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Abstract

Locally quasi-stationary states (LQSS) were introduced as inhomogeneous generalisa-
tions of stationary states in integrable systems. Roughly speaking, LQSSs look like sta-
tionary states, but only locally. Despite their key role in hydrodynamic descriptions, an
unambiguous definition of LQSSs was not given. By solving the dynamics in inhomo-
geneous noninteracting spin chains, we identify the set of LQSSs as a subspace that is
invariant under time evolution, and we explicitly construct the latter in a generalised XY
model. As a by-product, we exhibit an exact generalised hydrodynamic theory (including

“quantum corrections”).
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1 Introduction

The dynamics of integrable quantum many-body systems prepared in inhomogeneous states
have attracted an increasing attention for more than two decades [1-22], arguably for their
potentiality to elucidate basic questions of quantum transport. The last years in particu-
lar have seen a lot of progress in the physical and technical understanding of such dynam-
ics. On the one hand, universal properties have been uncovered within conformal field the-
ories or, more generally, studying the time evolution of states sufficiently close to ground
states of critical systems [23-34]; on the other hand, a generalised hydrodynamic description
(GHD) has been shown to capture the behaviour of integrable systems at large scales [35,36].
GHD was originally based on a conjecture on the expectation value of the currents in sta-
tionary states and was tested by studying both entanglement entropies [37-44] and correla-
tion functions [45-65, 67-74]. Remarkably, the theory has been also verified in one experi-
ment [75]. More recently, analytical proofs of its validity in specific integrable models have
appeared [76,77].

First-order GHD looks like a collection of standard continuity equations for particle den-
sities; the big step that delayed its discovery for several years was however the identification
of the velocities entering the continuity equations. The main complication that arises in the
presence of interactions is indeed the impossibility to define particle velocities independently
of the state of the system [78]: the triviality of GHD is only apparent, as the velocities satisfy
other equations coupled in a nonlinear way to the GHD ones.

Since its discovery, it has been evident that first-order GHD is a very powerful tool. It has
however some limitations, and it was often blamed to be valid only in limits in which the sys-
tem behaves essentially in a classical way (indeed, i does not appear in first-order GHD). In
addition, the theory is unable to capture diffusive behaviour in interacting systems, a subject
that has been attracting more and more attention [66,67,70,71,79-81]. In order to overcame
this weakness, there have been proposals to go beyond the infinite time/low inhomogeneity
limit of the original formulation in interacting integrable systems [79, 80, 82, 83], but, at the
same time, some issues in noninteracting spin chains were uncovered. Specifically, the attempt
of Ref. [84] to develop a higher-order GHD in noninteracting spin chains was unsuccessful,
notwithstanding the author made use of the exact solution to the dynamics (which, inciden-
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tally, will be proven in this paper). We will show that such attempt has been spoiled by an
inappropriate definition of space dependent root densities, a concept that was introduced in
GHD without a definition that could have been directly lifted into a nonperturbative level. The
problem is that a generic homogeneous quantum state can not be characterised solely by the
so-called root densities [86], and, in principle, one has also to define additional fields that take
care of the off-diagonal matrix elements of the density matrix. In the inhomogeneous setting,
the distinction between root densities and auxiliary fields is not transparent, and, without a
proper definition, such fields couple to the root densities in an obscure way. This issue is
evident in interacting integrable systems, as the aforementioned additional fields do not even
appear in the thermodynamic Bethe Ansatz [86,87], which is arguably the framework of GHD.
Despite not necessarily hindering the study of second order GHD, as Refs [79,80,82,83] testify,
the lack of an explicit connection with the actual quantum state makes it almost impossible
to exhibit an inhomogeneous initial state that could be described by such equations: how can
one be sure that the additional fields vanish in the initial state and that their contribution die
out in a shorter time scale?

The main goal of this work is to show that some of the problems in going beyond first-order
GHD can be traced back to the presence of ambiguities in the definitions of the quantities used
to describe the dynamics. We propose a resolution of them in noninteracting spin chains, and
this will allow us to make the framework of GHD precise and exact. We will comment in
Section 6 on the interacting case.

1.1 Ambiguities in GHD

Generalised hydrodynamics was introduced as a large-scale description of time evolution in
one dimensional integrable systems with inhomogeneities. Roughly speaking, at large times
only the slowest degrees of freedom keep varying and the state becomes locally equivalent
to a stationary state. Such a quasi-stationary state was called LQSS (locally quasi-stationary
state) [69], and it was shown to be well described by the continuity equations satisfied by
the charge densities in the limit of low inhomogeneity. GHD was simultaneously developed in
quantum field theories [35] and quantum spin chains [36], but we restrict here to spin chains.

The basic elements of GHD are the additive charges Q = a )., Q;, commuting with the
Hamiltonian H = a,, H,, and their corresponding currents J [Q;] = ay,J «[Q;]. Here a
denotes the lattice spacing (in the next section, its definition will be slightly modified) and
the operators O, are quasi-localised around site ¢!. In the Heisenberg picture, charges and
currents are connected by a continuity equation of the form

J[Q:1-J,4[Q;
ath-i- Z[Q]] af l[Q]]:O (1)

Here we made a (asymmetric) choice for the position of the currents; we will reconsider the
possibility of other conventions later. It is clear that we are free to add any constant in the
definition of J,[Q;]; we choose the convention of imposing null trace, tr[J,[Q;]] = 0, which
corresponds to the vanishing of the currents at infinite temperature. These equations are
sufficient to determine the current for given charge density, but the definition of the latter is
still ambiguous. Indeed, the charge density can be always redefined as follows

[G] _
Q =Q—-6G;+Gyq, (2)
A spin operator O, is quasi-localised around a given site £ if there is a sequence of connected subsystems
. 5, [0¢] .
S, C S,.1 (S, is a proper subset of S,,,;), centred around ¢, such that HO[ - tr;f—[lg ® I ‘ < e~Sil with @ > 0 and
Sn n

|S,| the extent of S,. A quasilocal charge is an additive charge with quasi-localised density - see Ref. [85] for a
review on quasilocal charges in integrable spin chains.
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where G, is a quasi-localised operator acting around site £. This redefinition produces a change
not only in the current

T (@ =J[Q;]+ialH,G,], (3)

but also in the integrated current
JQ=J1Q;1+id[H,G]. 4

Because of this, the choice of G = a )., G, and of its density G, is not irrelevant, especially
if one is interested in going beyond first-order GHD. Depending on G, indeed, the resulting
current can be conserved or not. In the former case, if the expectation values of the charges
can be expressed in terms of densities, somehow describing the diagonal part of the density
matrix, the expectation values of the currents would be as well. Non-conserved currents would
have instead also off-diagonal matrix elements, which, through the continuity equation (1),
would generate also off-diagonal contributions in the expectation values of the charges in
inhomogeneous states.

Assuming that one can find a conserved operator C[Q;] such that the following operator
is quasilocal,

(EIJIQIIE)

s [EVEl (HIE)=EIE)), (5)

clQ;]+ia™t Y.

E#£E

we propose to set G equal to (5) so that the integrated current becomes conserved
alH,[H,G]]=i[H,J[Q;]]. (6)

We denote it by J[Q] to emphasise that it is now just a functional of the charge and not of its
particular density: whatever the local charge density Q; is defined, we have

J[Q]= > (EJIQ;]IE) |E) (E] . 7)

E

Note that the current is still defined up to the density of a charge C[Q; ], which will be chosen
in such a way to make the current of the current conserved, and so on and so forth?. This
procedure defines an invariant subspace of operators, linear combinations of charge densities,
that we call locally quasi-conserved operators, LQCO. The density matrix of an LQSS can then
be defined as the exponential of an LQCO.

Generally, in noninteracting spin chains with local Hamiltonians, the standard choice for
the local conservation laws [45,88,89] is such that (5) is quasilocal even for C[Q;] = 0; thus,
it is reasonable to expect that (6) could be enforced. We will see that (6) plays a key role in the
inhomogeneous generalisation of the so-called root densities, which were originally introduced
to characterise stationary states in integrable models that allow for a thermodynamic Bethe
Ansatz description [86,87]. Specifically, it allows us to define root densities that depend on
the site and that completely determine the expectation values of the charge densities and vice
versa.

We mention that similar issues have been already discussed [77,80]. In particular, in
the derivation of a diffusive correction to GHD, refs [79,80] have proposed to choose a PT-
invariant gauge, which turns out to be unambiguous once requiring the expectation values of
the charge densities to be real in stationary states. Our gauge choice, on the other hand, is
not driven by uniqueness: we aim at exploiting the degrees of freedom in the definitions of

2The remaining gauge invariance encoded in C[Q ;] can be used to make the expectation values of the charge
densities as closer as possible in form to their expectation values in the homogeneous case

4
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the charge densities in such a way to decouple the dynamical equations describing the time
evolution of the locally quasi-stationary states from the rest.

Finally, we stress that the ambiguities pointed out in this section must be lifted in order
to compare analytical predictions against numerical (or experimental) data, where following
different conventions could result in artificial discrepancies. Besides, unfortunate conventions
could introduce cumbersome large-time corrections that could be otherwise reabsorbed in the
definitions of the operators. This is becuase, as we will see, the auxiliary fields characteris-
ing the state together with the root densities satisfy dynamical equations different from the
GHD ones, so their presence in the initial state affects the large time corrections. For example,
Ref. [84] could not capture a universal part of the light-cone dynamics within the proposed
higher-order GHD. The problem was not in the universality of the phenomenon, while in hav-
ing defined space-dependent root densities in an inappropriate way. Specifically, the inhomo-
geneous generalisation of the root density proposed in Ref. [84] is the quantity that, in the
next section, will be called “spuriously local root density”. While the latter has the correct
homogeneous limit, in the presence of inhomogeneities it is not dynamically decoupled from
the remaining degrees of freedom. To overcome this problem and write a dynamical equation
written solely in terms of the root density, Ref. [84] projected at every time on the subspace
of states that were completely characterised by the spuriously local root density. The resulting
equation was not supposed to be exact, it was instead questioned whether it could neverthe-
less be valid at the next order in the inhomogeneity. The answer was disappointedly negative.
In this paper we will not make any approximation and show how to fix this issue.

