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Abstract

Adiabatic theorem and non-adiabatic corrections have been widely applied in modern
quantum technology. Recently, non-adiabatic linear response theory has been developed
to probe the many-body correlations in closed systems. In this work, we generalize the
non-adiabatic linear response theory to open quantum many-body systems. We show
that, similar to the closed case, the first-order deviation from the instantaneous steady
state is memoryless—it depends only on the final parameters and not on the initial state
or ramping path. When ramping the Hamiltonian, the linear response of observables
is governed by the derivative of the retarded Green’s function, as in closed systems. In
contrast, ramping the dissipation gives rise to a different response, characterized by a
high-order correlation function defined in the steady state. Our results offer a compact
and physically transparent formulation of non-adiabatic response in open systems, and
demonstrate that ramping dynamics can serve as a versatile tool for probing many-body
correlations beyond equilibrium.
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1 Introduction

The adiabatic theorem is one of the most powerful tools in quantum mechanics. It states that
if a Hamiltonian varies sufficiently slowly, the system remains in its instantaneous eigenstate,
up to a path-dependent phase factor known as the Berry phase [1]. The adiabatic theorem
has vast applications in modern quantum technologies. For instance, it enables preparation of
the desired quantum states in quantum information processes. Moreover, adiabatic processes
have been designed for the adiabatic quantum computation, which serves an alternative to
the conventional quantum computing based on quantum circuits [2—4]. Furthermore, during
adiabatic evolution, eigenstates accumulate extra Berry phases, which are deeply connected
to a variety of geometric and topological phenomena, including the Aharonov-Bohm effect,
quantum Hall effects, and the physics of topological materials [5-12].

Beyond the adiabatic limit, a finite ramping velocity can induce transitions to other in-
stantaneous non-steady eigenstates, leading to non-adiabatic excitations. Such non-adiabatic
corrections also inspire studies on interesting ramping dynamics such as Kibble-Zurek scaling
crossing phase transitions and Thouless topological charge pumping [13-18]. More recently,
linear response theory beyond adiabatic ramping has been proposed as a powerful tool to
probe many-body correlations [19]. This approach has already been applied to detect critical
behavior in experiments with bosonic atoms in optical lattices.

Recently, the concept of adiabaticity and linear response theory have been generalized
from closed to open quantum systems [20-49]. The adiabatic approximation and its validity
in open quantum systems were first proposed in [21]. Beyond the adiabatic limit, the Kibble-
Zurek mechanism [43, 44,50] and the Thouless topological pumping have been proposed in
open systems [37,39,40,42].

Among these developments, three existing works are particularly relevant to the formula-
tion of non-adiabatic response theory in open quantum systems. First, Ref. [30] shows that
in the adiabatic limit, the deviation from the non-equilibrium steady state scales linearly with
the ramping velocity. However, the deviation is characterized only through matrix norms,
without resolving how it manifests in measurable quantities such as observables or correla-
tion functions. Second, Ref. [27] presents a mathematically rigorous recursive expansion for
non-adiabatic corrections to all orders. However, the expressions are given in a formal inte-
gral form over the entire evolution path, making them difficult to apply in practice, especially
in many-body systems. Moreover, the structure of the first-order correction is not isolated or
interpreted physically. Third, Ref. [31] focuses mainly on the dynamics within a degenerate
steady-state subspace, analyzing leakage due to non-adiabatic effects. While this work is in-
sightful for degenerate cases, the non-adiabatic corrections are again formulated in terms of
complicated integrals that are abstract and not easily connected to experimentally relevant
observables.
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In this work, we generalize the non-adiabatic linear response theory from closed to open
quantum systems governed by Lindblad dynamics [51,52]. Focusing on systems with a unique
steady state, we show that under slow parameter ramping, the system follows the instanta-
neous steady state up to a linear correction in the ramping velocity. Our key findings are
twofold. First, we demonstrate that the first-order correction is memoryless—it depends only
on the system’s final properties and not on the initial state or the details of the ramping path.
Second, and more importantly, we derive a concise, universal, and physically transparent ex-
pression for the deviation in observable expectation values:

A0 =(0(t0)) — Tr (Op(tp)
LEC)) Ve, W
dw lw=0
where G is a many-body correlation function. While in closed systems the ramping typically
involves only the Hamiltonian, open systems allow both the Hamiltonian and the dissipation
operators to be ramped. We show that ramping the Hamiltonian yields the standard retarded
Green’s function G = GR, recovering results known from closed systems [19]. In contrast,
ramping the dissipation gives rise to a different response, governed by a higher-order steady-
state correlation function G = CR. We validate our results in two many-body models: the
dissipative PXP model and the dissipative Dicke model, and find excellent agreement between
theory and numerics for both Hamiltonian and dissipative ramping protocols. Finally, we
show in the Appendix A that exceptional points (EPs) — where the Lindbladian becomes non-
diagonalizable — do not affect our conclusions. Our non-adiabatic linear response theory
provides a practical and broadly applicable framework for probing many-body correlations
in open systems and for interpreting ramping dynamics in quantum simulation and control
platforms.

