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Abstract

We analyze topological phase transitions and higher Berry curvature in one-dimensional
quantum spin systems, using a framework that explicitly incorporates the symmetry
group action on the parameter space. Based on a G-compatible discretization of the pa-
rameter space, we incorporate both group cochains and parameter-space differentials,
enabling the systematic construction of equivariant topological invariants. We derive a
fixed-point formula for the higher Berry invariant in the case where the symmetry action
has isolated fixed points. This reveals that the phase transition point between Haldane
and trivial phases acts as a monopole-like defect where higher Berry curvature emanates.
We further discuss hierarchical structures of topological defects in the parameter space,
governed by symmetry reductions and compatibility with subgroup structures.

Copyright K. Shiozaki.
This work is licensed under the Creative Commons
Attribution 4.0 International License.
Published by the SciPost Foundation.

Received
Accepted
Published

2025-08-20
2026-01-05
2026-01-28

Check for
updates

doi:10.21468/SciPostPhys.20.1.024

Contents

1 Introduction 2

2 Warm up: Equivariant families of pure states 4
2.1 Discrete formulation 5
2.2 Group action 6
2.3 Fixed-point formulas 7

2.3.1 Fixed-point formula for the Berry phase 7
2.3.2 Fixed-point formula for the Chern number 8

2.4 Relationship with level crossings 8
2.5 Example of a topological number defined by a group action 9

3 Equivariant family of MPS: Discrete formulation 11
3.1 Fundamental theorem of MPS 11
3.2 Overlap matrix 13
3.3 Discrete formulation with group action 15
3.4 G-equivariance 17

3.4.1 Comment on inversion-type symmetry action 20
3.5 Constraint on DDKS number and higher Berry phase under group action 21

1

https://scipost.org
https://scipost.org/SciPostPhys.20.1.024
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.20.1.024&amp;domain=pdf&amp;date_stamp=2026-01-28
https://doi.org/10.21468/SciPostPhys.20.1.024


SciPost Phys. 20, 024 (2026)

4 Family topological invariants and group actions 21
4.1 SPT invariants 21
4.2 A microscopic model with nontrivial DDKS invariant 22
4.3 One-parameter family: Thouless pump 23

4.3.1 Realization as an MPS soliton 24
4.3.2 Fixed-point formula for Thouless pump 25

4.4 Two-parameter family: π-higher Berry phase 25
4.4.1 Model example 25
4.4.2 Fixed-point formula for π-higher Berry phase 25

4.5 Three-parameter family: DDKS number 26
4.5.1 C2z T -equivariance: π-higher Berry phase 26
4.5.2 Cnz-equivariance: Pump invariant 27
4.5.3 T -equivariance: Fixed point formula (1) 27
4.5.4 C2x × C2y -equivariance: Fixed point formula (2) 28

4.6 Topological invariants and geometric phases defined by group actions 30
4.6.1 Free G-action and higher Berry phase 30
4.6.2 Free Z2 action and a Z2 topological invariant 30

5 Discussion: Defect structures in the parameter space 31
5.1 Symmetry 31
5.2 G-equivariance 32

5.2.1 Example 33

6 Conclusion 33

A Simplicial G-complex 34
A.1 Families of pure states 36
A.2 Families of MPS 36

References 37

1 Introduction

In an isolated quantum many-body system, symmetry is expressed by the requirement that the
Hamiltonian Ĥ, which governs the time evolution of the system, satisfies

ĝ Ĥ ĝ−1 = Ĥ , g ∈ G , (1)

for some group G, where ĝ denotes a unitary or antiunitary representation of G on the Hilbert
space. In this work, we relax this symmetry condition by parameter-dependent Hamiltonians
Ĥ(τ), where τ ∈M and the parameter space M carries a G-action. A family of Hamiltonians
Ĥ(τ) is said to be G-equivariant if it satisfies

ĝ Ĥ(τ) ĝ−1 = Ĥ(gτ) , g ∈ G , (2)

where τ 7→ gτ defines a left action of G on M, i.e., (gh)τ= g(hτ).
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For example, consider the one-dimensional Heisenberg model with a uniform magnetic
field h:

Ĥ(J , h) = J
∑

j∈Z
Ŝ j · Ŝ j+1 + h ·

∑

j∈Z
Ŝ j . (3)

This model has time-reversal symmetry T̂ =
�

⊗ j eiπS y
j
�

K (where K denotes complex conjuga-
tion) only at h = 0. However, even for h ̸= 0, it satisfies

T̂ Ĥ(J , h) T̂−1 = Ĥ(J ,−h) , (4)

meaning that the family of Hamiltonians is Z2-equivariant under (J , h) 7→ (J ,−h) in the space
of coupling constants.

When a Hamiltonian Ĥ has a finite energy gap between the ground state and the first
excited state (i.e., when the system is gapped), it belongs to a certain topological phase, char-
acterized by a topological invariant. Similarly, for a family of gapped Hamiltonians Ĥ(τ), one
can define a topological invariant associated with the family itself. In particular, for so-called
invertible states, gapped systems with a unique ground state and no spontaneous symmetry
breaking (SSB), the topological classification of families is well understood through the classifi-
cation of adiabatic cycles and their generalization, known as the Ω-spectrum structure [1–23].

For example, in one-dimensional spin chains with the parameter space S1, if the Hamilto-
nian satisfies periodicity Ĥ(θ+2π) = Ĥ(θ ), a nontrivial topological invariant of the family im-
plies the adiabatic pumping of a G-symmetry charge during time evolution. This phenomenon,
known as the Thouless pump [24], describes the quantized transport of a physical quantity
(such as electric charge or spin) per cycle when a periodic parameter is varied adiabatically
and topologically nontrivially.

Even in the absence of symmetry, it is known that for one-dimensional invertible systems
with a three-dimensional, oriented, closed parameter space such as the 3-sphere S3, one can
define an integer-valued topological invariant from the family Ĥ(τ), given by the integral of
a so-called higher Berry curvature [25–36]. Mathematically, this invariant corresponds to the
Dixmier–Douady class associated with a gerbe connection. The concept of higher Berry curva-
ture was introduced by Kapustin and Spodyneiko [25]. See also [37] for an earlier proposal
related to this idea. In this paper, we refer to this topological invariant as the Dixmier–Douady–
Kapustin–Spodyneiko (DDKS) number.1

In this paper, we systematically investigate the relationship between topological invariants
of families of Hamiltonians and the role of the G-equivariant structure in one-dimensional
quantum spin systems, focusing on invertible states. In particular, when the group action on
the parameter space has fixed points, the Hamiltonians at these high-symmetry points satisfy
the standard symmetry condition (1) and can be assigned well-defined symmetry-protected
topological (SPT) invariants [39–42]. We demonstrate that nontrivial relations can exist be-
tween the topological invariant associated with the entire family of Hamiltonians and the SPT
invariants defined at such high-symmetry points. In this paper, we formalize these relations.
As an application, we prove that the phase transition point between the Haldane phase and
the trivial phase, protected by either time-reversal symmetry or Z2 × Z2 symmetry, acts as a
source of higher Berry curvature.

As a methodological framework, we follow Ref. [30] and adopt a discrete formulation
based on matrix product state (MPS) representations [43], assuming translational invariance.
The parameter space is discretized into a sufficiently fine mesh compared to the variation of
the Hamiltonian, and topological invariants are constructed from MPS data assigned to the

1See also [38] for a prior proposal of gerbe structures in open quantum systems.
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vertices. A key advantage of this formulation is that gauge invariance is manifest, and it can
be straightforwardly implemented numerically, for instance using DMRG.

We note that the assumption of translational symmetry is a technical simplification to fa-
cilitate the formulation; a generalization to non-translationally invariant systems remains an
important direction for future work.

The structure of this paper is as follows. Sec. 2, as a preliminary to the formulation for one-
dimensional spin systems, reviews the relationship between topological invariants of families
of pure states in quantum mechanical systems and group actions, particularly describing a
discrete formulation based on a triangulation of the parameter space. In Sec. 3, using the
injective MPS, we carry out a discrete formulation with group action for parameter families
of MPSs. In Sec. 4, as an application of Sec. 3, we derive a fixed-point formula for the DDKS
number and some new invariants introduced by group action. Sec. 5 summarizes general
aspects of defect structures in theory space. Finally, Sec. 6 provides a summary and outlook of
this work. Appendix A summarizes necessary technical background on simplicial G-complexes.

2 Warm up: Equivariant families of pure states

Before moving on to the main discussion, we review a well-known example in the context
of a 0-dimensional system to illustrate the relationship between the topological number of
a family and high-symmetry points. In addition, we describe its discrete formulation with
manifest gauge invariance, and further mention the relationship between level crossings and
the sources of Berry curvature in the parameter space.2

Consider a Hamiltonian Ĥ(τ) of an N -level system that depends on a point τ in the pa-
rameter space M, that is, a family of N × N Hermitian matrices parametrized by τ ∈M. Let
G be a discrete group, and denote its left action on M by (g,τ) 7→ gτ, which is associative:
(gh)τ= g(hτ). We further fix a unitary linear representation ĝ of G on the N -level system:

ĝĥ= cgh , g, h ∈ G . (5)

We allow ĝ to be antiunitary as well, by specifying the homomorphism

φ : G→ Z2 = {±1} , (6)

so that ĝ is unitary when φg = 1, and antiunitary when φg = −1. Namely, for the imaginary
unit i, we have ĝ i = φg i ĝ. Here, we assume that ĝ does not depend on the point in the
parameter space M.3

We assume that the Hamiltonian Ĥ(τ) satisfies the following G-equivariant constraint:

ĝ Ĥ(τ) ĝ−1 = Ĥ(gτ) , τ ∈M , g ∈ G . (7)

We focus on the ground state |ψ(τ)〉 of Ĥ(τ), which satisfies Ĥ(τ) |ψ(τ)〉 = Emin(τ) |ψ(τ)〉
and assume that no level crossing (i.e., degeneracy with excited states) occurs throughout the
parameter space M. (The same formulation does work for any excited states unless a level
crossing occurs.) Alternatively, one may consider that M is a punctured space obtained by
removing regions that include level crossing points, i.e., the defect regions.

2Such G-equivariant families of quantum mechanical systems are also widely known as a setting of symmetry
constraint for Bloch Hamiltonians in band theory.

3More generally, ĝ may depend on the point in M, and one may also allow projective representations with two
cocycle zg,h ∈ U(1) such that ĝĥ= zg,h

cgh. Furthermore, even without assuming the non-degeneracy of the ground
state, a topological invariant can still be defined, and its classification is given by a certain type of K-theory [44–46].
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From the viewpoint of symmetries in quantum mechanics, the U(1) phase factor of the
unitary linear representation ĝ cannot be fixed. In general, there is an ambiguity

ĝ 7→ eiθg ĝ , g ∈ G , (8)

in ĝ up to 1-dimensional representations eiθ ∈ Hom(G, U(1)) of G, satisfying ei(θg+φgθh) = eiθgh

for g, h ∈ G.
In what follows, we denote by d the differential along the simplicial complex M, and by

δ the differential twisted by φ in the direction of group cochains. See App. A for details.

2.1 Discrete formulation

Below, we describe the discrete formulation for the topological number of the family of Hamil-
tonians Ĥ(τ). (In the next subsection 2.2, we will introduce the group action.) We divide
the parameter space M into small simplices (triangulate it), denoting the vertices by τ j ,
etc. In the following, for a q-simplex ∆q = (τ0, . . . ,τq), we abbreviate the action of g as
g∆q := (gτ0, . . . , gτq). Similarly, we write gc for the action of g on any q-chain c.

Assign a state |ψ(τ0)〉 to each vertex τ0. The U(1) phase of |ψ(τ0)〉 can be chosen arbi-
trarily and independently at each vertex. For any edge (1-simplex) ∆1 = (τ0,τ1), define the
(discrete) Berry connection along that edge as the U(1) phase of the inner product between
the states at its endpoints:

A(∆1) := arg
�

〈ψ(τ0) |ψ(τ1)〉
�

∈ R/2πZ , ∆1 = (τ0,τ1) . (9)

Note that reversing the orientation of an edge∆1 = (τ0,τ1) (i.e., considering −∆1 = (τ1,τ0))
flips the sign of the Berry connection:4 A(−∆1) = −A(∆1). Under the gauge transformation

|ψ(τ0)〉 7→ |ψ(τ0)〉 eiχ(τ0) , (10)

the Berry connection changes as A(∆1) 7→ A(∆1) + dχ(∆1), where
dχ(∆1) = χ(∂∆1) = χ(τ1) − χ(τ0). For any loop (1-cycle)
ℓ = (τ1,τ2) + (τ2,τ3) + · · ·+ (τN ,τ1), define the R/2πZ-valued (discrete) Berry phase γ(ℓ)
as the sum of Berry connection along the loop:

γ(ℓ) :=
∑

∆1∈ℓ

A(∆1) . (11)

Nice properties of this definition are that invariance under the gauge transformation (10)
is manifest, and it is easily implemented numerically. Reversing the orientation of a closed
loop ℓ flips the sign of the Berry phase: γ(−ℓ) = −γ(ℓ). For any triangle (2-simplex)
∆2 = (τ0,τ1,τ2), the Berry phase around its boundary loop ∂∆2 = (τ1,τ2)−(τ0,τ2)+(τ0,τ1)
is, if the triangle ∆2 is sufficiently small, close to 0 mod 2π, so there is no branch ambiguity
and one can take a logarithm. We thus define the Berry flux (the integral of Berry curvature)
on the triangle ∆2 as a real number by lifting the R/2πZ-valued Berry phase to a branch
(−π,π]: writing this lift as

R/2πZ ∋ θ 7→ θ̃ ∈ R , −π≤ θ̃ < π . (12)

With this, we define the Berry flux

F(∆2) := ådA(∆2) , (13)

4Hereafter, for any quantity valued in R/2πZ, the equality sign “=” is always understood as an equality modulo
2π.
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where dA(∆2) = A(∂∆2) = A(τ0,τ1) + A(τ1,τ2) + A(τ2,τ0). By definition, note that
F(∆2) ≡ dA(∆2) modulo 2π holds. For any oriented closed 2D surface (2-cycle) Σ ⊂M,
the Chern number (a topological number of the family) is defined as the sum of Berry fluxes
on Σ [47]:

ν(Σ) :=
1

2π

∑

∆2∈Σ

F(∆2) ∈ Z . (14)

The quantization of this value is evident from the equality
∑

∆2∈Σ

F(∆2)≡
∑

∆2∈Σ

dA(∆2)≡
∑

∆1∈∂Σ

A(∆1)≡ 0 mod 2π . (15)

Note that the Chern number flips sign under orientation reversing of Σ: ν(−Σ) = −ν(Σ).

