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Abstract

String / M-theory backgrounds with degrees of freedom at a localized singularity provide
a general template for generating strongly correlated systems decoupled from lower-
dimensional gravity. There are by now several complementary procedures for extracting
the associated generalized symmetry data from orbifolds of the form R®/T, including
methods based on the boundary topology of the asymptotic geometry, as well as the
adjacency matrix for fermionic degrees of freedom in the quiver gauge theory of probe
branes. In this paper we show that this match between the two methods also works
in non-supersymmetric and discrete torsion backgrounds. In particular, a refinement of
geometric boundary data based on Chen-Ruan cohomology matches the expected answer
based on quiver data. Additionally, we also show that free (i.e., non-torsion) factors
count the number of higher-dimensional branes which couple to the localized singularity.
We use this to also extract quadratic pairing terms in the associated symmetry theory
(SymTh) for these systems, and explain how these considerations generalize to a broader
class of backgrounds.
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1 Introduction

String theory has proven to be a powerful framework for constructing and studying novel inter-
acting quantum field theories (QFTs), especially at strong coupling. In many cases of interest,
techniques from holomorphic geometry have been leveraged to extract detailed properties of
supersymmetric observables in such systems. Conversely, techniques from QFT provide valu-
able insights into the structure of string theory and quantum gravity, especially its supersym-
metric sectors.

But life is not so simple.

Supersymmetry, for example, has yet to be experimentally observed. Additionally, it is
an open problem to characterize the extent to which geometric backgrounds of string theory
provide an accurate characterization of the full set of quantum gravity backgrounds. From this
perspective, it is natural to seek out complementary techniques to constrain and study broader
classes of examples.

Symmetries provide a promising route towards addressing these issues. Indeed, recent
work [1] has indicated the appearance of deep topological structures connected with the gen-
eralized global symmetries of a D-dimensional QFT. In string theory backgrounds where gravity
in D dimensions is decoupled, it is natural to ask whether these topological structures can play
a role in constraining such systems.
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With the above aims in mind, in this paper we develop techniques to extract the general-
ized symmetries in non-supersymmetric and non-geometric backgrounds. More precisely we
consider type II string theory on orbifolds of the form R®/T, where T is a finite subgroup of
SU(4) = Spin(6), and the quotient need not preserve supersymmetry. Additionally, we al-
low for the possibility of mild deviations from pure geometry by allowing for the presence of
discrete torsion [2]. Type IIA string theory on such backgrounds leads to interacting 4D quan-
tum systems with D2-branes and D4-branes wrapped on compact 2- and 4-cycles contributing
particle-like degrees of freedom. Likewise, type IIB string theory with additional spacetime
filling probe D3-branes on the same closed string background leads to a broad class of 4D
QFTs. As far as we are aware, M-theory on such non-supersymmetric as well as torsional
backgrounds has not been studied before, but one can implicitly uplift statements about the
symmetries of the type IIA case to this situation as well.

For supersymmetric backgrounds, a great deal of progress has been made in extracting
the generalized symmetries from a wide variety of SQFTs. In this setting, one considers, for
example, a type II background of the form R*>! x X with X a Calabi-Yau cone with a singularity
at the tip of the cone. The original approach of [3-8] entails studying the spectrum of heavy
defects which extend from the tip of the cone out to the conformal boundary dX. These can
be screened by dynamical states obtained from branes wrapped on compact, collapsing cycles,
and the resulting “Defect Group” captures the totality of possible p-form symmetries. The
specific realization of an absolute QFT then follows from selecting boundary conditions on
0X, i.e., it selects the spectrum of extended defects. One approach to calculating the defect
group in this supersymmetric setting thus involves explicitly resolving the singularities of X to
X and then computing the quotient H i (X,0X)/H i (X). This technique assumes a great deal of
additional structure such as the appearance of a holomorphic local Calabi-Yau geometry, and
so it is unclear whether it extends to non-supersymmetric and discrete torsion backgrounds.
At a practical level these explicit resolutions can also become rather unwieldy.

At least for supersymmetric geometric backgrounds, one can instead characterize the rel-
evant symmetry data purely in terms of the topology of X, which is “far away” from the
dynamics of the QFT. Additionally, the electric-magnetic pairing of M-theory on X is captured
by KK excitations (namely DO-branes of type IIA) probing the singularity. As such, one expects
on physical grounds that all of the relevant physical data is captured both in the geometry of
0X and the relevant quiver data, namely Tor Coker Qy, where 2y is the anti-symmetrization of
the adjacency matrix for the quiver quantum mechanics of a DO-brane probing the singularity
of X [8]. This match was carried out successfully for 5D SCFTs engineered via M-theory on the
orbifolds X = C?/Tgy(s) for Tsy 3 a finite subgroup of SU(3). Additionally, this technique can
be extended to situations where there are also singularities which extend out to X [9-11]. An
important feature of these methods is that at no point it is necessary to resolve the geometry
X.

Some preliminary steps in extending this to non-supersymmetric type II backgrounds were
taken in [12]. In particular, it was shown that for non-supersymmetric orbifolds of the form
X = R®/T with a tachyon in a closed string twisted sector, there is again a precise match be-
tween the singular homology groups H,(2X) and Tor Coker Qf , with Qf; the anti-symmetrized
adjacency matrix for fermions of the quiver quantum mechanics of a probe DO-brane in the
ITA setup. However, when JX has singularities, this correspondence generically breaks down.
This is in part due to the presence of new sorts of non-supersymmetric singularities which
directly touch the asymptotic topology.

The general expectation is that the quiver, as it is directly informed by the IR data of
the singularity in question, provides an accurate characterization of the p-form symmetries.
Indeed, we find that a suitable refinement of the topological data of dX captures this more
singular structure. In particular, we find that Chen-Ruan (CR) orbifold cohomology groups
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HéR(S5 /T) and quiver based methods are able to detect the same symmetry data for both
supersymmetric and non-supersymmetric orbifolds. For supersymmetric orbifolds, Chen-Ruan
orbifold cohomology [13] is already an improvement on singular homology, as the match now
extends to include the rank of higher-dimensional branes realized by non-isolated singularities
via the free part of the defect group. For non-supersymmetric orbifolds, we show that Chen-
Ruan orbifold cohomology is able to detect the full torsional contribution to the symmetry
data, including that which was missing in [12].

Furthermore, we show that there is a natural extension for this framework to include back-
grounds that are not purely geometric due to the presence of a non-trivial NSNS 2-form poten-
tial B, in the target space, namely backgrounds with discrete torsion [2]. We can still compute
the defect group both geometrically and via the quiver, albeit with certain changes to both
approaches. In particular, regarding Chen-Ruan orbifold cohomology theory, the first natural
extension is to now consider local coefficients specified by the discrete torsion [14] instead of
with global integer coefficients.! However, mixings between twisted sectors will correlate local
coefficient systems and instead specify a lifting of the closed string background with discrete
torsion to a minimal covering space without discrete torsion, allowing for direct application
of machinery developed in purely geometric settings. In the quiver approach discrete torsion
specifies a preferred covering group of the orbifold group I' for which to compute the brane
probe theory [20,21]. Quite remarkably we again observe an exact match between the two
approaches, both for supersymmetric and non-supersymmetric backgrounds.

This broader geometric perspective also allows us to extract many additional features of
symmetry structures in such theories. In particular, the appearance of additional singulari-
ties in X leads to a more intricate bulk symmetry theory (SymTh).? We use the structure of
canonical pairings in Chen-Ruan cohomology to extract quadratic pairings in the correspond-
ing bulk SymTh. As a further generalization, we also show how similar considerations apply
beyond the case where dX is five-dimensional, namely lower-dimensional systems decoupled
from gravity.

The rest of this paper is organized as follows. We begin in section 2 by first introducing
the string theory orbifold backgrounds we shall be interested in studying. We then turn in
section 3 to introduce the primary techniques we shall use to extract the defect group, namely
Chen-Ruan cohomology and quiver based techniques. Section 4 contains an analysis of the
case without discrete torsion, and in section 5 we turn to the case of discrete torsion. In
section 6 we extract additional features of the corresponding SymTh for such backgrounds.
In section 7 we show how these considerations extend to the geometric characterization of
2-group symmetries and to backgrounds in different dimensions. We summarize and present
some directions for future work in section 8. The Appendices contain additional technical
details, including various aspects of how to read off the quiver data of various backgrounds.

2 4D quantum systems via orbifolds

In this section we introduce some of the relevant details of the backgrounds of interest. To
frame the discussion to follow, we primarily focus on the case of type II string theory on back-
grounds of the form R>! x X where X = R®/T is an orbifold space with a fixed point locus
at the tip of a cone. Here, T is a finite subgroup of SU(4) = Spin(6). We also allow for the
presence of discrete torsion, which in target space terms means the NSNS 2-form potential B,

1See [15-29] for more work on orbifolds with discrete torsion.

%For a partial list of references on symmetry topological field theories (SymTFTs) and their generalization to
Symmetry Theories (SymThs) see e.g., references [30-51] as well as some top-down implementations and gener-
alizations [11,50-67].
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may have a non-trivial period around some torsional cycles of the geometry. A broad comment
is that there are natural generalizations of the analysis we present here to X a more general
non-compact background of the form X = Cone(dX). That being said, we leave a complete
analysis of such situations to future work.

For type IIA string theory one thus expects to get a 4D theory which has particle-like excita-
tions, as well as line defects. Particles arise from D2- and D4-branes wrapping compact cycles
in the geometry, and line defects arise from these same branes wrapped on non-compact cy-
cles. The best studied cases are supersymmetry preserving orbifolds of the form C3/ Tsu(s)
for I3 a finite subgroup of SU(3). In this case, the closed string background preserves 4D
N = 2 supersymmetry, and in a suitable decoupling limit this can also engineer a 4D SCFT.
Indeed, these sorts of backgrounds naturally descend from M-theory on R*! x S x €3 /T3
which engineers a 5D SCFT compactified on a circle. Less well-studied is the case where the
orbifold group action does not preserve supersymmetry. This typically results in a tachyon in
a twisted sector of the type II background, which in turn leads to tachyon condensation and
a dynamical resolution of the singularity.> One can still consider branes wrapping cycles in
this setting and even study the spectrum of D-branes by considering the quiver gauge the-
ory generated by probe branes. There should in principle be an M-theory characterization of
such situations, but as far as we are aware this has not been carried out. Lastly, one can also
consider backgrounds in which discrete torsion is switched on, either in a supersymmetric or
non-supersymmetric setting. The M-theory lift of this case involves the three-form potential
with a non-trivial period on S x R®/T. In any case, we leave the 5D uplift of many of our
statements implicit, focussing on the 4D situation.

Similar considerations hold for type IIB strings on the same backgrounds. In this setting,
particle-like excitations are realized by also including probe D3-branes at the tip of the cone X.
In general terms, the resulting open string degrees of freedom on the D3-brane worldvolume
theory are captured by a 4D quiver gauge theory. The field content and interaction terms
all descend from the associated representation theory for open strings propagating on X. In
particular, the data of the quiver gauge theory involves specifying a basis of fractional branes,
i.e., the images of the D3-brane under the group action I' (when displaced from the origin),
as well as the spectrum of open strings between these fractional branes, i.e., both bosonic
and fermionic bifundamental matter. We refer to the adjacency matrices for the bosons and
fermions as A?j and AI;., respectively, and their anti-symmetrizations by Q’?j = A?j —A?i and
Qf) = Afj — A", For these we will also write A%, A}, Q%, Q7 indicating that they are bulk data,
depending explicitly on X. There is by now an algorithmic procedure for reading off the
corresponding quiver gauge theory in orbifolds with or without target space supersymmetry,
and with or without discrete torsion. We present a summary of this algorithm in Appendix A.
Much as in the IIA case, there is a corresponding spectrum of defects we can introduce from
wrapped branes on non-compact cycles.* Indeed, the same quiver data for adjacency matrices
arises from the type IIA setup via probe DO-branes. As far as determining the structure of
higher-form symmetries it suffices to focus on the IIA setup, so we typically leave the extension
to the IIB case implicit.

Indeed, our interest in this work will be in determining the generalized symmetries of
these backgrounds. The basic physical object of interest will be the defect group, which was
introduced in [3] and was subsequently found to characterize higher-form symmetries in ref-
erences [4-6]. The main idea in this setting is to introduce a collection of heavy defects via
branes which wrap non-compact cycles. In the 4D system, these specify non-dynamical ob-

3See [68-74] for examples.

“These include D5- and NS5-branes on non-compact 2-cycles and 4-cycles, leading to surface defects. Likewise,
one can introduce pointlike defects via wrapped D1- and F1- strings on non-compact 2-cycles, as well as constant
axio-dilaton 7-branes to generate duality defects [75] and charge conjugation operators [76].
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jects because their mass / tension is formally infinite. These branes are charged under p-form
potentials of the higher-dimensional system, and these can be partially screened by dynamical
states of the 4D theory. The choice of self-consistent® boundary conditions at X specify the
spectrum of extended objects. The physical quantity of interest will therefore be the defect
group. Physically speaking, this is specified by a quotient of the schematic form:

D= @ @ Branes on Relative Cycles
- Branes on Compact Cycles

(1)

branes cycles

Here we have left implicit the dimension of the defect in the 4D spacetime, as this is dictated by
which directions of the branes are wrapped in the extra-dimensional geometry. Relative cycles
(relative with respect to the asymptotic boundary) contain both compact and non-compact
cycles and the quotient specifies defects which are not fully screened. Our primary task thus
reduces to accurately encoding the spectrum of branes wrapped on relative cycles modulo
dynamical branes, i.e., to correctly identifying the summands appearing in line (1).

We shall pursue two complementary approaches to calculate the defect group on these type
IT backgrounds. The first approach will center on giving a geometric characterization of branes
wrapped on compact and non-compact cycles, as specified by appropriate (co)homology
groups for the boundary geometry 8X.° As a complementary approach, we shall seek to under-
stand the bound states of branes, and in particular the electric-magnetic pairing as specified
by heavy particles. In the IIA setting this is encoded in the quiver quantum mechanics of a
probe DO-brane.

The organization of the rest of this section is as follows. We begin by reviewing the case
where X is a Calabi-Yau cone, and present two methods for computing the defect group in these
situations based on the boundary topology of X and also via a quiver. While everything works
as expected in the case where X is an isolated singularity, there are already some discrepancies
between the two approaches when X has non-isolated singularities. With this motivation in
hand, we turn to a refinement of the geometric computation in section 3.

2.1 Supersymmetric Calabi-Yau cones

Let us now discuss in more detail the proposed structure of the defect group in supersymmetric
Calabi-Yau cones, namely X = C3/ Tsy(s)- In particular, we discuss the computation of the
defect group via singular homology and its counterpart via the adjacency matrix of a quiver.
The situation which is under most control is that where the group action leads to an isolated
singularity, i.e., 9X = S§°/ Tsy(s) is smooth. After discussing the case of isolated singularities,
we then turn to the case with singularities which extend out to dX.

2.1.1 Isolated singularities

When X has an isolated singularity one can compute the relevant data via singular homology,
namely each summand of line (1) is of the form H;(X,dX)/H;(X). In particular, one can
capture the relevant quotient data by directly resolving X and computing there, or alternatively,

>Namely, compatible with the constraints from anomalies.

SWhy not simply resolve the singularity X and extract all the cycles this way? There are a few reasons to prefer
a more intrinsic formulation of the defect group data. First of all, since the system is really defined with respect to
the singular geometry, it is important to check that the defect group data is really independent of such resolution
effects. Additionally, we shall also be interested in situations where the local dynamics may be non-trivial, as in the
case of non-supersymmetric backgrounds. In such situations, having a formulation “far away” from the singularity
will be quite helpful. Finally, the explicit resolution of singularities can become rather involved.
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by working in terms of the boundary topology dX. Taking the former perspective we have:”

D=@PbD™, with DW= P @Tor(w). 2)
n Hk+1(X)

p-branes p—k=n

Here H, denotes singular homology groups with integer coefficient, and D™ is the subgroup
of n-dimensional defects. The quotient reflects a screening characterization where, roughly
speaking, one divides the set of all possible charges by those carried by dynamical excitations.
The latter is associated with branes wrapping compact cycles of X. Further, since these are
singularities with no complex structure deformations, one has H; ;(0X) = H;(X, 9X)/H;(X)
and then:

DW= B P TorH(dX). (3)

p-branes p—k=n

Here branes wrapped on non-compact cycles are characterized by the asymptotic boundary of
their wrapping locus.

This same data is also captured by the quiver quantum mechanics of a probe D0O-brane
[8,12,77]. The main point is that the electric-magnetic pairing between line defects is directly
encoded in the adjacency matrix for the fermionic degrees of freedom of the quiver. In partic-
ular, the anti-symmetrization of the fermionic adjacency matrix Tor Coker Qf; directly captures
the relevant data.