2 Non-adiabatic linear response theory

2.1 Vectorization mapping

Within a quantum system weakly coupled to a Markovian bath, its dynamics should be de-
scribed by the Lindblad master equation,

i00p = [A,p]+1 ) x; (2ipd] — {510, 6}) = L1p1, )

where § is the density matrix of the system, H is the Hamiltonian dominating the coherent
dynamics, and J; are the jump operators character%zing dissipation with rates k;. The right-
hand side defines the Lindbladian superoperator £. We note that, in our convention, the
Lindbladian includes an imaginary unit factor to make it resemble the Schr(?dinger equation
of closed systems. This choice of convention ensures that the eigenvalues of £ lie in the lower
half of the complex plane and are symmetric about the imaginary axis.

To facilitate analysis, it is convenient to represent the density matrix and the superoperator
in vectorized form using the Choi-Jamiotkowski isomorphism (also known as vectorization)
[51,53]. This mapping transforms superoperators acting on both sides of the density matrix
into matrices acting linearly on a single vector in an enlarged space.

Given a complete set of bases of the d-dimensional Hilbert space {|i)}, the vectorization
maps an arbitrary operator to a state in the d-dimensional doubled space, |i) (j| — |j) ® |i).
Accordingly, a density matrix p is mapped to a state vector |p), and any superoperator acting
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on both sides of the density matrix is now represented by a huge matrix acting on the state,

p=> pil)Gl=1p) = pili)eli), ©)
i,j L,j

ApB — (BT ®4)|p) . (4)

Thus, the Lindblad master equation transforms into a Schrodinger-like equation in the doubled
space: 9, |p) = L|p), where L is given by

L—L=(eA-A"el)+iy «[20r 0 —1efl— (/1)) ei]. 5)

L

And the Hilbert-Schmidt inner product of matrices is mapped to the state inner product,

Tr () 6n) = (Pmlon) » (6)

which is a useful relation while calculating expectation values. The inverse of the vectorization
mapping is also direct: reshaping the column vector to a square matrix.

2.2 First-order correction of density matrix

Via the vectorization mapping, the Lindblad equation is transformed to a Schrodinger-like
equation in the doubled space i3, |p) = £ |p), where the Lindbladian now serves as a non-
Hermitian Hamiltonian dominating the evolution of state |p).

Let us consider a slow time-dependent change in the parameter A(t), varying from A(t;)=A2;
to A(tf) = A¢ over a finite time interval. A(t) may appear either in the Hamiltonian or in the
dissipation, which will be specified later. The evolution of the system is then described by a
time-dependent equation,

8, lp (A(1))) = LU | (A1) - 7

Generally speaking, a non-Hermitian matrix is not always guaranteed to be diagonalizable.
In particular, exceptional points (EPs) — where two or more eigenvectors coalesce — can
arise in the parameter space [54-56]. However, such points form a measure-zero subset in
matrix space and can be avoided by infinitesimal perturbations of the parameter trajectory.
Therefore, diagonalizability is the generic case for non-Hermitian matrices encountered in
practice. Throughout this section, we assume that the Lindbladian is diagonalizable and non-
degenerate during the ramping process. The behavior near exceptional points is analyzed
separately in the Appendix A.

Unlike Hermitian systems, where left and right eigenvectors are Hermitian conjugates of
each other, a non-Hermitian Lindbladian has distinct left and right eigenvectors, satisfying
biorthogonality:

Llpn)=Eulpn).  (pnlL=En(oy. 8

where E,, are complex eigenvalues with non-positive imaginary parts, ( pm and | pf}I) are the
corresponding left and right eigenvectors. Among them, there is always one null eigenvalue
Ey = 0, corresponding to the unique steady state. Its right eigenvector | pg‘> is the vectorization
of the steady state density matrix f)g, while its left eigenvector (p]6| is Hermitian conjugate
of the vectorization of the identity matrix I. The remaining eigenvectors (with E,, # 0) do
not represent valid density matrices, since they are typically traceless. However, this is a

4
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natural feature of Lindblad dynamics: any physical density matrix is a linear combination of
the steady state (with coefficient one to preserve trace, i.e. ag = 1 in the following expansion)
and traceless excited modes. This decomposition is consistent with trace preservation.

