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Abstract

Quantum emitters, particularly atomic arrays with subwavelength lattice constant, have

been proposed to be an ideal platform for studying the interplay between photons and
electric dipoles. In this work, motivated by the recent experiment [1], we develop a
microscopic quantum treatment using annihilation and creation operator of atoms in
deep optical lattices. Using a diagrammatic approach on the Keldysh contour, we derive
the cooperative scattering of the light and obtain the general formula for the S matrix. We
apply our method to study the trapping effect, which is beyond previous treatment with
spin operators. If the optical lattices are formed by light fields with magical wavelength,
the result matches previous results using spin operators. When there is a mismatch
between the trapping potentials for atoms in the ground state and the excited state,
atomic mirrors become imperfect, with multiple resonances in the optical response. We
further study the effect of recoil for large but finite trapping frequency. Our results are
consistent with existing experiments.
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1 Introduction

The ability to coherently storing photons and controlling their interaction with quantum mat-
ters is of vital importance for quantum science. Although single atoms and photons usually
interact less efficiently, ensembles of atoms can show a cooperative response of photons. As an
example, superradiance can be realized when the radiations between atoms interfere construc-
tively [2-8]. Recently, atomic arrays with subwavelength lattice structures are found to be an
ideal platform where electric dipole-dipole interactions between atoms are mediated by pho-
tons [9-18]. The analysis shows the atomic arrays exhibit subradiance and are nearly perfect
mirrors for a wide range of incident angles [16], as observed in recent experiments [1]. Later,
there are many theoretical studies on the fruitful physics in atomic arrays [19-26,26-41]. For
example, there are proposals for realizing non-trivial topology in atomic arrays [19-21], con-
trolling atom-photon interaction using atomic arrays [22-26], and efforts in understanding
their subradiant behaviors and ability of photon storage [26-32].

In most of these works, atoms are treated as point-like with no motional degree of freedom.
The evolution of the system is described by using non-Hermitian Hamiltonian or Lindblad
master equation [16, 17], with spin degree of freedom o = |r,, g)(rm,e;|. Here [r,,g) is
the s-wave ground state for the atom at position r,,. |r,,,e;) is the p-wave excited labeled
by the dipole moment d = d e; of the corresponding transition g — e;. However, in real
experiments, the system consists of atoms moving in optical lattices. For deep optical lattices,
although atoms are trapped near the potential minimum, the wave function for the motional
degree of freedom may still play a role. Moreover, the consequence of fractional filling has
been studied in the experiment. It is difficult to analyze the absence of an atom in the spin-
operator language, and consequently, theoretical predictions for the fractional filling case are
still absent.

In this work, we overcome this difficulty by using a microscopic model for the coupled
system consisting of atoms in deep optical lattices and photons. After making plausible as-
sumptions, we derive the cooperative response of the system using a diagrammatic approach
on the Keldysh contour. By summing up bubble diagrams with dressed Green’s function, we
obtain neat results for the transmission coefficient and the reflection coefficient, with the con-
tribution from the motional wave function. Our result matches the previous analysis for unit
filling when the potential of the excited state atoms are the same as that of the ground state.
We study the effect of the discrepancy of optical lattices for the ground state and excited state
atoms, where the transition of the internal state can be accompanied by transitions in the
motional degree of freedom. In particular, we find that multiple resonances can exist in the
response function. The cooperative linewidth is linear in n, consistent with the experimental
observation and previous theoretical predictions [38]. We further study the effect of recoil for
large but finite trapping frequency.
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Figure 1: Schematics of the model considered in this work: the atomic array in the
optical lattices at fractional filling.

2 Diagrammatic Approach to Quantum Atomic Arrays

2.1 Model

We consider coupled systems with atoms and photons. Th Hamiltonian reads
H = Hgy + Hy + Hyy,. (D

Here the first term is the Hamiltonian of the electromagnetic field
Hiyg = J dr (%E(r)z + %H(r)z). 2)

The second term describes the motion of atoms in optical lattices
V2 s %
Hy = J dr 3y () (wo -t vei(r)) o )+ f dr ] (r) (—7 + vg(r)) Y@ (3

Vy /e, (1) describes the optical lattice potential for ground/excited-state atoms. We have set
fi=1and m = 1. We assume each site is occupied by at most one atom, which corresponds
to choosing fermionic commutation relation {wer(r),l/J p(1)} = 6,,6(r —1r'). The last term
describes the interaction between atoms

