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Abstract

We analyze the effect of a simple coin operator, built out of Bell pairs, in a 2d Discrete
Quantum Random Walk (DQRW) problem. The specific form of the coin enables us to
find analytical and closed form solutions to the recursion relations of the DQRW. The
coin induces entanglement between the spin and position degrees of freedom, which os-
cillates with time and reaches a constant value asymptotically. We probe the entangling
properties of the coin operator further, by two different measures. First, by integrating
over the space of initial tensor product states, we determine the Entangling Power of the
coin operator. Secondly, we compute the Generalized Relative Rényi Entropy between the
corresponding density matrices for the entangled state and the initial pure unentangled
state. Both the Entangling Power and Generalized Relative Rényi Entropy behaves similar
to the entanglement with time. Finally, in the continuum limit, the specific coin operator
reduces the 2d DQRW into two 1d massive fermions coupled to synthetic gauge fields,
where both the mass term and the gauge fields are built out of the coin parameters.
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1 Introduction

Discrete Quantum Random Walk (DQRW) algorithm has been in study and applications in
physics [1-4] and mathematics [5, 6] as well as in the areas of computational intelligence
[7,8], and optimization techniques [9].! While the basic features of classical and quantum
discrete random walk are essentially the same, one crucial difference between classical and
quantum walks is a non-trivial coin operator [11] in the latter case. Most of the random
walk explorations are numerical in nature. 1d random walks admit analytical solutions, as
demonstrated in [12]. However with increasing dimensions, the most general parametric
choice for the coin operator also increases and analytical solutions become difficult to obtain.
We analyze the DQRW for a two dimensional walk using a special SU(4) coin operator that
admits an analytical solution. Our notations follow [11], [13]. We consider a two dimensional
walker described by a wave function |¥,,(t))

3 t

[, () =D D AD (0) [i) x |m,n) € Hypi ® Hposition e))

i=0 m,n=—t

that lives in a product space of spin and coordinate degrees of freedom. The product space
Hspin® Hposition iS spanned by a basis of orthonormal vectors |i) € H;,;,, and [m, n) € Hppsition
such that,

(l|]> = 5ij) and (m,nlp:q> :5mp6nq' (2)

The wave function |¥,,(t)) is a function of the evolution time ¢ and coordinates X = (m, n)
such that —t < (m,n) < t. The wave function evolves discretely with time under the action of
the unitary operator U= S-C®L,,,, where I, is the identity operator in position space, S is
the 2d shift operator and C is the coin operator

e2i™ cos(2my) 0 0 —ie 2™ sin(2my)
B 0 €2 cos(2mx)  —ie? ™ sin(2mx) 0
Clx,y,2) = 0 —ie?™ sin(2mx)  e?™ cos(2mx) 0 - 3)
—ie 2™ sin(2my) 0 0 e~21% cos(2my)

Main Results: A SU(4) coin operator has 15 parameters. However, we made a minimal
choice involving 3 parameters and it still demonstrates the non-trivial properties of the coin.
The simple form (3) renders our 2d DQRW algorithm analytically solvable. However (3)
induces a non-trivial entanglement between spin and position degrees of freedom. It also
exhibits non-trivial entangling properties, which we examine using two different measures.
a) Entangling power: where we integrate out the effect of the initial state on the walk. b)
Generalized Rényi entropy: where we do a POVM (Positive Valued Operator Measurements)
on two density matrix operators between the entangled state and a reference unentangled
state. As a bonus, the continuum limit of the algorithm maps to two massive 1 + 1d fermions
coupled to gauge fields. We briefly discuss each of these claims below:

1For a more comprehensive overview of the subject regarding applications and algorithms, please see, [10].
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* Exact Solutions: Due to the evolution equation, |¥,,(t+1)) = U|¥,,(t)), the coefficients
A(r;l) ,(t)in (1) satisfy a set of discrete recursion relations. Given the specific coin operator

(3), we can find closed form analytic solutions for the coefficients A(T:;),n(t), given by,

AD) () = Spn(1= 8- Je ™™ (F(1)AGH(0) + G(1AGH(0))
AD (O = 8 (1= 8 )™ (o (2)A5)(0) + G (x)ATH(0))

. “4)
AD (6= 8 (1= 8, )™ (G ()ATY(0) + F_n ()AT(0)) ,
AD (6= 8 (1= 81, )e 2™ (G_n(1ATH0) + F_n(1)AGH(0))
(—=1)=" sin2(27x)0 (%ﬁz) cos™(2mx)
Fm(x) = —m+t+2
X 2Fl(m_zH_z,m+2t+2;m+1;cosz(2mc)), O

2—m—t m—t
2 )

G (x) =—isin(2mx)cos ™ }(2mx) o F; ( 0 1; —tan2(217:x)) .

