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Abstract

While correlators of a CFT are single valued in Euclidean Space, they are multi-valued
- and have a complicated sheet structure - in Lorentzian space. Correlators on RV! are
well known to access a finite number of these sheets. In this paper, we demonstrate the
spiral nature of lightcones on S!x time, which allows the time-ordered correlators of a
CFT, on this spacetime - the Lorentzian cylinder - to access an infinite number of sheets
of the correlator. We present a complete classification, both of the sheets accessed as
well as of the various distinct causal configurations that lie on a particular sheet. Our
construction provides a physical interpretation for an infinite number of sheets of the
correlator, while, however, leaving a larger infinity of these sheets uninterpreted.
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1 Introduction

Whereas correlation functions in a conformal field theory are single-valued in Euclidean space,
they are usually multi-valued in Lorentzian space (see e.g. [1-5]). Consider, for example, a
four-point function C of four primary operators in a two-dimensional CFT. After division by a
suitable normalization factor N (that accounts for the conformal transformation properties of
the inserted operators)® such a correlator takes the form [6,7]

C/N=> G'(z)P;G(2), (1)
ij

where the conformal blocks G'(z) and G/(Z) (see e.g. [8] and references therein), are, respec-
tively, holomorphic functions of their arguments, the left and right moving conformal cross-
ratios z and z (defined in eq (25), (26)) respectively. The matrix of numbers, P;;, constitutes
the “pairing matrix” that glues these blocks together. The summation over i and j run over a
finite range when the theory under study is rational, but over an infinite set of values when
the theory is irrational.> As the conformal blocks G! and G’ generically have branch cuts at z
(orz)=(0,1,00), C/N is, generically, a multi-valued (branch covered) holomorphic function
of the two independent complex variables z and 2.

The (two complex dimensional) space spanned by z and Z has at least two physically in-
teresting (two real dimensional) sections, the Euclidean and the Lorentzian sections. The
Euclidean section is obtained by setting Z = z* (i.e. by setting z and Z to be complex conju-
gates of each other). On this section, C computes correlators of the field theory in Euclidean
space. The single valuedness of these correlators - hence of C evaluated on the Euclidean
sheet - imposes stringent constraints on the pairing matrix P;; in (1) (see, for example, the
discussion in section 15.4 in [9]).

Lorentzian correlators, in contrast, are obtained by evaluating C/N at (generically dis-
tinct) real values of z and Z. Unlike their Euclidean counterparts, however, correlators on this
“Lorentzian section” are generically multivalued. It is, for instance, possible to start with a real

In the special case where operator dimensions are equal pairwise, N is proportional to the product of the two-
point functions of the pairs. The normalization is fixed by operator dimensions and contains no dynamics. Though
N is multivalued, its branching is simple (see §2).

2While the arguments presented in this paper is most rigorous in the former case, we also expect our results to
apply to irrational theories.
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value of z = Z (such a configuration lies both on the Lorentzian and the “Euclidean Sheet”),
circle the branch cut at z = 1 (without making any corresponding move in % - this is consistent
because z and Z are independent variables on the Lorentzian sheet) and return to the original
real value of z. This operation changes the value of the correlator C/N. One obtains a definite
value for the correlators on the Lorentzian section only after specifying both z and Z and a
choice of sheet. It is natural to wonder about the physical interpretation of the function C/N
evaluated on each of the infinitely many sheets of the Lorentzian section.

In simple cases (i.e. for sheets that are not too far from the Euclidean sheet, see below),
the answer to this question is well understood (see e.g. [1-5] and [10-12] for relevant older
literature) and references therein). Operators that are timelike separated do not commute
with each other (of course such a separation is impossible in Euclidean space). Consequently,
one finds different answers for the correlators of given operators, inserted at given locations,
depending on the ordering of the operators; equivalently, on the choice of different Schwinger-
Keldysh contours on which these correlators are evaluated. All such correlators are given by
the function C(z,%) - however, they are evaluated on distinct sheets. This yields a beautiful
physical interpretation for a small finite number of the sheets ( < n! in the case of n point
functions) of the infinite number of sheets of the Lorentzian section.

In this paper we generalize the discussion of [1,5] to find a simple physical interpretation
for a larger number - this time an infinite number - of the Lorentzian sheets of the correlator
C/N. Unfortunately our results are not exhaustive. They still leave a larger infinity of sheets
un-interpreted.

We now proceed to describe the simple construction that yields this generalization.

1.1 An infinite number of sheets from time-ordered correlators on the
Lorentzian cylinder

As is familiar from the study of Penrose diagrams [13], the space R%! (two dimensional
Minkowski space) is Weyl equivalent to a finite diamond of R':!, with horizontal vertices identi-
fied® (see around Fig 1a). As such a Minkowskian diamond has boundaries at a finite distance,
it is an incomplete spacetime. The dynamics of a conformal field theory on this spacetime is
well posed only upon the specification of boundary conditions. Alternately, one could avoid
specifying boundary data by working, instead, with the maximal analytic continuation of the
Minkowski diamond, i.e. Minkowskian cylinder S!x time. This analytic continuation is con-
ceptually similar to the maximal analytic continuation of the Schwarzschild geometry to the
Kruskal geometry. (The Hilbert space of the theory on the maximally analytically continued
cylinder spacetime famously reproduces the Hilbert space of the radial quantization of the
Euclidean theory.) We now explain how time-ordered correlators on this maximally extended
spacetime explore an infinite number of sheets of C/N.

Consider two operators A and B that are initially spacelike separated. By varying the in-
sertion location of the operator B, we can (if we choose) move it so that it cuts the future/past
light cone of A. As this happens, one moves either over or under a branch point of the corre-
lator C/N (whether over or under is determined by the ie prescription. See §3.2 for details).
When A and B both live in Minkowski space one can execute each of these manoeuvres no
more than once; thereby taking B to the causal future/past of A (of course zig-zags - that take
B across the lightcone of A from past to future, then back, from future to past - undo each other
and do not take us to new sheets of the correlator). Clearly, ranging over these possibilities
-for each pair of operators - allows us to access only a finite number of sheets of the correlator

3In the language of Penrose diagrams, the identified points are “left” and “right” spatial infinity. The equiva-
lent identification, in spacetime dimensions d > 2, is the now famous “antipodal identification” of the celestial
holography programme (see e.g. [14-16] for reviews).
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C/N. In §5 we present a complete enumeration of these sheets and a complete classification
of all the causally inequivalent configurations that lie on any given sheet.

As we have explained above, to study conformal dynamics, the spacetime S' x R may
be thought of as the maximal analytic continuation of R%!. Indeed, S! x R may be thought
of as being constructed by patching together an infinite number of Minkowskian diamonds
(see Fig. 1b and e.g. around Fig.1 in [4] ). On this much larger spacetime, the future (and
past) lightcones that emanate from operator A, each form two counter-rotating spirals around
the cylinder. As we move B to the future, this operator can cross the future lightcone of A
any number of times. In other words, the notion of “causality” can be refined on a Lorentzian
cylinder: if we know that B lies in the future of A, we can seek more detail and ask “How many
A lightcones are cut if one starts with B spacelike located with respect to A and then move to
the desired location?”. Each time B crosses yet another swirl of the left or right moving future
lightcone of A, the correlator C/N passes over/under a branch point of the correlator. Under
favourable conditions (see §6 for details) repeated crossings etch out a path in z and % space
that repeatedly winds around a branch point. As the number of windings can be arbitrarily
large, it follows that time-ordered four-point functions on S!x time access an infinite number
of sheets of the function C/N.

1.2 The sheet for a time ordered correlator for given insertions on the cylinder

Consider the time ordered correlator <01 (x1). ..04(x4)>, where x; (i = 1...4) are insertion
locations on the Lorentzian cylinder. The cross-ratios z and Z, associated with the insertion
locations x;, are easily worked out (see the formulae in §3.1). It follows that our correlator is
given by the function C in (1) evaluated at the given values of z and Z on some sheet of this
multivalued function. What is not immediately clear is which sheet this correlator lies on.

In this paper, we use the following simple procedure to answer this question. We first in-
sert all operators at some arbitrarily chosen locations on the same spatial slice of the cylinder.
At these insertion locations, the time-ordered correlator is the same as the Euclidean correla-
tor, and so lies on the “Euclidean sheet” of the function C/N. We then continuously deform
all insertion locations from their arbitrarily chosen starting points to the actual final desired
locations x; ...x4. In the process, the inserted operators cross several light cones emanating
out of the other operator insertions. Consequently, we traverse a path in z,z space that passes
over (and under) several branch points. By keeping careful track of these crossings, we deduce
the final location (in sheet space) that we reach when our insertion locations finally reach the
desired endpoints x; ... Xx4.

The procedure described above has a potential ambiguity, as there are many causally in-
equivalent paths leading from the (arbitrarily chosen) insertion locations to the final locations
of interest. We could, for instance, first move O; then O,..., or first move O halfway to its
final destination, then O; then O, halfway then O, .... Each of these distinct choices takes
us along a distinct trajectories in sheet space. Below we carefully demonstrate that each of
the different choices above yields the same final result for the location on the sheet space of
the correlator. This general result is both a simplification as well as a disappointment. It is a
simplification as it eases the computation of the sheet location associated with any particular
physical location of operators. It is a disappointment because it tells us that operators at all
possible locations on the Lorentzian cylinder only access a small fraction of the much larger
infinity of available locations in sheet space (this larger infinity has to do with the non-abelian
nature of sheet moves around distinct branch points, which our physical situation never ex-
plores, precisely because causally distinct paths that lead to the same final configuration, are
all associated with the same monodromy). It is also a disappointment because it tells us that
the requirement of “path independence” is automatic, and imposes no new general constraints
on four point functions of operators with integer spins.
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1.3 Concrete results of this paper

While the main focus of this paper is on the study of four-point functions, as a warm-up we
first study two and three-point functions. Like the four-point function, these correlators (whose
form is completely determined by conformal invariance) are also multi-valued in Lorentzian
space: the ‘sheet ambiguity” of these correlators lies in their phase. In section 2 we give a
clear and simple rule that determines the phase of the 2 and 3 point functions for any given
insertion locations on the Lorentzian cylinder.

Turning to the study of four-point functions, in section §6 we implement the procedure of
81.2 to derive rules that allow one to determine the sheet location associated with any given
insertion locations on the Lorentzian cylinder §6.4. Our final result is given in terms of a list of
instructions that one must follow (e.g. start on the Euclidean sheet and then wind 7 times anti-
clockwise around the branch point at unity) to correctly evaluate the correlator at the given
insertion locations. As correlation functions capture the response of a theory to sources, our
results are needed (together, of course, with knowledge of the correlators as analytic function
of z and %), to determine the physical response of a CFT on S!x time to arbitrary sources as a
function of angle and time.

Finally, we also view the problem in reverse order, and provide a complete listing (see
Tables 1, 2, 3, 4, 5, 6, 7) of all branch structures that are accessed by varying overall insertion
locations for time ordered correlators on the Lorentzian cylinder. We also provide an explicit
listing of the various distinct causal configurations of operator insertions that lie in any one of
our list of accessed Lorentzian sheets. It is physically interesting that several causally distinct
configurations sometimes land on the same sheet of the correlator. This tells us that different
(and symmetry unrelated) physical experiments sometimes have identical answers. We leave
the interesting problem of understanding this observation from a physical viewpoint to future
work.

1.4 What remains to be done

The construction presented in this paper yields a simple physical interpretation for an infinite
number of branches of the sheets of (C/N)(z,%). However, our work also leaves a much larger
infinity of such sheets uninterpreted. The sheets accessed by the construction of this paper are
essentially abelian in nature. As we explain in section §6.4, these sheets are all reached either

by

* starting with the Euclidean sheet and repeating a given (clockwise) monodromy - around
a single branch point- an indefinite number of times, or

* starting on the Euclidean sheet, performing a single clockwise half-monodromy around
one of the branch points followed by an indefinite number of clockwise monodromies -
around a second branch point - then undoing the original half-monodromy,

 starting on the Euclidean sheet, perform a single clockwise half-monodromy around
one of the branch points followed by an indefinite number of clockwise monodromies -
around a second branch point - then repeat the original half-monodromy.

In contrast, the most general sheet manipulation is non-abelian, as monodromies around
different singularities do not commute. Starting with the Euclidean sheet, if we limit ourselves
to n monodromy moves, the total number of non-commuting monodromies - i.e. the total
number of distinct sheets we can access - grows exponentially with n. Time-ordered correlators
on Lorentzian space access a very small fraction of these sheets. This paper throws no light
on the physical interpretation of the sheets obtained from these non-commuting monodromy
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moves. The physical interpretation of these sheets - if one such exists - remains an interesting
open question for the future.

1.5 Relation to earlier work

The work presented in this paper builds on the ideas presented in many earlier papers including
[1-5,17-20].

In particular, [21] presents an extensive study of the convergence of conformal blocks in
small cross-ratio expansion in various complex sheets. In chapter 23 of this thesis, the author
points out that one obtains multiple different monodromies by working on the Lorentzian
cylinder. In more detail, the author studies operators with fixed ordering, and explains (in
this context) how one obtains a range of monodromies, associated with different insertion
locations on the cylinder. Because the operator ordering is fixed, the monodromy results of
[21] are relatively simple. In this paper we work with time-ordered correlators. As the operator
orderings in our correlators change depending on insertion locations, our monodromy results
are much more involved. See around (E1) for one example of the difference between the
fixed ordered monodromies of [21], and our time-ordered monodromies, in the context of a
particular example.

We would also like to note that while we have viewed correlators as multi-valued branch
functions in this paper, there is an alternative way of viewing this structure. The authors of [22]
have defined the function g(z) (see Eq. 5 of that paper). The function q(z) is a multivalued
function of z, in precisely such a way that the function takes a different value on each sheet of a
holomorphic conformal block. In other words, q(z) is a faithful coordinate on the full branched
cover of the z plane relevant to the study of conformal blocks. In this way the complex plane
parameterized by q can be decomposed into an infinite number of “unit cells”, defined so that
any given unit cell is the image of one sheet of the z plane. A correlator - which is multi-valued
in z- can therefore be recast as a single valued function of q. In this language, the question
posed in this paper is: what is the physical interpretation of the correlator in a generic unit
cell in g(2) space.

1.6 Organization of this paper

This paper is organized as follows. In §2 we first recall how the Lorentzian cylinder can be tiled
with Minkowskian diamonds. We then study two and three-point functions, and (in particular)
determine the sheet (phase) of these correlators as a function of insertion locations on the
Lorentzian cylinder. In section §2.2 we also verify that the fixed functional forms of two and
three-point functions automatically obey the constraints imposed by the requirement of path
independence provided all operators have integer spins.

In §3 we begin our study of four-point functions. We define the conformal cross-ratios, z
and Z, and work out the rules that determine whether a particular light cone crossing takes
us over or under the relevant branch point in cross-ratio space. We also explain that holomor-
phic and anti-holomorphic cross-ratios commute and monodromy moves in terms of conformal
blocks. In §4 we demonstrate that all ways of moving insertion locations (from one configu-
ration to another) give the same result for the monodromy of four-point functions.

In §5 we first explain the protocol we follow in this paper to reach any given physical
configuration of interest starting from a Fuclidean configuration, and then work out all the
sheets accessed by insertions of four operators at arbitrary locations on a single Minkowskian
diamond. We demonstrate that every configuration on the Lorentzian cylinder can be reached
starting from operators that are either all mutually spacelike or all mutually timelike on a
single Minkowskian diamond, and then making the moves w; — w; — n;7; such moves do
not change any conformal cross-ratio, but can change the sheet. In section §6 we work out
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the branch moves in cross-ratio space that follow from every such move (focusing on cases in
which the cross-ratio is that of a Euclidean configuration).

In section §6.4 we summarize the results of section §6 from the “dual” viewpoint: instead
of working out the sheet location as a function of insertion locations, we provide a listing of all
insertion locations that correspond to any given sheet in cross-ratio space. While most sheets
are implemented by several inequivalent causal configurations, we point out that the Regge
sheet is special, in that the causal configuration that corresponds to this sheet is essentially
unique. In §7 we end with a discussion of our results and interesting future directions.

2 Two and three point functions on the Lorentzian cylinder

As explained in the introduction, in this paper, we study the correlation functions of a 2d CFT
on the Lorentzian cylinder S! x R (where R is time).* In this section, we first explain how
the Lorentzian cylinder can be tiled by Minkowski diamonds.> As a warm-up for the study of
branch structures of four-point functions (the topic of main interest to this paper), we now
present a detailed analysis of the branch structure of two and three-point functions on the
Lorentzian cylinders, as a function of insertion locations.

2.1 Tiling the Lorentzian cylinder with Minkowski diamonds

While the metric on a 2D Lorentzian cylinder is locally Minkowskian, the spatial direction is a
circle of circumference 27t. Through this paper, we use the coordinate 6 (with 0 < 6 < 27) to
parameterize points on the spatial circle. In contrast, the time coordinate 7 is, of course, non-
compact, and varies over the range —00 < T < 00. In equations, the metric on the Lorentzian
cylinder is given by

ds?> =—dt?+d6?, (2)

subject to the identification

(7,80)=(7,0 +2mn), Y nez, (3

the symbol = means “is the same point as”.°

Below, we will often find it useful to change coordinates from (7, 8) to the left moving and
right moving coordinates (w, @) where,

1 1
=—-(0—1), o=—(0+71). 5
w 2( ) 2( ) (5)
Through this paper, we often refer to (w, @) as light-cone coordinates. In these coordinates,

the line element takes the form
ds’=—4dwdd, 6)

“The reader who is accustomed to studying the AdS/CFT correspondence may choose to visualize this Lorentzian
cylinder as lying on the boundary of global AdS;. However, the analysis of this paper is purely field-theoretic and
will make no use of the AdS/CFT correspondence.

SWe use this name because each such diamond is Weyl equivalent to Minkowski space.

®The embedding space coordinates (see eg appendix B.7.2 of [23]) for our four boundary points are

b, = (cos T;,8in7;, cos 6;, sin Gi,()) . 4@
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7

and the identification (3) becomes
(w,®) =(w+nm,o+nmn), V nez. (8)

It is well known that the space (6) can be “tiled” by an infinite sequence of Minkowski
diamonds (see Fig. 1b).

w
T
(0,0) ‘
T
6=0 0=2x
w (b) The tiling of the Lorentzian cylinder with
(a) Configuration space can be tiled with an infinite sequence of A-type and B-type
Minkowski diamonds. Minkowskian diamonds.

Figure 1: Visualizing the tiling of the Lorentzian cylinder with Minkowski diamonds.

In the coordinates w and @, the Minkowski diamond is a square, of length (in w) and breadth
(in &) each equal to 7 (see Fig. 1a).
It is not difficult to convince oneself® that the operator shifts

w; — Wi + n;m,
©)

C(_)l'—>6_l)i+ml'7'f,

(where m; and n; are any integers whatsoever) leaves all conformal cross-ratios unchanged.’

"The usual analytic continuation T = —it turns (5) into

o=(0+in),  G=1(0-ir,). @

8This point is easily verified from the explicit expressions for cross-ratios presented below. The structural reason
for this invariance is most easily seen from embedding space formalism. As reviewed in (4), and e.g. Appendices
B.2 and B.5 of [23]), operator insertions are labelled by null vectors P; in embedding space. As rescaling P; by
a positive real number leaves the location of the inserted operator unchanged, conformal cross-ratios are simply
those ratios of dot products of the various P; that are invariant under separate rescaling of each null vector P;. As
a consequence, however, these cross-ratios are also left unchanged when P; is multiplied by a negative number.
Such a rescaling does not leave the insertion point unchanged; instead, it maps the point to its “antipodal image”
(0 > 0+mand T — 7+ 7 in (4)). We thus see that such antipodal shifts of insertion points also leave cross-
ratios unchanged. In addition to antipodal shifts, the operations 7; — 7; + 2nr; and 6; — 6; + 2xs; (where r; and
s; are both integers) do not change the location of the insertion in embedding space, and so (trivially) leave all
cross-ratios unchanged. Putting these facts together, the invariance of cross-ratios under (9) follows.

“More precisely, this shift leaves cross-ratios invariant only when all w; are chosen to be precisely real. When
studying time-ordered correlators, we insert our operators at times that include a small imaginary part (i.e. we
make the shift 7, — 7; —ie ;). The shifts (9) - which can be accomplished by shifting T and 8 according to
T; = 7; + (m; —n;)m, and 6; — 6; + (m; + n;)7 - sometimes changes the imaginary part of 7; hence the effective
ordering of operators - in a way that is sometimes physically consequential.

9
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The invariance of cross-ratios under (9) tells us that the various Minkowski diamonds in
Fig 1b can each be thought of as “unit cells” (for the Lorentzian cylinder) as far as cross-ratios
are concerned. Given any collection of insertion locations on the Lorentzian cylinder, one can
use the transformations (9) to find another associated set of insertion locations - all now in
the same Minkowski diamond - that carries the same values of all conformal cross-ratios.'®

2.2 Branch moves for two and three point functions

As we review in Appendix A, the functional form of two and three-point functions in the
Lorentzian cylinder is completely determined by conformal invariance. One finds that the
time-ordered two-point function of an operator with holomorphic and anti-holomorphic di-
mensions (h, h) is proportional to

(P p(w1, D7) Ppp(ws, @7)) o< ) (10)

h 7h
12812
where

.2 .
{ij = sin“(w;j +i€1y5), an
> 2 - .

gij = Sin (CL)U _leTij) .
Notice that the cross-ratios (11) are both invariant under the shifts (9) as expected on general
grounds. Similarly one finds that the time-ordered three-point function of three operators is

given by

_ . - W Ci23
(Ph, p, (01, @1) P, 1, (3, D2) Py, . (w3, @3)) = Hoa o Has ol 30y oBp oL (12)
127623 631 612" 523 631
where - - -
ho+hj—h, . h+hy—hy
Hi=——p— Hy=—p— 13

For generic values of h;, the expressions (10) and (12) have branch cuts in the variables
w; (and also in the variables & j), and so the expressions on the RHS of (10) and (12) are
multivalued (i.e. have many different sheets). Consequently, the expressions (10) and (12)
have an (relatively trivial, pure phase) ambiguity. We can resolve this ambiguity as follows.

Im Vi Im Cij

Tij>0

l]>0

Re

\T
o/

T

i N
AN Ny

Figure 2: Two-point function cross-ratio space and the monodromies due to crossing
light-cones going to the past or future.

0We emphasize again that while these moves leave cross-ratios unchanged, they, in general, change the value
of correlation functions, by moving the correlator to a different sheet, in the manner we will describe in detail in
much of the rest of this paper.
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Let us suppose we start with insertion locations that are all mutually space-like with respect
to one another. For such configurations, all correlators take their Euclidean values and so are
unambiguous. We can then continuously vary insertion locations until they reach their final
values (which are not necessarily space-like related to one another). By keeping track of all
the branch windings that we are forced to make as we move along this continuous path, we
thus obtain a definite answer for the phase of the correlator at its final insertion location.

Branch windings happen when i crosses through the “leftmoving/rightmoving” light-cones
of j, i.e., when, respectively {;; = 0 or ¢ i = 0. Let us, for definiteness, focus on the
passage through rightmoving (or holomorphic) lightcones. These lightcones occur when
w; = wj—n;;7 for some choice of integer n;;. Suppose w; starts at a value just larger than
w; —n;;7 and cuts the lightcone towards the future'! ending up at a value just smaller than
w;—n;;7. In the neighbourhood of this value, /T;; ~ w;;+n;;m+iet;;'* where 7;; = 7,—7;
is positive if i lies to the future of j, but negative if i lies to the past of j. It follows that, for the
motion described above 4/{;; moves, > along the upper trajectory of Fig. 2 when T; j >0, but
moves along the lower trajectory shown of Fig. 2, when 7;; < 0. Of course, motions towards

the past execute the opposite trajectories. It follows from this discussion that

* {;;j undergoes an anticlockwise monodromy of 27t when w; moves from past to future,
cutting a right-moving future light cone of particle j. {;; also undergoes an anticlockwise
monodromy of 27t when «; moves from future to past, cutting a right moving past light
cone of particle j.

* {;; undergoes a clockwise monodromy of 27 when w; moves from past to future, cutting
a right moving past light cone of particle j. {;; also undergoes a clockwise monodromy
of 2 when ; moves from future to past, cutting a right-moving future light cone of
particle j.

Of course, the rules above are symmetric under the interchange of i and j. These pass
all relevant consistency checks. For instance, the motion of i toward the future, cutting a
future lightcone of j can also be thought of as the motion of j, towards the past, cutting a past
lightcone of i: both these manoeuvres have {;; executing an anticlockwise monodromy of 2.
The rules are also invariant under time reversal (because they are invariant under the uniform
replacement future < past.

The rules described above allow us to track two and three-point functions as we move
insertion locations from Euclidean values to the locations of interest. There is, however, one
remaining concern about a potential ambiguity in the procedure described above. The con-
tinuous motions (that link spacelike separations to arbitrary separations) can be carried out
along many different paths. We will now demonstrate that the procedure outlined in the pre-
vious paragraph is unambiguous - i.e. that we get the same answer from all possible paths
- provided that the scaling dimensions for all our inserted operators obey the level-matching
condition

h,—h, €Z. (14)

"Because w = %, motion towards the future corresponds to decreasing w.

12The term proportional to ie follows from the usual continuation T — 7(1—ie) which ensures that all operators
have the same ordering in (infinitesimal) Euclidean time as in Lorentzian time, and so are time ordered. The sign
of the ie term in the main text follows because of the minus sign in the equation w = ezi.

3In this paragraph we keep track of ,/¢; ; rather than simply {;; because it turns out that cross-ratios for four-
point functions are naturally written in terms of 4/{;; (see (25)).
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2.3 Path independence and branch structure of two-point functions

Let us start with the case of the two-point function. Translation invariance lets us fix the
location of one of the insertions - let’s say to the apex between the two A type diamonds in Fig
1b. As in Fig 1b, we now give an integer labelling of all the diamonds in the diagram. The B
type diamond displayed in the diagram is labelled O (and so has been denoted B, in Fig 1b).
The higher of the two A type diamonds is labelled 1 (and is denoted A;), the next (higher) B
diamond is labelled 2 and will be denoted B,, and so on. Similarly, the lower A diamond is
labelled —1 and so is denoted A_; the subsequent lower B diamond is labelled —2, denoted
B_,, and so on.

For causal (or branch structure) purposes, the location of the second insertion is completely
specified by the integer that labels the diamond in which it is located. If the second particle is
located in the (B type) diamond 0, then it is spacelike separated with the original insertion, and
the correlator is given by simple continuation from the Euclidean value. In going from diamond
0 to diamond 1, the rules listed in the previous section tell us that the two-point function listed
in (10) picks up either the additional phase e 2" or the additional phase e 2" depending
on whether one cuts the left or right moving lightcone. Provided (14) is obeyed, these two
phases are the same, and so our answer is unambiguous. Iterating this procedure, we see that
when the insertion of the second operator lies in the m‘" diamond with m > 0, (10) picks up
the additional phase e~2™"™ over and above the simple analytic continuation of the Euclidean
answer to the given values of {; j.14 The workout above is easily generalized to the case that m
is negative: using the rules of the previous subsection, we find that, in the m'" diamond, the
two-point function equals its value on the Euclidean sheet (diamond 0) times the extra phase
e~2mthiml. his answer is time reversal invariant.'®

In summary, we have thus both demonstrated that our procedure gives us a well-defined
result for the phase of the time-ordered two-point function on the Lorentzian cylinder, and also
found the simple final formula for the correlator including its phase. Our final answer is the
real Euclidean sheet correlator with the same value of {;; (i.e. the correlator with the second
insertion in the diamond B,) times the phase e , where m is the “diamond number” of
the insertion location of the second operator, as defined above. In equations

—27ih|m|

—omih|[ €12 ][ 12
C(wi,c_vi) = Cspace—like xe ™ “: ] [ " ] > (15)
here, [x] is a function which spits out the highest integer no greater than x, and w5 is the
difference between the w values of the insertion points of the operators 1 and 2 (&1, is defined
similarly).

2.4 Path independence and branch structure of three-point functions

It is possible to analyze three-point functions like two-point functions, by using translation
invariance to locate the operator 3 at the vertex between the diamonds A; and A_; in Fig 1b.
Causally distinct configurations can then be specified by two integers, namely the label for a
diamond in which the operator 1 is inserted and the label for the diamond in which operator 2
is inserted. The diamond locations of points 1 and 2 completely specify their causal locations

“Note that the phase of the two-point function (over the phase on the Euclidean sheet) can also be written as
e~2rilmib+mt) for any choice of m; and m, such that m; +m; = m: (14) ensures that all values of m, and m, (that
add up to m) give the same phase.

151f the first insertion is placed at the point where the two blue diamonds meet in Fig. 1b, the shifts w; — w,—n; 7t
can be used to move the second insertion to the diamond B;. It follows, in other words, that every configuration
of two points on the Lorentzian cylinder can be obtained, starting from points that are spacelike separated and
then making 7 shifts. We will see that the situation is slightly more complicated in the case of three and four-point
functions.
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with respect to 3, but only partially specify causal locations with respect to each other. To
complete this specification, we must also specify which of the four relative causal orderings 1
and 2 can be in, consistent with their given locations within the diamond structure.'® With this
way of functioning, the set of possible causal orderings makes up a two-dimensional lattice,
with each lattice point hosting a “square molecule” (4 possibilities). Local lightcone crossings
would give us links on this lattice. We would then be required to prove the path independence
of monodromies as we move from one lattice point to another via allowed links.

2.4.1 Holomorphic factorized parametrization of operator insertions

While the analysis described in the previous paragraph is not too difficult to carry through in
the case of three-point functions, the equivalent analysis is rather messy in the case of 4 point
functions. In preparation for that more complicated analysis, we study the case of three-point
functions in a manner that is as holomorphically factorized as possible. As above, we use
translational invariance to insert operator 3 at the origin. After we have made this choice, we
write!”

w1
Cl)l=_m17f+a1 - — | =—my,
L 7T
. . . [
Cl)l=m17'c+a1 - — [=mq,
Y
i (16)
w2
Wy = —m2ﬂ+a2 — — | = —my,
L 7T
. . _ [y
602=m27'5+a2 Sl — [=my,
L T

where 0 < a@; < mw and 0 < @; < 7. Recall, however, that the shifts (8) of w and @ are a
redundancy of description; two different values of w and ¢& that are related by (8) denote
the same point on the Lorentzian cylinder. As a consequence the four integers that appear
in (16) are a redundant description; knowing the physical locations of our insertions only
unambiguously fixes m; + m;. To proceed we simply choose any convenient values of m; and
m; with the given physical difference (our final answer will not depend on this choice).!®

2.4.2 Nearest neighbour moves on the three-point causal lattice

With the conventions of the previous subsection in place, the relative “holomorphic causal
ordering” of two points is specified by the integers m; and m,, and the relative ordering of a,
and a,. Let us denote configurations with integers m;, m, as P,""* if ay > a;'® and P,)}*"™
if a; > a,. Local holomorphic light cone crossings induce the following three motions on this
lattice.

* If we start with Plrr;,mz and 2 crosses a lightcone of 1 (moving from past to future) we

end up with Pznil’mz. The inverse of this lattice move is given by starting with Pznil’mz and
having 1 cross the lightcone of 2 from past to future.

16The four possible causal orderings can be thought of as follows. We translate the operator 1, in a purely left-
moving (holomorphic manner), by w; — w; + n; 7, to the diamond in which the operator 2 is located. Once we
have done this, 1 can be either in the past, future or “left spacelike” or “right spacelike” related to 2. Note that
the two spacelike regions are distinct from each other (one cannot circle the cylinder and go from left spacelike to
light spacelike as this requires crossing a lightcone that emanates out of the point 3).

7Recall that w = 921 so we have put a negative sign with m as a convention so that increasing m would mean
moving to the future.

18Rotating the insertion point of any operator around the cylinder is a continuous operation that affects a change
of m; and m; individually while leaving m; + m; unchanged. This operation leaves the correlator unchanged
precisely because the operator spin h; — h; is an integer. See Appendix B for a more detailed discussion.