1.2 Outline

Section 2 - Preliminaries - introduces the systems under investigation and a convenient rep-
resentation of states and operators.

Section 3 - Time evolution of inhomogeneous states - collects the main results. In particular,
an invariant subspace made of LQSSs is identified, and the equations of motion govern-
ing time evolution within that subspace are exhibited (for homogeneous Hamiltonians,
they are also solved) and identified with generalised hydrodynamics. We show that the
complementary subspace is invariant as well and exhibit the corresponding dynamical
equations.

Section 4 - The two-temperature scenario revisited - details the solution to the dynamics in one
of the most studied settings. The predictions are checked against numerical data.

Section 5 - Continuum scaling limit - compares the lattice dynamics with the dynamics in the
quantum field theory emerging in the limit where the lattice spacing a approaches O.

Section 6 - Conclusion - is a collection of observations.

Appendix A - Non-equilibrium dynamics in inhomogeneous systems - has a proof of the Moyal
dynamical equation in noninteracting spin chains.

Appendix B - Weak inhomogeneous limit: an asymptotic expansion - presents a perturbative
derivation of the equations of motion through a formal asymptotic expansion of the exact
solution in the limit where a parameter characterising the inhomogeneity approaches
infinity (homogeneous limit).

1.3 List of the notations

[A, B]. = AB % BA denote the anticommutator and the commutator, respectively.
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Z, Ny, %Z, and % + Z are the set of the integers, the set of the nonnegative integers, the set
of the integers and the half-integers, and the set of the half-integers, respectively.

0, in a bold capital letter, is a linear operator acting on the spin chain.

O, in a calligraphic capital letter, is the matrix associated with the noninteracting operator
that is indicated with the same capital letter in bold (¢f. (13)), i.e., O.

0, with a hat on a lower case letter, denotes the symbol of the matrix indicated with the same
letter, in a calligraphic upper case (c¢f. (13) and (14)), i.e., O. We also call it the symbol
of the operator indicated with the corresponding bold capital letter, i.e., O.

8PS is the physical part of 6, which completely characterizes O.

6%(e'P) are the r-periodic and the 7-anti-periodic parts of 6 with respect to ap.
6(¥0) is the symbol of an operator 00 localized around x,.

2k is the dimension of the representation of the symbol.

a denotes k times the lattice spacing.

» denotes the Moyal star product.

X (sometimes y) and t are the position and the time. They generally appear as subscripts. If
the quantity of interest does not depend on x and/or t, the letter is simply not shown.

p (sometimes q) is the momentum. In the symbols, it appears in the form of a phase z, = elep
to emphasise that the symbol is a 27-periodic function of ap.

g, v, 0, and ¢ are the dispersion relation, the velocity of the elementary excitations, the
Bogoliubov angle, and the angle between the axis of the Bogoliubov rotation and the z
axis (in the quantum XY model ¢ = 0), respectively, for k = 1.

T is the correlation matrix and [ is its symbol (this is the only exception to the convention
for which symbols are represented by lower-case letters).

p is the root density for k = 1.
e/o in a subscript selects the even/odd part of the quantity with respect to the momentum.

R/1 in a subscript selects the real/imaginary part of the quantity.

2 Preliminaries

2.1 The Hamiltonian

We consider the nonequilibrium time evolution generated by a noninteracting spin-chain Hamil-
tonian whose density is almost invariant under a shift by « sites. This class of Hamiltonians
includes:

a) the quantum Ising model [90,91] (x = 1)
HIsing =—J Z 0?0?4.1 + gaj > (8
LeZ

where o act like Pauli matrices on site £ and like the identity elsewhere, and Z is the
set of all the integers;
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b) the XX model [91,92] (x =1)

Hyy = JZO‘ZO'[+1+O' ae+1+g0'f, €))]
(€T

c) the (noninteracting) spin-Peierls model [93] (k = 2)

Hpeiers =J ) (1+6(-1) )00}, + 00l ) +alofol, 0f,, +0) 0%, 0),,).
LEZ
(10)

In its most general form, the Hamiltonian is as follows (the homogeneous case was introduced
in Ref. [94])

K k(l+n)+j—1 K
_ Gap z B Lz 2
H=> > 2 2hifot 1 0nolumy+ 220000k, aD
LeZi,j=1a,pe{x,y} n€Ny m=k{+i+1 LeZ i=1

where Nj, is the set of the nonnegative integers. The coupling constants can be arbitrary, but,

in almost the entire paper, we will assume that J ﬁla]ﬁ

Under the Jordan-Wigner transformation

and Jf;z do not depend on £.

ay_; = l_lajaif ay = l_[ajag , las,a,], =26,,1, (12)
j<t j<t

where [A, B], = AB+ BA denotes the anticommutator, the Hamiltonian is mapped into a chain
of noninteracting Majorana fermions, as follows

2K
1
H = P Z Z HglaZKZHaZKIH—j' (13)

{,nezi,j=1

Here H is an infinite purely imaginary Hermitian matrix (Hile ) = szn = —Hi le We point out
that, contrary to standard conventions, we call 7{ a matrix despite its indices not being strictly
positive.

If the coupling constants are smooth functions of the position, the Hamiltonian is approxi-
mately translationally invariant in any sufficiently small region; this property can be exploited
by writing H in a “local” Fourier space

Z Z Z f d[PCl/h 9i (= n)up[ ra( iap/n )] a2K(2r n)+iQoxn+j - (14)

re 1y nezi,j=1

Here %Z is the set consisting of the integers and the half-integers; # is the reduced Planck
constant and a is k times the lattice spacing. We point out that x can be any positive integer,
but, in the (quasi) homogeneous case, it is conveniently chosen to be proportional to the
number of sites the system is (almost) invariant under a shift of.

The symbol. The (2k)-by-(2x) matrix iAlx(ei“p /m represents the Hamiltonian in the Fourier
space around position x; we call it ‘symbol’, by analogy with the definition of the symbol of
(block-)Toeplitz and (block-)circulant matrices. It will be clearer later that p plays the role of
the conjugate variable of x, so we call it momentum.

We note that, for given x, half of the Fourier components of flx(ei“p /") do not enter the
expression. In particular, for (half-)integer x/a, the relevant part of the symbol, which we call

s phys, ia . . o . . . .
RE™S(e*/M), is a mt-(anti-)periodic matrix function of a/a. The remaining Fourier components
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can be chosen arbitrarily, and hence they will be referred to as “unphysical”. Nevertheless,
we require the symbol to remain Hermitian and to satisfy [k, (e"”/")]* = —h,.(e~"**/"), where
t denotes transposition. We also define flj(ei“p /n) as the extensions of the symbols obtained
interpolating either the functions evaluated at % € Z or at 3 € % + Z, the latter being the set
of the half-integers. Thus we have

7+ iq, _ 1 i
hx(—e p/h)_:thx(e P/h)

. l. 2 1 (15)
hg)(hyS(e uP/h) — hg{—l)Z (6 uP/h) i € =7.
a 2
A possible extension to = € R is the following
. sin(n=2), .
iap/my __ a h iap/
b (e = Z nxTh?’ ys (glor/m)
il T
(16)

1+( 1)2—y sin(n—x_y)

£ iapfhy _ -1 a_J 2 phys( iap/n

h(e™") = E 2 e hy (e™my.
fetz E

Using these definitions, flx(ei“p /") and flgci)(ei”’ /n) are entire (matrix-)functions of x.

The formal expressions that will be derived in this paper (and that can be applied to any
noninteracting spin chain) will be explicitly worked out in a generalised XY model with k = 1.
In the homogeneous case, such model describes a generic one-site shift invariant noninteracting
spin-chain Hamiltonian. Its symbol will be parametrised as follows:

2, ia _jo®) _;90) ;= L00p) 2 o)
(™M) = e e g (p) + £o(p)a¥ el 7 el T 17

where the subscripts ‘€’ and ‘0’ stand for the even and the odd part respectively (with respect to
the momentum p); £(p) is the dispersion relation; 6(p) = —8(—p) is the Bogoliubov angle and
¢(p) = ¢(—p) parametrises the angle of the axis of the Bogoliubov rotation. When we want

to emphasize the dependence on the phase, we write 8(p) = ©(e'”"). For example, in the

2J(eiap/ﬁ—g) .
o (ie.,

0l0) — 43 ‘/:Vf:; ), and ¢(p) = 0. If not stated otherwise, all the quantities will be assumed

quantum Ising model (a) we have &(p) = 2J /1 + g2 — 2g cos(ap/n), @) =

to be smooth functions of the momentum, which generally happens in (quasi)local noncritical
Hamiltonians.
A convenient parametrization for inhomogeneous Hamiltonians will be shown later - (72).

2.2 The state

The systems considered in this paper are prepared in a gaussian state, i.e., a state where the
Wick’s theorem can be applied to the correlations of the Majorana fermions (12)

(ajaj,---a;)=pflA], Ay =(aja;)—05j;, (18)

‘pf” denoting the Pfaffian. This can be the ground state (if a symmetry is not spontaneously
broken) or an excited state of a noninteracting spin-chain Hamiltonian, like (11), as well as a
thermal state or a generalised Gibbs ensemble [95-97]. Since the dynamics are noninteracting,
Wick’s theorem holds at any time, and the expectation values of the observables can be written
in terms of the correlation matrix

l"il;.n(t) = 5@,151]' — <a2;<€+ia21<n+j)t . (19)
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Here (-), denotes the expectation value at time t. As done for the quadratic operators, we
define the physical part of the symbol {: t(emp) of the correlation matrix around position x as

follows , .
phys e X1

[£2%°(z,)]; = EZZ PN S ez, (20)

where z, = e /" At a given time, we can extend (20) so as to allow for real x using, for

example, (16); however, we will not impose (16) at a generic time, being more convenient to
exploit such degrees of freedom to simplify the equations of motion - Appendix A. Nevertheless,
we will assume that the extension remains an entire function of the position at any time.