* Probablity and Entanglement: The probability distribution as a function of the coordi-
nates is given by,

3 t
Py a(t) = Z IA(,fl),n(t)Iz, Z Paa(t)=1. (6)
i=0 m,n=—t

The density matrix for the walker,

p(0) =T, ()T, (D], () =tr s [T, () (L, ()] ()

E(t) =—p(t)logp(t) is the entanglement entropy between H,;, and Hpi¢ion degrees
of freedom. If we consider the spin Hilbert space to be H,;, = H, ® Hp, where A, B are
the subsystems in the spin space, then the entanglement between A and B as a function
of the grid is obtained from,

(m, n|p"®(£)|m, n)
(B, (0)Im, n) (m, n|¥,, (1))

Enn(t)= —pf;l,n(t)logpﬁl,n(t), where pf;l,n(t) =trp . (8)

The function is normalized so that tr pﬁ .(t) = 1. The entanglement between the po-
sition and spin dofs, is given by, E¢(t) = —p(t)log p(t). The asymptotic entanglement
(for x =y =1/8 and g = 1/10) is given by,

cos?(mt/2) sin?(mt/4+ m/8)
+ e
4t2 2t5/2

E1/81/8.1/10(t) = 0.693156 — ©)

while the same functional behavior is also evident for other parametric choices, as

demonstrated in (36).

* Entangling Power: The entangling power [14,15] of the coin on the random walk is
defined as,

Ec(t)= %f vz (1—tr p(0)?). (10)
Y

initial
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where p¢(t) is the reduced density matrix after tracing over position. For example, the
asymptotic entangling power of the coin operator,

0.0318321sin (% — &)
Ec(t) =0.671914 — - +..., x=y=1/8, z=1/10, (11)
V't
oscillates with time and approaches a constant as t — 00. The entanglement follows
the exact same functional behaviour for other parametric choices as well, albeit with
different numerical coefficients as demonstrated in (45).

* Generalized Rényi Entropies: We compute and compare two distinct definitions [16-
19], viz. a—Sandwiched Renyi Divergence (SRD) and a—Relative Renyi Entropy (RRE).
Given two operators p and o, the a—SRD and a—RRE are given by,

1 tr pao.l—ct 1 | tr O.(l—a)/2apo.(1—a)/2a

D,_rag = lo , Dgsrp = o , (12
a-RRE = 77 g trp a=SRD = 7 g trp (12)

for p £ 0 and a € [0,1). For our case, p = p(t) denotes the density operator for the
final entangled mixed state |¥,,(t)) and o is a reference operator corresponding to a
pure state. For our case, the asymptotic form of the a—SRD and a—RRE for large t is
given by,

0.106996sin ( Z- + &
D /4—srp = 0.379594 + ( 4 16)_

t3/2
0.157844 cos (& + &)
+.o.., x=y=1/8, (13)
Jt y=1/
0.0955922sin ( Zt + %
D /4—prg = 0.389889 + 7 ( 4 16)_
0.179794cos (& + &
(2 16)+_.-, x:y:1/8. (14)

Vi

We compute similar expressions for asymptotic forms of the a—SRD and a—RRE for
other parametric choices of the coin operator and for @ = 1/2,3/4 in (53)-(57). The
functional forms of the asymptotic expansions for large t are similar with different nu-
merical coefficients depending on the coin parameters and a.

e Continuum limit: In the continuum limit [1,20,21], the recursion relations reduce to
the Dirac equation in 1 + 1 dimensions,

(YD — M. =0, (15)

of two massive fermions (1, ,7)_) coupled to gauge fields. le = 0, — iAi where

At = (V,0,0,0). The Random walk wave function in the continuum limit is related
to the fermions, by,

1 0 00
" 0 01O
@, (6, X)) =M-(IN [P ) +Il)@lp_)), where M=( -+ - (16)
0100
The spectrum of such a two particle system, is given by,
E(pl,pz):2a:t\/pf+912:|:\/p§+922. (17

Positive energy conditions, imply that 8; < V.