YAs w= 9—;, this means that the time coordinate in «, is larger than that in a,. Consequently, in this configu-

ration, 1 is to the future of 2, as far as the a coordinates are concerned.
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my,my

e If we start with P,

1
end up with Pzrri1+ ™2 The inverse of this move is to start with P,

cross a lightcone of 3 moving from future to past.

and 1 crosses a light cone of 3 (moving from past to future), we

mi+1,m
! 2 and have 1

my,my

¢ If we start with P,

1
end up with Pznil’mz . The inverse of this move is to start with P,

a lightcone of 3 moving from past to future.

and 2 crosses a light cone of 3 (moving from future to past), we

mq,my—1
L7277 and have 2 cross

We call the “one crossing” holomorphic moves described as the “interchange” I, the “forward
push” F or the backward push B. Explicitly, the action of these operations on the lattice points
Pln;’mz are given by
m ,m

*".Q),
m ,m

"",Q),

2" Q) = (P

@) = (P

Q) — (P ™,Q),

ml,mz’Q)_)( prmatl ) 17)
(P )
(P

m1+1 mz

mm mm—l
IZQ)—> 1,M2

I:
I:
F:
F:
B:
B:(P)}""™,Q) —

(P
(P
(P
(P
(P
(P

m;—1,m
Z,Q) ,

where Q is an arbitrary anti-holomorphic lattice “atom”.?? Let us note that "' =], F~! =B
and B! =F.

The maps I, F and B act only on the holomorphic part of the lattice, leaving the anti-
holomorphic “atom” unchanged. We can, of course, define similar maps I, F and B that leave
the holomorphic part of the lattice untouched, but act on the anti-holomorphic part of the
lattice according to the mirror image rules

f:( mlmz

l

m1 my
b
b

ml: 2 m1,m2)

l

ml: 2

l

T

(18)

l

ml: 2 ml,mz 1

(Ra
(2
( m1+1 My
(2
(2Q

=Tl
/\A/\/\

)
ml,m2+1)
J

o]l

l

ml:mz

l

|
|
|
)
|
|

( m1 1, mz)

This web of moves detailed above builds a holomorphic causal cubic lattice in two dimen-
sions. Locations on this lattice are labelled by the two integers (m,m,). Each lattice point
hosts a “molecule” made of the two “atoms” Pml M2 and Pml ™2 The moves (17) can be thought

of as links on this lattice (we have one link both between “atoms” on a given “molecule”, as
well as links between “atoms” on neighbouring molecules).

o]l
..

2.4.3 Path independence

In the previous subsection, we have constructed a causal lattice (for three-point functions)
together with a partner anti-holomorphic causal lattice. Points on the holomorphic causal
lattice are Pgl’mz and Pznil’mz. Every move in (17) connects two lattice points and defines a
link on this lattice. A trajectory between two lattice points A and B is defined to be a continuous

20More precisely, Q = le M2 or Q = le ™2 for some values of the integers i, and .
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path - always moving along links - that takes us from A to B. Each such trajectory represents a
distinct class?! of continuous motions of the insertion locations that take us from the initial (A)
to the final (B) insertion locations. Exactly analogous remarks hold for the anti-holomorphic
part of the causal lattice.

The process of deforming insertion locations from A to B typically induces a monodromy.
We will now explain that (as in the case of two-point functions) this monodromy is independent
of the detailed path traversed between A and B.

We will demonstrate path independence by showing that the monodromy associated with
each closed loop on the lattice vanishes. We will show this result - in turn - by demonstrating
that the monodromy around each of the elementary plaquettes (“minimal” loops) - those that
can be used to tile any given macroscopic closed loops - vanishes.??

The redundant labelling of configurations (16) at first appears to have complicated our
task of demonstrating path independence. (16) appears to have doubled the dimensionality
of our lattice (from 2 to 4), and so forced us to study with (4 x 3)/2 = 6 distinct orientations of
plaquettes on this lattice (corresponding to the number of ways one can choose two directions
out of a collection of 4). However, 4 of these 6 distinct plaquettes have one leg in a holomorphic
lattice direction and the second leg in an anti-holomorphic lattice direction. In Appendices C.1
and C.2 respectively, we demonstrate

* That these “mixed” monodromies always vanish, and so we only need to worry about
the “purely holomorphic” or “purely anti-holomorphic” monodromies.

* That, moreover, the vanishing of mixed monodromies can be used to show that if the
monodromy of a “holomorphic unit face” vanishes when we are sitting at a given point
on the anti-holomorphic lattice, then the same holomorphic unit face monodromy will
also vanish when we sit at any other point on the anti-holomorphic lattice.

2.4.4 Vanishing of purely left moving monodromies

All that now remains to be shown is that purely left-moving monodromies also vanish. The
basic monodromy loop - or plaquette- in the left-moving causal lattice is given by
F F I B B I
mymy m1+1,m2 m1+1,m2+l m1+1,m2+1 ml,m2+1 mq,my mymy
P, " — Py — Py — Py — Py =Py byt (49
The monodromy associated with this sequence of moves is easily evaluated using the rules of
section 2.2). We find that it vanishes. Of course, a similar result holds for the anti-holomorphic

causal lattice. This completes our demonstration of path independence (in the context of the
three-point function).

2.4.5 Value of the three-point function at arbitrary insertion locations

With path independence established, we can now proceed to work out the value of the three
point function for three arbitrary insertion locations on the Lorentzian cylinder. The compu-
tation is not too difficult to perform. In this subsubsection we present our final result.

We first note that any set of three insertions on the Lorentzian cylinder can - by the integer
shifts w; — w; —nm - be brought to one of the two single diamond configurations depicted in
Fig. 3. The first (A type) of these configurations has the three insertion points separated in a

21We say that two different motions of insertion locations lie in the same class if they can be continuously
deformed to each other without any operator cutting any lightcone.

22The reader may find the following analogy useful. The monodromy around a closed loop is analogous to
the holonomy (of an abstract gauge field) around that path. Demonstrating path independence is equivalent to
demonstrating that this abstract gauge field is closed, i.e. its field strength vanishes everywhere. This is the case if
the field strength vanishes plaquette by plaquette, which is what we demonstrate below.
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spacelike manner on the Minkowski diamond. The second (D type) the configuration has one
pair of timelike operators, spacelike separated from the third insertion. We describe our result
for the three-point function in each of these cases.

Let us first start with configurations that can be obtained by performing the shifts
w; — w; —nm on an A type configuration. On the A type configuration itself, the three-point
function lies on the Euclidean sheet and, in particular, is real-valued. The shifts w; = w; —nmn
generically cause the three-point function to pick up a phase. This phase is given as follows.
Let us define the integers

|wji| _ |C_Oij| _
nij:[T B nij= T B Ni-=nij+nl~j, (20)

where [x] denotes the greatest integer no greater than x. With these definitions in place, we
find that the value of the three-point function, at arbitrary insertion locations on the Lorentzian
cylinder, is given by the (real-valued) Euclidean or principal value of the three-point function
times the phase

e 2mi(N1pHyp +Ni3Hyg + NpsHps) (21)

Let us now turn to the D type configuration, (see figure 3) where (n;,n;,n;) are three
integers representing the shifts we need to make to reach the final configuration diamond
number. In this case, the starting correlator (in the single diamond D type configuration) is
itself not real-valued, but instead has the phase e 2™jx, Finally, the total phase due to 7 shifts
turns out to be

o ¢ 2miNizHhy +NisHis +Noshlos +Hik) i the case that n; > n; (recall the starting D type con-
figuration had 7 P> T

o e 2miWNioHz +NisHia + NosHzs —Hyi) i the case that ny > n;.

Figure 3: A type and D type configuration for the three point function.

3 Four point functions: Kinematics and branch moves

In the rest of this paper we focus on four point correlators, the topic of principal interest to
this paper.

3.1 Four point cross-ratios

Consider the insertion of four operators, at the locations

(wj, @) (i=1...4), (22)
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on the Lorentzian cylinder (6). The (four insertion) conformal cross-ratios are given by

sin w19 sin W3y

sin Q_)lz sin 07)34
Z = —

7=

- - , — (23)
SN wq3 SN Woy SN w13 SN Woy

where w;; = w;—w;. Itis easy to explicitly verify that the cross-ratios (23) are indeed invariant
under the independent shifts (of either w; or &; by a multiple of 7 (9)) (as we have argued
expected on general grounds, see above).

In the formulae above we have assumed that w;; is a real number. As we have mentioned
above, correlators have branch point singularities: to detect which branch of the correlator
we end up on we need ie corrections to the formulae (23). The form of the ie corrections is
dictated by physical considerations. If, for instance, we wish to study time-ordered correlators
(as is largely the case in this paper) we choose

GijzeTij, e>0. (24)
The ie corrected formulae for cross-ratios are

_ sin(wqg +i€71y) sin(wsy +1€T34)

z = . . . . 5 (25)
sin(wq3 +1€T13) sin(woy +1€T94)

sin(@q, —i€T1y) sin(wsy —1€T34)

z= (26)

Sin(a_)]_g - ieTlg) Sin(C(_)24 - i6724) '

3.2 Branch moves

Correlation functions develop (branch point) singularities at z and Z = (0, 1, o0). Using (23), it
is easy to convince oneself that these singularities occur precisely when two points are lightlike
separated,?® as might have been anticipated on general grounds.

Consider a time-ordered correlator. Consider moving the location of insertions in a manner
that causes one point to cut the lightcone of another. When this happens the cross-ratio naively
becomes 0, 1 or co. However the ie in (25) and (26) tells us that our path in configuration
space misses the branch point, passing either below or above it. In the rest of this paper, we
sometimes use the term “half-monodromy” for the process of passing either over or under one
of the branch points. If the motion around the branch point is in the clockwise/anti-clockwise
direction, we call the resultant move a clockwise/anti-clockwise half-monodromy around the
given branch point. Consider, for instance, starting in the range z € (0,1) and moving over
the branch point at z = 0 towards negative z. We refer to this motion as an anti-clockwise
half-monodromy around z = 0. In this subsection, we present the rules that determine the
precise effect of this motion (on conformal cross-ratios, in the complex plane). These rules
(which are easily derived using (25) and (26)) will play a key role in the determination of the
location of branch space in subsequent sections.

The “half-monodromy” rules are

1. If P; crosses the future right moving lightcone of P; from past to future, or if P; crosses
the past right moving lightcone of P; from future to past, then this results in:
An anti-clockwise traversal around z = 0 for (i,j) = (1,2) or (i, j) = (3,4),
An anti-clockwise traversal around z = 1 for (i,j) = (1,4) or (i,j) =(2,3),
An “anti-clockwise” traversal around z = oo (i.e. an anti-clockwise traversal around
1/2 =0 in the 1/z plane, i.e. a clockwise traversal around both 0 and 1 in the z plane)
for (i,j)=(1,3) or (i,j) = (2,4).

BFor instance, (23) tells us that z = 0 when w; = w, - i.e. when points 1 and 2 lie on each other’s rightmoving
lightcone.
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2. If P; crosses the past right moving lightcone of P; from past to future, or if P; crosses the
future right moving lightcone of P; from future to past, then this results in:
A clockwise traversal around z = 0 for (i,j) = (1,2) or (i,j) =(3,4),
A clockwise traversal around z = 1 for (i, j) = (1,4) or (i,j) =(2,3),
An “clockwise” traversal around z = oo (i.e. a clockwise traversal around 1/z = 0 in
the 1/z plane, i.e. an anti-clockwise traversal around both 0 and 1 in the z plane) for

(i, ))=(@1,3)or (i,j) = (2,4).

3. The rules (1) and (2) above continue to apply if we make the replacements right-moving
lightcone — left-moving lightcone and z — z.

This set of rules completely determines where in the branch structure we land up when,
for instance, starting from an Euclidean configuration we move to any other configuration of
interest.

Notation: Every branch point is associated with one of two pairs of particles that become
light-like at that branch point. For instance, the branch point at z = 0 is associated with either
particles 1 and 2 or particles 3 and 4 becoming lightlike w.r.t each other. In the rest of this
paper, we use the associated pairs to label branch points. In other words, we use the notation

212 =234 =0, Zp3=2%14=1,  Z13=2y4=00. (27)
In a similar manner, in the Z complex plane we define,
Z12 =234 =0, Zg3=Z14=1,  Z13=1%y4=00. (28)

Using the notation developed above, rules presented earlier in this subsection can be rewritten
as

1. If P; crosses the future (past) right-moving lightcone of P; from past to future, or if
P; crosses the past (future) right-moving lightcone of P; from future to past, then this
results in an anti-clockwise (clockwise) half-monodromy around z;;, i.e., 4/A;; (1/Cj;)-

2. The above rule continues to apply if we make the replacements right-moving lightcone
— left-moving lightcone and z — 2.

Also note that, by definition, two consecutive half-monodromies (i.e. half-monodromies with
no other monodromy inserted in the middle) yield a full monodromy, i.e., {/A;; - 1/A;j = A;;

and 1/ Cl] * 4/ Cl] = Cl]
3.3 A matrix representation of branch moves

As we have already explained in the introduction, a CFT correlator can be written in terms
of conformal blocks, in the form (1). Individual conformal blocks are multivalued: however,
it is always possible to choose convenient bases of blocks that have no branch cuts in any
given portion of the real axis. In this subsection, we explain how we can switch between the
relevant basis blocks to obtain a matrix representation for any given monodromy operation.
The content (and notation) of this section closely follows the classic papers of Seiberg and
Moore [24-27,27,28].

3.3.1 Basis for blocks

In this subsubsection, we define three different convenient bases for blocks. Our bases are
respectively chosen to ensure that all basis elements are free of branch cuts in the range (0, 1),
(1, 00) and (—o00, 0) respectively.
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Blocks a,, regular in (0,1) To start with consider blocks that diagonalize the monodromy
of 1 around 2, and 3 around 4. Such basis blocks describe the fusion of 1 with 2 (and so 3
with 4) to an operator with dimensions h,,, h,,,. We call such a block a,, (recall that m is the
operator into which 1 and 2 fuse). Near z = 0, such blocks behave like m, and so,
generically, have branch points at z = 0. We choose this (relatively simple, phase type) branch
cut to run from z = 0 to z = —o0 along the negative z axis.

The blocks a,, have a second branch cut at z = 1 (this cut can be thought of as a conse-
quence of the fact that the 1 — 2 OPE does not converge if 3 lies somewhere on the straight
line between 1 and 2). This cut can be chosen to run from 1 to oo along the real axis. This cut
is more complicated because the discontinuity across it is non-abelian: the blocks a,, above
the cut are linear combinations of a,, (for all n) below the cut.

Figure 4: Blocks a,, regular in (0,1).

The key point for us, however, is that no element of this basis of blocks has a branch cut in the
range z € (0,1).

Blocks f,, regular in (1,00) A very similar construction yields blocks that are regular in
the range (1, 00). We choose blocks that diagonalize the monodromy as 2 is taken around
3, i.e. blocks f3,, in which 2 and 3 fuse to O,,. We choose the branch cut for the “Abelian”
monodromy of this block to run from 1 to 0. The more serious “non-Abelian” monodromy of
this block has a branch cut from —oo to 0. These blocks are regular for z € (1, 00).

Figure 5: Blocks f3,,, regular in (1, 00).

Blocks 7, regular in (—oo,0) Finally, blocks in which 1 and 3 fuse to O,, are called y,,. The
Abelian cut of this block is taken to run from 1 to co. The cut of the non-Abelian monodromy
is taken to run from (0, 1). These blocks are all free of cuts in the range (—oo,0).
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Figure 6: Blocks y,, regular in (—00,0).

3.3.2 Change of basis

Each of the collection of blocks, {a,,}, {f,,} and {y,,} are individually bases for the space of
blocks. As a consequence, everywhere in the upper/lower half-plane, we have

Bm(z) = (F)! a,(2), (29)

where the “fusion” matrices F* are constants, independent of z. The two matrices F* are
distinct from each other as moving from the upper to the lower half plane requires either the
a block or the f block or both to move through a cut. Similarly, in the upper/lower half-plane

Ym(z) = (B a,(z). (30)

The relationship between 8 and y can now be deduced from (29) and (30). On the up-
per/lower half plane we have
y=B*(F*)7'B. 31

3.3.3 Matrix implementation of motion in sheet space

Consider a (in general complicated) trajectory in z space. The trajectory could, for instance,
involve loops around the branch points, etc. We are interested in following the evolution of
the normalized correlator (1) as we move along this path. This can be conveniently done
as follows. Let us adopt the following convention: whenever the real part of z lies between
(—00,0), we use the expression (1) with blocks expressed in the y basis. When the real part
of z lies in the range (0, o), we use the expression (1) with blocks expressed in the a basis.
Finally, when the real part of z lies in the range (1, 00), we use the expression (1) with blocks
expressed in the 3 basis.

If we adopt the convention described in the previous paragraph, we are compelled to
change the basis whenever the real part of z crosses 0, 1 or co. The advantage of adopt-
ing this convention is then, that we can always cross real z in a completely smooth manner
without ever encountering any cuts, as our basis blocks - by construction - are always regular
along the real axis.

It follows that moving along any trajectory in z space affects the expression (1) in the
following way: the Pairing matrix gets multiplied, from the left, by a series of constant (i.e. z
independent) “basis change” matrices every time we move over (or under) any of the branch
points 0,1, co. In subsection 3.2, we introduced the terminology “half-monodromy” for the
process of passing over or under any branch point. We see that the discussion of this section
has allowed us to represent each of the half-monodromy moves in terms of matrices.

As an example consider a trajectory that starts in the range z € (0, 1), loops around the
branch point at unity in a counterclockwise manner, and then returns to its original location.
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This operation turns the expression (1) into another expression of similar sort, but with P
replaced by P’ where P/ = (FT)"'F~P.

3.4 Euclidean single valuedness

In this paper, we are principally interested in correlators on the Lorentzian section (z and 2
are both real). In this subsection, however, we study the simpler Euclidean section, on which
z and 2z are complex conjugates of each other. This section computes correlation functions in
Euclidean space.

Now Euclidean correlators are single-valued. Suppose we start at some point (z,%), and
then move the locations of our four inserted operators in any way we like, ensuring, however,
that the final configuration (at the end of the motion) has the same value of the cross-ratios,
(z,%), as the initial configuration. Single valuedness tells us that the correlator has the same
value at the beginning and end of this motion. This condition is easily unpacked. Let us
suppose that the motion we have undertaken involves n “half-monodromy” operations (i.e.
n different crossings across Re(z) = 0,1, 00). According to the conventions of the previous
subsection, each such “half-monodromy” move requires a change of basis and is implemented
by the appropriate matrix multiplication.

Let the i'" basis change matrix be denoted by M; (on the holomorphic side) and ]\711.* on the
anti-holomorphic side.?* It follows that the full motion effectively causes the pairing matrix P
to be transformed into

M- M M{PM M, - M,,. (32)

Single valuedness tells us that P is invariant under this operation. In other words that

M- MIM{PMMy---M,=P. (33)

n

(33) can be rewritten as
ottty -1 —1a,-1
M- WENGP=PM Y- MM (34)

(34) tells us that any sequence of half-monodromy operations performed on Z can be traded
for a related sequence of half-monodromy operations on 2.

Consider a configuration on the Lorentzian cylinder in which our four insertions are all
inserted on a single spatial slice. Such a configuration has z = z = real and so lies both on the
Lorentzian and the Euclidean sections. For this special class of configurations, the time-ordered
correlator coincides with the Euclidean correlator.

Let us now move the insertion locations of the operators on the Lorentzian cylinder, away
from this special configuration, but in such a way that all points always remain space-like
separated with respect to each other. This constraint defines a region of the Lorentzian section
that we call the Euclidean patch. Time-ordered correlators of the Euclidean patch are simple
analytic continuations of Euclidean correlators.

The strategy we will adopt in this paper is the following. To reach a particular configuration
of operator insertions, we will start with a configuration on the Euclidean patch, and then
describe the branch moves (monodromies) we need to make to reach the configuration of
interest.

In the rest of this section (i.e. in subsection §3.5 below) we study the Euclidean patch in
more detail. This study will prove useful in section §6, where we will describe a protocol to
move from configurations on the Euclidean patch to arbitrary configurations of interest.

24In the special case of a diagonal CFT, we can choose our basis of anti-holomorphic blocks to be complex
conjugates of the holomorphic blocks. In this case M; = M,.
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3.5 Ranges of z and z for Euclidean configurations

It is not difficult to verify that - for Euclidean configurations - the following cyclical orderings
map always yields conformal cross-ratios in the corresponding ranges as listed below.2°

(1234) and (4321)—>z€(0,1), and ze€(0,1),
(1324) and (4231)—>z€(1,00), and Zze€(1,00), (35)
(2134) and (4312) > ze€(—00,0), and Ze€(—00,0).

The rule (35) can be invariantly stated as follows. With any ordering of points (up to
cyclical permutations), (abcd), we associate the singular point z,. = 2,4 = 2 (see (27) for
notation). Note that cyclical permutations and parity reflections of (abcd) do not change this
association. To the value of z, we then associate the unique range that does not include the
point z as one of its endpoints. Consider, for instance, the first of (35). The associated value
of z is 2,4 = 00. The unique range that does not include oo as one of its endpoints is (0, 1),
explaining the first line of (35).

For future use, it is useful to have names for the intervals of the real line that appear on
the RHS of (35). Let us define

(—O0,0) =R23 =R14,
(0,1) =Ry4 =Ry3, (36)
(1,00)=Ry; =Rgy4

(the indices associated with particular ranges have been determined by the logic of the previous
paragraph).

It is not difficult to verify that as we range over all Euclidean configurations, we obtain a
full coverage?® of the ranges specified in (35). Let us consider, for example, the case of the
ordering (1234). In this case one standard configuration

w; =0, wy=w, w3=
(37)
(;)1:0, 6_1)2:6_1), Wy =

Using (25), it is easy to check that for this configuration z = tanw and Z = tan@. As w
ranges between 0 and Z, z ranges from O to unity, and an analogous statement is true of Z.

4 Path independence of four point functions

We would like to find the sheet location of a four-point correlator with the four operators
inserted at the coordinates (c;, @;) with (i =1...4).%7

As in our analysis of two and three-point functions in section 2, our strategy for this de-
termination is to first evaluate the correlator at four points that are spacelike separated, and

21t is not possible to reverse the cyclic ordering of operators (along ) of our four insertion points while staying
within the class of configurations for which all points are spacelike separated. Note that the orderings above -
which were specified for the variable 0 - are also the orderings of w and & (this follows because all points are
spacelike separated).

26While we have not attempted a careful proof of this claim, we believe that all mutually spacelike separated
points with a given z - and a specified ordering of w; - are related by SL(2,R) x SL(2,R) x P transformations, where
P is the parity operation that takes 6 to —6.

27 As explained subsection 2.1, this labelling is convenient by redundant as

(w; + mym, &; + mym) ~ (w;, &),

where ~ means “is the same point as”.
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then continuously deform our insertion points until we have reached the points of interest,
tracking half-monodromies in the process. In this section, we will demonstrate that the mon-
odromy obtained via this process is independent of the path we choose to move on from the
starting configuration to the configuration of interest (recall that a similar result held for two
and three-point functions, see §2). Indeed, our demonstration of path independence closely
mimics the corresponding analysis for three-point functions presented in §2.4. In particular
we, once again, choose to work in a holographically factorized manner.

4.1 Points on the holomorphic causal lattice

We choose to insert operator 4 at the origin, and operators 1, 2, and 3 at

W =—mn—ay,

&y =mn+a;,

w2 e (38)

wy =NT+0a,y,

C_l)g = pﬂ' + dg .
The relative causal orderings are determined by m, n, p together with the relative orderings
of a; (an element of S3).28 We denote a configuration with a; < a; < ay as an (ijk) con-
figuration. The holomorphic causal lattice is a 3-dimensional cubic lattice (whose points are
labelled by the integers (m, n, p)), with a “6 atomized molecule” at each site (the 6 atoms are
the 6 permutation elements (ijk)).2° We then use the terminology

AP =m,n,p, (123),
AlPP =m, n,p, (231),

2
Agl’n’p =m,n,p, (312),
mnp __ (39)
B]_ _m:nsps (132)’
B;n’n’p =m,n,p, (321),
B;n’n’p =m,n,p, (213)

(and similar expressions in the anti-holomorphic sector), to denote the causal configuration
(or branch structure) corresponding to the insertions (38).3% 3!

In summary, the holomorphic causal lattice is a three-dimensional cubic lattice with each
lattice site hosting a “benzene molecule” whose atoms are one of the 3 As or one of the 3 Bs,
listed in (39).

4.2 Links on the holomorphic causal lattice

A deformation of insertion points that results in one (holomorphic) light cone crossing is a link
- or a bond - on the holomorphic causal lattice. Four links radiate out of each lattice point.
Consider the lattice point m,n, p, (ijk). The links emanating out of this point are the moves

28We will use the symbols m, n, p rather than m;, m,, m, (the analogue of our notation for 3 point functions),
because these symbols will occur in many places below, and we find symbols without subscripts easier to read.

' Notice that w; = —m; 7 — a; whereas &; = m; 7t + &;. The minus sign convention for w; is so that increasing
m; and a; will mean increasing time direction, just like increasing m and @ mean increasing time direction for @.
—T; 0, +T;

Recall that this is due to definitions w; =

and &; =

301n other words, A, refers to the atom at cubic lattice site (m,n, p) and with a; < a, < a;, and so on.
31Notice that A;,A, and A, are cyclically related : the same is true of B;, By, B.
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B, Py, P,,F, which are defined as follows. B moves O; backwards in time (so forward in w;)
till it cuts the holomorphic lightcone emanating out of O4. P; moves O; forward in time (so
backward in w;) till it cuts the holomorphic lightcone centered at O;. P, takes O; forward in
time (so backward in w;) till it cuts the holomorphic lightcone centered at Oy. And F takes
Oy forward in time (so backwards in wy) till it cuts the holomorphic lightcone centered at O,.

Each of B, P, P,, F maps the lattice point (m,n, p), (ijk) to another lattice point, whose

value we list below. P; acts as

P, acts as

mnp
Al
mnp
A2
mnp
AS

mnp
Al
mnp
A2
mnp
A3

mnp
B,

e, (40)

mnp
B,
By, (41)
mnp
B,"",

The move F that takes the last a; “ahead” (past the next spiral of the lightcone centered on

wy) acts as

mnp
Al

mnp
A2

mnp
A3

B _,

1

BMP _,

2

BMP _,

3

N A;n,n,p+1

>

N Am+1,n,p

1 >

N Am,n+1,p

2 b

m,n+1,p (42)
B

3 >

m+1,n,p
B, 5

m,n,p+1
B} :

Finally, the move B that takes the “first @; one behind (that crosses the lightcone out of O, to
the past) is simply the inverse of the move above, i.e.

—1,n,p
Amnp _)Am ,n,
1 2 ’
mnp m,n—1,p
A2 A3 ’

3
B
By
By

mnp m,n,p—1
Ay T — Al

- Bm—l,n;P

3

(43)
2 b

N Bm,n,p—l

3 3

— Bm,n—l,p )

1

Fig 7 gives a pictorial representation of the connections or edges between neighbouring
vertices on the lattice described in (42) and (43). Note that the connections link one kind of
“atom” on a given lattice point, to a related but distinct “atom” on the neighbouring point. As
illustrated in Fig 7 for example, A; type “atoms” link to A, atoms at one lower value of m, but
to A; type atoms at one larger value of p.
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(m,n,p+1)
A]. _>A3 Bl i BZ
B; — B, Az > Ay
(m,n+1,p)
(mnp)
(m+1,n,p)
AZ _)Al
BZ d 33

Figure 7: Links on the causal lattice involving “atoms” at the site (m, n, p).

4.3 Vanishing of mixed holonomies and triviality of winding

As in our study of three-point functions §2.4.3, we call any continuous collection of links that
begins at A and ends at B a trajectory from A to B. Any continuous deformation of operator
insertion points - from a configuration that lies in the causal class A to a second configuration
that lies in the causal class B - travels along some trajectory from A to B. In this section, we will
demonstrate that the monodromy associated with any such motion of insertion points depends
on the endpoints A and B, but is independent of the details of the trajectory.>? Equivalently, we
demonstrate that every closed loop produces a trivial monodromy. To establish this result, it is
sufficient to demonstrate the vanishing of the monodromy associated with every elementary
plaquette on the causal lattice. These plaquettes are of two types; those that lie entirely in the
holomorphic (or entirely in the anti-holomorphic) lattice and those that are mixed.

Mixed monodromies vanish if and only if the holonomies associated with left and right
moving motions commute with each other. That this is the case follows immediately from
subsection 3.3.23 It remains only to show that the holonomies around purely holomorphic and
purely anti-holomorphic plaquettes all vanish. We turn to this point in the next subsection.>*

4.4 The holonomy of a purely holomorphic closed loop vanishes

To complete our demonstration of single valuedness (as mentioned above) it remains to
show that the monodromy associated with a purely holomorphic closed loop (or purely anti-
holomorphic closed loop) vanishes. In the rest of this section, we present a demonstration of
this point.

Recall that the holomorphic causal lattice consists of 6 “atoms” on each site of a cubic
lattice. It is useful to view this lattice as a fibration, with the cubic lattice as the base, and the
six atoms as the fibre. To establish path independence,

321 e. that the gauge field associated with monodromies is flat.

33This result - together with the analysis of Appendix C.2 - then tells us that the monodromy associated with a
closed loop in w; space at fixed @; is independent of the value of ;.

34A motion that increases m; by an integer, but decreases m; by the same integer also carries trivial monodromy.
Such a motion causes the insertion point of O; to wind around the circle of the cylinder an integer number of times.
The single valuedness of correlators under such a winding is guaranteed on general grounds by the fact that h;, —h;
is an integer. For completeness, in Appendix B.2 we analyze the monodromy associated with one such winding
motion and verify that it is indeed trivial.
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1. We first demonstrate that the monodromy vanishes for any closed loop contained entirely
in the fibre (at any given base point). Recalling that the fibre is the group manifold S,
proof of this point follows as a special case of the analysis presented in Appendix E.1.

2. We then demonstrate the vanishing of the holonomy associated with plaquettes that are
part in the fibre and part in the base - but are trivial when projected down to the base.

3. Finally we study the projection of paths down to the base and demonstrate the vanishing
of the holonomy on any convenient representative for plaquettes of this projection.>”

4.4.1 Triviality of loops on a “Hexagon molecule” at a given location

Let us first start with the analysis of paths that are identical on the base but different on the
full lattice. Using the fact that the 6 atoms in a fibre are elements of Ss, it follows as a special
case of the analysis of Appendix E.1 that loops on a given fibre are trivial.

4.4.2 Triviality of mixed loops that descend to trivial loops on the base

Let us now consider loops that involve motion in both the fibre and the base, but are trivial
(i.e. involve only paths that simply retrace themselves) when projected to the base.

Recall that the cubic lattice points (m,n, p) and (m+1, n, p) are connected by the following
two links:

F(AP™P)=ATTEMP - p(BY™MP) =BT (44)
Noting also that

LA™Y =BI, py(BIT) = AT, ws)

PAT =B, BB = A

we see that the operation
BP,FP,(B,"""), (46)

generates a closed loop. When this loop is projected down to the base it appears to reduce
to the trivial sequence of operations (m,n,p) — (m+ 1,n,p) — (m,n,p). On the full lattice,
however, the operation takes us around a square - and so is not necessarily trivial. This square,
plus its (cube) reflected counterparts

BP,FP, (A7), (47)

and
BP,FP,(B;"™"), (48)

“generate” all nontrivial paths (in the space of trajectories that appear trivial on the cubic base
space).%® In Appendix E.2 we verify, however, that each of these three “generator nontrivial
loops” has a trivial monodromy, completing our demonstration of (1) above.

35Two plaquettes that are different in the full lattice may be identical in projection down to the base. In this
situation it is now sufficient to demonstrate the vanishing of holonomies for any one of these cases; the vanishing
for all others then follows from the first two points above.

36The projection of these two trajectories onto the base cube reduce, respectively, to
(m,n,p) » (m,n+1,p) — (m,n,p) and (m,n,p) = (m,n,p + 1) — (m,n, p).
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4.4.3 Triviality of loops on the cubic face

We now turn to the study of nontrivial loops on the base cubic lattice. The traversal around
each of the three faces of the cube gives a basis for loops on this lattice: to show path inde-
pendence we must show that the monodromy associated with each of these face traversals is
trivial. One set of operators generates a closed loop that descends, on the base cubic lattice to

(man:p)_>(m+17n)p)_)(m+1)n+1)p)_)(m5n+15p)_)(m7nap)7

is
P, P,P|BP,BPFP,F (A7™F) .
In Appendix E.3 we verify that the monodromy associated with this closed path - as well

as those for paths on the two other faces of the cube - are trivial. This completes our demon-
stration of the path of independence of all monodromies.