For k = 1 (which is a convenient representation when the state is almost invariant under
a shift by one site) the state is completely characterised by a spuriously local root density

p)f(al:e(p), and by a spuriously local auxiliary complex field \I’fake(p) = \I/fake(—p) as follows

LDy 00,
B (zp) =4nhe 2 7 e [pfcalieo(p)l+(p§f1§ee(p) )Gy +

9 5= ¢()
\I}fat R(P)O' _quat I(P)O' ] Rl

(21)
This representation, which at first glance could look bizarre (for the appearance of the angles
0(p) and ¢ (p), which are properties of the Hamiltonian and not of the state), allows us in fact
to attribute a physical meaning to pfake(p) and \Ilfake(p) in the homogeneous limit, pf¢(p)
becomes the density in phase space & xdp of the excitations over the ground state of the quasi-
particle excitations (provided that £(p) > 0) [45], and w'¢(p) describes the off-diagonal part
of the density matrix. On the other hand, such properties are lost in the presence of inhomo-
geneities. Indeed Ref. [84] showed that a higher-order hydrodynamics based on such spurious
quantities can not be exact. The main aim of this paper is to construct a genuinely local ver-
sion of these quantities, which we will simply call p(p) and ¥(p). They will be chosen so as to
accomplish the goal outlined in 1.1; in particular, they will reduce to their global counterparts
in the homogeneous limit, and they will transform as simply as possible under time evolution.
We note that, in the homogeneous limit, the root density and the auxiliary field satisfy the
following constraints (the maximal eigenvalue of f‘(eiup) in absolute value can not exceed 1)

1
< < —
0<p(p) omh

“I/(p)‘ < min(p(p), p(—p))[ﬁ —max(p(p), p(—p))]

(22)

These bounds are not always satisfied in inhomogeneous systems.

2.3 Expectation values and local operators

The expectation value of a traceless quadratic operator O can be expressed in terms of its
symbol and of the symbol of the correlation matrix as follows

(O>t =

w J d[ P/h FE};YS( p)éx(zp)] =

2. L dg;f]tr[fx,t(zp)éiihys(zp)]- (23)
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These equations are exact; the drawback is that they involve the physical part of one of the two
symbols; in Section 3.3 we will exhibit an explicitly symmetrical expression. We can express
the symbol of operators (quasi)localised around £ as follows:

6§€)phy5(zp) = 6e1(zp’ ea[)(sx,ﬁa + 601 (Zp5 eae )6x,(l+%)a ’ (24)

where e; and o; select the even and the odd part with respect to the first argument. The
symbol of the corresponding translationally invariant operator is

0(z,) = 0(z,,1). (25)
For x =1 the auxiliary function will be parametrised as follows

I—ay

n @) oy 00 = +0Y
6y w) =P z“[w(p,w)——w( w2

_i * 90 5z ;1 20) 5y
Qol(P’W)T“‘h-C- el 2 %29 (26)

In terms of the spuriously local root density and spuriously local auxiliary field the expectation
value reads as

(0/10,), = ZJ dlop] 0, )P () — - ) + (AP eI ) + ).

s=%1
(27)
One of the goals of this paper is to give a convenient definition of charge density so that its
expectation value has a form similar to (27) with the spuriously local root density and auxiliary
field replaced by the analogous genuinely local quantities.

2.4 Reduced density matrix

The reduced density matrix (RDM) of a connected subsystem A =[x, x,] in a gaussian state
is gaussian. Its correlation matrix is obtained by restricting the correlation matrix of the state
to the subsystem. Within the Wigner description that we introduced, it is convenient to embed
the RDM into the entire system as follows:

I_

trz[p] - pZXt = trA[p] ® — A (28)

which has a correlation matrix that zeros outside A. The symbol of p§** is then given by
[ap /h ] sin ((M )u@/h)
sin (390/n)

For x; < x < Xx,, the distribution in convolution with the symbol approaches a Dirac delta
function, so, as expected, the bulk is not affected by the boundaries of the subsystem.

f‘JEi]’XZ](Zp) =0u(x; <x < xz)f Bee(zpp). (29

We refer the reader to Ref. [45] for more examples and for an overview of the description
in terms of symbols in homogeneous noninteracting spin chains.

10
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3 Time evolution of inhomogeneous states

It is well known that the dynamics generated by quadratic operators have infinitely many

invariant subspaces, indeed it conserves the “number” of the Majorana fermions®
iHt —iHt _ —iHt
e tage = Z[e lma, .- (30)
nez

In this section we show that, in fact, it is reducible even more, and one of the invariant sub-
spaces consists of the locally quasi-stationary states, qualitatively introduced in Ref. [69].

In the following the reduced Planck constant # and the lattice spacing a will be written
explicitly so that the reader can identify quantum and lattice contributions more easily.

3.1 Moyal dynamical equation

The symbol of an inhomogeneous state time evolves according to the following Moyal dynam-
ical equation

ihatf‘x,t(zp) = flx(zp) * lﬁ‘x,t(zp) - 1ﬁ‘x,t(zp) * ilx(zp) > (31)

where z, = e!™" and f,(p) » g,(p) is the Moyal star product [98]

Ox—

Fo0)+ 8. ) = €T £ (0)g, @), (32)

A proof of (31) is reported in Appendix A. Using that the star product is associative, the solution
to (31) can be written as

Be(zp) = eSOVt o(z,) % el 00, (33)
where -~
_itﬂx 2z (_lt)n A A
e Z P fe(zp) %+ % he(z,) - (34)
=0 :

~~
n

This can be simplified if the Hamiltonian is homogeneous (flx(zp) is independent of x), as
follows ‘ N »
f‘x’t(zp) = ¢ 219% e_”h&“q)/ﬁf‘x’o(zp)e”h(z”_q)/h . (35)
q:

The solution to (35) is readily obtained and reads as

* dyd C ;
b= [ e i oo
—00

These equations are the fundamentals of a Wigner description [99] of the dynamics in non-
interacting spin-chain models, and they generalise the well-known equations describing free
particle systems, in the sense that functions are replaced by matrices of functions (a reader
could be more comfortable with referring to the symbol of the correlation matrix as a ‘block
Wigner function’). They have been formerly announced in Ref. [84]. We stress that (31) and
(36) apply to spin chains, despite the variable position x not being discrete.

3Note that, in order to define a genuine number operator, it would be necessary to map the Majorana fermions
into spinless fermions, for example, through the J-W mapping ¢, = (ay_; + iay)/2.
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3.2 Invariant subspaces

The dynamics described by (31) are reducible. We identify two invariant subspaces: the inho-
mogeneous generalisation of stationary states, which, following the terminology of Ref. [69],
will be called LQSSs, and a subspace of states that we call ODSs (off-diagonal states).

3.2.1 Locally quasi-stationary states

Let the Hamiltonian be translationally invariant. An LQSS has the following properties:
- it reduces to a stationary state in the homogeneous limit;
- it remains an LQSS under time evolution.

Imposing these conditions in the k = 1 representation, we find that the state can be charac-
terised by a Wigner function p,(p), which we identify with the localised version of the root
density, and it appears in the symbol of the correlation matrix as follows

~LQSS . _
FXQ (Zp:G)_
F), A, ) ),
4rthet 3 o7 o1 5 o {p(G)(p)+O.y|:p(G)(p)_ :I}el 5 0% ol 5 o ,
X,0 x,e 4mh
(37)

with s
Px(p) =Gl e PN | GE1=1. (38)

In (37), the arrows on top of the derivatives indicate the direction where they act. Roughly
speaking, G parametrises a gauge invariance in the definition of the root density. For example,
it includes the arbitrariness in associating a position to a quasi-localised operator. Because of
G, the same root density can be used to describe different states, therefore, in order to avoid
confusion, it must be fixed. If not stated otherwise, G(z, w) will be set to unity and the notations
will be eased, dropping the dependence on G in the expressions, e.g. lA“J];QSS(zp; 1)— lA“J];QSS(zp).
Crucially, contrary to standard conventions, the Wigner function that we have defined does
not depend only on the state, but also on the Hamiltonian; this is one of the reasons why
we prefer to call it ‘root density’, which is instead a quantity that is always defined for given
Hamiltonian and reference state.

Note that only integer and half-integer positions appear in (37). In addition, for G =1 the
physical part of the root density is 7 periodic at integer sites and 7 anti-periodic at half-integer
sites.

Finally, we remind the reader of a very well known property of Wigner functions: even if
Px(p) is a physical root density at fixed x (namely, 0 < p,(p) < ﬁ), the LQSS associated
with p,(p) could be unphysical, as its correlation matrix could have eigenvalues with modulus
larger than 1. Thus, not every profile of charges is allowed in an LQSS.

3.2.2 Off-diagonal states

An ODS (off-diagonal state) has the following properties:

- it reduces to a state with vanishing diagonal elements in a basis of stationary states in
the homogeneous limit;

- it remains an ODS under time evolution.

12
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Imposing these conditions in the k = 1 representation, we find that the state is completely
characterised by an auxiliary field ¥, (p), which appears in the symbol of the correlation matrix
as follows

2ODS(., .\ —
I77°(z:G) =
iy

¢ p*iﬁ%) 9(P*ih§" 2 ) ¢(p+.2 )
¥4

4rtie =7 e T2 UZ{GZ‘IJEC,G&(P)—GX\I/(G)(P)}ei 7Tl (39)

o p+

x,I
with
_ )@ _
() =Gz ? JUOP) - GED=1. (40)
y:
Also in this case, G parametrises a gauge invariance in the definition of the local auxiliary field,

with the same caveats pointed out in the LQSS case. If not stated otherwise, G(z,w) will be
set to unity.

3.2.3 Dynamics

Assuming a one-site shift invariant Hamiltonian, each state can be conveniently written in a
k = 1 representation, decomposing it in an LQSS part, characterised by a root density p,(p),
plus an off-diagonal one, characterised by an auxiliary field ¥, (p); the symbol of the correla-
tion matrix can be written as follows:

¢ p*iﬁzax)
A ~ i y
[i(2p;G,G) =4nhe '~ 2 Te'" 7 7 X

1 G G 9(’” 2 4’(P*m§x
4 . y
{Ipffo)(p) +Uy[p§fe)(p)— _47'ch:| + GZ\I/J(C’Pz(p) GX\I/J((,I)(p)}el T TelT T 9. (4D

By definition, the root density degree of freedom remains decoupled from the auxiliary field
one also at finite time; the dynamics are described by the decoupled Moyal equations

-
iy

0,y (p) = €(p) * Px,te(P) — Py, (P) x €(p) (42)
iho, ¥, (p) = —&(p) ¥, (—p) + ¥, (p) * e(—p), (43)

where, in the second line, we used the oddity of the auxiliary field to write the right hand side
as an antisymmetric functional of ¢ and ¥. Equations (42) and (43) are arguably the main
result of this paper for homogeneous Hamiltonians. In particular, they allow us to identify the
(localised version of the) root density, as it appears in the symbol of the correlation matrix in
(41), with a Wigner function even when there is a nontrivial Bogoliubov angle 6(p) around
a direction characterised by ¢ (p). This means, for example, that they hold true also in the
quantum Ising model. We postpone the proof of (42) and (43) to Section 3.4, where we
consider the more general case of an inhomogeneous Hamiltonian. Equations (42) and (43)
clearly show that the root density p and the auxiliary field ¥ characterise two separate subsets
of states that are invariant under time evolution. Incidentally, we note that ¥, ,(p) x \IJ;';’t(p)
and ¥} (p) > ¥, .(p) satisfy the same equation of the root density.