2.2 Group action

Next, let us implement the G-equivariant structure. We choose the triangulation so that it is
compatible with the G-action on the parameter space M. Namely, we require:

• The group G acts on the vertex set {τ j} j .

• For each q-simplex ∆q
a labeled by a, the action of a group element g ∈ G is either:

– to fix the interior of ∆q
a pointwise (i.e. gτ= τ for all τ ∈ �∆q

a), or

– to map ∆q
a to another q-simplex (i.e. g(�∆q

a) = �∆
q
b with some b).

A triangulation obtained in this way is compatible with a G-simplicial structure, and the set of
q-simplices is invariant under G.

The G-equivariance (2) means that for any parameter point τ0, the state ĝ|ψ(τ0)〉 is the
same up to a U(1) phase as the state |ψ(gτ0)〉 at the point gτ0. Therefore, we have the
equality

ĝ |ψ(τ0)〉= |ψ(gτ0)〉 eiαg (τ0) , g ∈ G , (16)

thereby introducing a U(1) phase eiαg (τ0) ∈ U(1). Under the gauge transformation (10),
αg(τ0) changes as

αg(τ0) 7→ αg(τ0) + (δχ)g(τ0) = αg(τ0) +φg χ(τ0)−χ(gτ0) , (17)

and it satisfies the cocycle condition

(δα)g,h(τ0) = φg αh(τ0)−αgh(τ0) +αg(gτ0) = 0 . (18)

In particular, for group elements of the stabilizer Gτ0
= {g ∈ G | gτ0 = τ0} of τ0 (so that g

leaves the point τ0 invariant) which are unitary (φg = 1), the U(1) phase

eiαg (τ0) = 〈ψ(τ0) | ĝ |ψ(τ0)〉 , g ∈ Gτ0
, φg = 1 , (19)

is a one-dimensional representation (“charge”) of Gτ0
and is gauge-invariant.

The Berry connection A(∆1) and αg(τ0) satisfy the following “descendant equation”:

δA≡ dα . (20)
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[a] [b] [c]

Figure 1: [a] An arc C together with its h-image forms a closed path. [b] AZn rotation
cn on a 2-sphere S2 has fixed points P,Q. D represents a disk region independent
under the Zn action. [c] Horizontal axis represents the parameter space, while the
vertical axis represents energy eigenvalues. A level crossing corresponds to a source
(monopole) of Berry curvature in the parameter space.

In components:
(δA)g(∆1) = φg A(∆1)−A(g∆1)

= αg(τ1)−αg(τ0) = dαg(∆
1) .

(21)

Furthermore, from (21) we find for the Berry flux that (δF)g(∆2) = φg F(∆2)−F(g∆2) = 0,
i.e.

F(g∆2) = φg F(∆2) . (22)

Therefore, the action of g on the Chern number is

ν(gΣ) = φg ν(Σ) . (23)

It follows that if there exists an antiunitary element g ∈ G such that a closed surface Σ is
invariant as a set (not necessarily pointwise) under g, or if there exists a unitary g that reverses
the orientation of Σ, then the Chern number is zero:

∃ g ∈ G s.t. , gΣ= −φgΣ , then ν(Σ) = 0 . (24)

Similarly, integrating both sides of (21) over a closed loop ℓ, the contributions on the
right-hand side cancel, yielding the action of g on the Berry phase:

γ(gℓ) = φg γ(ℓ) , g ∈ G . (25)

Therefore, the same constraint arises as the Chern number:

∃ g ∈ G s.t. , gℓ= −φgℓ , then γ(ℓ) ∈ {0,π} . (26)

2.3 Fixed-point formulas

In the following, we describe examples of fixed-point formulas for the quantized Berry phase
and Chern number.

2.3.1 Fixed-point formula for the Berry phase

Consider the case in Eq. (26) where g is unitary, i.e. suppose there exists h ∈ G with φh = 1
such that hℓ= −ℓ. Then there exist two fixed points P,Q of the group element h (see Fig. 1[a]).
In general, the integration path ℓ need not be smooth; here, more generally, consider the case

7
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where the integration path is given by ℓ= C−hC , the linear sum of an independent arc region
C and its h-image. Then, from the descendant equation (21),

γ(ℓ) =
∑

∆1∈C

�

A(∆1)−A(h∆1)
�

=
∑

∆1∈C

δA(h∆1)

=
∑

∆1∈C

dαh(∆
1)

= αh(Q)−αh(P) .

(27)

That is,

eiγ(ℓ) =
〈ψ(Q)| ĥ |ψ(Q)〉
〈ψ(P)| ĥ |ψ(P)〉

. (28)

Therefore, the quantized Berry phase is determined solely by the expectation value of ĥ at the
fixed points. Note that, being a ratio, there is no ambiguity in the 1-dimensional representation
of ĥ (see Eq. (8)). If hn = e, then the Berry phase is quantized to Zn-values.

2.3.2 Fixed-point formula for the Chern number

Suppose that Zn acts on part of the parameter space S2 ∈M as an “Cn” rotation. That is, using
spherical coordinates (θ ,φ), consider the action cn(θ ,φ) = (θ ,φ + 2π

n ), where cn denote the
generator of Zn. The points θ = 0,π are fixed points of the Zn action; call them P,Q. Assume
the generator cn is unitary, so φcn

= 1. The Berry curvature does not flip the sign under the
Zn action: F(cn∆

2) = F(∆2), so the Chern number on the sphere equals n times the integral
over an independent domain D. The boundary of the independent domain D consists of an
arc C and its image cnC , and taking orientation into account, we can write ∂ D = C − cnC (see
Fig. 1[b]). Then, modulo n, the Chern number can be expressed as the Berry phase along the
boundary of D, to which the fixed-point formula (28) can be applied. Therefore, we obtain:

1
n
× 2πν(S2) ≡

mod 2π

∑

∆2∈D

dA(∆2)

=
∑

∆1∈∂ D

A(∆1)

= (αcn
(Q)−αcn

(P)) ,

(29)

and thus the mod n relation characterizing the Chern number ν(S2) [48]:

e
2πi ν(S2)

n =
〈ψ(Q)| ĉn |ψ(Q)〉
〈ψ(P)| ĉn |ψ(P)〉

. (30)

2.4 Relationship with level crossings

At a point in the parameter space where the ĝ-charge changes, a level crossing may appear,
and such level crossing points should accompany the source of the Berry curvature (monopole)
in the parameter space, which is consistent with Eq. (30) as discussed below. For the inner
products of the states at the fixed points P,Q of cn, note the following relation:

�

eiαcn (Q) − eiαcn (P)
�

〈ψ(P)|ψ(Q)〉= 0 . (31)
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Therefore, if the cn-eigenvalues at P and Q are different, the states are orthogonal, and there
must exist a level crossing point R on any cn-invariant path connecting P to Q. On the other
hand, by breaking the cn symmetry, it is possible to construct a path that avoids the level
crossing point R. In this case, Eq. (30) indicates that if there exists a 2-sphere S2 surrounding
the level crossing point R along the path connecting P and Q, then the integral of the Berry
curvature over S2 is

n
2π

�

αcn
(Q)−αcn

(P)
�

mod n . (32)

In other words, a level crossing point R protected by cn symmetry is a source of Berry curvature.
(See Fig. 1[c].)

As an example, using the spin operator Ŝ = (Ŝx , Ŝy , Ŝz) with spin-S representation
(S ∈

�1
2 , 1, 3

2 , 2, . . .
	

), consider the Hamiltonian depending on a three-dimensional magnetic
field h:

Ĥ(h) = h · Ŝ . (33)

Introduce the cn matrix by ĉn = e−i 2π
n Ŝz corresponding to a 2π/n rotation about the z-axis.

Then Zn-equivariant relation is given by

ĉn Ĥ(h) ĉ−1
n = Ĥ(Rnh) , (34)

where Rn is the rotation matrix for a 2π/n rotation in the x y-plane:

Rn =





cos 2π
n − sin 2π

n 0
sin 2π

n cos 2π
n 0

0 0 1



 . (35)

The fixed points of this cn action are those with zero x y-components, i.e. h = (0,0, hz). In
particular, h = 0 is a point where all levels are degenerate (a level crossing point). In the
vicinity of this point, h = (0,0,±ε) with ε > 0, the difference in the cn-eigenvalues of the
lowest energy states depends on the spin S:

n
2π

�

αcn
(0,0,ε)−αcn

(0,0,−ε)
�

= 2S . (36)

On the other hand, this is consistent with the fact that in the model (33), the Chern number
obtained by integrating the Berry curvature of the ground state on the sphere |h|= ε is 2S.

2.5 Example of a topological number defined by a group action

Neither the Berry phase γ(ℓ) nor the Chern number ν(Σ) requires a group action in their
definitions. In this subsection, as an example of a topological invariant that can only be defined
in the presence of a group action, we introduce a topological invariant defined under a free
Z2 action.

First, consider an arbitrary path C connecting two points P,σP that are related by the group
action σ ∈ G. If σ is a unitary element (i.e. φσ = 1), then even if the integration path is not
closed, one can define a gauge-invariant Berry phase as:

eiγ(C ,σ) :=

�

∏

∆1∈C

eiA(∆1)

�

〈ψ(σP)| σ̂ |ψ(P)〉 . (37)

(See Fig. 2[a] for the integration path C .) On the other hand, the symmetry operation ĝ always
has an ambiguity corresponding to a one-dimensional representation of G (see Eq. (8)), and
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the Berry phase eiγ(C ,g) shares the same ambiguity. Therefore, the Berry phase eiγ(C ,g) should
be considered as a relative geometric quantity: it is only well-defined for a pair of families of
pure states

�

|ψ(τ)〉, |ψ′(τ)〉
�

over a common Hilbert space and group action.
Now we proceed to construct a topological invariant. Take the parameter space to be the

2-sphere S2, with the unit vector n ∈ R3 (|n|= 1) as the coordinate on the sphere. Define the
action of the generator σ of Z2 as the inversion in R3: n 7→ σn := −n. Under this action, σ
is closed on S2 and reverses the orientation σS2 = −S2. Take σ̂ to be unitary (φσ = 1). In
this situation, by Eq. (23), the Chern number on S2 is zero ν(S2) = 0. Also, for any closed
path ℓ on S2 that is invariant under σ (for example, a closed curve lying along the equator
n3 = 0), since σ preserves the orientation of the path, the corresponding Berry phase γ(ℓ) is
not quantized.

Nevertheless, the Z2-equivariant structure allows a new Z2-valued topological number to
be defined. Consider the upper hemisphere of S2 as a fundamental domain independent under
σ:

D := {n ∈ S2 | n3 ≥ 0 } , (38)

and decompose its boundary under σ as ∂ D = C +σC . Let the starting point of arc C be P,
i.e. ∂ C = σP − P. (See Fig. 2[b].) We then define a Z2 number ξ(S2,σ) ∈ {0,π} as [46,49]:

ei ξ(S2,σ) :=

�

∏

∆2∈D

e
i
2F(∆

2)

�

× e−i γ(C ,σ) . (39)

Equivalently,

ξ(S2,σ) :=
1
2

∑

∆2∈D

F(∆2)−
∑

∆1∈C

A(∆1) +ασ(P) . (40)

It is easily checked that ξ(S2,σ) is gauge-invariant. Furthermore, the Z2 quantization (i.e.
ξ(S2,σ) ∈ {0,π}) is ensured by the following:

2ξ(S2,σ) =
∑

∆2∈D

F(∆2)− 2
∑

∆1∈C

A(∆1) + 2ασ(P)

=
∑

∆2∈D

F(∆2)−
∑

∆1∈C

�

A(∆1) +A(σ∆1)− dασ(∆
1)
�

≡
mod 2π

ασ(σP) +ασ(P) = 0 .

