin model. Within this picture
the spins coincide with different possible pairings between the different replicas and the en-
tropy is obtained via the free energy of a domain wall between different pairings. Armed with
the energy density of the domain wall, the entanglement entropy can be readily calculated,
however this can be difficult to determine ab initio [35–37].

Initial states: We consider a system of 2L qudits with local Hilbert space dimension q, lo-
cated at positions denoted by x with periodic boundary conditions, x = x +2L. The system is
initialized in the state |M〉 defined as

|M〉= q−L/2
L
⊗

x=1

q−1
∑

i, j=0

Mi j |i〉x ⊗ | j〉x+L . (1)

Here, M is a q× q unitary matrix which specifies the initial state and |i〉z , j = 0, . . . , q−1 are
a set of basis states for Cq on site z. It is normalized so that 〈M|M〉 = (tr

�

MM†
�

)L/qL = 1.
Note that in conventional cases the initial state couples together adjacent sites, but in this work
we instead couple together sites which are diametrically opposite and thus create long-range
entanglement in the initial state. The state can be viewed as being made up of generalized
Einstein-Podolsky-Rosen (EPR) pairs which are placed so that they are maximally distant from
each other. States of this form also go under the name of entangled antipodal pair states [38,
39].

A simple example of these states is the crosscap state, see Figure 1, defined for q = 2 to be

|C〉= 2−L/2
L
⊗

x=1

1
∑

i=0

|i〉x ⊗ |i〉x+L . (2)

States of this type were introduced as a spin chain realization of a crosscap state in quan-
tum field theory [40–43]. The name arises as they are associated to boundary conditions on
cylinder partition functions which have a crosscap topology i.e. antipodal points at the end
of the cylinder are identified. These boundary conditions were studied in conformal field the-
ories and then integrable field theories [43–48]. In the latter context they were identified
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| ↑ ↑ ⟩ + | ↓ ↓ ⟩
2

A

AM

2ℓ

Figure 1: Illustration of the initial state and subsystems of interest. We consider a
qudit chain of length 2L, in which qudits on opposite sides of the system are initially
entangled. For the crosscap state, |C〉, antipodal points are prepared in an EPR state
given by |↑〉x |↑〉x+L+|↓〉x |↓〉x+Lp

2
. The subsystem, A, is taken to be a contiguous block of

2ℓ qudits. These are initially maximalliy entangled with the qudits in AM which is
diametrically opposite A.

as integrable boundary conditions allowing for exact computation of their boundary parti-
tion functions [49, 50]. For quantum quenches to integrable models, it is known that inte-
grable boundary conditions can be associated with a special set of integrable initial states for
which the quench dynamics can be studied exactly [51]. The state |C〉 was identified as such
a state for the integrable spin chains and its overlaps with Bethe eigenstates were computed
exactly [52–54].

We are interested in the properties within a subsystem A which we take to be formed of
2ℓ contiguous spins A = [2, 2ℓ + 1] and, for the most part, we also take ℓ < L/2. Despite
possessing long-range entanglement, the reduced density matrix of A, for our chosen initial
states can be computed exactly and is given by,

ρA = trĀ[|M〉〈M|]

=
1

q2ℓ

⊗

x∈A

∑

i, j,k

Mi, jM∗k, j |i〉x 〈k|x (3)

=
1

q2ℓ
1 , (4)

where Ā= [2ℓ+ 2,2L + 1] is the complement of A and in going to the last line we have used
the unitarity of the matrix M. Thus, the initial state appears locally indistinguishable from the
infinite temperature state, as long as ℓ≤ L/2. This is in sharp contrast to more typical quench
setups were one might associate this to the endpoint of evolution. For instance, a system
undergoing random unitary dynamics locally approaches the infinite temperature state in the
long time limit. It should be noted, however, that for the dynamics we will consider, the states
|M〉 are not stationary even though they might appear as such, at least locally, in some cases.

We shall also be interested in the fate of the long-range correlations which exist in the
initial state. With this in mind, we can instead take the subsystem to be composed of both A
and its mirror image across the chain, AM = [L+2, L+2ℓ+1]. In this case, the reduced state
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Figure 2: The bipartite entanglement entropy of a subsystem A of length 2ℓ in a
system of total length 2L, of the initial state |M〉, as a function of the subsystem
length 2ℓ.

is a pure state and the reduced density matrix is given by

ρA∪AM = |MA〉 〈MA| , (5)

where |MA〉 is given by (1) but with the tensor product restricted to x ∈ A.

Entanglement entropy: Our primary quantity of interest will be the bipartite entanglement
entropy between A and Ā. The Rényi entanglement entropy of A is defined as

S(n)A (t) =
1

1− n
log tr
�

ρn
A(t)
�

, n ∈ R , (6)

where ρA(t) is the reduced density matrix at time t after the quench. From this the von
Neumann entropy is obtained in the replica limit, SA(t) = limn→1 S(n)A (t). Using the form of
the reduced density matrix we have that initially

S(n)A (0) = 2 min[ℓ, L − ℓ] log (q) , (7)

where we have allowed for ℓ > L/2. Hence, these states have maximal bipartite entanglement
with a scaling given by the Page curve [55], see Figure 2. Thus, our set up could be consid-
ered opposite to the typical scenario where the initial entanglement is minimal. We are also
interested in the Rényi mutual information between the subsystem A and its mirror AM . This
is defined as

I (n)A:AM (t) = S(n)A (t) + S(n)AM (t)− S(n)A∪AM (t) . (8)

We can use this to probe how the long-range, initial state correlations evolve in time. In the
initial state we can use both (4) and (5) to find,

I (n)A:AM (0) = 4 min[ℓ, L − ℓ] log (q) , (9)

which is again maximal. Note that while the entanglement entropy of the contiguous sub-
system is the same as the long time limit of random dynamics, the fact that the initial state
is not stationary is betrayed by the mutual information. One can expect that the stationary
state generated by a local Hamiltonian system or quantum circuit will have vanishing mutual
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information. Thus, in the case of chaotic systems, IA:AM (t) will serve as a useful probe of the
dynamics. Moreover, in typical quench protocols the quasiparticle and membrane pictures pro-
vide two qualitatively different predictions for the behaviour of IA:AM (t), as opposed to S(n)A (t)
for which both predict linear in t growth and eventual saturation [56]. In quenches from
lowly entangled states, the mutual information can be used to expose the different qualitative
entanglement dynamics of chaotic and integrable systems [57–59], although this can also be
done using a single interval [60,61]. Thus, it is a natural tool for us to employ in the current
scenario as well.

In this paper we will study the quench dynamics of S(n)A (t) and I (n)A:AM (t) from the states
|M〉, in two broad classes of models: brickwork quantum circuits and Hamiltonian dynamics.
Within each class of system we shall consider several different examples. For quantum circuits,
we will examine dual unitary circuits, including the special case of swap gates, and random
unitary circuits. In the second class of systems, we study two types of integrable models, the
free fermion tight binding chain and its interacting generalization which is equivalent to the
XXZ model. In all cases we find analytic expressions for S(n)A (t) and I (n)A:AM (t) whose behaviour
is then interpreted using the quasiparticle and entanglement membrane pictures after suitable
modification. The entanglement dynamics of states with long-range entanglement similar to
our states have recently been examined using the entanglement link representation [62, 63]
whose connection with the quasiparticle picture has been noted [64].

The remainder of the paper is structured as follows. In section 2 we discuss the entan-
glement dynamics in brickwork circuits. First, we introduce the system and its corresponding
graphical notation, after which we study the simple case of a circuit built from swap gates. This
is done through a mix of exact calculations and the quasiparticle picture. Following this, the
cases of random unitary and dual unitary gates are considered. The entanglement entropy and
mutual information are obtained using approximate analytic methods and the results are com-
pared to the entanglement membrane picture. In section 3 we investigate the entanglement
evolution under Hamiltonian dynamics. We start by considering the case of a free fermion
model whose dynamics are determined exactly. The quasiparticle picture for the system is
obtained and compared to exact numerics. After this we consider the interacting, yet inte-
grable model using the quasiparticle picture. Some details of these calculations are found in
appendices A and B. In section 4 we conclude and comment on future directions.