The first orders of the asymptotic expansions of (42) and (43) in the limit of low inhomo-
geneity are

V(p) Y (p)
8:Px,(P) = —V(P)2,pxc(p) + 15 20 P (p) — WA 805, (p) + O(H0))
. . ,ve(P) _,
13V, () = 26, ()W (p) — iV, (P)2 W (p) — =, =020 (p) (44)
Ve (P)
+ i == 000, (p) + O(R*Y),
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ds(p)

where v(p) = is the velocity of the quasiparticle excitation with momentum p. We note
that the first equatlon truncated at O(d,) is the noninteracting version of first-order GHD [35,
36,69]. It also corresponds to the classical limit i — 0, in which the root density satisfies
a classical continuity equation. On the other hand, as long as the dispersion relation is not
odd, ¥, ,(p) describes purely quantum contributions. It is worth observing that the equations
governing time evolution do not depend explicitly on the lattice spacing.

Equations (42) and (43) are solved by

dydq —
x’t(p) JJ > dh elq(x—y)/he itle(p+9/2)—e(p—9/2)]/n :y’o(p) (45)
dyd — —itle(p+9/2)+e(—p+
\le’t(p) ff 2-y q 1‘1(3‘ }’)/h 1tle(p+9/2)+e(—p q/z)]/ﬁ‘l, (p) (46)

Localisation. The root density and the auxiliary field can be expressed in terms of the spuri-
ous quantities appearing in (21) by inverting (41). For the sake of simplicity, we do it explicitly
only for the generalised XY model with ¢ (p) = 0. We find

ady ady
pD(p)= C_( z )pff‘;e(p)+0+(zp,e 2 )pf;“lge(p)+

_ a0 fake _ 2%\ pyfake
iS_{zp,e 2 JUIE(P)—Si(zp e 2 ¥ 5(p) (47)

v©Op)=c (p, )\Ilfake(p)+lc+( Z)‘Iffake(p)Jr

8l fake . 2o fake
—iS_ (z ez )pxo (p)+lS+(Z Ea )pxe (p), (48)

where )
Cilz,w)= Cos(g(z) —ZG(ZW) + o(z)— (;)(zw ))
- (49)
Si(z W) = Sin(g(z) - @(ZW) + 9(2) - @(ZW 1))
’ 2 5 :

and ©(e!™/") is the Bogoliubov angle as defined below (17). We stress that the local root
density at (half-)integer position is a mix of quantities defined at both integer and half-integer
positions.

The first orders of the expansion in the limit of weak inhomogeneity read as

p)(cG)(p)_pfake(p)_i_h (p)a \I,fake( )+h2 (P) aXZ )fcalée( ) 772 (p)axqj)fcal;e( )+
+0(r°37)

/ / (50)
\I/)((G)(p)z‘l/iake(p)+ﬁ9; p) fake( )+h2 (p) ijfake( )+ 2 (p)axz fake( )+

X X;0 8 x x;R
+0(%33).

In the XX model the Bogoliubov angle can be set to zero, therefore the spuriously local root
densities are in fact genuinely local.

14


https://scipost.org
https://scipost.org/SciPostPhys.8.3.048

Scil SciPost Phys. 8, 048 (2020)

3.2.4 Locally quasi-conserved operators

If there are no special symmetries, in noninteracting spin chain models the conservation laws
are quadratic forms of Majorana fermions, like the Hamiltonian in (14) [45]. In the Heisen-
berg picture, the matrices associated with quadratic operators time evolve like the correlation
matrix, provided to reverse the sign of the time. This allows us to identify an invariant sub-
space of operators, which we call LQCOs (locally quasi-conserved operators), consisting of the
quadratic forms of fermions with symbols of the form of an LQSS (37)

_¢(P*@) .G(P iﬁz) of 12 ;ﬁ(w@
qx(zp; G) =t > O'ye—l o {q(G)(p) + O.yq(G)(p)}e = a-zel 5 oY . (51)

The analogue of the root density is the (single particle) eigenvalue’s density in phase space,
which can be defined as follows

0:(p) =G(z,,e T ) D) Glz,1)=1, (52)

where G parametrises the usual gauge invariance. In the Heisenberg picture, q,(p) time
evolves according to the Moyal equation

0,9y +(p) = @y (p) * (p) —(p) * 4 «(P), (53)

which manifests the closure of the LQCOs under time evolution.

By definition, the density of a conserved operator is an LQCO.

We do not expect the existence of interacting (i.e., not quadratic) charges, which, in turn,
rules out the existence of interacting locally quasi-conserved operators; to the best of our
knowledge, however, this has not been proved.

Finally, we remind the reader that the set of charges that are obtained by fixing the param-
eter k (in our case we have chosen x = 1) is not always complete - this was originally pointed
out in Ref. [100]. In particular, additional charges appear when the symbol of the Hamilto-
nian in some representation k is degenerate for generic momentum, which is possible when
the dispersion relation in the x = 1 representation has symmetries like e(p) = te(m £ p).

Charge densities. A charge density can be defined as a locally quasi-conserved operator,
associated with a given site, that is conserved when integrated over the position (i.e., summed
over all the sites and multiplied by a). By virtue of (64), it is natural to define its density as
the quadratic form of fermions with the following symbol

) o) o) o)
GO =alei =7 = i g (p)+ 07 qe(p)le T T e T S, res (54)

where s =0, % is such that q(p + ﬁ%) = (=1)%q(p).

Currents. The current associated with a given charge can be easily defined from the Moyal
dynamical equation (53), which can be rewritten as

. (.50,
ax 1 Sin ET 0
2.4 (p)—2° [e(p)—5 , ¢“m1=o0. (55)
0 —

We can then use that, independently of the exact definition, the translational invariance of the
charges implies the charge density q)(f,)t(p) to be a function of x —£a. Thus we have

sin(hﬁ)
© 1—e %% 2 ) w
%qy . (p)+2 . [e(p)—= q:(p)1=0, (56)

et —1
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ie. - -
3,0 3,0
sin(h pz") sin(h "2")
) ) (e—1

2.400) + 2e(p)——2q )~ 2e()——4 P =0 (57)

et —1 et —1

Finally, we can define the current as the LQCO with eigenvalue

SIH( (Z)(p) f Jdk 8(p+h )—€(p h= ) 21k(x y) (e) (p)_

i0p) = Tep)—5—>4( -~ 4, s,

eax_

dk 8(p+ﬁ )—s(p—h ) i Dk (O
ZJ 2k sink Oy inz, (P). (58)

By integrating over the position £a, we find the eigenvalue of the total current j(p) = v(p)q(p).
We note that such definition is different from the one exhibited in [45], where the charge
densities were defined in a different way (in particular, they were chosen to be local).

3.2.5 Off-diagonal operators

Similarly to what we did for states, we also identify another class of quadratic operators, which
we call “off-diagonal operators”, that is invariant under time evolution. They have the symbol

0 _ingy 0 +iﬁb: R +iﬁé:
= )"Z{a"biﬁi(p)—aXbi‘j?(p)}ef b )Uzei X )(ﬂ.
(59)

BSDO(ZP; G)=e Tz e
In the Heisenberg picture, b, (p) time evolves as follows

ihd, by (p) = e(p) * by ((—p) — b, ((p) * e(—p). (60)

3.3 Expectation values

Formula (23) can be written in an explicitly symmetrical form:

() => f p/ﬁ By e(2p) * 6,(2,)]. (61)

x
HGZ

For k = 1, by decomposing a quasi-localised quadratic operator in its quasi-conserved and
off-diagonal parts, we can improve the parametrisation (26) as follows:

0(z,,w)=e +

B YT W S e o
T T ) — olpa

Z__ 74X o(p—i% . ¢ —i W
(Qol(pjw)% +h.c.)]el (p2 1) 208) )

In this way, formula (27) still holds, provided to replace spuriously local root density and
auxiliary field by their genuinely local counterparts.

Locally quasi-conserved operators. The expectation value of an LQCO in a gaussian state
with correlation matrix as in (41) takes a rather simple form (in the standard gauge G = 1):

J dp Px(p)— ﬁ][qx(ph (—1)%5 g, (p +h§)]. (63)
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It is then convenient to classify the LQCOs depending on how their eigenvalues transform
under p — p +Hh7:

0 X er [ PLox()— 7510, (0) 4o +hE) =q.(p)

ha . (64)
0Yxctiz [z 4pPx(P)ax(p) 4x(p +15) = —q(p).

(@ =

Charge densities. Using Ansatz (54), the expectation value of a generic charge density reads

as
hZ 2s T
_ " 1 1a(p)+(=1)"q(p+hy)
Q)= Z J_H% dP[P(e+s)a(P)—4n_h] 5 : (65)

szo,%

3.4 Inhomogeneous Hamiltonians

In this section we extend the previous analysis to inhomogeneous Hamiltonians. If the symbol
of the correlation matrix is parametrised as in (41), it could be convenient to express the
symbol of the Hamiltonian as follows

0, ind,

L

4’(1’77)() g(p,’Tx)

A . 2

hogp)=e T T

iy iy
0 p+12") ¢(p+12"
Z

{gx,o(p)I + gx,e(p)o-y + Wx,R(p)O-Z - Wx,I(p)Gx }ei 2 7 ei 2 o > (66)

where w,(p) = —w,(—p) is an odd complex field.
Eq. (66) generates the following dynamics

M0, 01,t(P) = €x(P) * Pt (P) = Pt (P) * €2 (P) + Wi () * ¥ (P) — ¥y (p) » W, (D) (67)

hop Wy (p) = € (p) * Wy ((P) + Wy 1 (P) * €x(—P) = Wi (P) * Pt (—P) — Pt (P) * Wi (P) . (68)
This parametrisation clearly manifests that the two invariant subspaces identified before for
homogeneous Hamiltonians, i.e., the LQSS and the ODS, are invariant even when time evolu-
tion is generated by a locally quasi-conserved operator (w,(p) = 0).