We expand the evolving state |p (A(t))) with the instantaneous eigenvectors | pR (l(t)))
as

o () = D ay (A1) e |pR (2(1))) (10)

m

where q,, is a time-dependent coefficient to be determined later on, and 6,, contains the dy-
namical phase and the Berry phase (neither necessarily to be real),

A

em(A)=J AV [A T E, () —em(A)] 11
Aq

en(2) = (o, (A )lidw 1P (A1) - (12)

By substituting Eq.10 to Eq.7 and taking inner product with < p{;(?t)\, we obtain the evolu-
tion of coefficients,

ia,(t)=—4 Z (PE()]i8, |pR (1)) e On—0a)q, (1). (13)
m#a

Since the ramping velocity A is assumed to be small,' we treat it as a perturbative param-
eter. This allows us to solve the evolution equation for a,(t) using a perturbative expansion
in powers of A,

ag(t) =a () + AaP(e) + - . (14)

In the following derivation, we keep track of at most the first order. At zeroth order, the
evolution equation becomes
ia@()=o0, (15)

which implies that the zeroth-order coefficients remain constant, a((xo)(t) = afxo)(ti).

Even though this equation resembles the adiabatic theorem in closed systems, its physical
interpretation is fundamentally different. In closed systems, adiabaticity guarantees that the
occupations of eigenstates remain unchanged, due to the preservation of amplitudes up to
a unit-modulus phase factor. However, in open systems, the non-steady eigenmodes of the
Lindbladian have eigenvalues with negative imaginary parts. As a result, the dynamical phase
in Eq.11 leads to exponential decay of all non-steady components:

lim e 71/ A4 Enso2) — g (16)
A—0
Therefore, in this adiabatic limit, all excitations decay away, and the final state must converge
to the instantaneous steady state, regardless of the initial state. It is consistent with intuition,
since the ramping evolution takes infinitely long, any population initially in non-steady modes
vanishes due to their inherent decay at the zeroth order.

! According to Ref. [21] a sufficient condition for adiabatic evolution in open quantum systems (assuming non-
degeneracy) is A < min(|E,,,|)?, where E,,, = E,,—E, is the gap between two arbitrary eigenvalues. This condition
ensures that transitions between different eigenmodes are suppressed. However, if we are interested only in the
expectation values of observables at the end of the ramping process, this condition can be relaxed. In particular, it
suffices to require A < T2, where T is the spectral gap between the zero eigenvalue (corresponding to the steady
state) and the rest of the spectrum. This is because non-steady eigenmodes are only weakly populated during slow
driving, and transitions between them contribute only at higher order. As a result, their degeneracy does not affect
the zeroth result and the first-order correction. Our analysis near exceptional points, presented in the Appendix
A, further supports this argument — showing that degeneracies among non-steady modes do not affect the linear
correction to observables.
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Beyond the zeroth order, the first-order correction satisfies

600 == (pk]ids [pk) e omal(o), a7
m#a

which shows that the evolution of ac(ll)(t) is coupled to other eigenstates. Integrating Eq.17
yields:

A
aP()—aP(t)=>" {i L dA/ A7 ell0abnl (L 1ia, | R ) }ag?)(ti). (18)
m#a i

Applying integration by parts, we approximate the complicated intergral to

2 o ldewfdﬂl<pLh3N{pR>
| daa el (plig, [pR) = - -
ljli ¢ <pa|1 g |pm> fki Ea_Em_A/(ga_Em)

N <p§()(,/)| iax/ pi(ll)>ei9a(ll)—i6m(l/)
" Eq(A') = Ep(A)

. a9

)

Ai

where in the last step we retained only the boundary term but neglected the remaining integral
term and dropped the A-dependent correction in the denominator, as these contribute only at
higher order in A [19]. More discussion about the neglected terms are given in Appendix B.
Therefore, the coefficient at the first order is

aD(6) = aD(e) + Y aO(EIWgm(A)e % 0n, (20)
m#a

where

(pL()]ids PR ()

Ey(A)— En(X)