2 Quantum circuits

We begin our investigation of the quench dynamics from long-range entangled states by ex-
amining the case of brickwork quantum circuits. In these models, the dynamics is generated
by integer applications of the time evolution operator, U, such that

|M(t + 1)〉= U(t + 1) |M(t)〉 , t ∈ N0 , (10)

where |M(0)〉= |M〉 and

U(t) =
⊗

x odd

Ux ,x+1(x , t)
⊗

x ′ even

Ux ′,x ′+1(x
′, t) . (11)

Here, Ux ,x+1(x , t) are unitary operators acting on the whole chain, but non-trivially only at
sites x , x + 1 as the unitary q2 × q2 matrix U(x , t). The latter are known as local gates and
they can be conveniently represented using the standard diagrammatic notation of tensor net-
works [65]. In this notation, we associate to each local Hilbert space a line, or leg, and the
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action of the local gate, or its conjugate, is represented by a colored box,

U(x , t) = , U†(x , t) = . (12)

Within this framework, matrix multiplication is represented by connecting lines so that, for
example, the unitarity of the local gates is represented as

1= U†(x , t)U(x , t) = = , (13)

with the vertical straight lines denoting 1. Using this, one may depict the time evolution
operator and its conjugate as

U(t) = , (14)

U†(t) = , (15)

which we have illustrated explicitly for L = 8 and from which we can see where the name
brickwork circuit derives. The above diagrams should be viewed with periodic boundary con-
ditions which connect the left most leg in the middle with the rightmost middle leg, leaving 2L
uncontracted legs on the top and bottom. We can also depict our initial state in this manner
via

|M〉=
L
⊗

x=1

x x + L , |M⋆〉=
L
⊗

x=1

x x + L , (16)

where the indices above the legs indicate which site they are associated to. Combining these
elements, the time evolved state is represented as

|M(t)〉= , (17)

which we have depicted explicitly for L = 8 and t = 3. As before, periodic boundary con-
ditions should be assumed which contract open legs on the left and right, leaving only 2L
uncontracted legs at the top. The advantage of this notation is not just that it provides an
illustrative graphical depiction of our quantities of interest, but also that, given a simple set of
rules, it allows for calculations to be performed in an efficient and accessible manner. In this
aspect, they are much the same as Feynman diagrams.

To introduce the rules associated to these diagrams and, moreover, in order to compute
the entanglement entropies, we must work with multiple replicas of the theory. To simplify
the notation it is then useful to introduce the replicated, folded, gate and initial state. They
are depicted as

[U(x , t)⊗ U⋆(x , t)]⊗r n = ≡ n , (18)

[|M〉 ⊗ |M⋆〉]⊗r n =
L
⊗

x=1

x x + L
≡

L
⊗

x=1

x x + L , (19)
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where⊗r denotes the tensor product over replicas. On this folded and replicated space we also
introduce two special states. The first, which is denoted by an empty circle, couples together
the forward and backward time evolution on the same replica,

� q
∑

i=1

|i〉x ⊗ |i〉x

�⊗r n

≡ . (20)

Whereas the second, which we denote with an empty square, instead couples the forward time
evolution on one copy to the backwards time evolution of the previous copy,

q
∑

i1,...,in=1

�

|i1〉x ⊗ |i2〉x
�

⊗r

�

|i2〉x ⊗ |i3〉x
�

⊗r · · · ⊗r

�

|in〉x ⊗ |i1〉x
�

≡ . (21)

Using these states we introduce the basic rule of these diagrams, which derive from the uni-
tarity of the local gate. These are

n = , n = , n = , n = . (22)

In addition, the unitarity of the matrix M which defines the initial state provides us with the
following relations,

x x + L =
1
qn

x + L , x x + L =
1
qn

x , (23)

x x + L =
1
qn

x + L , x x + L =
1
qn

x . (24)

In the context of local product states, an initial state with these properties is known as solv-
able [66]. Finally, we note the following identities,

= = qn , = q , (25)

which follow from the definition of the square and circles states (20),(21). Combining this set
of notations, we can ultimately depict the trace which appears in (6) as

tr
�

ρn
A(t)
�

=

n n n n n n n n
n n n n n n n n

n n n n n n n n
n n n n n n n n

n n n n n n n n
n n n n n n n n

2ℓ

2
t

. (26)

This diagram can be significantly reduced using the unitarity of the gates and the solvability
of the initial state matrix. In particular, the square and circle states at the top of the diagram
can be moved downward using the rules (22). When 4t − 2+ 2ℓ≤ L and L > 2ℓ we obtain a
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diagram of the form

tr
�

ρn
A(t)
�

=
1

q(4t−2+2ℓ)n

n n n

n n n n n
n n n n

n n n n n n n
n n n n n n

2ℓ

2t − 1

=
1

q2(n−1)ℓ
.

(27)

Here, we have used the fact that when t < L/4−ℓ/2 no pairs of initially entangled sites appear
in the backwards light cone of the subsystem A. As a result, one can use (23) to obtain the
circle states on the bottom. From this, we see that unitarity of the system imposes that,

S(n)A (t) = 2ℓ log(q) , t <
L − 2ℓ

4
. (28)

After this time, the entropy need not remain constant and we can again use unitarity to reduce
the relevant diagram. For 4t − 2+ 2ℓ= L +m and m≤ 2ℓ, we find that

tr
�

ρn
A(t)
�

=

( Je(2t−1,m)
q(n−1)(2ℓ−m)+n(4t−2−m) , L even,

Jo(2t−1,m)
q(n−1)(2ℓ−m−1)+n(4t−m−1) , L odd,

(29)

where the subscript e,o refer to the cases where L is even or odd respectively in which case
m must also be even or odd. The newly introduced quantities Je,o(p, m), are defined through
the diagrammatic representations,

Je(p, m) =

n

n n n
n n

n n n
n n n

n
n n

n n n
n n n

n n n

m
2

p

, (30)

Jo(p, m) =

n

n n n
n n

n n n
n n n

n
n n

n n n
n n n

n n n

m+1
2

p

, (31)

where we assume p > m/2. At this point the unitarity of the gates and initial state does not
allow us to compute Je,o and so we need to consider some specific examples.

A similar procedure can be carried out in the case where the subsystem is A∪ AM . In that
case, we obtain that for t < L−2ℓ

4

tr
�

ρn
A∪AM (t)
�

=

¨

De(2t − 1,2ℓ) , L even,
1

q2nDo(2t − 1,2ℓ) , L odd,
(32)
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where again the subscripts e,o refer to the cases of even and odd L respectively. The new
quantities, De,o(2t−1, 2ℓ), are once again defined through their diagrammatic representations
to be

Do(p, m) =
n n n

n n n n n
n n n n

n n n n n n n
n n n n n n

m

p

n n n

n n n n n
n n n n

n n n n n n n
n n n n n n

n n n n n n n n

m

p+ 1

...... ......

,

(33)
and

De(p, m) =

n n n

n n n n n
n n n n

n n n n n n n
n n n n n n

m

p
n n n

n n n n n
n n n n

n n n n n n n
n n n n n n

m

p

...... ......

.

(34)
These expressions can be further reduced using unitarity depending on the values of p, m, but
it is more convenient to work with them in the form presented above. To proceed further, we
now turn to the consideration of several specific examples.

2.1 Swap gate circuit

The first example we consider is the case where the local gates are given by U(x , t) = P, ∀x , t
where P is the swap gate. It is defined by its action on two sites as,

P |i〉x ⊗ | j〉x+1 = | j〉x ⊗ |i〉x+1 , (35)

i.e. that it swaps the states at the sites on which it acts. In terms of diagrams this is represented
as

P = , (36)

meaning that one should contract indices along the diagonal lines only. Using this form of
gate, the quantities Je,o(n, m) can be straightforwardly calculated giving,

Je(p, m) = qn(2p−m)−m(n−1) , (37)

Jo(p, m) = qn(2p−m+1) . (38)

Upon inserting these into (29) and using (6), we find that, for mt ≡ 4t + 2ℓ − 1 − L with
2ℓ≤ mt > 0,

S(n)A (t) =

¨

2ℓ log(q) , L even,

(2ℓ−mt) log(q) , L odd.
(39)
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Thus, while for even L the entanglement entropy remains constant, this is not the case for odd
L which experiences a linear in t decrease for t > L−2ℓ

4 . This linear decrease terminates at

tmin = ⌊
L+1

4 ⌋. At this time we arrive at a minimum value of entanglement, S(n)A (tmin) = 2 log (q)
for L+1

2 being odd or equivalently ℓ being odd and S(n)A (tmin) = 0 for L+1
2 or ℓ being even. The

odd-even effect of (39) can be traced back to what sites are entangled by the initial state and
how those correlations are propagated by the circuit. For the half system size, L, being even,
the initially entangled pairs of qudits are both on even or both on odd sites. Furthermore, by
inspecting the form of the gate in (36), we see that information from sites is chirally propa-
gated, meaning that information on an even numbered site is propagated solely to the left in
the swap circuit while information on odd sites is propagated to the right. Thus, when the ini-
tial state entangles only even sites or only odd sites but not even with odd, the entanglement
remains constant, in effect the entanglement always remains between sites which are a dis-
tance L apart. In contrast, when L is odd, the initial state possesses correlations between even
sites and odd sites. The information from these sites then propagates in opposite directions
and so the distance between sites which are entangled decreases. Once a pair of entangled
sites is within A, the S(n)A (t) experiences a drop in entanglement of 2 log(q).