We mention that, if time evolution is generated by an off-diagonal operator (¢, (p) = 0),
the dynamics can still be written in a decoupled form

~1202p, o (p) =[w,(p) * WE(P)] % P c(P) + 2w, (p) * Py o (—p) * W (P)+
+ Pyt (P) * [wy(p)* Wi (p)]

—H202W, (p) =[w,(p) * Wi(p)] * Wy (p) + 2w (p) * W} (p) * W (p)+
+ 0, (p)*x[wi(p) *w,(p)]
with the additional (coupled) boundary conditions
18P ()] = Walp) * W () — Wi o 0) + W ()
t=0 (70)

18Vt (p)]_ == we(2)* o) — proB) * Wi ().
Equation (66) is a sensible parametrisation when w,.(p) can be treated as a small pertur-

bation with respect to ¢, (p), for example assuming w, (p) = —ihd,c,(p), with c,.(p) a weakly
inhomogeneous odd complex field with the dimension of a velocity. Such term could arise
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from a naive definition of an LQCO - for example, overlooking the derivatives in (51). At the
first order in the inhomogeneity we then have

8up =—0:[vp1+3,[(8:£)p] +Rel(8,0)¥°] + 0(32)

2 (7D
3,0 + i%\lf — — 0, [veW]+ 8,[(8,£,)¥] + 2(8,)pe +0(82),

where the arguments of the functions (x, t and p) are understood.
In the most generic case, it is instead convenient to express the symbol of the Hamiltonian
as follows:

. _; &) ;6xCp)
he(zp)=e. * x [sx,o(p)l + 8x’e(p)0'y] xe, | (72)
where éx(zp) is a two-by-two Hermitian matrix that generalises the Bogoliubov angle and

satisfies @)x(l/zp) = —(:)fc (2p)- The correlation matrix can then be parametrised as

. éx(zp) . éx(zp)

A —] ]. z 4
Fx(zp)=47The* ? *{Ipx,o(p)+o-y|:px,e(p)_mr|+o_ \Px,R(p)_O-x\Px,I(p)}*e* 2. (73)

In this way the root density and the auxiliary field satisfy a simple generalisation of (42), (43)

10,0y, (P) = €x(P) * Py ¢(P) — Py, (P) * £x(P) (74)
iho,W, (p) = —€,(p) * ¥, (—p) + ¥y ((p) x &, (—p). (75)

Proof of (74) and (75). The equations of motions with the parametrisation (72) can be easily
worked out by observing that the Bogoliubov transformation is unitary and, for any U(x, p)
such that U(x,p) * UT(x,p) =1, we have

[U(x,p) * f (x,p) » U (, p)] % [U(x, p) * §(x, p) » U7 (3, p)] =
O(x,p) * f (x,p) * [0 (x,p) * U(x, p)] * §(x,p) U (x,p) =
U(x,p) * f (x,p) * §(x,p) * UT(x,p). (76)

This allows us to reduce the star products between the symbols in (31) to star products between
the functions (p, ¥, £) characterising the symbols, and finally to get (74) and (75). In the spe-
cific case of homogeneous Hamiltonians, the Bogoliubov transformation is independent of x,

.o N n A . n i1, £ il iHO,
i.e., U(x,p) = U(p)in (76), and we can use U(p)f (x, p)+U"(p) = U(p—5*)f (x, p) U (p+5*),
which explains (41) and analogues expressions.

3.4.1 Integrals of motion

In the inhomogeneous case we can immediately identify a class of commuting quadratic oper-
ators, namely, the LQCOs with eigenvalues of the form

q,(p) =Q.[&.(p)], (77)

where Q, is a generic x-function, i.e., a funcion in which multiplications are replaced by Moyal
star products. This class is not expect to be complete, especially if the dispersion relation has
particular symmetries. For example, if ¢, (p) = ¢,(—p), all the charges of the form (77) are
even; this contrasts with the homogeneous case where there are infinitely many odd charges
(under spatial reflections).
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3.5 More general invariant subspaces

We still assume k = 1 and consider time evolution under a locally quasi-conserved operator.
From (67) we can easily infer that there are also invariant subspaces with both root density
and complex field different from zero. Specifically, the states lying on surfaces of the form

P.(px(p), ¥, (p) » ¥, (p), ¥ (p) ¥, (p), &, (p)) = const, (78)

never leave the surfaces. For example, the following state belongs to the invariant subspace
on the surface p,(p) = %\le(p) *Wr(p):

v.(p) =a sin(l%) sin(%)
e Yo (Yo 2 i ot Yot (2]
px(p)—[&[cos(zh)sm(h sm( . )+sm o cos - cos( - ) .

Finally, we note that, if the Hamiltonian is homogeneous, the constant in (78) can be
replaced by any function of the momentum.

(79)

4 The two-temperature scenario revisited

In this section we reconsider the two-temperature scenario, which Ref. [61] studied extensively
in the transverse-field Ising chain. There, the initial state was the junction of two states pre-
pared at different temperatures in two semi-infinite open chains. Perhaps counterintuitively,
that is not an LQSS, and hence the corrections are not purely hydrodynamic. We would like
to choose a locally quasi-stationary initial state with a step root density; this would however
be inconsistent with our original hypothesis of smoothness of the symbol. Thus, we replace
the step function by a smooth function that is equivalent to a step function for 3 € %Z, with a
given convention on sgn(0) € {—1,0, 1}, as follows

1 1 b
1 1 14ePRED) — 1tePLe®d) . dq Zﬂ[ . q— 6}
= | —e s 0)— t
PxolP) = g o) 21h e e R e e BT
‘Ijx,O(p) =0.
The solution to the dynamics is given by (45)
() =L 11 1 1 y
PrP) =0 mh T+ ePre® * 2k | 1+ ePe®) 1+ ebretd)
T h h .
d e . e(p+Ea)-e(r-5q) —
limJ G4 2 it f [sgn(O)—icotu] (81)
e—=0 | _4r 2
\I/x,t(p) =0.

From this expression we can readily identify the entire correction to first-order GHD:

1 1 1
8po(0) + v(P)Bepr o(p) = m[l s eﬂRE(p)]x

" dg e GGt e(p 1) —e(p—2q)—22qv(p)
. 27h 2q

[q cot% + iqsgn(O)] , (82)

which generally approaches zero as t2ina rapidly oscillating way (for v(p) = ¥, it generally
does as t™1). We remind the reader that the expectation values of local observables have a
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further integral over the momentum (cf. (61)), therefore, due to the rapidly oscillating terms,
the corrections to the first-order result tend to decay to zero faster, generally as t .

For the sake of simplicity, we write down the symbol of the correlation matrix only for
reflection symmetric (¢(p) = €(—p)) generalised XY Hamiltonians with ¢(p) =0

f,E,ﬁf’ﬂR)(zp) = —tanh (ﬁLET(m)oyeie(p)az + [tanh (ﬂLZ(P)) —tanh (ﬂRET(m)]x

T . h h n n
d igx — & + = —&\p— = .e(p—aq)+9(p+aq) .
limf 4—qezg [Sgn(O)—icotq 216][cos(t (p+5a)—elp aq))ayelfg—
T
—T

e—0 h

Bq)—e(p—1 -ta)-6(p+la)
isin(tg(p+aq)h8(p g ))eiwa]. (83)

We point out that (83) is not always physical, as some eigenvalues of the corresponding cor-
relation matrix I' could be outside the physical interval [—1,1]. In that case, an LQSS with a
step root density does not exist, i.e., that state can not be prepared. In the marginal case the
correlation matrix has an eigenvalue exactly equal to 1, and the step profile is an eigenstate
of some charge.

4.1 Example (reduction to finite chains)

In this subsection we provide a numerical check of our prediction for the time evolution of
LQSSs. In order to obtain numerical data by standard means, we are forced to consider finite
chains, so we must adapt our description for systems with a finite number of spins. We propose
to embed a finite periodic fermionic chain into an infinite one. The first step is to impose

periodicity in space px+La,0(p) = px,O(p), \Ifx+La,0(p) = \Ifx,O(p)- For example, (80) could be
modified as follows:

1 1 1 1 . [ (4gx—a)(2n—1)w
o o(p) = Lohe® T Tl TrePre®  TioPie®) i Sm( Lo )
x,0 4mh 4mhL ~ sin(%) (84)
l:[J.X,O(p) =OJ

where the chain is split in 2g parts with alternate temperatures {f3;, Br,f;,.-.}; the parts
have the same length if L is divisible by 2g. This is not the end of the story: periodicity in
space is not sufficient to describe a finite periodic fermionic chain, indeed in that case the

.La
momentum is not a continuous variable as in (84) but it is quantised according to el =1.
This problem can be circumvented by observing that the Moyal star product (32) between
any translationally invariant, 27t-periodic function of % and the root density (84) produces

terms where the momentum is shifted by gZ—mET, with n odd; thus, if g is even, the Moyal star

product turns out to preserve the Ramond quantisation condition e =1.In conclusion, for
even g, time evolution in the finite fermionic chain with periodic boundary conditions can be
obtained from our results valid in the thermodynamic limit, provided to impose the Ramond
quantisation conditions and to replace integrals over momenta with sums. Specifically, the
time dependent root density reads

1 1

1+ePre®P) + 1+ePLep)
Pxe(P) = pryr -
gt o) )
]+e;R5(P) - ]+e;L5(P) 2La L
4rmhL Z (85)

o sin ( (ZHZ—LI)TE )
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Figure 1: The profile of the local magnetisation sj(t) in a chain with L = 128
spins with periodic boundary conditions on the Jordan-Wigner fermions. The system
is prepared in the 4-partite LQSS at temperatures {f;, Bz, B, Br}, with p, = J~*
and g = 277! (g = 2 in (87)). Time evolution is generated by the Hamiltonian
H=J th 1[8 L, 1 ga 10— %a?] (with periodic boundary conditions on the
J-W fermions).

