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Abstract

We demonstrate that the well-known expression for the charge magnetization of a sam-
ple with a non-zero Berry curvature can be obtained by demanding that the Einstein
relation holds for the electric transport current. We extend this formalism to the trans-
port energy current and show that the energy magnetization must satisfy a particular
condition. We provide a physical interpretation of this condition, and relate the en-
ergy magnetization to circulating energy currents in Chern insulators due to chiral edge
states. We further recover the expression for the energy magnetization with this alterna-
tive formalism. We also solve the Boltzmann Transport Equation for the non-equilibrium
distribution function in 2D for systems with a non-zero Berry curvature in a magnetic
field. This distribution function can be used to obtain the regular Hall response in time-
reversal invariant samples with a non-zero Berry curvature, for which there is no anoma-
lous Hall response.
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1 Introduction

The effect of the Berry curvature on thermoelectric transport in crystals has received a lot of
attention in recent years. Following the seminal work of Berry on the adiabatic evolution of
quantum states [1], it was realized that the geometric phase identified by him has important
consequences for the semiclassical dynamics of electron wavepackets in crystals. In particular,
the Berry curvature associated with this phase contributes an anomalous term to the velocity
of the wavepacket [2-7]. This anomalous velocity can give rise to a Hall response without
an external magnetic field, resulting in the anomalous Hall effect [8], the Magnus Hall Effect
[9-11], as well as many other interesting electronic transport phenomena [12]. Similarly,
in response to a temperature gradient, without any external magnetic field, it generates a
transverse Hall voltage, known as the anomalous Nernst effect [9,13-15]. Coupled with the
Boltzmann transport theory, the modified semiclassical equations have been employed to study
transport in topological insulators [16,17], Chern Insulators [18], Weyl Semi-Metals [14, 15,
19-25], Kondo Insulators [26], Rashba systems [27,28], triple-component Fermionic systems
[29], optical lattices and quasicrystals [30,31], superconductors [32], non-Hermitian systems
[33,34], as well as in various other systems [35-41]. Non-linear effects in transport have also
been studied within this formalism [42-51].

In the linear response regime of thermoelectric transport, the electric current and heat
current are given by the expressions,
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where the heat current j€ is related to the energy current j¥ and the number density current
jV by the relation j¢ = jE—ujN [52], u being the chemical potential and the electric current
j¢ is related to the number density current jV by the relation ] = —ej", where —e is the

electronic charge Here L 11 is the electric conductivity tensor, L 29, the thermal conduct1v1ty

tensor,! and L 12 and L o1 are the Peltier conductivity coefficients. The coefficients L 12 and

Tm are related via the Onsager relation [53-55],

L21:T le . (2)

It is important to note that the Onsager relation holds only for the coefficients that relate
transport currents to the applied gradients and not the total currents. The total currents for
systems with broken time reversal symmetry typically have diamagnetic contributions, which
need to be subtracted in order to obtain the transport currents [55]. This has been explicitly
demonstrated for systems with a non-zero Berry curvature [12,56].

An additional set of relations are the Einstein relations which require the transport currents
generated by an electric field E to be equal to those due to a chemical potential gradient Vu of
strength eE [55,56]. It is well known that the bound electric current in a magnetic sample can
be expressed as the curl of the charge magnetization [57]. Similarly, there can be circulating
energy currents in a sample, which can be expressed as the curl of a quantity called the energy
magnetization [55]. It has been demonstrated that the Einstein relation holds for the electric,
heat, and energy currents in systems with a non-zero Berry curvature [56, 58], by employing
various interesting techniques like introduction of a fictitious inhomogeneous disorder field.
However, as shown by Onsager [53, 54], the Einstein relation should always hold due to the
principle of detailed balance, and should not depend on the microscopic details of the sample.
In this paper, we show that assuming the Einstein relation holds, one can conveniently find
the forms of the charge magnetization and the energy magnetization, without introducing an
inhomogeneous disorder field, as was done in [58]. Here we show that the energy magnetiza-
tion has to satisfy a certain specific condition, and provide an interpretation of this condition
for a Chern insulator in terms of the number of chiral edge modes.

As will be shown in section 4, the transport currents contain pieces which depend on the
equilibrium and the non-equilibrium distribution functions. The equilibrium distribution func-
tion (Fermi function) contributes to the intrinsic anomalous Hall and Nernst responses, which
occur without any external magnetic field, for a system with non-zero Berry curvature. The
non-equilibrium distribution function, which is calculated in section 4 up to leading order in
the external potential and temperature gradients for a two-dimensional system, is responsi-
ble for the regular Hall and Nernst responses and captures the effects of Berry curvature on
these. Here by the term “regular Hall” response, we mean the Hall response due to a mag-
netic field, and we do not specifically mean the linear Hall response. Similar expressions for
the non-equilibrium part of the distribution were obtained in several papers [21,59,60], but
only in the context of chiral magnetic effects, which are absent in two dimensions. When
the Berry curvature Q = 0, the non-equilibrium parts of the distributions obtained in the
above-mentioned papers only lead to regular Ohmic transport, but not the regular Hall effect.
Neglecting parts of the non-equilibrium distribution function is justified for systems like Weyl
semimetals, where the anomalous Hall effect is much stronger than the regular Hall effect.