Naturally, the preceding discussion can be formulated in the language of the quasiparticle
picture. The quench produces quasiparticles which propagate ballistically, with dimensionless
velocity 2, throughout the system. In this case left moving particles are produced at the even
sites and right movers are produced at the odd sites. If L is even, then correlated pairs of
quasiparticles have the same chirality and because of their constant velocity, always remain a
distance L apart. Therefore, they cannot both be inside the subsystem at the same time and
change the entanglement entropy. In the case of odd L however, the quasiparticle pairs have
opposite chirality and so will enter the subsystem at a certain point in time. This happens first
at t = L−2ℓ

4 when the pair which are initially equidistant from the center of the subsystem

enter inside it. This leads to a linear decrease in time of S(n)A (t) with a slope of 4 log(q). This
continues until t = ⌊ L+1

4 ⌋ time steps, at which point the state resembles a lowly entangled state,
where the entangled quasiparticle pairs sit on adjacent sites. After this the system experiences
a linear increase in entanglement until it returns to its original value. Using this, along with
the fact that the dynamics should be periodic in time with period ⌊ L+1

2 ⌋ we can construct the
dynamics at aribitrary times. The result is plotted in Figure 3 in which we see a sequence of
decreases and increases in entanglement.

Another straightforward calculation allows us to examine the case where the susbsystem
consists of A and its mirror. Here we find that

De(p, m) = 1 , (40)

Do(p, m) =
1

qn(max[2m−2,4p+2])
. (41)

Inserting these in (32) we find that

I (n)A:AM (t) =

¨

4ℓ log(q) , L even,

4(ℓ−min[ℓ, 2t]) log(q) , L odd.
(42)

Therefore, as might be expected, when L is even there is no change in the mutual informa-
tion while when L is odd we have a linear in time decrease in the mutual information up to
t = ℓ

2 whereupon it stays zeros. After t = L−2ℓ
4 one can show that tr[ρn

A∪AM (t)] starts to in-
crease again, compensating for the decrease in tr[ρn

A,AM (t)] thereby maintaining the positivity

of I (n)A:AM (t). Upon using the quasiparticle picture we can extend the above result to arbitrary
times which shows, as before, a series of periodic-in-time revivals. This is plotted in Figure 3.
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Figure 3: Left: S(n)A (t)/2ℓ as a function of t/2ℓ for the swap gate circuit with L odd
(solid blue line), the swap gate circuit with L even (dashed green line) and generic
dual unitary circuits as well (red symbols). Right: I (n)A (t)/4ℓ as a function of t/2ℓ
for the same systems.

2.2 Random unitary circuit

Having seen how the entanglement dynamics behaves in the case of the swap circuit, which is
integrable and noninteracting, we contrast this with the case of a random unitary circuit which
is, instead, chaotic. In this case the local gates are independently drawn at random from the
Haar ensemble and we shall be interested in quantities which are averaged over all possible
realizations of the randomly chosen circuit.

Specializing to the case of n= 2 and averaging over all realizations, our diagrams obey an
additional rule, namely

2 = α
�

+
�

, 2 = α
�

+
�

, (43)

where α = q/(q2 + 1). These are standard results in the theory of Weingarten calculus and
can be obtained by averaging the quantity U ⊗U ⊗U∗⊗U∗ over all unitary matrices using the
Haar measure [67, 68]. Using this new relation we can then reduce Je,o(p, m) further. In
particular, applying (43) to the top left and right most gates it is straightforward to show that

Je,o(p, m) = α2q2
�

1
q8

Je,o(p− 1, m− 4) +
2
q4

Je,o(p− 1, m− 2) +Je,o(p− 1, m)
�

, (44)

which is valid provided p > m/2 but must be supplemented by an appropriate set of boundary
conditions. Similar recursion relations have been analysed in the context of random unitary
dynamics from lowly entangled states yielding exact solutions [69]. In the present case, the
boundary conditions are significantly more involved and we postpone a full analysis to future
work, choosing instead to study them in the limit of large q. In that case it can be shown
that the first term on the right hand side is the leading term. These terms lead to the largest
number of contractions between states of the same type, i.e. or . Other terms instead result

in these being replaced with diagrams meaning that they are subleading at large q. In that
limit we find

Je(p, m)≃ q4p−3m , (45)

Jo(p, m)≃ q4p−3m+1 . (46)
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These relations can be readily checked by inserting theses scaling forms into (44) and also
by directly calculating Je,o(p, m) for 1 ≤ m ≤ 4. Using these in (29) we then find that the
annealed average entanglement entropy in the limit of large local Hilbert space dimension is

〈S(2)A (t)〉a = 2ℓ log(q) , (47)

where 〈·〉a denotes the annealed average over realizations of the circuit. Thus in contrast to the
swap gate we find that the entanglement entropy remains maximal and there is no even-odd
effect.

This result can be interpreted using the entanglement membrane picture [33–35]. For
random unitary circuits the local gate, after averaging over realizations, effectively projects the
full local space onto a two dimensional subspace spanned by the non-orthogonal states (20)
and (21). The representation of tr

�

ρ2
A(t)
�

thus resembles a 2 dimensional lattice model with
links taking on the values of the circle or square state. The line of states at the top imposes a
specific boundary condition which creates two domain walls between the circle state on either
side and square states in the middle. The entanglement entropy is then obtained by calculating
the energy of these domain walls or membranes which start at the top and either terminate
on the lower edge or on each other. In the standard scenario of lowly entangled initial states,
there is no additional cost to terminating on the lower edge. In this scenario, however, since we
have maximal entanglement across any single cut in the initial state there is a large energy cost
for the membrane to terminate there. Thus, at any finite time, it is energetically favourable
for the membrane to stretch horizontally across the subsystem rather than paying the cost
associated to the lower boundary. We note that the original formulation of the membrane
picture [33, 34] already allowed for the possibility of a highly entangled initial state but has
typically only been applied to lowly entangled initial states. This leads to the expression (47).
Therefore, from the point of view of the entanglement entropy, there appear to be no dynamics
when quenching from |M〉 to a random unitary circuit. Moreover, since we are performing an
average over realizations, which has returned the maximum value, this should be true for all
realizations.

To see that, indeed, there are non-trivial dynamics occurring we turn instead to the mutual
information. To achieve this we must evaluate De,o(p, m) which unfortunately does not admit
such a nice recursion relation as Je,o. However, we determine its scaling in the large q limit
as we did for the single interval. Again, the leading order term is the one which retains the
most contractions between states of the same type. Within this approximation, when 2p < m,
we find that

De(p, m)≃
1

q4p+4
, (48)

Do(p, m)≃
1

q4p
. (49)

From these, we can deduce that, at least for t < L−2ℓ
4 and to leading order in large q,

〈I (2)A:AM (t)〉a ≃ 4(ℓ−min[ℓ, 2t]) log(q) . (50)

Thus, there is a linear decrease in the mutual information as was the case in the swap circuit
for L odd. Beyond t > L−2ℓ

4 however, we do not expect similar behaviour in the chaotic and
integrable dynamics as the latter experiences revivals while the former is not expected to,
which we explain further below.

This result can also be interpreted using the membrane picture with only a slight modi-
fication. As we saw in the single interval case, the difference from the standard membrane
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picture arises from the long-range correlated nature of the initial state. For the case in which
the subsystem consists of both A and AM , we must properly account for the fact that these two
disjoint intervals are entangled. As a result, the additional energetic penalty for the membrane
to end on the lower boundary is exactly cancelled if there is a corresponding membrane also
terminating on the initial state a distance L away. With this modification, one can understand
that the most favourable configuration is for the membranes emerging from all 4 entangling
points to proceed vertically downwards at short time, leading to a linear decrease in the mu-
tual information. After t = ℓ/2 and provided L > 4ℓ the membranes are arranged horizontally
across the disjoint parts of the subsystem leading to a vanishing of the mutual information.
This prediction is in agreement with (50) but is applicable beyond t > ℓ/2 indicating that the
mutual information remains zero. This can be naturally encoded in the original formulation
of the entanglement membrane picture [34] upon properly incorporating the spatial profile
of the initial state entanglement. To properly derive this however one would need to obtain a
solution to the recursion relations (44) beyond leading oreder in 1/q

2.3 Dual unitary circuit

As a final example we examine a dual unitary circuit. These circuits have attracted much
attention in recent years for their ability to provide insight into the dynamics of many body
quantum systems, both chaotic and integrable while at the same time allowing for certain
quantities to be computed exactly [61,66,69–83]. Their defining characteristic is that they are
unitary when viewed in both the space and time directions. In terms of the folded represented
gate, this property is depicted as

= , = , (51)

= , = . (52)

These relations are also satisfied by the swap gate, which is a special point in the space of dual
unitary gates. Away from such special points, which also include the interacting but integrable,
dual unitary XXZ circuit, dual unitary circuits are chaotic with properties which are distinct
from random unitary gates. For a specific class of dual unitary gates, which includes all q = 2
gates it has been shown that, generically, the following relation holds [58],

n

n n n
n n

n
n n

z
p

≃
1

qnp−z

p
, (53)

for large enough z and arbitrary p. The essence of this relation is the leading eigenvector of
the object on the left at z = 1 is a product over states. Thus, for large enough z, the left
hand side becomes a projector onto this leading eigenvector, giving the expression on the right
hand side. For special cases, such as the swap gate considered above, the leading eigenvector
is not unique and this approach cannot be used. Using this, we can then reduce Je,o to a form
where it can be fully contracted provided m

2 is large enough. From this we find that as in the
previous case, that the entanglement entropy remains constant

S(n)A (t) = 2ℓ log(q) . (54)
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This result is valid for all Rényi indices, n. As above, this result is in agreement with the
prediction of the appropriately modified membrane picture.