{(paMW)| 8L |pp (V)
[Eo(A) — En(D)T

where we utilize the Hellmann-Feynman theorem in open quantum systems,

(peM)| 8L PR W) = (En—E) (p5 ()] 02 PR (2)) -

Let us simplify Eq.20 further. First, for the coefficient of the steady state (o = 0), by trace
normalization of the density matrix a, = 1, it is easy to see aél)(t) = 0. Second, for the
coefficient of non-steady states (a # 0), the sum over m # O vanishes since the exponential
factors of e71n#0 all decay to zero in the adiabatic limit. Although here is a divergent factor
e*i% it is exactly canceled by its counterpart in Eq.10. Therefore, the only non-vanishing
first-order contribution comes from the term with a # 0 but m = 0, i.e., the excitation from
the steady state. Importantly, we do not need to assume whether a,,(t;) vanishes, since such
terms do not affect the first-order correction.

Combining all of the above, we find that the state at the final time t; is given by:

Wa;m(l) =
(21

lp () = e 0 x| |pB(e)) +v Z Wio(Ae) [pR (D) | +--- . (22)
m#0

The global prefactor e 1% corresponds to the Berry phase accumulated by the steady state.

However, this phase is physically trivial, since the density matrix must remain Hermitian and
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trace-normalized. Consequently, e 1%(4) = 1 as shown in Ref. [31]. The proof follows directly
from Eq.11 and Eq.12, noting that E, = 0 and pL =1].

Switching back from the vectorized to the matrix formalism, we obtain the final expression
for the density matrix:

pte) = PRt +v D Wino(APR(E) + -+ (23)
m#0

This result clearly shows that the first-order correction is memoryless: it depends only on the
final value of the control parameter and its velocity, but is independent of the initial state or the
details of the ramping path. Therefore, as long as the final parameters (and their derivatives)
are the same, the resulting state after ramping will be identical up to first order. In Appendix
B, we demonstrate that the second-order correction has path-dependent contributions.

2.3 First-order correction of observable response

In this section, we specify the location of the control parameter A within the Lindbladian and
compute the expectation value of an observable after the ramping process.

2.3.1 Ramping Hamiltonian

We first consider ramping a coherent parameter in the Hamiltonian, such that
A(A(t)) = Hy+ A1)V, (24)

where V is a Hermitian operator associated with the ramped term. In the doubled space, the
corresponding derivative of the Lindbladian matrix with respect to A is 8A£A =feV-VTel.

Now, suppose we measure an observable O at the end of the ramping. The deviation of its
expectation value from the steady-state value is given by

AO:—inTr(Op) (U0, pR]) +- -, 25)

2
m#0 E

where E,, and ;3]6 R are all evaluated at A

The first-order correction coefficient in Eq.25 can be related to the retarded Green’s func-
tion of the instantaneous steady state governed by the Lindbladian at A;. In the time domain,
the retarded Green’s function G®(t) is defined as GR(t) = —i@(t)([@(t),V(O)D [57]. By
moving from the Heisenberg picture to the Schrédinger picture and applying the eigenmode
decomposition of the Lindbladian (see Eq.9), the retarded Green’s function can be written as:

GR(t) = —ie(t)Tr {O(1) [V(0), 58]}

—le(t)Tr{ AL ([, p8 D} (26)
:—i@(t)ZTr PR)Tr (pET [V, pR]) e Ent .
m#0

Note that the m = 0 term drops out of the sum, since the left eigenvector [3]5 = [ and trace of
a commutator is zero.

Transforming this expression to the frequency domain via Fourier transform yields the
Lehmann representation of the retarded Green’s function for open quantum systems:

ey = 5 ORI [7.58])

27
2 ©_E, 27)
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Taking the first derivative with respect to frequency at zero frequency, we obtain:

aGR

-1 . oA
= = > E—zTr(Oﬁrffl)Tr(ﬁ,];lT [V,6%]), (28)

w=0  mz£o " m

which exactly matches the first-order correction coefficient in Eq.25 except for an imaginary
unit overall factor. Thus, we obtain the concise relation:

_ iEGR(w)

AO = Vet (29)

dw w=0

This result recovers the known conclusion for closed quantum systems [19], now extended to
the open-system setting.

Discussion. Let us discuss several situations where the first-order coefficient may vanish.