Hi = —f dr Z (Pl.+(r) + Pl._(r)) e; - E(r). 4

Here e; is the unit polarization vector along the i direction and
PH(x) =d Y] (),(r) = P (x)". (5)

The full Hamiltonian (1) describes general model with interaction between atoms and light to
the order of electric dipole transition. For atomic arrays, the ground state particle is always
tightly trapped near the local minimum of optical lattices, with a spread of wave function
o < agy, where qg is the lattice constant [1]. Assuming the excited state is also deeply trapped,
we expand

Y1)~ D o=t )Yer,), Yo (r) ~ w0l (r—r )Yl (r,). ©)

3
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Here ¢, (r)/ Lpl{, (1) is the motional wave function for ground/excited-state atoms near the lo-
cal minimum r,, = 0 with the energy ¢,/ 81{, .+ We neglect the tunneling between different sites,
which is suppressed expoenentially and as a result the local motional wave function coninci-
dent with the Wannier function. We have r,, = ay(n,e; + nye,), where we use a single index
n to represent (ny,n,) for conciseness. The commutation relation for w%(rn) now becomes
{tpf]""(rm),z,bg(l‘n)} = 8,040 mn- Using (6), the Hamiltonian H, and Hj,, can be simplified.
We have

Hy=) . [Z ] UL (1) + ST (x,) | %)
and (4) becomes
Hpe == (p}(ts) & E(r,) + H.C.), )
with
pi(ry)=d ZJ dr ] (1) 0y (1) Y& (1, 92 (x,). ©)
ab

Equation (2), (7) and (8) describe the dynamics of the atomic array. Initially, we prepare all
atoms in the s-wave internal ground state |g) with motional ground state ¢ (r). The number
of atoms in the excited states are suppressed due to the violation of energy conservation.
We further add an external probe light, at fixed frequency w, which is near-resonant with
5 = w—wy < w,wy . The electric field reads Ey(r) = Eqe'®T with c|k| = . We take ¢ = 1
from now on for conciseness. This probe corresponds to the incident light in the scattering
experiment. Its coupling to atoms reads

6H = _Z (p?—(rn)e_iwtei : E()(l'n) + H.C.) . (10)

We assume the field strength E, is weak and the response can be analyzed using the linear
response theory. The total electric field including the incident light and the scattered light
then reads

Eior(w, 1) = Ey(r) + (E(w, 1)) . 1D

Far from the atomic array, when only a single diffraction order exists, we expect
Ero(, 1) = (1% + S(e, Ky e 1) - Ege, (12)

and S(w, k) is the corresponding S matrix.

2.2 Diagrammatic Expansion

The contribution to the scattered light (E(w,r)) can be efficiently organized using the path-
integral formulism. In particular, we work on the Keldysh contour [42], which contains a
forwardly evolving branch and a backwardly evolving branch, corresponding to e/t and e’
in the Heisenberg evolution. It is one of standard techniques for analyzing quantum many-
body dynamics and systems with disorders.

1As a result, we will not distinguish w and w, unless they combine into &.

4
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The expectation of fluctuation field becomes non-zero due to the coupling to atoms. Dia-
grammatically, we have

E(w,1) p (w,r1y)
(E(w, 1‘)) = NN N

o . o (13)
= ZGR(w,r r,) (p (co,rn)>.

Here we use the wavy line to represent the propagation of photons. GE is the retarded Green’s
function matrix of E in free space defined as

Gr(t, 1) =—i60(t) {[E(t, 1), E(0,0)])4=o - (14)
In frequency and momentum space, we have

2
¥ &(w,K). (15)

Gﬁ(w, K) = (ol + ek x kx /w?)™! =
€o

Here G(w, k) is the standard dyadic Green’s function [16,43]. Note that we have added an
additional tilde for the Green’s function of photons in momentum space to avoid possible
confusion. The local dipole moment p~ is related to the incident light E; by the Kubo formula
[44]

P (o,1,) P (~w,1y)

<p_(w, rn)> =
= —Z GE\(CO, l‘nm) . Eo((l), rm)-

(16)

We use the double solid line for the retarded Green’s function for dipole momentums Gg(w, )
and r,,, = r, —r,,. This is consistent with the semi-classical analysis [16]. The remaining
task is to derive approximate formula for Gg(a), r), which includes renormalization due to the
coupling with photons.