For the sake of example, we report the expression for the magnetisation profile

. L
50 = 3090 = o= 2 [

n=1

] s (86)
which can be written as follows

1 smh(ﬂL B k) sinh(ﬁL;ﬁRek)
{cosh

1 1
)= 4L kzef:{ (_ek)cosh(ﬁ_Lfk) T COSh(_sk)COSh(%Ek) =
Os(an_1y 7 +0

sin gt~ )3 o -0

sin (%577

k—(2n—1) &7 :|

, (87)

cos [(5k+(2n—1)% — €—(2n-1)&F )t] }

where 6, = 0(k/a), &, = i 'e(fk/a), and R is the set of all the independent solutions k to
ellk = 1. We warn the reader that, in order to use (87), the Bogoliubov angle must be (defined
as) a smooth odd function of k.

We have checked that, for even g, (87) is exactly equal to the local magnetisation in the
state obtained by time evolving the initial correlation matrix, which has the symbol

A . 1 . . 1
Fx,O(elk) :_56—19(19)0' O-yl:tanh(ﬁRz k)-l—t h(%)]—a[tanh(ﬁ};&‘k)_tanh(/jLZEk)]x
L o ps 18C@=Dm o fig2n—D)n sin (4gx—a)(2n—1)7
1 Ze—i (p La )2 (p La )O.zo_y ( 2La ) (eiLk _ 1) ‘ (88)
L - ((2n—1)x
n=1 sm(T)

Figure 1 shows sj(t) when the system is prepared in a 4-partite LQSS*.

*The numerical data have been obtained by evaluating (87), which is more efficient than explicitly time evolving
the initial correlation matrix.
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Figure 2: The error made in the calculation of s* when using generalised hydrody-
namics at the first (left panel) and at the third (right panel) order for the dynamics
of fig. 1.

We conclude with a curiosity, readily recognisable by inspecting (87): despite the total spin
in the z direction not being generally conserved, its expectation value S* = ), s, is stationary.
This phenomenon does not actually depend on the observable, but it is a consequence of the
state being locally quasi-stationary.

Asymptotic expansion. It can be instructive to carry out the asymptotic expansion of (85),
which will give the solution to the generalised hydrodynamic equation at a given order in the
inhomogeneity (cf. (44)). We will assume L divisible by 2. Using the parity of the function in
the sum, we can rewrite (85) as follows:

1 + 1
1+ePre(P) 1+efLe(P)

Px,(p) = ryrs
) _ _ e p+h(2n—i)gn e p_h(Zn—i)gﬂ
L . L Sm((4gx ;)L(in 1)ﬂ_t ( —Ia )h( ~Ta )
1+ePre(P) 1+ePLep) Z
- (89)
2mhL P sin (%)
First-order hydrodynamics predicts pgg(p) = Px—v(p)t,0(P), that is to say
1 1
p(l)(p) _ 1+ePre(P) + 1+ePre) _
ot 4rh
1 1 Lo, (4gx—a)(2n—1)m 2g(2n—1)mv(p)
1+ePrRE® ~ 14ePLE®) 22: Sll‘l( 2La —t La ) (90)
2mhL o Sin((2n2—L1)rr)
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The solution to third-order hydrodynamics is p,” B(p) = f —__dyAi( y)px V@)L YRR, 0(p)

which results in

1 + 1
3) __ 1+ePre(P) 1+efLe(P)
t( ) - -

4mh
1 1 L Sin((4gx—a)(2n—1)ﬂ: £ 28@n—Dmv(p) _ 3(2n 1)2n3h2y ”(p))
1+ePRE®)  1+ePLED) Z 2La La 3L3a3 ©1)
2mhL o sin ( (ZHEi)gn )

An attentive reader might have noted that the expansion in the strength of the inhomogeneity
is an expansion about p of the argument of the dispersion relations that are multiplied by the
time in (89). Appendix B shows that this is indeed general. We can then use this prescription
in (87) (with the sum restricted to {1, ..., %} and multiplied by 2, as in (89)) and check the
goodness of higher-order hydrodynamics. Fig. 2 shows that the error of the approximation
decreases as the order of GHD is increased. In addition, while the light-cones are clearly
visible in the left panel, they are imperceptible in the right panel, showing that third-order
hydrodynamics describes the behaviour around the light cones, as conjectured in Ref. [84].

5 Continuum scaling limit

So far we have considered a spin-chain system at fixed lattice spacing a, providing also pertur-
bative expansions valid when the typical length of the inhomogeneity is much larger than a. In
this section we adopt the alternative point of view of keeping the typical length of the inhomo-
geneity fixed while taking the limit a — 0. The coupling constants can then be chosen to scale
with a in such a way to allow for a quantum field theory description of the low-energy degrees
of freedom. This is a standard problem, but since our representation in terms of symbols could
be unfamiliar to the reader, we describe the procedure in detail.

A preliminary step is to rescale the Majorana operators. We define the continuum Majorana
fields as ¢;(x) = lim,_,g;(x; a), where

=L SIS il = 25,56-2), 62

‘/E Lez a

and we used the sinc interpolation to extend the definition of the operators to R; in this way
the operators are entire functions of the position even when a is finite (but they satisfy a more

Py (x; a)] The

complicated algebra). In the following we use the vector notation 1/3 (x;a)= [ (i) |
2(x;

Hamiltonian can be written as

d 21(x ) ia
J 3 g (2 ey (P23 0). 93)
X yGIZ I n

wa~2

By expanding the Majorana fields around x + y, repeated integrations by parts result in

d Zl(x— ) N ia -
BT G E T e b sy (W 4 50|
J_/ _hn 27'577 y”—;/—;

) (94)
We choose the coupling constants in such a way that, in the limit a — 0, the symbol of the
Hamiltonian approaches infinity for all momenta but a finite number of them. We then ex-
pand the symbol around such points. Physically, the infinities correspond to infinite excitation
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energies, and the momenta at which the symbol is not divergent describe the lowest (finite) ex-
citations. By definition, the symbol is a 27-periodic function of %, therefore the expansion in
the momentum is also an expansion in the lattice spacing a. The divergency of some coupling
constants will compensate the presence of powers of a in the terms of the expansion. Since
generally we consider Hamiltonians with a finite number of coupling constants, only a finite
number of the terms of the expansion will remain nonzero in the limit a — 0. In other words,
in the scaling limit the symbol becomes a polynomial in the momentum. This is sufficient for
the QFT Hamiltonian to be local (in (94), each power of p becomes a derivative with respect
to (x —y)).

As a prototypical example, we consider the quantum XY model, whose Hamiltonian’s sym-
bol is given by

b (e™M) = 2J, (a)(h,(a) — cos(ep/n)) o — 2J,(a)y(a) sin(ep/n)o™ . (95)

Let us determine in which scaling limits the symbol remains finite for ap ~ 0. We have

_ 2.2
(e 2Jx(a)(hx(a) “1+ T+ o(a4p4/ﬁ4))a«v — 27, (1@ L +0(s) o
(96)
Essentially, there are three options for simplifying the divergencies:
[ YXmXCXa
ho(a) w1 ——=———
27, (@) (a) ~ —T1 > mc2o? +pc,o*  (97a)
a
Tx(a) =7y
[ m,c2u, a2
he(a)~1— #
J.(a) ~— e (mxc,zc - P )Uy —pc,o*  (97b)
* 20, 0 2y
UyCy @t
Tx(0) & ———
c
ZJX(Q)Yx(a) =h—=
a y N he+1 y .
2, (@A ()= =mec2  (Mee0” —pot)@c| L= myec 07 +pot |, (970)
X
L hy(a) =h,

where, on the right hand side, we showed the corresponding QFT symbols. Case (97a) is the
Ising QFT (see, e.g., [101]); case (97b) describes the multicritical point y = 0, h = 1; case (97¢)
describes the limit of infinite anisotropy. In case (97c), the symbol is the direct sum of two
terms because, in the scaling limit, there is also another momentum at which the symbol is
finite, namely, % = 1; the last term describes that contribution (with the momentum shifted
by 7). We note that, in (97c), in order to write the corresponding Hamiltonian, one should
redefine the Majorana field in such a way to distinguish even and odd sites.
In the following, we will restrict to case (97a) with homogeneous couplings, namely

a—0

limH = %f dx 1,25(3() -[mc20” + icaxcrx]d;(x). (98)

—00

Time evolution from a locally quasi-stationary state is then described by the Moyal equation
i10,5,0(p) = €¥T (D) * Py e (P) — P, e () x €T (), (99)
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with e¥T = ¢4/m2c2 + p2. We aim at comparing this result with the continuum limit of the
lattice time evolution. We assume the initial state to be an LQSS. The lattice dynamics are
solved by (45); there, the Hamiltonian enters through the quantity

wlat(p,q;a)=6(p+g)—S(p—g) pe(—z E), qE€R, (100)
2 2 a a

where we highlighted the dependence on the lattice spacing. The QFT is the result of the
expansion about the zeros of the dispersion relation, but (100) has additional zeros. In our
specific case, we can immediately identify £q = 0, £q = 27, and zp = 7, but there can also be
further zeros. For example, for y > +/2 there are closed curves centred at (3P, 7q) = (m,0) and
(P, 79) = (0,2m) with w!®(p, q; a) = 0. For the sake of simplicity we assume y = 1 (quantum
Ising model), for which we find (if not stated otherwise, ;—% € (—mn, ) and % € (—m,m))

lim ™ (p,q; a) =
a—0

—cq sgn(p) cos 55 F~0 Fx0,m
—2cp sgn(q) cos 7+ fr~0 Fxon
c(q—znh)smzﬁ FaT Fr0,n 5e(0,2n)
ap o, . 99 ap
{ 2c(p—7)smﬁ T AT F0,n + €(0,2m) (101)

cv/m2c2+ (p—1/2)2 —cy/m2c2+(p+9/2)2 F, 7 ~0
cv/m2c2+(p—a/2)2—cy/m2c2+(p+9/2)>2 F~n F~n EHe(0,2n)
0 fr~0 Frn Fe(0,2n)
0 Fan F~0  Fe(0,2n).