In closed systems, when O = V, the retarded Green’s function is an even function of frequency

due to the real energy spectrum and Hermitian dynamics. This can be seen from its Lehmann

representation:
|Ogm* |Ogm
G (w) = [ - : (30)
n%(:) w—(En—Ey) w+(E,—Ep)

where Oy,,, = (¢|0|¢,,) With ¢, Hamiltonian eigenstates and m = 0 the ground state. The
evenness of G®(w) implies that its derivative at zero frequency vanishes, resulting in no first-
order correction. However, this cancellation generally fails in open systems due to the complex
spectrum of non-Hermitian dynamics. For simplicity, we illustrate this using a non-Hermitian
Hamiltonian rather than the full Lindbladian. In such a case, the eigenenergies acquire imag-
inary parts, and the Green’s function becomes GX(w) = Zm#) [wlgé);”l_on) - = +|(?5‘:nm_|20)* ] The
complex conjugate in the second term ensures that poles lie in the lower half-plane for dynam-
ical stability and causality, breaking the symmetry under «v — —w. Because of this asymmetry,
the derivative at zero frequency does not cancel in general. We will demonstrate an explicit
example in the 3.1 section.

There is another symmetry-based condition that can cause the first-order correction to van-
ish. In closed systems, this occurs when the Hamiltonian possesses an anti-unitary symmetry
such as time-reversal. While time-reversal symmetry is generally not preserved in Lindbladian
dynamics, charge-conjugation symmetry is not forbidden. Suppose there exists an anti-unitary
operator C such that

(@}

CL[SIC™ = —L[GCT'],  CpRCT! =pf, (31)
Cve =2V, COC1=+0, (32)

then the first-order correction vanishes (a proof is provided in the Appendix C).

Finally, there exists a trivial condition that makes the first-order correction vanish. It is
an infinite-temperature steady state ﬁg = I, which could be achieved by Hermitian jump
operators.

2.3.2 Ramping dissipation

In open quantum systems, it is also possible to change the dissipation. Suppose that we are
ramping one of the dissipation strengths, A(t) = «;(t). In the doubled space, the derivative of
the Lindbladian is:
A . ' A A v IS T A
aL=i[2fr et —1ellj,—(J)) o). (33)

1
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t (a.u.)

Figure 1: Illustration of our linear ramping protocol for a control parameter A(t).
Two sets of ramping functions (in different colors) are shown, each with distinct ini-
tial values A; but a shared final value A;. For a given initial value, we may start either
from the corresponding instantaneous steady state or from a non-steady state. Within
each set (i.e., for each color), we compute the post-ramping observable expectation
values as functions of the ramping velocity v (slope).

At the end of ramping t;, the expectation value deviation from steady state of O reads:
1 At a
AO=v ' = T (000) x T (2p 1 3:603! = i {417 66}) + (34)
m#0 —m

This result is naturally related to a higher-order retarded correlation function often appear-
ing in non-Hermitian linear response theory [38,41]. We define the high-order (retarded)
correlation function as

CR(t) =—0(t)(217(0)0(t)J;(0)— {O(),J] (0)J;(0)}) . (35)

Using the cyclic property of the trace (as in Eq.26), its Fourier transform becomes:

CRw)=— Z Tr (éﬁR) X Tr(ZpL'leO —pL {j g “R}) (36)
o w—E,
Then, the result can be shown as
aCR
no=i2 @) 37)
dw w=0

This expression mirrors the structure of Eq. 29 but involves a higher-order correlation function
arising from dissipative perturbations.

Discussion. The first-order correction coefficient also vanishes under certain symmetry
or structural conditions. A trivial case is that if the jump operators J; are Hermitian and the
steady state is the identity matrix. Alternatively, the correction vanishes if the system possesses
a charge-conjugation symmetry € such that

&lelocd, €OE1=0. (38)

The high-order retarded correlation function CR(t) introduced here also arises in the con-
text of non-Hermitian linear response theory. Its behavior encodes nontrivial dynamical infor-
mation. For example, it can distinguish between one-body and two-body loss processes and
can serve as a diagnostic for the presence of well-defined quasiparticles in the system.

9
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e N (
¢ K =3,88 Y M
1_lm:8,ss A/c/vv
® i =10, |Z,) /\/’

0 0.02 0.04 0.06 0.08 0.1

Figure 2: Deviation of the final observable expectation value %Zl (Z.) from the
steady-state value in the dissipative PXP model. Numerical results from different
initial states (colored markers) all converge to the analytical first-order correction
(blue solid lines) in the slow-ramping limit. We set system size N = 8. Initial states
include both instantaneous steady states (SS) and staggered Z, product states. (a)
Ramping the atomic detuning A(t) in the Hamiltonian, with final value A; = 3, and
fixed dissipation strength xk = 1. The horizontal axis shows the absolute value |v| of
the ramping velocity. Hence, the curves of initial states with A; > A have opposite
slopes. (b) Ramping the dissipation strength x(t) with final value k¢ = 6, keeping
A=0.