(41)

[a] [b] [c]

-1

+1

Figure 2: [a] The endpoint of an arc C is related by a group action σ. [b] A σ action
on a 2-sphere S2 that sends a point n ∈ S2 to its antipodal point −n. D is the upper
hemisphere, and its boundary ∂ D is the union of an arc C and its image σC under
the Z2 action. P denotes the starting point of arc C . [c] Inside the sphere S2, a pair
of unit monopoles with opposite charge cannot annihilate due to the Z2-equivariant
structure.
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In the final line, we used the cocycle condition (21) for ασ. This Z2 invariant ξ(S2,σ) is
a topological invariant that essentially depends on the Z2-equivariant structure, defined by
combining the Z2 inversion action on S2 with the Berry curvature.5

Note that the Z2 number ξ(S2,σ) changes as ξ(S2,σ) 7→ ξ(S2,σ) +π if we flip the phase
of σ̂ (σ̂ 7→ −σ̂), swapping the values of the Z2 invariant. Thus, ξ(S2,σ) detects the relative
Z2 topological class between two Hamiltonians Ĥ0(n) and Ĥ1(n) defined on the same Hilbert
space with the same Z2 action σ̂.

As a model example, consider the following 2× 2 model [46]:

Ĥ(n) = 12 − 2 |n〉〈n| , |n〉=
�

nx + iny
nz

�

, σ̂ = 12 . (42)

The ground state of this Hamiltonian Ĥ(n) is |n〉, and ξ(S2,σ) = π. It cannot be adiabatically
connected (while preserving the σ̂-equivariant condition) to a trivial state independent of n
(for example, |n〉= (1,0)⊤).

Here, we remark on what kind of defect structure is stabilized by ξ(S2,σ). If no symme-
try leaves any parameter point invariant, the only stable defect is the codimension-3 defect
(monopole) characterized by the Chern number. Therefore, if ξ(S2,σ) is nonzero relative to
a trivial model, we conclude that inside the sphere S2 there appear a pair of codimension-3
defects with Chern numbers 1 and −1 (see Fig. 2[c]). Such a defect pair does not annihilate
due to the Z2-equivariant structure, and remains stable as long as no level crossing occurs over
the sphere S2.

3 Equivariant family of MPS: Discrete formulation

In this section, we review the gauge redundancy of MPS and how the G-equivariant structure
is encoded in the parameter space. Following Ref. [30], we employ a discrete formulation
based on a triangulation of the parameter space. In Sec. 4, we derive fixed-point formulas for
family topological invariants.

Consider a parameter family of gapped Hamiltonians Ĥ(τ ∈ M) in a one-dimensional
quantum spin system with M the parameter space. Assume that over the whole parameter
space (or the subspace of interest), the ground state of Ĥ(τ) is unique and there is no SSB (i.e.,
no degeneracy of the macroscopic quantum state). As a technical assumption of this paper,
we assume the Hamiltonian Ĥ(τ) is translationally invariant and also that the ground state
|ψ(τ)〉 is translationally invariant. In other words, letting T̂r be the translation operator, we
assume T̂r Ĥ(τ) T̂−1

r = Ĥ(τ) and T̂r |ψ(τ)〉 = |ψ(τ)〉. Under these assumptions, the ground
state wavefunction ψ(τ) can be described by an injective MPS, which we introduce shortly.

3.1 Fundamental theorem of MPS

First, we summarize the gauge degrees of freedom in an MPS, which is analogous to the U(1)
gauge ambiguity (10) in pure states of a quantum mechanical system.

In a one-dimensional quantum spin system, let {|ix〉}nix=1 denote a local basis at site x . A

translationally invariant matrix product state (MPS) is specified by a set of n matrices {Ai}ni=1

5By quotienting the 2-sphere S2 by the Z2 action σ, one realizes a U(1) bundle over the real projective plane
RP2. ξ(S2,σ) is the topological invariant that detects the cohomology group H2(RP2,Z) = Z2 classifying complex
line bundles over RP2.
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with Ai ∈MatD×D(C), where D is called the bond dimension, as follows:

|{Ai}i〉=
n
∑

i1,...,iN=1

Tr[Ai1 · · ·AiN ] |i1 · · · iN 〉 . (43)

Here, N is the system size. It is known that if a quantum state |ψ〉 satisfies the area law of en-
tanglement entropy, meaning that the entanglement entropy remains bounded independently
of the system size, then |ψ〉 can be approximated by an MPS in the following sense: if we
define the approximation error between |ψ〉 and the MPS |{Ai}i〉 as ε = 1 − |〈ψ|{Ai}i〉|, the
required bond dimension D grows polynomially with the system size N and the inverse error
ε−1, that is, D = poly(N ,ε−1) [50]. Therefore, since the bond dimension D depends on both
N and ε, any physically meaningful quantity such as correlation functions must be formulated
in a way that is insensitive to variations in D.

An appropriate weighting to extract the dominant components in the bond Hilbert space
is given by the Schmidt eigenvalues: An MPS can always be brought, without changing the
physical state, into the following right-canonical form that satisfies

n
∑

i=1

AiAi† = 1D ,
n
∑

i=1

Ai†Λ2Ai = Λ2 , (44)

or the left-canonical form

n
∑

i=1

Bi†Bi = 1D ,
n
∑

i=1

BiΛ2Bi† = Λ2 , (45)

such that |{Ai}i〉= |{Bi}i〉. Here Λ is a diagonal matrix with positive real entries

Λ= diag(λ1, . . . ,λD) , λ1 ≥ · · · ≥ λD > 0 , (46)

and it satisfies the normalization condition

TrΛ2 =
D
∑

a=1

λ2
a = 1 . (47)

The set of eigenvalues {λa}a in an MPS in canonical form coincides with the Schmidt eigenval-
ues obtained by the Schmidt decomposition at a bond (x , x + 1) for an infinitely 1D quantum
state: |{Ai}i〉 =

∑D
a=1λa |L, a〉 ⊗ |R, a〉. The right- and left-canonical forms are related by the

following transformation:6

Bi = ΛAi Λ−1 , i = 1, . . . , n . (48)

In this paper, we proceed using the right-canonical form, i.e., {Ai}i .
Moreover, to exclude cat states (i.e., linear combinations of macroscopically distinct states),

we assume the property called injectivity. Injectivity is defined in terms of the transfer matrix.
Define the transfer matrix T ∈ End(MatD×D(C)) as

T (X ) :=
n
∑

i=1

Ai X Ai† . (49)

6Λ−1 involves reciprocals of arbitrarily small Schmidt eigenvalues, so one should avoid using it in numerical
computations.
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We say T is injective if the eigenvalue µmax of T with the largest absolute value is unique
and its eigenspace is one-dimensional.7 In this case, by positivity of T , µmax is positive real
(µmax > 0), and one can choose the eigenvector X satisfying T (X ) = µmaxX to be positive
definite (X > 0). If the MPS {Ai}i is in canonical form, then µmax = 1 and we can take X = 1D
as the positive definite eigenvector.

For an injective MPS, the following gauge structure theorem holds [43]. Let {Ai}i and {Ãi}i
be two injective MPSs in right-canonical form with bond dimension D, with Schmidt matrices
Λ and Λ̃, respectively. For a sufficiently large system size N > O(D4), if there exists some
phase eiα such that |{Ai}i〉= eiα|{Ãi}i〉 (i.e., the two MPS represent the same physical state for
a system size N), then there exist some eiθ ∈ U(1) and some V ∈ U(D) such that

Ai = eiθ V † Ãi V , i = 1, . . . , n , (50)

V Λ= Λ̃V . (51)

Furthermore, eiθ is unique, and V is unique up to an overall U(1) phase [51]. SinceΛ, Λ̃ are ar-
ranged in descending order, Eq. (51) implies Λ= Λ̃, i.e., Λ is gauge-invariant. Eq. (51) means
that the unitary matrix V is block-diagonal in the eigensectors of the Schmidt eigenvalues.

Since V is unique up to an overall phase, the equivalence class [V ] = {zV | z ∈ U(1)}
is unique; in other words, one can regard it as an element of the projective unitary group
PU(D) = U(D)/(z ∼ zU , z ∈ U(1)). Thus, the gauge ambiguity of an MPS is given by the pair
(eiθ , [V ]) ∈ U(1)× PU(D).

Moreover, for a pair of gauge-equivalent MPSs {Ai}i , {Ãi}i , the gauge transformation
(eiθ , [V ]) can be computed numerically using the following mixed transfer matrix [51]:

TAÃ(X ) :=
n
∑

i=1

Ai X Ãi† . (52)

From Eq. (50), the eigenvalue of TAÃ with the largest absolute value is µ= eiθ , and the corre-
sponding eigenvector is given by X = V †.

In the rest of this section, {Ai}i will always denote an injective MPS in the right-canonical
form.

3.2 Overlap matrix

We introduce the overlap matrix, which plays a central role in constructing family topological
invariants.

Let {Ai
0}i and {Ai

1}i be two injective MPSs in right-canonical form, with bond dimensions
D0 and D1, respectively. Define the mixed transfer matrix TA0A1

∈ End(MatD0×D1
(C)) similarly

to Eq. (52) as:

TA0A1
:=

n
∑

i=1

Ai
0 ⊗ Ai∗

1 . (53)

Explicitly,

TA0A1
(X ) =

n
∑

i=1

Ai
0 X Ai†

1 , X ∈MatD0×D1
(C) . (54)

7Let spr(T ) = max{|µ| | µ ∈ Spec(T )} denote the spectral radius of T . We assume that the eigenvalue
µ ∈ Spec(T ) satisfying |µ| = spr(T ) is unique and that the eigenvector X with eigenvalue µ, T (X ) = µX , is
unique up to a scalar multiplication.
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We say that the two MPSs {Ai
0}i , {A

i
1}i are “close” if, similarly to the injective condition,

the eigenvalue of the mixed transfer matrix TA0A1
with the largest absolute value is unique

and its eigenspace is one-dimensional. In that case, there exists a rectangular matrix
X01 ∈ MatD0×D1

(C) as the eigenvector corresponding to the eigenvalue µ01 with the largest
absolute value:

TA0A1
(X01) =

n
∑

i=1

Ai
0 X01 Ai†

1 = µmax,01 X01 . (55)

We call this matrix X01 ∈ MatD0×D1
(C) the overlap matrix, by analogy with the inner product

of pure states. (Note that, being the solution of a linear eigenvalue equation, the complex
coefficient of X01 is undetermined.)

To align with the formulation for quantum mechanical systems, we introduce the bra-ket
notation. Endow the matrix space MatD0×D1

(C) with the Hilbert=Schmidt inner product

(Y |X ) := Tr[Y †X ] , X , Y ∈MatD0×D1
(C) . (56)

With this inner product, the matrix elements of the mixed transfer matrix in an operator basis
eab = |a)(b| are:

[TA0A1
]ab,cd = Tr[e†

ab TA0A1
(ecd)]

=
n
∑

i=1

(a|Ai
0|c) (d|A

i†
1 |b) =

n
∑

i=1

[Ai
0]ac [A

i
1]
∗
bd .

(57)

The eigenvalue equation (55) is written in bra-ket notation as a right-eigenstate of the mixed
transfer matrix:

TA0A1
|X01) = µmax,01 |X01) . (58)

We summarize the gauge redundancy of the overlap matrix. Under gauge transformations
on the MPSs {Ai

0}i and {Ai
1}i:

Ai
m 7→ eiθmW †

m Ai
m Wm , eiθm ∈ U(1), Wm ∈ U(Dm) , m= 0, 1 , (59)

the mixed transfer matrix transforms as

TA0A1
7→ ei(θ0−θ1) (W0 ⊗W ∗1 )

† TA0A1
(W0 ⊗W ∗1 ) . (60)

Therefore, the eigenvalue and eigenvector transform as

µmax,01 7→ ei(θ0−θ1)µmax,01 , |X01) 7→W †
0 ⊗W⊤1 |X01) ⇔ X01 7→W †

0 X01 W1 , (61)

respectively. Thus, we find that any product of the form

Ai0
0 X01 Ai1

1 7→W †
0 Ai0

0 X01 Ai1
1 W1 , (62)

transforms covariantly under gauge transformations (up to an overall U(1) phase). Thanks
to this property, the overlap matrix X01 plays a role in constructing an MPS that transforms
covariantly under independent gauge transformations defined at each site. In other words,
X01 plays the role of a “gauge field” defined on the bond between 0 and 1. This point was
discussed at the end of subsection 4.3, in the context of constructing a topological invariant
for an adiabatic pump.
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3.3 Discrete formulation with group action

We approximate the parameter space M by a triangulation, and at each vertex τ0 assign an
injective right-canonical MPS {Ai(τ0)}i . Let Λ(τ0) be the positive diagonal matrix of Schmidt
eigenvalues (arranged in descending order) associated with the canonical condition (44) at
vertex τ0. In general, note that the bond dimension D(τ0)may depend on the vertex τ0. Each
vertex MPS has the following vertex gauge transformation:

Ai(τ0) 7→ eiχ(0,0)(τ0)W (τ0)
† Ai(τ0)W (τ0) , eiχ(0,0)(τ0) ∈ U(1) , W (τ0) ∈ U(D(τ0)) ,

with W (τ0)Λ(τ0) = Λ(τ0)W (τ0) .
(63)

For any adjacent vertices ∆1 = (τ0,τ1), define the mixed transfer matrix

T (∆1) :=
n
∑

i=1

Ai(τ0)⊗ Ai(τ1)
∗ . (64)