5 Monodromies for all causal configurations on a single
Lorentzian diamond

In this section, we focus on configurations in which all four operators are inserted in a single
Minkowski diamond (equivalently, in ordinary Minkowski space). We proceed to determine
the sheet monodromy associated with any such insertions. We address this question for two
reasons. First, because of its intrinsic physical interest (in practice we are often interested in
the dynamics of a conformal field theory in Minkowski space). Second, as useful input for the
analysis of the same question on the Lorentzian cylinder (recall that the Minkowski diamond
forms a unit cell for this cylinder: see around Fig. 1a).

The procedure we adopt to work out the sheet structure is the following. Consider a
Minkowski diamond centered at T = 0. Say we are interested in insertions at the locations
(w;, ®;). We begin, instead, by inserting the operators at the locations (a;, a;) with a; = ®;.
In other words, we insert all operators on the spatial slice T = 0, and at the correct values of
;. All operators are spacelike separated on the starting location, and so the correlator starts
on the Euclidean sheet. We then continuously deform w; - always staying at constant values
of @ - until we reach the locations of interest. In the process of moving from our initial to
final configuration, we are forced to cross several lightcones. Each of these crossings results
in a leftmoving (or holomorphic) “half-monodromy”, whose nature is dictated by the rules of
subsection 3.2. By keeping track of all these various half-monodromies (and their order) we
obtain our final result for the monodromy location (w.r.t. the Euclidean sheet) associated with
any given insertion locations.>”

In the rest of this section, we simply present the results of the implementation of the algo-
rithm spelt out in the previous paragraph.

5.1 Configurations on the Euclidean sheet

It turns out that several causally distinct classes of configurations lie on the Euclidean sheet;
these configurations are all enumerated In Figure 8. All of these configurations correspond to

37While we choose our path (that connects initial to final locations) in a purely left-moving manner, this does
not, of course, completely determine the path, as we could first move particle 1, then particle 3, then particle
4... or chose some other order. In the previous section, we demonstrated that the final result does not depend on
the details of this choice (see Appendix E.1 for a direct demonstration of this point in the case of the Minkowski
Diamond). In the analysis of this section, as a consequence, we choose our order of operator motions in any
convenient manner.
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values of z and z in the same range (e.g. they both lie in the range (0, 1) or both in (1, c0) or
(—00,0); see (35)).

The conventions of Fig 8 are as follows. The figure specifies the causal structure in the
Minkowski diamond. Black dots represent operator insertion locations. Blue lines represent
light cones emanating out of operators. For instance, the first diagram in Figure 8 denotes a
configuration in which all points are spacelike separated w.r.t. each other (i.e. the Euclidean
configuration studied in section §3.5). The second diagram in the figure depicts a configuration
in which three points are mutually spacelike, and they all lie to the past of the fourth point.
The third diagram depicts the time reversal of the second. The fourth and fifth diagrams
depict configurations in which three points are timelike separated from each other - but are all
spacelike separated w.r.t. the last point. The final diagram in the Figure depicts a configuration
in which all four points are timelike separated w.r.t. each other. Correlators in each of these
configurations turn out to lie on the Euclidean sheet.

; L v e o
o o o o . . Je
m n 1 em me 1
e o o em
;oo ; en ne ne
(a) A. (b) B. (o) C. (d) D. (e) E. OEF

Figure 8: Configurations on the Euclidean sheet.

We have already mentioned that all the configurations in Fig 8 have values of z and z that
lie in the same ranges (35). The rules that determine what this range is - whether (—o0, 0),
(0,1) or (1, o0) are given as follows

* Fig 8a : The rule depends on the cyclical ordering of the points along the spatial, is
invariant under reflection, and is presented in (35).

* Fig 8b, 8¢ : In this case, one translates the future/past operator along the blue line until
it is spacelike related to the other three operators, and then uses the rule for Fig 8a
presented above.3®

* Fig 8f : In this case, one translates all the top three operators along leftmoving past
lightcones (or rightmoving past lightcones) and moves them until they are spacelike
related to each other. After doing this one uses the rule of Fig 8a for the resultant
configuration.

» Fig 8d, 8e : In this case, one translates the special operator along the blue line until it
is either to the past or to the future of all the other three operators. One then uses the
rule for Fig. 8f for the resultant configuration.

5.2 Configurations that are one crossing away from the Euclidean sheet

All configurations that are a single crossing away from a Euclidean configuration are listed in
Fig. 9 (together with the Euclidean configurations that they are related to by a single crossing).
For each of these configurations, we can deduce which final range (X, Y)>° the cross-ratio lies
in - and how one transits to this range from the associated nearby Euclidean configuration
(Y,Y) as follows.

38We get the same answer if we translate along either the left or right lightcone because the rule of (35) depends
only on the cyclical ordering of operators. Similar comments apply to all the subsequent rules presented below.
%%Here X,Y are any of R;, i =1,2,3.
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We start from the Euclidean configuration listed in the first column of Fig. 9. The cross-
ratios for this configuration lie in the range (Y, Y) where the value of Y can be deduced from
the rules presented in the previous subsection. We then move the special operator along the
left moving light cone (i.e. along a line of constant 8 + 7) until it reaches its final position.
This motion involves a single crossing of a z lightcone at either g =0 or z = 1 or g = +oo0.
The cutting always happens at the value of z that lies at one of the two boundaries of Y.
(For instance, if Y = (0, 1), the light cone we cross in our motion will always be either z = 0
or z = 1). The range X equals the range that neighbours Y along this boundary. We make
this move either above or below the branch point (at the boundary of the ranges X and Y):
whether above or below is determined by the rules listed in subsection §3.2.

....|:>.<; <;> ;>.

Y A

Figure 9: The left column represents the Euclidean configurations presented in §8.
The configurations on the right side are configurations that are one crossing away
from the corresponding Euclidean sheet.

The rules presented here are very easy to implement. We illustrate this in a couple of examples.

Consider the second diagram on the first row of Fig 9, with the particular choice of the
ordering of operators shown in Fig. 10. In this example, the starting Euclidean configuration
lies in the range (R,,R,). To go from this configuration to the one in interest, one moves
operator 4 towards the future along the left-moving light cone. In this process, we cut the
rightmoving light cone emanating from operator 3 (see Fig 10). The corresponding branch
point lies at z = z34 = 0. It follows that the final configuration for this figure lies in the range
(Ry,R;). According to the first of the rules in subsection §3.2, we must make the traversal
from (R,,R,) to (Ry,R;) in an anticlockwise manner. It follows that, in going from R, to Ry,
we cross the branch point at z = 0 from above, as illustrated in Fig 11.
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1 2 3 4 1 2

Figure 10: An example of configurations that are one crossing away from Euclidean
sheet.

w e e

/

Figure 11: Monodromy related to Fig. 10.

4 3/ 4

d e

L e T LY
) 2

Figure 12: Another example of one crossing away configurations from Euclidean
sheet.

0

~_| “~ 1

Figure 13: Monodromy related to Fig. 12.

As a second example, consider the third diagram on the fourth row of Fig 9, with the
particular choice of the ordering of operators shown in Fig. 12. In this example, the starting
Euclidean configuration lies in the same range (R,,R5). To go from this configuration to the
one in interest, one moves operator 4 towards the past along the left-moving light cone. In this
process, we cut the future rightmoving light cone of 3 from future to past. This corresponding
branch point (in cross-ratio space) lies at z = z3, = 0. It follows that the final configuration for
this figure lies in the range (R,,R;). According to the second of the rules in subsection §3.2,
we must make the traversal from (R,,R,) to (Ry,R;) in a clockwise manner. It follows that, in
going from R, to Ry, z crosses the branch point at z = 0 from below, as illustrated in Fig. 13.
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5.3 Configurations related to a Euclidean configuration by two crossings

In the previous subsection, we presented a classification of all configurations that lie “one
crossing” away from a configuration on the Euclidean sheet. In this subsection, we present a
classification of all configurations that lie “two crossings” away from an Euclidean sheet config-
uration. Fortunately, these are the most complicated configurations we will need to consider:
it turns out that all correlators on the Minkowskian diamond are at most two crossings away
from an Euclidean sheet configuration.

Consider some cross-ratios (z,%) that lie on the Euclidean sheet. It follows that g and %
both lie in the same R; range. Configurations that lie two crossings away from this Euclidean
sheet configurations are all depicted in Fig. 14, and of two qualitatively different types. Con-
figurations of the first type are depicted in the first two diagrams in Fig 14. We will call the
configurations in the first (14a) and second (14b) diagrams Regge and scattering configura-
tions respectively. It is easy to check that both these configurations have cross-ratios with
values of z and z that both lie in the range R;,, (see (36) for definitions). This is the same
range of z and z variables that we find for appropriate Euclidean configurations.

Configurations depicted in subfigures 14c and 14d, on the other hand, are of the second
type. These have cross-ratios z and z in different R; ranges.

m n ° )
je on
i j i m
(b) (© (d

(@

Figure 14: Configurations which are two monodromy away from the Euclidean sheet.
The first configuration is known as the “scattering configuration” whereas the 2"
configuration is known as the “Regge type” configuration.

Let us first study configurations of the first sort, i.e. the configurations depicted in the
first two figures of Fig. 14. Even though z and Z lie in the same R; region in this case, it is
not difficult to verify that in this case, the correlators do not lie on the Euclidean sheet. The
sheet these correlators lie on is obtained by starting on the Euclidean sheet and making either
a single clockwise or a single anticlockwise rotation (around the appropriate branch point),
depending on whether it is scattering or Regge configuration respectively. We now explain this
point in more detail.

je on

i m

Figure 15: Regge configuration.

Regge configurations: The Regge configurations depicted in figure 15 can be constructed
from the all space-like configuration (ijmn). Starting from this space-like configuration we
move P; along a left-moving light cone, in the process crossing the future right-moving light
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cone of P; from past to future. Using the rules of §3.2 the effect of this move, in cross-ratio
space, is an anticlockwise rotation around the point z;; by an angle 7, i.e. the half-monodromy

\/A_ij . Next move P, to the future along its left-moving light cone. In the process P, cuts the
future right-moving light cone emanating at P,, from past to future. Once again, the effect of
this move, in cross-ratio space, is a second half-monodromy \/A_l] . It follows that the net effect
of the two motions described above is an A;; i.e. a complete 27 anticlockwise rotation around
Zij-

m
]

[ =]

J
Figure 16: Scattering configurations.

Scattering configurations: The scattering configurations depicted in figure 16 can also be
constructed from the all space-like configuration (ijmn). Unlike the Regge case, the motion
that takes us from the Fuclidean configuration to the scattering configuration involves (at
least) four light crossings. Starting from the space-like configuration we move P,, along its
left-moving light cone, causing it to cross the future of the right-moving light cone of P; and
P; from past to future consecutively. Using §3.2 rules, the impact of this motion in cross-ratio
space is a /A, followed by a /A;,. Next, we take P, to the future along its left moving light
cone, causing it to cross the right moving light cones of P; and P; in that order. The impact of
this motion on cross-ratio space is a 4 /A;, followed by a 1/A;,. So, the net effect (in cross-ratio
space) of these motions is /Ajp, + v/Aim * y/Ajn - V/Ar-** The two middle half-monodromies
combine to give an A;,,, so our net monodromy operation simplifies to /Ajp, *Ajm * 1/Ajm = Cij
(the reader will find it easy to verify the last equality once she puts pen to paper, for instance
by choosing any convenient specific values for i, j, m, n).

Configurations of the second type: The remaining configurations in figure 14 do not go
through a full monodromy rather they change the range of the cross-ratios.*! The locations
associated with these configurations (in branch ratio sheet space) are easily worked out along
the lines of the discussion for Regge and Scattering configurations. We leave the detailed
explication to the interested reader.

“OThrough this paper, when we list a sequence of half-monodromies in the form H,.H,.H,...H, we mean the
half-monodromy H, followed by H, ... followed by H,.

“I'We emphasize that moves described above generically change the values of cross-ratios (the cross-ratios in the
final configuration never equal those in the initial starting configuration). This fact is obvious for configurations
of the second type (as the moves above change the ranges of z and %), but is also true for configurations of the
first type. The left-moving motion of a single operator always changes cross-ratios ( unless the motion changes w
by a multiple of 7, but such moves always take one out of the Minkowskian diamond). While the simultaneous
left-moving motion of two operators can leave z invariant, this requires fine-tuning of the final operator locations
within the Regge/scattering configurations.
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6 Moving to arbitrary configurations

In the previous section, we have given a complete classification of all configurations for which
our four insertion points all lie within a Minkowskian diamond. Of course, not every configu-
ration (of insertion of four operators) on the Minkowskian cylinder has all four insertion points
within a single Minkowskian diamond. As the Minkowski diamond forms a unit cell for the
Lorentzian cylinder (see around Fig 1b) however, every collection of insertion points on the
cylinder can be obtained starting from some configuration within a single Minkowskian dia-
mond and making shifts w; — w; £ n;m, with all values of &; held constant.*? Such moves do
not change the cross-ratios associated with the collection of insertion points (see (23)), but,
in general, result in monodromy operations. In this section we compute the monodromies
that result from any such move - and so for any given choices for insertion locations on the
Lorentzian cylinder.

6.1 Notation for monodromies

In this subsection, we briefly remind the reader of our notation for monodromies (already
briefly introduced in §3.2). We denote clockwise half-monodromy around the branch point z;;
by ,/C;;. Similarly, an anticlockwise half-monodromy around z;; is denoted by ,/A;;. We use
the notation /M - /M, - /M5 - - - /M, to denote the operation of the half-monodromy +/M;
followed by the half-monodromy /M, followed by the half-monodromy /M, etc.

We define a full clockwise monodromy, C;; around the branch point z;; as two half-
monodromies around z;; that follow immediately after each other (i.e. without any other
half-monodromies occurring in between). In equations

VG /Cij=Cy. (49)
VA VA=A (50)

where /A;; is the anticlockwise half-monodromy around z;;. On the other hand
VCiji VA=A /Cj= ¢, (51

where ¢ is the trivial monodromy. Note, of course, that half-monodromies do not commute
with each other. For example, starting at a value of z in (1, 00), and executing the motion
A/Ays - Ciq - 4/ Cos takes us along the path depicted in Fig 17.

Similarly

42Rewritten in terms of 6; and 7;, this motion amounts to 7; — 7; —n; 7, 6; — 6; + n; 7. In the special case that
n; is even, n; = 2m;, this motion gives the same monodromy as 7; — 7; + m;(2m) at fixed 6; (recall that winding
0, around the circle does not result in a monodromy).
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N

=

~

Figure 17: Executing the motion 4/A,3 - C;4 - 4/ Co3 starting from the range (1, 00).

This path is clearly different from C;,; indeed one cannot even execute a C;, starting from
z € (1, 00) as the starting range does not border z,5, = 0.

6.2 Monodromies induced by w; —» w; £ 1

If a set of insertion locations can be obtained starting from some given insertions on a given
Minkowski diamond and then making the shifts

w; = W — M, w; = ©;+m;m, i=1,2,3,4,

it follows from the periodicity of 6 that the same insertion locations can also be obtained
starting from the same initial condition and making the purely holomorphic shifts,

wi—>wl~—(mi+n—”tl~)ﬂ:, C_L)i—>(l_)i, i:1,2,3,4. (52)

In this subsection, we will derive the rules for monodromies induced by shifts of the form (52),
i.e. for shifts of w; by integral multiples of 7, with ; are held fixed.

In making the w; shift w; — w; & 7, we cross the right moving lightcone emanating out
of each of the particles P; (j # i) exactly once. We could cut the lightcone emanating out of
any of the other particles - say the one at P,, - either to the past of P, or to the future of P,,.
In other words, we could (depending on details) cut either the future or the past rightmoving
lightcone of P,,. This is true for each of the three values of m. We thus have many possibilities.
Using the rules listed in section §3.2, it is easy to work out the following set of rules for the
(future directed) move w; — w; — 7 with all other w; (and all ,,) held fixed.*®

1. If the crossed lightcones, emerging from all P; insertions are all future or all past light-
cones (so that all three crossings happen with past lightcones or all three crossings hap-
pen with future lightcones) then the resulting move results in no monodromy i.e. the
identity monodromy ¢.

2. If the move results in one crossing of the past lightcone emerging from P;, but only
crossing of future lightcones emerging from the other two insertions, the resultant mon-
odromy depends on the order of these crossings.

“Note that the motion w — w — 7 is a future directed left moving shift, as «w = 9%.
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Figure 18: Crossing of two consecutive future light cones from past to future.

If we first cross the two future lightcones and then the past lightcone, or first cross the
past lightcone and then the two future lightcones, then the resultant monodromy is a

clockwise circle around z;;, i.e, C;;.

m 1

Figure 19: Crossing of two future light cones with a past light cone in the middle
from past to future.

On the other hand, if we first cut a future light-cone emanating from P,,, then past
light-cone emanating from P;, future light-cone emanating from P, the resultant mon-
odromy is first 4/A;, then C;; then 4/C;,. Note that this sequence of moves cannot be
represented as a single monodromy around any branch point. So the answer is

VAimCij v/ Cim =V Cip - Cij - VA - (53)

3. If the move results in one crossing of the future lightcone emerging from P;, but only
crossing of past lightcones emerging from the other two insertions, the resultant mon-
odromy again depends on the order of these crossings.

i j i
Figure 20: Crossing of two consecutive past light cones from past to future.
If we first cross the two past lightcones and then the future lightcone, or first cross the

future lightcone and then the two past lightcones, then the resultant monodromy is an

anticlockwise circle around z;;, i.e, A;;.
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i

Figure 21: Crossing of two past light cones with a future light cone in the middle
from past to future.

If, on the other hand, the order of crossings is first past of P, then future of P; and then
past of P, then the resultant monodromy is /C;,, followed by A;; followed by +/A;,

ie.,
V Cim Aij - VA = VAin Aij* vV Cin - (54)

The (past directed) reverse motion, w; — w; + 7, undoes the monodromies described
above, and so results in the following monodromies:

1’. If the crossed lightcones, emerging from all z; insertions are all future or all past light-
cones (so that all three crossings happen with past lightcones or all three crossings hap-
pen with future lightcones) then the resulting move results in no monodromy i.e. the
monodromy ¢.

2/, If the move results in one crossing of the past light cone emerging from P;, but only
the crossing of future light cones emerging from the other two insertions, the resultant
monodromy depends on the order of these crossings.

Figure 22: Crossing of two consecutive future light cones from future to past.

If we first cross the two future lightcones and then the past lightcone, or first cross the
past lightcone and then the two future lightcones, then the resultant monodromy is an
anticlockwise circle around z;;, i.e, A;;.

i

Figure 23: Crossing of two future light cones with a past light cone in the middle
from future to past.
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On the other hand, if we first cut a future light cone emanating from P,,, then a past
light cone emanating from P;, future light cone emanating from P, the resultant mon-

odromy is first 4/C;p, then A;; then 4/A;;,. Note that this sequence of moves cannot be
represented as a single monodromy around any branch point. So the answer is

VCim Aij - VAR = VAin Aij- VCin (55)

3’. If the move results in one crossing of the future light cone emerging from P;, but only
the crossing of past light cones emerging from the other two insertions, the resultant
monodromy depends on the order of these crossings.

m

]

Figure 24: Crossing of two consecutive past light cones from future to past.

If we first cross the two past lightcones and then the future lightcone, or first cross the
future lightcone and then the two past lightcones, then the resultant monodromy is a

clockwise circle around z;;, i.e, C;;.

Figure 25: Crossing of two past light cones with a future light cone in the middle
from future to past.

If, on the other hand, the order of crossings is first past of P, then future of P; and then
past of P, then the resultant monodromy is 4/A;;, followed by C;; followed by 4/ Ci,,

ie.,
VAim Cij* VCim =V Cin - Cij - VA (56)

Note that these rules are invariant under time reversal. For instance, we get the same
monodromy from the future-directed translation w; — w; — 7 that cuts one past and two
future lightcones (rule 2) and the past directed translation w; — w; + 7 that cuts one future
and two past lightcones (rule 3"). We will use this fact extensively below.**

#This observation may be understood as follows. Time reversal interchanges z and z. However, the principal of
Euclidean single valuedness assures us that, e.g., a C;; monodromy in z is the same as a C;; monodromy in 2.
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6.3 Configurations obtained from w; — w; —n; 7 starting from Minkowski
diamond configurations with z and 2z in the same R; range

In the rest of this paper, we focus on configurations for which 2z and Z both lie in the same
range (36). As the Minkowski diamond constitutes a unit cell for insertion locations, it follows
that all insertion locations of the type above can be obtained by performing w; — w; —n;
shifts, starting with one of

* the 6 inequivalent Euclidean sheet configurations (see Fig. 8),
* the Regge configuration (see 15),

* the scattering configuration (see Fig. 16)

— all of which lie on a single Minkowski diamond.

To determine the sheet location of the most general configuration for which z and £ lie in
the same R; range, we could proceed to enumerate the sheet location of the configurations
obtained from every possible set of 7 shifts w; — w; —n; 7 starting from any of these 8 con-
figurations. For completeness, in Appendix F we have, indeed, presented the derivation and
result of the enumeration described above in full detail.

One can, however, get away with much less work. The key point here is to recognize
that the 8 starting configurations listed above can themselves be lumped into two groups.
The first group consists of the Euclidean A, B, C (see Fig. 8) and scattering (see Fig. 16)
configurations. The second group consists of The Euclidean D, E, F (see Fig. 8) and Regge
(see 15) configurations. The point of these groupings is that any configuration in one group
can be related to any other by appropriate 7 shifts.

The last claim may, at first, seem surprising. If we start with a configuration with all
insertion locations in a given diamond, and then make a shift of the form w; — w; —n;m, the
i" operator - by definition - leaves the original diamond. For some choices of starting locations
and n;, however, it turns out to be possible to find a new diamond (i.e. a diamond centered
around a new point on the cylinder) which contains all insertion points. We now see how this
works in various examples.

Consider starting with the Euclidean A type configuration in Fig. 8. The shift w — w—m,
performed on the coordinate of the last (rightmost) operator in Fig. 8 A, moves this insertion
upwards and to the left (diagonally upwards). It is easy to see that the resultant configuration
is of the Euclidean B type in a re-centered red diamond. Similarly, if we start with the Eu-
clidean A type configuration, and move the insertion location of the first (leftmost) operator
by w — w4+ (this move takes this operator downward and to the right), and re-centering our
diamond, we find a configuration of the Euclidean C type. Finally, if we once again start with
the Euclidean A type configuration, but move the locations of each of the last two operators
by w — w — 1 (diagonally upwards and to the left) we obtain a scattering-type configuration.

We can perform similar manipulations within the second group of configurations. If we
start with the Euclidean F type configuration (Fig. 8), and perform the shift w — w—7 on the
bottommost operator (move it upwards and to the left) we obtain a configuration of the D type.
Similarly, if we start with the Euclidean F type configuration, and move the insertion location
of the topmost operator by w — w + 7 (downward and to the right) we obtain a Euclidean
configuration of the E type. Finally, if we start with the Euclidean F type configuration, move
the bottommost insertion w — w — 7 (diagonally upwards and to the left), and also move the
topmost insertion w — w + 7 (diagonally downwards and to the right), we obtain the Regge
type configuration, with the middle two operators and the top and bottom operators making
up the two pairs that are mutually spacelike with respect to each other.

It follows from the discussion above that every configuration on the Euclidean cylinder -
with z and Z in the same range - can be obtained by performing the shifts w; — w;%£n;r starting
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from either an A type or an F type Euclidean configuration. To enumerate all sheets accessed
by time-ordered correlators on the Lorentzian cylinder (with z and z in the same R; range), it
remains only to enumerate all the sheets one obtains starting with either a Euclidean A or a
Euclidean F type configuration. As mentioned above, we have provided a detailed derivation
of these results in Appendix F. Here we simply summarize our final results.

6.3.1 Monodromies from shifts of A type configurations

In this subsubsection we study the configurations that are obtained by the moves
w; — w; —n;m, starting with configurations of the form depicted in Fig. 8 A. The rule for
the monodromy of this final configuration turns out to be rather simple and can be summa-
rized as follows.

Consider the set of four numbers n;. Let its four elements, arranged in non-ascending order

be n; ,n;,n;,n;, SO that
1 2 3 4
Tli1 > Tli2 > nl'3 > nl-4 . (57)

In words, n;, is the largest of the n;, n;, is the second largest, and so on.

Now recall that operators in Fig. 8 appear with a given cyclical ordering on the spatial
circle (the cyclical motion proceeds in the direction of increasing 0). The monodromy that
one finds from the n; shifts above, turns out to depend on the relation between the n; ordering
above and the 6 cyclical ordering of the operators in their original A type configuration

It turns out that when the operators i; and i, (defined in (57)) neighbour each other (from
the viewpoint of the 6 cyclical ordering), then the relevant shifts take us to a configuration
(see Appendix E1 for details) with monodromy equal to C;:;Z_%

When, on the other hand, the i; and i, do not neighbour each other (but are diagonally
opposite to each other in the sense of 6 cyclical ordering), the rule is a bit different, and is
given as follows. Let a be the counterclockwise (i.e. in the direction of increasing 6) neighbour
of i; (in the sense of 6 cyclical ordering). Then the monodromy for this case turns out to be

\/ﬁla ' C:;Z " \/rla

The rules presented above meet a simple consistency check. The replacement 8 — —6
and T — —71 (i.e. parity plus time reversal) take w — —w and @ — —®. Consequently,
this operation takes n; — —n; (and so reverses the ordering of the n;) and also interchanges
anticlockwise with clockwise. The reader can easily check that our monodromy rules are
invariant under this combined operation.

Note that the fact that our monodromy rules depend in detail only on n;, —n;, (and in
particular are independent of the precise values of n; and n;,) can be understood from the
OPE. We obtain nontrivial monodromies only when the OPE channel (equivalently, insertion
of a complete set of states in the Hamiltonian picture) is nontrivial, in the sense that it allows
the running of multiple intermediate operators.

6.3.2 Monodromies from shifts of F type configurations

Any F type configuration is characterized by the temporal ordering of its operators. Once we
perform w; — w; — n;7 shifts on the locations of these operators, the integers n; give us a
second ordering for these operators (through the symbols i,, defined in the equation (57)).

As in the previous subsection, the rules for the monodromy shifts resulting from these trans-
lations depend on the relationship between the temporal ordering (from future to past) of the
operators and the ordering defined by the symbols i,, (see (57)). In the rest of this subsection,
we summarize the final results - derived in detail in Appendix E6 - for the monodromies that
follow from these shifts.
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1. When either the ordering (i,i,,13,14) or the the once cyclically rotated orderings
(i4,11,19,13) Or (iy,13,14,1;) or any of the complete reversal of these three configura-
tions (i4, i3, iy,11) OF (i3,1,171,14) Or (i1, 14,13,15) matches the temporal ordering of the

operators (always listed from future to past), then the monodromy again turns out to be
n

"
111y

2. When the ordering (i,,i;,13,14) (obtained by flipping top two) or the ordering (i, i5i4, i3)

(obtained by flipping the last two) or the orderings (i4, i,,13,1;) (obtained by flipping

the first and the last) or the ordering (i,,14,13,1;) (obtained by flipping the first and

the second in the last ordering) matc}ies the temporal ordering of operators then the

—n;, +

n;
monodromy turns out to be Cilz 8

the orderings listed above, namely (i4, i3, 11, i5), (i3, 14, i3, 11), (i1, 13,19, 14) OF (i1, i3, 14,15)

matches the temporal ordering of the operators after flipping either (i, i,) or (i3, i4) then
-1

On the other hand, if the reversal of any of

n;, —n;,
the monodromy turns out to be Cilé 3

3. When the ordering (i, i5, i3, i4) matches the temporal ordering of operators after flip-
: . . P n;, —n;, +2
ping both (i;,i,) and (i3,i4) then the monodromy turns out to be Cilz %", On the
other hand, if the reversed ordering (i, i3, i, i;) matches the temporal ordering of the
.. nj, —Nj; —2

operators after flipping then the monodromy turns out to be Cil i

4. When any of the orderings (i;,1s,1y,14) Or (ig,1,13,15) Or (i3, iy, 4,1;) matches the tem-
poral order of the operators (ordered from future to past), the monodromy is given by

C. .cle ™M, e
Ll Mijiy 1114°

5. When any of the orderings (i1, i4, 1, i3) or (i, is,13,11) or (iy,i3,11,14) matches the tem-
poral order of the operators (ordered from future to past), the monodromy is given by

. niz_ni3+l .
V Ci1i3 Ciliz V Ci1i3'
6. When the ordering (i,,i4,11,i3) matches the temporal order of the operators (ordered
. . n;, —n;,+2
from future to past), the monodromy is given by ,/C; ;, - Ciliz * /G, -

7. When the ordering (is,1;,14,15) matches the temporal order of the operators (ordered

C niz —ni3 —1 C
iyip V Tyt

from future to past), the monodromy is given by ,/C; ;,

6.4 Sheets and corresponding causal configurations

The rules of the previous subsection tell us that all insertion locations on the Lorentzian cylin-
der lie on a sheet obtained starting from the Euclidean sheet and making one of the following
monodromy moves

1. Cl.g where q is an integer, g > —1,

2 /GGl A 20
3. /G- /G20

where i, j, m are distinct elements of the set {1,2,3,4}.

Several causally distinct configuration locations (of operator insertions) turn out to be
evaluated on the same sheet of the correlator. Below we present an exhaustive tabulation of
all causally distinct operator configurations, together with the sheets on which they lie.. The
reader who is interested in tracking down all causal configurations that lie on a particular
sheet can easily read this information from a glance through the tables below.
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In the tables below, the integer q refers to the power to which C;; is raised. The tables list
sequences of configurations, and are organized depending on whether the integer g in these

sequences ranges from —1..., or from 0... or from 1... or from 2...

Table 1: Single branch point towers with g > —1.

q=-—1

Monodromy Configuration

Condition

1

Ci?”_ni_z Euclidean - F case 17

nn>ni

Table 2: Single branch point towers with g > 0.

g = 0 | Monodromy Configuration Condition
cm Euclidean - A case 7 n; >np,
2 | ¢™ | Fuclidean-Acase8 | m=>n, |
L 'C.,_lj'_;m' | Buclidean-Acase1 | mj=n, |
Y Euclidean - F case 1 | Same as above
4 | ¢ | Fuclidean-Acase2 | n;>n, |
5 | ¢™"' | Euclidean-Fcase23 | np>n |
6 | c™™ |Euclidean-Acase23| np=m |
7 | ¢ | Euclidean-Acase24 | np=n; |
8 | ¢ |Euclidean-Acase17| my=n; |
o | ¢ |Eucidean-Fecase18 | n,>n; |
10 | ¢ | Euclidean-Acase18 | n,=n; |
- | .. | FBucidean-Acase19| m=n; |
1 Cin :
Euclidean - F case 19 | Same as above
12 | ¢™ | Euclidean-Acase20| m>n, |
13 | ¢ | Euclidean-Acase15 | njzm; |
14 | ¢’ | Euclidean-Acase16 | n;>n, |
15 | ¢! | Fuclidean-Fcase9 | nn>n |
16 | ¢ | Euclidean-Acase9 | np=m |
N 17 | C_ N _E;gli._de_a;l_- Acase10 | np=n, |
Euclidean - F case 10 | Same as above
18 | ¢V | Fuclidean-Fease5 |  n,>n; |
19 | ¢ | Fuclidean-Acase5 | n,=n; |
20 | ¢™™ | Fuclidean-Acase6 | n,=n, |
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Table 3: Single branch point towers with g > 1.

q =1 | Monodromy Configuration Condition

1 Cl.?"_n’”ﬂ Euclidean - Fcase 7 | n; >n,,

2 Ci;l] it Euclidean - F case 2 nj =n,

3 Cly"‘_n’ Euclidean - F case 24 | n,, > n;

4 ClZ‘ Pt Euclidean - F case 20 | n; > n,,
s | ¢ | Fuclidean-Fease15 | m>n; |
6 | ¢’ | Buclidean-Fease 16 | n;>n, |
7 | ¢ | Fudidean-Fcase6 | n,>n, |

Table 4: Single branch point towers with g > 2.

g = 2 | Monodromy Configuration Condition
Ci;.li_n"+2 Euclidean - Fcase 8 | n; >n,

Table 5: Double branch point towers with g > 0.

q=0 Monodromy Configuration Condition
1L VGG /Ay | Bucidean-Acase13 | x|

2 Cij Ciﬁ "in Ajj | Euclidean - A case 14 | n; > n,
3| VG G /Ay | Budidean-Acase3 | mnzny

4 Cij-Com ™. JA;; | Euclidean-Acase4 | n,>n,

5 VCin-Cl " \/Ay | Euclidean - Acase 21 | n;=n;
6 | VGn-CU ™. &, | Euclidean-Acase22 | n>n, |
7 | VGG /Ay | Euclidean -Acase 11 | nyzn; |
8 | VGG Ay | Euclidean -Acase 12 | ny2ny, |
9 | /T ¢t /T, | Euclidean -Fease 11 | ny>ny |
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Table 6: Double branch point towers with g > 1.

qg=1 Monodromy Configuration Condition
Cij- Cl.nmj " Cij Euclidean - F case 21 n;>n;
2 | J/Gc ™ /G | Budidean -Fease 22 | 2 ny, |
3 | JTy¢M /T | Buclidean-Fease 12 | n,>n, |
VG e | tdem eme 13 | many |
5 | VGGV VG | Euclidean-Fease3 | my>n; |
6 | VGGl /G | Euclidean - Feased | ny>m, |

Table 7: Double branch point towers with g > 2.

q=2 Monodromy Configuration Condition

vV Cin- Cl.x_n”u -4/ Ci, | Euclidean - F case 14 | n; >n,

6.5 “Uniqueness” on the Regge sheet

As the tables above make clear (and as we have already emphasized above) most sheets evalu-
ate the correlator on several non-trivially different causal configurations. This is the case even
for the Euclidean Sheet. As we have already seen (see Fig. 8) several distinct causal config-
urations in a single Minkowski diamond already lie on the Euclidean sheet. The tables in the
previous subsection list several additional configurations (which cannot be accommodated on
a single Minkowski diamond) that also lie on the Euclidean sheet.