3 Numerical verification

In this section, we numerically test our analytical predictions in several many-body open quan-
tum systems. We employ linear ramping protocols, where the control parameter evolves with
a constant velocity A(t) = v throughout the ramping process.

3.1 Dissipative PXP model

We first study a dissipative PXP model [58-61], describing a one-dimensional Rydberg atom
chain with blockade radius equal to the lattice spacing. The Hamiltonian is given by

Hpxp = Zﬁi—lxl‘ﬁiﬂ +AZ;, (39
i

10
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(b) 10 A

2 HmmTst-order AN

@ xi=0558 A
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W s =4, 58 ™
1Hem=5men —

0 0.05 0.1 0.15 0.2

Figure 3: Deviation of the final observable (7i) from its steady-state value in the dissi-
pative Dicke model. Results from different initial states (colored markers) agree well
with the analytical first-order correction (blue solid lines) in the slow-ramping limit.
We set parameters w, = 1, w, = 2, and N = 4. Initial states include instantaneous
steady states (SS) as well as trivial vacuum states |0) ® | |). (a) Ramping the atom-
photon interaction strength g(t), with final value g = 3, and fixed cavity decay rate
k = 3. The horizontal axis shows the absolute value |v| of the ramping velocity; tra-
jectories with A; > A; exhibit reversed slopes. (b) Ramping the dissipation strength
k(t) to a final value x; = 3, while keeping g = 2 fixed.

where P, = |g). (g, is the projection operator to the ground state, and X; and Z; represent the
corresponding Pauli matrices, A is the detuning. To account for spontaneous emission from
the Rydberg state, we include Lindblad dissipation with uniform decay rate k. The full master
equation reads

0, = [Hpxe, p]+ix D (267 p67 —{6767.5}) (40)
i

where (Afl?h =1/2 (X = 11?1) are the spin raising and lowering operators. We perform our simu-
lations on a chain of N = 8 atoms with periodic boundary conditions.

To start with, we ramp the detuning parameter A(t). We measure the bulk magnetization
h, = Z;/N. This corresponds to the special case O = V discussed earlier, where the linear
correction vanishes in closed systems, but can be finite in open systems. The results of Lind-
bladian evolution and the first-order correction from Eq.29 are shown in Fig.2 (a). We choose
two types of initial states: the instantaneous steady state (SS), and a staggered non-steady
state |Z,) = |TLTLTIT]). In all cases, our analytical prediction matches the numerical results
very well.

11
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Next, we consider ramping the dissipation strength x(t). As shown in Fig.2(b), the first-
order correction again agrees closely with numerical results, confirming the applicability of
our response theory to both Hamiltonian and dissipative ramping protocols.

3.2 Dissipative Dicke model

The second model we pick is the dissipative Dicke model [62-67]. It describes a single-mode
cavity coupled to a collective spin. The Hamiltonian is given by

2 AT A & 2g & AT A

Hpy = wad'd + w,8, + —=8, (a"+a), (41)

V2S

where @ stands for the cavity mode with frequency w,, §x’z are the collective spin operators
with totoal spin S, w, represents the effective Zeeman magnetic field, g is the atom-photon
interaction strength. Since the photons are leaking out of the cavity, the Lindblad equation
reads
i0,p = [Hpw, p | +ix (2apa" —{a'a, p}), (42)

where « is the cavity line width. In our simulation, we use S = 2 and photon cutoff of 6.

First, we choose to ramp g(t) and measure the post-raming photon occupation (1) [Fig.3
(a)]. As initial states, we use either the instantaneous steady state (SS) or a trivial product
state |0) ® |S, = —S) consisting of the photon vacuum and a fully spin-polarized state. In all
cases, our numerical results agree well with the analytical first-order correction.

Next, we ramp the dissipation strength x(t). The results, shown in Fig. 3(b), again confirm
the validity of our linear response correction in the slow-ramping limit.