We assume that the MPSs at neighboring vertices are “close”, i.e., the largest eigenvalue
µmax(∆1) of the mixed transfer matrix T (∆1) is unique and its eigenspace is nondegener-
ate. Under this assumption, for each edge ∆1 = (τ0,τ1) we can define a nonzero complex
number µmax(∆1) and a rectangular matrix X (∆1) ∈MatD(τ0)×D(τ1)(C) as the eigenvalue and
the eigenvector (overlap matrix) corresponding to the largest eigenvalue of the mixed transfer
matrix:

T (∆1)
�

�X (∆1)
�

= µmax(∆
1)
�

�X (∆1)
�

⇔
n
∑

i=1

Ai(τ0)X (∆
1)Ai(τ1)

† = µmax(∆
1)X (∆1) . (65)

Taking the Hermitian conjugate of (65), for the reversed edge −∆1 = (τ1,τ0) we may choose
phases so that

µmax(−∆1) = µmax(∆
1)∗ , X (−∆1) = X (∆1)† , (66)

and we always impose (66) throughout this paper. Define an R/2πZ-valued (0,1)-cochain for
each edge ∆1 as

A(0,1)(∆1) := arg
�

µmax(∆
1)
�

. (67)

For any triangle (2-simplex)∆2 = (τ0,τ1,τ2), we define a U(1)-valued (discrete) higher Berry
connection as the phase of the following Wilson loop weighted by Schmidt eigenvalues [30]:

A(0,2)(∆2) := arg
�

Tr[Λ(τ0)
2/3 X (τ0,τ1)Λ(τ1)

2/3 X (τ1,τ2)Λ(τ2)
2/3 X (τ2,τ0)]

�

. (68)

Note that since the rectangular matrix X (∆1) is nearly an isometry,8 it is sensitive to changes
in the bond dimensions D(τ0), D(τ1) (which are unphysical parameters). Therefore, it is nec-
essary to weight appropriately by the Schmidt eigenvalues in the bond Hilbert space. The
exponent 2/3 on Λ is chosen so as not to conflict with the normalization condition Tr[Λ2] = 1
in the limit where τ0,τ1,τ2 coincide [29]. From (66), under reversal of the orientation of a
2-simplex ∆2, A(0,2)(∆2) flips sign:

A(0,2)(−∆2) = −A(0,2)(∆2) . (69)

8Precisely, if D(τ0)≥ D(τ1), then X (∆1)†X (∆1) is nearly the identity matrix 1D(τ1), and X (∆1)X (∆1)† is nearly
a rank-D(τ0) projection matrix. The same applies to the case D(τ0)≤ D(τ1).
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Now we summarize the gauge ambiguities. The vertex gauge transformation (63) induces
the gauge transformation of the mixed transfer matrix:

T (∆1) 7→ e−i dχ(0,0)(∆1) (W (τ0)⊗W (τ1)
∗)† T (∆1) (W (τ0)⊗W (τ1)

∗) , (70)

where dχ(0,0)(∆1) = χ(0,0)(τ1) − χ(0,0)(τ0). Since the overlap matrix X is a solution to the
linear eigenvalue equation (65), there is an edge gauge transformation:

X (∆1) 7→ eiχ(0,1)(∆1) X (∆1) , (71)

with χ(0,1)(−∆1) = −χ(0,1)(∆1). Under these gauge transformations, the overlap matrix X ,
the 1-cochain A(0,1), and the 2-cochain A(0,2) transform as follows:











�

�X (∆1)
�

7→ eiχ(0,1)(∆1) (W (τ0)⊗W (τ1)∗)†
�

�X (∆1)
�

,

A(0,1)(∆1) 7→A(0,1)(∆1)− d χ(0,0)(∆1) ,
A(0,2)(∆2) 7→A(0,2)(∆2) + d χ(0,1)(∆2) .

(72)

Using this structure, one can define the following two R/2πZ-valued gauge-invariant quanti-
ties:

• The ordinary Berry phase along a closed loop ℓ:

γ(1)(ℓ) :=
∑

∆1∈ℓ

A(0,1)(∆1) . (73)

• The higher Berry phase on an oriented closed 2D surface Σ(2):

γ(2)(Σ(2)) :=
∑

∆2∈Σ(2)
A(0,2)(∆2) . (74)

Furthermore, we define the corresponding Berry curvatures (fluxes) as follows:

F (2)(∆2) := ådA(0,1)(∆2) ∈ R , (75)

F (3)(∆3) := ådA(0,2)(∆3) ∈ R , (76)

and define the corresponding topological numbers:

• The Chern number for an oriented closed 2D surface Σ(2):

ν(2)(Σ(2)) :=
1

2π

∑

∆2∈Σ(2)
F (2)(∆2) ∈ Z . (77)

• The DDKS number for an oriented closed 3D space Σ(3):

ν(3)(Σ(3)) :=
1

2π

∑

∆3∈Σ(3)
F (3)(∆3) ∈ Z . (78)

For a numerical example of the DDKS number in this framework, see Ref. [30].
Note: the fact that an ordinary 1-cochain Berry connection A(0,1) can be defined from a

family of MPS is a special feature resulting from the assumption of translational invariance. For
a general family of short-range entangled states that is not necessarily translationally invariant,
one expects that only the higher Berry connection A(0,2) can be well-defined.
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3.4 G-equivariance

Now consider the case where a symmetry group G (take G discrete, though in Sec. 4.3 we will
consider some continuous subgroups) acts on the parameter space M:

τ 7→ g τ , g(hτ) = (gh)τ , τ ∈M , g, h ∈ G . (79)

We require the triangulation to be compatible with the group action as in Sec. 2.2.
Below, we define the G-action on an injective MPS. As in Sec. 2, we specify the uni-

tary/antiunitary nature of g ∈ G by a homomorphism φ : G → {±1} (we set φg = −1 for
antiunitary g). Furthermore, depending on φg , we introduce the notation for matrix or com-
plex conjugation as follows:

Mφg :=

¨

M (φg = 1) ,
M∗ (φg = −1) .

(80)

Let ug ∈ U(n) be a linear representation of G:

ug u
φg

h = ugh , g, h ∈ G . (81)

The action of G on an MPS is given by

ĝ |{Ai}i〉=

�

�

�

�

�

(

n
∑

j=1

[ug]i j (A
j)φg

)

i

+

. (82)

Now, impose the following G-equivariance on the family of Hamiltonians Ĥ(τ ∈M):

ĝ Ĥ(τ) ĝ−1 = Ĥ(gτ) , g ∈ G . (83)

By equivariance, it is natural to assume that the bond dimensions satisfy:

D(gτ) = D(τ) , g ∈ G . (84)

Then, from Eqs. (82) and the gauge transformation formulas (50), (51), the MPSs obey the
following G-equivariance:

n
∑

j=1

[ug]i j Aj(τ)φg ∼ Ai(gτ) . (85)

Here “∼” means gauge equivalent. Therefore, there exists a unique U(1) phase eiA(1,0)
g (τ) and

a unitary matrix Vg(τ) ∈ U(D(τ)) (unique up to a phase) such that:

Λ(gτ) = Λ(τ) , Vg(τ)Λ(τ) = Λ(τ)Vg(τ) , (86)

and

n
∑

j=1

[ug]i j Aj(τ)φg = e−iA(1,0)
g (τ) Vg(τ)

† Ai(gτ)Vg(τ) , g ∈ G , (87)

or equivalently,

Ai(gτ) = eiA(1,0)
g (τ) Vg(τ)

 

n
∑

j=1

[ug]i j Aj(τ)φg

!

Vg(τ)
† , g ∈ G . (88)
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Here, for the identity element e ∈ G, we can set

Ve(τ) = 1D(τ) , (89)

Eq. (89) will be assumed hereafter.
Under the vertex gauge transformation (63), A(1,0)

g (τ0) and Vg(τ0) transform as

¨

A(1,0)
g (τ0) 7→A(1,0)

g (τ0)−
�

δχ(0,0)
�

g (τ0) =A(1,0)
g (τ0)−φg χ

(0,0)(τ0) +χ(0,0)(gτ0) ,

Vg(τ0) 7→W (gτ0)† Vg(τ0)W (τ0)
φg .

(90)

Using the linearity of ug (81), we derive from Eq. (88) that

n
∑

j=1

[ugh]i j Aj(τ)φgh =
n
∑

j=1

[ug]i j

�

n
∑

k=1

[uh] jk Ak(τ)φh
�φg

=
n
∑

j=1

[ug]i j

�

e−iA(1,0)
h (τ) Vh(τ)

† Aj(hτ)Vh(τ)
�φg

(91)

= e−i(φgA
(1,0)
h (τ)+A(1,0)

g (hτ)) (Vh(τ)
φg )† Vg(hτ)

† Ai(ghτ)Vg(hτ)Vh(τ)
φg .

On the other hand, this must equal

e−iA(1,0)
gh (τ) V †

gh(τ)A
i(ghτ)Vgh(τ) , (92)

so by the uniqueness of e−iA(1,0)
g (τ) and Vg(τ) up to phase, we obtain the cocycle condition

(δA(1,0))g,h(τ) = φg A
(1,0)
h (τ)−A(1,0)

gh (τ) +A(1,0)
g (hτ) = 0 , g, h ∈ G , (93)

and the existence of a (2,0)-cochain eiA(2,0)
g,h (τ) ∈ U(1) such that

Vg(hτ)Vh(τ)
φg = eiA(2,0)

g,h (τ) Vgh(τ) , g, h ∈ G , (94)

with A(2,0)
e,g (τ) =A(2,0)

g,e (τ) = 0. From the two decompositions of Vghk(τ),

Vghk(τ) = e−iA(2,0)
g,hk (τ) Vg(hkτ)Vhk(τ)

φg

= e−iA(2,0)
g,hk (τ) Vg(hkτ)

�

e−iA(2,0)
h,k (τ) Vh(kτ)Vk(τ)

φh
�φg

= e−iA(2,0)
g,hk (τ) e−iφgA

(2,0)
h,k (τ) (Vh(τ)

φg )† Vg(hkτ)† Ai(ghτ)Vg(hkτ)Vh(τ)
φg ,

(95)

and
Vghk(τ) = e−iA(2,0)

gh,k (τ) Vgh(kτ)Vk(τ)
φgh

= e−iA(2,0)
gh,k (τ) e−A

(2,0)
g,h (kτ) Vg(hkτ)Vh(kτ)

φg Vk(τ)
φgh ,

(96)

we obtain the cocycle condition

(δA(2,0))g,h,k(τ) := φg A
(2,0)
h,k (τ)−A

(2,0)
gh,k (τ) +A(2,0)

g,hk (τ)−A
(2,0)
g,h (kτ) = 0 , g, h, k ∈ G . (97)

The G-equivariance of the transfer matrix is obtained by direct computation:

T (g∆1) =
n
∑

i=1

Ai(gτ0)⊗ Ai(gτ1)
∗

= e−idA(1,0)
g (∆1) vg(∆

1) T (∆1)φg vg(∆
1)† ,

(98)
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with the unitary matrix

vg(∆
1) = Vg(τ0)⊗ Vg(τ1)

∗ . (99)

Note from Eq. (94) the relation

vg(h∆
1) vh(∆

1)φg = e−i dA(2,0)
g,h (∆

1) vgh(∆
1) . (100)

Substituting the equivariance of the transfer matrix into the definition equation of X (65), we
obtain

T (g∆1) vg(∆
1)
�

�X (∆1)
�φg = e−i dA(1,0)

g (∆1)µmax(∆
1)φg vg(∆

1)
�

�X (∆1)
�φg . (101)

From this, for the U(1) phase of the eigenvalue, we find a relation between the (1,0)- and
(0,1)-cochains

dA(1,0)
g (∆1) = φg A(0,1)(∆1)−A(0,1)(g∆1) , (102)

and for the eigenvector, we introduce a (1,1)-cochain via

�

�X (g∆1)
�

eiA(1,1)
g (∆1) = vg(∆

1)
�

�X (∆1)
�φg , (103)

i.e.,

Vg(τ0)X (∆
1)φg Vg(τ1)

† = eiA(1,1)
g (∆1) X (g∆1) . (104)

For the identity element e ∈ G, we set A(1,1)
e (∆1) = 0. From Eq. (104), we derive the G-

equivariance of the higher Berry connection (68):

A(0,2)(g∆2)

= arg
�

Tr
�

Λ(gτ0)
2/3 X (gτ0, gτ1)Λ(gτ1)

2/3 X (gτ1, gτ2)Λ(gτ2)
2/3 X (gτ2, gτ0)

�

�

= − dA(1,1)
g (∆2) +φg A(0,2)(∆2) .