In this work, we take diagrams with single excitation which conserves the total energy.
We first consider the correction of the excited state Green’s function Gf{(co, r,1’) by emission
and absorption of photons. As we will see, since the wave function for ground-state atoms is
localized, only Gli" (w,r, 1) with r & r & 1,, contributes to the light scattering. The bare Green’s
function near r,, = 0 reads

/ / 7\
¢; (D)o (1)
0,e; / i,a i,a
G, '(qg,1, 1)~ E —. 17
r (90.0r) = qo— wo—¢] , +i0* a7

The Schwinger-Dyson equation reads (Gf{ )yl = (Gg’ei )y — Z}f{, with the self-energy Zg

i (qo,1,1) =_<_.®_<_
E €

w?d? (18)
~ = Gy(,0) D (1= 10 )pa (1) (r).
0 a
Here n,>; = 0 and ny, = n is equal to the filling fraction. The appearance of

G;i(w,0) = e; - G(w,0) - e; owes to the approximation in (8) by using E(r,,) instead of E(r).
The real-part of G(w, 0) contributes to the lamb shift, which can be absorbed in the definition
of wy. As a result, we only keep the imaginary part G(w,0) = iw/67 x 1. We also assume
0,&q, e{’ . < w, and the resonance frequency w is much larger than the loop frequency, which
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is an analogy of the Markovian approximation in the master equation [16]. Note that in the
path-integral approach, the Green’s function is defined by adding an addtional particle on top
of the many-body system with filling n, as a result, the Pauli exclusion principle exists and
contributes to the (1 — n,) factor. The natural linewidth of a transition with frequency w is
known to be y = w3d?/3me,. This leads to

Zh (0,1, ¥) ~ L[5 —1) — npg(1)px) ], 19)

where we have used the completeness of local wave functions Za goa(r)ap:(r’ )=68(r—r).

Having obtained the dressed Green’s function, we turn to the calculation of Gg(o), r).
Motivated by the standard Random Phase Approximation (RPA) in interacting fermions [45],
we consider the diagrams

Gk = + (20)

Note that in our diagrammatic approach, r,, can be equal to r,,, which is important as we will
see later. The thick solid line represents the normalized Green’s function G;". The first bubble
diagram, which is an elementary building block, is given by

d2

. d 7 e; / €; / /
l[HR(w)]l] ZEJ zi/]:dr dr[GRl(qO + w,r,1r )Gé(qO: I'/, r) + GKl(q() + w,r,1r )Gi(q():r ,l')] 51] (21)

Here we write IIz(w) as a diagonal matrix for later convenience. GX is the advanced Green’s
function. GIZ = Gg oF,—F,o0 GZ is the Keldysh Green’s function, and F,, = (1 —2n,) is the

quantum distribution function [42]. Here we use o to represent the inner product of functions
by integration. This leads to

IR (w);; =d2nf dr'dr Gy (w + €0, 1, 1) (1) o (r') = d*n ¢ 0 Gy © . (22)

It can be further simplified by noticing that

2

. (poow; ) @i 000 i (poo @ ) @i, °%0

cpé OGf{ ° g =Z wa La - +m Z La L - + ... (23)
T O+e—e +7 2 \T Ste—e,tg

As a result, we have

d?n (poo ¢! )" ¢! o9
ni(a))zz T (24)

Mp(w)ii =——>
mi(w) ™ —ily T S+e—el +F

Then we can sum over the diagrams with multiple bubbles in (20). This gives

iG2(w, k) = iTlR () — il (@)iGp (0, kil () + ...
_ i (25)
Mp(w)~t— Qi(w, k)

Since the summation in (16) is descrete, the Fourier transform here is defined as

G2, ky) = D, Gr(w, Ky)e ™. (26)
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In particular, the denominator of (25) is a generalization of the corresponding result under
non-Hermitian Hamiltonians, which is w1 — H.g. As we will see later, (21) takes such a
form only for unit filling and V, (r) = V,(r). This implies the breakdown of non-Hermitian
Hamiltonian description for general setups.