There is, however, a single monodromy, namely the Regge monodromy Cl.._1 = A;j, that
figures exactly once in these tables (this mention is the case n, = n; + 1) in Table 1). We see,
as a consequence, that the configurations that give rise to the Regge monodromy are essentially
causally unique*® and is given by the single diamond configuration displayed in Fig 15 and
discussed there.

7 Conclusion

In this paper, we have studied the branch structure of time-ordered four-point functions in
1+ 1 dimensional CFTs on a Lorentzian cylinder. The locations of the four insertions on the
cylinder determine the conformal cross-ratios z and 2 in a simple and well-understood manner.
However Lorentzian correlators are multi-valued functions, so specification of the conformal
cross-ratios does not completely determine the correlation function: one also needs to know
which sheet in cross-ratio space the correlator is evaluated on. In this paper we have provided
a complete answer to this question: we have determined which sheet the correlator lies on for
every set of insertion locations of the time ordered correlator.

As we scan over all possible insertion locations (in §6), we find that we access three quali-
tatively different infinite sequences of sheets (as listed in §6.4). In the first sequence one starts

“The monodromy for any configuration is left unchanged if we perform future directed 7 translations on the
future most insertion, or past directed 7 translations on the past most point. In the discussion of this subsection,
we are treating configurations related by such moves as causally equivalent.
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6

from the Euclidean sheet and then makes an arbitrary number of clockwise*® monodromies
around exactly one of the three branch points (at zero, one or infinity) (see tables 1, 2, 3,
and 4). In the second sequence, one first makes a single clockwise half-monodromy around
one branch point and then makes an arbitrary number of clockwise monodromies around
the second branch point followed by a single anticlockwise half-monodromy around the first
branch point (see tables 5, 6, and 7). In the third sequence, one first makes a single clockwise
half-monodromy around one branch point and then makes an arbitrary number of clockwise
monodromies around the second branch point followed by a single clockwise half-monodromy
around the first branch point (again tables 5, 6, and 7).

These infinite sequence - which form a small subset of the set of all possible branch moves
that one can mathematically make - are the only ones that time ordered four point functions
on the cylinder explore. It follows, in other words, that while the construction described in
this paper has given a physical interpretation of an infinite number of branch sheets, it has
also left a much larger infinity of sheets uninterpreted. It would be very interesting to search
for another interpretation of this larger infinity of sheets. We leave this to future work.*”

In this paper, we have only studied time-ordered correlators. It would be interesting -
and not too difficult - to generalize our results to correlators on the Lorentzian cylinder with
other orderings. The analysis of a simple alternate class correlators - those whose ie values
have fixed values, independent of insertion locations - was performed in Chapter 23.6 of [21],
and yields a much simpler answer than the time-ordered correlators studied in this paper (the
sheets accessed in that study are a subset of those accessed by the time-ordered correlators of
this paper). It would be interesting to study other generalizations of time ordering that could
allow us to access a larger number of infinite sequences of sheets of the correlator. We leave
such a study to future work.

In the process of obtaining our results, we have, in particular, presented a complete classifi-
cation of all causally distinct (and so, potentially, sheet distinct) configurations of a collection
of four points on the Lorentzian cylinder. This classification turns out to be rather simple.
Restricting to points whose z and z values lie in the same ranges R;, we find that all such
configurations can be obtained by starting configuration that consist of four points that are
all mutually spacelike or all mutually timelike on a single Minkowskian diamond and then
performing the shift operations w; — w; —n;7 on the points.

Another interesting aspect of our results is the following. We find that the same sheet
and value of cross-ratios often describe several symmetry inequivalent (and causally distinct)
configurations. This is the case for every sheet that appears in our classification except for one;
the “Regge” sheet (which plays in key role in the famous bound on Chaos) is associated with
only a single causal configuration. We find both the “uniqueness” of the Regge sheet, as well as
the “non-uniqueness” of all other sheets interesting. The fact that distinct causal configurations
give rise to the same correlator suggests that interesting features of the correlation function on
the relevant sheets (e.g. bulk point singularities on the scattering sheet) could admit multiple
physical interpretations. It would be interesting to investigate this point further.

It would be interesting to use the constructions presented in this paper to make predictions
for the physical features of the correlator in relevant situations. For instance, when the CFT
under study has a bulk dual, configurations on the so-called “scattering sheet” are well known
to have “bulk point singularities” that describe bulk scattering [19, 23]. In analogy (and for

4We obtain towers of C; ; - rather than towers of A;; - because we are studying time ordered (rather than anti-time
ordered) correlators.

470ther sequences of sheets, similar to those we have studied, can be obtained by modifying our construction
in obvious ways. For instance, we could study “anti-time ordered” correlators: this would interchange clockwise
and anticlockwise monodromies in this paper. The study of OTOCs would enlarge the canvas somewhat: recall,
however, that all four point correlators lie on at most 2 (nontrivial) time folds, so this enlargement is not very
substantial. The study of the (non-abelian) exponential infinity of sheets seems to require new ideas.
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similar reasons) we expect configurations on several of the sheets studied above to have new
“repeated bulk point” singularities describing scattering processes that follow earlier scattering
processes on the Lorentzian cylinder. It would be very interesting to study this further.

The braiding, and fusions matrices that characterize holomorphic conformal blocks of ra-
tional CFTs are well known to obey nontrivial pentagon and hexagon identities [27]. While
the discussion of §3.3 below touched on (analogues of) these matrices, we never had occasion
to make nontrivial use of the identities these objects obey. It would be interesting to explore
the interplay (if any) of these identities with the study of Lorentzian correlators, along the
lines of this paper.*®

It would also be interesting to generalize the analysis of this paper to the study of cor-
relators in CFTs with defects. In this situation, even two-point functions can have nontrivial
cross-ratios (depending on the details). Obtaining an understanding of the branch structures
(even of two-point functions) in this case could have interesting physical applications.*’

In this paper, we have focused on the study of correlators in 1 + 1 dimensional CFTs.
Focusing on 4-point functions, it should be possible - and would hopefully not be too difficult -
to generalize this study to higher dimensional CFTs. Of course, all the sheets we have described
above will also exist in higher dimensions (this follows as we can simply choose to restrict
attention to configurations that lie on an effective 2 d cylinder - i.e. on one particular equator
on S¢71). We expect that several of the results presented in this paper will generalize in a
straightforward manner to higher dimensional CFTs.>° We note, however, that correlators in
higher dimensions have new features (for instance, the Lorentzian cross-ratios z and Z can
be either independent real numbers or complex conjugates of each other, depending on the
details of the insertion locations). It is thus possible that the higher dimensional study will
encounter qualitatively new features. We leave an investigation of this point to future work.

Of course, the differences in analytic structure between correlators in higher dimension
and two dimensions will grow when considering higher point functions. This follows from
the simple kinematical fact that while the total number of cross-ratios for n- point functions
in two dimensions is n — 2, the corresponding number in d-dimensions equals, for instance,
n(n—3)/2 in the case that n < d +2.°! Consequently, the analytic structure of correlators
presumably has significant differences.

In this paper, we have attempted to present a physical interpretation for an infinite number
of sheets of the four point correlator in a CFT. A similar question can be asked for S-matrices in
non-conformal theories, which also have multi-sheeted structure (this time in the kinematical
variables s and t). It would be very interesting to find a physical interpretations of a sequence
of sheets of the S-matrix. Perhaps the AdS/CFT correspondence (which, very roughly speaking,
relates bulk S-matrices to boundary correlators) could be of use here. We also leave further
contemplation of this point to future work.
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A Two and three point functions on the Lorentzian cylinder

Consider a two-point function of an operator with holomorphic and anti-holomorphic dimen-
sions (h,h). On a complex plane (parameterized by the complex coordinate u), the Euclidean
two-point function takes the form

_ 1 1
Gz(ulz,ulz) = ﬁ—_ﬂl . (Al)
U uyy

Similarly, the three-point function of three operators with holomorphic dimensions hy, hy, hs
and anti-holomorphic dimensions h;, h, and h; is given by

1 1

G(u;,u;))=0C -
(u;, ;) 123 " hy+hy—hy hy+hy—hy hy+hi—hy _hy+hy—hs —hy+hs—hy —hs+hy—hy (A.2)
u u u
12 23 13 Uy, Uy U3
Under the variable change®?
u=e 2 i =e®, (A.4)

the line element becomes

ds? = dudi = 4e"™°dwd &, (A.5)

and the coordinates w and @& obey (8). (A.5) reflects a well-known fact: the complex plane
is Weyl equivalent to a Euclidean cylinder. Stripping off the Weyl factor e*™® turns (A.5) into
the Euclidean cylinder. Finally, the analytic continuation 7y = it takes us to the Lorentzian
cylinder, and w and @ into independent real variables.

Tracing through this series of operations on (A.1), and using the standard formula

bos = (8,2) (352) s »

we obtain the following formula for the two-point function of our operator on the Lorentzian
cylinder

G(w;, @;) = (2ie* )h (—2ie2ion )B (2ie2i‘°2)h (_zl-e—zia)z)fl

1 1
X -
(e2ior — eziwz)z’l (e—2ié1 — e—2ia’)2)2h
= (—a)h iAot h(@1+62)] 1 1 _
(eZiwl — e2iw2)2h (e_Zid’l . e_2i@2)2h (A.6)
— 92h+2h 1 1
. 2h .- h
(2 sm wlZ) (2 sin 0)12)2}1
_ 1
(sin wy)?(sin @15)2h
52In terms of the variables defined in (7), (A.4) is
u=e*= 0, =t Etif, (A3)

In particular, 7, = —oo maps to the origin of the u plane.
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After introducing the proper ie we get

1
G(CL)', (D) = 7" A.
P (sin(wq + i€7;;))?h(sin(1, —ieT;;))%h A7)
A very similar manipulation turns the three-point correlator (A.2) into
Zi(hi+hi)
_ Cia3 (ﬁ)
G(w,w) = — (A.8)
Hiy »Hy3 »H31 7Hip $Ho3 7H3
12 523 531 512 523 531
where L
h;+h; —hy h; +h; —hy
Hl]:+’ HU:+ (A.9)

B Taking an operator around the cylinder leaves the correlator
unchanged

B.1 Single valuedness of the three-point function under winding

The shift w; = w; + n;, ©; — ®; + nn; (which effectively shifts m; by —n; and m; by n;
and so leaves m; + m; invariant)®® generates the coordinate shift 8; — 0, + 2nn;, 7; — T;.
In other words, we can achieve this shift by winding the insertion of our operator O; n; times
around the Lorentzian cylinder (at a fixed value of Lorentzian time). This should change O; by
0; — 0;e*™ (=) 5o should leave correlators invariant because every operator carries integer
values of the spin h; — h;.

We pause to illustrate the fact that shift w; — w; + 7, ©; = @; + 7 affects the transforma-
tion O; — 0;e?™ (i~ _ while obvious using the monodromy rules across cuts in three-point
functions. Suppose that the point j lies to the past of i. Keeping w; fixed, let us move the ith
point around the Lorentzian cylinder, i.e. take 8; — 0,4+ 2m, i.e. w; = w;+mand ®; = ©®+ 7.
In the process of undertaking this motion, we cut the future rightmoving lightcone of j from
future to past and also cut the future leftmoving lightcone of j from past to future. It follows
from the rules of subsection 2.4 that under this motion ;; undergoes a clockwise monodromy
of 27, while ¢; ; undergoes an anticlockwise monodromy of the same magnitude. The reader

can easily verify that the same final result for monodromies also holds when j is to the future
Hiy yHas »Hsy 7Hip $Hys 7Hs
12 523 531 512 523 531
up the net phase e 1) =1 as expected.

In summary, we have established that correlators depend on the integers m; defined in

(16) only through the “gauge invariant” combination

(rather than the past) of i. It follows that under this motion ¢
2ni(Hy3+H1,—Hyj3—Hip) — p2mi(hyi—h

picks

m; + ﬁli, (Bl)

for each value of i.

B.2 Single valuedness of the four-point function under winding

On general grounds, we expect the motion that takes the insertion point of a correlator around
the spatial circle to leave the correlator invariant, provided the operator under study has in-
tegral angular momentum, i.e. provided h; —h; is an integer. In this Appendix, we pause to
illustrate how this works in detail, in one example involving the four-point function.

53In terms of the coordinates, this shift leaves w; — ¢&»; invariant.
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Consider a configuration in which particles 1, 3,4 located at T = 0 and at 6;, 65 and 6,,
with 6; < 653 < 0,. Let the 7 coordinate for the second insertion be fixed to e (where € is very
small) and let 6, vary from 0 to 27t. As we follow 6, on this trajectory, we successively cross the
future leftmoving lightcone associated with particle 1, from past to future, the future rightmov-
ing lightcone associated with particle 1 from future to past, the future leftmoving lightcone
associated with particle 3, from past to future, the future rightmoving lightcone associated
with particle 3 from future to past, the future leftmoving lightcone associated with particle 4,
from past to future, the future rightmoving lightcone associated with particle 4 from future to
past. The monodromies for these moves are easily computed using the rules of 3.2. We find

that the z monodromies are 4/Cy - 4/Cj - 4/ Coo and 2 monodromies are 1/Ag * /A1 - VAco-

The monodromy matrix associated with this series of moves is given (see (33)) we write

VAco - VA1 - Ay -P-/Cy-/Ci - v/ Cos . (B.2)

However it follows from Euclidean single valuedness (see (34)) that this monodromy matrix
can equivalently be written as

VAo VA1 VAy-P-/Co-v/Ci - VCoo
—P /Ty T,V C VA \/Ay - \/Ag (B.3)

:P’

so that the monodromies associated with winding is trivial.

C Commutation of path moves between left and right movers

In this appendix, we will explicitly demonstrate the path independence of the monodromy. We
will show it in three steps. First, we will show the path-independence of a plaquette (unit face)
where one side of the plaquette is extended in the holomorphic direction and the other side
is extended in the anti-holomorphic direction. Second, we will show the path independence
in a plaquette where both sides are in either fully holomorphic or anti-holomorphic direction.
Here we explicitly check that the path independence of such a plaquette doesn’t depend on
the position of it in the anti-holomorphic directions. Finally, we show that it is true for a
cube where two directions are in the holomorphic direction and one direction is in the anti-
holomorphic direction. The same is true if two directions are in the anti-holomorphic direction
and one is in the holomorphic direction. This establishes the complete path independence of
monodromy.

C.1 Vanishing of monodromies on mixed holomorphic/anti-holomorphic unit
squares

Let A represent any of the maps I, F, B and let A represent any of the maps I, F and B. In the
rest of this section, we will now consider the sequence of moves>*

ATTATIAA. (C.1)

(C.1) describes an elementary move in the anti-holomorphic part, followed by an elementary
move in the holomorphic part, and then the inverse move on the anti-holomorphic part, fol-
lowed by the inverse move in the holomorphic part. This sequence clearly describes the most
general elementary “mixed” closed loop on the lattice, with two legs in the holomorphic lattice,

>*Our convention is that maps to the right always act before maps to the left.
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and the other two in the anti-holomorphic lattice. In the rest of this section, we will explain
that the monodromy associated with the sequence of moves (C.1) always vanishes.

The argument proceeds as follows. The operation A always involves crossing a particu-
lar holomorphic light cone, let us say the ij lightcone (associated with operator i crossing a
holomorphic lightcone of j or vice-versa). For instance, the map I causes the operator 1 to
cross the lightcone of the operator 2. On the other hand, map F causes either operators 1
or 2 (depending on details) to cross the lightcone emanating from operator 3. This crossing
gives rise to a “half-monodromy” (see around §3.2 ). If immediately after acting with the
map A we then act (on the resultant lattice point) with the map A~! we clearly undo the light
crossing and undo the corresponding half-monodromy. Now consider inserting the operation
A7! in between acting with A and acting with A}, i.e. consider the map A™'A~'A. Since A~}
leaves the holomorphic part of the lattice untouched, it may, at first, appear that the insertion
of A™! between A and A~! changes nothing, i.e. the half-monodromies associated with A and
A™! continue to cancel. This is indeed generically the case. However, it fails in precisely one
situation; when A™! reverses the (global) time ordering of the operators i and j. In this case,
the half-monodromies associated with A and A~ add rather than cancelling.®®

We have explained above that the insertion of A~! between A~ and A sometimes obstructs
the cancellation of the monodromy between A and A~. Now the operation listed in (C.1) does
involve such an insertion (of A~ ). However, it turns that in those situations (and only in those
situations) that the A and A~ cancellation is obstructed, there is an equal and opposite lack of
cancellation between A and A!. The net result is that the sequence of moves (C.1) is always
monodromy-free.

Figure 26: Illustration of the sequence of moves III] in a situation in which the
monodromies associated with the two I moves add with each other, but are cancelled
by the monodromies associated with the two I moves (which also add with each
other). The two I monodromies add rather than cancelling because while the top
right I move cuts a future lightcone of 2, the bottom left I move cuts a past lightcone
of 2 in the reverse direction. A similar analysis is applied for the move I. The phases
associated with I motion cancel the phases associated with I motion because h—h is
an integer for all operators.

We now illustrate that last point in two examples. Let us first choose the case A=A"! =]
and study the action of IAIA™! on the lattice point Pgl’mz. As we have explained, the cancella-
tion between the two factors of I above is obstructed if and only if the action of A interchanges
the relative time order of 1 and 2. Recall that - at the “moment” of the holomorphic crossing

SLet us, for example, suppose that A takes i, from past to future, through a future lightcone of j. Then - in the
generic case, A™! takes i, from future to past, through a future lightcone of j. According to the rules presented
in §2.2, the “half-monodromies” (phase shifts) associated with these moves cancel. If, however A flips the order
of i and j, then A™! results in taking i from future to past, through a past lightcone of j. In this case, the phases
associated with A™! add to (instead of cancelling from) the phase associated with A.
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(where a; = a,), this relative ordering is determined by the quantity

(M —my)—(my—my))w+aq —a,. (C.2)

The sign of this quantity can be changed by a single anti-holomorphic light crossing only if
(m; —m;) — (my, —m,) = 0 and then if the move A is one of I or its inverse. In every other
case, the monodromy associated with the two I operations vanishes trivially. In the special
case that (im; —m;) — (M, —m,) = 0 and A = I, it is also true that the insertion of I between
A and A™! obstructs the cancellation of monodromies of A and A~! (indeed the condition for
lack of this obstruction is, by symmetry, clearly identical to that (C.2), so the last statement
is of the “if and only if” variety). In this potentially problematic situation, the sequence of
moves IT1] generates the motion on the Lorentzian cylinder that can be enclosed in a single
Poincare Patch. In Fig 26 we depict the action of IIII on the configuration (P;;™,Q5;™) (the
leftmost vertex in Fig 26). Note that the initial configuration for this motion has m; = my, =m
and m; = my = m. It follows, in other words, that the motion depicted in 26 occurs entirely
in a single Minkowski diamond of the cylinder (if choose to tile the cylinder with Minkowski
diamonds centered at the operator 3).

Using the explicit form (12) (in the case of the 3 point function) 56 or the half-monodromy
rules listed in section 3.2°” (when we turn to the study of 4 point, or more general point
functions) it is easy to see that the net monodromy associated with the moves in Fig 26 vanishes
even in this potentially nontrivial case.

We can now repeat this analysis for the unit face of moves given by

FBBF, (C.3)

acting on (Pznil,mz)-ss This sequence of moves is non-trivial in two cases. The first of these
is when m; = 0 and m; = —1°? so that the starting point is (Pgimz,QI;’mz) (see (16) for
definitions). In this case, the sequence of moves (C.3) causes the insertion operator 1 to
execute a motion on the Lorentzian cylinder depicted in Fig 27 below.

Figure 27: In this figure, we depict the motion of the insertion of the operator 1 for
the sequence of moves FBBF acting on (onimZ,QIzl M2) We start at the left corner
of this diagram. The operations, F, B, B and F then respectively move us along the
legs of this diamond. As we explain in the main text, the total monodromy along this

path also is zero.

It is easily verified that the net monodromy vanishes for the motion depicted in Fig 27.
The second case in which the moves (C.3) are nontrivial is when these moves act on
(Pgl’o,Qrznll’_l). This is the starting configuration considered in the previous paragraph but

6Together with the fact that h; — h; are integers.
>7Together with Euclidean single valuedness, see (33).
581n this situation, the operation F acts on (Pln;fl‘mz,Qﬁ‘l’mz).

5More invariantly, we must choose m; —m; = —1, see the para below (16).

50


https://scipost.org
https://scipost.org/SciPostPhys.19.6.162

e SciPost Phys. 19, 162 (2025)

with 1 <= 2. The resultant motion is thus again given the motion in Fig. 27 but with 1 «<— 2,
and is depicted in Fig 28. Of course, the monodromy for this sequence of moves also vanishes.

Figure 28: This figure is the 1 «— 2 version of the previous figure. We depict the
motion of the 1nsert10n of the operator 2 for the sequence of moves FBBF acting
on (P Q ) We start at the left corner of this diagram. The operations, F,

B, B and F then respectively move us along the legs of this diamond. The total
monodromy vanishes.

C.2 Purely leftmoving holonomies are independent of the rightmoving location

Consider a configuration with insertions at some given leftmoving and some given rightmoving
locations. Consider a closed loop in purely leftmoving space (i.e. at constant values of right-
moving coordinates). Any such loop is associated with a (potentially nontrivial) monodromy.
We will now demonstrate that this monodromy is independent of the rightmoving locations
of our insertions. This completes our demonstration that (for computing monodromies) left-
moving and rightmoving coordinates completely decouple from each other.

The proof that follows is built on the following intuition. Consider a cube like that de-
picted in Fig. 29. The vertical axis in this cube represents a motion on the rightmoving lattice
of causally distinct configurations, while the horizontal directions of this cube represent mo-
tions on the corresponding leftmoving lattice. We wish to show that the (purely left-moving)
monodromy associated with traversing the lower horizontal face of this cube is the same as
the (purely left-moving) monodromy associated with traversing the upper horizontal face of
this cube.®°

The problem discussed above has a simple gauge theory analogue, whose study helps build
intuition. Let the monodromy around any loop around a lattice be thought of as a Wilson
line of a particular (latticized) gauge field. Stokes’ law then tells us that the monodromy
associated with the lower and upper horizontal surfaces is given by the “field strengths” F;, at
neighbouring values of m; (see the cube in Fig. 29). So the statement we want to demonstrate
is the lattice version of the equation d;F;5, = 0.

Now, in the previous subsection, we have already argued that monodromies associated
with holomorphic and anti-holomorphic moves commute. Since 1 is an anti-holomorphic di-
rection, while 1 and 2 are holomorphic directions, we have argued that monodromies on
the faces 11 and 21 (see Fig. 29) vanish. In the intuitive language of the previous para-
graph, we have, therefore argued that F;; = F,; = 0. Since this is true everywhere, it
follows that d,F;; = J,F,; = 0. Now our field strength should obey the Bianchi identity
0iF15 + 0,F1; + 0,F,; = 0. Plugging 0,F,; = 0,F,; = 0 into this identity, we conclude that
0;F15 = 0 as desired.

%0Thus establishing that left-moving monodromies are independent of right-moving location.
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The intuitive argument of the previous paragraph may be made precise as follows following
the discussion of [29]. We consider the trajectory 29, which we will call r. A brief perusal of
Fig. 30 will convince the reader that the path drawn in Fig. 29 is both equal to the composition
of the moves r3, ry and r;, and separately equal to the composition of the moves r¢, 15 and r,.
In equations

r=ryxryxry=(rgXrsxry) 7. (C.4)
However, it follows from the discussion of the previous subsection that each of the contours

1, '3, 74 and rg have trivial monodromies. It follows that the monodromies associated with
r, and r5 are equal, as we set out to prove.

t

A\ 4

A
A

my

my

Figure 29: A closed contour in the lattice of causal configurations, which we decom-
pose into a product of simple contours in two inequivalent ways in the next figure.

mny 1 Ay
A 4 -
sz :mz > :mz
my mq 1
rq Ty I3
A a V11
_ A _
moy g my sz
/ o
my my 1
r4 rS r6

Figure 30: The closed contour of the previous figure can be equal to the product of
motions ryryrs and also the product of r,rsrg (with the convention that the move
listed last is performed first). Note that the moves ry, r3, r4 and r¢ capture the com-
mutativity of holomorphic and anti-holomorphic moves, and so were demonstrated
to vanish in the previous subsection. The argument presented in this diagram is
adapted from [29].

In this section, we have demonstrated that the “12” monodromy is independent of the 1
location. 1 and 2 could represent any of the many possible holomorphic moves, while 1 could
represent any anti-holomorphic direction. We have demonstrated in great generality (i.e.,
both for three, four and higher point functions) that the values of holomorphic monodromies
are independent of anti-holomorphic locations. Of course, the values of anti-holomorphic
monodromies are also independent of holomorphic locations.
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D Analysis using D function

D-function is defined as follows,

D(z,2) = 22 [ZLiZ(z) — 9Liy(£) + log(2%) log — _‘?] : (D.1)
z2—3 1—2

For simplicity, we will suppress the % factor outside. Let us consider,

v ={1,logz,log(1 —2),logzlog(1 —2),Liy(z)},

D.2
v ={1,logZ,log(1 —2),logzlog(1 —2),Liy(2)}. (D-2)
Then, we can represent the D function as following
D=7T.Py, (D.3)
where,
O 0 01 2
0O 0 1 00O
P=| 0 -1 0 0 O (D.4)
-1 0 0 0 O

-2 0 0 0O

We can also write the matrix form of the transformations related to each monodromy. In
the functional form,

Table 8: Monodromy effects on D function.

monodromy non-trivial effect
Co logz — logz —2mi
Ap logz — logz + 2mi
Co logz — logz — 2mi
A logz — logz + 2mi
o Liy(2) — Liy(2) + 2milogz, log(1 —2) — log(1 —z) — 2mi
A Liy(z) — Liy(2) —2milogz, log(1 —2) — log(1 —2) + 2mi
C; Liy(2) — Liy(2) + 2milogz, log(1 —2) — log(1 —2) — 2mi
Ay Li, (%) — Liy(2) —2milogz, log(1 —%) — log(1 — %) + 2mi

The same effects can be captured using matrices as follows,
v — Cy.v, v — C;.v, V- (_70.17, etc. (D.5)

Then, we can assign the following matrix form for the monodromies

( 1 0 0 00 ( 1 0 000
—2ir 1 0 0 0 0 1 000
Co=Co= o 0 1 00|, C=C=| -2 0 10 0|,
0 0 —2imr 1 0 0 —2ir 0 1 0
\ 0O 0 0 01 \ 0 2imr 0 0 1
(D.6)

1 0 0 00 1 0 000
2it 1 0 0 0 0 1 000
Ag=A,=| 0 0 1 0 0 |, Aj=A;=| 2ir 0 1 0 O
0 0 2irn 1 0 0 2 0 1 0
\ 0 0 0 01 \ 0 —2imr 0 0 1
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The following identities are true,

Al.Cl :AO'CO =1 >

vI'.Pv=D,
C].PA, =P,

7 (D.7)
Cl.PA =P,

Cy.Cl.PA].Ay=P, etc.,
PAy.A Ay =A] A} Aj.P =AJ.PA A.

The only confusing part is, realization of the last identity can be realised through equiva-
lence of three motions,

* motion only in z gives, Ay = A; — Ao,
* motion only in Z gives, Ag — A; — Ay,
* straight motion gives, A; — A, in 2 and A, in Z plane,

here, “—” implies “then”.

Also, if we use the direct rules from the table to D function, and we act the monodromies
in the order as we get from our way, we get a perfect match.

We parenthetically note that the D function is the result of a correlator computed using
contact diagram in the bulk of AdS (via the AdS/CFT correspondence). It would be interesting
to perform an analysis similar to this appendix, on the more complicated analytic structures
that arise out of exchange or loop computations in the bulk.

E Path Independence of 4 point functions

E.1 Path independence on a Minkowski diamond

As a warm-up, let us first consider four operators inserted on the Minkowski diamond. We
have 4! possible different “leftmoving” orderings, and 4! different rightmoving orderings of
these operators. We have already seen above that monodromies in z and z do not talk to
each other (this follows because z monodromies are represented by right multiplications on
P, while Z monodromies are represented by left multiplications on P). As a consequence, we
can deal separately with trajectories in z and z.

The 4! different leftmoving orderings are in one-to-one correspondence with elements of
the permutation group. Starting with any one element of the permutation group, one can
reach every one of the 4! elements using only three local moves: interchanging the first and
second element, the second and third element, and the third and fourth element. Physically,
this reflects the fact that we can reach any “leftmoving time ordering” starting from an arbitrary
initial configuration, by interchanging neighbouring (in time ordering) insertions.

It is convenient to draw a lattice diagram in which every node is a distinct leftmoving time
ordering (distinct element of the permutation group) and every link represents one of these
three basic adjacent flips in time ordering. The resultant diagram takes the form represented
in Fig. 31.
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Figure 31: In this figure, we denote the causal lattice for configurations on Minkowski
space, or, equivalently, a single Minkowski diamond. Points on the lattice are ele-
ments of S, as explained in the main text. Links are moves that involve crossing
a single lightcone and are depicted by solid-coloured lines above. The monodromy
over each plaquette of this diagram vanishes.

Now, any closed path in the space of insertion points maps to a closed path in Fig. 31.
One starts at a given vertex of this graph, moves along different edges, and eventually comes
back to the starting vertex. We want to argue that the motion along any such closed trajectory
returns the correlator to itself. To make this argument, it is sufficient to argue that the traversal
along each of the “elementary or generator” faces of the graph in Fig. 31 leaves the correlator
unchanged. The graph in Fig. 31 has two distinct kinds of elementary simplices, one four-sided
and the second six-sided. The four-sided faces are generated by the permutation sequence
P;5P34P1, P34, while the six-sided faces are generated by either of the permutation sequences
P13 Py3P13Py3 P13 Pog O Py3P3yPy3P3yPo3Psy.

To verify path independence, we must now check that the monodromy associated with each
of the basic faces listed above vanishes. It might, at first, seem that this path independence
can easily be verified using “half-monodromy” rules developed in section 3.2. However, we
encounter a subtlety at this point. The half-monodromy rules of section 3.2 are different
depending on whether we pass lightcones from past to future or from future to past, and
whether the lightcone we cut is a past or future lightcone.

Let’s say that we are changing w; values at fixed ;. The first question (if we are moving
from past to future or the converse) is completely determined by the relative orderings of w;
in the initial and final configurations. However, the second question (whether we are cutting
a past or future lightcone) is determined by the relative values of &; at the time of crossing of
w; lightcones. For this reason, the determination of monodromies does not obviously factorize
between left and right motion. One has to remember that the full configuration space (as far
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as monodromies are concerned) is a direct product of two of the “footballs” displayed in Fig.
31. The first “football” keeps track of the relative w; orderings, while the second one keeps
track of &; orderings.