Ilustrative example: C3/Z3. Let us demonstrate this general correspondence with an illus-
trative example. Consider the supersymmetric orbifold C3/Z; where the group acts by phase
rotation (w, w, w), where w = exp(2mi/3), on the three holomorphic coordinates of C>. The
singular homology groups of interest include H,(S°/Z3) = Z4 and H4(S°/Z3) = Z, i.e., pure
torsion.

The corresponding quiver quantum mechanics for a probe DO-brane is a quiver with three
nodes. Since supersymmetry is preserved, it suffices to specify the field content by a single
arrow (each arrow denotes both a bosonic and a fermionic bifundamental field, i.e., fermionic
quivers and bosonic quivers are identical). There are three arrows oriented between each node
(see figure 1). In this case, the torsion of the cokernel of the fermionic adjacency matrix is:

Tor Coker QF.

foyn, =22 @ Ls, 4)

namely we obtain an exact match between the geometric singular homology approach and the

quiver approach. A further comment here is that the cokernel of Qég /z also includes a free
3

factor:

F
Free Coker Q, /2,

~7, (5)
which we interpret as the center of mass degree of freedom of the DO-brane. This free factor

is universal and here corresponds to the kernel vector (1,1, 1) treating nodes uniformly.

2.1.2 Non-isolated singularities

Much of this analysis carries over to situations in which the boundary X is also singular.
These singularities originate from additional fixed loci which are locally modeled as C2/Gapg
for some G,pp a finite subgroup of SU(2). In type ITA backgrounds these singularities engineer
6D Yang-Mills theories with gauge groups of ADE type.®

"Here we have invariance under resolution H (X, 0X)/H;(X)=H j(f ,0X)/H j(}? ) and, strictly speaking, the
quotient operation is non-trivial for X = C? /T3, only after resolution.

®In type IIB backgrounds one would instead get a 6D A/ = (2, 0) SCFT. From the higher-dimensional perspective
the probe D3-brane specifies a codimension-two defect with a non-trivial worldvolume QFT.
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N
> >

Figure 1: Quiver for DO-brane probe of C3/Z.

A match between singular homology and quiver data was carried out in [8], where an
electric polarization was considered. Again, the defect group computation involves H;(S°/T)
and H;(S>/T). In the case of an isolated singularity, these groups are isomorphic, but when
a singularity extends out to X this need not be the case anymore. Indeed, letting I;, C T'
denote the subgroup generated by elements which have fixed points on the S°, the homology
groups are:

Tor H,(S°/T) = Ab(T'/T},), Tor H5(S>/T") = Ab(T)", (6)

where G¥ = Hom(G, U(1)) denotes the Pontryagin dual group and Ab(G) = G/[G, G] the
abelianization.

This is to be contrasted with the computation via quiver methods. In general, one finds
that the quiver method yields:

Tor Coker F.

c3/T = Ab(r/rﬁx) o Ab(r/rﬁx)v . (7)

The above over-counting is explained by noting that D4-branes wrapped on generators
of Ab(T")" result in line operators carrying both flavor and gauge charges. The subgroup
Ab(T' /Ty, )V is screening equivalent to line operators carrying gauge charge only. Dually, taking
|Ab(T'/T},)| copies of the line operator constructed by wrapping a D2-brane on a generator of
Tor H,(S°/T) does not result in a trivial line operator. Rather, this results in a line operator
which is screening equivalent to a line operator carrying only flavor charge. These gauge-
flavor extensions are the hallmark of an underlying 2-group symmetry [78-81]. These were
geometrically characterized in [9-11].

Yet another mismatch between quiver-based and geometric approaches occurs at the level
of the free groups

F
Free Coker Q, I

27 eZ. (8)
These are completely missed by singular homology. We have r # 0 whenever T}, # 1. That is,
when the asymptotic boundary S°/T has additional orbifold singularities. Singular homology
is ill-adapted to resolve such singular structures, and we shall instead resort to Chen-Ruan

orbifold cohomology [13] to achieve an exact match between these two methods.

3 Refining the geometric computation

Summarizing the discussion so far, we have observed that even in the case of supersymmetric
backgrounds there can already be a mismatch between the quiver data and geometric compu-
tations. Since we are also interested in extending these computations to non-supersymmetric
backgrounds and discrete torsion backgrounds, we now develop the necessary formalism of
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Chen-Ruan orbifold cohomology. We first begin with some qualitative aspects of this cohomol-
ogy theory, and then turn to its formulation for geometric backgrounds, and then its twisted
counterpart when discrete torsion is present.

Chen-Ruan orbifold cohomology [13,14] is a generalized cohomology theory developed,
in part, through the formalization of results for strings on orbifolds [15,82]. Loosely speaking,
just as Morse theory [83] relates cohomology groups of a space to the ground states of a super-
symmetric particle probing that space [84], Chen-Ruan orbifold cohomology groups of a space
are related to the ground states of a supersymmetric string probing that space. In the latter
context, the orbifold loci contribute twisted sectors to the string Hilbert space, and one feature
of Chen-Ruan orbifold cohomology lies in geometrizing the ground states in such sectors. For
strings on ¢ = 3 backgrounds, the operators in these twisted sectors are charged under (up to
three) U(1) R-symmetries® of the conformal worldsheet theory [73]. Their ground states are
chiral primary states charged under one particular combination of these R-symmetries, which
is determined by the twisted sector under consideration, and carry the R-charge

(o w? w?
e {ord(r)} * {ordm } * {ord(y)} | )

for the twisted sector labelled by y € I'. Here 0 < W’; < ord(y) are integers derived from

the eigenvalues of the action of y on R® and ord(y) denotes the order of the group element.
Also, the operation {-} returns the “fractional part mod 1”. That is, given q € Q, we have that
{¢} € Q and 0 < {q} < 1. The R-charge R, shows up in the Chen-Ruan orbifold cohomology
theory in the form of a degree shift.

After introducing Chen-Ruan orbifold cohomology groups, we will then define a physically
motivated version of orbifold (co)homology groups for which the cycles and cocycles have
integer degrees.

3.1 Preliminary aspects of Chen-Ruan orbifold cohomology

Chen-Ruan orbifold cohomology is particularly well-suited for the study of strings on orbifolds.
To explain this, first recall that the partition function of the worldsheet CFT of a string with
target space X = Y /T decomposes into a sum of twisted sectors

Z= %ZZZE,K, (10)

eel' kel

where Z,, is the trace over the e-twisted sector H. with a x-operator inserted (i.e.,
Zex = Try (x...)). The sum over x realizes the orbifold projection. Elements of the same
conjugacy class define equivalent twisted sectors. Furthermore, x’s which do not commute
with € do not map between the same twisted sectors, and therefore do not contribute to the
overall partition function. With this we have equivalently

1
Z= 2. e B (D
[y]1€Conj(T) 6€eC(y)

where C(y) C T is the centralizer subgroup of y € I'. Chen-Ruan orbifold cohomology exactly
mimics this decomposition into twisted sectors. Schematically:

Hye(Y/T)= D HOY,/C(r). (12)

[r]eConj(I)

When T is Abelian there are exactly three such R-symmetries.
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Here Y, is the fixed point subset in Y of y, and the exponents indicate that there is some
degree shifting which we make explicit later. The summands should be contrasted to the
orbifold projected partition function. As the identity element of I fixes all points, we have

HéR(Y/F)=H*(Y/F)@( . H®(Yy/cm)), (13)

[r]€Conj(T), [y]#[1]

reflecting a split into untwisted and twisted sectors. The untwisted sector contributes the
standard singular cycles and cocycles, while the twisted sectors will contribute classes localized
to the orbifold singularities of Y /T..

An important feature of CR cohomology is that we can also incorporate local coefficients
associated to a choice of discrete torsion. Recall that turning on discrete torsion a twists
summands of the worldsheet partition function by distinct phases [2,15]:

1
Zo= Y, T2 aly,8)Z, 5. (14)
[rleconim) =\ secin)

Chen-Ruan orbifold cohomology already mimics the decomposition into twisted sectors, and
further mimics the effect of discrete torsion by introducing individual local coefficient systems
U (1)? for each summand [14]. These are correlated across the summands in (11) via the
discrete torsion a. We write:

Hy(Y/T;U)M = €D HO(Y,/Cly); U(D?). (15)
[r]€Conij(y)

Let us briefly return to the specific case of X = R®/T'. An important detail uncovered by our
quiver analysis (or careful comparison between the (co)homology groups of crepantly resolved
spaces, when available, and the Chen-Ruan cohomology groups of the corresponding singular
space), is that there are some important caveats which must be accounted for in applying
this formalism to situations with discrete torsion. Indeed, in [13] the cohomology theory is
introduced with respect to torsion-free coefficient systems, and we will need to extend this to
take into account the effects of discrete torsion.!°

These caveats will result in the following: for any discrete torsion a € H2(I'; U(1)), we
can define its order ord(a) and a subgroup T, C T that depends on ord(a). Then, there is a
natural covering space X, = R®/T,, — X = R®/I’ which is less singular. When discrete torsion
is turned on, physics will be sensitive to the cohomology groups

HzR(Y/ra)=H*(Y/ra)ea( D H®(Yy//C(Y,))), (16)

[r"]€Conj(Ty,), [y/1#[1]

rather than the one given in (15). In other words, we will be able to recast our analysis in
the presence of discrete torsion with respect to a simpler geometry for which discrete torsion
is turned off. We will argue that (16) supersedes (15) in physical contexts precisely by noting
the caveats introduced by torsional effects.

We now turn to a more precise formulation of CR cohomology, and its application to various
orbifold backgrounds.

19A natural first guess is that we will need to consider a cohomology theory with a local system of coefficients
(dictated by the choice of discrete torsion), but this can lead to subtle discrepancies with the answer derived from
quiver methods.
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3.2 Orbifold cohomology: No discrete torsion

We now introduce Chen-Ruan orbifold cohomology groups. Consider the orbifold X = Y/T
with T a finite group acting faithfully. We take Y to be a smooth manifold. Denote by

Fix(Y,}/)EYY:{yEYhf-y:y}, a7

the subset of Y fixed by y € T'. In particular, Y; = Y where 1 is the identify element of I', and
Y, =Y, whenever y,,y, are multiples of another. Further, if y;, v, lie in the same conjugacy
class (i.e., [y1] =[r2], then Y, ,Y, are copies of the same space.

The inertia stack IX of the orbifold X is the set of pairs (x, g), with points x € X and
local symmetries g € Iso(x) (i.e., elements of the isotropy group of the point x). For global
quotients, this local definition patches nicely [13], and the inertia stack can be identified with
the disjoint union

x= || v/cm, (18)

[y]€Conj(T)
where C(y) is the centralizer of y in I'. The disjoint union runs over the conjugacy classes of T,
and for each conjugacy class we pick one representative to define the quotient Y, /C(y). Now,

note that we have
IX=XU ( |_| YY/C(}/)) , (19)
[y]eConj(T), [y]#[1]

i.e., the inertia stack always contains a copy of the orbifold X C IX itself. This copy of X is
referred to as the untwisted sector of IX, and the remaining components of the disjoint union
are referred to as the twisted sectors. Further note that, when T is abelian, we have

IX=||y,/r. (20)

vyer

There are two natural mappings associated with the inertia stack IX. First, we have the
projection 7 : IX — X onto the first factor (i.e., mapping (x,g) — x), which projects the
twisted sectors onto the singular strata of X. Second, we have an involution

Imv: IX—>IX, (x,g)— (g™, 2D

which in the abelian case consists of the basically trivial mappings Y, /T’ — Y,-1/T. In the
general case, they similarly map between two copies of the same space, or fix it completely.

Next, every component of IX is assigned a rational number (] € Q referred to as the
age or degree shifting number of that component. For this, consider the component Y, C Y,
and assume that y acts on the normal geometry of Y, C Y via phase rotation, possibly after
diagonalization, with presentation

. 2m’w$ Zniw‘;
diag| exp ord(7) yeee, EXP o) || (22)

Here ord(y) is the order of y € T and (w;) is a positive integral weight vector with

1< WiY < ord(y). We have assumed that, locally, the normal geometry permits an almost
complex structure of complex dimension £. The age is then defined as
/4 wt

_ Y
Uyl = Z ord(y) . (23)

i=1

The age determines worldsheet R-charges, see (9). We sketch the above data in figure 2.
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Inv C

Inv

twisted sectors
projecting onto
singular strata

/\
\\ .-

Inv <:

untwisted sector

e X=Y/T

Figure 2: We sketch the intertia stack IX of the global orbifold X = Y /T. In addition
to the displayed data, each component of IX is labelled by a rational number: the
degree shifting number of that component. We depict the projection 7 : IX — X and
indicate the inversion mapping Inv between sectors of the geometry.

An orbifold X satisfies the so-called hard Lefschetz condition'! if the involution Inv pre-
serves age [85]. In equations, the condition reads

LW ¢ ord(y)—w!
>i—L=> i (26)
“ord(y) 4 ord(y)
Finally, with these definitions, the Chen-Ruan orbifold cohomology groups are given by
HR)= D HIT0,/CH)), 27)
[r]€Conj(I)

where on the right hand side we have standard cohomology groups with integer coefficients
unless otherwise indicated. Note, Chen-Ruan orbifold cohomology degrees q € Q are in gen-
eral rational numbers, and they are such that g —2u,q is integral.

Next, we define related, but slightly different, homology and cohomology groups. Our def-
initions are motivated, in part, to more manifestly match the quiver computations we present
later. Let us also define X, =Y, /C(y).

1 Chen-Ruan orbifold cohomology theory relates to ordinary singular cohomology theory upon desingularization
of the underlying orbifold. Perhaps less obvious is that this relation is rather fickle. Such a relation is conjectured to
exist by the so-called Crepant Resolution Conjecture [85]. The conjecture states that given an orbifold X satisfying
the hard Lefschetz condition and admitting a crepant resolution X — X there exists a graded linear isomorphism
of rings

H*(X) = Hi (X). (24)
This isomorphism only holds with rational coefficients, as we will see in examples (e.g., compare (69) and (72)).
Interestingly, the supersymmetric orbifold examples X = C3/T do not satisfy the hard-Lefschetz condition, and yet
the isomorphism of rings H *X)=H «r(X) does not fail fully. In this case, instead of an isomorphism of rings, we
have an isomorphism of groups

H"X) = HL(X). (25)
The cup products of the two cohomology theories fail to match. The matching of the cohomology groups can be
made explicit via the McKay correspondence of C2/T orbifolds by Ito and Reid [86], see also [7].
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To proceed, note that the involution (21) either interchanges twisted sectors, or fixes them.
We denote by Conj’(T') the set of conjugacy classes Conj(I") modulo identifications by Inv, and
elements of Conj’(T') by {[y],[y *]}. Then we define the orbits

PO = { @qu_z””(Xy)@Hq_m”‘”(Xy—l), for [y]# [y™'1,
Dy HT (X)), for [y]1=[y"1].

Natural pairings will be block diagonal with respect to the P{[Y]’[Yfl]}, as we will see later.
Overall, we now have the alternate presentation

PHLX) = b PO (29)

q€Q {{rL.ly~"1} €Conj(T)

(28)

Here, degrees remain rational. To introduce integral degrees note that 2[,1+ 2t(,-1] € Z, and
recall that X, and X, -1 are copies of the same space. This allows, when Y, =@ for [y] = [y,
for the definitions

Pnu-n =D (Hn(Xy) ®Hpgy 1 -2, (Xy_l)) ,

nez

KD = B (H7(x,) @ H™ 20 0720(X, 1))

nez

(30)

which are the set of torsional vanishing cycles and cocycles in the twisted sectors associated to
y,7~!. The degree shift is now such that all degrees are integers. When Y, =0for[y]= [y,
we then define the orbifold homology and cohomology groups

PHIx) = (@Hn(x)) ® ( D P{[Y],[V‘ll})’

nez nez {[y)Ly~11} Conj/(T)

Pu,x) = (@H"(X)) e ( D ;C{[Y],[Y‘l]}) '
{[r]

nez nez [yT}eConj (1)

(31

Ultimately, the first definition will be such that it can accommodate the notion of “branes
wrapped on torsional orbifold cycles”, while the second definition is chosen such that a sensible
K-theory can be defined.

Of further interest will be the locally constant functions on the inertia stack:

z7= P HU/CH), (32)
[r]€Conj(I")

that is, the integer r + 1 counts the number of elements in I' that have fixed points. Note that
|Trix| = + 1 (equality holds in the cyclic case), as the group generated by elements with fixed
points on Y is in general larger than the set of elements with fixed points on Y.