Then, using the relation (15), we obtain the relation between <p_> and E; in momentum
space as

(p~(w, k) = a(w, k) - Eg(ky),

—1 -1 ~E (27)
a(w, k”) = —HR(CO) + QR(a), k”)
Finally, for a single diffraction order, using (13), a is related to the S matrix as [16]
i 02
Here P;;(w, k) =6;; — Eij%. &;j =—1 if only one of (i, j) is in z direction, and at the same

time z < 0. In other cases, &;; = 1.
Further simplification is possible for the normal incident case as in the experiment [1],
where we have k, =k, =0, k, = w. Since, E lies in the x-y plane, we have P = 1. Moreover,

due to the rotational symmetry, G ~§(o) 0) is also a diagonal matrix. Following the convention
[16], we define A(k”)——sﬂzméoRe G(w, I‘n)e itnk) and F(k||)— 67”/2,1#011‘11 G(w, rn)e iry: kH
which also become scalars A and T in the x-y plane for normal incident light. In particular,
it is known that T' 4+ vy = yazwz [16]. As a result, the S matrix is diagonal and there is no
mixing between contributions from different excited states e;. For the incident light polarized
in iy direction, the only relevant response function is [Iz(w) = Il ; ; (), which is related to
the local response 7t(w) = 7; (w). We also drop the i, index in €= 81{0’ L and g = ‘Pl{o,a for
conciseness. From now on, we focus on this normal incident case unless mentioned otherwise.
Using these definitions, we have

(P0o®,)* ¥ 000 6me, ny/2 in(y+T)/2
(@)= Za: S+eg—e! +T @ w3 n(w)'—nA+inl'/2’ n(w)'—nA+inl'/2 (29)

Since m(w) is independent of n, the cooperative linewidth is linear in filling fraction n, con-
sistent with the previous work [38].

Equation (24) and (29) together determine the cooperative optical response of the atomic
array. In the next sections, we first validate our path-integral approach by showing that our
result is consistent with previous literatures when the optical lattice is formed by a light with
the magic wavelength. In this case, the trapping poential of the excited state is the same as
that of the ground state. We then consider the effect of the trapping mismatch, which have
been observed in the recent experimental realization of the atomic array [1].

3 Trapping Effects in Quantum Atomic Arrays

In this section, we analyze (24) and (29) in several limits. We first consider the case with
Vei0 (r) = V4(r), and show that the result then matches the spin operator result. We also add
comments on the relation between our approach and the Schwinger boson representation of
spins [38,39] 2. We then study the effect of trapping mismatch, which leads imperfectness of
mirrors and multiple resonances. We finally go beyond (24) and (29) by analyzing the recoil
effect.

2We thank the Referee for bringing this work to our attention.
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Figure 2: Numerical result for the fractional-filling effect with normal incident light
with way = 27 x 0.68. Here we take Vei0 (r) = Vg(r). (a). The reflection coefficient
R(w) as a function of detuning &6 — nA for different filling fraction n. (b). The
transmission coefficient T(w) as a function of detuning 6 — nA for different filling
number n. (c). The filling-normalized absorptance A and reflectance R, together with
T + R at cooperative resonance 6 = nA, as a function of filling fraction n.

3.1 Magic Wavelength

We begin with the special case Vei0 (r) = Vg (r), which is valid when the optical lattice is formed
by a light with the magic wavelength [46]. In this case, only the a = O term in (24) con-
tributes and the transition of internal state does not couple to the motional degree of freedom.
Moreover, there is no dependence on the detailed shape of the potential. This leads to

1 __bmeg ny/2 _ in(y +T)/2

— = , S=-— - .
5+ % ¢ a)g 6 —nA+i(y+nT)/2 6 —nA+i(y+nT)/2 (30)

n(w) =

Here we have assumed the normal incidence for the probe light. The cooperative linewidth
becomes y+nT', consistent with the experimental observation and numerical simulation in [1],
and the previous work [38]. For n < 1, we find |S| < 1 even at the resonance and the mirror
becomes imperfect. The transmission coefficient T = |14S|? and reflection coefficient R = |S|?
are found to be

_ (6—nAY+(1—n)*y?/4 _ n®(y +T)?/4

B (6 —nA2+(y+nI)2/4° N (6 —nA)2+(y +nI)2/4 (1)

The filling-normalized absorptance A = (1—T)/n and reflectance R = R/n can the be computed
straightforwardly.

We plot the numerical result for way, = 27 % 0.68 as in the experiment [1] for various n
in Figure 2, where we have A/y ~ 0.18 and I'/y ~ —0.48. All above results reduces to the
semi-classical results using spin operators when n = 1, where the frequency shift is A and
the linewidth becomes y + I'. On the other hand, for n — 0, we get back to the single-atom
response with natural linewidth y. As observed in the experiment [1], generally, we have
T + R < 1. This is due to the fact that the self-energy of the excited state (18) contains the
contribution of spontaneous emission of photons in arbitrary directions with random phases,
which can not be observed by averaged E,,,. However, the corresponding contribution exists
if we measure energy density of electromagnetic field <E2(r)> [34]. The filling-normalized
absorptance A show a weak dependence of n, while R vanishes as n — 0, consistent with the
experimental observation and numerical simulation in [1].