(105)

Comparing two expressions

�

�X (gh∆1)
�

= e−iA(1,1)
gh (∆

1) vgh(∆
1)
�

�X (∆1)
�φgh , (106)

and
�

�X (gh∆1)
�

= e−iA(1,1)
g (h∆1) vg(h∆

1)
�

�X (h∆1)
�φg

= e−iA(1,1)
g (h∆1) vg(h∆

1)
�

e−iA(1,1)
h (∆1) vh(∆

1)
�

�X (∆1)
�φh

�φg

= e−iA(1,1)
g (h∆1) e−iφgA

(1,1)
h (∆1) vg(h∆

1) vh(∆
1)φg

�

�X (∆1)
�φgh ,

(107)

we get the cocycle condition
�

δA(1,1)
�

g,h (∆
1) = φg A

(1,1)
h (∆1)−A(1,1)

gh (∆
1) +A(1,1)

g (h∆1) = − dA(2,0)
g,h (∆

1) . (108)

Finally, summarize the gauge transformations of the newly introduced cochains A(1,0),
A(1,1), and A(2,0). The U(1) coefficient of the matrix Vg(τ) is ambiguous. Under a vertex
gauge transformation depending on G,

Vg(τ) 7→ eiχ(1,0)
g (τ)Vg(τ) , χ(1,0)

e (τ) = 0 , (109)
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the (2,0) and (1,1) cochains transform as follows:

A(2,0)
g,h (τ) 7→A(2,0)

g,h (τ) + (δχ
(1,0))g,h(τ) =A(2,0)

g,h (τ) +φgχ
(1,0)
h (τ)−χ(1,0)

gh (τ) +χ(1,0)
g (hτ) ,

(110)

A(1,1)
g (∆1) 7→A(1,1)

g (∆1)− dχ(1,0)
g (∆1) =A(1,1)

g (∆1)−χ(1,0)
g (τ1) +χ

(1,0)
g (τ0) , (111)

respectively. In addition, the edge gauge transformation (71) induces the transformation

A(1,1)
g (∆1) 7→A(1,1)

g (∆1) + (δχ(0,1))g(∆
1) =A(1,1)

g (∆1) +φgχ
(0,1)(∆1)−χ(0,1)(g∆1) . (112)

Here is the summary of the gauge transformations and cocycle conditions.
For the (0,1) and (1,0) cochains originating from translational invariance:

¨

A(0,1) 7→A(0,1) − d χ(0,0) ,

A(1,0) 7→A(1,0) −δχ(0,0) ,
(113)

and the cocycle conditions:










dA(0,1) ≡ F (2) (mod 2π) ,
δA(0,1) + d A(1,0) = 0 ,

δA(1,0) = 0 .

(114)

For the (0,2), (1,1), (2,0) cochains inherent to the 1D system:










A(0,2) 7→A(0,2) + d χ(0,1) ,

A(1,1) 7→A(1,1) +δχ(0,1) − d χ(1,0) ,

A(2,0) 7→A(2,0) +δχ(1,0) ,

(115)

and the cocycle conditions:


















d A(0,2) ≡ F (3) (mod 2π) ,
δA(0,2) − d A(1,1) = 0 ,

δA(1,1) + d A(2,0) = 0 ,

δA(2,0) = 0 .

(116)

(Here, the sign and assignment of degrees follow the G-simplicial complex; see Appendix A
for details.)

3.4.1 Comment on inversion-type symmetry action

An inversion-type group action that flips the position x 7→ −x acts on an MPS via transpose:
∑

j

[ug]i j(A
j)⊤ . (117)

This is in the left canonical form, and the transfer matrix T is mapped to the transpose T⊤

(with a similarity transformation). As a result, the higher Berry connection defined using the
right eigenvector X of the transfer matrix (see Eq. (68)) is mapped, under spatial inversion,
to the higher Berry connection constructed using the left eigenvector. In general, no clear
relation can be found between the higher Berry connections defined using the right and left
eigenvectors, and no nice structure was found. For this reason, inversion-type group actions
are not considered in this paper.
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3.5 Constraint on DDKS number and higher Berry phase under group action

The G-action on the higher Berry flux is, from δd A(0,2) = 0,

F (3)(g∆3) = φg F (3)(∆3) . (118)

Therefore, if there exists an antiunitary g ∈ G such that a closed 3D surface Σ(3) is invariant
(as a set, including orientation) under the g-action, or if there exists a unitary g ∈ G that
reverses the orientation of a closed surface Σ(3), then the DDKS number is zero:

∃ g ∈ G s.t. , gΣ(3) = −φg Σ
(3) , then ν(3)(Σ(3)) = 0 . (119)

For example, under time-reversal symmetry (φg = −1) that leaves the parameter point invari-
ant, the DDKS number is always zero.

Similarly, the G-action on the higher Berry phase is

γ(2)(gΣ(2)) = φg γ
(2)(Σ(2)) , g ∈ G , (120)

so,

∃ g ∈ G s.t. , gΣ(2) = −φg Σ
(2) , then γ(2)(Σ(2)) ∈ {0,π} . (121)

For example, under time-reversal symmetry (φg = −1) that leaves the parameter point invari-
ant, the higher Berry phase is quantized.9

4 Family topological invariants and group actions

In this section, given a family on the parameter space M of MPS and a group action, we discuss
what topological numbers can be defined and under what settings a fixed point formula can
be obtained. Since the translational symmetry induced 1-cochain (A(0,1),A(1,0)) and the Berry
flux F (2) have the same gauge transformation property (113) and cocycle condition (114) as
those in the quantum mechanical system in Sec. 2, the construction of topological invariants
and the fixed point formulas can be obtained in exactly the same way. Therefore, in this section,
we will discuss only the topological invariants derived from the 2-cochain (A(0,2),A(1,1),A(2,0))
and higher Berry flux F (3) that are unique to the one-dimensional quantum spin system. In
the following, we denote the pairing between a (p, q)-cochain and a q-chain Cq as

�

A(p,q), Cq
�

=A(p,q)(Cq) :=
∑

∆q∈Cq

A(p,q)(∆q) . (122)

4.1 SPT invariants

First, consider the case where the parameter space is a single point τ∗ and the group G does not
move τ∗, i.e., it acts as symmetry. In this case, only A(2,0)(τ∗) is nonzero, and the equivalence
class under the gauge transformation

A(2,0)
g,h (τ∗) 7→A(2,0)

g,h (τ∗) +φgχ
(1,0)
h (τ∗)−χ

(1,0)
gh (τ∗) +χ

(1,0)
g (τ∗) , (123)

9The existence of this Z2 topological number is consistent with the Ω-spectrum structure of invertible states. In
a quantum mechanical system with time-reversal symmetry, a family of time-reversal symmetric pure states over
S1 can be Z2-nontrivial, distinguished by the first Stiefel-Whitney class w1. This is nothing but the π-Berry phase
known in band theory. The Ω-spectrum implies that in a 1D spin system, a Z2 number should be definable for a
time-reversal symmetric family over S2.
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takes values in the second group cohomology H2
group(G,R/2πZ). The SPT invariants are of

the following three types [52]:

µT
g,h(τ∗) :=A(2,0)

g,h (τ∗)−A
(2,0)
h,g (τ∗) , for φg = φh = 1 , gh= hg , (124)

µRP
a (τ∗) :=A(2,0)

a,a (τ∗) , for φa = −1 , a2 = e , (125)

µKB
a,g(τ∗) :=A(2,0)

a,g−1(τ∗) +A(2,0)
g,g−1(τ∗)−A(2,0)

g,a (τ∗) , for φa = −1 , φg = 1 , ag−1 = ga . (126)

They correspond to the partition function on a torus, real projective plane, and Klein bottle, re-
spectively. These are familiar invariants for detecting the bosonic SPT phase in one dimension.
In the following, they will play a role as invariants at the fixed points.

4.2 A microscopic model with nontrivial DDKS invariant

A parameter family with an odd DDKS number ν(3)(S3) on the three-dimensional sphere is
found to be nontrivial over its lower-dimensional sub-spheres S2, S1, and S0 (i.e., two points).
Before entering the main discussion, we introduce an explicit microscopic model and examine
its possible G-equivariance.

We consider a spin chain model where two spin-S degrees of freedom reside on each site
j ∈ Z, with corresponding spin operators denoted by ŝ L

j and ŝR
j . A point in the parameter

space S3 is expressed in Cartesian coordinates as n = (n0, n1, n2, n3) ∈ R4, satisfying n2 = 1.
We consider the following Hamiltonian [27]:

Ĥ(n) = n ·
∑

j∈Z
(−ŝ L

j + ŝR
j ) + |n0|

∑

j∈Z

¨

ŝ L
j · ŝ

R
j (n0 ≤ 0) ,

ŝR
j · ŝ

L
j+1 (n0 ≥ 0) .

(127)

This model reduces to a two-spin problem at every point n ∈ S3, and it is easy to verify that
the ground state is non-degenerate and the excited states are gapped.10 The DDKS invariant
takes the quantized value ν(3)(S3) = 2S.11

Let us introduce the time-reversal operator

T̂ =
∏

j

�

eiπ(ŝL,y
j +ŝR,y

j )
�

K , (129)

and the spin rotation operator around the axis m by angle θ

q̂m,θ = eiθm·
�

ŝ L
j +ŝR

j

�

. (130)

Then, the model (127) has the following SO(3)×ZT
2 equivariance:

T̂ Ĥ(n)T̂−1 = Ĥ(n0,−n1,−n2,−n3) , (131)

q̂m,θ Ĥ(n)q̂−1
m,θ = Ĥ(n0, (n1, n2, n3)Rm,θ ) , (132)

where Rm,θ is the SO(3) rotation matrix acting from the right on the row vector (n1, n2, n3).
Therefore, the model (127) is equivariant under any subgroup G of SO(3) × ZT

2 . Below, we
list several examples that will be addressed later. We denote the rotation axes in spin space by
x̂ = (1,0, 0), ŷ = (0,1, 0), ẑ = (0,0, 1), and introduce the notation C2µ = qµ̂,π for π-rotations.

10The model in Eq. (127) corresponds to a special case η= ±1 of the following more general model:

Ĥ = J
∑

j∈Z

�

1+η(−1) j
�

ŝ j · ŝ j+1 + h ·
∑

j∈Z

(−1) j ŝ j . (128)

While the model (128) breaks the translation symmetry under j 7→ j + 1, the model in Eq. (127) is obtained by
grouping sites (2 j − 1,2 j) into a single site.

11With the same discussion as [27], this model pumps Chern number 2S at the boundary.
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• The composition C2z T leads to a Z2 equivariance:

ÖC2z T Ĥ(n)ÖC2z T
−1
= Ĥ(n0, n1, n2,−n3) . (133)

The C2z T -invariant subspace forms a 2-sphere.

• U(1)z rotations about the z-axis, or their subgroups:

q̂ẑ,θ Ĥ(n)q̂−1
ẑ,θ = Ĥ(n0, cosθn1 + sinθn2,− sinθn1 + cosθn2, n3) . (134)

The U(1)z-invariant subspace forms a circle S1.

• Z2 ×Z2 spin rotations:

Ĉ2x Ĥ(n)Ĉ−1
2x = Ĥ(n0, n1,−n2,−n3) , (135)

Ĉ2y Ĥ(n)Ĉ−1
2y = Ĥ(n0,−n1, n2,−n3) . (136)

The Z2 ×Z2-invariant subspace consists of two points: (±1,0, 0,0).

A crucial fact is that, at the two points (1,0, 0,0) and (−1, 0,0, 0), the SPT invariants differ
relatively when the spin is a half-integer. In the model (127), the point n = (−1,0, 0,0)
corresponds to a trivial model containing only on-site terms, while n = (1,0, 0,0) corresponds
to a nontrivial model. That is,

µRP
T (−1,0, 0,0) = 0 , µRP

T (1,0, 0,0) = 2πS ,

µT
C2x ,C2y

(−1,0, 0,0) = 0 , µT
C2x ,C2y

(1,0, 0,0) = 2πS .
(137)

4.3 One-parameter family: Thouless pump

We consider the subgroup that is unitary and preserves the parameter space pointwise:

G0 = {g ∈ G | φg = 1 , gτ= τ for τ ∈M} . (138)

We allow G0 to include continuous groups in this section. For such G0, the cocycle condi-
tion (116) and gauge transformation (115) of the (1,1)-cochain reduce to

dA(1,1)
g = 0 , (139)

A(1,1)
g 7→A(1,1)

g − dχ(1,1)
g , g ∈ G0 . (140)

Thus, for each g ∈ G0, one obtains a gauge-invariant and quantized quantity defined for a
loop ℓ in the parameter space:

ηg(ℓ) :=
�

A(1,1)
g ,ℓ

�

∈ R/2πZ , g ∈ G0 . (141)

Due to the flatness condition dA(1,1)
g = 0, ηg is invariant under continuous deformations of the

loop ℓ, i.e., ηg∈G0
(ℓ) depends only on the homotopy class [ℓ] ∈ [S1,M] and is a topological

invariant of the family. The allowed values of ηg satisfy

ηh(ℓ)−ηgh(ℓ) +ηg(ℓ) =
�

�

δA(1,1)
�

g,h ,ℓ
�

=
�

−dA(1,1)
g,h ,ℓ

�

= 0 , (142)

and hence eiη defines a one-dimensional representation of G0 for each homotopy class of loops:

eiη : [S1,M]→ Hom(G0, U(1)) . (143)
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Thus, the “G0 charge” eiη(ℓ) is assigned to each loop.
In particular, when G0 = U(1), this setting reduces to the original Thouless pump. Param-

eterizing the group elements of U(1) by θ ∈ [0, 2π], the integer-valued U(1) charge is given
by

N(ℓ) =
1

2π
dηθ (ℓ)

dθ
∈ Z , (144)

which means that the adiabatic time evolution along the loop ℓ pumps U(1) charge by an
amount N(ℓ).