4
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The remainder of the work will be organized as follows. In section 2, we give the mathe-
matical setup of the problem. We clarify the notations and construct the analytical solutions to
the recursion relations. In section 3, we consider the probability and entanglement distribu-
tions over the two dimensional grid. We also provide the entanglement of the spin and position
degrees of freedom as a function of time. In section 4 we discuss the entangling power of the
coin operator on the walk as a function of time and coin parameters. The function approaches
a constant at large times similar to the entanglement. Section 5 discusses and compares the
distinct definitions of the Quantum Dynamical Entropy from the random walk perspective. For
very simple reference matrices, we can obtain exact analytical solutions for both, while nu-
merical results suffice for generic reference states. Section 6 discusses the continuum limit of
the walk, which reduces to two one dimensional fermions coupled with gauge fields. We end
the work with discussions of future directions in section 7.

2 Setup: Coin operator

The wave function for the two dimensional Quantum Discrete Random Walk, can be written
in a form,

1w, () Z Z AD (1) ]i) ® [m,n). (18)

i=0 m,n=—t

The wave function |¥,,(t) € Hspin ® Hposition Where |i) € H,,, is the spin Hilbert space and
Im,n) € H,osirion is the coordinate Hilbert space. |i) € Hy,;, and [m,n) € H,osirion are set of
orthornormal vectors, such that,

<l|]> = 5ij and (m: n|p: q) = 6mp5nq . (19)

The position grid is a finite size system dim(m,n) = (2t + 1) x (2t + 1). The unitary evolution
of the random walk is governed by the equation,

where U is a unitary operator, and

3
s= > liil@ % +a)xl, (21)

i=0 X
with ag =(1,1), a; = (1,—1), ay = —a; and a3 = —ay, is the Shift Operator and we choose a

specific coin operator C for our purposes, built out of Bell pairs,

4

C= e @) (@, Zkk— (22)

k=1

for A1 + Ay = —4nz,A; — Ay = —4ny, Ay — A4 = —4mx and where,

|0) £ 3) |1)ﬂ=|2)
[®10) =———, [®34)=—F— (23)
V2 V2
Explicitly,
e~2™2 cos(2my) 0 0 —ie 2™ sin(27y)
_ 0 e?m cos(2mx)  —ie* ™ sin(2mx) 0
CCx,y,2) = 0 —ie?™sin(2mx) %™ cos(2mx) 0 - (2%
—ie 2™ sin(2my) 0 0 e~27 cos(2my)
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From the explicit form of the unitary operator U and the evolution equation (20), the recursion

relation for the coefficients A(nil) ,(t) reads,

Agg’)n(t) = 2imz cos(Zny)A(rg)_Ln_l(t —1)—ie %™ sin(ZTry)AEi)_Ln_l(t —1),
2—t<mn<t,

i 1 . 92 . 2
A(ni’)n(t) =e2inz cos(277:x)A(m)_1,n+1(t —1)—ie?m™ sm(27tx)AEn)_Ln+1(t -1,

2—t<m<t,—t<n<t—2,
A(ni)n(t) =— 2™ sin(27'cx)A(1) =1+ e2inz cos(an)A(Z) [(t=1),

m+1,n— m+1,n—

—t<m<t—2,2—t<n<t,
Ag‘:”)n(t) =—je 2= s1n(27'cy)A(m)+Ln+1(t—1)+e 2inz cos(2rty)AEnll’n+1(t— 1),

—t<mn<t—2.