Finally we comment on the relation between our results and the Swchinger boson/fermion
representation of spins [38, 39]. Using (30), we find the bubble reads
p(w) = d?n/ (5+i@). As we mentioned in the last section, the factor of (1 — n) exist
due to the Pauli exclusion principle. This seems to be unphysical since after the ground state

8
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Figure 3: Numerical result for the trapping effect with normal incident light with
way = 21 x 0.68. We fix o);l = y/4 and consider w" < y. (a). The reflection

e
coefficient R(w) as a function of detuning for n = 1 with different wZ. (b). The
transmission coefficient T(w) as a function of detuning for n = 1 with different w?.
(). The fitted A, and R, as a function of n for different wZ /. Here the dashed
lines corresponds to A,e. (d). The fitted linewidth I, as a function of n for different

h
w,.

particle being excited on some site, no Pauli exclusion factor is needed. However, the con-
tribution from —iyn/2 indeed cancels out with the corresponding contribution of the Green’s

function of photons Qi(w, k”) in (29) due to (Recall that the definition of I' does not contain
r, = 0, which is equal to y.)

- 1 [ T 1 T
HR(co)_l—QE(co,k”): 0 (n(w)_l—?+nA+in%) =2 (n(w)_1+nA+in§) . (32)

This cancellation can be dated back to the cancellation between diagrams. Let’s consider

diagrams with one internal photons. Before contractions between 1), and wz, it takes the
form

Iy, e Iy, e

(o—(—\/\f\f\_‘:—(—o X (33)
P (1) Pg(1) P (2) Pg(2)

i

If we contract ¢ ,(1) with 1,[11,(2) and 1,(2) with 1,02(1), this leads to the diagram in self-
energies which contains the unwilling factor of (1—n). To realize the fact that when the ground
state particle is excited by w‘g(z), there is already no occupation due to vy,(2), we also need

to take into account the contribution by contracting v, (1) with 1/)1;(1) and v ,(2) with gb;(z).
More explicitly, we have n = (v "yprpTyp) = () (ypTp )+ (popT) (4 T9p) = n +n(1—n) = n.
However, the new diagram is just the bubble diagram, which has been taken into account in
our diagrammatic expansion (20). As a result, by summing up self-energies and bubbles, we
find the correct result.

Due to this cancellation, we can alternatively drop the factor of (1 — n) in Ilz(w), and
restrict the summation to r # 0 in (26). This is then consistent with rules in [38, 39] using

9
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Figure 4: Numerical result for the trapping effect with normal incident light with
way =27 x 0.68. We fix wg = y/4 and consider w? > v in (a-c). (a). The reflection
coefficient R(w) as a function of detuning for n = 1 with different wlg. (b). The
transmission coefficient T(w) as a function of detuning for n = 1 with different o)Z.
(c). The fitted linewidth I, as a function of n for different w?. (d). The fitted center
of the second peak Aw as a function of cuzl for different filling fraction n. Here the
dashed line corresponds to Aw = 2@?.

Schwinger particle representation, where atom on the same site can not appear twice. On
the other hand, if the atoms are not trapped in optical lattices, the density-density correlation
indeed plays an role [47]. In this case, the corresponding contribution in the self-energy should
be kept. We give an example in Appendix A.

3.2 Trapping Mismatch

In this section, we discuss the effect of having Vei0 (r) # Vg (r). To make this problem analytically
solvable, we expand the potential of near the minimum of each site and use the approximation
of 3D isotropic harmonic potential. Ground-state atoms |g) and excited-state atoms |e; ) have

. h h . . .
a trapping frequency w g and w, correspondingly. The motional ground state wave function

po(r) reads
3
w wdr
o) = (f) e (34)

Under this approximation, the analytical expression for 7t(w) can be obtained by relating 7(w)
to the single-particle propagator in harmonic traps. The results are presented in Appendix B.
It contains multiple resonances near 6 = (3/2 + 2n)w? — 30)’; /2, broadened by the natu-

ral lifetime y of the excited state. For “)Q Z 7, this leads to different peaks in the spectral
—Im 7(w)/m. For wZ S 1, different resonances merges, and only a single peak exists.
The parameters in the experiment [1] corresponds to a)g < v, but at the same order ~