4.3.1 Realization as an MPS soliton

The topological number of a family over S1 can also be formulated as a G0 charge localized
on a “soliton,” where the local Hamiltonian in real space depends on the adiabatic parameter.
In the context of MPS, this corresponds concretely to giving an x-dependent MPS as follows.
Let the loop ℓ be discretized as ℓ= (τ1,τ2) + · · ·+ (τN ,τ1) and introduce

|ℓ〉=
n
∑

i1,...,iN=1

tr
�

Ai1(τ1)X (τ1,τ2) · · ·AiN (τN )X (τN ,τ1)
�

|i1, . . . , iN 〉 . (145)

The state |ℓ〉 is invariant under the gauge transformation (63) up to a U(1) phase, and hence
is well-defined as a physical state. The G0 charge of the state |ℓ〉, using (87) and (104), is
given by

〈ℓ | ĝ |ℓ〉= e−i
∑N

x=1 A
(1,0)
g (τx ) × eiηg (ℓ) , g ∈ G0 . (146)

The first factor corresponds to the G0 charge per site and is unrelated to the topological number
of the family over the loop ℓ. To eliminate this contribution, one may, for instance, consider
the MPS at a single point in the parameter space, i.e., a trivial loop such as τ1 ∈ ℓ:

|τ1〉=
n
∑

i1,...,iN=1

tr
�

Ai1(τ1) · · ·AiN (τ1)
�

|i1, . . . , iN 〉 , (147)

whose G0 charge is

〈τ1 | ĝ |τ1〉= e−i
∑N

x=1 A
(1,0)
g (τx ) , g ∈ G0 . (148)

The ratio of the two quantities gives the desired result.
Let us comment on the relation to the ground state of a Hamiltonian with spatial modula-

tion. Denote the Hamiltonian at parameter point τx as

Ĥ(τx) =
N
∑

j=1

ĥ j(τx) , (149)

where ĥ j(τx) is an interaction term depending on τx and supported near site j. Note that
τx is a parameter and Ĥ(τx) is translationally invariant. Correspondingly, one can consider a
non-uniform Hamiltonian that varies in space along the loop ℓ:

Ĥ(ℓ) =
N
∑

j=1

ĥ j(τ j) , (150)

where the local term ĥ j(τ j) depends on the parameter τ j assigned to site j. The ground
state of this non-uniform Hamiltonian Ĥ(ℓ) is not exactly |ℓ〉, but if the spatial variation is
sufficiently slow compared to the energy gap (i.e., for sufficiently large N), the state |ℓ〉 may
approximate the ground state of Ĥ(ℓ)well. In this sense, |ℓ〉 can be viewed as the ground state
in the “semiclassical approximation” of Ĥ(ℓ).
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4.3.2 Fixed-point formula for Thouless pump

In addition to the symmetry of the group G0, consider the situation where there exists a group
element h ∈ G such that the loop ℓ is given by the difference between an arc C and its image
under h, that is, ℓ= C − hC (see Fig. 1[a]). Note the following identities for g ∈ G0:

�

δA(1,1)
�

g,h (∆
1) =A(1,1)

h (∆1)−A(1,1)
gh (∆

1) +A(1,1)
g (h∆1) , (151)

�

δA(1,1)
�

h,g (∆
1) = φhA(1,1)

g (∆1)−A(1,1)
hg (∆

1) +A(1,1)
h (∆1) . (152)

When h is unitary (φh = 1) and gh= hg, we obtain
�

δA(1,1)
�

h,g (∆
1)− (δA(1,1))g,h(∆

1) =A(1,1)
g (∆1)−A(1,1)

g (h∆1) . (153)

In this case, the pump invariant ηg(ℓ) for elements g ∈ G0 that commute with h, i.e., gh= hg,
is completely determined by the SPT invariants at the endpoints ∂ C =Q− P of the arc C:

ηg(ℓ) =
�

A(1,1)
g,h , C − hC

�

=
�

�

δA(1,1)
�

h,g −
�

δA(1,1)
�

g,h , C
�

=
�

−dA(2,0)
h,g + dA(2,0)

g,h , C
�

= µT
g,h(Q)−µ

T
g,h(P) .

(154)

For example, consider the case of the Haldane phase protected by the unitary
Z2[C2x]×Z2[C2y] symmetry, which is characterized by the nontrivial invariant µT

C2x ,C2y
= π.

There must exist a phase transition point between nontrivial and trivial phases. If one breaks
one of the symmetries, say Z2[C2y], then an adiabatic path C can exist. The combination
of this adiabatic path C and its image under σ2 forms the loop ℓ = C − σ2C . According to
the fixed-point formula (154), the pump invariant ησ1

(ℓ) associated with the unbroken sym-
metry Z2[σ1] along the loop ℓ must take the nontrivial value ησ1

(ℓ) = π. See also prior
works [53–55].

4.4 Two-parameter family: π-higher Berry phase

According to the constraint (121), when there exists an antiunitary symmetry a ∈ G that
leaves each point in parameter space invariant, i.e., aτ = τ for all τ ∈M, with φa = −1,
the higher Berry phase γ(2)(Σ(2)) is quantized to Z2 values {0,π}. Hence, in the presence of
such a symmetry a, there exists a codimension-3 defect in parameter space characterized by a
π-quantized higher Berry phase.

4.4.1 Model example

As a model exhibiting a nontrivial π-quantized higher Berry phase, consider the half-integer
spin model (127) restricted to the n3 = 0 subspace, where the Z2 symmetry C2z T (see Eq. 133)
is preserved. Since this is a codimension-3 defect, it is stable against any C2z T -invariant per-
turbation, such as an Ising interaction Jz

∑

j

�

ŝL,z
j ŝR,z

j + ŝR,z
j ŝL,z

j+1

�

.

4.4.2 Fixed-point formula for π-higher Berry phase

More generally, when there exists an antiunitary group action b ∈ G with φb = −1 that leaves
the closed two-dimensional surfaceΣ(2) (on which the higher Berry phase γ(2)(Σ(2)) is defined)
invariant as a set, and preserves its orientation, then by Eq. (121), the higher Berry phase is
quantized to values in {0,π}. When b acts nontrivially on Σ(2), the π-quantized higher Berry
phase is expected to be determined solely by the fixed points of the action b.
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For simplicity, consider the two-sphere S2 ⊂M, with coordinates n = (n0, n1, n2) satisfying
n2 = 1. Let b act as a “180◦ rotation about the n0 axis”:

b : (n0, n1, n2) 7→ (n0,−n1,−n2) , (155)

and assume b2 = e for the reason that will be explained shortly. Take the upper hemisphere
D = {n ∈ S2 | n3 ≥ 0} as an independent integration region for the higher Berry phase, and
the semicircular arc C = {n ∈ S2 | n2 ≥ 0, n3 = 0} as an independent region on the boundary
of D. Noting that (δA(0,2))b(∆2) = −A(0,2)(∆2)−A(0,2)(b∆2), we have

γ(2)(S2) =
�

A(0,2), D+ bD
�

=
�

−
�

δA(0,2)
�

b , D
�

=
�

−dA(1,1)
b , D

�

=
�

−A(1,1)
b , C − bC

�

. (156)

Furthermore, using (δA(1,1))b,b(∆1) = −A(1,1)
b (∆1) − A(1,1)

b2 (∆
1) + A(1,1)

b (b∆1), and noting
that A(1,1)

e = 0 when b2 = e, we obtain

γ(2)(S2) =
�

�

δA(1,1)
�

b,b , C
�

=
�

−dA(2,0)
b,b , C

�

= µRP
b (P)−µ

RP
b (Q) , (157)

meaning that the higher Berry phase is determined by the difference of the Z2 invariants (124)
at the fixed points P and Q.

If b is regarded as a time-reversal operation, then the meaning of the fixed-point for-
mula (157) is as follows: along the fixed-point line of the b-action in parameter space, given
by (x , 0, 0) ∈ R3 with x ∈ R, there must exist a phase transition point between the Haldane
phase (µRP

b = π) and the trivial phase (µRP
b = 0). However, once the b-symmetry is broken,

one can find an adiabatic path connecting the Haldane and trivial phases. Since this path can
be taken in two “independent” directions, it forms a closed sphere S2 in parameter space sur-
rounding the transition point. In such a case, the higher Berry phase γ(2)(S2) on this S2 must
be equal to π.

In the model (127), the elements a and b correspond to C2z T and T , respectively. When
C2z T -equivariance is present, the higher Berry phase γ(2)(S2) is quantized in the subspace
n3 = 0. If the additional T -equivariance is also imposed, then by the fixed-point formula (157),
one obtains γ(2)(S2) = S × 2π.

4.5 Three-parameter family: DDKS number

The DDKS number (78) is an integer-valued topological invariant defined for three-
dimensional closed manifolds, independent of any symmetry or group action. In this section,
we consider the case where the three-dimensional closed manifold is S3, and examine the re-
lationship between the DDKS number and the topological invariants on subspaces invariant
under group actions. We introduce the Cartesian coordinates of S3 as n = (n0, n1, n2, n3) with
n2 = 1.

4.5.1 C2z T -equivariance: π-higher Berry phase

Consider the case where the following antiunitary Z2 action exists on S3:

C2z T : n 7→ (n0, n1, n2,−n3) , φC2z T = −1 . (158)

Since C2z T is antiunitary and reverses the orientation of S3, the higher Berry curvature is in-
variant under the C2z T action. Therefore, the integration of the DDKS number can be restricted
to the independent region D3 = {n ∈ S3 | n3 ≥ 0}, yielding

2πν(3)(S3) =
�

F (3), D3 − C2z T D3
�

= 2
�

F (3), D3
�

. (159)
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Thus,

πν(3)(S3) ≡
mod 2π

�

dA(0,2), D3
�

=
�

A(0,2),∂ D3
�

. (160)

Therefore, theπ-higher Berry phase on the C2z T -invariant two-sphere ∂ D3 = {n ∈ S3 | n3 = 0}
gives the parity of the DDKS number.

4.5.2 Cnz-equivariance: Pump invariant

Consider the case where the following unitary Zn action exists on S3:

Cnz : n 7→
�

n0, cos
2π
n

n1 + sin
2π
n

n2,− sin
2π
n

n1 + cos
2π
n

n2, n3

�

, φCnz
= 1 . (161)

Since Cnz preserves the orientation of S3 and is unitary, the integration of the DDKS num-
ber can be restricted to the independent region D3 = {n ∈ S3 | n1 ≥ cos 2π

n , n2 ≥ 0}. The
boundary of D3 consists of a contractible 2D region D2 = {n ∈ S3 | n1 ≥ 0, n2 = 0} and its
image under Cnz , i.e., ∂ D3 = D2 − Cnz D2. The boundary of D2 is a loop invariant under Cnz ,
∂ D2 = {n ∈ S3 | n1 = n2 = 0}. Then,

2π
n
ν(3)(S3) ≡

mod 2π

�

dA(0,2), D3
�

=
�

A(0,2), D2 − Cnz D2
�

=
�

�

δA(0,2)
�

Cnz
, D2

�

=
�

dA(1,1)
Cnz

, D2
�

=
�

A(1,1)
Cnz

,∂ D2
�

= ηCnz
(∂ D2) ,

(162)

establishing the mod-n relation between the DDKS number and the Zn Thouless pump invari-
ant.

4.5.3 T -equivariance: Fixed point formula (1)

As an example of the fixed point formula for the DDKS invariant, we consider the case where
a Z2 group acts on S3 as

T : n 7→ (n0,−n1,−n2,−n3) , (163)

and T is an antiunitary operation with φT = −1. The only fixed points are (±1, 0,0, 0). Since
T reverses the orientation of S3, no restriction is imposed on the DDKS invariant. Let us define
the q-dimensional disks Dq and fixed points as follows:

D3 = {n ∈ S3 | n3 ≥ 0} , (164)

D2 = {n ∈ S3 | n2 ≥ 0, n3 = 0} , (165)

D1 = {n ∈ S3 | n1 ≥ 0, n2 = n3 = 0} , (166)

P± = (±1, 0,0, 0) . (167)

Note the chain relations:

∂ D3 = D2 − T D2 , (168)

∂ D2 = D1 + T D1 , (169)

∂ D1 = P− − P+ . (170)
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Since the independent integration domain of the DDKS invariant ν(3)(S3) is D3, we obtain by
straightforward calculation:

πν(3)(S3) =
�

F (0,3), D3
�

=
mod 2π

�

dA(0,2), D3
�

=
�

A(0,2),∂ D3
�

=
�

A(0,2), D2 + T D2
�

=
�

−
�

δA(0,2)
�

T , D2
�

=
�

−dA(1,1)
T , D2

�

=
�

−A(1,1)
T , D1 − T D1

�

=
�

�

δA(1,1)
�

T,T , D1
�

=
�

−dA(2,0)
T,T , D1

�

=
�

−A(2,0)
T,T , P− − P+

�

= µRP
T (P+)−µ

RP
T (P−) .

(171)

That is, the parity of the DDKS invariant coincides with the difference of the Z2 SPT invariants
µRP

T evaluated at the fixed points (±1,0, 0,0).

4.5.4 C2x × C2y -equivariance: Fixed point formula (2)

It is known that the Haldane phase is also protected by a unitary Z2×Z2 symmetry. As another
example of the fixed point formula for the DDKS invariant, we consider the action of theZ2×Z2
group on S3 given by

C2x : n 7→ (n0, n1,−n2,−n3) , (172)

C2y : n 7→ (n0,−n1, n2,−n3) , (173)

where both transformations are unitary: φC2x
= φC2y

= 1. As in the previous section, the only
fixed points under the Z2×Z2 action are P± = (±1,0, 0,0). Since the independent integration
domain for the DDKS invariant ν(3)(S3) is one fourth of S3, a formula modulo 4 is anticipated.