(25)

Due to the special nature of the coin operator, the recursion relations decouple in the sense
0 3 1 2 : :
that (A%,)n(t),A(m,)n(t)) decouple from (A(m,)n(t),A(m,)n(t)). The recursion relations can be solved

exactly and we can write the analytical forms of these coefficients in the form,
AD (6 = 8y (1= 8 e 2™ (Fu(1ATH(0) + Gn(1ASH(0))
AD (6) = 801 = 5, Je 2™ (G_n(IATH(0) + F_p (1 )ASH(0))
AV = 8 (1= 8y )™ (o (x)AT)(0) + G (x)ATH(0))
AB (€)= 81 (1= 81, )e2™ (G (AT (0) + F_py (x)AGH(0))
with the initial wave function at the origin,
A (0)
i
Ay o(0)
AE)’(}(O)
3
Ago(0)

| (0)) = ®10,0).

The functions F,, and G,, are,

(—1) 2" sin(2mx)T (2£E2) cos™(27x)
—m+t+2
T(m+ 1)r (=24e2)
(m —t+2 m+t+2
2F1 ,
2 2

Fm(x) =

cm+1; c052(27tx)) s

2—m—t m—
2 > 2

t
G (x) = —isin(2mx) costH(27x) o F4 ( 01 —tan2(27tx)) .

For the rest of the paper, we will use specific choice for the coin parameters. These are,

c(1/8,1/8,1/10), C(1/8,1/12,1/10) and €(1/6,1/8,1/10).

3 Probability and Entanglement

The probability distribution is a function of the 2D grid, and is given by,

2 t
LD Paa(t)=1.

m,n=—t

3
Py n(t) = (m, n|, ()L, (Olm,n) = > ‘A&?,n(t)
i=0

6

(26)

(27)

(28)

(29)

(30)
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The density operator given by,

p(t) = [, () (¥, ()], (31)

lives in (8t +4) x (8t +4) dimensions, from which we can define the density matrix on the 2D
grid to be,

(m,n|p(t)|m,n)
|(m, n| @, ()2
An alternative way to look at this expression is the following. As a small digression, if we
consider the spin Hilbert space H,p;,(= H, ® Hp) to be composed of two subsystems A and
B (meaning p,,, = p‘fn), then tracing over either subsystem, provides a definition of the
entanglement between A and B

pm,n(t) = (32)

Epn(t) =—tr pfy (D)logpl (1), ph () =tr il (1), (33)

as a function of the grid. We plot the probability and entanglement distribution over the
two dimensional grid in figure 1 for the coin parameters x = 1/6,y = 1/8 and z = 1/10.
The plots for other parametric choices are similar. Note that the probability and entanglement
distribution on the grid is non-vanishing only along the diagonals, which reflects the decoupled
recursion relations in (25). On the other hand, tracing over the entire grid, gives a reduced
density matrix,

p(t) =tr pop(t), E(t)=—p(t)logp(t), (34)

that defines the entanglement between the spin and position degrees of freedom. Below we
plot the probability and the entanglement distribution for a tensor product initial state,

0) +11)
V2
The entanglement of the spin and position degrees of freedom, as given by (34), is a function of

the time, as we show in figure 2. For the choices of coin parameters, we can fit the asymptotic
entanglement to the forms,

|\'ij(0)> = |0> ®

®10,0). (35)

2(nt/4+m/8
Eyj6.1/81/10(t) = 0.695062 — 0.042797 — (m \/; 7/8) (36)
in®(rt/3+ /6
_0.056772 50 (mt/3+7/6) 37)
Vi
cos?®(rt/2)  sin?(mt/4+ /8)
E1/8,1/8,1/10(t) - 0.693156_ 4[2 + 2t5/2 ceey (38)
2(nt/6+m/12
Erjs11a.a/10(t) = 0.69212 —0.0207781 25 (7 /‘/? m/12) (39)
. 2 t
_ 0.046477 50T \/;Jr WL B (40)

where ... represent sub-leading terms. The asymptotic entanglement for the entangled coin
is below the minimal value for entanglement for Grover’s and Kempe’s coin for 2d random
walk [22], [23].

A general form of the asymptotic form of entanglement for our choice of coin can be written
as,

‘sinz(nt/ai +7;) N Z Gicosz(nt/bi +6;) ’ “1)

Ex,y,z(t):AO(x,J’:z)"‘ Z Pi em tn

i,m=0 i,n>0

where we have the first leading coefficients in (36).
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100 100

Figure 1: P, ,(t) and E,, ,(t) for t = 100 for C(1/6,1/8,1/10) for the initial tensor
product state in (35).
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0.64
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0.62°"
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t

Figure 2: E(t) vs. t for coins C(1/6,1/8,1/10) (blue), C(1/8,1/8,1/10) (orange)
and C(1/8,1/12,1/10) (green).