Before worrying about the path independence for motion in w;, consequently, we must
first verify the commutation of monodromies in w; and ;. This is easily done as follows.
Suppose that, initially, w; > w; and, also, w; < w;. Say we want to move to w; < w; and
®; > ;. We can move in two distinct ways: either by first moving to w; < w; keeping &
fixed and then to @; > @; keeping w fixed, or by doing these moves in the converse order.

The first option involves w; first crossing a past holomorphic lightcone (centered at w;)
and o; then crossing a future anti-holomorphic lightcone (again centered at ®; from past to

future. We thus get the monodromies ,/C;; and VA; j- The second option switches the order
of crossings, and so involves @; first crossing a past anti-holomorphic lightcone (centered at
w;) and w; then crossing a future holomorphic lightcone (again centered at @; from past to

future. We get the monodromies 4/C; jand ,/A;;. As in the discussion around (32), these two
orders of operations, respectively, effectively replace the pairing matrix by /A; jJ" -P-,/C;jand

1/CijT - P - \/A;j respectively. Note that ,/C;; and ,/A;; are inverses of each other. It follows
that the two new effective pairing matrices are identical if and only if

Al -P-Cy=P=Cl-P-A;. (E.1)

But Cj; represents a full monodromy, and so (E.1) indeed holds as a consequence of (33).

To verify that moving along any of the edges in Fig. 31 induces the half-monodromy listed
under each of the edges in the figure (moving in the opposite direction reverses this motion,
and so, for instance, replaces 4/A, - an anticlockwise half-monodromy around 0 - with 4/C, - a
clockwise half-monodromy around the same branch point.). Using these rules - together with
the obvious fact that \/Ag - /A1 - v/Aeo = v/Co* v/C1 - v/Coo = ¢, it is easy to check that the
motion around both the four-sided as well as a six-sided simplex induces trivial monodromy.
This completes the proof of path independence on a Minkowski diamond.

E.2 Triviality of loops on cubic edges

In this subsection we demonstrate that the three loops which are lying on the edges of the
cubic lattice give trivial monodromy. We will be using equations (40), (41), (42) and (43).
Let’s see the first edge from (46).
BP,FP,(B,""") = BP,F(A;"™F)
1,n,
= BP,y(A]T ")
— B(Bm+1,n,p)
1
— m,n,p
=B

(E.2)

As we can see, it gives a trivial monodromy. Now similarly the second edge from (47).

BP,FP(A3"™") = BP,F(B]""")
= BP,(B}"""P)

— B(Arzrl,n+1,p)
— m’n’p
=A™

(E.3)
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Finally the third edge from (48).

BP,FP,(B;""") = BP,F(AT""")
= BPy (A7)

— B(B;n,n,p+1)
J— m,n,p
=B,

(E.4)

E.3 Triviality of loops on cubic faces

In this subsection we demonstrate that the three loops which are lying on the faces of the cubic
lattice give trivial monodromy. We will be using equations (40), (41), (42) and (43).

PlpzpprzBplezF(Arzn;n,P) — PlpzplBPZBplez(AT+l’n’p)
= PlpzpprzBplF(B?H—l’n)p)
= PlpzpprzBpl (B;n-’—l’n-’_lsp)
= P,P,P|BPB(A]THTHP)
on+1,
= PiP,PyBPy (4,7 ) (E.5)
= P PP B(B;"1T)
= P,P,P;(B]"™")
= P, P,(Ay"™)
=P;(B,"™")

— AILD
=A™

F Detailed calculations of various configurations

E1 A type configurations

1. n,—ananZnn

In this case we first move w; — w; —n;m. It crosses 3 future light cones which ac-

cording to rule (1) of §6.2 gives ¢». We then move w; — w; —n;m. It crosses 1 past

and 2 future light cones which according to rule (2) of §6.2 gives Cl.r‘lj . We then move
Wy = W, — N, It crosses 2 past and 1 future light cones which as per rule (3) gives
Ay = i’}’". Finally we move w,, = w,, —n, 7. It crosses 3 past light cones and hence as
per rule (1) does nothing.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. . . . n;,—nm
and doing (n; —n,,) clockwise circles around z;;, i.e., Ci].’ .
2. n,—anZnHZHm

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This move

induces no monodromy. We then make the shifts w; — w; —n;m. It crosses 1 past and

2 future lightcones which according to rule 2 of §6.2 gives Ci;lj .

We then move w, — w, —n,m. It crosses 1 future and 2 past lightcones which as per
rule (3) of §6.2 gives A, = Al.';.”. Finally we move w,, = w,, —n,, 7. It crosses 3 past
light cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
and doing (n; —n,,) clockwise circles around z;, i.e., Cl.;lj —
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3. n,-ananZnn

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This
move induces no monodromy. We then make the shifts w,, - w,, —n,,m. It crosses
future, past, future lightcone configuration which according to rule 2 of §6.2 gives

A Clm e fConi = A - Ci -/ Ciy.

We then move w; — w;—n;m. It crosses past, future, past lightcone configuration which

as per rule (3) of §6.2 gives ,/Cj; -A;:' “VAji =4/Cij -Aig- Ajj.
Finally we move w, — w, —n, . It crosses 3 past light cones and gives ¢. Putting it all
together, the final monodromy is

\/A_in.c.”m.\/_.. C-~-A.nj- A;j

NI R e S
n_n
ot

In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around z;;, then (n,, —n;) clockwise circles around z;,, and finally

followed by a half-anticlockwise monodromy around z;;, i.e., 4/C;j - Cl.:1'"_nj - Aij.

4. n2n, 2n, 2n;

In this case we first move w; — w; — n;m. It crosses 3 future light cones. This
move induces no monodromy. We then make the shifts w,, - w,, —n,,m. It crosses
future past, future lightcone configuration which according to rule 2 of §6.2 gives

n n
“C." 4/ Cmj = VAin - C, - 4/ Cip
We then move w, — w, —nh,7T. It crosses past, future, past lightcone configuration

which as per rule (3) of §6.2 gives +/C,,, -A:]? VA = 4/Cij -Al.';"l 4/ Aij-

Finally we move w; ;—n; . It crosses 3 past light cones and gives ¢. Putting it all

together, the final monodromy is

VA G /oy '--A{ﬁ;;-\/A_r
\/_ \ lm Clm V Alm.\/_i
VGG A

In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around ;;, then (n,,—n,) clockwise circles around z;,,, and finally

followed by a half-anticlockwise monodromy around z;;, i.e., 4/C;j - Ci;’"_n" - VAij.

- w

5. niZnHanan

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w,, — w, —n,m. It crosses 2 future
and 1 past lightcones which according to rule 2 of §6.2 gives Cl.ﬁ”.

We then move w; = coJ j

rule (3) of §6.2 gives J =A, v . Finally we move w,, = w,, —n,, 7. It crosses 3 past
light cones and gives ¢.

n;m. It crosses 2 past and 1 future lightcones which as per

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
n, nJ
and doing (n, —n;) clockwise circles around z;,, i.e., C;,
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10.

n2n, 2n, 2n;

In this case we first move w; — w; —n;7. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w,, — w, —n,m. It crosses 2 future
and 1 past lightcones which according to rule 2 of §6.2 gives Cl.Z”.

We then move w,, = w,, —n,, . It crosses 1 future and 2 past lightcones which as per
rule (3) of §6.2 gives A:l'; EA;'”. Finally we move w; — w;—n;7. It crosses 3 past light
cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
and doing (n, —n,,) clockwise circles around z;,,, i.e., Cl.Z"_"'".

anHianZnn

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w; — w; —n;m. It crosses 2 future and

1 past lightcones which according to rule 2 of §6.2 gives Cl.;.li.

We then move w,, = w,, —n,, 7. It crosses 2 past and 1 future lightcones which as per
rule (3) of §6.2 gives A, = Ai’;.’“. Finally we move w,, — w, —n,m. It crosses 3 past
light cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

and doing (n; —ny,) clockwise circles around z;;, i.e., Ci;.'i_nm.

. nj2ni2nn2nm

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w; — w; —n;m. It crosses 2 future and
1 past lightcones which according to rule 2 of §6.2 gives Ci?f.

We then move w, — w, —n,m. It crosses 1 future and 2 past lightcones which as per
rule (3) of §6.2 gives A, = Al.';.”. Finally we move w,, = w,, —n,, 7. It crosses 3 past
light cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
. . . . n;—np

and doing (n; —n,,) clockwise circles around z;;, i.e., C; i

n; =2n,=2n;2n,

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w,,, = w,,—n,, 7. It crosses 1 past and

2 future lightcones which according to rule 2 of §6.2 gives CT:J'“ = Cl.Z’”.

We then move w; — w; —n; 7. It crosses 1 future and 2 past lightcones which as per rule
(3) of §6.2 gives Al.':;. Finally we move w,, = w, —n,m. It crosses 3 past light cones and
gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. S . P——
and doing (n,,, —n;) clockwise circles around z;,, i.e., C,,;™ .

nj2n, 2n, 2n;
In this case we first move w; — w; —n;m. It crosses 3 future light cones. This move

induces no monodromy. We then make the shifts w,,, = w,,—n,, 7. It crosses 1 past and
2 future lightcones which according to rule 2 of §6.2 gives Cnff = Cl.Z’".

We then move w, — w, —n,7. It crosses 2 past and 1 future lightcones which as per
rule (3) of §6.2 gives Aﬁl”. Finally we move w; — w; —n; . It crosses 3 past light cones
and gives ¢.
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11.

12.

13.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
and doing (n,, —n,) clockwise circles around %;,,, i.e., Cl.zm_n".

n;2n,2n; 2n,

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This

move induces no monodromy. We then make the shifts w, — w, —n,m. It crosses
future, past, future lightcone configuration which according to rule 2 of §6.2 gives

VA cn’}" A/ Cam = /Aij - Ci - /Cj.

We then move w; — w; —n; 7. It crosses past, future, past lightcone configuration which
. n;

as per rule (3) of §6.2 gives +/Cj, - A - /Ain-

Finally we move w,, — w,, —n,, 7. It crosses 3 past light cones and gives ¢. Putting it

all together, the final monodromy is

VAij Cor - [Cij - v/ Cin - Al - VAin
=V Cin' \% Cim'Cinmn' VAim'Air:Til' VAin
=V G- Ci:lnn_ni “VAin .

In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around z;,,, then (n,, —n;) clockwise circles around z;,,, and finally
followed by a half-anticlockwise monodromy around z;,, i.e., 4/Cin - C;im " + /Ay
nj2n,2n,2n;

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This
move induces no monodromy. We then make the shifts w,, — w, —n,m. It crosses
future, past, future lightcone configuration which according to rule 2 of §6.2 gives

n, —_ n,
VAHm'an "\/ Cnm:'\/Aij.Cim .1/Cij'
We then move w,, = w,, — N, 7. It crosses past, future, past lightcone conﬁguration

which as per rule (3) of §6.2 gives Anm VAmj = v/ Cin A"m < VA;

Finally we move w; — w; —n; . It crosses 3 past light cones and gives ¢. Putting it all
together, the final monodromy is

\/A_uclnmn\/c_u\/C_mAl%n\/A_m
In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around z;,,, then (n,,—n,,) clockwise circles around z;,, and finally
followed by a half-anticlockwise monodromy around z;,, i.e., 4/Cin - Cl.::_n’" A
n,2n;2n; 2n,

In this case we first move w,, — w,, —n,,7. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w; — w; —n; 7. It crosses future, past,
future lightcone configuration which according to rule 2 of §6.2 gives /A, - Ciﬁ 4/ Cip.

We then move w; — w;—n;m. It crosses past, future, past lightcone configuration which

as per rule (3) of §6.2 gives ,/Cj; -A;Z “VAji = 4/Cij -Al.’;jl “Aij-
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14.

15.

Finally we move w, — w, —n,m. It crosses 3 past light cones and gives ¢. Putting it all
together, the final monodromy is

= \/C—UmClZ;mAlr;]‘l\/lq—U

- \/C_U'Cifé_nj'\/A_ij-
In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around z;;, then (n; —n;) clockwise circles around z;,,, and finally
followed by a half-anticlockwise monodromy around z;;, i.e., VGCij Cir;-—nj - /Aij.

Comments on [21]: For the same configuration [21] (Lemma 23.6.1, equation 23.6.7)
concludes the monodromy should be

7 — g e2min3—ns) = ng_nz , (ED)
whereas we get 4/C;; - Ci:i_nj - VAij.
Note, the (n; — n,) factor in (E1) is fixed for all configurations, since

(ny —ny) + (n3 —ny) —(n; —n3) —(ny —ny) = 2(n3 —ny). This is coming from from the
definition of the cross-ratio. In comparison, for us, broadly the monodromy comes from
the diamond number difference between the middle two operators in time ordering.

This difference is showing up simply because the ordering of the correlators in [21] is
assumed to be fixed and specifically they are not time ordered (see eq 23.6.2 in [21]).
Hence, there are only trivial monodromies unlike the time ordered case we considered.
This comparison could be done with any of the examples presented in this paper.

N, 2n; 2N, 2n;

In this case we first move w,, = w,, —n, 7. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w; — w; —n; 7. It crosses future, past,
. . . . . . n;
future lightcone configuration which according to rule 2 of §6.2 gives 1/A;,, - C,, - 4/ Ciy-

We then move w, — w, —n,m. It crosses past, future, past lightcone configuration
which as per rule (3) of §6.2 gives +/C,,, -A:Jf1 “VAnm = 4/Cij -Al.nm" 4/ Aij-

Finally we move w; — w;—n;m. It crosses 3 past light cones and gives ¢. Putting it all

together, the final monodromy is
VAin - Cii - v/ Cin - 1/ Cij - Al - A
= /Cij - VCim - Cpl - VAim - Apr - \JAij
=/Cij C "+ /Ay

In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around z;;, then (n; —n,,) clockwise circles around z;,, and finally

followed by a half-anticlockwise monodromy around z;;, i.e., 4/C;; - C,ii "™ - \/Aj;.

ananniZnn

In this case we first move w,, = w,, —n, 7. It crosses 3 future light cones. This move

induces no monodromy. We then make the shifts w; — w; —n;m. It crosses 2 future and
. . . . nj __ n;

1 past lightcones which according to rule 2 of §6.2 gives ij =C, .

We then move w; — w;—n; 7. It crosses 1 future and 2 past lightcones which as per rule

(3) of §6.2 gives Al.r:li. Finally we move w,, = w, —n,m. It crosses 3 past light cones and
gives ¢.
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16.

17.

18.

19.

20.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
. . . . nj—n;
and doing (n; — n;) clockwise circles around z;,,, i.e., C; ' .

n,2n;2n, 2n;

In this case we first move w,, — w,, —n,,7. It crosses 3 future light cones. This move

induces no monodromy. We then make the shifts w; — w;—n;m. It crosses 2 future and

. . . . n; __ _n;
1 past lightcones which according to rule 2 of §6.2 gives C; n=C.

We then move w, — w, —n,m. It crosses 2 past and 1 future lightcones which as per
rule (3) of §6.2 gives Al.T:l". Finally we move w; — w; —n;m. It crosses 3 past light cones
and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. . . . n;—n
and doing (n; —n,) clockwise circles around z;,, i.e., C;.” ™.

N, 2n, 2n; 2n;

In this case we first move w,, = w,, —n, 7. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w, — w, —n,n. It crosses 1 past and
2 future lightcones which according to rule 2 of §6.2 gives C,;2 = Ci?”.

We then move w; — w;—n; 7. It crosses 2 past and 1 future lightcones which as per rule
(i";) of ¢ij6.2 gives Al.';". Finally we move w; — w; —n;m. It crosses 3 past light cones and
gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
and doing (n, —n;) clockwise circles around z;;, i.e., Ci;.‘"_"".
N 2N, 2N 2n;

In this case we first move w,, = w,, —n, 7. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w, — w, —n, . It crosses 1 past and

2 future lightcones which according to rule 2 of §6.2 gives C,," = Cl.;.l”.

We then move w; — w; —n;7. It crosses 1 future and 2 past lightcones which as per

rule (3) of §6.2 gives Ai’;j . Finally we move w; — w; —n;m. It crosses 3 past light cones
and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. . . . np,—n;
and doing (n, —n;) clockwise circles around z;;, i.e., C; j" ..

n,,Znianan

In this case we first move w, — w, —n, 7. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w; — w; —n;m. It crosses 1 past and
2 future lightcones which according to rule 2 of §6.2 gives Cl.Z".

We then move w; — w; —n;7. It crosses 2 past and 1 future lightcones which as per

rule (3) of §6.2 gives A;; = A;j. Finally we move w,, — w,, —n,, 7. It crosses 3 past
light cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. . . . n,-—nj
and doing (n; —n;) clockwise circles around z;,, i.e., C; " .
n, 2n; 2n, 2n;

In this case we first move w, — w, —n, . It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w; — w; —n;m. It crosses 1 past and
2 future lightcones which according to rule 2 of §6.2 gives Cl.Zi.
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We then move w,,, = w,, —n, . It crosses 1 future and 2 past lightcones which as per
rule (3) of §6.2 gives Ai’}” =A/™. Finally we move w; —n;m. It crosses 3 past light

j T @i
cones and gives ¢.

J

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
and doing (n; —n,,) clockwise circles around z;,, i.e., C;" ™.

21. n,,anZnian
In this case we first move w, — w, —n,m. It crosses 3 future light cones. This
move induces no monodromy. We then make the shifts w; — w; —n;m. It crosses
future, past, future lightcone configuration which according to rule 2 of §6.2 gives
n; _ n;
C]nJ * .\/ C]l = 1/Aij * Cmi ° 1/ Cl]
We then move w; — w; —n; 7. It crosses past, future, past lightcone configuration which
. n;
as per rule (3) of §6.2 gives 1/Cj, - A, - v/Ajp.
Finally we move w,, = w,, —n,, 7. It crosses 3 past light cones and gives ¢. Putting it
all together, the final monodromy is
n; .
VAij i v/Cij* v Cin - Ay - VAin
n; .
=vCin- v Cim'CimJ : VAim'Ai’:Tll VA
n;—n;
:VCin'CimJ " VA
In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around z;,, then (n; —n;) clockwise circles around z;,, and finally
: : . n;—n;
followed by a half-anticlockwise monodromy around 2;,, i.e., 4/Cin*C;,,, " * 4/ Ain-
22. n,2n;2n, 2n;
In this case we first move w, — w, —n,n. It crosses 3 future light cones. This
move induces no monodromy. We then make the shifts w; — w; —n;m. It crosses
future, past, future lightcone configuration which according to rule 2 of 86.2 gives
n; _ n;
We then move w,, = w,, — N,,T. It crosses past, future, past lightcone conﬁguration
which as per rule (3) of §6.2 gives A”m VAmj =V Cin A"m “VA;
Finally we move w; — w; —n; . It crosses 3 past light cones and gives ¢. Putting it all
together, the final monodromy is
n.
VAij Col - /Cij V Cin - A - V/Aiy
.
=V v Cim'Cimj ' VAim'Ai’:;ln VA
ni—np,
= 4 Cin'Cimj '\/Ain.
In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around 2;,,, then (n;—n,,) clockwise circles around z;,,, and finally
. . . ni—ng,
followed by a half-anticlockwise monodromy around 2;,, i.e., 4/Cin * C; ) - VAin.
23. n, 2n, 2n; 2n;

In this case we first move w, — w, —n, 7. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w,, = w,, —n,,7. It crosses 2 future

and 1 past lightcones which according to rule 2 of §6.2 gives C,," = Ci?’“.

We then move w; — w;—n; 7. It crosses 2 past and 1 future lightcones which as per rule
({3) of 56.2 gives Al.r;f. Finally we move w; — w; —n;. It crosses 3 past light cones and
gives ¢.
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24.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. n —n
and doing (n,,, —n;) clockwise circles around z;;, i.e., Cl.j"1 L

n,2n,2n;2n;

In this case we first move w, — w, —n, 7. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w,,, = w,, —n,, 7. It crosses 2 future
and 1 past lightcones which according to rule 2 of §6.2 gives C,," = C i?'”

We then move w; — w; —n;7. It crosses 1 future and 2 past lightcones which as per

rule (3) of §6.2 gives Air]l.j . Finally we move w; — w; —n;m. It crosses 3 past light cones
and gives ¢.

—n

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. ng,—n;
and doing (n,,, —n;) clockwise circles around z;;, i.e., C "o

l]’

E2 B type configurations

Consider the B type configurations listed in Fig. 8b. This configuration has one special operator
(the one that is in the causal future of all the other three). Let us call this the it" operator,
located at position P;.

1.

n;2nj2n,zn,

In this case we first move w; — w; —n;m. It crosses 3 future light cones which according

to rule (1) of §6.2 gives ¢. We then move w; — w; —n;m. It crosses 1 past and 2 future

light cones which according to rule (2) of §6.2 gives Ci;.lj .

We then move w,, = w,, —n,,m. It crosses 2 past and 1 future light cones which as per
Ny —

rule (3) gives A,;» :A;f". Finally we move w,, = w, —n, 7. It crosses 3 past light cones
and hence as per rule (1) does nothing.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

n;—nm
and doing (n; — n,,) clockwise circles around z;, i.e., Cl.].’ ",

n; = le > n, = n,

In this case we first move w; — w; —n;7. It crosses 3 future light cones. This move

induces no monodromy. We then make the shifts w; — w; —n;m. It crosses 1 past and
. . . . n;

2 future lightcones which according to rule 2 of §6.2 gives C, jj.

We then move w, — w, —n,m. It crosses 1 future and 2 past lightcones which as per

rule (3) of §6.2 gives A/, = Al.';.". Finally we move w,, — w,, —n,, 7. It crosses 3 past

light cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

n;,—n
and doing (n; —n,) clockwise circles around z;;, i.e., C; j’ "

n;=n, = n; =n,
In this case we first move w; — w; —n;m. It crosses 3 future light cones. This

move induces no monodromy. We then make the shifts w,, - w,, —n,,m. It crosses
future past, future lightcone configuration which according to rule 2 of §6.2 gives

i Cm e JCoi = VA - Com /i

We then move w; — w;—n;7. It crosses past, future, past lightcone configuration which

as per rule (3) of §6.2 gives ,/Cj; ~AJ.nr{ “VAji =4/Cij ~A;:l “/Aij-
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Finally we move w, — w, —n,m. It crosses 3 past light cones and gives ¢. Putting it all
together, the final monodromy is

VA Cl':lnm v/ Cip - C’ij 'Air:rjz ’ Aij
= V/Cij Vi Co /A Ay - /A
=G Co Ay

In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around z;;, then (n,, —n;) clockwise circles around z;,, and finally

followed by a half-anticlockwise monodromy around z;;, i.e., 4/C;; - Ci:;'"_nj - JAij.

4. n;2n, 2n, 2n;

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This

move induces no monodromy. We then make the shifts w,, - w,, —n,,m. It crosses

future, past, future lightcone configuration which according to rule 2 of §6.2 gives
nm —_ nm

Amj-Co" A/ Cmj = VA - C0 - A/ Cipe
We then move w, — w, —n,m. It crosses past, future, past lightcone configuration
. : n — nH

which as per rule (3) of §6.2 gives 1/C,, -A:j A A = Cij AT A

Finally we move w; — w;—n;m. It crosses 3 past light cones and gives ¢. Putting it all

together, the final monodromy is

VA Co - A/ Cin - /i Al - A
=/Cij* VCin C' - VAim Ay - Ay
=/Cij ™" - /Ay

In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around ;;, then (n,,—n,) clockwise circles around z;,,, and finally

followed by a half-anticlockwise monodromy around z;;, i.e., 4/C;j - Cl.z:"_n" “ VAij.

5. niZnHZHjan

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w, — w, —n,m. It crosses 2 future
and 1 past lightcones which according to rule 2 of §6.2 gives CiZ”.

We then move w; — w; —n;m. It crosses 2 past and 1 future lightcones which as per

rule (3) of §6.2 gives A;Zl = A;j. Finally we move w,, = w,, —n,,m. It crosses 3 past
light cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
. . . . n,—n;
and doing (n, —n;) clockwise circles around z;,, i.e., C;," .

6. n;2n, 2ny, 2n;

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This move
induces no monodromy. We then make the shifts w,, — w, —n, 7. It crosses 2 future
and 1 past lightcones which according to rule 2 of §6.2 gives CiZ”.

We then move w,, = w,, —n,,7. It crosses 1 future and 2 past lightcones which as per
rule (3) of §6.2 gives A:l'; EA;”“. Finally we move w; — w;—n;. It crosses 3 past light
cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. . N . n,—n
and doing (n, —n,,) clockwise circles around z;,, i.e., C; " "".
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7.Mp>n; 2Ny 20,

10.

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones

which according to rule 2 of §6.2 gives C;;. We then move w; — w; —(n; —1)7. It
crosses 3 future light cones. This move induces no monodromy. We then make the shifts
w; = w; —n;7. It crosses 2 future and 1 past lightcones which according to rule 2 of
§6.2 gives Cl.;.li.

We then move w,, = w,, —n,, 7. It crosses 2 past and 1 future lightcones which as per
rule (3) of §6.2 gives A, = Al.r;.'". Finally we move w, — w, —n,m. It crosses 3 past
light cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. . ] g 2n 41
and doing (n; —n,, + 1) clockwise circles around z;;, i.e., Ci?‘ mT e

n;>n; 2n, 2n,

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones
which according to rule 2 of §6.2 gives C;;. We then move w; = w; —(n; —1)7. It
crosses 3 future light cones. This move induces no monodromy. We then make the shifts
w; = w; —n;7. It crosses 2 future and 1 past lightcones which according to rule 2 of
§6.2 gives Cl.;.li.

We then move w, — w, —n,m. It crosses 1 future and 2 past lightcones which as per
rule (3) of §6.2 gives A}, = Ai'}". Finally we move w,, = w,, —n,, 7. It crosses 3 past
light cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. . . . p— +1
and doing (n; —n, + 1) clockwise circles around z;;, i.e., Ci;.“ Mt

. annm>ni2nn

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones

which according to rule 2 of §6.2 gives C;;. We then move w; — w; —(n; —1)7. It
crosses 3 future light cones. This move induces no monodromy. We then make the shifts
W, = W, — . It crosses 2 past and 1 future light cones which according to rule 3 of

§6.2 gives A;,, = A;;. We then move w,, = w,, —(n, — 1)7. It crosses 1 past and 2
future light cones which according to rule 2 of §6.2 gives CJ.(TZ’”_D = Ciinm—l)_

We then move w; — w; —n; 7. It crosses 1 future and 2 past lightcones which as per rule
(3) of §6.2 gives Al.';". Finally we move w, — w, —n,m. It crosses 3 past light cones and

gives ¢.
So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. . . . n,—n;—1
and doing (n,, —n; — 1) clockwise circles around z;,, i.e., C,,;™ " .

n;2n, 2n,>n;

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones

which according to rule 2 of §6.2 gives C;;. We then move w; — w; —(n; —1)7. It
crosses 3 future light cones. This move induces no monodromy. We then make the shifts
Wy = W, — . It crosses 2 past and 1 future light cones which according to rule 3 of
§6.2 gives A,,, = A;;. We then move w,, = w,, —(n, —1)7. It crosses 1 past and 2

future light cones which according to rule 2 of §6.2 gives Cj(n':m_l) = Ciinm_l).

We then make the shifts w, — w, — . It crosses 3 past light cones which according to
rule 1 gives ¢p. We then move w,, = w, —(n, —1)7. It crosses 2 past and 1 future light

cones which according to rule 3 of §6.2 gives Ai(:”_l). Finally we move w; — w; —n;m.
It crosses 3 past light cones and gives ¢.
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11.

12.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
and doing (n,, —n,) clockwise circles around %;,,, i.e., Cl.zm_n".

n;2n,>n; 2n,

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones
which according to rule 2 of §6.2 gives C;;. We then move w; — w; —(n; —1)7. It
crosses 3 future light cones. This move induces no monodromy. We then make the
shifts w, — w, — m. It crosses 1 future and 2 past lightcones which according to
rule 3 of §6.2 gives A,,, = A;;. We then make the shifts w, - w, —(n,— 7. It
crosses future, past, future lightcone configuration which according to rule 2 of §6.2
gives v/Apm - Cnr;.“_l A/ Com = VA Ci;n_l . \/C_U

We then move w; — w; —n; 7. It crosses past, future, past lightcone configuration which
as per rule (3) of §6.2 gives 4/Cy, - A" - v/Ajp.

Finally we move w,, = w,, —n, 7. It crosses 3 past light cones and gives ¢. Putting it
all together, the final monodromy is

CijAij - /A - Co™ - /iy VVCin - Ay /A,
=V Cin VCin- Cl-nm”_l VA Al VA
= /Cpp-CI T A,

In words, we get to the relevant sheet by starting from the Euclidean sheet, do-
ing a half-clockwise monodromy around g;,, then (n, — n; — 1) clockwise circles
around z;,, and finally followed by a half-anticlockwise monodromy around z;,, i.e.,

np,—n;—1
VCin-Clm - VA,
n;2n, 2n,>n;

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones

which according to rule 2 of §6.2 gives C;;. We then move w; — w; —(n; —1)7. It
crosses 3 future light cones. This move induces no monodromy. We then make the
shifts w, — w, — m. It crosses 1 future and 2 past lightcones which according to
rule 3 of §6.2 gives A,,, = A;;. We then make the shifts w, - w, —(n,— 7. It
crosses future, past, future lightcone configuration which according to rule 2 of §6.2
gives /A - Cn';.“_l VCom = 1Ay - ¢t VCij-

We then move w,, = w,,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w,,, = w,,—(n,,—1)7. It crosses past, future, past lightcone configuration

which as per rule (3) of §6.2 gives ,/C,,; -A;T_l /Amj =/ Cin -Al.';;”_l VA
Finally we move w; — w; —n; 7. It crosses 3 past light cones and gives ¢. Putting it all
together, the final monodromy is

CijAij v/ A Cop /i VCin - A - VAiy
:\/C_m.m.ci”mn_l.m.,qiﬁ_l.\/,q_m
= /Cpp- Gl VAL
In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-

clockwise monodromy around z;,,, then (n,—n,,) clockwise circles around z;,,, and finally
followed by a half-anticlockwise monodromy around z;,,, i.e., 4/Ciy * Ci:lr;’_n"‘ * VAin.
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13.

14.

15.

In this case we first move w,, — w,, — 7. It crosses future, past, future lightcone config-
uration which as per rule (2) of §6.2 gives /A - Cpi * v/Cinj = v/Ain * Cim * v/ Cin- We
then move w,,, = w,, —(n,,, —1)7. It crosses 3 future light cones. This move induces no
monodromy.

We then make the shifts w; — w; —n;m. It crosses future, past, future lightcone config-
uration which according to rule 2 of §6.2 gives /A, Ci:; -4/ Cin-

We then move w; — w;—n;m. It crosses past, future, past lightcone configuration which

as per rule (3) of §6.2 gives ,/Cj; ~AJ.nr{ “VAii =4/Cij ~A;:l “/Aij-
Finally we move w, — w, —n,m. It crosses 3 past light cones and gives ¢. Putting it all
together, the final monodromy is

. n;
VAin Cim - VCin VVAin - Cit - A/ Cin - [Cij - AL - A
. n;
= 4/Cij* VCim Cim - Cipt - VAim - Ay, - 1/Aij
n;—n;+1
=VGCi Cm WAy
In words, we get to the relevant sheet by starting from the Euclidean sheet, do-

ing a half-clockwise monodromy around z;;, then (n; — n; + 1) clockwise circles
around z;,, and finally followed by a half-anticlockwise monodromy around z;;, i.e.,

i—n;+1
VTR

N, >n; 2n, 2n;

j>

In this case we first move w,, = w,, — 7. It crosses future, past, future lightcone config-
uration which as per rule (2) of §6.2 gives /An; - Cni - 1/Cimj = v/Ain * Cim * v/Cin- We
then move w,, = w,, —(n,,—1)m. It crosses 3 future light cones. This move induces no
monodromy.

We then make the shifts w; — w; —n;m. It crosses future, past, future lightcone config-
uration which according to rule 2 of 86.2 gives /A, - Ciﬁ -4/ Cin-

We then move w, — w, —n,n. It crosses past, future, past lightcone configuration
which as per rule (3) of §6.2 gives +/C,,, ~A:]’? “VAnm = 4/Cij -Al.’;'; y/Aij-

Finally we move w; — w;—n;. It crosses 3 past light cones and gives ¢. Putting it all

together, the final monodromy is

VAin Cim "V Cin* VAin - Cipi » V/ Cin [ Cij - Al - A
= Cij “VCimCim - Ci:lni “VAim 'Ainmn ' \/Aij
=/Cij-Cn - /A
In words, we get to the relevant sheet by starting from the Euclidean sheet, do-

ing a half-clockwise monodromy around z;;, then (n; —n, + 1) clockwise circles
around z;, and finally followed by a half-anticlockwise monodromy around z;;, i.e.,

jo

In this case we first move w,, = w,, — 7. It crosses future, past, future lightcone config-
uration which as per rule (2) of §6.2 gives /Ay - Ci - 1/Cimj = v/Ain * Cim * v/Cin- We
then move w,, = w,, —(n,,—1)m. It crosses 3 future light cones. This move induces no
monodromy.
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16.