MHz. We plot our results (29) for different “)Z /7, co’g1 /v and n in Figure 3 and 4. We first fix

10
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Figure 5: Numerical results for the effect of the trapping mismatch with normal
incident light and way = 27 x 0.68. We fix small excited state trapping frequency
o)Z = v/20. (a). The fitted A, as a function of cog for different n. (b). The fitted

linewidth T, as a function of wg for different n.

wg /vy = 1/4 and study the effect of wZ # wg for small wZ < y. As shown in Figure 3 (a)
and (b), both reflection coefficient R(w) and transmission coefficient T («w) show a single peak
near 6 — nA—B(wZ — wg)/z = 0. For either 0)? > ol or wg > wi’, the atomic mirror becomes
imperfect with max R < 1 and min T > 0. Motivated by the experimental result, we study
the the cooperative linewidth of the atomic array by fitting the numerical result for R(w) near
6 =nA+ 3(0)2‘ — wg)/z as

1{1'881-‘2 /4

cor

(6 —nA —3(wh —wh)/2—5¢)? +I2 /4

cor

(35)

R(w) =

and define T, = T(nA +3(cog— wg) /2+8). R, and A, can then be computed correspond-

ingly using R, and T,e. The numerical results in (c-d) show R, and A, also decreases when
wZ # wg. The cooperative linewidth T, is linear in n, with similar slope for different coil <ry.
We then consider larger o)g > v in Figure 4. Now as shown in Figure 4 (a) and (b), multiply
peaks appear in both reflection coefficient R(w) and transmission coefficient T(w). The center
of peaks locates near energy 2nw£‘, where the transition from |g) to |e; ) is accompanied with
the excitation of motional degree of freedom. As an example, we fit the position of the second
peak Aw, and plot it as a function of w’c} in (d). Similar to the small co’; case, the cooperative
linewidth T, is still linear in n. However, their slope show dependence on co’el.
We finally study A,., and T, as a function of cog. We fix a small wZ = y/20, as an analogy

of the anti-trapped excited state in experiment [1], and tune wg. As shown in Figure 5, we find
when co’; becomes larger, the absorption rate decreases and the cooperative linewidth becomes

larger. This is due to the increase of the trapping mismatch for small a)?. For small ", the
decrease in A, and the increase of the decay rate show quadratic dependence, while for large
wg, the dependence becomes linear. This is a close analogy of the experimental observation
in[1].

3.3 Recoil Effects

Now we go beyond the limit of 0 < a, and consider corrections to the leading order of
1n = 0/a, due to the recoil of atoms. The recoil effect has been discussed in previous works
[40,41] using the Lindblad master equation.

We adopt the isotropic harmonic trap approximation used in the last subsection. In our
approach, the recoil effects can be analyzed by using (4) without the approximation (8) as ex-
plained in the Appendix C. However, the same result can also be obtained using direct physical
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(6—-nd)/y (6—-nd)/y

Figure 6: Numerical results for the recoil effect with normal incident light and
way = 21 x 0.68. We fix small excited state trapping frequency wg = 2y and vary
n = g/ay. (a). The reflection coefficient R(w) as a function of detuning for n = 1
with different n. (b). The transmission coefficient T(w) as a function of detuning
for n = 1 with different 7.

intuition. Our result (24) for () has a simple physical meaning: it measures the optical re-
sponse of a single particle in the harmonic trap, with a lift time y for the excited state particle.
Without the recoil effect, we take the inner product between wavefunctions ¢(r) and goél(r)
to determine the transition rate for the motional degree of freedom. To take the recoil effect
into account, we consider absorbing a photon with momentum k; and emitting a photon with
momentum k,. Physically, we expect the local response 7(w) takes the form

1

S+eg—e +7 eI 1 () po(r). (36)
07 ¢ T2

T (@) = ZJ drdr’ po(r) g (r)e e

Since the photons can propagate in any direction within x — y plane, we further average over
the direction of the momentum k; = k(cos 6;, sin 6;, 0):

1

. eikl-r’
o/ Y
O+e—¢e+5

d6,; do .
() = ZJ drdr’ =22 o) i (r)e e Pu ) 0ot (37)
a

We focus on the case with a)g = w?. For small n = o /ay = k/,/wg, we can expand 7m(w) to
obtain