4 Entangling power

To probe the entangling properties of the coin operator in (24) further, we analyze its Entan-
gling power [14], [15], [24], [25,26], [27], which describes the capacity of the coin operator to
produce an entangled state from the initial tensor-product states. For concreteness, consider
the initial state,

1@, (0)) = (Iy1) ® [42)) ®10,0), (42)
where,

6, g,
[;) = cos El|0) + e'% sindl), (43)

implying that |¥(0)) € CP; ® CP;.

Ec(t) =

16n2J d6,d6,da;da, sin6;sinf, (1—tr p(t)?) (44)
M

gives the entangling power or equivalently “the capacity to entangle” for the coin operator
in the random walk. The integral is over the entire manifold of tensor product states,
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Figure 3: The plot shows the fitted functional forms (solid lines) against the data ob-
tained for £-(t) vs. t for up to t = 50 for three parametric choices C(1/8,1/8,1/10)
(blue), C(1/6,1/8,1/10) (orange) and C(1/8,1/12,1/10) (green).

M = CP; ® CP;. The integral limits are 0 < (6;,6,) < w and 0 < (a;,ay) < 27. In Fig
(3), we explore the entangling power £.(t) for three parametric choices of the coin operator.

The functional forms for the asymptotic (t > 1) entangling power (for fixed z = 0.1), are
given by,

0.0318321sin( §— %

0.671914 — 7 +..., x=y=1/8,
in( &t in( £—2zt
Ec(t) = 0.676256 + 0.0123728sm( 5) 0.0219393:1;1(6 ), x=1/6,y =1/8,
0.662477 + 0.0077971tsin(T+ﬁ) N 0.01319734sin(T+E) 4o, x=1/8,y=1/12.
vt vt 45)

This suggests that the leading general asymptotic form of the Entangling Power as a function
of time and the coin parameters will take the form,

(46)

. 2 2
B sin?(mtt/a; +7;) cos®(mt/b; +5;)
Ec(t) = Ac+ Z Pi fm+1/4 + Z Ti (n+1/4 tee

i,m>0 i,n>0

where A is time independent and function of the coin parameters. The parameters,
Pi>0i,aq;,b;,v;,6; depend on the coin parameters.

5 Generalized relative Rényi entropy

In addition to the Entangling Power, a second measure to elucidate the entangling properties of
the coin, is using the definitions of Generalized Relative Rényi Entropy. Since the walk algorithm
describes a quantum process, it is necessary to use observables which capture the quantum
nature of the algorithm. Following [16] [17], [18,19], we compute two definitions from our
quantum walk perspective viz. a—Sandwiched Rényi Divergence and a—Relative Rényi Entropy.
These are defined as follows. Given two positive operators p and o such that p f o, we can
define,

1 tro% pos 1 tr p*ol”

(0] s D, ,0)=
-1 8 tr p a RRE(p ) a—1 trp

a

Dy_srp(p,0) = 2 , 47
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for a € [0, 1). For any quantum operation A : p — Ap, the definitions satisfy,

Dy(p,0) = Dy (A(p), A(0)) - (48)

Note that,
[p,01=0 = Dy srp =Dy grz =DZ, (49)

where,

a 1-a
DY(p,q) = ——log 2 POVAC)TE ) Couppp() A a £,  (50)

1 erX p(x) ’

is the classical Relative Rényi Entropy for two positive probability distributions p(x) and gq(x)
over a set x € X, such that supp p(x) C supp q(x).? For computational purposes, we take the
following definitions of p and o. We take,

p(0) =1r pos [, (D) (¥, (0, and o =¥, (0))(¥,(0). (51)