Let us take the independent domain of S3 to be the 3-disk

D3
∗++∗ = {n ∈ S3 | n1, n2 ≥ 0} . (174)

Its boundary is separated into two parts:

∂ D3
∗++∗ = −D2

∗+0∗ + D2
∗0+∗ , (175)

D2
∗+0∗ = {n ∈ S3 | n1 ≥ 0, n2 = 0} , (176)

D2
∗0+∗ = {n ∈ S3 | n1 = 0, n2 ≥ 0} . (177)

Each of these can be expressed as a sum of an independent region and its group image:

D2
∗+0∗ = D2

∗+0+ − C2x D2
∗+0+ , D2

∗+0+ = {n ∈ S3 | n1 ≥ 0, n2 = 0, n3 ≥ 0} , (178)

D2
∗0+∗ = D2

∗0+− − C2y D2
∗0+− , D2

∗0+− = {n ∈ S3 | n1 = 0, n2 ≥ 0, n3 ≤ 0} . (179)

The boundaries of D2
∗+0+ and D2

∗0+− are

∂ D2
∗+0+ = D1

∗+00 − D1
∗00+ , (180)

∂ D2
∗0+− = D1

∗00− − D1
∗0+0 = C2y D1

∗00+ − D1
∗0+0 , (181)

D1
∗00+ = {n ∈ S3 | n1, n2 = 0, n3 ≥ 0} , (182)

D1
∗+00 = {n ∈ S3 | n2, n3 = 0, n1 ≥ 0} , (183)

D1
∗0+0 = {n ∈ S3 | n1, n3 = 0, n2 ≥ 0} . (184)
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A straightforward computation yields the mod 4 formula

π

2
ν(3)(S3) =

�

dA(0,2), D3
∗++∗

�

=
�

A(0,2),−D2
∗+0+ + C2x D2

∗+0+ + D2
∗0+− − C2y D2

∗0+−

�

=
�

�

δA(0,2)
�

C2x
,−D2
∗+0+

�

+
�

�

δA(0,2)
�

C2y
, D2
∗0+−

�

=
�

dA(1,1)
C2x

,−D2
∗+0+

�

+
�

dA(1,1)
C2y

, D2
∗0+−

�

=
�

A(1,1)
C2x

,−D1
∗+00 + D1

∗00+

�

+
�

A(1,1)
C2y

, C2y D1
∗00+ − D1

∗0+0

�

=
�

A(1,1)
C2x

,−D1
∗+00

�

+
�

A(1,1)
C2y

,−D1
∗0+0

�

+
�

A(1,1)
C2x C2y

+
�

δA(1,1)
�

C2x ,C2y
, D1
∗00+

�

=
�

A(1,1)
C2x

,−D1
∗+00

�

+
�

A(1,1)
C2y

,−D1
∗0+0

�

+
�

A(1,1)
C2x C2y

, D1
∗00+

�

+A(2,0)
C2x ,C2y

(P−)−A
(2,0)
C2x ,C2y

(P+) .

(185)

It is easy to verify that this expression is gauge invariant under the gauge transformation (115).
The integration path C = −D1

∗+00−D1
∗0+0+D1

∗00+ consists of three arcs intersecting at the fixed
points P± and thus C is not a cycle and has boundary ∂ C = −P+ + P−. This boundary gauge
redundancy is corrected by the boundary term A(2,0)

C2x ,C2y
(P−)−A

(2,0)
C2x ,C2y

(P+), making the whole
expression gauge invariant.

Now, although the mod 4 formula (185) involves integrals over one-dimensional paths,
the following fixed point formula modulo 2 is obtained: Using

�

δA(1,1)
�

C2x ,C2x

�

D1
∗+00

�

= 2A(1,1)
C2x

�

D1
∗+00

�

, (186)
�

δA(1,1)
�

C2y ,C2y

�

D1
∗0+0

�

= 2A(1,1)
C2y

�

D1
∗0+0

�

, (187)
�

δA(1,1)
�

C2x C2y ,C2x C2y

�

D1
∗00+

�

= 2A(1,1)
C2x C2y

�

D1
∗00+

�

, (188)

we obtain

πν(3)(S3) =
�

2A(1,1)
C2x

,−D1
∗+00

�

+
�

2A(1,1)
C2y

,−D1
∗0+0

�

+
�

2A(1,1)
C2x C2y

, D1
∗00+

�

+ 2A(2,0)
C2x ,C2y

(P−)− 2A(2,0)
C2x ,C2y

(P+)

=
�

�

δA(1,1)
�

C2x ,C2x
,−D1
∗+00

�

+
�

�

δA(1,1)
�

C2y ,C2y
,−D1
∗0+0

�

+
�

�

δA(1,1)
�

C2x C2y ,C2x C2y
, D1
∗00+

�

+ 2A(2,0)
C2x ,C2y

(P−)− 2A(2,0)
C2x ,C2y

(P+)

=
�

−dA(1,1)
C2x ,C2x

,−D1
∗+00

�

+
�

−dA(1,1)
C2y ,C2y

,−D1
∗0+0

�

+
�

−dA(1,1)
C2x C2y ,C2x C2y

, D1
∗00+

�

+ 2A(2,0)
C2x ,C2y

(P−)− 2A(2,0)
C2x ,C2y

(P+)

=
�

A(2,0)
C2x ,C2x

(P) +A(2,0)
C2y ,C2y

(P)−A(2,0)
C2x C2y ,C2x C2y

(P)− 2A(2,0)
C2x ,C2y

(P)
�

�

�

�

P=P+

P=P−

=
�

A(2,0)
C2x ,C2y

(P)−A(2,0)
C2y ,C2x

(P)
�

�

�

�

P=P+

P=P−

= µT
C2x ,C2y

(P+)−µT
C2x ,C2y

(P−) .

(189)

Thus, as in the previous section, the parity of the DDKS invariant coincides with the difference
of Z2 topological invariants evaluated at the fixed points (±1, 0,0, 0).

Together with Sec. 4.5.3, this proved that the phase transition between the Haldane phase
and the trivial phase, protected by time-reversal symmetry or unitary Z2 × Z2 symmetry, be-
haves as a source of higher Berry curvature.
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4.6 Topological invariants and geometric phases defined by group actions

Neither the higher Berry phase γ(2)(Σ(2)) nor the DDKS number ν(3)(Σ(3)) requires G-
equivariance for their definitions. In this section, we introduce certain types of higher Berry
phases and topological invariants that arise only in the presence of G-equivariance.

4.6.1 Free G-action and higher Berry phase

Let us consider the case where a unitary group element σ1 ∈ G with φσ1
= 1 acts freely on

the parameter space S1 ×R of a two-dimensional cylinder as

σ1 : (θ , t) 7→ (θ , t + 1) . (190)

Then, a gauge-invariant higher Berry phase on a finite cylinder of unit length in theR-direction
can be defined using the action of σ1 as

γ(2)
�

S1 × [0,1];σ1

�

:=
�

A(0,2), S1 × [0, 1]
�

+
�

A(1,1)
σ1

, S1 × {0}
�

. (191)

Indeed, under a gauge transformation (115), this quantity transforms as

γ(2)
�

S1 × [0,1]
�

7→ γ(2)
�

S1 × [0, 1]
�

+
�

dχ(0,1), S1 × [0, 1]
�

+
�

�

δχ(0,1)
�

σ1
− dχ(1,0)

σ1
, S1 × {0}

�

,
(192)

but the gauge-dependent terms cancel out.
Similarly, consider the planar parameter space R2 on which two commuting unitary group

elements σ1,σ2 ∈ G, with σ1σ2 = σ2σ1 and φσ1
= φσ2

= 1, act freely as

σ1 : (s, t) 7→ (s+ 1, t) , (193)

σ2 : (s, t) 7→ (s, t + 1) . (194)

In this case, a gauge-invariant higher Berry phase on the unit plaquette [0,1]2 is defined as

γ(2)
�

[0, 1]2;σ1,σ2

�

:=
�

A(0,2), [0,1]2
�

+
�

A(1,1)
σ1

, [0,1]× {0}
�

−
�

A(1,1)
σ2

, {0} × [0,1]
�

+A(2,0)
σ1,σ2

(0,0)−A(2,0)
σ2,σ1

(0,0) .
(195)

It is easy to verify that this expression is invariant under the gauge transformation (115).

4.6.2 Free Z2 action and a Z2 topological invariant

Consider the case where the Z2 group acts freely on the parameter space S3 (a three-
dimensional sphere), that is, the Z2 element σ acts on the Cartesian coordinates
n = (n0, n1, n2, n3) of S3 (with n2 = 1) as

σ : n 7→ −n , (196)

and the action is antiunitary, i.e., φσ = −1. Since the action σ preserves the orientation of S3,
the DDKS number on S3 vanishes due to (119). On the other hand, the following Z2-valued
invariant can be defined:

ξ(S3;σ) =
1
2

�

F (0,3), D3
�

−
�

A(0,2), D2
�

−
�

A(1,1)
σ , D1

�

−A(2,0)
σ,σ (P+) . (197)
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Here, D3, D2, D1, P+ are defined in the same way as in (164)–(167). That ξ(S3;σ) takes values
in Z2 = {0,π} is directly verified as follows. Noting the boundary relations of the chains:

∂ D3 = D2 −σD2 , ∂ D2 = D1 +σD1 , ∂ D1 = σP+ − P+ , (198)

we compute:

2ξ(S3;σ) =
�

dA(0,2), D3
�

− 2
�

A(0,2), D2
�

− 2
�

A(1,1)
σ , D1

�

− 2A(2,0)
σ,σ (P+)

=
�

A(0,2), D2 −σD2
�

− 2
�

A(0,2), D2
�

− 2
�

A(1,1)
σ , D1

�

− 2A(2,0)
σ,σ (P+)

=
��

δA(0,2)
�

σ
, D2

�

− 2
�

A(1,1)
σ , D1

�

− 2A(2,0)
σ,σ (P+)

=
�

dA(1,1)
σ , D2

�

− 2
�

A(1,1)
σ , D1

�

− 2A(2,0)
σ,σ (P+)

=
�

A(1,1)
σ , D1 +σD1

�

− 2
�

A(1,1)
σ , D1

�

− 2A(2,0)
σ,σ (P+)

=
�

�

δA(1,1)
�

σ,σ , D1
�

− 2A(2,0)
σ,σ (P+)

=
�

−dA(2,0)
σ,σ , D1

�

− 2A(2,0)
σ,σ (P+)

=
�

−A(2,0)
σ,σ ,σP+ − P+

�

− 2A(2,0)
σ,σ (P+)

=
�

δA(2,0)
�

σ,σ,σ (P+) = 0 .

(199)

Here we used A(1,1)
e (∆1) = 0 and A(2,0)

e,σ (∆
2) = A(2,0)

σ,e (∆
2) = 0. Gauge invariance is similarly

established.
If there exists no symmetry that leaves any point inside S3 invariant, then the only allowed

type of defect structure is a codimension-4 defect carrying a DDKS number. Since the DDKS
number flips sign under the σ action, it follows that when the Z2 invariant ξ(S3;σ) takes the
nontrivial value π, the interior of S3 generically hosts a pair of codimension-4 defects with
DDKS numbers +1 and −1 related under the σ action. At the fixed point of the Z2 action,
namely the center of the sphere S3, τ= (0, 0,0, 0) ∈ R4, the pair annihilation of DDKS defects
with values +1 and −1 is prohibited by the Z2 equivariance. Thus, a pair of such defects is
topologically stable.

5 Discussion: Defect structures in the parameter space

Finally, we summarize general properties of defect structures that may arise in the parameter
space of one-dimensional quantum systems.

In this paper, a “non-defective” parameter point refers to a pointτ at which the Hamiltonian
Ĥ(τ) is gapped and does not exhibit SSB. Hence, a “defect” corresponds to a point where the
system is either gapless or SSB.

5.1 Symmetry

Firstly, let us focus on the subgroup G0 = {g ∈ G | gτ = τ} of the symmetry group G that
preserves a given parameter point τ. The following types of topological defects can stably
exist under the symmetry G0:

• If H2
group(G0,R/2πZ) is nontrivial: codimension-1 SPT defects can exist.

• If H1
group(G0,R/2πZ) is nontrivial: codimension-2 pump defects can exist.

• If antiunitary symmetries are present: the higher Berry phase γ(2)(S2) ∈ {0,π} is quan-
tized, and codimension-3 defects can exist.

31

https://scipost.org
https://scipost.org/SciPostPhys.20.1.024


SciPost Phys. 20, 024 (2026)

• If no antiunitary symmetries are present: the DDKS number ν(3)(S3) ∈ Z leads to
codimension-4 defects.

Based solely on logical possibilities (ignoring physical constraints that may further restrict
realizability), the following general rules hold:

(i) If a topological charge ν characterizing a defect can be decomposed into small charges
as ν = ν1 + ν2 with |ν1|, |ν2| < |ν|, then the corresponding defect can be split into two
or more defects.

(ii) When both codimension-p and codimension-q defects (p < q) are allowed under a given
symmetry, the lower-codimension defect (codimension p) is generally realized. Further-
more, since a codimension-q defect is defined on Sq−1, it may enclose a closed subman-
ifold composed of codimension-p defects (e.g., a conformal manifold) that carry the
topological charge of the codimension-q defect.