'Here the thermal conductivity tensor is denoted as the heat current per unit temperature gradient at zero
electric field or zero chemical potential gradient. Sometimes, thermal conductivity is denoted as the heat current
per unit temperature gradient when the net electric current is zero (an internal electrochemical potential gradient
is generated to maintain zero electric current, but that gradient in turn contributes to the heat current). In that
case, it can be shown that (see Eq. (13.56) of Ref. [52]) that the heat conductivity is Lo, — Lo; (L1;)"" L1,. But

this additional term is a small correction of the order (kBFT) .
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However, there are systems (e.g., bilayer graphene) with non-zero Berry curvature, which do
not show the anomalous Hall effect due to intrinsic time reversal symmetry. In such samples,
the Berry curvature modifies the regular Hall effect, which can be calculated with the solution
(Eq. (26)) of the Boltzmann Transport Equation obtained in this paper. Note that there is no
fundamental change the regular Hall response. Rather, the existing response is modified due
to the Berry curvature.

There are two main results of this paper. The first, obtained through the calculations of
sections 2-3, is a derivation of the charge and energy magnetization assuming the validity of
the Einstein relation, and the interpretation of a condition on the energy magnetization. While
the expression for the energy magnetization has been obtained previously from microscopic
considerations, our derivation is based on general arguments involving the Einstein relation.
This, in our opinion, simplifies the physical understanding of the energy magnetization, which
is a rather opaque quantity. The second result, obtained in section 4, is a complete solution
of the Boltzmann Transport Equation in two-dimensions in the linear response regime, which
can be used to calculate transport currents for a two-dimensional system with a non-zero Berry
curvature and in the presence of a magnetic field.

The paper is organized as follows: We describe the overall formalism of calculating currents
from the semiclassical equations in section 2, and further discuss how the orbital magnetization
affects the electric and energy currents. While the effects of orbital magnetization on these
currents have been addressed in the literature before [43, 56], we emphasize some of the
salient aspects of the physics which are important for us to derive the central results of our
paper described in Secs. 3.2 and 4. We first illustrate how the validity of the Einstein relation
for the charge and energy currents can be exploited to obtain expressions for the charge and
energy magnetizations. While the expressions for these magnetizations have been obtained
from microscopics recently [58,61], our approach has the virtue of simplicity. Our focus is
the energy magnetization but as a warm-up, we first employ our method in section 3.1, to
obtain the known expression for the more commonly studied, charge magnetization. Section
3.2 contains one of the two central results of this paper. Here we employ the same method as
for the charge magnetization to find a condition that the energy magnetization has to obey,
which has a physical intuitive interpretation. We then use it to find the expression of the energy
magnetization. In section 4, we derive the complete expressions for the transport heat current
density, and solve the Boltzmann transport equation for the electron distribution function up
to linear order in the potential and temperature gradient in the presence of a magnetic field
and non-zero Berry curvature. As mentioned above, the distribution function can be used to
obtain the regular Hall and Nernst responses.

2 Formalism

The semiclassical equations of motion for the position and crystal momentum of a Bloch
wavepacket are [3,4,7]
L2195 k x Q(k
Pk ko)
ik =—e(E+F xB).

(3)

Here, Q(k) = i(Vk uk| X }Vk uk> is the Berry curvature in the reciprocal space, and u,_is
the periodic part of the Bloch wavefunction. The energy eigenvalues are modified due to the
orbital magnetic moment [56] m_ of an wavepacket, as well as Zeeman splitting,

e, =¢&yk)—m,_-B—m; B, @Y
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Figure 1: In addition to its velocity, a Bloch wavepacket can have an angular momen-
tum about its center, which gives rise to an orbital magnetic moment.

where gy(k) is the original band structure energy at zero magnetic field, and m, is the spin
magnetic moment. Here, ¢, is a function of the spin s, but that is not explicitly written due to
notational convenience.

It has been shown that the equations of motion (Eq. (3)) violate Liouville’s theorem, and
for a phase space volume element AV, the quantity AV (1 +7B- Q(k)) remains a constant of
motion [62]. As a result, the calculation of the expectation value of any operator O over all
states requires the introduction of an additional factor of (1 +7B-0Q (k)) in the integrand,

(@)=ZJ (2d:)d (1+%B-n(k))(@)kf”k. )

The sum Zs accounts for the two spin species. In the above expression, fk has implicit de-

pendence on spin due to the Zeeman splitting. Here, fk is the distribution function and in
1

Bl\ep—1
When an external electromagnetic field, chemical potential gradient or temperaturé gg;ad)ié:rrllt
is applied, the distribution function is modified to fk = f,+8&,, where g,_is the non-equilibrium
contribution. We calculate g, for a two dimensional system within the Boltzmann transport
formalism in Section 4. Up to linear order in the external fields, g _ contributes to regular
Ohmic conduction, the regular Hall effect, and the regular Nernst effect. In the presence of a
non-zero Berry curvature, the equilibrium part of the distribution contributes to the anomalous
Hall effect and the anomalous Nernst effect, up to linear order in the external electric field,
temperature gradient, and chemical potential gradient.