These definitions, when X = R®/T" and X = S°/T, are such that the two groups

P55 = Tor HYP(0X) @ Tor HYP(8X) @ 21,
Hox =HO (0X)® H2, (8X) @ HY  (3X),

orb orb

(33)

are non-canonically isomorphic.'? Further, the group 2,y will be a rather simple extension of
Coker Qf( and with this, it will be possible to determine Coker Qf; from either of 2,5y, #5x.

>When X = $°/T with abelian T this isomorphism and the relation of these groups to CokerQf will hold
irrespective of the condition of requiring Y, = @ for [y] = [y™']. Concerning the group 7,y this is due to the
consistency with the GSO condition, given later in equation (54), which implies that the case [y] = [y™!] for
codimY, < 2 does not occur except when y = 1, and that higher codimension fixed loci do not contribute to the
subgroup of torsional cycles. Concerning ¢ we simply note that 2i[,; = 2t(,-1; are then integral, unlike the top
line in (28). We can simply formally include the bottom line into (31) without altering the degree shift.
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Notably the Dirac pairing Qf( derives from the fermionic quiver of brane probes of
X = R®/T, while the Chen-Ruan orbifold cohomology groups derive from the bosonic data
through the space X = S°/T itself, which are open, closed string data respectively.

3.3 Orbifold cohomology: Discrete torsion

Let us now explain how these considerations extend to situations with discrete torsion turned
on. Mathematically, our starting point will be with the introduction of a twisted / local coef-
ficient system. However, ultimately, these considerations will result in a significantly simpler
covering space perspective, which reduces considerations back to a standard coefficient system
on this covering space.

To begin, we recall the relevant local structure for considering twisted / local coefficient
systems on orbifolds which is referred to as an inner local system. Such a system, as initially
defined in [14], is given by a collection of flat complex orbifold line bundles

L, = X, =Y,/C(p), (34)

with the base a twisted sector of IX. Such a collection of line bundles is then further required
to satisfy three compatibility conditions. First, the line bundle over the untwisted sector, cor-
responding to the unit element y = 1, is trivial. Second, and in preparation to defining certain
pairings, pairs of line bundles are related by the involution as Inv*L, = L.-1. Lastly, and in
preparation to defining a three-point function, certain triplets'® of line bundles must tensor
trivially

X

elf‘LYl_ =1. (36)
i=1

Given an inner local system, i.e., the collection of line bundles L = {Ly}, twisted Chen-Ruan

orbifold cohomology groups are defined as

HRX, )= @ HI*X,L), (37)
[r]€Conj(I)

where summands are the standard singular cohomology groups with twisted coefficients L, .
There are many possible inner local systems L. One favorable class of inner local system
derives from a choice of discrete torsion. Given a € H2(I'; U(1)) one has an associated phase
mapping
e*: TxI'=U1),  ¢*(ri,r2) =alrir2)a (ra,11)- (38)

The group 2-cocycle properties imply that, fixing the first argument to y € T and restricting
the second argument to C(y), the induced mappings 90)‘} : C(y) — U(1) are group homomor-
phisms. Here, p2(-) = ¢*(y, ).

Before pressing on, we mention a slight deviation from [14], which we implement to
remain sensitive to torsional data. Instead of considering orbifold line bundles L., we will
consider the naturally associated circle bundles U(1), constructed, for example, via projec-
tivization. Further, we denote the collection of these by U(1)* when determined by a choice

3Details are not relevant to the rest of the paper, so we record them in this footnote. Consider triplets
Y1,Y2, Y3 € I which multiply to the identity y,y,ys = e. Then, define the class [)7] = [¥1,Y2,Y3] via common
conjugation (yy,Y,,73) ~ (Y, 75, %), where v/ = y'y;y with y € T'. Then, the 3-multisector is defined as

X = |_|X[y] , X =W, NY,NY,.)/Clri,727s), (35)
[r]
and comes with evaluation maps e; : X[;; — X,, embedding the intersection locus into the three participating

twisted sectors. Then, (36) states that, at locations where the fixed point loci of three elements multiplying to the
identity intersect, the respective orbifold line bundles have similar multiplicative structure.
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of discrete torsion a € H?(I'; U(1)). The individual orbifold circle bundles collected into the
system U(1)* are denoted U(l)?. Then, we are interested in the twisted Chen-Ruan orbifold
cohomology groups

HLX UMY = @ HT0EX,;U(1)9), (39)
[y]€Conj(T)

We now characterize the coefficient systems U(1)? in greater detail, and discuss the com-
putation of the twisted singular cohomology groups H"(X,; U (1))‘}). We begin with the former
and now discuss flat U(1)-bundles over X,. For this, consider the diagonal action for some
6 € C(y) given by

Y, xU(1) - Y, xU(1),

(¥,0) = 6-(y,r)=(6-y,9/(58)-6),

where U(1) is identified with complex numbers of unit norm, 6 - y is the initial geometric
action, and cp;‘(é ) - 6 is multiplication in U(1). For the space resulting by quotienting with
respect to this action we write (Y, x U(1))/C(y),«, and make explicit that the extension of
the geometric group action to the U(1) factor is realized through ¢*. Then, we define via
projection onto the first factor

(40)

U : (Y, xU))/C(r)pa — Y,,/C(y), (41)

which is flat with generic U(1) fibers twisted by ¢¢.

We now discuss how to evaluate H"(X,; U(1)?). To frame the discussion, consider an
ordinary n-chain 3, (i.e., untwisted global coefficient system) of the covering Y, — Y, /C(y).
Then, given x, € C(y) we consider, viewing y, as mapping Y, — Y, the pullback x;‘ () which
is also an n-chain on Y,. Twisting the coefficient system to U (1);‘ now implies that this action
by x, on n-chains is twisted by a resulting in the twisted action

B = By = 0201 (By)- 42)

This specifies the twisting at the level of the chain complex. The cohomology of this twisted
chain complex is denoted H"(X; U(1)$‘) (see [14,87] for further details). Importantly, cocy-
cles of H"(Y,; U(1)) invariant under the twisted action (42) contribute to H"(X,; U (1)?).

Finally, we define orbifold homology and cohomology groups following section 3.2. Again,
we consider degree shifts with respect to pairs of twisted sectors labeled by conjugacy classes
lv], [}f‘l] related by the involution (21). Concretely, motivated by (30) and (32), we define
(for y # 1, and in cases where Y, = g for [y1=[y"'D:

a — . a . a
P = an(XY, UMD @ Hya 2y, (XU,

_ (43)
KT = @B (H(X,; UDS) @ H' 070 (X, 5 U(1)L,))

nez

with respect to the inner local system U(1)*. These then result in the integer degree orbifold
(co)homology classes defined by

@ngb(X; UORE (@HH(X; U(l))) ® ( @ P{Of)f],[y‘l]}) ’

nez nez {[r1.[y~'1} €Conj(T)

P, xu = (DECGUA)) e P D),

nez nez {[y1.ly=1}€Conj'(T)

(44)

We now turn to an important subtlety which we will describe in the setting where X — X is
a crepant resolution of a Calabi-Yau orbifold X = Y /T'. Careful consideration of this resolution
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and the integral Chen-Ruan cohomology groups, as defined in (27), shows that cycles from
different sectors of the geometry can be linearly dependent in the resolution. This should
make us tread with caution in using line (44) directly since it treats all twisted sectors as
contributing independently.'* However, the appearance of twisted coefficients suggests, via
for example Shapiro’s lemma, which relates twisted coefficients to untwisted coefficients of an
appropriate covering space, alternate considerations which we now describe.

Given a € H2(T'; U(1)) we define a covering space X, — X. We start with the kernel

I[,=Kera={yeTl|a(y,f)=0and a(f,y)=0forall p €T}, (45)
which is a subgroup of T'. Define X, = Y /T, which results in the covering X, — X. Define
HO™(X) = HI(X,),  Hiy (X)) =HL(X,), (46)

where coefficients on the right hand side are integral and untwisted. Said differently, the
cohomology groups H; , (X) are degree shifted (such that degrees are integers) Chen-Ruan
cohomology groups of the covering space X, with untwisted integer coefficients.

These definitions, when X = R®/T" and dX = S>/T, are such that the two groups

Doy o = Tor HY>*(8X) @ Tor HY >*(8X) @ Z7«*!
(47)
Hax o =HY, (OX)@H2, (0X)®H! (3X),

orb,a orb,a orb,a
are non-canonically isomorphic. Further, the group %,x , will be a rather simple extension
of Coker Qf( o Where Qf( o 18 the Dirac pairing derived from a DO-brane probe of X = R®/T
with a turned on. We find the Dirac pairing Q; o [0 be equal to the Dirac pairing computed
by probing

X =(R%/T)y =R°/T,, 48)
by a DO-brane with discrete torsion turned off. Here r, is the integer defined by
= P B, /ct). (49)

[v"]€Conj(Ty,)

3.4 Refined geometric formulation of the defect group

Having now spelled out the relevant data to define orbifold (co)homology, we now formulate
the structure of the defect group. In particular, the defect group for line operators of our 4D
system engineered by X = R®/I" with discrete torsion'® a in type IIA fits into the short exact
sequence

1 — Ab(Tg,)Y — Tor HY™*(S%/T) @ Tor HY™*(8°/T) — DV — 1, (50)

and moreover: b b
]D)Exl) = TorHy*(S°/T) ® Tor Hy *(S°/T)",

CokerQf, = =D gzt GL
OXETlgs/ra = Ya :
Including free factors, we also have:
1 — Ab(Tiy)" = Dgsr 4 — Coker QL e = L (52)
and the non-canonical isomorphism
Hss 1,0 = DssT,a - (53)

Our plan will be to verify that this proposal works in a number of examples.

14The starkest indicator in later quiver computations will be that discrete torsion affects the contributions to the
defect group from the untwisted sector in geometry. However, the first compatibility condition listed out above in
contrast implies that discrete torsion does not affect this sector.

5In the target space, for example when I' & Z, x Z,,, the NSNS 2-form potential B, is switched on along
fzz B, = f23 Hj; where %, is the generator of Hy(S°/T) & Zyqy iy = H*(T; U(1)) and 3 = Cone(%,).
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4 Non-SUSY backgrounds with no discrete torsion

In this section we turn to some explicit examples in order to test our different methods
for computing the defect group for orbifold backgrounds. Our focus here will be on non-
supersymmetric orbifolds, but with no discrete torsion switched on. In this case, one expects a
tachyon in a twisted sector, and as such, the singularity will dynamically resolve until we reach
a supersymmetric background. This means that the background itself will be time dependent.
In type IIA backgrounds, this can be interpreted as a time dependent defect group, and in type
IIB backgrounds with spacetime filling probe D3-branes, this can instead be interpreted as an
overall scale dependence [12,61] in the 4D worldvolume QFT.

To extract the defect group we focus on two complementary approaches. The first will
center on the geometric / closed string perspective as dictated by Chen-Ruan orbifold coho-
mology. The other approach will center on an open string perspective, and in particular the
electric-magnetic pairing for line operators (i.e., heavy defects). In the open string / quiver ap-
proach the question boils down to determining the adjacency matrix for the fermionic degrees
of freedom of the associated quiver gauge theory [12], and we briefly summarize this proce-
dure in Appendix A. With this in place, we will be in position to show that the two approaches
exactly match.

A general comment here is that compared with earlier analyses of these cases, we will
include both the torsion and free parts of the corresponding (co)homology / quiver compu-
tations. Indeed, the match we find extends to both, and again provides supporting evidence
that we are correctly computing the rank of possible flavor symmetry sectors in the type IIA
setup.

We now further specify the relevant data of the orbifold group actions. Note, for X = R®/T
to specify a type IIA supergravity background, we are required to specify the T' action on
all worldsheet fields. These take values in various bundles on the covering space R®. To
describe these, we introduce a basis of four vectors e; for i = 1,...,4 for the representation
4 of SU(4). Then, the basis for the representation 6 of SO(6) = SU(4)/Z, (treated as a
complex representation) is given by e; A e;. Fixing a complex structure C® = R® allows for a
refined structure group, and we can also specify a basis for the representation 3 of SU(3) via
e, =e,Neyfora=1,2,3.

Here, we will mostly focus on the case of abelian I'. Consider first the cyclic case T = Zy
with generator v = exp(27i/N). Let the group action have weight vector s = (s1,53,53,54)-
That is, we have the diagonal actions e; — v*ie; on the 4 of SU(4), e; Aej — V'™ ie; Ae; on the
6 of SO(6), and e/ — v*™4¢/ on the 3 of SU(3). These considerations are sufficient to fully
fix the worldsheet CFT and the worldvolume theory of probe D-branes in this background, as
both are specified by a gauging of T' with respect to these actions. For the case where T is a
product of multiple cyclic groups we repeat the previous analysis for each cyclic factor.

Finally, note that the type II GSO projection gives constraints on the orbifold action. The
GSO projection is required to produce a worldsheet theory whose 1-loop partition function is
modular invariant. In the supersymmetric case, such GSO projections are implicitly fixed once
one specifies the action on the vectors e/. In the non-supersymmetric case we must require
the background to be such that the GSO projection eliminates any and all bulk (i.e., untwisted
sector) tachyons. In the present setting, this then implies the constraint [12,73,88]

S1+sy+53+35,=0 mod 2. (54)

For general T’ we require the diagonalized action for any y € T to satisfy this constraint.
In comparing the geometric / closed string computations with their quiver / open string
counterparts, we will in general extract an answer for the quiver:

Coker Q2 = Tor HY™(9X) @ (Tor H™(0X)) @ Z' © Z, (55)
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Figure 3: In (i) we sketch the 2-simplex A,. In (ii) we label the faces of A, by
the subgroups of Ty, fixing these. The whole 2-simplex A, is fixed by the identity
element. In (iii) we label the faces of A, by the number of elements fixing these and
only these.

including the rank of bulk branes denoted r. We will now demonstrate this via a series of
explicit examples.

4.1 Examples: R®/T withT = Zy x Zy,

We now compute some examples of orbifold homology and cohomology groups. Our focus
will be global quotients of the round 5-sphere S°. The quotients we consider are by finite
abelian isometry subgroups I','® and the four cases considered are distinguished depending
on whether T is a subgroup of SU(3) or U(3), and whether T' is isomorphic to Zy or Zy X Zy;.

To frame the discussion, let us introduce our conventions. We parametrize a unit radius
sphere S° in C3 with three complex coordinates z; as:

8> ={lz1 + |25 + |z3* = 115, € C}. (56)

When T = Zy xZ,,; with M dividing N, we denote the generators of Zy, Z,; by v, u respectively.
Thatis, v=1€ Zy and u =1 € Z;;. We then consider the action

v (21,20,23) — (p™M21,0"25,p™23),

(57)
Au"(ZI:ZZ)ZB) = (O-mlzl’o-mZZZ:o-ngB):

with integral weight vectors (n, ny, n3) and (m;, my, ms), and roots of unity p = exp(2ni/N)
and o = exp(2mi/M). Here 0 < n; < N and 0 < m; < M. The case of cyclic T is included via
the specialization M = 1. When I' € SU(3), we can redefine generators and parametrize the
action canonically as

v+ (21,20,23) = (P21, "2, p™23),

_ _ (58)
- (21522;23) — (21,0'22,O'M 123) = (Zl,O'Zz,O' 123):

following the structure theorem in [89] (see also Appendix B in [9]). Further, the weights n;
now sum to N or 2N. Let us also define the integers

Ni :ng(N’ni)a Mi :ng(M3mi)’

(59)
Nij = ged(N,n;,n;),  My; = ged(M, m;, m;).

161n this subsection, and the example subsections going forward, we use additive notation for T
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We will study the fixed points of these group actions torically and characterize them via
labeled diagrams of 2-simplices. For this, introduce the half-line coordinates x; = |z;|2. Then
the equation for S° projects onto

AZZ{X1+X2+X'3:1|X1'€R20}, (60)

which is a 2-simplex in RBZO. The fibers projecting onto a (3 — k)-face of A, are tori TX. The
0-face is the full simplex, 1-faces are its edges, and 2-faces are its vertices. The action by T
factors through this projection, i.e., we have a projection

S°/T — A, (61)

with (n — k)-face fibers T*/T and singularities projected onto ¢-faces of A, with £ > 1. As
such, we can characterize the singularities via a labelling of the vertices and edges of A,. We
label each of these by the subgroup of T fixing the corresponding fiber. Our conventions for
the labelling of fibers (of the projection S°> — A,) and the subgroups fixing these are

S3 = {x; = x, = 0} fixed by Fs(ﬁX) cT,

St = {x, = x3 = 0} fixed by Fl(ﬁX) cT,

S; = {x3 = x; = 0} fixed by Fz(ﬁX) cr,

, (62)

S3, = {x3 = 0} fixed by Fl(gx) cr,

S5, = {x; = 0} fixed by Fz(gx) cr,

S3, = {x, = 0} fixed by F?)(?X) cr.