Lastly, we calculate the mutual information. For dual unitary circuits it is possible to reduce
Do(p, m) completely using (51) because of the additional circle states on the bottom row of the
right hand part of (33). Unfortunately, the same simplification cannot be applied to De(p, m).
Nevertheless, for L being odd we can find that, at least for t < L−2ℓ

4

I (n)A:AM (t) = 4(ℓ−min[ℓ, 2t]) log(q) . (55)

This result is valid for an arbitrary dual unitary circuit, including the swap gates discussed
previously. In the case of the swap gates however, we can go beyond this time regime and
show that revivals IA:AM (t) can occur. For a generic dual unitary however, we expect no revivals
to occur since dual unitary gates are generically chaotic. Once again the result (55) is in
agreement with the prediction of the modified entanglement membrane picture presented for
the random unitary circuit in the previous subsection. We plot this behaviour in Figure 3,
comparing to the special case of swap gates.

3 Hamiltonian dynamics

In the previous section we have seen that a quantum circuit made of swap gates can exhibit
nontrivial quench dynamics provided the half system size, L, is chosen to be odd. This mani-
fests in a linear decrease of both the entanglement entropy and the mutual information, with
the former only occurring after a time delay, which depends on both the total and subsys-
tem sizes. In contrast, for the case of L even, we saw that the time evolution was trivial and
both quantities were constant. Both scenarios can be understood straightforwardly through
the quasiparticle picture with the difference lying in how the initially correlated quasiparti-
cle pairs are transported. To investigate these features further in an alternative setting we
examine a system in which there is continuous time evolution generated by the Hamiltonian,

HU = −
2L
∑

x=1

c†
x cx+1 + c†

x+1cx + 4Uc†
x cx c†

x+1cx+1 . (56)

Here c†
x , cx are canonical fermionic creation and annihilation operators acting on site x , with

the first two terms describing their hopping on the lattice and the last term describing their
nearest neighbour density-density interaction which has a strength U . This model is integrable
for all values of U and is equivalent to the XXZ chain via Jordan-Wigner transformation [84–
86]. The free fermion Hamiltonian at U = 0 is denoted by H0. We choose to work with the
fermionic version in order to avoid complications which can arise in the spin chain formulation
when one is interested in disjoint subsystems [87]. Here, the local Hilbert space dimension is
q = 2 and in the previously introduced notation, the local basis of states is defined so that |0〉x
and |1〉x are the states which contain zero or one fermion,

cx |0〉x = 0 , c†
x |0〉x = |1〉x . (57)

To simplify matters, we shall restrict our attention to the quench dynamics emerging from the
crosscap state (2). Starting from this crosscap state defined for the spin chain and performing
a careful Jordan-Wigner transformation one finds that it is, in fact, a superposition of two
fermionic Gaussian states, related to each other via a gauge transformation [48]. While the
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entanglement dynamics of superpositions of Gaussian states can be studied analytically, it is
much more involved [87]. To make progress, therefore, we shall study the fermionic crosscap
state defined directly in terms of (57). Namely, we take

|C〉= 1
2L/2

e
∑L

x=1 c†
x c†

x+L

2L
⊗

x=1

|0〉x , (58)

which is equivalent to each of the individual Gaussian states in the spin chain realization.
Moreover, we impose anti periodic boundary conditions, cx+2L = −cx which ensure that the
state is translationally invariant. As before, we will compute the dynamics of both SA(t) and
IA:AM (t) which can be done directly without the need for the replica trick.

When U = 0, the Hamiltonian reduces to the simple tight binding model of noninteracting
fermions and in that case we can use the Gaussianity of the initial state (58) to compute SA(t)
and IA:AM (t) exactly [88]. This can then, in turn, be used to derive the quasiparticle picture for
these quantities. In the interacting case, U ̸= 0, it is no longer possible to perform an exact,
first principles calculation of the entanglement entropy. It is now well established, however,
that for the von Neumann entanglement entropy and mutual information, the quasiparticle
picture can be applied to interacting integrable cases also [12, 19]. Rényi entropies, on the
other hand, do not conform to the standard quasiparticle picture when there are interactions
and it needs to be replaced using the methods of space-time duality [21,30,56]. For this reason
we shall discuss only the von Neumann quantities. Our strategy will therefore be to first derive
the quasiparticle picture in the noninteracting case, check it against exact numerics, and then
adapt the results to the generic interacting model. As we explain in detail below, the emergent
quasiparticle picture will necessarily be distinct from the standard quench due to presence of
long-range correlations in the initial state.

3.1 Free fermion model

For a fermionic system in a Gaussian state, evolving according to the quadratic Hamiltonian,
H0, the entanglement entropy can be exactly computed via its two-point correlation func-
tion [88]. For this, we introduce the correlation matrix CA(t) within the subsystem A, whose
matrix elements are

[CA(t)]x ,y = 〈C(t)|c†
xcy |C(t)〉 , x , y ∈ A , (59)

where |C(t)〉= e−iH0 t |C〉 and cx = (cx , c†
x). Denoting the eigenvalues of this 4ℓ×4ℓ matrix by

γα(t), α= 1, . . . , 4ℓ, the entanglement entropy is given by [88]

SA(t) = −
1
2

4ℓ
∑

α=1

(γα(t) log [γα(t)] + [1− γα(t)] log [1− γα(t)]) . (60)

The same procedure can also be used to obtain SA∪AM (t) by extending (59) to include all sites
in the subsystem, i.e. x , y ∈ A∪ AM . After introducing the Fourier transforms

cx =
1
p

2L

2L
∑

n=1

ckn
ei xkn , ckn

=
1
p

2L

2L
∑

x=1

cke−i xkn , (61)

with kn = π(n + 1/2)/L and using the fact that e−iH0 t c†
kn

eiH0 t = e−i tε(kn)c†
kn

where
ε(kn) = −2cos(kn) is the quasiparticle energy, we find that

[CA(t)]x ,y =
1

4L

2L
∑

n=1

eikn(x−y)

�

1 eikn L−2i tε(kn)

e−ikn L+2i tε(kn) 1

�

. (62)
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Here, we can note that the off-diagonal elements of CA(t) have a dependence on the size of the
full chain 2L, which serve as the imprint of the long-range entangled structure of |C〉 across L
sites. Moreover, prior to the quench, since we restrict to ℓ < L/2, the correlation matrix, CA(0)
is diagonal with all equal eigenvalues γα(0) = 1/2. This is in accordance with the fact that the
initial state is maximally entangled. Furthermore, the above matrix has a Toeplitz structure,
since the elements of this matrix only depend on the difference of their indices. This can be
used to efficiently compute CA(t) numerically and after diagonalizing it, to use the resulting
spectrum to obtain SA(t) exactly.

3.2 Quasiparticle picture

To start unravelling the quench dynamics of the crosscap state under H0, it is instructive to
first study the dynamics of the particle number, N =

∑

x c†
x cx restricted within the subsystem,

i.e.
NA(t) =
∑

x∈A

c†
x(t)cx(t) . (63)

Since H0 conserves particle number globally i.e. [N , H0] = 0, the expectation value inside
the subsystem remains constant, 〈NA(t)〉 = ℓ. However, higher order moments still exhibit
nontrivial evolution. This can be probed through the variance, σ2

A(t), of the conserved charge
inside A defined as

σ2
A(t) = 〈NA(t)− 〈NA〉〉2 = 〈N2

A (t)〉 − ℓ
2 , (64)

which can be calculated in one of two ways. First, we can proceed directly by using the
definition (63) and employing the results of (62), obtaining

σ2
A(t) =
∑

x ,y∈A

〈c†
x(t)cx(t)c

†
y(t)cy(t)〉 − ℓ2 . (65)

Alternatively, we can relate it to the eigenvalues of the reduced correlation matrix CA(t) via [22,
89],

σ2
A(t) =

1
2

4ℓ
∑

α=1

γα(t) [1− γα(t)] . (66)

Therefore, given an analytic expression for the charge fluctuations which can be straightfor-
wardly calculated using (65), we can determine the time dependence of the eigenvalues of
the correlation matrix γα(t) and, as a result, the entanglement entropy.