4 Conclusion

In summary, we generalized the non-adiabatic linear response theory. By vectorization map-
ping, the evolution of the density matrix under Lindbladian resembles that of wave function
under Hamiltonian. In the limit of slow ramping, we expand the coefficients to the first order
of the ramping velocity. We find the first-order correction is memoryless, that is to say, only
depends on the final parameters and their derivatives. Then, we explore the observable expec-
tation value at the end of ramping. Specifically, if the ramping occurs in the Hamiltonian, the
first-order correction of observable expectation value is similar to in the closed systems, which
is the derivative of the retarded Green’s function. While we ramp the dissipation, it is related
to a higher-order correlation function. By numerically solving the evolution of two dissipative
many-body models as examples, we find this non-adiabatic linear response theory works well
in the slow ramping regime. Overall, our work provides a framework for probing many-body
correlations in open quantum systems through controlled ramping, offering a valuable tool for
quantum simulation experiments.
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Figure 4: (a) By calculating the Lindbladian spectrum of the dissipative qubit model,
We have shown two curves of 2nd-order EPs (blue lines) ending up at a 3rd-order
EP (red point). We simulate the ramping in 3 paths shown in colored arrows. The
shift between Ramp 2 and 3 is exaggerated for readability. (b) Ramp 1: through an
EP The result about post-ramping observable deviation of ()A( > from the steady state
versus the ramping velocity. Red stars represent results from Lindblad evolution. The
corresponding color solid line is our first-order correction. (c) Ramp 2: end at an EP

(d) Ramp 3: end near an EP

A Discussion about Lindbladian exceptional points during the

ramping

In the main text, we assume that the Lindbladian would not encounter any exceptional points
(EPs) along the ramping path. However, even whether there exist any EPs and where they are
in a many-body spectrum are inherently quite challenging questions to answer. Granted that
we are able to locate where they are, then will these EPs invalidate our conclusion? Fortunately,
by studying a tractable model, we can show that EPs will not make any difference.

We investigate a dissipative qubit model with spontaneous decay [56]. This is an appro-
priate model since the dimension of doubled space is 4, analytical solutions are not excluded
by Abel-Ruffini theorem. We set the Hamiltonian is H = &, +d - & .. Considering spontaneous

decay J = 6~ with strength «, the Lindbladian matrix reads

—2ik d
A d —2—ik
L= —d 0
2ix —d
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By solving the eigensystem, we draw the exceptional structures on Fig.4. There are two curves
of second-order EPs ending up at a third-order EP at d = 2+/2,k = 64/3. There is a no-go
theorem that the coalescence cannot happen on the null eigenvalue (steady state), because
the trace of nonsteady eigenstates cannot change from 0 to 1 suddenly [68].

We test our results in 3 ways: 1. ramping through an EP; 2. ramping ends at an EP; 3.
ramping ends near an EP

1. We ramp d(t) from d; = 2 to d; = 6 while keeping x = 30. We find that our first-order
correction is consistent with Lindblad evolution.

2. We ramp d(t) from d; = 1 to d; = v/2 while keeping x = 6+/3. This is the case when
the 3 non-zero eigenvalues and their eigenvectors coalesce. So our derivation is wrong at the
very beginning (Eq.10), and the expansion is not complete. Consequently, Eq.23 and Eq.25
are invalid. Actually, they become ill-defined at EB since the coalesced left eigenvectors are
orthogonal to their corresponding right eigenvectors at the EP (also called self-orthogonal). So
we cannot find a proper and reasonable way to normalize these eigenvectors. However, the re-
tarded Green’s function should have its physical meaning and must be well-defined. Although
as a result of EB the retarded Green’s function cannot be expressed as a naive Lehmann spec-
tral representation in Eq.27. Then we test the Eq.29 by directly calculating G® by definition.
It indeed gives the correct correction.

3. We ramp d(t) from d; = 1 to d; = v/2 + 0.01 while keeping x = 6+/3. Now, Eq.27
recovers the correct Green’s function. Both corrections from Eq.25 and Eq.29 match each
other. And we find that they are consistent with Lindblad evolution.

Discussion. We have indicated that the result given by Eq.29 is continuous and always
correct. It is because the discontinuity of EP manifests itself on the sudden reduction in the di-
mension of the eigenspace. However, the evolution should be continuous. It can be calculated
without performing diagonalization. We can imagine that the ramping evolution is perturbed
to circumvent those EPs. This is always achievable, since the set of all EPs has zero measure
in the parameter space. Explicitly, one way to circumvent an EP during the ramping is to skip
it with a small step,

N et A . (EP—e , 7}
Te_l ftif dtﬁ(f) — liI‘I(l) Te—l fE1£+€ dtﬁ(t)e_l f[i dt‘C(t) . (A.Z)
€
All of our derivation is then well-defined and correct for the perturbed evolution. So the final
observable expectation value or the Green’s function will not be influenced by EPs, and the
physics is not sensitive to EPs. In practice, experimental noise may shift the exact position of
EPs but the continuity claims will still hold.