We denote by I, C T the subgroup generated by all group elements with fixed points.
Throughout this work, double indices in the above context will be unordered. That is we

have S?j = S?i and Fig.ﬁx) = Fj(l.ﬁx). Next, the natural subgroup relations:'”

fi fi fi
(L. 0 <, (63)

motivate the definition of the quotient group characterizing the elements fixing the k-th circle
modulo those fixing the edges connecting them

I i fi fi
Qi =T/, ™).

D (64)

Here {i, j,k} = {1,2,3}. The order of Qy is |Qx| = Ni/Ny;Nji. We also introduce the set of

elements exclusively fixing the k-th circle as the complement
Ci = TP\ (9, £6).

1 (65)

We collect the above data in figure 3.

Finally, we recall for reference the standard integral homology and cohomology groups of
S°/T with T = Zy. They are:

(7., n=>5, (Z, n=>5,

O, n:4, F, n:4’

rv, 3, 0, n=3,
Hn(55/r)g{0 , and H"(;s“"/r)g{(r/F v ) (66)

5 n=4a«s, fix , n=a4,

F/FﬁXJ n=1, 0, n=1,

\ZJ n:O, \Z, n:0.

The global orbifold S°/T is singular exactly when T}, # 1. In this case Poincaré duality fails to
relate homology and cohomology groups, but the universal coefficient theorem holds.
Let us now discuss the combinatorics explicitly in a number of cases.

7Here, {---) denotes “generated by”.
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Case 1: S°/T and T c SU(3) with T = Zy. With the generator v =1 € Zy =T, the loci of
S® fixed by T are

S°, y=0€2Zy,
Fix(S°,y) = Sl.1 , v # 0 is a multiple of YW/Ni = N/N; € Zy, (67)

@, else.

We recall N; = ged(N, ;). We have Ty, = Zy, y,n,- The overall fixed point diagrams are:

Zy, N;—1
{0} {0} 1 1
{0} 1
Zy, {0} Zy, N —1 1 N,—1

Figure 4: Fixed point diagram for the orbifold C3/Zy with Zy C SU(3).

See subfigure (ii) and (iii) of figure 3. Next, denote by v; = ¥"/Ni a generator of the subgroup
Zy,. The degree shifting number of Si1 is

rnj]
Uy = =1, (68)
[VI] ZI: N, mod 1

where the exponent takes possible values r =1, ..., N;—1, and labels the otherwise degenerate
contributions of Si1 /Zy;, to the inertia stack of S >/Zy . Ultimately (68) is due to the singularities
being A-type codimension-4 ADE singularities. Note that such singularities also satisfy the hard
Lefschetz condition, as they are symplectic, i.e., l“l.(jﬁx) C Sp(1) as acting on the normal geometry

to S;, where {i,j,k} = {1,2,3}. The degree shifting numbers are therefore integers, and
the above is in compliance with the Crepant Resolution Conjecture [85]. Putting everything
together, we have:

(7, n=>5,
r, n=4,
Ny +Ny+N;—3 _
HEG D 00 s ey 9
0, n=1,
\Z, n=0.

Here, the free contributions in degree n = 2,3 are localized to the singular locus. With this
we have the homology groups

Tor HY™(S/T) = Tor H1 (S /T) = Zy v, w,n,) »

Tor HY™(S/T) = Tor Hy(S>/T) 2 Zy,, (70)

ZT — ZNl +Ny+N3—3
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The torsional, free contributions lie in the untwisted, twisted sectors of the geometry respec-
tively. We therefore have:

DM = 72

— N;+Ny+N;5;—3
N /(N;NyN3) > 955/21\[ = ZN/(N1N2N3) OZy®ZL T (71)

We compare this to the singular cohomology groups of the crepant resolution:

(7, n=>5,
I'/Thyx, n=4,
- Ny +Ny+N;—3 _
HEGTOZ 0 oo s ey 72
0, n=1,
\Z, n=0.

We learn that the Crepant Resolution Conjecture fails—given our definitions—due to mis-
matches in torsion when considering an integer coefficient ring. This mismatch is easily un-
derstood in homology. For this, compare the three homology groups

H3(S5/T) = (T'/Ty,)Y @ ZMHN2+Na—3
Hy(s®/T)=T1V, (73)
ngb(85/l'\) g l—\V @ ZN1+N2+N3—3 .

The first group contains, from the resolution of the ADE singularities, exceptional 3-cycles
which are topologically copies of P! x S!. Denote this subgroup of exceptional cycles as Es.
Careful analysis then shows that

ZNHNotNs=3 jpo o 1 7NNt N3 — Rree Hy(S5/T). (74)

Further, the generator of I, admits a representation as a rational linear combination of the
exceptional P! x S'’s following [90]. Contracting the exceptional cycles, amounts to consid-
ering these rational coefficients modulo one. This particular combination then goes from a
free to a torsional class such that Tor H;(S5/T) is extended from (T'/Ty,)" to 'V, which then
matches H;(S°/T).

This might at first suggest a redefinition of orbifold cohomology groups with integer co-
efficients, compared to (27), such that the crepant resolution conjecture can be extended to
integer coefficients. Namely, we see from the above discussion, writing Hg,’rb(S5 /T) as a free
group subject to relations, that we can introduce an additional relation / equivalence between
the would-be torsional and free generators. This would precisely reflect the extension property
we have found between the crepantly resolved and unresolved singular homology groups.

However, we do not make this redefinition and use (27) as is since the mismatch between
H,(S>/T) and H(S>/T) signals a 2-group symmetry in M-theory [9,10], which becomes non-
manifest in the resolved phase. We opt to keep such effects manifest when using integer
coefficients, and will comment where necessary when there are further subtleties. One of
these will be that the physics of discrete torsion is captured by extending the local coefficients
of Ruan [14] to the covering space prescription given at the end of section 3.3.

Finally, let us consider some explicit fermionic quivers and demonstrate that the cokernel
of their assocaited Dirac Pairing indeed matches the geometric data derived above.

Our first example is ' = Z5(1, 1, 1, 0) which was discussed in section 2 but is included here
for completeness.'® The geometric group action is T' = Z4(1,1,1). See figure 5 for its fixed

18We use the notation Zy(s;,5,,53,54) to indicate both the group and its weight vector when acting on the 4 of
SU(4). The geometric group action on R® is then denoted as Zy(s; + s,,5, + $3,53 +5;) in complexified notation
acting on 6 of SO(6). Whenever weight vectors have a common divisor coprime to N we redefine the generator.
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{0} 0

{0} {0} 0 0

{0} {0} {0} 0 0 0

® (iD) (iid
Figure 5: Example: I' = Z5 (1,1, 1,0). The first two subfigures capture the geometric
data, namely the fixed points groups generated by elements of Z5 (i) and the resulting
number of free factors / rank of the flavor symmetry group (ii). For this example,

the geometry predicts the torsional part of the defect group to be Z; ® Z; and r = 0.
This is in agreement with quiver methods (iii).

point diagrams and fermionic quiver. Substituting into (71) we compute from geometry
DV X7, 02,  Dgs)p, Ly O L3O L. (75)

Here r = 0 which is the sum of the integers given in subfigure (ii) of figure 5. From the
fermionic quiver we compute

Coker QF

CB/ZS =Zg®ZB®Z. (76)

F

The action is fixed point free, I, = 1, and therefore Coker 2, /2,

sequence (50).

Our second example is T = Z¢(1,1,4,0). The geometric group action is T = Zg(1,1,4)
resulting in a codimension-4 singularity in S°/T. See figure 6 for its fixed point diagrams and
fermionic quiver. Substituting into (71) we compute from geometry

= YDss 1z, by the short exact

D(l) = ZS [43) Z3 5 @SS/Z6 = Z3 & Zé @ Zz . (77)

Here r = 1 which is the sum of the integers given in subfigure (ii) of figure 6. From the
fermionic quiver we compute

Coker QF

to/z, = L3 ® Ly ® Z2. (78)

The action is not fixed point free, Iy, = Z,, and therefore s, is an extension of Coker Qf(
(see (50)), which reflects an underlying 2-group symmetry in this example.

Case 2: S°/T and T' c U(3) with T = Zy. We now generalize the previous example from
SU(3) to U(3). This introduces the possibility of codimension-2 singularities in addition to
the previously observed codimension-4 singularities. We proceed as before with the generator
v=1¢€Zy =T. The fixed loci are

(s5, y=o0ezy,
S%, v #0isamultiple of W/Ni = N/N;; € Zy,
Fix(S°,7) = { St, y#0is not a multiple of y¥/Nik, yN/N (79)
but is a multiple of WW/Ne = N /N, € Zy,
\(D, else,
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{0} 0

{0} {0} 0 0

Zy {0} {0} 1 0 0

® (i) (iiD)
Figure 6: Example: ' = Z¢ (1, 1,4,0). The first two subfigures capture the geometric
data, namely the fixed point groups generated by elements of Z¢ (i) and the resulting
number of free factors / rank of the flavor symmetry group (ii). For this example,

the geometry predicts the torsional part of the defect group to be Z; ® Z; and r = 1.
This is in agreement with quiver methods (iii).

where i # j # k and i, j,k € {1,2,3}. In the third line, the index k determines the indices
i,j. There are |Ci| = Nj. — Ni;Nj; elements fixing the k-th circle and the k-th circle only.!? The
fixed point diagram is:

Zy, N3 —N3; —Npz + 1
ZNSI Zst N3 —1 Nyz—1
{0} 1 (80)
Zy, Zy,, Zy, N;—Npp—N3; +1 Npp—1 Ny —Ny3—Npjp+1

Figure 7: Fixed point diagram for the orbifold C3/Zy with Zy c U(3).

Denote by v, = "/ and v;; = v"/Ni a generator of the subgroup Zy,_and Zy,, respectively.
The degree shifting numbers for conjugacy classes fixing S; and S?j respectively compute to:

3 rng rn; rn;

oo =245 R RS
=1 Nk k k
3 (81)

Sny SNy
biys 1= — =1Y—1,
] ;{Ni'} {Ni'}
where i # j # k and i,j,k € {1,2,3}. We have exponents r € C; and s = 1,...,N;; — 1

labelling the different contributions of Sl.1 and Sf’j to the inertia stack of S°/Zy. The number
of disconnected components of the inertia stack are in total
N1NyN;

[IX| = Tyl = ————.
¥ NjpNpN3;

(82)

Here, and below, much of the counting relies on the assumption that the I'-action acts faithfully. For example,

the order |(F].(,f"), Flff"))| = Ny;Nj;. follows from gcd(Ny;, Nj) = 1. This must hold, as otherwise I' would contain an
element, other than the identity element, fixing both S?, and S;‘k. This would in turn imply that it would fix all of

s>,
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Each component contributes cocycles to the Chen-Ruan cohomology groups. In addition to the
cohomology classes of singular cohomology, associated with the untwisted component S°/T,
we also have those of the remaining |IX|— 1 twisted components.

We now compute the orbifold cohomology groups for this example. In order to do so, we
will separate the contributions from fixed point loci according to their dimension:

D HL(S°/Zy) =Hs) @ Hs) ® Hy - (83)
q€Q

The index d on H4) indicates the dimensions d = 5,3,1 of the corresponding fixed point
loci, which are copies of S°,S3,S! respectively. Here, we simply have H sy = &>_ H"(S*/Zy)
associated with the untwisted component.

In order to discuss the contributions #;), which in general will contain classes of fractional
degree, we introduce integers g; = gcd(Ny,n; + n;). It follows from (81) that contributions
to Hy), from all elements fixing S 1 occur with multiplicity g. This counts the number of
fixed loci occurring with the same degree shift. In contrast, classes contributing to Hs), from
elements fixing Sfj, have multiplicity one.

We then have, from elements fixing S?j, the following overall contribution to the Chen-
Ruan orbifold cohomology groups:

3

Hegy = @ @ ’H?s,k) >

k=1 q€Q
Z, q:3+2(1/NU)t’ t:1,...,Nij—1, (84)
Hq ~ ZN/lcm(Ni,Nj)a q= 2+2(1/Nl])t, t= 1,...,Nij -1,
Gk z, q=2(1/N;t, t=1,...,N;—1,
0, else.

The above are degree shifted contributions from H”(Sl?’j /Zy). These ordinary cohomology
groups are computed noting that the group acting faithfully on S ?j, possibly with fixed points,

is simply I'/ Fi(jﬁx) = Zy/Zy,,- Therefore,

H*(S}/(Zy 1Z5,)) = Ty | Taemin ) - (85)
This follows from both Zy, Zy, having fixed points on Sl.3j, as they individually fix S},S} re-
spectively. Then, (85) follows by Armstrong [91] or Kawasaki [92].
Next, we turn to H ;). Elements fixing circles, and circles only, result in
3 ng, q:1+2(gk/Nk)t7 t:1)"'}|Qk|_1)
Hy=DDH . Hin=4{2% a=2g/NJt, t=1..l4l-1, (86
k=14<Q 0, else,

which are the degree shifted contribution from H°(S') = Z and H'(S!) = Z.
We comment that, in contrast to the case I' ¢ SU(3), there are I' ¢ U(3) for which S°/T
satisfies the hard Lefschetz condition. As a function of the weights, the condition reads

2(“1 + ny + ng) =3N 5 (87)

and can only be satisfied for even N.
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Overall, we have the homology groups

b/ o5 ~ 1)/2
TorHi)r (s°/mn= ZNN12N23N31/N1N2N3 (@ZN/lcm(Nl,N ))
b/ o5 ~ (N;;—1)/2
Tor HY®(S%/T) 2 Zy @ (@ZN /fcm(Ni,N,.))’ (88)
ij

77 = 7811Q11+821Q21+831Q31-g1-82—83 ¢ 7 N1 +Np+N3—N1p—Np3—N31

The free contribution is localized to the vertices in (80), and the additional torsional contri-
butions, besides H;(S°/T") = I'/Ty;, and H5(S°/T') 2 T, are localized to the edges. Recall here
that |Q| = Ni/Ny;iNj and g, = ged(N, n; + n;). Also, each of the sums &;; and &; run over
the three elements as determined by {i,j,k} = {1,2,3} and i # j # k. Here, N;; are odd,
which is a necessary condition for satisfying the property laid out in the definition of (31). We
therefore have:

1) ~ 2 (N;;—1)/2 2
D ZNN12N23N31/N1N2N3 ( @ ZN/lcm(N,,N ))

(89)

~ N;+N5+N3—N;5—N53—N.-
@SS/ZN _ZNN12N23N31/N1N2N3®ZN (@ZN/lcm(N,,N )) @z T T T @ L.

Finally, let us consider some explicit fermionic quivers and demonstrate that the cokernel
of their assocaited Dirac Pairing indeed matches the geometric data derived above.

Our first example is T = Zg(1,1,1,—3). The geometric group action is I' = Zz(1,1,1). See
figure 8 for its fixed point diagrams and fermionic quiver. Substituting into (89) we compute
from geometry

DV 2Zs@Zs,  Dssp, SLsOLs O L. (90)

Here r = 0 which is the sum of the integers given in subfigure (ii) of figure 8. From the
fermionic quiver we compute

Coker QF =750 Zs® 7. 91)

RS/Zs

The action is fixed point free Iz, = 1, and therefore Coker QF = Dgs 1z, by the short exact

RS/Zs
sequence (50).

Our second example is I' = Z¢(1,0,1,4). The geometric group action is I' = Z¢(1,1,2)
resulting in a codimension-4 singularity in S°/T. See figure 9 for its fixed point diagrams and

fermionic quiver. Substituting into (89) we compute from geometry
DD X2, 0%,  Dgsyp, =Ly &L ® L. (92)

Here r = 1 which is the sum of the integers given in subfigure (ii) of figure 9. From the
fermionic quiver we compute

CokerQf, =7Z,0Z,®7Z>. (93)

RS/ Z¢
We have T}, = Z, and therefore Pgs /7 1S an extension of Cokerﬂi6 /2 (see (50)), which
reflects an underlying 2-group symmetry in these examples. Further, note that the fixed
point structure here and in the example (77) are identical, and for that reason the groups
computed between the examples agree. The distinction between supersymmetric versus non-
supersymmetric is of no consequence.

Our third example is T' = Zo(5,7,1,5). The geometric group action is I' = Z(8,3,6)
resulting in a codimension-2 singularity in S°/T. See figure 10 for its fixed point diagrams and
fermionic quiver. Substituting into (89) we compute from geometry

DD 7,02, 023 0Ly,  Dssjp, 2l ® Lo ®Ls ® Ly L. (94)

25


https://scipost.org
https://scipost.org/SciPostPhys.19.6.160

e SciPost Phys. 19, 160 (2025)

{0} 0

{0} {0} 0 0

{0} {0} {0} 0 0 0

® (i) (iiD)
Figure 8: Example: I' =Z5(1,1,1,—3) inthe 4 of SU(4) or I' = Z5 (1,1, 1) in the 6 of
SO(6). The first two subfigures capture the geometric data, namely the fixed point
groups generated by elements of Zs (i) and the resulting number of free factors /
rank of the flavor symmetry group (ii). For this example, the geometry predicts the
torsional part of the defect group to be Zs; ® Zs and r = 0. This is in agreement with
quiver methods (iii).