17.

We then move w; — w; — 7. It crosses past, future, past lightcone configuration which

as per rule (3) of §6.2 gives /Cj; - Aj, - \/Aji = 1/Cij - Aim - y/A;j- We then make the
shifts w; — w; —(n; —1)m. It crosses 2 future and 1 past lightcones which according to

rule (2) of §6.2 gives Cj:i'_l = Cizj_l-

We then move w; — w;—n; . It crosses 1 future and 2 past lightcones which as per rule

(3) of §6.2 gives A;:Ii. Finally we move w,, = w, —n,m. It crosses 3 past light cones and
gives ¢ . Putting it all together, the final monodromy is

1 )
VAin Cim vV Cin* \/CijAim - \JAij - CiZ] Ap
1 )
=V GCij  VCinm Cim VAim - Aim - Aij Cizj A

nj—n;—1
— T
=C, :

n

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
. L . i—n;—1

and doing (n; —n; — 1) clockwise circles around z;,, i.e., CiZ’ e

N, 2n;2n,>n;

In this case we first move w,, = w,, — 7. It crosses future, past, future lightcone config-

uration which as per rule (2) of §6.2 gives /An,; - Cini  1/Crmj = v/ Ain * Cim - v/ Cin. We

then move w,,, = w,, —(n,,, —1)7. It crosses 3 future light cones. This move induces no

monodromy.

We then move w; — w; — 7. It crosses past, future, past lightcone configuration which
as per rule (3) of §6.2 gives ,/Cj; - Aj, - +/Aji = 4/Cij + Aim - 4/Aij- We then make the

shifts w; — w;—(n;—1)m. It crosses 2 future and 1 past lightcones which according to
. n—1 _
rule (2) of §6.2 gives Cjni =C,

n;—1

0 -

We then move w, — w, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w, — w, —(n, —1)n. It crosses 2 past and 1 future lightcones which as
per rule (3) of §6.2 gives Al.r:l”_l. Finally we move w; — w; —n; 7. It crosses 3 past light
cones and gives ¢. Putting it all together, the final monodromy is

1 _
VAin Cim vV Cin 1/ Cij " Aim - 1/ Aij - Cl-ZJ -AlT '
1 _
=V Cij  VCim Cim VAim - Aim  Aij Cizj Al '
_ an—nn
— “in .

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
. . . . nj—nn
and doing (n; —n,) clockwise circles around z;,, i.e., C; .
mn

N 2N, >N; 2n;

In this case we first move w,, = w,, — 7. It crosses future, past, future lightcone config-
uration which as per rule (2) of §6.2 gives /Ay Cpi * /Cij = VAin Cim * v/Cin. We
then move w,, = w,, —(n,, —1)7. It crosses 3 future light cones. This move induces no
monodromy.

We then move w, — w, — 7. It crosses past, future, past lightcone configuration which

as per rule (3) of §6.2 gives v/Cy *Apj * v/Apm = 4/Cij - Aim * /Aij- We then make the
shifts w, — w, —(n, —1)m. It crosses 1 past and 2 future lightcones which according
to rule (2) of §6.2 gives C, ' = Cl.;.l”_l.
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18.

19.

20.

We then move w; — w; —n; 7. It crosses 2 past and 1 future lightcones which as per rule
(3) of §6.2 gives Air;i. Finally we move w; — w; —n;. It crosses 3 past light cones and
gives ¢. Putting it all together, the final monodromy is

\/A_in' Cim "V Cin Y Cij 'Aim Y Aij ' Ci?n_l .Air}i
= VG VCim Cim VAim - Aim " VAij Ci;‘ln_l 'Ai?

_ n,—ni—1
= Cl.j .

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
and doing (n, —n; — 1) clockwise circles around z;;, i.e., Ci?"_"i_l,
N 2N, 2n;>n;

In this case we first move w,, = w,, — 7. It crosses future, past, future lightcone config-
uration which as per rule (2) of 86.2 gives \/A_m] Chi - \/C_m] = /Ain* Cim* v/Cin. We
then move w,, = w,, —(n,, —1)7. It crosses 3 future light cones. This move induces no
monodromy.

We then move w, — w, — 7. It crosses past, future, past lightcone configuration which
as per rule (3) of §6.2 gives v/Cy *Anj * V/Apm = 4/Cij *Aim * 4/A;j- We then make the
shifts w,, = w, —(n, —1)m. It crosses 1 past and 2 future lightcones which according
to rule (2) of §6.2 gives C, ! = Cl.?”_l.

We then move w; — w; — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w; — w; —(n; —1)m. It crosses 1 future and 2 past lightcones which as
per rule (3) of §6.2 gives Air;.j - Finally we move w; — w; —n; . It crosses 3 past light

cones and gives ¢. Putting it all together, the final monodromy is

_ —1
VAin Cim* VCin -/ Cij - Aim - \JAij - Ci;'ln ' 'Air]l'J
_ 1
=G VCim Cim VAim - Aim - VAij Ci;-l" ' 'A;J

_ MWy
= Cij

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
nn—nj

and doing (n, — n;) clockwise circles around z;;, i.e., C; i

n,>n; 2n; 2n,

In this case we first move w, — w, — . It crosses 2 future and 1 past lightcones
which according to rule 2 of §6.2 gives C;,. We then move w,, = w, —(n,—1)r. It
crosses 3 future light cones. This move induces no monodromy. We then make the shifts
w; = w; —n; 7. It crosses 1 past and 2 future lightcones which according to rule (2) of
§6.2 gives Cl.Z".

We then move w; — w; —n;7. It crosses 2 past and 1 future lightcones which as per

rule (3) of §6.2 gives A;;'l = Ai’:. Finally we move w,, — w,, —n,, 7. It crosses 3 past
light cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
ni—nj+1

and doing (n; —n; + 1) clockwise circles around z;,, i.e., C;,

n,>n; 2n, 2n;

In this case we first move w,, — w, — . It crosses 2 future and 1 past lightcones
which according to rule 2 of §6.2 gives C;,. We then move w, = w, —(n, —1)m. It
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21.

22.

crosses 3 future light cones. This move induces no monodromy. We then make the shifts
w; = w; —n; 7. It crosses 1 past and 2 future lightcones which according to rule (2) of
§6.2 gives Cl.Z".

We then move w,, = w,, —n,,m. It crosses 1 future and 2 past lightcones which as per
rule (3) of §6.2 gives A;'J“ EA;'”. Finally we move w; — w;—n;7. It crosses 3 past light
cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet
and doing (n; —n,, + 1) clockwise circles around z;,,, i.e., Cl.zi_"'"ﬂ.

n, 2n;>n; 2n,
In this case we first move w,, — w, — m. It crosses 2 future and 1 past lightcones
which according to rule (2) of §6.2 gives C;,,. We then move w, — w, —(n, — 1)m.
It crosses 3 future light cones. This move induces no monodromy. We then make the
shifts w; — wj = 7. It crosses 2 past and 1 future lightcones which according to rule
(3) of §6.2 gives A;,,, = A;,. We then make the shifts w; — w; —(n; — 1)7. It crosses
future, past, future lightcone configuration which according to rule (2) of §6.2 gives
ni—1 _ n;—1
C]nJ '1/Cji=1/Aij‘Cini '1/Cij'
We then move w; — w; —n; 7. It crosses past, future, past lightcone configuration which
. n;
as per rule (3) of §6.2 gives +/Cy, - A - V/Ain-
Finally we move w,, — w,, —n, 7. It crosses 3 past light cones and gives ¢. Putting it
all together, the final monodromy is

—1 .
Cin*Ain " /Aij - Col - VCij* VCin Al VA
-1 _
=V Cip- VCim'Ci:i ’ VAim'Ai’:Tll' VAin
—n;—1
=V Cin-C) A

In words, we get to the relevant sheet by starting from the Euclidean sheet, do-
ing a half-clockwise monodromy around z;,, then (n; — n; — 1) clockwise circles
around z;,, and finally followed by a half- ant1clockw1se monodromy around z;,, i.e.,

—1
v in'Cir,: - * VAin.

N, 2n; 2N, >n;

(23

In this case we first move w,, — w, — . It crosses 2 future and 1 past lightcones
which according to rule (2) of §6.2 gives C;,,. We then move w,, — w, —(n, —1)m.
It crosses 3 future light cones. This move induces no monodromy. We then make the
shifts w; — W)= . It crosses 2 past and 1 future lightcones which according to rule
(3) of §6.2 gives A;,,, = A;,. We then make the shifts w; — w; —(n; — 1)7. It crosses
future, past, future lightcone configuration which according to rule (2) of §6.2 gives
RNCTE N TR
We then move w,, = w,,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w,, = w,,—(n,—1)7. It crosses past future, past hghtcone configuration

which as per rule (3) of §6.2 gives A”m “VAmj = VCin A"m VA

Finally we move w; — w; —n;m. It crosses 3 past light cones and gives ¢. Putting it all
together, the final monodromy is

—1 _
Cin* A /A Co - /Cij - V/Cin - AT L VA,
—1 —
= VCin VCin Coa VA Apr ™ - VA,
=V Cip- Cinmj_nm VA
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In words, we get to the relevant sheet by starting from the Euclidean sheet, doing a half-
clockwise monodromy around 2;,,, then (n;—n,,) clockwise circles around z;,,, and finally

followed by a half-anticlockwise monodromy around z;,,, i.e., 4/Ciyn * Cl.::_nm * VAin.

23. n, 2n, >n; 2n;

In this case we first move w, — w, — 7. It crosses 2 future and 1 past light cones
which according to rule (2) of §6.2 gives C;,. We then move w, — w, —(n, —1)r. It
crosses 3 future light cones. This move induces no monodromy. We then make the shifts
w, — w, — 7. It crosses 1 future and 2 past lightcones which as per rule (3) of §6.2
gives Ap; = A;,. We then move w,, — w,, —(n,, —1)7. It crosses 2 future and 1 past

n—l

lightcones which according to rule (2) of §6.2 gives C,," = =C;

We then move w; — w;—n; 7. It crosses 2 past and 1 future hghtcones which as per rule
(3) of §6.2 gives Al.';.i. Finally we move w; — w; —n;m. It crosses 3 past light cones and
gives ¢.

So in this conﬁguration we get to the relevant sheet by starting from the Euclidean sheet

: —n—1
and doing (n,, —n; — 1) clockwise circles around z;, i.e., Ci;.‘m e

24. n, 2n, 2n; >n;

In this case we first move w, — w, — 7. It crosses 2 future and 1 past light cones
which according to rule (2) of §6.2 gives C;,. We then move w, — w, —(n, —1)r. It
crosses 3 future light cones. This move induces no monodromy. We then make the shifts
w, — w, —n. It crosses 1 future and 2 past lightcones which as per rule (3) of §6.2
gives Ap; = A;,. We then move w,, — w,, —(n,, —1)7. It crosses 2 future and 1 past

n—l

lightcones which according to rule (2) of §6.2 gives C,," = =C;

We then move w; — w; — 7. It crosses 3 past light cones Wthh as per rule (1) gives ¢.

We then move w; — w; (n 1)7. It crosses 1 future and 2 past lightcones which as

per rule (3) of §6.2 gives Al.jl . Finally we move w; — w; —n;m. It crosses 3 past light
cones and gives ¢.

So in this configuration we get to the relevant sheet by starting from the Euclidean sheet

. ng,—n;
and doing (n,,, —n;) clockwise circles around z;}, i.e., C "o

l]’

E3 C type configurations

Time reversal turns configurations of the type depicted in Fig. 8b into configurations of type
depicted in Fig. 8c. For this reason, the rules for C type configurations can be obtained
rather simply from those listed in the previous subsection. In order to see this, we first note,
from (25) and (26), that time reversal interchanges z and %z (including keeping track of the
ie). Now suppose we were to start with a configuration of the type Fig. 8b and perform the
moves w, — w, —n,7 (for a = i,j,n,m) exactly in the manner described in the previous
subsubsection, and then time reverse this entire process. It follows that this time reversed
process traverses the same path in Z space (at fixed z) that the original process traversed in
z space (at fixed z). As we have explained above, however, the principle of Euclidean single
valuedness tells us that these two processes lead us to the same eventual location in cross-ratio
space.

It follows, in summary, that starting with configurations of the type depicted in Fig. 8c,
and then making the shift moves w, — w, + n,m, leads us to exactly the same sheet in cross-
ratio space as we land up in by starting with the time reversed Fig. 8b, configuration and
making the shifts w, — w, —n,m. The rules for this move can be read off from the previous
subsubsection.
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We can me more concrete. Let us start with a Fig. 8c configuration, name the special op-
erator (the one in the causal past of all the others) as the i*" operator, choose the terminology
for the remaining operators so that n; < n,, < n,. Then if n; < n;, rule §1 of the previous
subsubsection applies, but with all n, replaced by —n,. Similarly rules §7, 89 and §10 respec-
tively apply when n; < n; <n, <n,, n; <n, <n; <n, and n; < n, < n, < n; respectively
(in every case the rules have to be applied with all n, replaced by —n,). We are not going to
give full details of all the cases but since this is the only type in which we will be moving to
the past, i.e., making the shifts w; — w; + n;m, as an example we will give details of 4 cases.

1. n,2n, 2n;>n;

In this case we first move w, — w, + . It crosses 1 future and 2 past light cones which
according to rule (3’) of §6.2 gives C;,. We then move w, — w, + (n, —1)7r. It crosses
3 past light cones which as per rule (1’) of §6.2 gives no monodromy, i.e. ¢. We then
move w,, — w,, + 7. It crosses 2 future and 1 past light cones which according to rule
(2) gives Ay,j = A;,. We then move w,, = w,, +(n, —1)7. It crosses 1 future and 2

past light cones which as per rule (3’) gives C,,';,T_l = Cl.?'”_l.

We then move w ; — w;+ 7. It crosses 3 future light cones which according to rule (1°)

gives ¢. We then move w; — w; + (n; —1)7. It crosses 2 future and 1 past light cones
which as per rule (2”) of §6.2 gives Air;.j - Finally we move w; — w; + n; 7. It crosses 3

future light cones and hence as per rule (1”) does nothing.

So in this configuration we start from the Euclidean sheet and do (n,, —n;) clockwise

. . n,—n; . o . .
circles around g;;, i.e., Cl.jm ’. As you may notice, it is the time reversal of B case 1.

j>
2. n,2n, >n; 2n;

In this case we first move w, — w, + . It crosses 1 future and 2 past light cones which
according to rule (3’) of §6.2 gives C;,. We then move w,, — w, + (n,, —1)7. It crosses
3 past light cones which as per rule (1’) of 6.2 gives no monodromy, i.e. ¢. We then
move w,, = w,, + 7. It crosses 2 future and 1 past light cones which according to rule
(2) gives A,j = A;,. We then move w,, = w,, + (1, —1)7. It crosses 1 future and 2

past light cones which as per rule (3’) gives C,,'f,’?_l = Ci;lm_l.

We then move w; — w; +n; 7. It crosses 1 past and 2 future light cones which according

to rule (2”) of §6.2 gives Al.r;f'. Finally we move w; = w; +n;m. It crosses 3 future light

cones and hence as per rule (1’) does nothing.

So in this configuration we start from the Euclidean sheet and do (n,, —n; —1) clockwise
. . nm—ni—l . o, . .

circles around z;;, i.e., Ci]. . As you may notice, it is the time reversal of B case 7.

3. n,>n; 2n, 2n;

In this case we first move w,, — w, + 7. It crosses 1 future and 2 past light cones which
according to rule (3’) of §6.2 gives C;,. We then move w, — w, + (n, —1)m. It crosses
3 past light cones which as per rule (1”) of §6.2 gives no monodromy, i.e. ¢. We then
move w; — w; +n; 7 which crosses 2 past and 1 future light cones and according to rule
(3) gives Cl.Z".

We then move w,, = w,, +n,, 7. It crosses 2 future and 1 past light cones which accord-
ing to rule (2”) of §6.2 gives A:l”? = A;’". Finally we move w; — w; +n;m. It crosses 3
future light cones and hence as per rule (1”) does nothing.

So in this configuration we start from the Euclidean sheet and do (n; —n,, + 1) clockwise

. . n:—n.,+1 . .. .
circles around z;,,, i.e., C;," "™ . As you may notice, it is the time reversal of B case 9.
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4. n2n, 2n, 2n;

E4

1.

In this case we first move w; — w; + n; 7. It crosses 3 past light cones which according
to rule (1”) of §6.2 gives ¢p. We then move w, — w, +n, 7. It crosses 2 past and 1 future
light cones which according to rule (3°) gives Cl.Z”.

We then move w,, = w,, +n,; 7. It crosses 2 future and 1 past light cones which accord-
ing to rule (2’) gives A:S = Al.r;m. Finally we move w; — w; + n;m. It crosses 3 future
light cones and hence as per rule (1’) does nothing.

So in this configuration we start from the Euclidean sheet and do (n, —n,,) clockwise
circles around z;,,, i.e., CiZ"_n’". As you may notice, it is the time reversal of B case 10.

D type configurations
n; > le = ng, > n,

Let us first assume n; > n;. In this case we first move w; — w; —n; . It crosses 3 future
light cones which as per rule (1) of §6.2 gives no monodromy, i.e. ¢p. We then move

wj — w;—n;7. It crosses 1 past and 2 future light cones which according to rule (2) of

§6.2 gives Cl.?j.

We then move w,, = w,, —n,,m. It crosses 2 past and 1 future light cones which as per
rule (3) gives A, =A. ™. Finally we move w,, — w, —n, . It crosses 3 past light cones
and hence as per rule (1) does nothing.

The special case n; = n; has to be dealt with separately. One way to do this is to make
use of translational invariance to set n; = n; = 0, and n,, = n, —n;, n, = n, —n;j.
Then one makes the moves w, — w,—(n;—n,) 7 (this has no monodromy) followed by
Wm = Wy —(n; —n,)w (this gives monodromy of (n; —n,,) clockwise rotations around
Z; j).

In summary the configuration described in this item is located in cross-ratio space as
follows: we start on the Euclidean sheet and make (n;—n,,) clockwise rotations around

LU

. nj—
zij, L.e., Cl.j .

.M 2Ny, 2N, 2N;

After permuting labels (j, m,n) « (n,m, j) we recognize this configuration as the time
reversal of that of item §1. Following the discussion presented at the beginning of subsec-
tion §E3, we conclude that this configuration is given by starting on the Euclidean sheet

. _ 61 . . . n,,—n
and making ((—n,) —(—n,) = n, —n,”" clockwise rotations around z;,, i.e., C;,™ "".

.M 2N,>n;2n,

Let us first assume n; > n,. In this case we first move w; — w; —nmm. It
crosses 3 future light cones. This move induces no monodromy. We then we move
w, — w, —n. It crosses 2 past and 1 future light cones which according to rule
(3) of §6.2 gives A,,, = A;j. We then make the shifts w, — w, —(n, —1)r. It
crosses future, past, future lightcone configuration which according to rule 2 of §6.2

gives \/Ap; - Ci;m_l v/ Cmj = VAin - Cifnm_l 4/ Cin-

We then make the moves w; — w; —n;m. It crosses past, future, past lightcone config-

uration which as per rule (3) of §6.2 gives ,/C;; -A;j “VAij = 4/Cij -Al.r;i 4/ Aij-

1Note that under time reversal, n, « —n,.
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Finally we move w, — w,—n,n. It crosses 3 past light cones and gives ¢. Although we
have presented the analysis for the case n; > n,,, the reader can verify (e.g. following
the discussion in item §1 above) that the final result also applies if n; = n,,.

Aij'\/A_m'Ci?nm_l'\/C_in'\/C_ij'Ai:{t'\/’T'j
=Aij'\/C_ij'\/?'rn'cinmm_l'\/fmﬂi%'\/?m'\/c_m
:\/A_ij'ci;m_nj_ VCin
=\/C_m.\/m.ci;m_”f_§.\/c_m
:\/C_m.cifnm_”f.\/c_m,

NI+

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;,,, then do (n,, —n;) clockwise circles around z;,,, followed by a

half-clockwise monodromy around 2;,, i.e., 4/Cip, * Cl.;'"_nj + 4/ Cin.-

4. njzn,>ny, 2n;

In this case we first move w; — w;—n;7. It crosses 3 future light cones which according
to rule (1) of §6.2 gives ¢p. We then move w,, — w,—m which crosses 2 past and 1 future
light cones and according to rule (3) gives A;,. We then move w, — w, —(n,—1)7. It
crosses future, past, future light cones configuration which according to rule (2) of §6.2
gives v/Apm - Cnr;.”_l VCom = 1Ay - ¢t VCij-

We then move w,, = w,, —n,,m. It crosses past, future, past lightcone configuration
which as per rule (3) gives \/Cjp A" - \/Ajm = /Ci - Al - +/Apn.

Finally we move w; — w; —n;m. It crosses 3 past light cones and hence as per rule (1)
does nothing.

A A ™ ATy VG A - VA,
=Ain VCin VG- Cinm“_l VA Al A/ Ci - 1/ Ci;

no_1 P
— VA CR G = Gy GG
ST

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n,, —n,,) clockwise circles around z;,,, followed by a

half-clockwise monodromy around z;, i.e., 4/Cj - C;" "™+ 4/Cj;.

Also notice that after permuting labels (j, m,n) « (n,m, j) we recognize this config-
uration as the time reversal of that of item §3. Following the discussion presented at
the beginning of subsection §F.3, we conclude that this configuration is given by starting
on the Euclidean sheet then make one half-clockwise monodromy around z;;, then do
(n, —n,,) clockwise circles around z;,,, followed by a half-clockwise monodromy around

. n,—np,
Zij) 1.e., 1/Cij-Cl.m 'N/Cij‘
5. ni2n]~2nn>nm

Let us first assume n; > n;. In this case we first move w; — w; —n; . It crosses 3 future
light cones which as per rule (1) of §6.2 gives no monodromy, i.e. ¢p. We then move

w;j — w;—n;7. It crosses 1 past and 2 future light cones which according to rule (2) of

. n;
§6.2 gives Cl.j’.

75


https://scipost.org
https://scipost.org/SciPostPhys.19.6.162

e SciPost Phys. 19, 162 (2025)

We then move w, — w, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.

We then move w, — w, —(n, —1)x. It crosses 1 future and 2 past light cones which as
. n,—1 _ ,n,—1 .

per rule (3) gives A, = Al.j” . Finally we move w,, = w,, —n,,m. It crosses 3 past

light cones and hence as per rule (1) does nothing.

In summary the configuration described in this item is located in cross-ratio space as
follows: we start on the Euclidean sheet and make (n; —n, + 1) clockwise rotations
nj—np,+1
around Zij, 1.€., c..’ "
ij
even when n; =n;.
6. n,>nj2n, 2n;

. The reader can verify that the result obtained above applies

Once again, the relabeling (j,m,n) « (n,m, j) turns this case to the time reversal of
item §5. It follows that the net result in this case is to start from the Euclidean sheet and
— nj—n,+1
make (—n,) —(—n;) + 1 = (n; —n, + 1) clockwise circles around z;,, i.e., C;
7. M 2Ny, 20, >N;

In this case we first move w; — w; —n;m. It crosses 3 future light cones. This move
induces no monodromy. We then we move w,, — w,, — 7. It crosses 2 past and 1 future
light cones which according to rule (3) of §6.2 gives A,,,,, = A; - We then make the shifts
Wy = W, —(n, —1)r. It crosses future, past future lightcone configuration which

according to rule 2 of §6.2 gives /A - C, M JCni = A A Cl.:{”_l -4/ Cip-

We then make the moves w, — w, — m. It crosses 3 past light cones which
as per rule (1) of §6.2 gives ¢. Then we move w, — w, —(n, —1)n. It
crosses past, future, past lightcone configuration which as per rule (3) of §6.2 gives

V Cnm 'A:;_l Y Anm = V Cij 'Air:;ql_l Y, Aij'

Finally we move w; — w;

Ajj - VAin'Cinmm_l Vi /Ci A A
=A;;-/Ci VG .C.”m_l. ‘/Aim'AiT:;;_l' VCim - /Cir
_ \/— C —n +2 \/:
m— n+_
=4/ Cip- VCim'Ci:»l "2 vV Cin
= VG Co ™ /Gy

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;,,, then do (n,, —n; + 1) clockwise circles around z;,, followed by

—n; . It crosses 3 past light cones and gives ¢.

a half-clockwise monodromy around z;,, i.e., 4/Cjy, - Ci'r;"‘_""“ - /Cin.

8. n,>n;2n, 2n;
Once again, the relabeling (j,m,n) «> (n,m, j) turns this case to the time reversal of
item §7. It follows that the net result in this case is to start from the Euclidean sheet and

first do a half-clockwise monodromy around z;;, then do (—n,,,)—(—n;)+1 = (n;—n,;,+1)
clockwise circles around z;,, followed by a half-clockwise monodromy around z;,., i.e.,

nj—np+1
vGCij -G, *v/Cij-
9. n;2n,>nj2ny,

In this case we first move w; — w;—n; 7. It crosses 3 future light cones which as per rule
(1) of §6.2 gives no monodromy, i.e. ¢p. We then move w,, = w, — 7. It crosses 3 past
light cones which according to rule (1) gives ¢p. We then move w, = w, —(n,—1)r. It
crosses 2 future and 1 past light cones which as per rule (2) gives Cl.Z”_
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10.

11.

12.

We then move w; — w; —n;m. It crosses 2 past and 1 future light cones which as per

rule (3) gives A].nril EAI.’:{. Finally we move w,, = w,,—n,, 7. It crosses 3 past light cones
and hence as per rule (1) does nothing.

In summary the configuration described in this item is located in cross-ratio space as

follows: we start on the Euclidean sheet and make (n, —n; — 1) clockwise rotations
n,—n;—1

around z;,, i.e., C;

N 2N, >n;2n;

Once again, the relabeling (j,m,n) «» (n,m, j) turns this case to the time reversal of
item §9. The final result in this case is to start from the Euclidean sheet and make

((—n;) —(—n,) —1) = (n, —n; — 1) clockwise monodromies around z;;, i.e., Ci;.l"_nj_l

n;2n,>n,>n;

In this case we first move w; — w;—n; 7. It crosses 3 future light cones which as per rule
(1) of §6.2 gives no monodromy, i.e. ¢p. We then move w,, — w, — 7. It crosses 3 past
light cones which according to rule (1) gives ¢p. We then move w,, = w, —(n,—1)m. It
crosses 2 future and 1 past light cones which as per rule (2) gives Cl.Z“_l.

We then move w,, = w,,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w,, = w,, —(n,, —1)7. It crosses 1 future and 2 past light cones which
as per rule (3) of §6.2 gives Aj"n’g_l EAl.rrllm_l. Finally we move w j = wj—n;m. It crosses
3 past light cones and hence as per rule (1) does nothing.

In summary the configuration described in this item is located in cross-ratio space as
follows: we start on the Euclidean sheet and make (n,, —n,,) clockwise rotations around

. np,—Np,
Zin, 1.€., C; ) .

n,>n,>n;2n;

Once again, the relabeling (j,m,n) «» (n,m, j) turns this case to the time reversal of

item §11. The final result in this case is to start from the Euclidean sheet and make
. . n,m—n;

(—n;) — (—n,,) = (n,, — n;) clockwise monodromies around z; "o,

i Le., Cl.j

As a check, let’s see this case explicitly:-

We first move w,, = w, — 7. It crosses 2 past and 1 future light cones which according
to rule (3) of §6.2 gives A;,,. We then move w, — w, — (n, — 1)m which crosses 3
future light cones and according to rule (1) of §6.2 gives no monodromy. We then move
w, — w,—n. It crosses past, future, past lightcone configuration which as per rule (3)

gives 1/ Crj *Ami * +/Amj = v/ Cin - Aim - VAin-

We then move w,, = w,, — (n,, — 1)w. It crosses 2 future and 1 past light cones

. . . -1 -1
which according to rule (2) gives C,,» = = Cl.;.l’“ . We now move w; — w; —n;m. It

crosses 1 future and 2 past light cones which as per rule (3) gives Al.? . Finally we move
w; = w; —n;7. It crosses 3 past light cones and hence as per rule (1) does nothing.

Ain- v Cin “Aim* VAin Ci;m_l 'Air;j
=1
= VAin Aim* vV Cim 4/ Cij - Ci;l "
=1
= VA VAim " 4/ Cij‘Ci;l "
1
— /Cl] . Ci;lm_nj_z

_ Ty
= Cl.j .
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13.

14.

15.

16.

17.

So in this configuration we start from the Euclidean sheet and do (n,, —n;) clockwise
nm—nj

circles around z;;, i.e., Cij

anHianZnn

In this case we first move w; — w; —n;7. It crosses 3 future light cones which as per
rule (1) of §6.2 gives no monodromy, i.e. ¢p. We then move w; — w; —n; 7. It crosses 2

future and 1 past light cones which as per rule (2) gives Ci?i.

We then move w,, = w,, —n,,m. It crosses 2 past and 1 future light cones which as per
rule (3) of §6.2 gives A, = Al.n.’“. Finally we move w, — w, —n,m. It crosses 3 past
light cones and hence as per rule (1) does nothing.

In summary the configuration described in this item is located in cross-ratio space as

follows: we start on the Euclidean sheet and make (n; —n,,) clockwise rotations around
. ni—nmg,

zij’ 1.€., Cl] .

n;2n,2n; 2n,

Once again, the relabeling (j,m,n) «> (n,m, j) turns this case to the time reversal of
item §13. The final result in this case is to start from the Euclidean sheet and make

(—n;) — (—n,,) = (n,,, — n;) clockwise monodromies around z;,, i.e., Ci::""_n".

anniZnn>nm

In this case we first move w; — w; —n;7. It crosses 3 future light cones which as per
rule (1) of §6.2 gives no monodromy, i.e. ¢p. We then move w; — w; —n; 7. It crosses 2

future and 1 past light cones which as per rule (2) gives Cl.;.”.

We then move w, — w, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w, — w, —(n, —1)x. It crosses 1 future and 2 past light cones which as
per rule (3) of §6.2 gives A,Z’;I_l EAl.n.”_l. Finally we move w,, — w,, —n,, 7. It crosses
3 past light cones and hence as per rule (1) does nothing.

In summary the configuration described in this item is located in cross-ratio space as
follows: we start on the Euclidean sheet and make (n; — n, + 1) clockwise rotations
. i—np+1
around z;, i.e., C;' T+l
ij
ng, > le > n; = n,

Once again, the relabeling (j,m,n) «» (n,m, j) turns this case to the time reversal of
item 815. The final result in this case is to start from the Fuclidean sheet and make

—n+1

(—n; —(—n;)) + 1= (n; —n; + 1) clockwise monodromies around z;,, i.e., Ci:ll’

annizannn, nm>nj

In this case we first move w,, — w,, — . It crosses 1 past and 2 future light cones
which as per rule (2) of §6.2 gives C;,, = C;,,. Then we move w,, = w,, —(n,, —1)7. It
crosses 3 future light cones. This move induces no monodromy. We then make the shifts

w; = w; —n;m. It crosses future, past, future lightcone configuration which according
to rule 2 of §6.2 gives /A, - Cl& -4/ Cip-

We then make the moves w; — w; —n;m. It crosses past, future, past lightcone config-
uration which as per rule (3) of §6.2 gives ,/C;; -A;f “VAii = 41/Cij -Al.T:jl 3/ Aij-

Finally we move w, — w, —n, 7. It crosses 3 past light cones and gives ¢.
. n;
Cin* VAin - Copi - v/ Cin = /Cij A - /A
. n;
=V Cin'ciz ’ VAim'Ainjl' V Cim - vV Cin
n;—n;
=V Cin'cim = V Cin -
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18.

19.

20.

21.

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;,, then do (n; —n;) clockwise circles around z;,, followed by a

half-clockwise monodromy around z;,, i.e., 4/Cip - Cir;i_nj - +/Cin.

n;2n,2n; 2n,, n,>n,

Once again, the relabeling (j, m,n) «— (n, m, j) turns this case to the time reversal of item
817. The final result in this case is to start from the Euclidean sheet and first do a half-
clockwise monodromy around z;; followed by (—n; —(—n,)) = (n,, —n;) clockwise circles

around z;,,, followed by a half-clockwise monodromy around ;, i.e., 4/C;;-C i':;_n" v/ Cij.