2
() = ] n2/2 %4( 1 1/2

6

5+iy/2 6 +ir/2 51iy/2 5—2wg+iy/z)+o(n ) (38)
To the leading order O(n?), we find only a renormalization of the residue near § +iy/2 = 0. At
the sub-leading order, O(n*) we see a non-trivial contribution where atoms are excited due to
the recoil even without trapping mismatch wZ = cog, because the recoil increases the energy
of atoms. However, when we further plot the reflection and transmission coefficients (see
Figure 6), we find no visible peaks at 6 —nA = 20)2‘ even for a)g > y due to the suppression
of n*. We find R(w) and T(w) only show weak dependence on 7 for small 7. In particular,
the parameter regime in the experiment [1] corresponds to 1 ~ 0.1, which is almost the same
as 11 = 0. This justifies our discussions in previous sections.
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4 Summary and Outlook

In this work, we study quantum atomic arrays using a microscopic model with atoms in optical
lattices. We take a diagrammatic approach with PRA-like diagrams and obtain concise results
for transmission and reflection coefficients. We find trapping mismatch can result in the im-
perfectness of mirrors. Multiple peaks exist when the local trapping frequency of the excited
state w? ~ y. We also study the trapping frequency effects on the cooperative lifetime, and
the effect of recoil for large but finite trapping frequency.

Our results can be tested in the experimental platforms similar to that in [1]. Recently,
there are also experimental studies on the Pauli blocking of light scattering in degenerate
fermions [48,49]. The diagrammatic approach developed here can also be applied to study
the optical response of degenerate fermion gases.

Acknowledgments
We especially thank Yu Chen and Jianwen Jie for helpful discussions. We thank the Referee
for bringing several related works to our attention, and the suggestion of studying the recoil

effect. PZ. acknowledges support from the Walter Burke Institute for Theoretical Physics at
Caltech.

A Homogeneous Mirrors

Now we consider the case where the atom gas is homogeneous in x—y plane at z = 0, similarly
to [49]. The model of the full system reads

:J dtdr Zi,bzi(t,r) (i@t —wo+ %2) Y, (t,1)+ 1/)3;(t,r) (iﬁt + %2) Y, (t,1)
l (39)
+ J dtdr Z ] (W] (600 (6,1) + 9T (6,00, (£,1)) & - E(2, 7).

The first step is again to determine the renormalization of the excited state Green’s func-
tion. The self-energy reads

Kk 2 2
2 (@, q)); m J d weo e G(w,q) —K)- €;(1—ns(er))

(2m)?
dk/ 2d2 (40)
.Y w _ .7
=— lE + W—ei . G(C(), q” —k/) . ejnF(ek/) = _1551']' + 5H(q||)l]
This leads to
. 1 1
Gr(®,q) = — = — _ . (41)
R & —wo—g,— IR (&, q)) (w—w0—8q+l§)1—57-[(q)
Here ¢, = q%/2. We then compute the IIz. The result reads
d d*np(ey)
g (w, k) = d : (42)

(2m)2 (6 + &g —€qik +iv/2)1—6H(q+ k)
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Summing up the contribution from photons, we find

1
a(w, k)= —Tg(w, k)™ — w2G(w, ky,z2 =0)/eq i

Here since the system is homogeneous, the Fourier transform is

G(O), k”,Z) = J dl‘” G(a), l‘)e_iklrr“ = ieik’"lzllp(w, k”) (44)

Z

The relation between E,,, and a becomes

2
Eior = Eo(r) + C:— J dr'G(w,r—1) - a(w, k) - Ege™I ™
2 (45)
=Eo(r) + C:—G(w,k”,z) ca(w, k) - Ege™IT,
0
The S matrix reads 2
Sla. k) = 5o Pleky)-alw, k). (46)

Again we consider the normal incident 11ght. We further assume the density of the system
is low as in [47]. We have

d d*np(g,)
Mg(w,0); = q2 . .
(2m)2 (6 +iy/2)1—06H(q)
HZDdZ w2d4 dqdq/ /
- - - G(w,q—q,2 =0)- ;] np(ey
n2Dd
+ 611
(5+iy/2 R(”))
47
We find
iw
a(w,0) = ! S(w) = %o (48)
YT stiy/2 | (6+iy/2)? iw’ T G+iy/2 | (8+iy/2)? iw
SR 4 2 s () fe Sl S 5l (o) 42
Here we have
(5 +iy/2)? w? dqd
2 Sig(w) = 4999 1o - Glw,q— a5 = 0)- & JnrlegInsley).  (49)
d4n2D 0n2D (2 )