{0} 0

{0} {0} 0 0

Zy {0} {0} 1 0 0

® (iD) (iiD)
Figure 9: Example: T' = Z¢(1,0,1,4) in the 4 of SU(4) or T' = Z¢ (1,1, 2) in the 6 of
SO(6). The first two subfigures capture the geometric data, namely the fixed point
groups generated by elements of Z¢ (i) and the resulting number of free factors /
rank of the flavor symmetry group (ii). For this example, the geometry predicts the
torsional part of the defect group to be Z; ® Z5 and r = 1. This is in agreement with
quiver methods (iii).

Here r = 2 which is the sum of the integers given in subfigure (ii) of figure 10. From the
fermionic quiver we compute

CokerQf,  =7,07,07Z,0Z;®7°. (95)

R6/Zg

F

The action is not fixed point free Iy, = Z3 and therefore 9gs z, is an extension of Coker Q¢ /26

(see (50)), which reflects an underlying 2-group symmetry in these examples.

Case 3: S°/T and I' c SU(3) with T = Zy x Z)y;. We consider the canonically parametrized
action (58) on S°. Then, consider the generator v = (1,0) € Zy x Zy; = T and
up = (0,1) € Zy x Zy; = T. Importantly, note the “gauge choice” in the parametrization
of (58), by which the Z;,; factor does not act on the first coordinate z;. We could have equally
well parametrized the Z,; action such that it acts in a similar fashion on any pair of the coordi-
nates. ILe., there exist elements u, = (ky, [;) and us = (k3, l3), which are of order M and have
ged(ly, M) = ged(l3, M) = 1 and where ks, k; are a multiple of N/M (recall that M divides
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Zs {0} 2 0

Zs {0} {0} 0 0 0

® (iD) (iii)
Figure 10: Example: ' =Z4(5,7,1,5) in the 4 of SU(4) or I' = Z¢ (8, 3, 6) in the 6 of
SO(6). The first two subfigures capture the geometric data, namely the fixed point
groups generated by elements of Zg (i) and the resulting number of free factors /
rank of the flavor symmetry group (ii). For this example, the geometry predicts the
torsional part of the defect group to be Z; & Z3 ® Z; ® Z3 and r = 2. This is in
agreement with quiver methods (iii).

N). With this, we can individually replace the second line in (58) by either of

Uy - (21,29,23) = (UM_leZz,UZa) = (0_121,22>023), 96)
U3 - (21,22,23) = (021,0M 25,25) = (021,00 25,25),

where again o = exp(27i/M). Due to I' € SU(3), only codimension-4 fixed point loci (i.e.,
the circles Sil) can occur. To determine y €T fixing Sl.l, the parametrization of the action with
generators (v, u;) is most convenient. In such a frame, clearly all of the Z;, factor fixes Sil.
The subgroup of Zy fixing Si1 is simply Zgq(n/m,n,)- The faithfulness of the action implies that
the order of these two subgroups are coprime. We therefore have

Thix = (ZM{’ L, ZMg) )

/ 97)
M; = Mgcd(N/M,n;),
with each factor fixing S!. Overall, the loci of S° fixed by I' are
SS N Y = 0e ZN N
Fix(S°,y) = Sl.1 , y # 0 is a multiple of N/ ng(N/M’"f),ui s (98)
@, else.
The fixed point diagram is:
Ly M;—1
{o} {0} 0 0
{0} 1
Zyy {0} Ly M;—1 0 M,—1

Figure 11: Fixed point diagram for the orbifold C3/Zy x Z,, with Zy x Z, C SU(3).
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Zy 1
{o} {0} 0 0
Zy {0} Zy 1 0 3
@@ (ii)
{0} 0
{0} {0} 0 0
{0} {0} Zy 0 0 1
(iv) W)

(iii)

(vi)

Figure 12: Example: T = Zg(2,1,5,0) x Z5(1,0,1,0). The top row is the theory
without discrete torsion turned on. The first two subfigures in this row capture the
geometric data, namely the fixed point groups generated by elements of Zg x Z, (i)
and the resulting number of free factors / rank of the flavor symmetry group (ii).
For this example, the geometry predicts the torsional part of the defect group to be
Z4, ® Z5 and r = 5. This is in agreement with quiver methods (iii). The bottom row
is the theory with discrete torsion turned on by @ = 1 € H3(T;U(1)) = Z,. The
effective geometry is now X,—; = C3/Z,(2,1,1,0). The geometry now predicts the
torsional part of the defect group to be Z, ® Z, and r = 1. See (iv) an (v). This is
again in agreement with quiver methods (vi).

The degree shifting number of Sl.1 is equal to 1, as the singularities of S°/T are codimension-4
A-type ADE singularities. The orbifold S°/T therefore satisfies the hard Lefschetz condition
(see the analogous discussion on Example 1). Putting everything together we have:

HEL(S%/T) =4

(Z, =5,
r, n=4,
ZM @ZM{J'_MéJ’_Mé_S, n= 3’
(F/Fﬁx)v @ZM{+M£+M::’_3, n= 2’
0, n=1,
Z, n=0.

(99)

Here, the free contributions in degree n = 2, 3 are localized to the singular loci. There is also
an additional torsional group Z;, in degree n = 3, which is ultimately due to I' not being cyclic.
The dual 2-cycle is constructed by considering the non-compact 2-cycles of the three ADE loci
c?/ Ly, and gluing these to a 2-sphere with three marked points. This cycle is torsional, and

its order is ged(M;, M,, M3) = M. This class is therefore not localized to the singular locus. In
ordinary cohomology we already have H3(S°/T) = Z,,.
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With this we have the homology groups

Tor H)™(S%/T) = Tor Hy (S*/T) = Zyagz u mynas »

Tor HY™(S/T) = Tor H3(S>/T) 2 Zy X Zyy, (100)

/ / /
ZT’ — ZM1+M2+M3_3 .

Here I'/Ty; = Lz v MM, = Zy/mc with G = ged(N/M,n,)ged(N /M, ny) ged(N /M, ny).
We therefore have:
p® x 72 =72

NM2 /M| M;M; N/MG> 101)

@SS/(ZNXZM) == ZN/MG & ZN (5>} ZM & ZM{+M£+M§_3 OZ.

Finally, let us consider an explicit fermionic quiver and demonstrate that the coker-
nel of their associated Dirac Pairing indeed matches the geometric data derived above.
Consider the example T' = Zg(2,1,5,0) x Z,(1,0,1,0). The geometric group action is
I' = 7g(2,1,5) x Zy(1,0,1) resulting in 3 codimension-4 singularities in S°/T. See figure
12 for its fixed point diagrams and fermionic quiver. Substituting into (101) we compute from
geometry

DV X2y ®Zy,  Dssjpynzy) =Ly ® Ly ®Lg® LS. (102)
Here r = 5 which is the sum of the integers given in subfigure (ii) of figure 12. From the
fermionic quiver we compute

Coker QF

— 6
R (zyxzy) = L2 ® Ly ® L. (103)

F

RS /(Zx2y) (S€E

We have Ty, = Z4 X Z,, and therefore Pgs(z,xz,) is an extension of Coker {2
(50)), which reflects an underlying 2-group symmetry in this example.

Case 4: S°/T and T c U(3) with T £ Zy x Zy. This example, albeit more involved, is
treated in same manner as the proceeding example. The number of fixed S;’s and S?j’s are
given respectively by

Ly = NiMj ged(N /N, M/ M),

(104)

j>
Omitting further details, we give the relevant orbifold homology groups

7 %7, (Lij—1)/2
Tor HY™®(S%/T) 2 T/Ty, @ @(ﬁ) ,
ij ( L;> LJ-)
L;;—1)/2
Ty X Ty )( v=1/ (105)

TorHI™(S°/T) =T @
° EB (2,21,

ij

r o~ rply+Ly+L3—Lip—Ly3—L
7T =2 gtz s T e
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Z, 1
{0} {0} 0 0
Zy {0} Zy 1 0 3
@ (ii)
{0} 0
{0} {0} 0 0
{0} {0} Zy 0 0 1
(iv) W) (vi)

Figure 13: Example: T = Zg(4,2,1,1) x Z,(1,0,1,0) in the 4 of SU(4) or
' =274(6,3,5) x Z,(1,0,1) in the 6 of SO(6). The top row is the theory without
discrete torsion turned on. The first two subfigures in this row capture the geometric
data, namely the fixed point groups generated by elements of Zg x Z, (i) and the
resulting number of free factors / rank of the flavor symmetry group (ii). For this
example, the geometry predicts the torsional part of the defect group to be Z, & Z,
and r = 5. This is in agreement with quiver methods (iii). The bottom row is the
theory with discrete torsion turned on by a = 1 € H?(TI'; U(1)) = Z,. The effective
geometry is now X,_; = C3/Z,(2,1,1). The geometry now predicts the torsional
part of the defect group to be Z, ® Z, and r = 1. See (iv) and (v). This is again in
agreement with quiver methods (vi).

i>Hj
implicit, and opt to describe these explicitly in concrete examples. We therefore have:

where I(ZLi,ZLj)l = L;L;/L;;. We leave the overlap L; N L; and the embeddings L;,L; < T

7 X7 (Lij—1)/2
DD = (I/T)* @ N M ,
* Gl? (ZLiazLj>

(106)

Li—1

~ Zy XLy )" Ly+Ly+Ls—Lyg—Los—L

@SS/(ZNXZM):F/FﬁX@Fea @(m) @7 TR TNl g 7,
ij i’ j

Finally, let us consider an explicit fermionic quiver and demonstrate that the cokernel of
their associated Dirac Pairing indeed matches the geometric data derived above.

Consider the example ' = Zg(4,2,1,1) x Z5(1,0,1,0). The geometric group action is
I' = 74(6,3,5) X Zy(1,0, 1) resulting in 3 codimension-4 singularities in S°/T. See figure 13
for its fixed point diagrams and fermionic quiver. We compute from geometry

DD X7, @7y,  Des)pxp) =T ® Ly ®ZLg®ZO. (107)
/(Z5xZ3)
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Here r = 5 which is the sum of the integers given in subfigure (ii) of figure 13. From the
fermionic quiver we compute

Coker QF

— 6
R (zyxzy) = L2 ® Ly ® L. (108)

We have Iy, = 74X Z, and therefore Dgs (7, xz,) is an extension of Coker Qgﬁ (ZexTs) (see (50)),
which reflects an underlying 2-group symmetry in this example. Further, note that the fixed
point structure here and in the example (102) are identical, and for that reason the groups
computed between the examples agree. The distinction between supersymmetric versus non-
supersymmetric is of no consequence.

5 Discrete torsion backgrounds

In the previous section we studied some examples of non-supersymmetric orbifold back-
grounds, showing in particular that the geometric / closed string approach exactly matches
the quiver / open string computation. In this section we consider a further generalization,
switching on discrete torsion. The primary class of examples we focus on which can support
discrete torsion involve backgrounds of the form X = R®/T with I' = Zy x Z,.

As far as the Chen-Ruan orbifold cohomology computations are concerned, the effect of
discrete torsion will be to lift geometric considerations to the covering space X, = R®/T, with
T, defined in (45). This lift is motivated by Ruan’s local coefficient system; however, after
lifting to the covering space we will consider untwisted integer coefficients when computing
(co)homology groups of X,,.

In the case of the quiver computations, the main change is that we must now allow for pro-
jective, rather than linear representations of the orbifold group I'. Thankfully, there is a proce-
dure for extracting the resulting quiver gauge theories directly from representation-theoretic
data. The main idea is to deal with all possible choices of discrete torsion simultaneously by
working with a “master” quiver. This master quiver decomposes into distinct disconnected
components; one component for every choice of discrete torsion. We refer to Appendix A for
additional details.

Let us now sketch the main aspects of how the quiver is extracted in these cases. To begin,
recall that a projective representation of a group I' over C is a homomorphism g : I' — GL(V)
for V some vector space, such that for elements g,h €T

p(g)p(h) = al(g,h)p(gh), (109)

where «a is a function a : I' x I' = U(1). The function a is classified by the abelian group
H2(T'; U(1)) known in this context as the Schur multiplier. Then consider the Schur covering
group A, which fits into the following short exact sequence:

1 - HXT,;UQ1) > A > T — 1. (110)

Here H?(T'; U(1)) maps into the center subgroup of A, and A is a maximal central extension
of . This means that any other extension of I' by a subgroup of H2(I'; U(1)) is a quotient of
A. These two properties and the above sequence define A uniquely.

The group A has the property that every projective representation of I' lifts to a linear
representation of A (see [20, 21, 93] for more details on this). As such, this reduces the
problem of computing the projective McKay quiver for orbifolds with discrete torsion turned
on, to that of computing a linear McKay quiver of the Schur covering group. In particular, we
have a disjoint union of quivers:

Az || @b, (111)
acH,(T;U(1))
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Here the reference representation p determines whether we are considering the bosonic or
fermionic quivers. The pair (T, a) specifies the non-geometric background, i.e., X = R®/T
with discrete torsion a. We denote the adjacency matrix of QZ and its antisymmetrization by

A’i, QZ respectively.

We will be interested in the disconnected subquivers Q{f’ o, individually. As before, the
adjacency matrix of each quiver determines a Dirac pairing. We can then read off the defect
group ]D)fxl) and the rank r, from the cokernel of the Dirac pairing. When these quivers arise
in the context of brane probes of a space X =Y /T, we will simply write Qf(’ . (When p =4) or
Qf}’ » (when p = 6) for an element of the disjoint union in (111).

Importantly, the master quiver only computes the set of quivers {er), oJaeH2(r;u(1)) and
does not manifestly match any particular a with any particular quiver in this list. Of course
such a 1:1 matching is not expected as reparametrizations only allow for a matching up to
Aut(H?(T; U(1))). The list of quivers {er), o therefore contains several isomorphic quivers.
The isomorphism type of a quiver depends, when H?(T'; U(1)) is cyclic, only on the order of a.
This is reflected in our geometric perspective by X, = R®/T, only depending on the order of
a. Crucially, however, the geometric approach avoids direct use of the Schur covering group
A, and therefore supplies a 1:1 match between a choice of discrete torsion a and the quivers
Q0 U o

Let us now discuss the combinatorics for the cases with ' = Zy x Zj and
H(T;U(1)) = Zgeqen v in some more detail. For this, first denote by

gcd(N, M)
ged(a, ged(N, M)’

the order of a € Zgqn M- In particular, whenever a is a generator of Zg.qn vy We have
ord(a) = ged(N,M), and if a = 0, i.e., no discrete torsion, we have ord(a) = 1. With this
parametrization the kernel of a evaluates to

ord(a) = (112)

r
[, =—————— = Zn/ord(a) X Ly /ord(a) - (113)
* Zord(a) X Zord(a) ford(@) ford(@)

In terms of group actions, given weights (s, s, $3,54), which are integers defined modulo N, M,
for either of the cyclic factors Zy;, Z;, respectively, the weights for T, are simply s; mod ord(a).
We set X, = R®/T, and note that Xq, = Xq, precisely when ord(a, ) = ord(a,). Our main claim

now is that the effect of discrete torsion on bosonic and fermionic quivers is geometrized as:
QG=Q, Q=0 - (114)

a

In other words, turning on discrete torsion effectively desingularizes backgrounds, as config-
urations with discrete torsion turned on are related to less singular setups without discrete
torsion. Interestingly, in this manner non-supersymmetric quivers can be lifted to supersym-
metric quivers.

There are a number of immediate consequences of (114). We focus now on fermionic
quivers (bosonic quivers are discussed analogously). The first consequence is that

Qo =Qt,, © ord(a;)=ord(ay), (115)

implying that quivers appear with multiplicity in the master quiver. More precisely, denoting
by Oy the number of elements of order k in Zgcqn 1), We have

ged(N,M)

A= @ .= P (4) a16)
k=1

angcd(N,M)
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where @ indicates that the adjacency matrix of the master quiver is block diagonal with blocks
given by the adjacency matrix of Qf( featuring with multiplicity O, where a; is any element
Ak

in H3(r; U(1)) = Zgeaen vy of order k. In particular, the number of nodes of the master quiver,
which we refer to as the rank of the quiver, is given by

NM NM
kQfi=>» ——=NM —_—. 11
rankQy Za: ord(a)? * aZ#) ord(a)? (117

Here we have split off the a = 0 component (original quiver with discrete torsion turned off)
of order one and multiplicity one. For example, when I' = le\, the master quiver has rank
1,5,11,22,29,55,55,92,105,145 for N =1,...,10.