So far we have only considered the limit a — 0 in the terms dependent on the Hamiltonian. It
is however clear that, if we aim at capturing the continuum scaling limit by the QFT describ-
ing the low-energy physics, also the initial state should be described by the QFT. Specifically,
excitations that, in the limit a — 0, have infinite energy, should not be present in the state,
that is to say

. a
limpyo(p)=0 L 0. (102)
a—0 h

In addition, every nontrivial root density in the lattice for which Jlim,_,; . p,(p) = p+(p)
will approach a step function in the limit a — O; let us then assume straight away that p,. o(t)
is like in (80). This allows us to simplify the lattice solution in the limit a — 0

én \/m2c2+(p7q)271/m202+(p+q)2
[

1 1 1 a dq e h —lCt
puslp) ~ p-(0) + [p. ()~ p_(p)] L i i | * 2 — +
dk ikx .. 2CPS: n(k)cosk k_ 7
AR 2 pie = [sgn(0) —i cot le]] =
4r 2
n>|q|>€é
(o) dq iqx —lCt 1/”"252+(P—Q)2;\/m2CZ+(P+q)Z
+ 99 , (103
p-(P)+[p+(P)—p-(p)]li J i qte (103)

valid for % ~ 0, otherwise p, .(p) = 0. As expected, the final result is the time evolution in
the QFT, which follows equation (99).

Importantly, in order to recover the QFT result, we had to assume the initial state to be
describable by the QFT. In other words, as testified by (101), in the continuum scaling limit
time evolution is not sufficient to extinguish highly energetic degrees of freedom (i.e., in the
quantum Ising model, excitations with % 20).
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6 Conclusion

In this paper we have studied the fundamentals of generalised hydrodynamics in noninteract-
ing spin chains. GHD was originally developed in a perturbative framework, as the asymptotic
solution of time evolution in the limit of large time [35,36] or low inhomogeneity [56,57] in in-
tegrable systems. Ref. [69] made a first attempt to lift the theory into a non-perturbative level
by conjecturing the existence of so-called “locally quasi-stationary states”, which are states
completely characterised by a local version of the root densities of the thermodynamic Bethe
Ansatz [87]. This suggestion was however not exploited, and the main efforts were rather
put in determining the next orders of perturbation theory. There have been indeed proposals
to go beyond generalised hydrodynamics, even in the presence of interactions [79,83]. The
uncertainty of what should be captured by generalised hydrodynamics has however made it
problematic even the determination of the next orders of perturbation theory in noninteracting
spin chains without U(1) symmetry [84].

In order to resolve this issue in noninteracting spin chains, we have adopted here the al-
ternative perspective of identifying the invariant subspace made of the locally quasi-stationary
states. In one-site shift invariant models with U(1) symmetry, like the XX model, this is a
straightforward, intuitive step; this paper provides a solution in the more complicated sit-
uation when the number of Jordan-Wigner fermions is not conserved. Once the subspace of
locally quasi-stationary states is identified, GHD becomes the theory describing time evolution ex-
actly, indeed the time evolving state is completely determined by the continuity equations satisfied
by the charges. This observation has allowed for a non-perturbative derivation of generalised
hydrodynamics (cf. Section 3.2.3).

We would like to emphasise that, even if first-order GHD becomes exact only at the Euler
scale, the theory does not assume the absence of correlations. Generalised hydrodynamics is
a mapping of the initial state into the state at nonzero time; if there are quantum correlations
in the initial state, they will be “transported” by GHD. At the first order, the mapping does
not introduce new quantum correlations, but the state will still be quantum correlated, even
at a finite time. Ref. [74] provides an explicit example of this phenomenon, as it proposes a
framework to compute quantum correlations within first-order GHD.

We have also found other invariant subspaces that “cut” the Hilbert space in a different way
- Section 3.5. While the existence of so many invariant subspaces could seem extraordinary,
Ref. [102] has actually shown that time evolution occurs in a tiny part of the Hilbert space
even in generic systems; we then wonder whether approximately invariant subspaces could
be defined also in non-integrable models.

Interacting integrable systems. Our findings are restricted to noninteracting spin chains,
but we think that a similar change of perspective could be useful also in the presence of in-
teractions. Specifically, our calculations are based on the possibility to define a complete set o
quasi-local charge densities in such a way to make all their currents conserved. Such charge
densities are then the building blocks for the invariant subspace of locally quasi-stationary
states. This very preliminary step is already questionable in interacting integrable systems. For
example, in the gapped XXZ spin-% chain, there is evidence that there is a single (quasi-)local
charge that is odd under spin flip: the total spin in the direction of the anisotropy. This is
enough to exclude the existence of a subspace consisting of LQSSs with a nontrivial profile
of the sign of the magnetisation. The results of Ref. [54] go in this direction, indeed the au-
thors had to introduce an auxiliary parameter to describe the time evolution of states without
a fixed sign of the local magnetisation. Nevertheless, we do not exclude, and, in fact, we
believe, that even in the gapped XXZ model there are two main invariant subspaces consist-
ing of LQSSs with a fixed sign of the local magnetisation. Such invariant subspaces could be
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investigated within Bethe anstaz, quite independently of the knowledge of the equations of
motion describing time evolution within the subspaces, which is instead the program of GHD.
As a matter of fact, candidates for LQSSs in interacting integrable systems already exist: for
example, they could be stationary states of inhomogeneous integrable models (obtained by
introducing inhomogeneities in the spectral parameters of the R-matrix - see, e.g., Ref. [103]).
In addition, it is worth observing that, assuming all the quantities used to describe the sys-
tem to be defined in the appropriate way, all the equations that we obtained could have been
guessed by recognising that products in the homogenous case become Moyal star products in
the inhomogeneous one. This simple rule could be specific to noninteracting systems, but it is
still reasonable to expect that also in interacting integrable models the TBA equations should
be modified in some analogous way. More specifically, in the light of our identification of the
root density with a Wigner function, the generalisation to the interacting case can be seen as
the conception of a phase-space representation of the Bethe Ansatz structure.

Finally, we have observed that the subspace of LQSSs is not only invariant under the effect
of a homogeneous Hamiltonian, but also if the Hamiltonian is replaced by a locally quasi-
conserved operator (cf. (67)): the algebra of the locally quasi-conserved operators is closed.
We wonder whether this property holds true also in the presence of interactions.
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A Non-equilibrium dynamics in inhomogeneous systems

In order to ease the notations, in this appendix the lattice spacing a and the reduced Planck
constant A are set to unity.

In noninteracting models, the correlation matrix (19) satisfies a reduced version of the von
Neumann equation (cf. (30))

3,T(t) +i[H,T(t)]_ =0, (104)

where H was defined in (13). In homogeneous systems, this can be reduced further to an
analogous equation satisfied by the symbols ['(e’*) and h(e'*) (the homogeneous version of
(14) and (20))

3,1 (z)) +i[h(z), T1(z,)]_=0. (105)

This equation is extremely powerful: the time evolution of a quantum many-body system is
recast into the time evolution of a (2k)-by-(2x) matrix, which depends on a parameter, the
momentum p, playing the mere role of a spectator.

In this section, we show how to generalise this result to inhomogeneous systems. To that
aim, we parametrise the correlation matrix and the Hamiltonian as follows

rin(e) = [rggf)]. Hin = [Hg’j)] . (106)
ij 2

zo ij
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By writing the indices explicitly, (104) reads as

(2r) @r+)p(=1) @r+i)q,=1) _
atrx t ti Z,Hx+l x+r+ ,t 1—‘x+%,t Hx+r+% =0 X+trez. (107)

JEZ

This can be rewritten as follows
"d
J _pe—21rpatf'£’};}’5(zp)+
—7

2T
dpdq _ h h
S| v i -
JEZ -7

dpdq e~ i(2r+)p pijgfphys 7 phys _
Jezﬂ_n Crpt O g B =0 009

where the physical symbols are defined as
= T e DA o
jex+z jEX+Z

We note that we can replace the physical symbols by the corresponding symbols (16) extended
to x € R. Since the first line of (108) is trivial and the third line is analogous to the second
one, we focus on the second line. We have

J dpdq —l(2r+))pequhPhYS(z ) PhYS (z )_
&) ) .2 !

dpdq o~ 2i(r+)p 21 jq P
eI . (2 Z2, )+
JEZJ . (27‘[)2 ( ) x+r+j, t( q)
j

dpdq  _oigr4jyp 2ijq itp—q)i— .
ff e 21(r+1)p 52ijq ,i(p q)hxiﬂ(zp)rx 2 t(zq), (110)
jez J J—n 2 2

(27‘5)2 +r+

where we split the sum in two parts and defined p = (—1)?*. We can get rid of the index j in
the subscripts by means of identities like

5 _ ag
hi, (z,) = /% (z,), (111)

x+j

which are exact if the extensions are entire functions of x, which we are assuming. We can
therefore rewrite the expression as follows

dpdq _piriivy oii
(110)=i2” EPCA -2l +)p2iia e 2 o(r+1)3y 2 (5 )1"+t(zq)‘ +
jezJ J-n y=x

dpdq —21(r+])p621]qel(p q)e 5 ac? (r+ > ) h—p(z )f—-— (Z )‘ . (112)
JEZ n (271.)2 X P/ y, e\ q y=x

By repeated integrations by parts, the coefficients of the space derivatives can be rewritten as
derivatives with respect to the momentum

. dpdq _2'( P .20 - 9q0x—pOy A A
(110) ZIZJJ (27[)2 et et T hi(zp)r;r(zq) +
-7

jez y=x

JJ dpdq e 2ir+)p 021jq ,i(p—q) o i h Pz ) " (29) . (113)
<)), (2m)2 p .
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The sum over j forces q to be either equal to p or to p + 7; using the transformation properties
of the symbols under a shift of the momentum by 7, (15), we then find

_+
:P

q
y=x

. i dp —2irp iaqax_apa)”p Mt
(110)=IZZ gt e TR
JE€ -

o (T dp gy i,
i E ﬂe e'’” 2z h (zp)l“y,t(zq) - (114
—r y

jez =

%

Putting all the pieces together we get (cf. (108))

9q0x—3p 2y

o1t () +ie'™ 2 (ﬁg(zp)f;t(zq)+ﬁ;v(zp)fyjt(zq)—

>

23 o) ~ B2 iy ) )|, =0 b= (1P 1)

=
y=x
This equation describes only the time evolution of the physical part of the correlation matrix.
Indeed, strictly speaking, it holds only at the values of x such that p = (—1)?*. We fix the time
evolution of the unphysical part by asking for this equation to hold at any position. Since,
in this way, x and p become independent, we can sum the two equations corresponding to
p = %1, obtaining

8q0x—

A L 99 N A A
8t‘l—‘x,t(zp) + lel 2 (hx(zp)ry,t(zq) - rx,t(zp)hy(zq))

., =0. (116)

y=x

This is the most important result of this section, being the generalization of (105) to the inho-
mogeneous case. It’s a Wigner description of the dynamics, and is valid also in noninteracting
systems without a U(1) symmetry (we remind the reader that the standard setting where the
so-called Wigner function comes into play is the time evolution of a noninteracting state with
a fixed number of particles). The symbol of the correlation matrix could be interpreted as
a Wigner function with an internal degree of freedom, but we prefer to identify the Wigner
function(s) with the localized version of the root density(ies), as will be discussed in the next
section.