This takes the similar form as results in [47] for the 3D case. This is the contribution from the
density-density correlation in free fermion gases. Finally, we have
iﬁdZ

Nop
S(w)=

, (50)
—6 — l}//2 + (6+1Y/2) 6HR( ) - o d2n2D

which means 6Tz (w) effectively shifts the resonant energy and the decay rate.
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B The Analytical Formula for n(w)

In this Appendix, we present detailed derivation of the analytical formula for 7w(w). We trick
is to use the transformation to the time domain

/ 7\ /
— (1) po(1)
O_Eél'i‘% . 0

n(w)—Z f drd’ o(r)" ¢ (1)
= _Zf drdr’J dr tpo(r)*Lp;(r)e(5+€°_€;+%)Tcp;(r’)*tpo(r’) (51)
a 0

w .
= —f drdr’f dr e@+eot )T Qo(r) Ko (7,1, ') po(r).
0

Here we have assumed the integral over 7 is convergent by restricting the 6 + ¢y < 30)5 /2.
After the integration, analytical continuation can be applied to release this restriction. Here
Ko (t,r,1’) is the imaginary time Green’s function in a harmonic trap with trapping frequency
a)Z. We have

h 2 h /

w w 2r-r
Kp(t,r,) = ——— | exp| ——%|(r*+ ") cothwt — ——— | |. 52
o1 ) (27rsinhw£“r) p( 2 [( ) ¢ sinhofrt (52)

The integral over r and t’ can be carried out first. We find

oo whooh 3
m(w) = —2\/§J dt e®” ( < 8 . ) ) (53)
0

h ¢k h h)2 hY)2 h
Zwewgcoshwe’r+[(coe) +(cog) ]sinh it

Here we have defined a, = (6 + =+ + ) for conciseness. Then the integral over 7 gives
() — V2 [ 2000y Vo (=2p(a— 1D —q+2)B, (p+1,3)—(2p +3)B, (p + 1, 3)) (54)
Cwh (wh +wh)? 1—q ’
2ap+w (l+ah)? . . . .
where p = — ooy and qg= m . B,(a,b) is the incomplete beta function defined as

B,(a,b) = f 0 t1(1—t)P1dt. For wZ = wg, one can check that above result can be simplified
as m(w) ' =ap—3wh/2.
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C The Derivation of the Recoil Effects

Here we give the derivation of (37) using the diagrammatic approach. For simplicity, we
directly take diagrams under the rule of Schwinger bosons/fermions as discussed section 3.1.
As a result, the self-energy of excited state Zf{" (qo) is just a constant —iy /2, and the summation
in (20) is restricted by r,, # r,,.

To determine 7(w), we now examine a single diagram

e; € (3%

This corresponds to
i f dr; Z My (w,r, r;,)(]ﬁ(w, Tpym + 13 — 1) (w, 13, rz)gg(w, Tpp + 15— 1) (w, 19, 1), (56)

where we have

d?n

/

Mg(w,r,1v"); = d*n ny(w,r,1v") = Z po(r) i (1)
2 T o+ey—g;,

=9 ) eo().  (57)
7

We have separated the integral over the full space into a summation over lattice sites r,, and
an integral near each sites r;. For small 0 < a;, the dominate contribution comes from
Imp > Iy — 1 and 1, > r3 —ry. Moreover, for normal (or nearly normal) incident light,
we are probing the system with small ky, which comes from contributions at large r,,, and

I'mp. We then expand QE and take the standard approximation at long distance [50]:
gg(w: Top +r,— 1‘1) ~ gg(c‘): 1‘mp) exp(iki\‘mp : (1‘2 - 1‘1)). (58)
Using this expression, we find

i J drdr; > Tp(ew, 1, 15)e M GE (0, 1, IR (0)GE(w, Ty e Kme ™ g (0,17, 1). (59)
m

Here we have defined
d?n

VN
5+80 Ei,a+2

M ()i = f drdr’ go(x)* ] ,(r)e ™ HEmT ek ! () 0o(t'). (60)
a

This already takes the form of (36), with the direction of the photons determined by f,,,, and
f,,,- Note that due to the rotation symmetry of the isotropic harmonic trap, it only depends on
f,m - £p- Finally, we need to perform the Fourier transform by summing up m, n, p. For large
tnn, and rp,,, we approximate this summation as a average over f,,, - ,,,. Finally, we obtain

the “naive” formula (37) by focusing on incident light polarized in the direction of i.
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