Finally, let us comment on non-abelian flavor symmetries as they are known to occur in
the supersymmetric case where the geometry C3/Zy x Z,, always contains three non-compact
A-type ADE singularities which contribute § = sl @ siyy @ sty to the flavor symmetry
algebra. Motivated by the covering space prescription we claim that turning on discrete torsion
a reduces this geometric contribution to the flavor symmetry algebra to

3
£ = @suMl{/, M/ = (M/ord(a))ged(N /M, n,). (118)
i=1

5.1 Examples: R®/T withT = Zy x Zy,

In this section we compute the defect group of orbifolds with discrete torsion turned on. We
first revisit examples previously considered without discrete torsion in section 4.1, and now
proceed to turn on discrete torsion. We also consider new examples that showcase important
physical features. The examples are numbered to reflect the numbering in the other sections.
Case 3: S°/T and I' c SU(3) with T' = Zy X Zy. We now revisit the example of
=7g(2,1,5,0)xZ5(1,0,1,0). The group acting on the geometry is Zg (2,1,5) xZ, (1,0, 1),
and the Schur multiplier is H2(I'; U(1)) & Z,. The master quiver therefore consists of two
disconnected subquivers. One quiver has rank 16, and the other has rank 4. The associated
geometries are

Xqeo = C3/24(2,1,5) x Z5(1,0,1),  Xqoq = C3/Z4(2,1,1). (119)

See figure 12. With this, via geometry, we compute

DD ZZ,07;, Duo=7,0Z;0Z,0Z°,

a=

1) ~ ~ 2 (120)
Da:1=Zz®Z2, @a:1=Zz®Z4®Z .
Via quiver methods, we compute the cokernel of the master quiver to
Coker 2k =7, 07, 07,02, 02° = (D), 0 2°) @ (D, ®7?). (121)

The quiver and geometry based computations are in perfect agreement. In both cases, the
torsional subgroup of 9, differs from ID)S) indicating the presence of a 2-group symmetry. See
(B.4) for the master adjacency matrix.

Case 4: S°/T and T C U(3) with T = Zy x Zy. We now revisit the example of
[=7Zg(4,2,1,1)xZ5(1,0,1,0). The group acting on the geometry is Zg (6, 3,5) X Z,(1,0,1)
and the Schur multiplier is H2(T'; U(1)) = Z,. The master quiver therefore consists of two
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disconnected subquivers. Again, one quiver has rank 16, the other has rank 4. The associated
geometries are

X0 =R®/74(6,3,5) x Zy(1,0,1), Xoye1 = C3/74(2,1,1). (122)

See figure 13. With this, via geometry, we compute

) ~ ~
DE};Z)OZZZ@ZZa @a:o=Zz@Z8®Z2®Z6,

(1) 2 (123)
D2, =Zy ®7Zy, Dae1 =Ly ®LyDZL".
Via quiver methods, we compute the cokernel of the master quiver to
CokerQh =7Z,07, 07,02, 02° = (D, 0 2°) & (D, ®7?). (124)

Quiver and geometry are in perfect agreement. In both cases, the torsional subgroup of 2,
differs from sz) indicating the presence of a 2-group symmetry. Here, interestingly, turning
on a has lifted the non-supersymmetric geometry to a Calabi-Yau quotient. See (B.5) for the
master adjacency matrix.

Case 4: S°/T and T c U(3) with T = Zg x Z3. Consider the non-supersymmetric example of
'=7%Z¢(2,0,1,6)xZ5(0,1,0,2). The group acting on the geometry is Zq (2,1, 3) x Z3 (1, 1,0),
and the Schur multiplier is H2(I'; U(1)) & Z;. The master quiver therefore consists of three
disconnected subquivers. One quiver has rank 27, and the other two have rank 3 and are
isomorphic. Overall the master quiver is of rank 33. The associated geometries are

Xoeo =R%/79(2,1,3) x Z3(1,1,0), X, =C3/Z5(2,1,0). (125)

This is the first time we have discussed this specific example, so we first analyze the case with
discrete torsion turned off.

We begin by determining the fixed point diagram when discrete torsion is turned off. For
this, note that T' contains the subgroup Z(2,1,0) x Z3(1, 1,0), which we denote as Zé X Zg.
This subgroup contains diagonal and anti-diagonal subgroups Zé*R(O, 2,0) and Zé‘R(l, 0,0).
We find Ty, = Z5*R(0,2,0) x Z57%(2,0,0). Both Z%,Z% lead to codimension-2 singularities,
and the overall fixed point diagram and diagramm counting elements fixing various faces are
respectively:

L R
Z3 X Zs 4
ZéfR Z§+R 2 2
(126)
{1} 1
/o {1} v/ a 0 0 0

Figure 14: Fixed point diagram for the orbifold C3/Zy x Z5 with Zg x Z5 C U(3).
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{0} {0} {0} 0 0 0
@iv) W) (vi)

Figure 15: Example: T = Z¢(2,0,1,3) x Z3(0,1,0,2) in the 4 of SU(4) or
' =17Z¢(2,1,3) x Z3(1,1,0) in the 6 of SO(6). The top row is the theory without
discrete torsion turned on. The first two subfigures in this row capture the geometric
data, namely the fixed point groups generated by elements of Zg x Z5 (i) and the
resulting number of free factors / rank of the flavor symmetry group (ii). For this
example, the geometry predicts the torsional part of the defect group to be Zg and
r = 8. This is in agreement with quiver methods (iii). The bottom row is the the-
ory with discrete torsion turned on by a = 1,—1 € H2(T'; U(1)) = Z;. The effective
geometry is now X,.; = C3/Z5(2,1,0). The geometry now predicts the torsional
part of the defect group to be trivial and r = 2. See (iv) and (v). This is again in
agreement with quiver methods (vi).
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From this, the inertia stack is read off to be

1(s%/T) = s3/ru(s3,/r)"* u (s, /r) ?u(si/r)"

127

= $5/(Zs x Zo) U (S3,/24) 2 L (53, /22) L (sh/zL) 2 u (sh/zd)™ . (27

In the second line we write the subgroup of I that acts faithfully on the respective components

of the inertia stack. In the notation of section 3.2, these groups are I'/ Fl.(jﬁx) and I'/ Flgﬁx), and
the primes indicate that the groups that are being quotiented by are distinct.

From (127) we now determine the groups Tor H ;’rb(X ), Tongrb(X ) and Z™*!, as defined
in (31), and (32) respectively. We have r+1 =4+42+2+41 = 9 from summing up the integers
in the second diagram of (126).

We now analyze the torsional cycles. Note that both Zg and Zg contain an order 3 sub-
group with fixed points on Sg’g and Sg’l respectively. Therefore, for example, we find the two
components

(s3,/20)" c 1(s°/T), (128)

to contribute two copies of H;(S g’g / Zg) = Zs. Only one of these is counted towards the orbifold
1-cycles after degree shift following (31), while the other one is shifted to an orbifold 3-cycle.
The component (Sg1 / Zg )|_|2 contributes in similar manner. Overall, from the twisted sectors
in geometry we find a contribution of Z% to the subgroup of torsional orbifold 1-cycles. The
untwisted sector, for which H; (S>/(Z3xZg)) = Zs and H5(S> /(Z3 % Zg)) = Zo X Z3, contributes
further orbifold cycles. With this, via geometry, we compute

D 278, 9, ZieZ.eZ’. (129)

a=

We now compare this result to the quiver analysis. The fermionic adjacency matrix for the
DO-brane probe quiver of X = R®/I" computes to the 27 x 27 matrix

OO OO0 O0OO0ODDODO0OO0OO0OO0OO0OHHFRFOFHOOOHOOODO
eNeNeNeNeoNeoNeoNeoNoNeoNeNel i - NeNeNeoNeNeNe el i el e Nl
QO OO OO0 O0OO0OO0OO+HOOROHFLEFOOOOOO
OO OO0 O0ODO0OO0OOHOOODODODOOOOO0OOrOOO
OO O0OO0OFROOOHOOOOOOODDOO+HOOOOOROO
QO OFrROO0OOHOOOOODODOODODOOOOOOR OO
ORP OO0 O0O0ODO0OO0OHOO0OO0ODODODODODOOOOHOOOHRO
QOO O0OOFHRHOOODOODODODOOOOOOrrOOOOORRO
H O OO0OO0OO0OO0OO0OO0OO0OO0OHrHOO0OO0OO0OO0OOOHHOOOOK~ OO
QOO O OHOOOHOOHOOODODOOOOOOOOO R
H O OOOOOOHOOOOODOOOHOOOOOOOHROo
QO O0OO0OFRPR OO OO OODOOOOOOOOOHRRO
O OO0 O0OHOODOOOOFROODODOOOOODOOOOO R
OO OHOOOOOOHrHrROOOOOHrHrOOOOOOOoO R OoOOo
OO OO0 OHOOOOO0OO0ODOHOOOOOOOOH~R OO
O OO0 OO0 OHHOOOOOROOO
H O OORFROOOODOOO0OO0OO0OOHrHOOOOHOOOOOoOOo
OO R MR OOOO0OO0OO0OO0OO0OO0OROOOOHOOOOOOOOo
H OO OO OO0 OOOOOO+rOOOOOo
OO OFRPROOODODO0ODO0OO0OO0ODO0ODO0OOHOOHOOOOOOoOOo
el =N NeNeNelNeNoNolNeNe il e Ne NeNeNeoNoNoNe Nl =R =NeNeo]
OO0 0000 O0OHOHOOORROOODOOOOORrOOOoOOo
QO OO0 OHOOOOHROOOOOHOOOHOOOOoOOo
QOO0 OO0 RO OOODOHOOOHHOOOOOOoOOo
QOO0 OO0 OH OO OODOOHOOOrHOOOOOoOOo
OO0 OO0 O OO OFHOOODOOHHOOOOOOOoOOo
OO 00O OHOOHOOOOHHROODOOOOOOROOO

F —
AP , (130)
which implies
CokerQf_ =7Se7°, (131)
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in perfect agreement with the geometric result (129).

Following our discussion from above, we now repeat the analysis with discrete torsion
a € HX(T;U(1)) = Z; switched on. We start with the geometric analysis. For this, note that
the two non-trivial choices of discrete torsion a = %1 are both of order 3 in Z3. Therefore, we
expect that the quivers associated to these two choices of discrete torsion to be isomorphic.
Furthermore, the effective geometry is X, .o = C3/7Z5(2,1,0) when discrete torsion is turned
on (for both values of discrete torsion). As such we find the fixed point diagram (126) to lift
to:

ZS 2
{0} {0} 0 0
{0} 1
{0} {0} {0} 0 0 0

Figure 16: Fixed point diagram for the orbifold C3/Z; c SU(3).

From this, the inertia stack is read off to be
u2 u2
I(S®/Taz0) =S /Tuzo U (Sa/Tuno)  =S/Zsu(S3/Z5) " . (132)
The fixed point analysis is now straightforward, and our final result via geometry is
) ~ ~
D=0, Dup =70 (133)

We now turn to the quiver analysis, which can be completed in two ways. Namely, we
can analyze the quiver associated to the effective geometry Qf( , or analyze the Schur covering
group A of I' = Zs3 X Zg. We start with the former, and find ‘the following adjacency matrix
using the standard methods.

011

F —

ko=l 101 (134)
110

From this we find Coker Qf( o >~ 73 as expected. Overall, formally summing our results ob-
tained with respect to the spaces X,_, and X, we have

1 otl) ~ 6 9 3 3 ~ 6 15
(PP ez )= (2502%) _ o (2°%),_,, (2°),_, 225025, (135
a€H2(T;U(1))
which we now match to the master quiver.
Indeed, computing the fermionic master quiver we find
rankQ} =3 x9+3+3=33. (136)

Following the methods in Appendix A, we compute the subblock of the full adjacency matrix
corresponding to theory without discrete torsion to be equivalent to (130). Furthermore, the
subblock of the full adjacency matrix corresponding to the two choices of discrete torsion is
computed to

001 01O
000101
1 00 01O
F -
Anato = 010001 (137)
1 01 00O
01 0100
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Together with (130), this gives the adjacency matrix AZ which is block-diagonal with these
two blocks. The block (137) is conjugate to two 3 x 3 blocks. Overall, we compute

CokerQf =z5e 2", (138)

which matches (135). All of the relevant data for this example is summarized in figure 15.

6 Symmetry theories from orbifold cohomology

The analysis of the previous sections provides strong evidence that we can read off the gen-
eralized symmetries of various 4D theories engineered via orbifolds directly from Chen-Ruan
orbifold cohomology. In this section we turn to the corresponding symmetry theory / symmetry
topological field theory?° realized by these singularities.

Recall that the basic idea of a symmetry topological field theory is to encode the global
symmetries of a D-dimensional QFT}, on a manifold M, in terms of a (D + 1)-dimensional
SymThp,; obtained by extending along an interval I x M}, where at one end we have the
local degrees of freedom of a relative QFT}, (in the sense of [39]). For finite symmetries, this
bulk is a topological field theory, but in the broader context of QFTs realized as boundary
/ edge modes (as often happens in stringy constructions), it can happen that the bulk also
supports non-trivial dynamics which decouple from the local dynamics of the edge mode.?!
One can also entertain generalizations including time / scale dependent symmetry breaking
effects [12,61] by including interfaces in the temporal / radial directions of the construction.

To determine the symmetry theory for these systems, we follow the general dimensional
reduction procedure outlined in references [11,43,58,60]: we begin with the topological and
kinetic terms of the higher-dimensional parent theory and then decompose all of the p-form
potentials into a basis of harmonic representative forms on the internal space. Dimensional
reduction of these higher-dimensional terms then results in topological terms in the (D + 1)-
dimensional SymThj ;. Since we have already argued that Chen-Ruan orbifold cohomology
provides an accurate accounting of all the relevant cohomology classes, we can in principle
carry out this procedure for all of the examples analyzed in previous sections. In particular,
since we now have access to both the torsional and free factors of the refined defect group,
we can read off corresponding finite and continuous symmetries directly from the bulk geom-
etry. A general comment here is that because we are only sensitive to the abelian symmetries,
possible enhancements to more intricate higher-dimensional dynamics will be left more im-
plicit.?? In the case of supersymmetric IIA / M-theory backgrounds these will typically result in
a higher-dimensional Yang-Mills theory with Coulomb branch extracted from the free factors
of the defect group.?® In the case of type IIB backgrounds, this instead tells us about the rank
of an interacting 6D A/ = (2,0) SCFT.

The problem thus reduces to determining pairing and triple product linking forms on 9X,
which in turn specify quadratic and cubic interaction terms in the associated symmetry theory.
In Chen-Ruan cohomology, canonical pairings between elements are known; in worldsheet
terms these are specified by a choice of inner product for boundary states. Triple products can
also in principle be extracted; in the type IIA setup with a probe D0O-brane these are encoded
in cubic interaction terms, i.e., they are extracted from worldsheet disk instantons. As far as
we are aware, these triple products have not be determined in the mathematical literature.

205ee e.g., references [30-51] as well as some top-down implementations and generalizations [11,50-67].

21Nevertheless, one expects that filtering this through possibly another higher-dimensional bulk, one gets a
nested sequence of relative theories which terminates with a fully gapped bulk [11].

221n the context of type II string theory, Chen-Ruan orbifold cohomology is a priori only sensitive to perturbative
string modes. See section 3.1. Uplifting from IIA we obtain applications to M-theory too.

BSee e.g., [11,50] for a discussion of symmetry theories for continuous non-abelian symmetries.
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With this in mind, we shall mainly focus on extracting the quadratic terms of the SymThsy,
for our 4D theories. Since we allow for the possibility of discrete torsion, we label these theories
as Ség) in the obvious notation. We begin by reviewing the relevant pairings defined on Chen-
Ruan orbifold cohomology groups, and then turn to some explicit examples. Throughout, we
mainly focus on the IIA setup.

6.1 Intersection pairings and linking forms

Chen-Ruan orbifold cohomology groups H gR(X ) come equipped with a Poincaré pairing and a
linking form.2* Both of these are a repackaging of the individual Poincaré pairings and linking
forms of the connected components of the inertia stack IX.

We now make this explicit for the case of the compact global quotient X = Y /T. There, the
connected components of IX are labeled by the conjugacy classes [y] of ', which are grouped
into singlets and pairs by the involution (21). We introduced these in (28), and repeat our
definition for convenience:

P = { Dy HI(X) @ HI 0 (X, a), for [y]#£[y7'],

139
@, HI(X,), forlrl=0'1.