Switching to Fourier space and taking the thermodynamic limit,

1
2L

2L
∑

n=1

f (kn)→
∫ π

−π

dk
2π

f (k) ,

the variance of charge inside A is given by [90],

σ2
A(t) =

ℓ

2
−

1
2

2ℓ
∑

x ,y=1

∫

dkdq
(2π)2

e2i t(ε(q)−ε(k))+i(q−k)(x−y−L) , (67)

where the first term can be recognized as the initial state value, which can be obtained
from (66) using γα(0) = 1/2. The second term constitutes the time dependent correction
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t⋆ ≤ L − 2ℓ
2 |v(k) |

t⋆ + L
|v(k) |

k

−k

k

−k

L − 2ℓ
2

3L − 2ℓ
2

Figure 4: A depiction of the quasiparticle picture for the free fermion quench of the
crosscap state, |C〉. From each point in space, quasiparticles of momenta k and −k
are emitted. These are depicted by the blue and red arrows. Quasiparticles are only
correlated with the opposite momentum counterpart at the antipodal point i.e. blue
arrows represent a correlated pair and likewise for red arrows. No correlations exist
between quasiparticles represented by different colors. On the left we depict the
situation for a time t⋆ ≤ L−2ℓ

4 . A quasiparticle pair (blue arrows) emitted from points
a distance L/2− ℓ from A both enter A at the same time, at which point they reduce
the entanglement between A and Ā. The other pair emitted from the same points (red
arrows) must traverse the distance 3L/2− ℓ before both entering the subsystem. On
the right we depict the situation for t⋆ + L

|v(k)| . Here the red and blue arrows have
swapped places but the otherwise the state is the same, leading to the use of τk

in (68).

to the initial value and it can be evaluated using the multi-dimensional stationary phase ap-
proximation [17,91]. Relegating the details to Appendix A, we find that

σ2
A(t) =

ℓ

2
−
∫ π

−π

dk
2π

max (0, 2ℓ− |2τkv(k)− L|) , (68)

τk ≡ t mod
L
|v(k)|

, (69)

where v(k) = 2sin(k) is the quasiparticle velocity. From the above result we will be able to
understand the underlying quasiparticle dynamics and, accordingly, the entanglement entropy,
so let us take some time to remark upon its form.

To begin, we should recall how the standard quasiparticle picture plays out. Therein, the
quench locally produces pairs of locally correlated quasiparticles such that the quasiparticle
with momentum k produced at a point x is correlated with the quasiparticle of momentum −k
also produced at x , and no others. A physical quantity is then computed by first knowing how
each pair contributes to the quantity in question and then counting up the total contribution of
all pairs. For t ≤ 2L/v(k), the number of pairs indexed by k inside the subsystem is given by the
counting function max[0, 2ℓ−2|v(k)|t]. Combining this with the contribution of each pair and
integrating over the momenta we obtain the quasiparticle picture result. To extend this result
into the regime where t > 2L/|v(k)|, we should make the replacement t → t mod 2L/|v(k)|
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Figure 5: Left: 〈N2
A (t)〉 = ℓ

2 +σ2
A(t) for total system size 2L = 160 and subsystem

size 2ℓ = 30, with the symbols being the exact calculation and the blue curve using
the quasiparticle picture obtained from (68). Right: 〈N2

A∪AM (t)〉, for total system size
2L = 40 and subsystem size 2ℓ= 8. The blue curve is given by (71) and the symbols
are the exact numerical result.

which merely keeps track of the fact that the quasiparticles return to their original position
after a time 2L/|v(k)| [92]. Inspecting (68), we see that the integrand of the second term
is reminiscent of the counting function with two modifications: the shift by L and the use of
the periodic time variable τk. To understand the effect of these modifications we can use the
intuition garnered from the swap gate circuit of the previous section.

Just like the standard case, quenching from the crosscap state also locally produces pairs
of quasiparticles of opposite momentum at each point. In contrast, however, since the initial
state only has correlation between sites which are a distance L apart, the quasiparticle of
momentum k produced at x is correlated with the quasiparticle of momentum −k produced at
x + L and no others. Likewise, the quasiparticle of momentum −k produced at x is correlated
only with the quasiparticle of momentum k produced at x + L, see Figure 4. The counting
function, max (0,2ℓ− |2t v(k)− L|) counts the number of non-locally correlated quasiparticle
pairs indexed by k and produced at x and x + L which are inside the subsystem at time t.
We can check that this counting function vanishes for t ≤ L−2ℓ

2|v(k)| which is the same delay time
as found in the swap gate, for which the velocity is 2. This corresponds to the time at which
the quasiparticles of velocity v(k), produced at points a distance ±L/2 from the midpoint of
A, and which are initially traveling towards A, both enter the subsystem, see Figure 4. The
use of the time variable τk can then be understood by noting that there are also quasiparticles
produced, which initially travel away from the subsystem but which enter A after a time which
is delayed by L

v(k) . Accordingly, we should replace t → t mod L/|v(k)| to obtain an expression
valid at arbitrary times. This replacement of the time arises explicitly from the stationary
phase calculation by determining the range of validity of the saddle point solutions and how
their upper limit depends upon v(k), t, L. More details on this are presented in appendix A.
In Figure 5, we plot 〈N2

A (t)〉 comparing the exact expression, which we evaluate numerically,
with the one obtained from (68), finding excellent agreement.

The same analysis can also be carried out when the subsystem consists of both A and its
mirror AM allowing us to obtain the quasiparticle prediction for

σ2
A∪AM (t) = 〈N2

A (t)〉+ 〈N
2
AM (t)〉+ 〈NA(t)NAM (t)〉+ 〈NAM (t)NA(t)〉 − 4ℓ2

= 2〈N2
A (t)〉+ 2〈NA(t)NAM (t)〉 − 4ℓ2 .

(70)
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Where, in going to the second line, we have used the translational invariance of both the initial
state and the Hamiltonian. The second term, 〈NA(t)NAM (t)〉, is new and needs to be considered
separately using the multi-dimensional stationary phase approximation. Leaving the details
to the appendix, we find that,

σ2
A∪AM (t) = 2ℓ−
∫ π

−π

dk
2π

�

2 max
�

0, 2ℓ−
�

�2τ′kv(k)− L
�

�

�

+max
�

0, 2ℓ−
�

�2τ′kv(k)
�

�

�

+max
�

0,2ℓ−
�

�2τ′kv(k)− 2L
�

�

��

, (71)

τ′k ≡ t mod
L

2|v(k)|
. (72)

Here, we can note the presence of three types of counting functions, the one which appears
in (68), the standard one, and a new one involving a shift of L. The first of these arises
from the first term in (70). The appearance of the standard one could be anticipated since we
consider a subsystem which includes both Aand its mirror. Therefore, at short times the disjoint
subsystem contains both members of a correlated quasiparticle pair and behaves similarly to
the usual quench scenario. The final counting function merely accounts for the fact that upon
traversing half the system a quasiparticle pair appears in the same configuration as it was
initially but with the positions of each member of the pair exchanged. It should be noted
that, the time variable, τ′k, differs from the case of the single contiguous subsystem with the
period being half that of a single interval. Previously, the need for τk arose from the fact that
there were quasiparticle pairs which traveled the long way round the system before entering
A. In this case since A and AM are diametrically positioned, one can view the system as being
effectively halved in size leading to τk→ τ′k, see Figure 6. As detailed in the appendix, this can
be derived explicitly by considering the range of validity of the stationary phase approximation.
In Figure 5 we plot the charge fluctuations using (71) and compare it to the exact numerical
result obtained through the correlation matrix, finding excellent agreement, even for very
small subsystems.

3.3 Entanglement dynamics

Having discerned the structure of the quasiparticle dynamics by studying the fluctuations of
charge inside the subsystem, we can now obtain the quasiparticle prediction for the entan-
glement entropy and the mutual information. The remaining piece of information which is
required, is to understand the contribution of each quasiparticle pair to the entropy. For this,
it is useful to once again recall how this works in the standard scenario. When quenching
from a lowly entangled state which produces locally correlated pairs of quasiparticles, the sus-
bsystem initially contains both members of a pair and so these cannot generate entanglement
between A and Ā. After some time however, the subsystem contains one and only one mem-
ber of a correlated pair whereupon the entanglement entropy receives a contribution equal to
the thermodynamic entropy of the corresponding quasiparticle. The entanglement therefore
increases as the number of pairs which are shared between the subsystem and its complement
increases. This continues until the subsystem only contains quasiparticles whose partner is
outside the subsystem, leading to a saturation of SA(t) to a value which is proportional to the
subsystem size.