B Validity of the linear approximation

In the main text, the linear response of the observable with respect to the ramping velocity v
was derived under the assumption of slow driving. To better understand the regime of validity
of this approximation and the nature of higher-order corrections, it is helpful to consider a
formal Taylor expansion of the observable expectation value at the end of the ramping process:

(O(tp) = (0) o + AA + BAZ +--- . (B.1)

The linear regime is expected to hold when A < a/B. Furthermore, if § diverges, this adia-
batic condition breaks down entirely, and the linear approximation becomes invalid. However,
the coefficient 8 of the second-order term generally depends on the ramping protocol and the
initial state, and incorporates memory effects. Its behavior is not universal and must be as-
sessed case by case. As such, it is difficult to evaluate in a universal analytic form.
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To illustrate this point, one can explicitly identify the two terms that are neglected in Eq.
(16), both of which contribute to the second-order correction in the ramping velocity A. Al-
though these terms are of order O(A), they appear in the first-order expansion coefficient and
thus contribute to the second-order correction in the observable.

The first neglected term originates from the correction to the denominator in the boundary
terms. It gives rise to a path-independent boundary correction:

PR

sle £a(A) — £,(A)]ellOP)=0nCI(pL(37)]i0),

(B.2)
[Ea(xl) - Em()'/)]

A

L

The second neglected term is the remainder from the integration by parts:

2 .
A eil0A)-6,(0] 5 <P§(A/)|lal’{9ﬁ(ll)> (B.3)
N I ED—E.(0) | '

This term is path-dependent and contains an oscillatory integrand. According to the Riemann-
Lebesgue lemma, integrals of smooth functions multiplied by rapidly oscillating phases tend to
decay as the oscillation frequency increases. In the present context, the phase oscillates with
a frequency proportional to 1/A, so the integral scales as O(A) in the slow-ramping limit.

Consequently, the precise boundary of the linear-response regime is protocol-dependent
and should be evaluated case by case. However, in the slow-ramping limit, once a linear
regime is identified, the first-order result provides the correct slope. This strategy has proven
effective in closed systems and is expected to be similarly applicable in open-system dynamics,
offering practical guidance for experimental implementation.

C Proof of vanishment of the first-order correction under charge-
conjugation symmetry

Here, we give a detailed proof of why the first-order coefficient would vanish under charge-
conjugat1on symmetry. This anti-unitary symmetry can be explicitly expressed as € = UK,
where U is a unitary operator and K represents the complex conjugate. We focus on the case
when

CL[SIC = —L[GeC],  GpRet =pR, (C.1)
cvet=-v, ¢oC 1t =-0. (C.2)
Other cases of different sign or about jump operators J; are similar to generalize.

Since the Lindbladian commutes with charge-conjugation, so all eigenstates can be classi-
fied into the following three cases:

CoRCt=pR, (C.3)
éﬁié T=—py, (C.4)
ConCl=pr=pn, (C.5)

A

where the first two cases can happen when Re(E,,) =0, ,651 Jol Ri "and in the last case charge
conjugation would relate ﬁi to its Hermitian conjugate p“r}; = ﬁ " which is also an eigenstate
with eigenvalue E; = —E; .

Let us see what will happen to the coefficient,

= Z E—Tr(Op,i)Tr(p [V,p8]). (C.6)

w=0 m#0 m

aGR
Jdw
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For the first case, because of the Hermiticity of ,651 and O,

Tr(éﬁﬁ) = Tr(é*ﬁﬁ*)
=Te[UT(-0)0UTpR U] (C.7)
=—Tr(0pR) =0.

For the second case, remember ;5#1 is also Hermitian and acquires the same minus sign under
charge conjugation, and Tr(eé") = Tr(é)* = Tr(s*),
Tr (b [V, 55]) = Tr (b5, [V 5 — 557 ])

a ARV An *
=Tr (b, [65V = V5])
=Tr (b [0V = V"65°])

R (C.8)
0
= e{=pl, [P + 0581}
=Tr(py, [ o> V]) =0
For the third case,
T (0p%) = Tr(0p)
_ Ak AR:
=Tr (O*pm*)
= Tt [01(~0)0 U PR TT]
— AARTY —
=—Tr(0p*) =0.
Thus, the first-order coefficient must vanish.
A minimal model that can be easy to test is that H = &,J = 6. In this model, charge-

conjugation is € = &,K. And operators change their signs under C: {&,}. Operators invariant
under C: {(“ry,éz}.

(C9)
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