Here, X,, X, are copies of the same space, which we denote by X Therefore, one has

vyl
the standard operations in integral cohomology associated to each P

Intersection : Free H"(X, 1) X FreeH d=n(x - 7,

)
o (140)

Linking : TorH™"(X 1)xT0er_n+1(Xy,y*1) - Q/zZ,

YT

where d =d, -+ =dimX, 1 is the real dimension of X, ,-1. Using these, define the pairings
between equal but oppositely twisted sectors as

()" HI2m(X,) x HD—q—ZL[y—ll(XY_l) - 7,

(141)

Link’(-,-) : HI20(X,) x HP 20t (x ) —  Q/z,
where D = dimX.?> The pairings (-,-) and Link(-, -) on the full orbifold cohomology groups
are now defined lby linear extension across the direct sum in (29). This sets all pairings between
distinct P to zero.

Explicitly, given cocycles w € HI™24r] (X,)andn€H dimX—q—=2u,-1y(x

1), we have

(w,m) =(w,m)" = J wUInv*n. (144)
XY
Similarly, given cocycles e € HI~2] (X,)and x € H dimX _q_ZL[Y_1]+1(XY—1), we have
Link(e, x) = Link"(e,x) = Linkxy(e, Inv'k), (145)

Z4Further, they also come equipped with a 3-point function, from which one derives the cup product, and which
are physically related to anomalies of the system engineered by X.
25 A brief comment on the degrees of the cohomology groups is in order [13]. Starting from

2y + 21y =D —dy (142)
which follows by considering (23), one sees that
dimX —q — 213 =d, 1 — (@ — 247, (143)

which gives the correct result setting n = q —2u,;, where d, .1 =dimX, = dimX,- and D =dimX.
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where LinkXY is the linking form on X, as in (140). In summary, (139) determines which
Chen-Ruan cocycles pair and (140) determines the value of their pairing.

The geometric link pairing (145) sets the Dirac pairing encountered in our quiver analysis.
More precisely, wrapping a D2- / D4-brane on twisted orbifold 1- / 3-cycles respectively. Then,
the linking form with respect to their supports at infinity, as computed by (145), is isomorphic
to the Dirac pairing between the corresponding electric / magnetic line defects as induced by
Qf(a on the torsional subgroup Tor Coker Qf;a.

6.1.1 Examples: S°/T withT = Zy x Zy,

We now compute pairings for some of the orbifold cohomology groups determined in previous
sections both with and without discrete torsion. We focus on S° quotients by I' = Zy x Z,,. In
settings where discrete torsion is turned on the pairings are determined straightforwardly via
restriction from those where discrete torsion is turned off. For this reason, we will focus here
on settings with discrete torsion turned off.

From our discussion near (140), Chen-Ruan intersection and linking forms derive from
those of the integral cohomology groups of the possible twisted sectors. Here, these are S°/T,
S?j /T, and S; /T, and we now review their cohomology pairings.

First consider the case where I' = Zy with quotients parametrized as in (58). Following
Kawasaki [92], we then define the integers

r(z) _ lcm ( nqnyg npngy ngnl) r(4) _ nqngns R(6) _ Nn1n2n3
812 823 &/’ S123 Nip3
(146)
o o _ Ny
Uoogy Y N

where g;; = ged(ng, nj), g123 = ged(ny, ny, ng), and Nyp3 = ged(N, ny,ny,ng). We then have
the link pairing
H2($°/T) x HY(S°/T) — Q/Z,
LN,y Ny Ny /NNy N, X Ly — Q/Z, (147)
(a,b) — ab(r(z)r(4)/R(6)) mod 1,

where (T'/Tj,)Y = ZNN,,Ny5N+; /N, NN, - This link pairing is non-degenerate when restricting the
second argument from H*(S>/T') =T to I'/T;,. We also have the three link pairings
Hz(sfj/r) x HZ(SiBj/F) - Q/Z,
ZN iem(N,N;) X Zn em(v,vy) — Q/Z, (148)
(a,b) = ab(tPc?/TP) mod 1,
joti g
where ij = {12,23,31}. The intersection pairings on the singular cohomology rings of S°/T,

S?j /T, and Si /T are simply the trivial pairing between top and bottom degree cocycles. We
define the untwisted and twisted levels

(2),(2)
I W Lt
#* = RO i @

(149)

The more general case of I' = Zy x Z,, is parametrized analogously, and we will also refer

to the levels here by L37" and Lgf", which are similarly derived from the corresponding link

40


https://scipost.org
https://scipost.org/SciPostPhys.19.6.160

e SciPost Phys. 19, 160 (2025)

pairings / ring structure. However, we now have an additional cohomology group in degree
3 in the untwisted sector of the geometry, which gives the link pairing

H3(S®/T) x H3(S*/T) — Q/Z,
Zgeaon ) X Lgeaon,my — Q/Z, (150)
(a,b) — L33"ab.

We now consider explicit classes of examples. The examples are numbered to explicitly
match with those in subsection 4.1 (whose notational conventions we also follow here).

Case 3: S°/T and T c SU(3) with T = Zy x Zy;. The orbifold cohomology groups for this
example were computed in (99). We repeat them for convenience here:

(7, n=>5,
r, n=4,
Ha s m | e e T 5D
(T/Tg) ¥ @ Z"a V2 M= n=2,
0, n=1,
Z, n=0.

We have N;; = 1, and therefore (TI'/ Ti)¥ = Zy JN;N,N,+ The intersection pairing between free
classes in degree 2 and 3 pulls back to a pairing on the circles S; /T between the point and the
full S; /T. Therefore, this intersection pairing is diagonal and equal to the identity. ILe., there
exists as basis of generators w; € Free HZ;(S*/T) and n; € Free H2; (S /T) such that

(wi,le) =0ij, (152)
andi,j=1,...,N;+N,+N;—3. The linking of degree 2 and 4 cocycles can be taken to be the
natural pairing?® between (I'/Tj,)" and I'/T;, extended to vanish on the subgroup I}, € I' in
degree 4. Further, in the supersymmetric case we have singularities of ADE type, and we can
therefore associate to each circle S 11 an A-type Lie algebra suy, by the Mckay correspondence.
Denote its root and weight lattice by AirtS and Al;NtS respectively. It then follows from (74) that

HER(S°/T) 2 &) A HZp($°/T) 2 (T/Ti)¥ @ (@), AL,), (153)

rts? wts

which also implies (152). Finally, we compute Lyz" = —3/M.

Case 4: S°/T and T c U(3) with T = Zy x Zy;. The discussion of intersection pairings in
this example is essentially identical to that of the previous example. We therefore focus here
on link pairings. For this, recall
Tor (DHL(S°/T) = TorHA(S*/T) @ Tor HY(S* /Yo P P Tor HI2#(s° /(r/rl.(]ﬁx))),
q U yer™,y#1
_ (154)
and that, due to (54), the |Fl.(jﬁx)| — 1 are even. Here ij = 12,23, 31 runs over possible fixed

loci with localized torsion classes, and the quotient I'/
(fix)
Lj

(fix) . : 3
L, s the group acting freely on Siie

We can therefore rewrite the sum over y €

B TorHT2(s3/(r/T™))
YGI}(]ﬁX), y#1

= @ [HTE /@) eH (S /).

{rr1hr#l

into a sum over distinct pairs

(155)

26This is equivalent to redefining generators such that Ly =1.
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With this, we see that the link pairing Link(-,-) is block diagonal with respect to the above
pairs, and consist of (|Fl.(jﬁx)| —1)/2 identical copies of Link”(-,-) as defined in (141). This is
explicitly evaluated according to (148). The linking in the untwisted sector of the geometry
is that of singular cohomology. In homology (155) becomes a linking between twisted sector
1-cycles and 3-cycles.

6.2 SymTh computation

We now compute the symmetry theory for the 4D theory engineered by X = R%/Zy x Zy,,
with discrete torsion a turned on, following the standard reduction procedure [43, 60], but
now employing orbifold cohomology. The symmetries of the relative theory include discrete
electric / magnetic 1-form symmetries with background fields Bg) and CéY) respectively, which
are labeled by y € T'. There is also a discrete O-form and 2-form symmetry with background
fields Bgl) and Cél) respectively, as well as continuous u,; flavor symmetries with background
field strength F. Given a cohomology theory, the computational steps are by now standard,
and we simply give our result:

S = iz% f B adctV + irg) f B Aac?
5D 2 2 2 277 1 3
re 1
+Z%JF§AH§ (156)
a=1 Ltw
DY ifBg)/\ng),
i yert™, y#0

where r% is the rank of the flavor symmetry. The sums X;; runs over the 3 possible fixed
point sets S f’ The fields H3 are Lagrange multipliers. Line by line, and top to bottowm, we
have collected contributions from the untwisted sector in geometry (as detected by standard
singular cohomology), and twisted sector contribution from codimension-4 and codimension-
2 singular strata respectively. Anomaly / interaction terms between the above fields are found
to vanish. In the supersymmetric case with no discrete torsion, the second line in (156) is
known to enhance to a non-abelian BF theory of the form (see [50]):

1
—fTer/\Hg. (157)
21

Here we take the trace more generally with respect to the Lie algebra §, given in (118).

7 Further comments and generalizations

Let us now briefly sketch two simple extensions of our results, utilizing Chen-Ruan cohomol-
ogy, to other related settings and questions in geometric engineering. The first of which is
concerned with the geometric characterization of 2-group symmetries [9-11], which now
straightforwardly extends to orbifolds with discrete torsion. The second extension general-
izes our results for orbifolds of C> to, for example, orbifolds of C* We give an illustrative
example to emphasize that the geometric features captured by Chen-Ruan orbifold become
increasingly relevant when singular loci are higher-dimensional and display topology.

We begin by considering 2-group symmetries [78-81]. To frame the discussion to follow,
recall that the 4-term exact sequence [94] characterizing a 2-group symmetry is given by

1 A>A>G—>G—1. (158)
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A A A D

(i) (iii) @iv)

Figure 17: In (i) (and (ii)) we depict, projected onto A,, coverings of S°/T for rele-
vant Mayer-Vietoris sequences. In (i) we depict the setting C*/T for which all three S}
support ADE singularities, in this case T, consists of three disconnected components
with boundaries in red. In (ii) we depict the general case for R®/T" where all edges
and vertices carry quotient singularities. With respect to these, we decompose S°/T
into 7 components: 3 are centered on the codimension-2 singularities (boundaries
in blue) and 3 on the codimension-4 singularities (boundaries in red) and 1 for the
remaining regular component. In (iii) we sketch in brown the projection of a 2-cycle
generating H,(S°/T") = H2(T'; U(1)) onto A,. In (iv) we show the 3-simplex base A,
to the toric fibration of C*/Zy,,(N,—N,M,—M) with N, M coprime. This orbifold
contains two ADE singularities, modeled on C2/Zy and C2?/Z,, and supported on
3-sphere quotients, which project onto two disjoint edges of A5 (purple).

Here A is the 1-form symmetry group, A is the “naive” 1-form symmetry group, and G is the
simply connected covering group of the non-abelian flavor symmetry group G. The center
subgroups of G,G are denoted by Zg,Zg respectively. Considering theories engineered by
X = C3/T in M-theory or type IIA string theory, singular homology captures, entry for entry,
the very related reduced sequence:

O—>Zé’—>2g—>,zllv—>.,4v—>0,

(159)
0 — TorH,(0X) — TorH,(0Ty) — TorH,(dX°) — TorH,(dX) — O.

Here G is the non-abelian flavor symmetry group with Lie algebra specified by the non-compact
ADE flavor branes in X. The tubular neighborhood of the asymptotic ADE singularities & C dX
is denoted T (see subfigure (i) of figure 17), and we have 0X° = X \ Ts,. The homology
sequence is then simply an exact subsequence of the Mayer-Vietoris long exact sequence as-
sociated with the covering X = T, U dX°. When H2(T'; U(1)) is non-trivial we can turn on
discrete torsion a. This effectively lifts to the covering X, = C3/T,, and we then have the
2-group exact sequence

0 — TorH,(0X,) — TorH;(0Tg,) — TorH,(0X;) — TorH;(dX,) — O, (160)

where &, is the ADE locus in dX,. For example, consider I' = Z,,(1, 3,23) x Z5(0, 1,2) with
a € Z5 and a # 0. This lifts to the covering X, = C3/Zo(1,3,5), and gives rise to the 2-group
sequences

0—>0—>Z3 > Zg — Z3g — 0,

161
0 —» Zy — Z¢ — SU(3) — SU(3)/Z3 — O. (161)

The first sequence is the homology sequence, and the second is the dualized sequence, cor-
responding to (158), with ADE Lie groups filled in. For this example, C3/(Z,, x Z3) with
non-trivial discrete torsion engineers, in an electric frame, a theory with non-trivial 2-group
symmetry, flavor symmetry group G = SU(3)/Z3, and 1-form symmetry group A = Zs.
Further, motivated by Chen-Ruan cohomology, we can now introduce the vanishing cycles
of the ADE singularities into the 4-term sequence (159), and extend it to a 5-term exact se-
quence. The vanishing 2-cycles correspond to free factors of H(BZR(S5 /T) and HgR(Ty), and we
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therefore expect an extra entry to the left of the sequence (159). Indeed, upon considering
the crepant resolution of S°/T we find the exact sequence?’

0—>A—>7{—>Zg—>fTV—>AV—>0, (162)

where A 2 Z" and A = Z" with r the rank of the non-abelian flavor symmetry and A/A = Z..
Here A is the root lattice of the flavor symmetry algebra and A the weight lattice, which here
is concretely given via refinement through the 2-cycle depicted in subfigure (iii) of figure 17.

Finally, let us briefly comment on generalizations to R®/T, deferring concrete computa-
tions to future work. For R®/T both codimension-2 and codimension-4 singularities occur,
and, in general, their union & = % U %} is connected. This stratification means one should
consider an iterated procedure to the one discussed above starting from the highest codimen-
sion singularities. Consider now specifically the case of abelian I'. Let T} and T;; be tubular
neighbourhoods of the singular loci S;/ I and S?j /T respectively, and denote their union by
T . We also define Tl.j. = T;; \ (T; U T;). Then we have the covering

0X =8°/T=0X°UT},UTsUT5 UT]UT, UTs. (163)

We sketch its projection onto A, in subfigure (ii) of figure 17. Iteratively applying the Mayer-
Vietoris sequence, or considering all patches of this covering simultaneously in a Mayer-Vietoris
spectral sequence [95], we can then study the interaction of the symmetries associated with
singular strata in different codimension. See [11,96] for further details.

Finally, let us comment on generalizations to higher-dimensional orbifolds. As an illus-
trative example we consider the orbifold X = C*/Zy,(N,—N,M,—M), with N, M coprime.
This engineers a 2D / 3D relative theory from type IIA / M-theory on this geometry respec-
tively. This example is chosen to demonstrate that, even in supersymmetric settings with no
discrete torsion turned on, defect group considerations necessarily involve Chen-Ruan orbifold
cohomology; all torsional contributions will reside in twisted sectors of the geometry.

Setting the first two or last two coordinates of X to zero results in loci supporting singu-
larities modeled on the ADE singularities C2/Zy and C?/Z,,. These intersect the asymptotic
boundary dX = S7/Zy, in disjoint S3/Z,; and S3/Zy respectively. See subfigure (iv) of figure
17 for a sketch of the singular locus projected onto the toric base A3 of X, which is defined
analogously to (60). Clearly we have Iy, = T' = Zy, and therefore H;(9X) = I' /T, is trivial.
However, there are N — 1 and M — 1 twisted sectors in geometry modeled on copies of S3/Z,
and $3/Zy respectively. Here Z,,, Zy act without fixed points on the S%’s respectively, and the
twisted sectors in geometry now contribute all the electric line defects from wrapped 2-branes:

p®

electric

= Tor H(S /Zyy) 2 ZY P o ZN . (164)

Generalizations to more general classes of orbifolds and defect group contributions from other
wrapped p-branes and extensions to D-brane probes of such singularities (e.g., as in [97-100])
are discussed similarly to the case of Calabi-Yau threefold singularities.

8 Conclusions
In this paper we studied the generalized symmetries of supersymmetric / non-supersymmetric

field theories engineered by compactifying type II string theory on orbifolds with and with-
out discrete torsion. We computed the generalized symmetries for these backgrounds via two

27This 5-term exact sequence again suggests that the definition (27) should be amended by some equivalence
relations between twisted and untwisted classes to comply with the Crepant Resolution Conjecture as, with the
expression given in (27), we have HZ (S*/T) 2 A® Z), # A.
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complementary methods, one based on the geometric boundary topology / closed string data
of these backgrounds, and second based on probe quiver gauge theory / open string data. In
the closed string / geometric approach we showed that Chen-Ruan orbifold cohomology ac-
curately captures the structure of the defect group. In the open string / quiver approach we
showed that the same data is encoded the adjacency matrix for the fermionic bifundamental
matter. This match between the two approaches works both at the level of finite, torsional
contributions to the defect group, as well as for free parts, which we interpreted as the rank
of higher-dimensional bulk brane dynamics. This formulation also allowed us to extract the
quadratic pairing terms in the associated symmetry theories for these systems. In the remain-
der of this section we discuss some potential future areas of investigation.