Note that p(t) is the density operator for a mixed state (from tracing over the position coor-
dinates) while o is the density operator for a pure state. Both satisfy tr p = tr o = 1. We will

choose specific initial conditions for the entropic measures,>
(1,1,0,0)
¥, (0)) = —=——®10,0). (52)
" V2

p(t) can be computed analytically using the solutions in (26). We plots D,_czp and D,_grg
as functions of time (t), in figure 4 for three parameter choices of the coin operator in (29).
[t] From figure 4, we can fit the leading asymptotic form of D,_ggp for large t, to the
following functional form (we fix z = 0.1 for all computations),
0.379594 + 0.106996;1/1;(%+1%) _ 0.157844;05(%-#%) 4
Dy /4srp = { 0.352781 — 0.0568579 cos( 5 +75) 0.093224€fcos 24z

0.401346 —

) x=y=1/8,

: ; )+..., x=1/8,y=1/12,
s (m_mt 2nt  m
0.113507sin(§—5) _ 0.0769188cos(%+5) | x=1/6,y=1/8.

Vit Jt 2
(53)
The same functional basis exists for a = 1/2 and a = 3/4 as well, such that,
Dyjo—srp ~3D1j4-spp + ... and D34 spp ~9D1/4-srp + - (54)

Similarly for the leading asymptotic form of & —RRE at large t, we find the functional form,

0.0955922sin( Z +7% ) _ 0.179794cos( 5 +1%) +

0.389889 + 37 Lo NG e x=y=1/8,

D1 /4 rre = 4 0.363284— 0‘0645552;;s(T+ﬁ) _ 0.101133;(7+§) 4., x=1/8,y=1/12,
0.118399sin( Z—Zt 0.0762127 cos( 2L+ 2

0.411921 — ﬁ(ﬁ 2) _ ﬁ(3 Dy x=1/6,y=1/8,

(55)

115829 + 0‘300902tii/112(%+%) _ 0.51888c3;(%+%) Fo x=y=1/8,
D1 oz = { 1.07782 — 0.185198cos( 5 +75)  0.296234cos( 5 +5) b, x=1/8,y=1/12,
1.22452 — )+..., x=1/6,y=1/8,

(56)

t t
0.353662sin( Z—2* _0.228691 cos( 2 +%
Jt Jt

2This implies that p(x) = 0 whenever q(x) = 0.

3Note that this choices are by no means unique and other initial conditions are equally valid. We however stress
that the functional forms for the asymptotic behavior of the entropy functions as t — oo will not be affected by
the specific forms of the initial conditions.

10


https://scipost.org
https://scipost.org/SciPostPhysCore.6.3.048

Scil SciPost Phys. Core 6, 048 (2023)

C(l 1 1_) C(l a1 1_)
8" 8" 10 "8’ 12" 10

L\ﬁ[zf\f\fgcm’iﬁWfoW&

a-SRD & RRE
N

a-SRD & RRE
N w
|

M ABRALRAAU A A A s

ot B et Cn e e e o ot AP Ponn e anP re0ee tan oo ee PanhPanfoctie PR i SN A AASAAAAAA AR AANAAANAAAONANAAANAAAAONE

0 20 40 60 80 100 0 20 40 60 80 100
t t
(@ (b)
11 4
Ci(5: 3 70)
4

Ttz

w

W Fit a-RRE
W Fit, a-SRD

W a-RRE, a=1
H a-SRD, a=1
a-RRE, a=1
B a-SRD, a=}
B a-RRE, a=3

1 q’ﬁj éji?%é‘éﬁJW&“JW#J#W%WWWW  a-SRD, a=3

a-SRD & RRE
N

\ noe L.
P8R P, P 00 i PO P Rnnonaerannoones

20 40 60 80 100
(@

Figure 4: The plot shows the fitted functional forms (given by the dashed lines)
against the data obtained for a—SRD and a—RRE vs. t for up to t = 100 for the
chosen coin parameters labelling the plots. We choose a =1/4,1/2,3/4.

and,
3.44391 + 0.937397ts31/r;(%+%) _ 1.49066c35?(“7‘+1—“6) +o x=y=1/8,
Dy = { 3.20219 — 0.532561?;)?5 Z+3) _ 0.864633::;%5 Z+3) 4o, x=1/8,y=1/12,
3.64189 — 1.04617ii/1%(§—%f . 0.68791c‘(;s?(%+% +o x=1/6,y=1/8,