In our case, the region A is maximally entangled with Ā and initially contains only a single
member of a correlated pair. Thus each pair which is shared between A and Ā contributes log(2)
to the entanglement. After some time, the subsystem will not only contain a quasiparticle
whose partner is in Ā but also some whose partner is inside A as well. Such pairs, which are
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A

AM

A

AM

t⋆ ≤ ℓ
|v(k) |

t⋆ + L
2 |v(k) |

k

−k

k

−k

Figure 6: A depiction of the quasiparticle dynamics for the disjoint subsystem A∪AM .
Quasiparticle pairs, depicted by red and blue, dashed and solid arrows, are emitted
from each point in space. Correlations exist only between quasiparticles represented
by the same color and style, dashed or solid. On the left, we depict the situation for
some time t⋆ ≤ ℓ

|v(k)| . The disjoint subsystem contains two correlated pairs, denoted
by the dashed arrows of different colours. On the right, we depict the situation at
the time t⋆ + L/2|v(k)|. Here we see that the disjoint subsystem still contains two
correlated pairs, denoted by the solid arrows. In this instance the correlated pairs are
contained entirely within A or AM but, from the point of view of charge fluctuations
or entanglement, the contributions are the same as on the left, necessitating the use
of τ′k in (71).

completely inside the subsystem, cannot contribute positively to the entanglement and so there
is an overall decrease in entanglement of 2 log(2). This value of the drop arises due to the fact
we have replaced two entangling quasiparticles, each contributing log(2), with a single pair
giving no contribution. From this picture, we then find that

SA(t) = 2ℓ log (2)− 2 log(2)

∫ π

−π

dk
2π

max (0,2ℓ− |2τkv(k)− L|) . (73)

This result can also be derived directly using the multi-dimensional stationary phase approx-
imation. In Figure 7 we plot this expression, comparing against the numerically exact result
obtained from (60) with excellent agreement, even for small subsystem sizes. We see that as
expected SA(t) remains constant up until t = L−2ℓ

4 after which time it begins to decrease lin-
early in t. Around t = L/4 the entanglement entropy starts to rise again before experiencing
another drop around t = 3L−2ℓ

4 followed by further drops and peaks. The first of these fea-
tures, the time delay prior to the linear decrease, has been anticipated in the previous section
and corresponds to the first time a correlated pair of quasiparticles enters the subsystem. The
second feature, wherein the SA(t) begins to rise again can be understood by noting that after
t = L/2|v(k)| correlated pairs have traversed a quarter of the system and now reside at the
same point in space. From this time on, from the point of view of this pair, the dynamics re-
sembles the typical scenario where correlated pairs evolve from the same point. Accordingly,
this leads to an increase in entanglement entropy. The final feature, the drop beginning at
t = 3L−2ℓ

4 , arises in the expression (73) from the replacement t → τk and can be understood
as being the contribution to the dynamics of the quasiparticle pairs which took the long way
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Figure 7: Left:SA(t) for total system size 2L = 400 and subsystem size 2ℓ = 140,
with the blue curve being the exact calculation and the orange curve using the quasi-
particle picture. Right: The time averaged entanglement entropy SA(ℓ) as a func-
tion of subsystem size (solid blue). Also shown is the initial value SA(0) (dashed
black) which coincides with the time averaged entanglement under random unitary
of generic dual unitary dynamics in the large q limit.

around the system before entering A. All subsequent revivals and depletions can be understood
through these mechanisms while the fact that the increases and decreases are not strictly linear
comes about due to the non-linear dispersion of the model.

We may explore the average entanglement entropy of the system by computing the time
averaged entanglement at large time as a function of subsystem size,

SA(ℓ) = lim
T→∞

∫ T

0

dt
T

SA(t) . (74)

This quantity is tricky to compute analytically, however, it is straightforward to understand
within the quasiparticle picture. In particular, at a generic point in time, the probability that
a given quasiparticle within A has a partner which is not within the subsystem is given by
1 − ℓ/L. The entanglement contribution of such a pair is log(2) and there are on average ℓ
quasiparticles inside A. Thus, after averaging over time, one arrives at,

SA(ℓ) = log(2)
ℓ(L − ℓ)

L
, (75)

where we have used SA(t) = SĀ(t) to extend the result beyond ℓ > L/2. Numerically integrat-
ing (74) for large, but finite T , one finds exact agreement with the above result. We plot this
in Figure 7, including also SA(0) for comparison, which is also the time averaged entangle-
ment for a system undergoing random unitary or generic dual unitary dynamics. This result is
reminiscent of the Page curve for Gaussian random states [93]. In fact (75) can be seen as a
special case of this wherein one averages over random states which have a quasiparticle pair
structure.

The same strategy can be used to obtain the mutual information. The key new ingredient
here is the behaviour of SA∪AM (t). By using the insight gained from the charge fluctuations as
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Figure 8: Left: IA:AM
(t), for total system size 2L = 400 and subsystem size 2ℓ= 140,

with the symbols being the exact numerical result and the blue curve using the quasi-
particle picture. Right: The time averaged mutual information IA:AM

(ℓ) as a func-
tion of ℓ ≤ L/2 (solid blue). For comparison, we also plot the initial value IA:AM (0)
(dashed black).

well as the single interval case discussed above we determine that

SA∪AM (t) = 2 log(2)

∫ π

−π

dk
2π

�

min
�

2ℓ,
�

�2τ′kv(k)
�

�

�

− 2 max
�

0,2ℓ−
�

�2τ′kv(k)− L
�

�

�

−2max
�

0,2ℓ−
�

�2τ′kv(k)− 2L
�

�

��

.

(76)

Note that here, the entanglement starts at zero and then increases linearly in time due to the
first term. After t = L−2ℓ

4 and L−2ℓ
2 however the second and third terms respectively become

nonzero and contribute to an overall decrease in the entanglement.
Combining (76) and (73), we obtain the mutual information. In Figure 8 we plot the ana-

lytic result and compare to the exact numerical data with excellent agreement. From this we
see that, as in the circuit dynamics, IA:AM (t) experiences an initial linear decrease in entangle-
ment. For the chosen subsystem sizes however, this never reaches zero and IA:AM (t) starts to
experience revivals. This is in contrast to the chaotic circuits of the previous section in which
the mutual information vanishes for t > ℓ/2. Using (75) one can also obtain the time aver-
aged behvaiour of IA:AM (t). Concentrating on the case where A and AM are not overlapping,
ℓ≤ L/2, we find

IA:AM (ℓ) = 2SA(ℓ)− SA∪AM (ℓ)

= 2SA(ℓ)− SA(2ℓ) ,
(77)

which is also plotted in Figure 8 along with IA:AM (0) for comparison.

3.4 Interacting model

When U ̸= 0 the model is interacting and we can no longer rely upon exact free fermion
techniques to calculate SA(t) or IA:AM (t). Being integrable, however, the model still admits a
description in terms of quasiparticles. Therefore, we can adapt the quasiparticle picture we
have derived in the previous section to the interacting case. The quasiparticle content of the
model is naturally more complicated than in the free case and we provide a complete review
in appendix B. The important points are, however, the same as in the free case. Namely, the
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Figure 9: Left: SA(t)/2ℓ (Top) and IA:AM (t)/4ℓ (bottom) for 2L = 160, 2ℓ = 30 ob-
tained from the quasiparticle picture in the gapless regime, using U = cos(π/4)≈ 0.7
(solid lines). We also plot the contributions of the quasiparticle species with
m = 1, 2,3 (dashed lines). Right: SA(t)/2ℓ (Top) and IA:AM (t)/4ℓ (bottom) for
2L = 160,2ℓ = 30 in the gapped regime with U = 1.5 (solid lines). We also plot
the contributions of the quasiparticle species with m= 1,2, 3,7 (dashed lines).

quench produces pairs of quasiparticles which propagate ballistically throughout the system
and to find the entanglement entropy we should simply count the contribution of each quasi-
particle pair.

In the interacting case there are many different types of quasiparticle. These can be thought
of as bound states of fermionic excitations and are labeled by a discrete index m = 1, . . . , M ,
the species index, and a continuous variable λ ∈ [−Λ,Λ] known as the rapidity [86]. The
latter can be understood as being the counterpart to the momentum, k, in the free model, and
the former is, roughly, the number of fermions which are bound together. The specific values
of M and Λ depend upon the parameter regime of the model, which broadly spits into two
distinct regimes: the gapless regime for |U | ≤ 1 and the gapped regime |U |> 1. In the former,
at special points in parameter space where U = cos ( πp+1) for integers p ≥ 1, there are a finite
number of quasiparticle species, M = p + 1, meaning that a maximum number of fermions
can combine to form a single bound state. In the latter regime, however, M =∞ and bound
states of arbitrary size can form. In either case, the result is that

SA(t) = 2ℓ log (2)− 2
M
∑

m=1

sm

∫ Λ

−Λ
dλρ t

n(λ)max
�

0,2ℓ−
�

�2τλ,mvm(λ)− L/2
�

�

�

, (78)
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Figure 10: Left: The behaviour of SA(t)/2ℓ as a function of time for different values
of U in both the gapless and gapped cases. As the interactions strength is increased
the initial decay occurs earlier and earlier. Right: The behaviour of IA:AM (t)/4ℓ as a
function of time for different values of U .

where sm is the quasiparticle contribution to entanglement, vm(λ) is the quasiparticle veloc-
ity, ρ t

m(λ) is the density of states of the quasiparticles and τλ,m the corresponding periodic
time. Each of these quantities can be calcuated exactly using thermodynamic Bethe ansatz
techniques [86] and the fact that the crosscap state is integrable [54]. A key simplifying com-
ponent in this analysis is that the initial state locally resembles the infinite temperature state,
whose properties are well known and allow one to determine sm analytically. We provide the
details of these calculations as well as those of vm(λ) and ρ t

m(λ) in appendix B. A similar
generalization also leads to an expression for the mutual information, IA:AM (t).