It is clear that the defect group of the 4D orbifold field theories are encoded in the fermionic
adjacency matrix of a probe brane theory. However, it is still unclear what the role of the
bosonic adjacency matrix is in the non-supersymmetric setting. It would be interesting to give
this a direct geometric interpretation.

Furthermore, in this paper we focused solely on the case where T is abelian. It would be
interesting to also consider examples where I is non-abelian. It was found in [8] that, in the
supersymmetric setting, potential candidates for line defects when T is non-abelian are often
screened away. However, it is still possible that there is a O-form flavor symmetry in these
examples. Such structures can now be captured using Chen-Ruan orbifold cohomology.

Adding to this, in this paper we found a direct way to extract the rank of the flavor sym-
metry group via both geometric and quiver based approaches. However, it is not clear how to
extract the full flavor symmetry algebra from the quiver. It would be advantageous to have
such a procedure, as this would allow or the extraction of 2-group data directly from the quiver
without having to rely on the geometry.

Another natural extension would be to consider the contribution from orientifold planes,
and their non-perturbative generalizations to S-folds. One expects that on the orbifold coho-
mology this will entail using an equivariant local system of coefficients. On the quiver side
this will likely be encoded in possible automorphisms of a parent quiver gauge theory.

Further, one main advantage of our analysis revolving around Chen-Ruan orbifold coho-
mology was its applicability directly to the singular setting. As such, it constitutes a useful first
step in analyzing setups lacking well-understood smoothings such as, for example, terminal
singularities or orbifolds of exceptional holonomy spaces as studied in [101].

Finally, it would be interesting to study the case of compact non-supersymmetric orbifolds.
Gravitational effects are present in this setting, and it thus is expected that there are no global
symmetries in the theory [102]. This would include the generalized symmetries found in this
paper. As such, it would be interesting to understand the effects of gravity on the generalized
symmetries of non-supersymmetric orbifolds. A similar analysis was carried out in [96] in the
supersymmetric setting.
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A McKay quivers for orbifolds with discrete torsion

In this Appendix we give a brief review of how to construct the quiver gauge theory for D-
branes probing an orbifold, possibly in the presence of discrete torsion. We begin by presenting
the general algorithm for brane probes R®/T for I' a finite subgroup of SU(4) = Spin(6), but
with no discrete torsion switched on [103-105]. In this case, the structure of the gauge group
and matter content is dictated by linear representations of I'. When discrete torsion is switched
on, this is instead dictated by the projective representations of I', and we follow the procedure
used in [17,20,21].

A.1 Linear McKay quivers

We first consider the case with no discrete torsion. We refer to these as “linear” McKay quiv-
ers.?® The resulting quiver quantum mechanics is characterized by its bosonic and fermionic
matter content which organize into the quivers Qf} and Qf( respectively. More precisely, the
matter content, when the DO-brane probes a smooth patch away from the tip of R®/T, includes
adjoint valued fields in the singlet, fundamental and two-index anti-symmetric representation
of an SU(4)z R-symmetry subgroup?’ associated with the locally Euclidean normal geometry.
In contrast, when probing the codimension-6 singularity at the tip of X = R®/T" the DO-brane
decomposes into fractional branes labeled by a basis p; of Irrep(I"). These can be studied from
a covering space perspective. For this set, N = X;dim p; and N; = dim p;. In the covering
space we associate the gauge group U(N) to the DO-brane preimages.

Next, note that the adjoint valued singlet fields may be identified with Hom(CY,CV). Sim-
ilarly, the fields taking values in the fundamental representation and two-index anti-symmetric
representation are identified with 4 ® Hom(C",C") and 6 ® Hom(CV, CV) respectively. In the
orbifolded space only the I'-invariant combinations survive. Respectively, this determines the
adjacency matrices Af(’i j,A’;i ; of the quivers QF.Q%:

(Hom((CN, (CN))F = @ 0 Hom(CM,CcN),

Hom(C™, %), A1)

ij
(4 ® Hom(C", (CN))F = @Af(,u
i,j

‘Hom(C,cM).

r
(6 ® Hom(CV, (CN)) = @A;i]
i,j

Fermionic degrees of freedom transform in the 4, and one key result of [12] was that
the corresponding fermionic adjacency matrix determines the Dirac pairing on the lattice of

28See [103-105] as well as [106,107].

2We focus here on the internal normal directions of the DO-brane probe, i.e., those that belong to X and are
relevant for the orbifolding. There are further fields associated to spacetime directions normal to its world line.
Alternatively, the same quivers can be derived from a D3-brane probe, which is thrice T-dual to the DO-brane probe
system.
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charges for the 4D theory engineered by ITA on X. As such, going forward we focus solely on

Aff’ ij- We now solve (A.1) for Aff’ i Standard character theory gives:

]_ -
A =T > lalra(@ip, (@, (@) (A.2)
aeConj(T)

Here |a| denotes the order of the conjugacy class a, x,, is the character with respect to the
irreducible representation p;, and the bar indicates complex conjugation.

Following the analysis of [5,8,12,108], we can now extract the defect group of lines D)
of the 4D theory engineered by ITA on X. For this, we first need to determine the Dirac pairing,
0y, j» which is encoded by AL ; as follows:

_ AF F
=Ay ;i —Ax ji- (A.3)

F
0 X,ij

X,ij

We then have Tor Coker Qf( ~p),

A.2 Projective McKay quivers

We now turn to the case of quiver gauge theories realized by D-brane probes of orbifolds with
discrete torsion [17,20,21]. The main complication in this case is that we must now consider
projective representations of T

Denote by p : I' = GL(V) a projective representation of a group I' over C with associated
Schur multiplier class a € H?(I'; U(1)). The Schur covering group of I' is denoted A and fits
into the short exact sequence (110) which we repeat here

1->H*(;U(L) »A—-T —1. (A.4)

The Schur covering group A has the property that every projective representation of T' lifts to
a linear representation of A and that all irreducible representations of A induce some projec-
tive representation of I'. Following [20,21], and repeating the above steps we arrive at the

expression
1 -
A= 2o BB (B)xs, (B, (A.5)

| | BeConj(A)

where we can view i, j runs over all irreducible projective representations of I' or equivalently,
all linear irreducible representations of A.

B Examples of character tables and adjacency matrices

In this Appendix, we collect the relevant character table and adjacency matrices for the brane
probe theory of orbifolds with discrete torsion considered in section 5.1. In the main text, we
turned on discrete torsion for the supersymmetric orbifold C3/Zg(2,1,5) x Z, (1,0, 1) and the
non-supersymmetric orbifold R®/Zg (4,2,1,1) x Z, (1,0, 1,0). The Schur covering group A is
the same in both cases, as H2(T, U(1)) = Z, for both, and fits into the following short exact
sequence

122y —>A—>ZgxZy—1, (B.1)

where A is defined by the group relations:

Az(a,b,claszl, b2=1,c%2=1,ac=ca, bc=cb,abzbac>. (B.2)
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Table 1: Character table of the Schur covering group of Zg x Z,. w = exp(27i/8).

R e O S U e i e A A I
X5, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X5, 1 -1 -1 -1 1 1 1 1 1 -1 -1 1 -1 -1 1 1 1 1 -1 1
Xps 1 -1 -1 1 1 1 -1 1 -1 -1 1 1 -1 1 1 -1 1 -1 1 1
X, 1 1 1 -1 1 1 -1 1 -1 1 -1 1 1 -1 1 -1 1 -1 -1 1
L5 1 - o -1 1 -1 o -1 - 1 -1 - 1 -1 —* 1 o -1 1
Xe 1 0 - -1 1 -1 - -1 o —e? 1 -1 o? 1 -1 1 - -1 1
25, 1 - o 1 1 -1 - -1 o o -1 -1 - -1 -1 o 1 - 1 1
Xps 1 0 —* 1 1 -1 o? -1 - —w* -1 -1 @ -1 -1 —? 1 1 1
o 1 —o -o® -1 1 w? w  —w? w? w?® —w? w? w w? —w? -0 -1 —ow 1 -1
Yo 1 w® w -1 1 —w? - w0 o —w w?  —w? —w?® —w? w? w -1 w? 1 -1
Xon 1 - - -1 1 —w? - w? w w w?  —w? w? —w? 0 —w -1 -0 1 -1
Xp1a 1 w w? -1 1 @ —w —w? -0 -0 —w? w? - w?  —w? w? -1 w 1 -1
s 1 -0 - 1 1 W —w  —w? - w?® w? w? 0 —w? —w? -1 w -1 -1
s 1 w? w 1 1 —w? w? w? 0 —0 -0 —w? - w? w? —w -1 -0 -1 -1
Xprs 1 - —w 1 1 —w? - w? —w ©w —w? —w? w? w? w? w -1 P -1 -1
Xp1e 1 w w? 1 1 w? w  —w? w? -0 w? w? —w -0 -0 -0 -1 e -1 -1
Xp1r 2 0 0 0o -2 2 0 2 0 0 0 -2 0 0 -2 0 2 0 0o -2
X 2 0 0 0 -2 -2 0 -2 0 0 0 2 0 0 2 0 2 0 0o -2
Ao | 2 0 0 0 -2 —2? 0 2w? 0 0 0 2w? 0 0 —20? 0 —2 0o 0 2
Tpw | 2 0 0 0 -2 2 0 —2w? 0 0 0 —2w? 0 0 2° 0 —2 0o 0 2

The character table for A, which was computed using GAP [109], is given in Table 1.3° Here y

denotes the character, p; the i-th irreducible representation of A, and C) a conjugacy class of

A of size j.3! We have the following representative elements for each of the conjugacy classes.
1 2 - 2

cP~11, ¢~ P~

1 1 - 2

c~lel, ¢V~

2 2 - 2

cP ~[ab], CcP~ia?], P

2 2 1

c@Dn~ia®], cP~labal, P
1 2 2

cBD~la*]l, cDn~laba?], P~

[a], c? ~[b],
[a'p], c{V~T[a?],
[a2p], CB~[a2c],
[

[

4

2

ca?], C%) ~[a3b],

aba®], Céé) ~ [ca*].

4

In particular, the generators for C%l) and Cél) are {1} and {c} respectively, which implies
that H2(T, U(1)) = Cgl) U Cél) = Z,. Then, in order to compute the adjacency matrix for
the brane probe theory of A, we must select a representation § of A that exactly trivializes
H*(r,Uu(1)) = Cgl) U Cél).?’z Arepresentation j trivializes a conjugacy class CY) if its character
satisfies

x5(8) = x5(1), (B.3)

where g is a representative element of C/). The particular choice of representation p of A is
determined by the quotient representation p of I' and H2(T, U(1)). As such, throughout this
note we work solely with the representation p of T, as this determines § completely. Finally,
if  cSU(3) or T' Cc SU(4), then p will be a 3- or 4-dimensional representation respectively.
We can now compute the quiver for C3/Zg(2,1,5) x Z,(1,0,1) (figure 12) and
R®/Zg(4,2,1,1)x Z5 (1,0, 1,0) (figure 13) with discrete torsion turned on. In particular, note

300ur computational procedure for computing the character table of a Schur covering group is outlined in Ap-
pendix C.

S1GAP uses a different notation while displaying the character table. In particular, GAP will display
A=—exp(2mi/4) = —w?, B=—exp(27i/8) = —w, /B = exp(67i/8) = w?, and C = —2exp(2mi/4) = —2w?>.

32See [20,21] for more details.
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e

that the adjacency matrix contains disjoint, block-diagonal components in both cases, which
we make explicit below. These correspond to the orbifold theory with and without discrete

torsion turned on.>?

The quiver for this ex-

Zs(2,1,5) x Z5 (1,0, 1).

>~

Example 1: C3/T and T c SU(3) with T

ample, both with and without discrete torsion turned on, was given in figure 12. The adjacency

matrix of the brane probe theory of A is given by:

-~
8
— —
O OO OO OO0 OOOO(OAN = O
[eNeololololoNoBoBohcoheohohoh RNl ool |
O OO OO OO0 OOOO0O0OO(HOAN O
O OO OO OO0 O0OO(o—OAN
OO OO 100000 OO —=H0OO0o oo
OO OO0 OO0 O0OO-H—-OOO0O|0O0 OO0
OO 1000000000000 oo
eNeNeR NoloNeoNoNoR i neNeoNolNolNol olNolNo o]
H OO OO0 OO+ OO0 OOOoO|0O0o oo
O OO0 00O =0 00000 OoOoo oo
OO0 O TOO—HOOOOOO —-HO0O|0OO0 OO
OO OO0 AT OO0 O0OO0OO0OO0O0O —H|OO OO
OO 1T OO 10O 000000000 o oo
OO O A 1000000000000 OO
H OO OO O0OO0OO0OO0O 0000000 oo
O A= O OO0 O0OO0OO0OO0O 00O OoOoo oo
O O OO0 O0O0O OO0 O0OO 0|00 OO0
OO OO0 O0OO0OO0O 00000 OO OO
OO OO0 —=HOOOOO =00 0O OO
OO OO0 O0OO0OHOOOOO—H=O|0OO OO
— _

The quiver for

ZS (4) 2) 1: 1) X ZZ (]‘J 0: 1) 0)'

~

Example 2: R®/T and T' C SU(4) with T

this example, both with and without discrete torsion turned on, was given in figure 13. The

adjacency matrix of the brane probe theory of A is given by:

)
LN
8
— —
OO OO OO0 O0OO|IOAN = O
O OO OO OO0 OCOONO O
OO OO OO OO OO0 O0OO0OOIHOAN O
OO OO OO0 O0O0OO|0—0OdAN
QOO OO OO 10000 00|00 o0
OO OO0 OO0 OO OO0 O0O0O OO
OO0 OO —HOO0OO0OO0O A -H-HOOOOoO0Oo OO
OO OO0 10010 —+—000O0O|00 OO0
OO 1O OO0 O—HH=HOOOOOOOO OO
QOO —H OO —HOHA—-OO0OO0OO0OO0OOoO0o oo
S OO OO =00 O0OO0OOO0OOOoO0o oo
O OO — OO0 0O0O00O0O0O0O0O0Oo oo
C OO A A O OO0 O0O0O0O0O 0|00 O0O0
OO 1O =10 00000000 —=HOOOOo
O "1 100000000 —~0O0O0O|00o oo
H O OOOOOOOOO—0O 0|00 OoOo
S H O O OO O0OO0OO0OO0O—=HOOOO —HOOOOo
mHH OO OO0 O0OO0OO0OO0O 000|000 00
OO OO0 OO0 —HOOO0OO == —=HOOOO
OO OO0 OO0 10O OO0 OO O
— _

33Note that there is only one way to turn on discrete torsion for these examples.
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C Interfacing between GAP and Mathematica

The quivers for orbifolds with discrete torsion turned on were computed via a combination of
GAP [109] and Mathematica. In this Appendix we briefly provide the general steps we used
and supplement this with pseudocode, as our procedure can be further optimized in many
ways. In particular, it would be advantageous to be able to simultaneously interface between
GAP and Mathematica rather than in steps, as we do for our procedure. Our method is as
follows:

1. Define the Schur covering group A in GAP. Recall that A fits into the following short

exact sequence:
1->H*T,U(1)»A—->T—>1. (C.1)

In this paper we have focused exclusively on the case where ' = Zy x Z,;, which implies
that H2(T', U(1)) = Zp_ ged(m,N)- The Schur covering group A can then be defined in
GAP using the group relations defined in [21]:

Az(a,b,cIaN =1,bM=1,cP =1, ac=ca, bc=cb,ab=bac>. (C.2)

. Export the character table and conjugacy classes of A. We use (A.5) in order to

compute the adjacency matrix of the quiver derived from a DO-brane probe of A. To do
this, we need to know the dimensions of the conjugacy classes and the character table
of A, which can both be computed using GAP and exported as a .txt file.

. Compute the adjacency matrix via Mathematica. The text file(s) containing the con-

jugacy classes and character table of A can be read into Mathematica. From here, the
adjacency matrix of the quiver can be computed.

Algorithm 1 Pseudocode to be Implemented in GAP

1: M :=|Zyl;
2: N :=|Zyl;
3: P:=gcd(M,N);
4. A := {Input the covering group via the group relations of line (C.2)};
5: ct := CharacterTable(A);
6: cc := ConjugacyClasses(A);
7: PrintTo(“CharacterTable.txt”, ct);
8: PrintTo(“ConjugacyClasses.txt”, cc);
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