(57)
Given the asymptotic forms, we can infer a general asymptotic form for both @ — SRD and
a —RRE, given by,

cos(4mt/a; +v;) +ZU.SiH(4m/bi+5i) (58)
L,n

F(a: C) :Aa,C + Zpl tm+1/2 tn+1/2
i,m

6 Continuum limit

For our choice of coin (24), the continuum limit of the quantum discrete random walk gives
rise to synthetic gauge fields [20,21]. To start with, we replace the discrete differences with
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derivatives,

[, (t+AL, X)) — [, (t, X)) = At |®,,(t, X)), ¥, (t,X+AX))— ¥, (t,X)) = AX- 0% |¥,,(t,X)) .
(59)
Using |y, (t + At,X) =U¥,,(t, X)), we can also write the analog continuum version of (20),

o U—1I >
0w, (t, X)) = FWW(RX)), U=S-C. (60)
In the continuum limit (for AX = (Ax,Ay)),

S= > )il ® % + A% )(F| =1+ (18 03)Ax3, + (03 8 DAY, , 61)

AS

where o; are the Pauli matrices. Similarly, we can write the coin operator in the form,

i(a—¢)
C(64,0,,&,a) =E [ (]I4 +03® O'3)COS 6,—i(c,®0,—0,®0,)sin 91]
RICEE) (62)
+ 5 [(]I4—03 ®03)c0562—i(01 ®0,+0,®0,)sinb, |,
where we have introduced another U(1) phase a. Using the parameterization,,
01(6,%, ) =06, )+ Oyt Y)es Oa(t,x,3) = 076X ) + 06 %)
E(t,x,y) =EO(t,x,y) +E(t,x,y)eP,  alt,x,y) =alO(t,x,y) +a(t, x,y)e,
and that C(Gl(o), 950), 3 0) ¢(0)) =1, translates to,
k,—k ki +k
91(0) =k, Qéo) =kym, ?;'(0) = n(n—m)+¥n, a© = n(m+n)— ! 27‘5, (64)

subject to (ky,ko,n,m) € Z. Most generally, we can take At ~ €%, Ax ~ Ay ~ €° ie. all
parameters with different scalings. However to pertain to the most simplest scaling, we will
take T = 6 = u = v = p = w = 1. This also ensures maximal contribution from all parameters.
With this scaling, to the leading order (with cos @ =1+ 0(6)? and sin 8 ~ ),

C(él,éz,g,d):I+i€(dl—503®03)—§01 ®O'1®+—§O'2®O'2@_, (65)

where,©, = §,¢/(=5thm) 4 pila+é+hem)g, - putting (61) and (65) in (60) and expanding to
O(e), we can write the perturbative equation of motion,

8%, = ((03 ®1d, +(I®03)3, +i(al—Eo3 ®03)— % (0,80,0,+0,8 02@_)) v,. (66)

Hamiltonian

Further, defining X = 1/2(x + y) and Y = 1/2(x — y), the eoms of components (A©®, A®))
and (AM, A®) couple together,

8, — oy —i(a—E&)) A = —%(@+ —0_)A®,

8, + 8y —i(a+&)) AW = —é(@+ +0_)A,

: (67)

(
(
(8, + 0y —i(a—&)) A® = _E(@+ —0_)AO,
(

8, — Oy —i(a+ &) A = —%(e+ +0)AD
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After some rearrangement, (67) can be put in the form of Dirac equation for massive fermions,

(ir"DE =My )ps =0, (68)

where fo =0,— iAt and At = (a¥&,0) and the mass matrix is given by M, = (6, F6_)/2.
The explicit solutions for the Dirac equation is,

Po(t,y) = @0 (1, ),
- e~iPo t—ipyu( p), ) ) ) (69)
wi(t’y):{eipofﬂpyv(p), pO:p +mi’ p0>0’

as the positive and negative energy solutions respectively. Explicitly,

u(p)=( 8; ) v(p)=( _QQ—+ ) (70)

where Q, = +/po £p, m? = (Q_Q,)? and Qi + Q2% = 2p,. Under p — —p, Q. — Q+. The
vectors satisfy,

u'(p)u(p) =2p, =v'(p)v(p), u'(p)v(—p)=0. (71)