In Figure 9 we plot SA(t) and IA:AM (t) for different interactions strengths using (78). On
the top left of the plot we show SA(t) (solid line) for U = cos(π/4) ≈ 0.7 as well as the
individual contributions of the m = 1,2, 3 quasiparticles species (dashed lines). Here we see
that each quasiparticle species has a contribution which is qualitatively the same as that seen
in the free case seen in Figure 7. They exhibit a constant initial period, followed by a sudden
decay and later growth which is then repeated. The time scales differ between the species
however, which arises due to the fact that they have different velocities. Indeed, the more
fermions which make up the bound state the slower it is, i.e. vm1

(λ) < vm2
(λ) for m1 > m2

while at the same time the smaller its contribution to the entanglement. The summation over
the different species then results in a series of new peaks and troughs which do not appear
in the free case. For example, the small peak around t/2ℓ ≈ 2 results from the growth of the
m = 1 contribution and the simultaneous decay of the m = 2,3 parts. A similar behaviour is
also seen in IA:AM (t) which is plotted on the bottom left. On the right, we show SA(t) in the
gapped regime using U = 1.5. Here, there are bound states of all sizes and we display only the
contribrutions of a few (dashed lines) as well as the total value (solid line). We see, also here,
that the individual quasiparticles have the same qualitative features as in the gapless regime.
One can note, however, that the time scale for the m= 1 species to start evolving has decreased
whereas, those for m > 1 have become longer. This can be attributed to the slowing down
of bound states in this regime. In fact, in the limit U →∞ one finds that max [v1(λ)] → 3
while max[ vm>1(λ)]→ 0 and the bound states become effectively non-dynamical on ballistic
scales [94].
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In Figure 10 we plot SA(t) and IA:AM (t) for different values of the interactions strength in
both the gapped and gapless regimes. We can note that the behaviour is continuous as one
crosses between regimes. As with the free case one can also examine the long time average of
these quantities. The same phenomenology applies and one arrives at the result (75), however
in the gapped regime this is difficult to verify numerically due to the presence of the large, slow
bound states which require one to average over very large T . It is possible to verify, however,
that as T increases one approaches the result (75).

4 Conclusions

In this paper, using a mix of analytic calculations and numerics, we have studied the dynamics
of the entanglement entropy and mutual information in quenches from a class of long-range-
correlated states known as crosscap states. In particular, the initial states consisted of gener-
alized EPR pairs that sit on antipodal points of a periodic qudit chain, and the time evolution
was generated by either brickwork quantum circuit or Hamiltonian dynamics, which included
both integrable and chaotic examples. For the circuit dynamics, we considered both random
unitary and dual unitary evolution, while for the Hamiltonian system, we studied an interact-
ing fermion chain equivalent to the XXZ model. Depending on the nature of the dynamics, we
witnessed two distinct patterns of behaviour. For integrable systems, we saw that initially the
entanglement entropy remained constant but began to decrease after a time which was de-
pendent on the subsystem and total system sizes. This was followed by an increase and then a
subsequent decrease, with this pattern repeating periodically. In contrast, for chaotic systems
the entanglement entropy stayed constant. At early times, however, for both integrable and
chaotic dynamics, the mutual information experienced a linear decrease in time. In chaotic
systems, this continued until the mutual information vanished and remained that way for all
times. However, in the integrable case, the mutual information exhibited a series of revivals.
In integrable models, both the entanglement entropy and mutual information possess non-
trivial time averaged profiles as a function of subsystem size. After suitable modifications, we
showed that these behaviours could be described using the established effective theories of
entanglement dynamics: the quasiparticle and membrane pictures.

A natural generalization of this work would be to consider initial states in which more
than two sites, sitting at distant points on the chain, are entangled. For integrable models,
one could expect in that case the creation of correlated multiples of particles rather than just
pairs, leading to more complex dynamics. It would also be interesting to examine properties
of such systems other than their entanglement, e.g. the restoration of symmetry through the
entanglement asymmetry [26–29]. Alternatively, in the free case one can obtain a quasiparti-
cle description of the reduced density matrix itself, following a recent approach to quenches
from lowly entangled states [31, 32]. Measures of mixed-state entanglement, such as the
negativity, could also be explored by extending the results derived for lowly entangled initial
states [18, 19, 95]. Finally, for lowly entangled initial states, one might expect features of
the quasiparticle picture to persist on certain timescales in the presence of weak integrability
breaking terms. For quenches from crosscap states however, the entanglement for a single
interval only shows dynamics on scales proportional to the system size. Therefore, it is pos-
sible that weak integrability breaking could see a significant departure from the quasiparticle
picture and features similar to those described by the membrane picture.
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A Stationary phase approximation derivation for the single and
the disjoint intervals

Single interval: In this appendix, we present in detail the derivation of the quasiparticle
picture presented in section 3 using the stationary phase approximation [87]. By applying
this method to the exact expressions, one is lead to an analytic result that is then interpreted
through the quasiparticle picture. The first step in this procedure, is to consider 〈N2

A (t)〉 from
equations (64) and (67) and convert the sums that go over the subsystem sites, into integrals,
using the following identity

e−i(2ℓ+1) k
2

2ℓ
∑

x=1

ei xk = ℓ

∫ 1

−1

dξ
k/2

sin (k/2)
ei2ℓξ k

2 . (A.1)

Here we see that the sum over the subsystem sites indexed by the discrete variable x , has been
exchanged with an integral over a continuous variable ξ ∈ [−1,1]. The difference from the
main text, is that we present the problem solved from a generic initial time t0 until a time t,
hence instead of t we will have t − t0. By using equation (64), we solve (67) for 〈N2

A (t)〉 and
apply the identity for the two indices x , y ∈ [1,2ℓ], obtaining

〈N2
A (t)〉=ℓ

2 − ℓ/2− ℓ2
∫

[−π,π)2

dk1dk2

(2π)2
e2i(t−t0)(ε(k2)−ε(k1))

×
∫

[−1,1]2
dξ1dξ2

(k1 − k2)/2
sin ((k1 − k2)/2)

eiℓ(k2−k1)(ξ1−ξ2)+i L(k1−k2) .

(A.2)

The integrand depends on the momenta and on the difference ξ1−ξ2, meaning that it can be
simplified by a change of coordinates to (ζ0,ζ1) = (ξ1,ξ2 − ξ1), resulting in

〈N2
A (t)〉=ℓ

2 − ℓ/2− ℓ2
∫

[−π,π)2

dk1dk2

(2π)2
e2i(t−t0)(ε(k2)−ε(k1))

×
∫

D
dζ0dζ1

�

(k1 − k2)/2
sin ((k1 − k2)/2)

�2

e−iℓ(k1−k2)ζ1+i L(k1−k2) .

(A.3)

Our interest lies in the scaling limit where L,ℓ, t →∞ keeping ζ = t
ℓ fixed. In this limit the

integral is estimated using the stationary phase approximation. The point in which the phase
is stationary satisfies the condition k1 ≈ k2 since the phase of the exponential depends only
on the difference k2 − k1, a step known as the “localization rule” [87], which also means that

limk1→k2

�

(k1−k2)/2
sin ((k1−k2)/2)

�2
= 1. Since the integrand depends only on the ζ1 coordinate, we are

able to integrate over ζ0, obtaining the integration measure µ(ζ1), which along with the above
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simplification lead us to

〈N2
A (t)〉=ℓ

2 − ℓ/2− ℓ2
∫

[−π,π)2

dk1dk2

(2π)2
e2i(t−t0)(ε(k2)−ε(k1))

×
∫

D
dζ1µ(ζ1)e

−iℓ(k1−k2)ζ1+i L(k1−k2) ,

(A.4)

where this measure function is known and takes the form

µ(ζ1) =

¨

2− |ζ1| , if |ζ1|< 2 ,

0 , if |ζ1|> 2 .
(A.5)

The double integral over k2 and ζ1, is of the type
∫

F dN x⃗ p( x⃗)eiℓq( x⃗), which, in the saddle point
approximation for large ℓ is given by

∫

F
d2 x⃗ p( x⃗)eiℓq( x⃗) ≈

�

2π
ℓ

�

p( x⃗0)
1
p

det(A)
eiq( x⃗0)+

iπσA
4 , (A.6)

with A being the Hessian matrix Am,n =
∂
∂xn

∂
∂xm

, det(A) its determinant and σA the number of
positive minus the number of negative eigenvalues. The point x⃗0 is the saddle point of the
integral, that satisfies the saddle point condition ∇q( x⃗)| x⃗0

= 0,
with enumeration of coordinates being m, n = ζ1, k2. For our case the functions p( x⃗) and

q( x⃗) are given by

p( x⃗) = µ(ζ1) ; q( x⃗) = (k1 − k2)ζ1 +
L
ℓ
(k1 − k2) + 2

(t − t0)
ℓ

(ε(k2)− ε(k1)) , (A.7)

which leads us to the saddle point conditions being satisfied at the saddle point (ζ̄1, k̄2) that
can be determined to be

k̄2 = k1 , ζ̄1 = 2
(t − t0)
ℓ

d
dk2
ε(k2)|k2=k̄2

−
L
ℓ

. (A.8)

The Hessian matrix A has σA = 0 and det(A) = −1
4 , giving us

〈N2
A (t)〉 ≈ ℓ

2 + ℓ/2− ℓ
∫ π

−π

dk
2π

max

�

0,1−
�

�

�

�

2
(t − t0)
ℓ

v(k)−
L
ℓ

�

�

�

�

�

, (A.9)

which is a result that has a quasiparticle picture interpretation, with a corresponding counting

function that counts pairs, that we call R(k, t − t0) =max
�

0, 1−
�

�

�

(t−t0)
ℓ v(k)− L

ℓ

�

�

�

�

.