As an example of rule (i), a codimension-4 defect with DDKS number ν(3)(S3) = 2 can be
decomposed into two separated defects in the parameter space, each carrying ν= 1.

As for rule (ii), in the presence of time-reversal symmetry, codimension-3 defects charac-
terized by γ(2)(S2) = π cannot generally be realized without fine-tuning; instead, they appear
as closed surfaces formed by codimension-1 defects inside S2. Similarly, under a unitary Z2
symmetry, the closed surface of codimension-2 defects corresponding to a Thouless pump may
exist inside S3, collectively carrying a nontrivial DDKS number.

Such general rules for defect structures are well-known in the context of Fermi surface
topology in band theory, where lower-codimension defects emerge as Fermi surfaces under
generic Bloch Hamiltonians respecting symmetry. On the other hand, in one-dimensional
quantum many-body systems, the extent to which such rules apply remains an open question,
as it may involve SSB defects and renormalization group flows.

5.2 G-equivariance

Let us consider the case where the symmetry group G0 that leaves a parameter point invariant is
a subgroup of a larger group G with an equivariant structure. As discussed in Sec. 4, topological
invariants defined under the lower symmetry G0 may be related to those defined in the G-
invariant subspace under the full group action. On the other hand, as shown in Sec. 4.6.2,
there also exist topological invariants that are defined only in the presence of G-equivariance.

We do not repeat the discussion of the latter type of defect structures here, since they were
commented on at the end of Sec. 4.6.2. Instead, we elaborate on the former case.

In general, suppose we have a subgroup inclusion H ⊂ G. Whether a codimension-q de-
fect defined in the G-invariant subspace MG = {τ ∈ M | gτ = τ, g ∈ G} can be stably
extended into the H-invariant subspace MH = {τ ∈M | gτ = τ, g ∈ H} is determined by
the compatibility between the sets of topological invariants {νG,i(Sq−1)}i defined under G and
{νH,i(Sq−1)}i defined under H. Since the G-symmetry implies the H-symmetry, there exists a
homomorphism between topological invariants

f : {νG,i(S
q−1)}i → {νH,i(S

q−1)}i , (200)

and the kernel of this map, i.e., those defect charges x such that f (x) = 0, corresponds to
defects that are unstable under the H-symmetry and thus disappear in MH . In contrast, if
f (x) ̸= 0, then the same codimension-q defect structure remains stable.
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5.2.1 Example

Let us consider the chain of subgroups of the equivariant structure of the model in Eq. (127):

{e} ⊂ G′′ = Z2[C2z T] ⊂ G′ = Z2[C2z T]×Z2[C2y T] ⊂ G

= Z2[C2z T]×Z2[C2y T]×Z2[T] .
(201)

We take the parameter space to be a four-dimensional vector n ∈ R4. The G-invariant sub-
spaces are given by:

(R4)G = {(x0, 0, 0, 0) ∈ R4 | x0 ∈ R} , (202)

(R4)G
′
= {(x0, x1, 0, 0) ∈ R4 | x0, x1 ∈ R} , (203)

(R4)G
′′
= {(x0, x1, x2, 0) ∈ R4 | x0, x1, x2 ∈ R} . (204)

On the line (R4)G , four Z2 SPT invariants are defined: (µRP
C2z T ,µRP

C2y T ,µRP
T ,µT

C2z ,C2x
). On the

plane (R4)G
′
, twoZ2 SPT invariants (µRP

C2z T ,µRP
C2y T ) and oneZ2 pump invariant ηC2x

are defined.

On the 3D space (R4)G
′′
, one Z2 SPT invariant µRP

C2z T and a quantized higher Berry phase γ(2)

are defined. Accordingly, the defect structure in the full parameter space R4 depends on the
topological charges on the line (R4)G as follows:

• For
�

µRP
C2z T ,µRP

C2y T ,µRP
T ,µT

C2z ,C2x

�

= (0, 0,π, 0) or (0,0, 0,π), the defect does not extend

along the R4 directions and becomes a codimension-4 defect, where the DDKS number
ν(3)(S3) is defined. This is consistent with the fixed-point formulas (171) and (189).

• For
�

µRP
C2z T ,µRP

C2y T ,µRP
T ,µT

C2z ,C2x

�

= (0,π, 0, 0), the defect extends into (R4)G
′
and becomes

a codimension-2 defect.

• For
�

µRP
C2z T ,µRP

C2y T ,µRP
T ,µT

C2z ,C2x

�

= (π, 0, 0, 0), the defect extends into (R4)G
′′

and be-
comes a codimension-3 defect.

Moreover, since the pump invariant ηC2x
under symmetry G′ is not defined under G′′, we

obtain:

• A point defect in the plane (R4)G
′
with ηC2x

= π cannot extend intoR4 and thus becomes
a codimension-4 defect, where the DDKS number is defined. This is consistent with the
relation (162) between the DDKS number and the pump invariant.

Finally, the quantized higher Berry phase γ(2) under symmetry G′′ is no longer quantized once
the symmetry is broken. Thus:

• A point defect in the three-dimensional space (R4)G
′′

with γ(2) = π cannot extend into
R4 and hence becomes a codimension-4 defect, where the DDKS number is defined.
This is consistent with the relation (160) between the DDKS number and the quantized
higher Berry phase.

We remark that the above hierarchical structure is consistent with the nonlinear σ-model de-
scription of SPT phases protected by symmetries defined on the sphere target space [56].

6 Conclusion

In this work, we have developed a discrete formulation of higher Berry connection and curva-
ture that incorporates the G-equivariant structure of the symmetry group G, and systematically
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analyzed the structure of topological defects in the parameter space of one-dimensional quan-
tum spin systems.

In Sec. 3, we constructed a framework to incorporate G-equivariance into the discrete
formulation of the higher Berry connection. We explicitly formulated the gauge transformation
rules under group actions for the definitions of higher Berry connections and curvatures, and
confirmed that the resulting constructions on the discretized parameter space are naturally
described in terms of G-simplicial complexes. This framework enables a systematic discussion
of various topological invariants, including their behavior under equivariant symmetry and the
construction of topological invariants that require equivariance for their definition.

In Sec. 4, we derived the relation between the DDKS number and the topological invariants
defined on the invariant subspaces of the group action. In particular, we derived a fixed point
formula in the case where the group action has isolated fixed points. Using this result, we
explicitly demonstrated that the quantum critical point between the Haldane phase and the
trivial phase manifests as an emergence of higher Berry curvature.

In Sec. 5, we systematically discussed the structure of topological defects in the theory
space (i.e., parameter space) of quantum spin systems. In particular, we illustrated with exam-
ples how defect structures are constrained and organized according to the subgroup relations
among symmetries.
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A Simplicial G-complex

Let M be a simplicial complex and A an abelian group. A q-simplex is denoted in shorthand
as ∆q = (τ0, . . . ,τq). The j-th face of a q-simplex is written as

∂ j∆
q := (τ0, . . . ,τ j−1,τ j+1, . . . ,τq) . (A.1)

The coboundary operator d : Cq(M, A) → Cq+1(M, A) acting on the cochain complex
Cq(M, A) is defined by

(d f )(∆q+1) =
q+1
∑

j=0

(−1) j f (∂ j∆
q+1) . (A.2)

Let G be a discrete group with a left action on M written as (g,τ) 7→ gτ. Let G also act on
A from the left, denoted by (g, a) 7→ g.a. Then, left and right actions of G on the cochain
complex Cq(M, A) are defined by

(g · f )(∆q) := g.
�

f (∆q)
�

, ( f · g)(∆q) := f (g∆q) , f ∈ Cq(M, A) , (A.3)

where we write g∆q := (gτ0, . . . , gτq) as shorthand. Based on this structure, we define the
double complex combining group cochains and spatial cochains as

C p,q
G (M, A) := C p(G, Cq(M, A)) . (A.4)

34

https://scipost.org
https://scipost.org/SciPostPhys.20.1.024


SciPost Phys. 20, 024 (2026)

For f ∈ C p,q, the differential in the spatial direction d : C p,q
G (M, A) → C p,q+1

G (M, A) is given
by the standard cochain differential:

(d f )g1,...,gp
(∆q+1) =

q+1
∑

j=0

(−1) j fg1,...,gp

�

∂ j∆
q+1
�

. (A.5)

On the other hand, the differential in the group direction δ : C p,q
G (M, A) → C p+1,q

G (M, A) is
defined by the group cochain differential as

(δ f )g1,...,gp+1
= g1 · fg2,...,gp+1

− fg1 g2,g3,...,gp+1
+ · · ·

+ (−1)p−1 fg1,...,gp−1,gp gp+1
+ (−1)p fg1,...,gp

· gp+1 .
(A.6)

In low degrees, this gives:

(δ f )g(∆
q) = g.

�

f (∆q)
�

− f (g∆q) , f ∈ C0,q
G (M, A) , (A.7)

(δ f )g,h(∆
q) = g.

�

fh(∆
q)
�

− fgh(∆
q) + fg(h∆

q) , f ∈ C1,q
G (M, A) , (A.8)

(δ f )g,h,k(∆
q) = g.

�

fh,k(∆
q)
�

− fgh,k(∆
q) + fg,hk(∆

q)− fg,h(k∆
q) , f ∈ C2,q

G (M, A) . (A.9)

It is important to note that the differentials commute:

dδ = δd . (A.10)

The total differential on the entire double complex

D :
⊕

p+q=n
C p,q

G (M, A)→
⊕

p+q=n+1

C p,q
G (M, A) , (A.11)

is defined as

D := δ+ (−1)pd . (A.12)

That is, for an n-cochain

f n =
�

f 0,n, f 1,n−1, . . . , f n,0
�

, f p,q ∈ C p,q
G (M, A) , (A.13)

the total differential is given by

D f n =
�

d f 0,n, δ f 0,n − d f 1,n−1, . . . , δ f n−1,1 + (−1)nd f n,0, δ f n,0
�

. (A.14)

This total differential satisfies D2 = 0. Thus, we define the D-coboundaries and D-cocycles by

Bn
G(M, A) :=

¨

D f n−1

�

�

�

�

f n−1 ∈
⊕

p+q=n−1

C p,q
G (M, A)

«

, (A.15)

Zn
G(M, A) :=

¨

f n ∈
⊕

p+q=n
C p,q

G (M, A)

�

�

�

�

D f n = 0

«

, (A.16)

and the equivariant cohomology group is defined by

Hn
G(M, A) := Zn

G(M, A)/Bn
G(M, A) . (A.17)
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A.1 Families of pure states

The gauge transformation and cocycle condition for G-equivariant families of pure states, as
discussed in Section 2, can be summarized from the perspective of the double complex as
follows.

Let the coefficient abelian group be A= R/2πZ, and define the left action of the group G
on R/2πZ via the homomorphism φ : G→ Z2 (cf. Eq. (6)) that specifies whether each g ∈ G
is unitary or anti-unitary:

g.θ = φgθ , θ ∈ R/2πZ , g ∈ G . (A.18)

The discrete Berry connection (9) and the U(1) phase (16) define a pair of cochains of bidegree
(0, 1) and (1,0):

A= (A,α) ∈ C0,1
G (M,R/2πZ)⊕ C1,0

G (M,R/2πZ) . (A.19)

The gauge transformation (10) is generated by a (0, 0)-cochain

χ ∈ C0,0
G (M,R/2πZ) , (A.20)

and is compactly written as

A 7→ A+ Dχ . (A.21)

The Berry curvature is given by a (0,2)-cocycle with real coefficients:

F ∈ C0,2
G (M,R) , dF = 0 . (A.22)

The cocycle condition for the cochain A is written as

DA≡ F mod 2π . (A.23)

A.2 Families of MPS

The gauge transformation and cocycle condition for families of injective MPS with G-
equivariance, as discussed in Section 3, can similarly be formulated using the double complex.

As in the previous subsection, let the coefficient abelian group be A= R/2πZ and define
the left G-action on R/2πZ via Eq. (A.18). The (0, 1) and (1,0) cochains are defined as:

A(1) =
�

A(0,1),A(1,0)
�

∈ C0,1
G (M,R/2πZ)⊕ C1,0

G (M,R/2πZ) , (A.24)

and transform under gauge transformation as

A(1) 7→ A(1) − Dχ(0,0) , χ(0,0) ∈ C0,0
G (M,R/2πZ) . (A.25)

The Berry curvature is a (0,2)-cocycle with real coefficients:

F (2) ∈ C0,2
G (M,R) , dF (2) = 0 . (A.26)

The cocycle condition is given by

DA(1) ≡ F (2) mod 2π . (A.27)

The cochains of bidegree (0,2), (1,1), and (2,0) are collectively organized as a degree-2 D-
cochain:

A(2) =
�

A(0,2),A(1,1),A(2,0)
�

∈ C0,2
G (M,R/2πZ)⊕ C1,1

G (M,R/2πZ)⊕ C2,0
G (M,R/2πZ) .

(A.28)
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The corresponding gauge transformation is

A(2) 7→ A(2) + DX(1) , X(1) =
�

χ(0,1),χ(1,0)
�

∈ C0,1
G (M,R/2πZ)⊕ C1,0

G (M,R/2πZ) . (A.29)

The higher Berry curvature is a (0,3)-cocycle with real coefficients:

F (3) ∈ C0,3
G (M,R) , dF (3) = 0 , (A.30)

and the cocycle condition is

DA(2) ≡ F (3) mod 2π . (A.31)
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