B Weak inhomogeneous limit: an asymptotic expansion

In order to ease the notations, in this appendix the lattice spacing a and the reduced Planck
constant 71 are set to unity.

If time evolution is generated by a time independent noninteracting Hamiltonian, (116) is
solved by (36), which, in an XY-like model with ¢(p) = 0, can be written as

; dydq _ifay—x)re[se(s prs'$)—se(sp—sd
Fx’t(zp): Z JJ ?e i{q(y—x)+t[s'e(s'p+s' % )—se(sp sz)]}x

s,s/=%1
1+5'07eif(pr3)o 1+s07eif(p—2)7

5 £ 0(z,) 5 . (117)

In this appendix we work out an asymptotic expansion of this equation in the limit of low
inhomogeneity. Let £ be the typical length scale of the inhomogeneity in the initial state. We
consider the class of initial states described by an analogous symbol with a different typical
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length scale y &. Their symbols time evolve as follows

xxlt(zp)_x Z Jf dydq —lx{q(y —x)+t[s’ e(s p+s' )—se(sp—s%)]}x

s,s’+1

1+5'07eif(p+3)d 1+soVeif(r—3)d
2 y,O( P 2 5

(118)

where we rescaled the integration variable y, the distance x, and the time t. Introducing the
integration variable

s'e(s'p+s'L)—se(sp—s1)—s'e(s'p) +se(sp) — q_"(s p)+v(sp)
¢S,S’(.yaq)=X .y_x+t ( 2 ( 2) p ( ) , (119)

the integral reads as

1+5'0Yel0(p+3)@
dq

sl ] (Z ) _ Z e—ixt(s’s(s'p)+ss(—sp)) %
xx,xt\ep’/ —
s,s’ 2
do _isgs 1+s07el0(p—2)a
_r q
f 2T e Fx+%_ts’s(s’pﬂ’%)fss(sp;s%)7s’s(s’p)+ss(sp) ’O(Zp) 2 . (120)

We are interested in the asymptotic expansion in the limit of large y. Asymptotically we have

) /Ly ié(p+%)v6
L] ~ —iyt(s’e(s'p)—se(sp)) 1+sa’e
oyt (Zp) ;e ») qu 2 8

do — Z 1+s507e0(p—2)5
q
f X npl x x_ts’s(s’p+s’q/2)—se(sp—s%)—s’e(s’p)+ss(sp) O(Zp) 2 . (121)
q B

Powers of ¢ can be seen as derivatives with respect to —iq of e /%9, so repeating integration
by parts gives

~ E )" § : 450V elf(pt3)d

A — ey 1 y (p g

Iy e (2p) ( nl') oitls'e(s p)—ss(Sp)]aqn{ s'o’e y
n=0 °

s,8'==%1 2

A 1 +soyei§(p_% g
axnr s'e(s'p+s'%) ”(SP 3 )'e(s! p)+5€(sp) (ZP) 2 - (122)
x—t 4=0

Here we rescaled position and time back to origin, so that y has disappeared from the equation.
We stress however that the n-th term of the sum is suppressed by a factor y with respect to
the (n — 1)-th term under a rescaling of space and time by y; the truncation of the series at
n = N approximates the correlation matrix up to O(l /xN +1) corrections.

We identify two different contributions:

s’ =s: time evolution causes only the mixing of information from different parts of the chain;
we will refer to this as the hydrodynamic part of time evolution;

s’ #s: time evolution is characterised by rapidly oscillatory terms; we will refer to this as the
purely quantum part of time evolution.

Definition. A locally quasi-stationary state is a state with a null purely quantum part.
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Definition. An off-diagonal state is a state with a null hydrodynamic part.

Since in this appendix we only aim at a perturbative solution to the dynamics, we consider the
following expansion:

o0
f @)= 81V)). (123)
j=0

Imposing (122) order by order gives the infinite system of equations

m -\ / i6 +2).6.
A . — L r s / 1 + y (p 1
F}E’)’g)(elp) 2 : ( l') E e—lt[s e(s'p)—se(sp)] aqn{ s'o’e y
n=0 : 2

s,s/=%1
-4 _2 iy
f(m=n) (eip)l —}—50‘3’319(17 2)@ (124)
s’s(s’p+s’%)—se(sp—s%)—s’s(s’p)+ss(sp) 2 :
x—t 7 ,0 q=0

B.1 Locally quasi-stationary states

A locally quasi-stationary state is completely characterised by the equations

X

i (=)™ 8”{ 1—soVelf(p+1)d

n 4 2

n (e  1+sg7eif(p-3)0
(m—n) p so- ¢ =0 s=41. (125
q=0

ot s(—sp)+s(sp)—e(—;p—s 1) (sp—s 1

By truncating the number of equations to m = N, the error is O(l /xN +1). A single func-
tion p,(p), which we identify with the root density, completely characterises a locally quasi-
stationary state; the first terms of the expansion of its symbol are the following

1+s07el0(P)0”

POy = Z[wx(sp) — 1y

fﬂil)(eip) =—n6'(p)o* Zspx(Sp)
S

o 00
L) = ma e 3 . (sp)
S

" ’ (126)
. 0 (p)+26 (p)®
() = o EE2E0) oo S0 (op)
S
: 0" (P) + i6(p0*
@ aipy— 7 P _x iop)
L) = —n— e pr(sp)
. 166’(p)° +200"(p)20" (p) + 6"

1920

We have defined p,(p) in such a way that, at the leading order, it corresponds to the spuriously
local root density pfcake(p) as defined in (21).
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Time evolution. The symbol of a locally quasi-stationary state time evolves as follows:

m . é +ﬂ).a’-
o ; (=" 1+s07eif(p+s
LN = S 2 ~
n=0

nl — 2

. 1 4s507ei0(-1)d
gmpm=—n) (elP)= 1297 ¢ .27
q=0

X x_ste(sp+s%);£(sp—s%),o 2

where vaE:lt)(eip ) are written as in (126). Up to O(l / xs) corrections, the root density time
evolves as follows:

L p)as 4 b
1020° P/% T 1153

36"(p)°
(px—v(p)t,O(p) + 48

30" (p)>—46'(p)8" (p) — 26 (p)*

t
Pt (P) ~ (1 + 2—41/”(10)5&3 -
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axsz—v(p)t,O(_p)'i'

a)?px—v(p)t,O(_p))' (128)

768
This means
" iv 7 2
Vz(f) aj B v19(2%) ax5 + tVS%) 8x6
(G +v(P)oIpui(P)= — = (P~
1+ 52v"(P)37 — 1555v" (P)O2 + 1153V (P)? 9§
V”(p) 3 Viv(p) 5
4 9 Pxt(P)— 1920 3.px,c(p). (129)
B.2 Off-diagonal states
An off-diagonal state is completely characterised by the equations
g p y y q
m  -\n y i§(p+g)-6
Z( l|) Zaqn{1+sae 27
n=0 n s=%1 2
R _ . 1 y ié(p—% -G
f(m=m) (eP) 15T € —0. (130)
s(sp+sg)—s(sp—sg) 2
x—se REF2IAFTR) 4=0
By truncating the number of equations to m = N, the error is O(l /xN +1). A single odd complex

field W, (p) completely characterises an off-diagonal state; the first terms of the expansion of
its symbol are the following

o +io¥el?o” +h.c.]
2
T (p) = —r0'(p)I[ ¥, (p) + ¥} (p)]

6" (p)

r(p) = 4ﬂ[\11x(p)

IO(p) = 1= P20 e O i [0 (p) - 0, (p)]

10p) = @2 g )4 ) e
r¥(p) = —n%ayeie(")"zi[\lf;(p) — ¥, (p)]

MO (p) = —n 166'(p)° + 2091'22)29”’(1)) + 9V(p)1[% (0)+ ()]

We have defined ¥, (p) in such a way that, at the leading order, it corresponds to the bare field
\Ilfare(p) as defined in (21).
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Time evolution. The symbol of an off-diagonal state time evolves as follows:

I er)= E _' " E — — i6(p+1)-5

A . . 1 y ( 2)

JE,L-)( ll) ( l|) elStE( sp)+e(sp)] aqn{ soYetv\P y
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(e - 1+s0Yeif(p-3)7
F(m Tl) . . (elp) ) (132)
. s(fsp)ﬂ(SP)*s(*qu’si)78(51)755) 0 2 q=0

where f‘glt)(eip ) are written as in (131).
Up to O(l/ 3 3) corrections, the complex field time evolves as follows:

Uy (p) = e‘“[g(f’)“(‘f’”(l 1Y@ +Vp)] 92+ t["//(P):SV“(—p)] 33—
tz[V/(P) + V/(—p)]2 Ql(p)z .
5 O N Y pgion o(P) = =W iy (P |- (133)

By taking the derivative with respect to the time we obtain

(at 4 w 3x)[e“[s(p)”(‘p”\l'x,t(p)] _
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128
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24 2
and hence
. e(p) + e(— v(p)+v(— 1v(p)+v'(—
2 (p) =2 DRy () MRIEN R g gy TR g, (),

24 5 22w, (p)+0(£7%). (135)
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