The quasiparticle structure from the reconfiguration times of the modes: Recurrences
of the quasiparticle structure are uncovered by examining the solution of the saddle point
equations. Studying the problem for an initial time t0 up to a time t, we can write the saddle
point equation of ζ̄1 of a particular mode k as follows

t − t0 =
ζ̄1ℓ+ L

2L
L

v(k)
. (A.10)

Since we have the definition ζ1 = ξ1 − ξ2 (where ξ1,ξ2 ∈ [−1, 1]), then |ζ1| ≤ 2 and we
moreover know that ℓ is physically restricted to ℓ ≤ L

2 , there is an upper bound for this time
window (t − t0)(k) equal to

δtmax(k) = (t − t0)max(k1) =
L
|v(k)|

, (A.11)
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which is finite for the modes k with nonzero velocity, v(k) ̸= 0 due to L being finite. Thus, the
saddle point solution we presented in equation (A.8) for each mode k stops being valid after
this window is surpassed and the equations need to be solved again for a new initial time. This
leads to the repetition of the counting function evolution for the k modes in that time window,
starting again from its initial value, so we make the replacement

t − t0→ τk = (t − t0)mod
L
|v(k)|

, (A.12)

leading to the final QPP expression,

〈N2
A (t)〉= ℓ

2 + ℓ/2− ℓ− ℓ
∫ π

−π

dk
2π

max

�

0,1−
�

�

�

�

2
τk

ℓ
v(k)−

L
2ℓ

�

�

�

�

�

. (A.13)

Disjoint intervals: The same procedure is applied to derive the quasiparticle picture for the
disjoint interval case, but for each one of the three terms of 〈N2

A∪AM (t)〉, which we remind here

〈N2
A∪AM (t)〉= 〈N2

A (t)〉+ 〈N
2
AM (t)〉+ 〈NA(t)NAM (t)〉+ 〈NAM (t)NA(t)〉 . (A.14)

The first two terms 〈N2
A (t)〉= 〈N

2
AM (t)〉, give the same quasiparticle counting function as ana-

lyzed in section A, which refer to the case of the single interval, given by equation (A.13). The
difference comes from the other two terms, which turn out to give two new counting functions.
Each of these terms codifies a different time behavior of the subsystem that is comprised by
the union of the two disjoint intervals A and AM . Specifically we have the term 〈NA(t)NAM (t)〉
that reads

〈NA(t)NAM (t)〉= ℓ2 + ℓ/2− ℓ
∫ π

−π

dk
2π

max
�

0, 1−
�

�

�2
τ

ℓ
v(k)− L
�

�

�

�

, (A.15)

and the term exchanging the order of NA(t) and NAM (t)

〈NAM (t)NA(t)〉= ℓ2 + ℓ/2− ℓ
∫ π

−π

dk
2π

max
�

0, 1−
�

�

�2
τ

ℓ
v(k)
�

�

�

�

. (A.16)

Note that microscopically the above terms are equal, however, we should take care when
passing to the thermodynamic limit. Hence, we find three in general different recurrence
times per mode k, which are

τL/2 =
L
|v(k)|

, τL =
3L

2|v(k)|
, τ0 =

L
2|v(k)|

, (A.17)

and refer to the validity of the three different saddle point solution of the aforementioned
terms for the mode k1. But since the time of the quench is the same for all three, the smallest
one is when the evolution has to be updated, which is always τ0 and when we substitute it
indeed we get really good agreement with numerics and can be also intuitively understood as
is explained in the caption of Figure 6.

B Thermodynamic Bethe ansatz description of HU

The Hamiltonian HU is integrable and simply related to the XXZ spin chain by a Jordan-Wigner
transformation. The eigenstates and spectrum of HU are known exactly [84,85] allowing one
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to determine some of its properties exactly. It has two regimes, a gapless regime for |U |< 1 and
a gapped regime for |U | > 1. At U = 1 it has an enhanced SU(2) symmetry, although we do
not investigate directly this point. In the thermodynamic limit the system admits a description
in terms of the thermodynamic Bethe ansatz which we now briefly recap [86]. The system
supports a set of stable quasiparticle excitations specified by a species index m= 1, . . . , M and
a rapidity variable λ ∈ [−Λ,Λ]. The number of species, M , and bounds on the rapidity, Λ
depend on the regime of the model and the particular value of the interaction parameter for
instance, at U > 1 M =∞ and Λ= π/2.

A stationary state of the system is described through a set of distributions for these quasi-
particles, in particular ϑm(λ) ∈ [0,1] is the occupation function of quasiparticle of species m
at rapidity λ, ρ t

m(λ) is their density of states and ρm(λ) = ϑm(λ)ρ t
m(λ) is the distribution of

occupied modes. These distributions are coupled to each other via a set of integral equations
whose form also depends on the parameter regime. Each quasiparticle has a bare velocity
which is dressed by the presence of interactions, we denote this by vm(λ). We now present
details in each of the regimes, employing the following notation

( f ⋆ g)(λ) =

∫ Λ

−Λ
dµ f (λ−µ)g(µ) . (B.1)

Gapless regime: In the gapless regime we parameterize the interaction via the parameter γ
defined by U = cos(γ) and moreover we restrict to the simplest possible case wherein γ= π

p+1 .
With this choice there are M = p + 1 quasiparticle species also known as strings, the first p
of which have bare charge or string length qm = m while the last has qp+1 = 1. These strings
can be interpreted as bound states of qm fermions. For a given stationary state defined by a
set of occupation functions ϑm(λ) the density of states ρ t

m(λ) and density of occupied modes
ρm(λ) are related by the integral equations (we drop the explicit λ dependence to lighten the
notation),

ρ t
1 = s+ s ⋆
�

(1− ϑ2)ρ
t
2 +δp,2ρp+1

�

, (B.2)

ρ t
m = s ⋆
�

(1− ϑm−1)ρ
t
m−1 + (1− ϑm+1)ρ

t
m+1 +δp,m+1ρp+1

�

, 1< m< p , (B.3)

ρ t
p = ρ

t
p+1 = s ⋆ [(1− ϑp−1)ρ

t
p−1] . (B.4)

with s(λ) = sech (πλ/γ)/(2γ), and the bound on rapidities now being Λ= +∞. A similar set
of integral equations determine the quasiparticle velocity

v1ρ
t
1 = −

sinγ
2
∂λs+ s ⋆
�

(1− ϑ2)v2ρ
t
2 +δp,2vp+1ρp+1

�

, (B.5)

vmρ
t
m = s ⋆
�

(1− ϑm−1)vm−1ρ
t
m−1 + (1− ϑm+1)vm+1ρ

t
m+1 +δp,m+1vp+1ρp+1

�

, 1< m< p ,
(B.6)

vpρ
t
p = ρ

t
p+1vp+1 = s ⋆ [(1− ϑp−1)vp−1ρ

t
p−1] . (B.7)

The occupation functions are required as inputs for all these equations. These are found by
noting that the reduced density matrix of the subsystem is the infinite temperature state. The
occupation functions for this state are [86]

ϑm =
1

(m+ 1)2
, 1≤ m< p , ϑp = 1− ϑp+1 =

1
p+ 1

. (B.8)

The above equations need to be integrated numerically in order to obtain the results on the
main text. To do this one must impose a cutoff on Λ, we choose Λ= 10 and have checked that
results to not vary by increasing this value.
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Gapped regime: In the gapped regime we instead parametrize the anisotropy by η which is
defined by U = cosh(η) and unlike in the gapless regime we place no restrictions upon η. The
nature of the strings in this regime changes and as previewed above we have that M =∞
and Λ = π

2 . The various distributions governing the stationary states of the model obey the
integral equations

ρ t
1 = s+ s ⋆
�

(1− ϑ2)ρ
t
2 +δp,2ρp+1

�

, (B.9)

ρ t
m = s ⋆
�

(1− ϑm−1)ρ
t
m−1 + (1− ϑm+1)ρ

t
m+1

�

, (B.10)

where now s(λ) = 1
2π

∑

k∈Z e−2ikλ sech(kη). Likewise, we have

v1ρ
t
1 = −

sinhη
2
∂λs+ s ⋆
�

(1− ϑ2)v2ρ
t
2

�

, (B.11)

vmρ
t
m = s ⋆
�

(1− ϑm−1)vm−1ρ
t
m−1 + (1− ϑm+1)vm+1ρ

t
m+1

�

. (B.12)

As in the gapless case the occupation functions can be determined exactly using the integra-
bility of the initial state

ϑm =
1

(m+ 1)2
. (B.13)

As before these equations need to be integrated numerically to obtain the results of the main
text. In this case, we are required to put a cutoff on the number of quasiparticles M . Here we
choose M = 40 and have checked that the results do not change substantially upon increasing
this.
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