N, 2n; 2n,>n;

In this case we first move w,, — w,, — 7. It crosses 1 past and 2 future light cones

which as per rule (2) of §6.2 gives C;,, = Cj,,. Then we move w,, = w,, —(n,, —1)7. It

crosses 3 future light cones. This move induces no monodromy. We then make the shifts

w; = w; —n; 7. It crosses future, past, future lightcone configuration which according

to rule 2 of §86.2 gives 1/A;, Cl.;l -4/ Cip-

Now we move w, — w, — m. It crosses 3 past light cones which as per rule

(1) of §6.2 gives ¢. We then make the moves w, — w, —(n, — 1)r. It

crosses past, future, past lightcone configuration which as per rule (3) of §6.2 gives
n,—1 _ n,—1

VG Ay VA = /Ci - Al - Ay,

Finally we move w; — w; —n;m. It crosses 3 past light cones and gives ¢.

j AR
Cin - \/A_in'cifri V/Cin- \/C_U'Aitg_l ' \/A—u
:\/C_m.cig.m.,qi%_l.m.\/c_m
— /G Cig—nnﬂ Vo
So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;,, then do (n; —n, + 1) clockwise circles around z;,, followed by
a half-clockwise monodromy around z;,,, i.e., 4/Cin * Cl.:;'_"”ﬂ -/ Cin.
n,>n;2n; 2n,

Once again, the relabeling (j,m,n) «» (n,m, j) turns this case to the time reversal of
item §19. The final result in this case is to start from the Euclidean sheet and first make
a half-clockwise monodromy around z;; followed by (—n; —(—n;)) + 1 = (n; —n; + 1)
clockwise circles around z;,,, followed by a half-clockwise monodromy around z;;, i.e.,

i—n;+1
VG -C T T

n,2n; 2n; 2n,, n,>n;

j>

In this case we first move w, — w, — . It crosses 2 past and 1 future light cones which
as per rule (3) of §6.2 gives A;,. We then move w, — w, —(n, —1)m. It crosses 3
future light cones which as per rule (1) gives no monodromy, i.e. ¢. We then move
w; = w;—n; 7. It crosses 1 past and 2 future light cones which as per rule (2) gives Cizi.

We then move w; — w; —n;m. It crosses 2 past and 1 future light cones which as per

. ng _.onj .

rule (3) of §6.2 gives Ajr;l = Al.n]. Finally we move w,, = w,, —n,,m. It crosses 3 past
light cones and hence as per rule (1) does nothing.

In summary the configuration described in this item is located in cross-ratio space as
follows: we start on the Euclidean sheet and make (n; —n; — 1) clockwise rotations

. ni—nj—l
around z;,, i.e., C;, .
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22.

23.

24.

N, 2N, 2n; 2n;, n,>n;

Once again, the relabeling (j,m,n) «» (n,m, j) turns this case to the time reversal of
item §21. The final result in this case is to start from the Euclidean sheet and make
(—n; —(—n,)) —1 =(n,, —n; — 1) clockwise circles around z; !

. np—nm;—
i, Le, Cl.]. .

nn2ni2nm>nj, n, >ng,

In this case we first move w, — w, — 7. It crosses 2 past and 1 future light cones which
as per rule (3) of §6.2 gives A;,. We then move w, — w, —(n, — 1)m. It crosses 3
future light cones which as per rule (1) gives no monodromy, i.e. ¢. We then move
w; — w;—n; 7. It crosses 1 past and 2 future light cones which as per rule (2) gives Cizi.

We then move w,, = w,,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w,, = w,, —(n,, —1)7. It crosses 1 future and 2 past light cones which
as per rule (3) of §6.2 givesA."n'j_1 EAl.rrllm_l. Finally we move w; = w;—n;m. It crosses
3 past light cones and hence as per rule (1) does nothing.

In summary the configuration described in this item is located in cross-ratio space as

follows: we start on the Euclidean sheet and make (n; —n,,) clockwise rotations around

Zin, 1.€., Cl.:ll"_n'".

n,>n, 2n; 2n;, n,>n;

Once again, the relabeling (j,m,n) «> (n,m, j) turns this case to the time reversal of

item §23. The final result in this case is to start from the Euclidean sheet and make

(—n; — (—ny)) = (n,, —n;) clockwise circles around z;, i.e., Ci;‘m_n".

As a check, let’s see this case explicitly:-

We first move w,, — w, — 7. It crosses 2 past and 1 future light cones which according

to rule (3) of §6.2 gives A;,. We then move w, — w, — (n,, — 1)m which crosses 3

future light cones and according to rule (1) of §6.2 gives no monodromy. We then move

w, — w,— 7. It crosses past, future, past lightcone configuration which as per rule (3)

gives ij Api \/A_ij \/C_in'Aim ’ \/ITH

We then move w,,, = w,,—(n,,—1)x. It crosses 2 future and 1 past light cones which ac-
. . nm—ni — ANyl

cording to rule (2) gives C,,i = = Cl.j . We now move w; — w;—n;n. It crosses 2 past

and 1 future light cones which as per rule (3) gives Air]l.i. Finally we move w; — w;—n;m.

It crosses 3 past light cones and hence as per rule (1) does nothing.

m—1 i
Ain - vV Cin " Ajn - VA - Ci;l 'Air;‘
/ / m—;—1
= Ain 'Aim * Cim * Cl] ‘ Cl;l "
. e o nmniml
= VA VAim - Cij : Cl? "
1

Np—Ni—3
Cij - C; j
— Ny =1
=C; .
So in this configuration we start from the Euclidean sheet and do (n,, —n;) clockwise

. . n,—n;
circles around z;;, i.e., Cl.j"‘ L

E5 E type configurations

E type configurations are extremely similar to D type configurations (in fact they are related
to the latter by a parity shift). The analysis of the previous subsection carries over without any
change to these configurations - all final results for E type configurations are identical to those
for the D type configurations discussed in the previous sub-subsection.
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E6 F type configurations

In this subsubsection we study the configurations that are obtained by the moves
w; = w; —n; T, starting with configurations of the form depicted in Fig. 8f.

We also need to comment on the time reversal. Interchanging indices (i «— n) and (j «— m)
along with n, — —n, gives us the time reversal cases of this configuration.

Consider the top and bottom points (i,n) to be red balls (R) and the middle two points
(j, m) to be blue balls (B). Whenever a case has same coloured balls in the extremities like
RBBR or BRRB type structure, then that case will be its own time reversal. Example:
(n; = n; = n, =2 n,), (n; >n; = n, >ny,)and (n, > n; = n, > n;) map to themselves under
time reversal.

But with such an analogy with subsection E7 we should not think that there is a Z, sym-
metry, i.e., (i,j) «= (n,m) is not a symmetry because they are timelike separated. It is not a
symmetry as can be seen in case 3 and case 22.

l.n;2n;2n,2n,

The final monodromies associated with this case are precisely those of Euclidean - A case
. nj—mm
1. The answer is Cl.]. .

2. niZTl]’ZTln>nm

In this case we first move w; — w; —n; 7. It crosses 3 future light cones which as per
rule (1) of §6.2 gives no monodromy, i.e. ¢. We then move w; — w; —n;m. It crosses
1 past and 2 future light cones which as per rule (2) gives Ci;.lj .

We then move w,, = w, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w, — w, —(n, —1)x. It crosses 1 future and 2 past light cones which as
per rule (3) of §6.2 gives A,?{;l_l EAin.”_l. Finally we move w,, = w,, —n,, 7. It crosses
3 past light cones and hence as per rule (1) does nothing.

In summary the configuration described is located in cross-ratio space as follows: we

start on the Euclidean sheet and make (n; —n, + 1) clockwise rotations around z;;, i.e.,
nj—n,+1
C;; .

3. nj2n,>n;2n,

In this case we first move w; — w; —n; 7. It crosses 3 future light cones which as per
rule (1) of §6.2 gives ¢p. Then we move w,, = w,, — 7. It crosses 2 past and 1 future
light cones which as per rule (3) gives A, = A;;. Then we move w,, = w,,, —(n, —1)7.
It crosses future, past, future lightcone configuration which according to rule (2) of §6.2

. m—1 _ m—1
gives /A;, - Com - [Cin = 3/Ap - CI /.

Now we move w; — w;—n;m. It crosses past, future, past lightcone configuration which

as per rule (3) of §6.2 gives \/C_ifAﬁ{ . \/A—U = \/C—UA:::I . \/A_U
Finally we move w,, — w, —n,m. It crosses 3 past light cones and as per rule (1) gives
¢.
Ayj - m'cinmm_l VCin- \/C—UA::I]”[ ' \/A_U

=4 \/C—l] @'Ci?nm_l ) \/E'A;i ) \/A_U

= \/A_ll C"inmm_nj_1 : \/A_U

= V/Con V/Cim - Com ™/ Con - /T

= \/C_M.Ci;m_”i /Cip.
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So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;,,, then do (n,, —n;) clockwise circles around z;,,, followed by a

half-clockwise monodromy around z;,, i.e., 4/Cip - Cl.::"_"j - 4/Cin.

4. n;2n, 2n,>n;

In this case we first move w; — w; —n;m. It crosses 3 future light cones which gives
¢. Then we move w,, = w,, — 7. It crosses 2 past and 1 future light cones which
as per rule (3) of §6.2 gives A,, = A;;. Then we move w,, = w, —(n, —)r. It
crosses future, past, future lightcone configuration which according to rule 2 of §6.2
gives /A;p, - Ci;'"_l “V/Cim = VA Cifn'“_l v/ Cin-

Now we move w, — w, — m. It crosses 3 past light cones which as per
rule (1) of §6.2 gives ¢. Then we move w, — w, — (n, — 1)n. It crosses
past, future, past lightcone configuration which according to rule 3 of §6.2 gives
VO AL A = [T AT A

Finally we move w; — w; —n;m. It crosses 3 past light cones and gives ¢.

j T
Aij'm'cinmm_l'\/c_m’\/c_ij'Air;;_l'\/A_ij
:Aij'\/C_U'@'Ci;m_l'\/‘mﬂi%_l'\/xi
:m.ci;m—nn_m
:\/C_m'@‘ci;m_n"'@'\/c_m

n,—n,+1
=4 Cin . Cimm " . Cin .

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;,, then do (n,, —n, + 1) clockwise circles around z;,, followed by
a half-clockwise monodromy around g;,,, i.e., 4/Cip * Cizim_n"“ * v/ Cin-

S. n; 2N, >nj2n,

In this case we first move w; — w; —n; 7. It crosses 3 future light cones which as per
rule (1) of §6.2 gives no monodromy, i.e., ¢. We then move w, — w,, — . It crosses 3
past light cones which as per rule (1) gives ¢. We then move w,, — w, —(n,—1)r. It
crosses 2 future and 1 past light cones which as per rule (2) gives CiZ”_l.

We then move w; — w; —n;m. It crosses 2 past and 1 future light cones which as per

. n, . nj .
rule (3) of §6.2 gives A‘n’1 = Ainj. Finally we move w,, — w,, —n,, 7. It crosses 3 past
light cones and hence as per rule (1) does nothing.

In summary the configuration described in this item is located in cross-ratio space as

follows: we start on the Euclidean sheet and make (n, —n; — 1) clockwise rotations
n,—n;—1

around z;,, i.e., C;,

6. n;2n, >n, >n;

In this case we first move w; — w; —n; 7. It crosses 3 future light cones which as per
rule (1) of §6.2 gives no monodromy, i.e., ¢. We then move w, — w, — 7. It crosses 3
past light cones which as per rule (1) gives ¢p. We then move w,, — w, —(n,—1)xm. It
crosses 2 future and 1 past light cones which as per rule (2) gives CiZ”_l.

We then move w,, = w,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w,, = w,, —(n,, —1)7. It crosses 1 future and 2 past light cones which
as per rule (3) of §6.2 gives Aﬁz_l EAi':lm_l. Finally we move w; — w;—n;m. It crosses
3 past light cones and hence as per rule (1) does nothing.

82


https://scipost.org
https://scipost.org/SciPostPhys.19.6.162

e SciPost Phys. 19, 162 (2025)

10.

In summary the configuration described in this item is located in cross-ratio space as
follows: we start on the Euclidean sheet and make (n,, —n,,) clockwise rotations around

. n,—Mpy
Zin, 1.€., G .

In this case we first move w; — w; — . It crosses 1 past and 2 future light cones which

according to rule (2) of §6.2 gives Cij. We then move w; — w; — (nj — 1) which

crosses 3 future light cones and according to rule (1) gives no monodromy. We then

move w; — w; —n; 7. It crosses 2 future and 1 past light cones which according to rule

(2) of §6.2 gives C,".

We then move w,,, = w,,—n,,7. It crosses 2 past and 1 future light cones which accord-
Ny _

ing to rule (3) of §6.2 gives A,k = AirJl.’". Finally we move w, — w, —n, 7. It crosses 3
past light cones and hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n; —n,, + 1) clockwise

: . ni—npm,+1
circles around z;;, i.e., Cl.j1 mee.

.M >Nn;2n, >ny

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones which
according to rule (2) of §6.2 gives C;;. We then move w; — w; — (n; — 1) which
crosses 3 future light cones and according to rule (1) gives no monodromy. We then
move w; — w; —n; 7. It crosses 2 future and 1 past light cones which according to rule
(2) of §6.2 gives Ci;.li.

We now move w, — w, — 7. It crosses 3 past light cones which gives ¢p. We then move
w, = w,—(n,—1)m. It crosses 1 future and 2 past light cones which according to rule
(3) of §6.2 gives A,;l{,‘l_1 = Air;”_l. Finally we move w,, = w,, —n,,m. It crosses 3 past
light cones and hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n; —n,, +2) clockwise

: : Ty +2
circles around z;;, i.e., Ci;." fne,

. n;2n,>n;2n,

In this case we first move w; — w; — . It crosses 1 past and 2 future light cones which
according to rule (2) of §6.2 gives Cij. We then move w; — w; — (nj — 1) which
crosses 3 future light cones and according to rule (1) gives no monodromy. We then
move w,, = w,, — 7. It crosses 2 past and 1 future light cones which according to rule

(3) of §6.2 gives A, = A;;. We then move w,, = w,, —(n,, — 1)7. It crosses 1 past and
2 future light cones which according to rule (2) gives Cj':nm_l = Cizm_l.

We now move w; — w; —n; 7. It crosses 1 future and 2 past light cones which as per
rule (3) gives Air:l". Finally we move w, — w, —n,n. It crosses 3 past light cones and
hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n,, —n; —1) clockwise

. . np—n;—1
circles around z;,, i.e., C,,™ ™" .

n;2n, 2n,>n;

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones which
according to rule (2) of §6.2 gives C;;. We then move w; — w; — (n; — 1) which
crosses 3 future light cones and according to rule (1) gives no monodromy. We then
move w,, = w, — 7. It crosses 2 past and 1 future light cones which according to rule

(3) of §6.2 gives A, = A;;. We then move w,, = w,, —(n,, —1)7. It crosses 1 past and
2 future light cones which according to rule (2) gives Cj;m_l = Cifl’"_l.
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11.

12.

We now move w, — w, — 7. It crosses 3 past light cones which gives ¢. We then move
w, = w, —(n,—1)m. It crosses 2 past and 1 future light cones which according to rule
(3) of §6.2 gives Al.r;”_l. Finally we move w; — w; —n;m. It crosses 3 past light cones
and hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n,, — n,) clockwise

nm,—n
circles around z;,, i.e., C;,™ ™.

nj2n,>n; 2n,

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones

which as per rule (2) of §6.2 gives C;;. We then move w; — w; —(n; — )7, It

crosses 3 future light cones which gives ¢p. Then we move w, — w, — . It crosses
3 past light cones which gives ¢. Then we move w, — w, —(n, —1)m. It crosses
future, past, future lightcone configuration which according to rule 2 of §6.2 gives

n,—1 _ n,—1
VA Cpp A Con = A Cpyt v/ Gij-
Now we move w; — w; —n; 7. It crosses past, future, past lightcone configuration which
according to rule 3 gives 4/ C;, -Ai':;l “VAi-
Finally we move w,, = w,, —n, 7. It crosses 3 past light cones and as per rule (1) gives

®.

Cij.F.C”n_l.F.m.Al:;.\/lq_.
_\/— Cn"_l /—A /_ \/—
= /Cij-Cn /Ty

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n,, —n; —1) clockwise circles around z;,,, followed by a

half-clockwise monodromy around z;;, i.e., 4/Cjj - Ci:z'_"i_l - /Cij.

nj2n,>n,>n;

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones

which as per rule (2) of §6.2 gives C;;. We then move w; — w; —(n; —1)m. It crosses
3 future light cones which gives ¢. Then we move w, — w, — 7. It crosses 3 past
light cones which as per rule (1) gives ¢. Then we move w, — w, —(n, —1)r. It
crosses future, past, future lightcone configuration which according to rule 2 of §6.2

. n,—1 _ n,—1
gives \/Apm - Cjn A Cn = /A Ct /G
Now we move w,,, = w,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
Then we move w,, = w,,—(n,,—1)x. It crosses past, future past lightcone configuration

which according to rule 3 of §6.2 gives m A m = /Cpp Al A
Finally we move w; — w; —n;m. It crosses 3 past light cones and as per rule (1) gives
o.
Cij - \/A_U Ci?nn_l ’ \/C—U \/C_M'Air::_l VA
= \/C_u Ci:f_l ' \/‘Tm'Air:rT_l VCi - \/C_u
:\/aj'ci:;_nm'\/c—ij'

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n, —n,,) clockwise circles around z;,, followed by a

half-clockwise monodromy around z; 7 ie., 4/Cjj- Cl.';‘_n'" -/ Cij.
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13.

14.

n,>n; > nj > n,

In this case we first move w,, = w,,— 7. It crosses 2 past and 1 future light cones which
as per rule (3) of §6.2 gives A,,,, = A;;. We then move w,,, = w,,, —(n,, —1)7. It crosses
3 future light cones which as per rule (1) gives ¢p. Then we move w; — w; —n;m. It
crosses future, past, future lightcone configuration which according to rule 2 of §6.2

gives /Ay, - C.' - /Cyp.

Now we move w; — w;—n;. It crosses past, future, past lightcone configuration which
according to rule 3 gives \/C—U ’Ai’;i “V/Aij-
Finally we move w, — w, —n,m. It crosses 3 past light cones and as per rule (1) gives

¢.
Aij VA Cot - V/Cin A[Cij - Aigy /A
=Aij 4/Cij- v Cim'Ci;l,i “VAim ‘Air:,i “VCim vV Cin

1
i—njt3
= \/Aij'c:n 2VG

1
=/ Cin* v Cim'Ci:; RAER vV Cin
=/Cpn-Co T

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;,, then do (n; —n; + 1) clockwise circles around z;,,, followed by a

half-clockwise monodromy around g;,, i.e., 4/Cin * Ci':ri_nj 1. v Cin.-

N, >n; 2n,>n;

In this case we first move w,, = w,,— 7. It crosses 2 past and 1 future light cones which
as per rule (3) of §6.2 gives A, = A;;. We then move w,, = w,, —(n, —1)7. It crosses
3 future light cones which as per rule (1) gives ¢. Then we move w; — w; —n;m. It
crosses future, past, future lightcone configuration which according to rule (2) of §6.2
gives /A, - Ciﬁ -/ Cin.-

Now we move w, — w, — 7. It crosses 3 past light cones and as per rule (1) gives ¢.
Then we move w,, = w,—(n,—1)x. It crosses past, future, past lightcone configuration

which according to rule (3) of §6.2 gives 4/C,,, -A:j"_l VA = 4/Cij -Ai':r’;_l “y/Aij-
Finally we move w

®.

j — w;—n;m. It crosses 3 past light cones and as per rule (1) gives

Ay VA Cot -/ Cin - /iy AL - /A
=Aij /Cij* VCim " Cip * VAim 'Al-r:ﬁ_l “V Cim vV Cip
3
i—Npt+35
= VA Cp " 2 Ci

3
= VG VCim o "2+ /Ciy
=4/ Cip- Cig—n,ﬁ-Z "V Cip

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around 2;,, then do (n; —n,, + 2) clockwise circles around z;,, followed by
a half-clockwise monodromy around g;,,, i.e., 4/Cip * Ci:i_n"” * 4/ Cin-
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15.

16.

17.

Nn,>n;>n; 2n,

In this case we first move w,,, = w,, — 7. It crosses 2 past and 1 future light cones which
according to rule (3) of §6.2 gives A,,, = A;;. We then move w,, = w, —(n, — 1)
which crosses 3 future light cones and according to rule (1) gives no monodromy. We

then move w; — w; — 7. It crosses past, future, past lightcone configuration which as

per rule (3) of §6.2 gives /C;; - Ajy - 1/Aij = +/Cij " Aim * 1/Aij-

We then move w; — w; —(n;—1)7. It crosses 2 future and 1 past light cones which ac-
. . n;—1 ni—1
cording to rule (2) gives G a =C,' . Wenowmove w; — w;—n; . It crosses 1 future

and 2 past light cones which as per rule (3) gives Al.':li. Finally we move w,, — w,—n,T.
It crosses 3 past light cones and hence as per rule (1) does nothing.

1
Aij /G- Aim - A Cl AL
—n;—1
= VA Aim - VCim - VCin - C0
1

= /A Ay T2
1
=/Cp-C 2

n;—n;
_ jT
- Cin

So in this configuration we start from the Euclidean sheet and do (n; —n;) clockwise
. 1 . le—ni
circles around z;,, i.e., C;

n,>n;2n, >n;

In this case we first move w,, = w,,— 7. It crosses 2 past and 1 future light cones which
according to rule (3) of §6.2 gives A, = A;;. We then move w,, > w, —(n, — 1)
which crosses 3 future light cones and according to rule (1) gives no monodromy. We

then move w; — w; — 7. It crosses past, future, past lightcone configuration which as

per rule (3) of §6.2 gives /C;; - Aj, - +/Aij = 1/ Cij Aim - 1/Aij-

We then move w; — w; —(n; —1)7. It crosses 2 future and 1 past light cones which

. . n;—1 ni—1
according to rule (2) gives C.° = C,’ . We now move w, — w, — 7. It crosses 3

past light cones which as per rule (1) gives ¢. We then move w, — w, —(n, —1)x. It

crosses 2 past and 1 future light cones which according to rule (3) gives Al.':l”_l.

Finally we move w; — w; —n;m. It crosses 3 past light cones and hence as per rule (1)
does nothing.

Aij/Cij Aim - /A - Cizj_l AT
= A A G G- €I
= /Ay ATl
= /G /GG

—C nj—n,+1
in :

So in this configuration we start from the Euclidean sheet and do (n;—n, +1) clockwise

. . nj—n,+1
circles around z;,, i.e., C;,” " .

N, = n, >n; = n; In this case we first move w,, — w,, — 7. It crosses 2 past and 1
future light cones which according to rule (3) of §6.2 gives A,,,, = A; i We then move
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18.

19.

20.

W, = W, —(n, —1)n which crosses 3 future light cones and according to rule (1) gives
no monodromy. We then move w, — w, — 7. It crosses 3 past light cones which as per
rule (1) gives ¢. We then move w, — w, —(n, —1)7. It crosses 1 past and 2 future
light cones which according to rule (2) gives Cr,'ll,’;_l = Cl.;.l"_l.

We now move w; — w; —n; 7. It crosses 2 past and 1 future light cones which as per
rule (3) gives Air;.i. Finally we move w; — w; —n;m. It crosses 3 past light cones and
hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n, —n; —2) clockwise
circles around z;;, i.e., Ci?n_ﬂi—z.
nm Z nn > Tl] > ni

In this case we first move w,, = w,,— 7. It crosses 2 past and 1 future light cones which

according to rule (3) of §6.2 gives A,,, = A;;. We then move w,, > w, —(n, — 1)

which crosses 3 future light cones and according to rule (1) gives no monodromy. We

then move w,, — w, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.

We then move w, — w, —(n, —1)m. It crosses 1 past and 2 future light cones which
. . n,—1 __ n,—1

according to rule (2) gives C, ~ = Cl.j” .

We now move w; — w; — 7. It crosses 3 past light cones which as per rule (1) gives ¢.

We then move w; — w; —(n; —1)m. It crosses 1 future and 2 past light cones which
according to rule (3) pf §6.2 gives Air;j_l. Finally we move w; — w; —n; 7. It crosses 3
past light cones and hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n, —n; —1) clockwise
n,—n;—1

circles around z;;, i.e., Cij

j>
n,>n; 2n; 2n,

In this case we first move w,, — w,, — 7. It crosses 3 past light cones which according to
rule (1) of §6.2 gives ¢. We then move w,, = w,—(n,—1)7 which crosses 3 future light
cones and according to rule (1) gives no monodromy. We then move w; — w; —n;m. It
crosses 1 past and 2 future light cones which according to rule (2) of gives CI.Z".

We then move w; — w; —n;m. It crosses 2 past and 1 future light cones which as per

. n; n; . .
rule (3) §6.2 gives A, o =4, . Finally we move w,, — w, —n, 7. It crosses 3 past light
cones and hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n; — n;) clockwise
ni—nj

circles around g; n

in> 1.€., C;

n,>n; 2n, >n;

In this case we first move w, — w, — . It crosses 3 past light cones which according to
rule (1) of §6.2 gives ¢. We then move w,, = w,—(n,—1)7 which crosses 3 future light
cones and according to rule (1) gives no monodromy. We then move w; — w; —n;m. It
crosses 1 past and 2 future light cones which according to rule (2) gives Cizi.

We now move w,, = w,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w,, = w,, —(n,, —1)m. It crosses 1 future and 2 past light cones which
according to rule (3) of §6.2 gives AJT;’T"_I EA;’"_l. Finally we move w j o wj—nm It
crosses 3 past light cones and hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n; —n,,, + 1) clockwise

: . ni—np,+1
circles around z;,, i.e., C,,* "™,
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21.

22.

n, >n;>n; 2n,

In this case we first move w, — w, — 7. It crosses 3 past light cones which as per rule
(1) of §6.2 gives ¢. We then move w, — w, —(n, — 1)7. It crosses 3 future light
cones which again as per rule (1) gives ¢. Then we move w; — w; — 7. It crosses 2
past and 1 future light cones which as per rule (3) of §6.2 gives A;;, = A;,. Then we
move w; — w;—(n;—1)7. It crosses future, past, future lightcone configuration which

according to rule 2 of §6.2 gives ,/A;; - er:—l 1/ Cij = VAij- Cl.nmj_1 4/ Cij-

Now we move w; — w; —n; 7. It crosses past, future, past lightcone configuration which
according to rule 3 of §6.2 gives 4/C;, -Al.r;"l VA

Finally we move w,, = w,, —n,, 7. It crosses 3 past light cones and gives ¢.
n;—1 .
A JAij - Cor - 4/Cij V Cin Al - VA
n;—1 .
=Ain  VCin VCim Cpp - VAim Al VCim* /Cij
1
n—nm;—y
=VAin Cpy  2+4/Cy

—n—1

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n; —n;) clockwise circles around z;,,, followed by a

half-clockwise monodromy around z;;, i.e., 4/Cj; - Ci':,f_ni -/ Cij.

n,>n; 2n, >n;

In this case we first move w, — w,—7m. It crosses 3 past light cones which as per rule (1)
of §6.2 gives ¢. We then move w,, — w,—(n,—1)7. It crosses 3 future light cones which
again as per rule (1) gives ¢. Then we move w; — w;—. It crosses 2 past and 1 future
light cones which as per rule (3) gives A;,, = Ajy. Then we move w; — w;—(n; —1)m.
It crosses future, past, future lightcone configuration which accordlng to rule 2 of §6.2

. n«—1 n;—1
gives (/A;; - Cjn’ “VCij = VAij Cpn 4/ Cije
Now we move w,,, = w,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
Then we move w,, = w,,—(n,,—1)m. It crosses past, future, past lightcone configuration

. ) . 1 _ =1
which according to rule (3) of §6.2 gives /Cpi - A" - \/Ani = /Cin - Al - /Apy.
Finally we move w; — w; —n;m. It crosses 3 past light cones and as per rule (1) gives

¢.
—1 —
A AJAij - Col™ - \/Ci -/ Cig - Al L VA,
1 —
=Ain VG VCin Cop VA Al /i 4/
1
= VA Cyl 2'\/Cij
+
_\/ v C im’ ” . Cij
m+1
=\/Cij'Cinm’ Gy

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n; —n,, + 1) clockwise circles around z;,, followed by

. . nj—nm+1 .
a half-clockwise monodromy around z;;, i.e., 4/C;j - C, VGij.
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23. n, >n, >n; 2n;

In this case we first move w,, — w, — 7. It crosses 3 past light cones which accord-
ing to rule (1) of §6.2 gives ¢. We then move w, — w, — (n, — 1) which crosses
3 future light cones and according to rule (1) gives no monodromy. We then move
W, — w,— . It crosses 3 past light cones which as per rule (1) gives ¢p. We then move
Wy — Wy —(n,in —1)m. It crosses 2 future and 1 past light cones which according to rule
(2) gives G =C1m .

We then move w; — w; —n; 7. It crosses 2 past and 1 future light cones which as per
rule (3) of §6.2 gives Airjl.". Finally we move w; — w; —n;7. It crosses 3 past light cones
and hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n,, —n; —1) clockwise

: . ng,—n;—1
circles around z;;, i.e., Cl.].m o

24. n,>n, >n;>n;

In this case we first move w,, — w, — 7. It crosses 3 past light cones which accord-
ing to rule (1) of §6.2 gives ¢. We then move w, — w, — (n, — 1) which crosses
3 future light cones and according to rule (1) gives no monodromy. We then move
W, — W, — . It crosses 3 past light cones which as per rule (1) gives ¢p. We then move
Wy = Wy _(HT —1)m. It crosses 2 future and 1 past light cones which according to rule
(2) gives G =C." .

We now move w; — w; — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w; — w; —(n; —1)7. It crosses 1 future and 2 past light cones which
according to rule (3) of §6.2 gives As.j_l. Finally we move w; — w; —n;m. It crosses 3
past light cones and hence as per rule (1) does nothing.

So in this configuration we start from the Euclidean sheet and do (n,, —n;) clockwise
nm—n]-

circles around z;;, i.e., oy

j?

E7 Scattering configurations

In the diagram Fig. 14a we listed a configuration that lies within the Minkowski diamond,
has z = %, but does not lie on the Euclidean Sheet. In fact this configuration lies on the “scat-
tering sheet” (obtained starting from the Euclidean sheet and performing a single clockwise
monodromy around z;;).

In this subsection we describe the sheet structure of all configurations that can be brought
to a scattering configuration by making 7 shifts of the w coordinates of the various insertions.
As in the previous subsection, it is useful to fix on a convention. We denote the insertion labels
for the top two operators in Fig. §16 as m and n (it does not matter which is which), but
denote the insertion labels of the bottom two operators in Fig. §16 as i and j, as shown in the
figure. Starting with this configuration, we then move to new configurations by making the
shifts w, = w, —n,m fora=1i,j,m,n.

Since (i ~ j) and (m ~ n) are spacelike separated pairs, and both pairs are timelike sep-
arated with each other, the 4! cases are related to each other by the symmetries i «— j and
(independently) m <= n. There are six inequivalent cases, which can be characterized by
introducing two pieces of notation.

First, if n, > n, > n, > ny, we say that our configuration is in the ordering (abed).%? Given
an ordering (abcd) we call a and d the extremities of our ordering. Let us also choose to call

52If two n’s are equal, we choose the ordering to ensure that if a is in the causal future of b then a lies to the left
of b. If two a and b are spacelike related, but have the same n then we are free to choose the relative orderings of
a and b arbitrarily.

89


https://scipost.org
https://scipost.org/SciPostPhys.19.6.162

e SciPost Phys. 19, 162 (2025)

the top two insertions (m, n) (in the starting Poincare diamond configuration) “red insertions”
(R) and the bottom two insertions (i, j) “blue insertions” (B). The six inequivalent cases are,
respectively, the orderings (BBRR), (BRBR), (RBRB), (RRBB), (BRRB), (RBBR). We have only
6 inequivalent (rather than 24 inequivalent cases) because the two blue and two red insertions
are equivalent.