The explicit solution for each energy (positive or negative frequency) is then
Y1(t,y) =e Pl (y) where,

~ dp e Py
wi(y)=J o f/_(a u(p) + b*,v(-p)) (72)

where —p = (pg, —p). The coefficients, a, and b_j, can be determined from the inverse trans-
form,

ipy

L), b5 = | dy——=v (piL).  (73)

v/ 2pg

+ _
ap— dy

F

The normalization condition for each time slice t is,

f dy L)L) =1 =f 2 (a2 +16%,7). (74)
—00 —00
We choose the initial wave function to be gaussian in the spatial coordinates,
~ 2 \/4 272 .
1P+(0,J’)=(m) e (cos@+/2| 1) +sin 6, /2e+| l)) , (75)
that fixes,
+ 2y1/4 e P’/ ( ) )
al=02no*)"——(Q_cos0,/2+Q,sinO, [2e+), (76)
P v 2po
+ 2y1/4 e_p202/4( )
b™ =(Q2no*)""———(Q,cos6,/2—Q_sinbO,/2e"+) (77)
? v 2po

and similarly for the initial wave function for J_(O, ¥). The wave-function for the random
walk can be constructed from these fermions, by using the mapping,

1

I, (6, X)) =M-(IT) el +]1)®[yp_)), where M= (78)

o O O

= O O O
S O = O
(= e o]
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The energy for each fermion is,

Ei(p)=Vi+£4/p2+m3. (79

Specifically for V. > m, the lower bound is positive for,

E(p)=Vi—y/p?+mi 20 — —/VZ—mi <p<VZ-mi. (80)

7 Conclusions and future directions

A 2d DQRW requires a SU(4) coin operator which has 15 parameters. In this work, we have
chosen a special coin operator built from Bell pairs and containing only 3 parameters. The
relatively simple form of the coin operator renders the DQRW exactly solvable. However,
the coin incudes a non-trivial entanglement in the system. In order to probe the entangling
properties of the coin operator:

* We compute the entanglement induced by the coin on the spin and position degrees of
freedom. This function oscillates with time around a reference constant value.

* We explore the Entangling Power of the coin operator which measures its capacity to
induce entanglement in the state, starting from an initial tensor product state. Numeri-
cally, we compute the Entangling power of the coin as a function of time and for specific
choices of the coin parameters.

* We compute the Generalized Relative Rényi Entropy functions between the density matrix
operators for the initial tensor product state and the final entangled state. We analyze
the relative entropies as a function of the coin and time.

Both the measures, behave functionally in the same manner as the entanglement. As a bonus,
the continuum limit of the random walk algorithm reduces to two 1d massive fermions coupled
to synthetic gauge fields. The wave-function for the random walk can be recovered as a non-
trivial linear combination of these massive fermions. We conclude the work with discussions
and future questions to be addressed.

* We intend to generalize the algorithm using a non-trivial shift operator and/or a feature
dependent coin operator. Such generalizations can describe variety of phenomenon such
as scattering, tunneling, optimization techniques and so on. An entanglement based ran-
dom walk approach can also be used to distinguish between topological phases [4] and
for the distinction between pure and mixed states using the Entanglement of Purification
(EoP) [28].

* The generalized version of entangling power is through Concurrence matrix [15, 24]
or n—tangle operators for higher qubits and higher dimensions [25-27]. It would be
interesting to see if the generalizations can be used as an order parameter to determine
entanglement evolutions in real systems. An interesting avenue would be to explore the
entangling power of mixed states [29,30].

* An immediate question would be to understand the complexity [31, 32] of the quan-
tum circuit describing the algorithm. This question can be addressed with ease for the
random walk algorithm and various approaches of Neilson-complexity [33,34] and the
Krylov-complexity (state-operator complexity) can be compared and extended.
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* The structure of the coin operator gives us two one dimensional 1d free fermions coupled
to synthetic gauge fields. The same structure of the coin in d dimensions, should give
us d one dimensional coupled fermions. A feature dependent coin will introduce a non-
trivial profile for the gauge potential. If we want to introduce interactions between the
fermions, what kind of modification to the coin operator would we need?
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