Let us now study the action of time reversal on our 6 classes of configurations. The pair
(m, n) were distinguished from the pair (i, j) because each of (m,n) was to the future of each
of (i, j). Clearly time reversal interchanges (m, n) and (i, j), and so turns a “blue” operator red
and a “red” operator blue. In addition, time reversal switches the order of operator insertions
(abcd) goes to (dcba).

Let us, for example consider the action of time reversal on the ordering (RBRB).®> The
action of time reversal first reverses the order (i.e. yields (BRBR)), and then turns every
blue to red and red to blue, i.e. yields (RBRB). We see that time reversal maps an (RBRB)
configuration to a configuration of the same sort. The reader can easily check that the same
is true of all orderings with opposite colours in the extremities, irrespective of the middle two
orderings, i.e. for the ordering (BBRR, BRBR, RRBB) in addition to (RBRB) (see cases studied
in 1, 2, 5, 6 below). On the other hand consider (RBBR). Reversing the order of time takes
this to (RBBR). Then performing the interchange R «— B takes this configuration to (BRRB).
We see, consequently, that under time reversal BRRB «— RBBR (see the cases studied in 3 and
4 below).

In the rest of this subsection we give a detailed derivation for the final branch structure
obtained, starting from a scattering type configuration, and making the moves w, — w,—n,7.
Once again, this subsection is lengthy as we have presented all details of the derivation. The
reader who is interested only in final results is invited to skip over to the next subsection.

l.n;2n;>n, 2n,

In this case we first move w; — w; — 7. It crosses 2 past and 1 future light cones which
according to rule (3) of §6.2 gives A;;. We then move w; — w; —(n; —1)7 which crosses
3 future light cones and according to rule (1) gives no monodromy. We then move
w; — w;— 7. It crosses 3 past light cones which as per rule (1) gives ¢. We then move
w;j — w;—(n; —1)7. It crosses 1 past and 2 future light cones which according to rule
(2) gives Ci?j_l.

We then move w,, = w,, —n,,m. It crosses 2 past and 1 future light cones which as per
rule (3) gives A, EAi';.m. Finally we move w, — w, —n,m. It crosses 3 past light cones
and hence as per rule (1) does nothing.

Notice that the starting configuration is obtained from the Euclidean sheet by making

a single clockwise monodromy around z;;. So in this configuration we start from the

. . . i—nm—1
Euclidean sheet and do (n; —n,, — 1) clockwise circles around z;;, i.e., Cl.;.l’ "
Time reversal maps this set of moves to itself. Time reversal consists of the interchange
(m,n) < (i, j) together with all n’s flipping sign. This combined operation leaves our

final answer for the monodromy unchanged, as we had expected.

2. n;>n, 2n;>n,

In this case we first move w; — w; — m. It crosses 2 past and 1 future light cones
which according to rule (3) of §6.2 gives A;;. We then move w; — w; —(n; —1)7 which
crosses 3 future light cones and according to rule (1) gives no monodromy. We then

3By this we mean that the operator with the largest value of n is a red operator (e.g. m ). The operator with
the second largest value of n is a blue operator (e.g. i). And so on.
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move w,, = w,, —N,,7T. It crosses future, past, future light cones configuration which
. . n,
according to rule (2) of §6.2 gives /A, - C, " 1/Cjm.

We then move w; — w; — 7. It crosses 3 past light cones which as per rule (1) gives ¢.

We then move w; — w;—(n; —1)m. It crosses past, future, past lightcone configuration

which according to rule (3) gives ,/C;; -A;nj_l “VAij = 4/Cij -Air;i_l “4/Aij-

Finally we move w, — w, —n,m. It crosses 3 past light cones and hence as per rule
(1) does nothing. Notice that the starting configuration is obtained from the Euclidean
sheet by making a single clockwise monodromy around z;;.

n—1
Cij - Aij - VAin - Cit - v/ Cin~ o/ Cij - Ay - /Ay
n—1
=/Cij* VCim C VAim Ay - /Ay
n,—n;+1
=G Cyy WA

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n,, —n; + 1) clockwise circles around z;,, followed by

. . . nm—nj+1
a half-anticlockwise monodromy around z;;, i.e., 4/C;; - C; - - VAij.

Time reversal maps this operation to itself. As above, the action of time reversal is the
interchange (m, n) < (i, j) together with all n’s flipping sign. This combined operation
leaves our final answer for the monodromy unchanged, as we had expected.

3. n;>n, 2n, 2n;

In this case we first move w; — w; — 7. It crosses 2 past and 1 future light cones which
according to rule (3) of §6.2 gives A;;. We then move w; — w; —(n; —1)7 which crosses
3 future light cones and according to rule (1) gives no monodromy. We then move
W, = w,—n,n. It crosses future, past, future lightcone configuration which according
to rule (2) of §6.2 gives /A;, - Ci;’“ . m = A, Ciz;" -/ Cip.

We then move w, — w, —n,m. It crosses past, future, past lightcone configuration
which as per rule (3) gives \/C—u -Ai';’; “y/Aij-
Finally we move w; — w; —n;m. It crosses 3 past light cones and hence as per rule
(1) does nothing. Notice that the starting configuration is obtained from the Euclidean

sheet by making a single clockwise monodromy around z;;.

Cij - Aij - VAin - Ci v/ Cin 1/ Cij A - A
=/Cij* VCin C' - VAim Ay - A
=/Cij Co ™ /A5

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n,, —n,) clockwise circles around z;,,, followed by a

. . . ny,—n
half-anticlockwise monodromy around z;;, i.e., 4/C;j - C;,." ™" + /Ajj-

Time reversal maps this set of moves to the case studied in §4. As above , time rever-
sal consists of the interchange (m,n) < (i, j) together with all n’s flipping sign. This
combined operation indeed maps our final result for the monodromy to that in §4 as
expected.

4. annian>nn

In this case we first move w,, = w,, —n,; 7. It crosses 3 future light cones which accord-
ing to rule (1) of §6.2 gives ¢p. We then move w; — w;—7. It crosses 2 past and 1 future
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light cones which as per rule (3) of §6.2 gives A;;. We then move w; — w; —(n; —1)7.
It crosses future, past, future lightcone configuration which according to rule (2) gives

VA CETH L /Cin.

We then move w; — w; — 7. It crosses 3 past light cones which as per rule (1) gives ¢.

We then move w; — w;—(n; —1)m. It crosses past, future, past lightcone configuration

which as per rule (3) gives ,/C;; -A;f_l “VAi;i = 4/Cij -A;i_l 4/ Aij-
Finally we move w, — w, —n,m. It crosses 3 past light cones and hence as per rule

(1) does nothing. Notice that the starting configuration is obtained from the Euclidean
sheet by making a single clockwise monodromy around z;;.

CijAij* VA Cont -V Cin - /Cij Ay~ /A5
. —1
= V/Cij* VCim Con ™ VA Ay /Ay
= /CijCon A

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n; —n;) clockwise circles around z;,,, followed by a

. . . n;—n;j
half-anticlockwise monodromy around z;;, i.e., 4/C;; - C;. 7 - 4/Aj.

5. Ny 2n; >n, 2n;

In this case we first move w,, = w,, —n,, 7. It crosses 3 future light cones which accord-
ing to rule (1) of §6.2 gives ¢p. We then move w; — w;— 7. It crosses 2 past and 1 future
light cones which as per rule (3) of §6.2 gives A;;. We then move w; — w; —(n; — 1)7.
It crosses future, past, future lightcone configuration which according to rule (2) of §6.2
gives /A;, - Cig_l - /Cin.-

We then move w, — w, —n,m. It crosses past, future, past lightcone configuration
which as per rule (3) gives \/C_W-Aﬁf A = \/C—U-Air:; . \/A_U

Finally we move w; — w; —n;m. It crosses 3 past light cones and hence as per rule
(1) does nothing. Notice that the starting configuration is obtained from the Euclidean
sheet by making a single clockwise monodromy around z;;.

Cij At VA Coi ' V/Cin - o/Cij - Al - /Ay
=vCij VCim- Cifﬁ_l vV Aim 'A[L’l " VA
=4/Cij- Con " VAij-

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n; —n, —1) clockwise circles around z;,,, followed by a
half-anticlockwise monodromy around z;;, i.e., 4/Cj; - Ci:i_n"_l - /Aij.

Time reversal maps this operation to itself. As above, the action of time reversal is the
interchange (m, n) « (i, j) together with all n’s flipping sign. This combined operation
leaves our final answer for the monodromy unchanged, as we had expected.

6. ny,2n,2n; 2n;

In this case we first move w,, = w,,—n,,7. It crosses 3 future light cones which accord-
ing to rule (1) of §6.2 gives ¢p. We then move w, — w, —n,7. It crosses 1 past and 2
future light cones which as per rule (2) of §6.2 gives C,," = Cl.;.l”.

92


https://scipost.org
https://scipost.org/SciPostPhys.19.6.162

e SciPost Phys. 19, 162 (2025)

We then move w; — w; —n;m. It crosses 2 past and 1 future light cones which as per
rule (3) gives Air;i. Finally we move w; — w; —n;m. It crosses 3 past light cones and
hence as per rule (1) does nothing.

Notice that the starting configuration is obtained from the Euclidean sheet by making
a single clockwise monodromy around z;;. So in this configuration we start from the
Euclidean sheet and do (n, —n; + 1) clockwise circles around z;;, i.e., Ci?"_n"ﬂ.

Time reversal maps this operation to itself. As above, the action of time reversal is the
interchange (m,n) < (i, j) together with all n’s flipping sign. This combined operation

leaves our final answer for the monodromy unchanged, as we had expected.

E8 Regge configurations

In the diagram Fig. 14b, we listed a second configuration that lies within the Minkowski
diamond, has z = z, but does not lie on the Euclidean Sheet. In fact this configuration lies
on the “Regge sheet” (obtained starting from the Euclidean sheet and performing a single
anticlockwise monodromy around z;;).

In this subsection we describe the sheet structure of all configurations that can be brought
to such a Regge configuration by making 7 shifts of the w coordinates of the various insertions.
As in the previous subsection, it is useful to fix on a convention. As in Fig. §15, the insertions
corresponding to one pair of timelike separated operators as i and j with j to the future of i,
and denote the second pair of timelike separated operators by m and n (with n to the future
of m).

Starting with this configuration, we then move to new configurations by making the shifts
w, = wg—n,7 for a = i,j,m,n. There are inequivalent cases which we take up in turn.
The 24 possible n, orderings are related to each other under the Z, symmetry operation
(i,j) <= (m,n). Consequently we need to consider 12 inequivalent orderings of the n,. 12
different cases are (here ~ means related by (i, j) <= (m, n))

1. (ijmn) ~ (mnij), 2. (ijnm) ~ (mnji),
3. (imjn) ~ (minj), 4. (imnj) ~ (mijn),
5. (injm) ~ (mjni), 6. (inmj) ~ (mjin), (E2)
7. (jimn) ~ (nmij), 8. (jinm) ~ (nmji), )
9. (jmin) ~ (nimj), 10. (jmni) ~ (nijm),

11. (jnim) ~ (njmi), 12. (jnmi) ~ (njim).

Time reversal in this configuration consists of the interchange (i, m) < (j, n) together with
all n, —» —n, (reversal of the (abcd) ordering). It is not difficult to convince oneself that under
time reversal (and modulo the Z, interchange)

1. (ijmn) — (mnij) =case 1,
2. (ijnm) — (nmij) =case 7,
3. (imjn) — (minj) = case 3,
4. (imnj) — (imnj) = case 4,
5. (injm) — (nimj) =case 9,
6. (inmj) — (injm) = case 6,
7. (jimn) — (mnji) = case 2, (E3)
8. (jinm) — (nmji) = case 8,

9. (jmin) — (injm) =case 5,
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10. (jmni) — (jmni) = case 10,

11. (jnim) — (njmi) = case 11,

12. (jnmi) — (jnmi) = case 12.

l.n;>n;2n,>n,

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones which
according to rule (2) of §6.2 gives C;;. We then move w; — w; —(n; —1)7 which crosses
3 future light cones and according to rule (1) gives no monodromy. We then move

w; — w;—n;7. It crosses 2 future and 1 past light cones which according to rule (2) of

86.2 gives Cl.;lj .

We then move w,, = w,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.

We then move w,, = w,, —(n,, —1)7. It crosses 1 future and 2 past light cones which
. . Mp—1 _ pp—1 r.

according to rule (3) gives A, =A," . Finally we move w, — w, —n, . It crosses

3 past light cones and hence as per rule (1) does nothing.

Notice that the starting configuration is obtained from the Euclidean sheet by making a

single anticlockwise monodromy around z;;. So in this configuration we start from the

nj—n;+1

Euclidean sheet and do (n; —n,, + 1) clockwise circles around z;;, i.e., Cl.j

2. n;>np2n, 2ny,

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones which
according to rule (2) of §6.2 gives C;;. We then move w; — w; —(n; —1)7 which crosses
3 future light cones and according to rule (1) gives no monodromy. We then move

w; — w;—n;7. It crosses 2 future and 1 past light cones which according to rule (2) of

86.2 gives Cl.;.l” .

We then move w,, = w,—n, 7. It crosses 2 past and 1 future light cones which according
to rule (3) gives A, = Ai';.". Finally we move w,, = w,, —n,,m. It crosses 3 past light
cones and hence as per rule (1) does nothing.

Notice that the starting configuration is obtained from the Euclidean sheet by making a
single anticlockwise monodromy around z;;. So in this configuration we start from the
. le—n

ie., Cij .

Euclidean sheet and do (n; —n,) clockwise circles around z;;,

3. nj=zn, 2n;2n,: n;>njandn, >n,

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones which
according to rule (2) of §6.2 gives C;;. We then move w; — w; —(n; —1)7 which crosses
3 future light cones and according to rule (1) gives no monodromy. We then move
W, — W, — 1. It crosses 2 past and 1 future light cones which as per rule (3) gives
Ajm =Ain.

We then move w,,, = w,,—(n,,—1)x. It crosses future, past, future lightcone configura-

. . . . m_l — m_1

tion which according to rule (2) of §6.2 gives 1/Amn-Cr:i ‘v Crn = 4 /Al-j-Cl.:1 4/ Cij-

We then move w; — w;—n;m. It crosses past, future, past lightcone configuration which

according to rule (3) gives ,/Cj, 'A].nr{ “VAjm =V Cin ~Al.rgl “VAin-
Finally we move w, — w, —n,m. It crosses 3 past light cones and hence as per rule
(1) does nothing. Notice that the starting configuration is obtained from the Euclidean
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sheet by making a single anticlockwise monodromy around z;;.
m_1 nj
Ai; - Cij A A Co ™ - 3/Cij -V Cin Ay - VA
m_1 nj
=Ain VCin VCin - Coi™ * VAim A VCim - /Cij
1
Np,—Nj—%
=VAin Cpy 7 24/Cy

n—1
S A
~ VG .

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n,, —n;) clockwise circles around z;,, followed by a

half-clockwise monodromy around z; 7 ie., 4/Cjj- Cl.::"_nj - v/ Cij.

4. n2n,>n, 2n;
In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones which
according to rule (2) of §6.2 gives C;;. We then move w; — w; —(n; —1)7 which crosses
3 future light cones and according to rule (1) gives no monodromy.
We then move w,, — w,, — . It crosses 2 past and 1 future light cones which as
per rule (3) gives A;,, = A;,. We then move w,, = w,, — (n,, — 1)7. It crosses fu-
ture, past, future lightcone configuration which according to rule (2) of §6.2 gives

m—1 _ =1

VA - Clm -/ Con = JAj - Com - [Cy.
We then move w, — w, —n,m. It crosses past, future, past lightcone configuration
which according to rule (3) gives 4/C,; -A:]? VAL =4/Cipy -Al.':; VA
Finally we move w; — w; —n;m. It crosses 3 past light cones and hence as per rule

(1) does nothing. Notice that the starting configuration is obtained from the Euclidean
sheet by making a single anticlockwise monodromy around z;;.

Aij - Cij-Ain -\ Aij - Ci;m_l “/Cij - VCin A - VAin
=Ain  VCin VCip- Ci?nm_l AAi A" Cin - 1/ Cij
1

— /Ain . Ci;m_nn_i . CU

1
=VCi V- Cp " 2 /C
=/Cij- C "+ 4/Cyj.

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;;, then do (n,, —n,) clockwise circles around z;,, followed by a

: : nm—Ny
half-clockwise monodromy around z; jole., o/Cij Gt - v/ Cij.
5. N; 2Ny, 2N 2Nyt N; >N
In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones which
according to rule (2) of §6.2 gives C;;. We then move w; — w; —(n; —1)7 which crosses
3 future light cones and according to rule (1) gives no monodromy. We then move

w, = w, —n,n. It crosses 1 past and 2 future light cones which according to rule (2)
of §6.2 gives Cl.Z”.

We then move w; — w;—n;7. It crosses 1 future and 2 past light cones which according
to rule (3) gives Aﬁl = A;j. Finally we move w,, = w,, —n,m. It crosses 3 past light

cones and hence as per rule (1) does nothing.
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Notice that the starting configuration is obtained from the Euclidean sheet by making a

single anticlockwise monodromy around z;;. So in this configuration we start from the
nn—nj
0

Euclidean sheet and do (n, — n;) clockwise circles around z;,, i.e., C;

6. n;2n, 2Ny, 20 n;>n;

In this case we first move w; — w; — 7. It crosses 1 past and 2 future light cones which
according to rule (2) of §6.2 gives C;;. We then move w; — w; —(n; —1)7 which crosses
3 future light cones and according to rule (1) gives no monodromy. We then move
w, = w, —n,n. It crosses 1 past and 2 future light cones which according to rule (2)
of §6.2 gives Cl.Z”.

We then move w,, = w,,—n,, 7. It crosses 2 past and 1 future light cones which accord-
ing to rule (3) gives A;" =A™ Finally we move w; — w;—n;m. It crosses 3 past light
cones and hence as per rule (1) does nothing.

Notice that the starting configuration is obtained from the Euclidean sheet by making a
single anticlockwise monodromy around z;;. So in this configuration we start from the

Euclidean sheet and do (n, —n,,) clockwise circles around z;,,, i.e., CiZ”_""".

7.n;2n;2n, >n,

In this case we first move w; — w; —n;7. It crosses 3 future light cones and according
to rule (1) of §6.2 gives no monodromy. We then move w; — w; —n; 7. It crosses 1 past

and 2 future light cones which according to rule (2) of §6.2 gives CJ".

We then move w,, = w,,, — 7. It crosses 3 past light cones which as per rule (1) gives ¢.
We then move w,, = w,,, —(n,, —1)7. It crosses 1 future and 2 past light cones which
according to rule (3) of §6.2 gives A,ﬁ?l_l = Ai’}m_l. Finally we move w, — w, —n,m. It
crosses 3 past light cones and hence as per rule (1) does nothing.

Notice that the starting configuration is obtained from the Euclidean sheet by making a
single anticlockwise monodromy around z;;. So in this configuration we start from the
ie, L™
e, C;; .

Euclidean sheet and do (n; —ny,) clockwise circles around z;;,

8. n]-ZniZHnan

In this case we first move w; — w; —n;7. It crosses 3 future light cones and according
to rule (1) of §6.2 gives no monodromy. We then move w; — w; —n;m. It crosses 1 past

and 2 future light cones which according to rule (2) of §6.2 gives Ci?i.

We then move w, — w,—n, 7. It crosses 2 past and 1 future light cones which according
to rule (3) of §6.2 gives A, EAS.”. Finally we move w,,, = w,, —n,, 7. It crosses 3 past
light cones and hence as per rule (1) does nothing.

Notice that the starting configuration is obtained from the Euclidean sheet by making a

single anticlockwise monodromy around z;;. So in this configuration we start from the

1

. . . . ni—mu—
Euclidean sheet and do (n; —n, — 1) clockwise circles around z;;, i.e., C; "

9. njz2n,2n;2n,: n,>n,

In this case we first move w; — w; —n;7w. It crosses 3 future light cones and ac-
cording to rule (1) of §6.2 gives no monodromy. We then move w,, = w, —n. It
crosses past, future, past lightcone configuration which according to rule (3) of §6.2
8iVeS G A VA = /Ty A /A

We then move w,, = w,,, —(n,, —1)7. It crosses 2 future and 1 past light cones which
according to rule (2) of §6.2 gives C].':nm_l = Cl.zm_l.
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10.

11.

We then move w; — w; —n; 7. It crosses 2 past and 1 future light cones which according
to rule (3) of §6.2 gives Ai’;i. Finally we move w,, = w, —n, 7. It crosses 3 past light
cones and hence as per rule (1) does nothing.

Notice that the starting configuration is obtained from the Euclidean sheet by making a
single anticlockwise monodromy around z;;.

Aij /Cij - Aim - fAi - Co AL
=4 Aij 'Aim Y Cim Y Cin : Cizm_ni_l
1

= /Al] .4 /Aim . C’izm_ni_i
1
= \/C_m Cizm_ni_z

— ny—n;
- Cin :

So in this configuration we start from the Euclidean sheet and do (n,, —n;) clockwise

. . N —t1;
circles around z;,, i.e., C;;™ .

nj2ng,>n, 2n;

In this case we first move w; — w; —n;7m. It crosses 3 future light cones and ac-
cording to rule (1) of §6.2 gives no monodromy. We then move w,, = w,, —n. It
crosses past, future, past lightcone configuration which according to rule (3) of §6.2
865 +/Con A v/ = /G A - /A

We then move w,, = w,, —(n,, —1)m. It crosses 2 future and 1 past light cones which
according to rule (2) of §6.2 gives Cj':r;"_l = Cizm_l.

We then move w, — w,—n,. It crosses 1 future and 2 past light cones which according
to rule (3) of §6.2 gives Al.';". Finally we move w; — w; —n;m. It crosses 3 past light
cones and hence as per rule (1) does nothing.

Notice that the starting configuration is obtained from the Euclidean sheet by making a
single anticlockwise monodromy around z;;.

Aij /Cij - Aim - /Aij - Co ALY
= VAij " Aim* V Cim* vV Cip* "
1

— /Al.]. . ‘/Aim . Cizm_n”_i
1
=4/C;,- CiZm_”n_z

— Ny =My
- Cin .
So in this configuration we start from the Euclidean sheet and do (n,, —n,) clockwise

. . n,—n
circles around z;,, i.e., C, ™ "".

nj2nn2ni2nm

In this case we first move w; — w; —n;7. It crosses 3 future light cones and according
to rule (1) of §6.2 gives no monodromy. We then move w, — w, —n,7. It crosses
future, past, future lightcone configuration which according to rule (2) of §6.2 gives
We then move w; — w; —n; 7. It crosses past, future, past lightcone configuration which
according to rule (3) of §6.2 gives \/C_l] AN A
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Finally we move w,, — w,, —n,, 7. It crosses 3 past light cones and hence as per rule
(1) does nothing. Notice that the starting configuration is obtained from the Euclidean
sheet by making a single anticlockwise monodromy around z;;.

AIJ\/A_mCl;n\/C_m\/C_UAZ:;\/A—U
:Aij'\/c—ij'm'ci?;'m"qiﬁ'm
~ VA
:\/C_m.@.ci”mn_"i.@.\/c_m
:\/C_m'ci;"_niﬂ'\/c_m-

So in this configuration we start from the Euclidean sheet and first do a half-clockwise
monodromy around z;,, then do (n,, —n; + 1) clockwise circles around z;,,, followed by
a half-clockwise monodromy around z;,, i.e., 4/Ciy, - Ci'r:‘_"iﬂ - 4/Cin.

12. nj 2n, 2n, 2n;

In this case we first move w; — w; —n;7. It crosses 3 future light cones and according

to rule (1) of §6.2 gives no monodromy. We then move w, — w, —n,m. It crosses
future, past, future lightcone configuration which according to rule (2) of §6.2 gives

We then move w,, = w,, —n,,m. It crosses past, future, past lightcone configuration
which according to rule (3) of §6.2 gives 4/Cp, <A™ - /A, = \/C_l] AN \/A_U )
Finally we move w; — w; —n;m. It crosses 3 past light cones and hence as per rule

(1) does nothing. Notice that the starting configuration is obtained from the Euclidean
sheet by making a single anticlockwise monodromy around z;;.

Ajj - \/E'Ci;n Vi \/C_ij'AiT;T ) \/A_U
=Ajj- \/C—l] @'Cirry ) \/Im'Air:rT ) \/A—U
= \/A_U Cip " \/A_U
:\/C_m.m.ci;n_"m.@.\/c_m
_ \/C_m Cinmn—nmﬂ . \/a
So in this configuration we start from the Euclidean sheet and first do a half-clockwise

monodromy around z;,,, then do (n,, —n,, + 1) clockwise circles around z;,, followed by
a half-clockwise monodromy around g;,,, i.e., 4/Cin * Ci:;‘_n’"ﬂ - ¢/ Cin.

G Tables summarizing the results of appendix F

Table 9: Single branch point towers with ¢ > —1.

q = —1 | Monodromy Configuration Condition
SR Vi Reggecase8 | nEZn |
2 Cl.;.l” =2 Euclidean - F case 17 n, > n;
3 Ci?” i~ Euclidean - D/E case 22 | n, = n;,n, > n;
__________ s e e 1
4 Cl.Zl " Euclidean - D/E case 21 | n; = nj,n, > n;
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Table 10: Single branch point towers with g > 0.

q =0 | Monodromy Configuration Condition
Euclidean - A case 7 n; = np,
1 Cl.;'"_n’” Euclidean - D/E case 13 | Same as above
Regge case 7 Same as above
2 Cl.'.l‘_n" Euclidean - A case 8 n; =n,
3 Ci;lj in=1 Scattering case 1 n; > n,
“ [ 77| Euclidean-Acasel | nj>n,
4 1 Euclidean - B case 1 Same as above
ij Euclidean - D/E case 1 Same as above
Euclidean - F case 1 Same as above
“ [ 7777 | Euclidean-Acase2 | nj>n,
5 CJJ o Euclidean - B case 2 Same as above
Regge case 2 Same as above
I Euclidean - B case 23 | N, >n;
6 Ci;.lmfn’fl Euclidean - C case 2 Same as above
Euclidean - F case 23 Same as above
I _C_n,,:—ll """ Euclidean - Acase 23 | Ny >n;
4 ij Euclidean - D/E case 24 | ny, > n;,n, > n;
A . Euclidean - Acase 24 | Mp>n;
8 Ci?” " Euclidean - B case 24 Same as above
Euclidean - C case 1 Same as above
9 Ci;.l” n=T Euclidean - B case 17 n, >n;
10 Cf" i Euclidean - A case 17 n,=>n;
B ;1_ | C_ o -1 | Eﬁcii@e’aﬁ -D/Ecase10 | n,>n;
ij Euclidean - F case 18 Same as above
12 cmn Euclidean - A case 18 n,=n;
ij Euclidean - B case 18 Same as above
B ;3_ | _Cfni__ﬁj ____ Eu’cﬁd’eén‘ “Acase19 | n>n;
in Euclidean - F case 19 Same as above
- ;4' T _C_"_ no | Eu_c.ﬁd_eglrf ~Acase20 | n>n,
in Euclidean - D/E case 23 | n; = n,,,n, > n,
15 [ ¢y | Budidean-Bease1s | m>m
16 |G, " | Fudidean-Acasels | mxm_
17 CnT Eucl%dean - A case 16 nj=n,
in Euclidean - B case 16 Same as above
- ; 8' a _é”; a1 | El_lc_li.c_le_aﬂ “Bcase9 | N, >n;
in Euclidean - F case 9 Same as above
|77 77| FEuclidean-Acase9 | n,>n;
19 Cm Euclidean - D/E case 14 Ny =1y
Regge case 9 Ny, = N, Ny, >N,
A . Euclidean - Acase 10 | Ny >n,
2 M Euc?idean - B case 10 Same as above
in Euclidean - D/E case 2 Same as above
Euclidean - F case 10 Same as above
B ;1_ | C_ men—1 | 'Ehélﬁéahi D/Ecase9 | n,>n;
in Euclidean - F case 5 Same as above
“ [ 77| Euclidean-Acase5 | n,>n;
22 CiZ" " Euclidean - B case 5 Same as above
| ___]___Reggecase5 _ |. My 2 mj,n > ;.
Euclidean - A case 6 n, =n,
23 M Euclidean -Bcase 6 Same as above
in Euclidean - C case 4 n, =n,

Regge case 6

My 2 My, N > 1
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Table 11: Single branch point towers with g > 1.

g =1 | Monodromy Configuration Condition

. C i+ Euclidean - B case 7 n; =2 np,
Y Euclidean - F case 7 Same as above

9 n—n, +1 Euclidean - B case 8 n; =n,
Y Euclidean - D/E case 15 | Same as above

3 Ci;.lj nt Regge case 1 n; > np,

4 ot Euclidean - D/E case 5 nj =n,
Y Euclidean - F case 2 Same as above

c o Euclidean - D/E case 12 Ny, > n;
Y Euclidean - F case 24 | Same as above

6 Cl.?" nitl Scattering case 6 n, > n;

7 Cizi_njﬂ Euclidean - B case 19 n; 2 n;

Euclidean - B case 20 n; = n,
8 C iZi—an Euclidean - C case 3 Same as above
Euclidean - F case 20 Same as above

9 ¢ Euclidean - F case 15 n; > n

10 Cizj_niﬂ Euclidean - D/E case 16 nj=n;

1 o Euclidean - D/E case 6 nj =n,
" Euclidean - F case 16 Same as above

12 Cl.Z'" in Regge case 10 n, >n,

13 P Euclidean - D/E case 11 n, > n,
" Euclidean - F case 6 Same as above

Table 12: Single branch point towers with g > 2.
q = 2 | Monodromy Configuration Condition
i;.l"_n"” Euclidean - F case 8 | n; > n,
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Table 13: Double branch point towers with g > 0.

q=0 Monodromy Configuration Condition
n—n Euclidean - A case 13 n; 2n;
1 Cij Cim /Ay .
Scattering case 4 Same as above
| 2 |GG Ay | sateringases | m>m
3| SOrCRT YAy | mdiden - Acse1s | mxm,
, Euclidean - A case 3 N, =n;
4 Ci*Com /A5 n
Euclidean - B case 3 Same as above
Euclidean - A case 4 Ny, =n,
S VCij Corm T A Euclidean - B case 4 | Same as above
Scattering case 3 Same as above
R (e L [
6| VG G A | Buidean-Bease2l | m>m |
|7 | VG G VA | Buclidean-Acasel | mxm |
n—n Euclidean - A case 22 n;=ngy
8 v Cin - Cini " Ain .

Euclidean - B case 22 | Same as above
|9 | VG Gy " VA | Fudidean Baasell | m>m
| 10 | VG Gy " vAn_| Euclidean-Acasell | 1 Tz |

Euclidean - A case 12 n,=n

11 | /Cyu-Ch - /A, S

Euclidean - B case 12 | Same as above
T T = eeny  — T T T T T T T T T T
|12 | VGG yCy | Ressecase3 | mmzm;

13 Cij- c ml, Cij | Euclidean - F case 11 n, > n;
14| VGG y/Gy | Pucidean:D/Ecase18 | mzm |
15 | /Cun-Cp "+ 4/Cy | Euclidean - D/E case 17 n; > n;
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Table 14: Double branch point towers with g > 1.

qg=1 Monodromy Configuration Condition
Cij - Ci:i_njﬂ Ajj Euclidean - B case 13 n; =n;
2 | JGoci . /A&, | Buclidean-Bease14 | mzm, |
3 | o A | scateringcase2 | gz, |
T e e | it pemezt | mom |
s | /G- /T, | Buclidean -D/Ecase20 | myzm |
| _ J le ' 'C;j' | Euclidean-D/Ecase8 | m >n, |
Euclidean - F case 22 Same as above
7| e ye | Reggecase4 | >y |
B '8 """ CJ Cm W CJ | Buclidean-D/Ecase4 | ny>n, |
Euclidean - F case 12 Same as above
9 | VGuc /G | Eudidean Fease13 | mozn, |
10 | vGci /G | Buclidean -D/Ecase 19| nmzm, |
| ﬁ Cm Y C | Euclidean-D/Ecase3 | ny>n; |
Euclidean - F case 3 Same as above
12 | ye Cifn’" n+1 e Euclidean - D/E case 7 Ny, =N,
Euclidean - F case 4 Same as above
13 | VGG G | Reggecasell | myzn
14 | VT G | Reggecase12 | ezn, |
Table 15: Double branch point towers with g > 2.
q=2 Monodromy Configuration Condition
VCin - Cl.:;_n”+2 -4/ Cin, | Euclidean - F case 14 | n; >n,
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