Let us briefly review the calculation of the orbital magnetic moment of a Bloch wavepacket,
which is responsible for the circulating magnetization energy currents and electric currents.
While a Bloch wavepacket [4,7] is localized at a point (say, r), the electron is not necessarily
localized there, and can have an angular momentum due to the motion about the center of the
wavepacket (see Fig. 1), giving rise to an orbital magnetic moment given by the expression
[56,63-65],

thermodynamic equilibrium, it reduces to the Fermi distribution function, f, =

my, :_ﬁ <‘/)k,ro|(f’_r0) xp |¢k”‘0>' (©)

Note that m is the bare electron mass, not the effective mass of the Bloch state. Since the Bloch
wavepacket is not completely localized, the wavepacket centered at one point, can contribute
to the currents at another point, and the orbital magnetic moment is involved in these parts of
the electric and energy currents. The total electric current density [12,40] and energy current
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density [56,58] are given by,

dk e
+foWfkmk(1+%Bﬂ(k))i|,
(7a)

dk de,
jfotal :Z[_e (ZTE)d [ 711 ok +fk (E x Q(k))
B dk 10¢,
Fioat = 2 Wek L)

dk e

2 )df" k( )(HEB Q(k))]

See Appendix A for a self-contained derivation of how the orbital magnetic moment appears in
Eq. (7a). Similar calculations produce the terms involving orbital magnetization in Eq. (7b).
In both Equations (7a) and (7b), the terms in the first lines, those does not involve the orbital
magnetization my, can be considered as the contribution due to the movement of the center
of the Bloch wavepacket, while the other terms are the contribution of the movement of the
electron about the center of the wavepacket.

+V x (7b)

3 Charge and energy magnetization from the Einstein relation

3.1 Charge magnetization

In this section we demonstrate that the known expression of the charge magnetization can
be recovered by demanding that the Einstein relation holds for the electric transport current.
The electric transport current can be obtained by subtracting the charge magnetization current
from the total electric current. The charge magnetization current is the curl of the charge
magnetization, whose expression has been obtained in Ref. [56]. Here we show that the same
expression can be obtained by using this alternative formalism. In the next section, we will
employ the same strategy to find the expression for the energy magnetization (whose curl is
the bound energy current). The expression for the electric magnetization current is

oM*® oM*®
j© =VxM¢=V vT .
j& =V x px S+ VT X ®)
Consequently, we can calculate the transport current,
j transport :J fotal _J i/l
188 k 8fk e
= + ExQ(k))|+Vu -_— (1+—Bﬂk)
Z[ o )d[ Ky 3 i (E X ())} Gyt 3 e (1 5B 000
dk 9Jfx e oM¢® oM*®
vT — (1 —B-Q k) -V —-VT .
VI Godar ™\ Ty ()} ST 3T
9

Demanding that the terms can only depend on the combination (eE+V u), we get the condition

a ¢ 2
M _ZJ(ZW[ Ji k(1+§B.n(k))+fk%Q(k)].

(10)
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After integrating and applying the boundary condition that the charge magnetization should
be zero for an empty band the constant of integration turns out to be zero. We get

Zf(z i m(k)fk(l-l-%B»Q(k))+k3T%log(1+e_ﬁ(€k_“))} (11)

The intrinsic part of the charge magnetization is obtained by taking the limit of zero magnetic
field, when the Zeeman splitting also vanishes. Even though the inversion symmetry maybe
broken in a system like biased bilayer graphene, there is no spin orbit coupling to lift the spin
degeneracy at zero magnetic field. Summing over both the spin species, we obtain

2dk
— —B(eo(k)—p)

M| = 2y [m(k)fk+kBT?10g(1+e Peolie)—n )} (12)
which is the same as the expression obtained in Ref. [56]. Similar expressions (in slightly
different notations) may also be found in Refs. [63,64]. The expression in Eq. (12) is for a
single band. To get the total charge magnetization, we have to sum it over all the bands.

3.2 Energy magnetization

The expression in Eq. (7b) is the total energy current density, which is due to the sum of the
transport and magnetization parts of the energy current. The magnetization energy current is
the curl of energy magnetization, which is [55], M¥ = M g —(E-r)M¢. Here M g is the energy
magnetization at zero external electric field, and M is the usual charge magnetization® (whose
curl is the bound electric current density).

In the presence of an electric field, we need to add this additional term because the charges
carry the potential whose gradient gives rise to the field. Both the bare energy magnetization
M g and the charge magnetization M* are functions of the chemical potential y and tempera-
ture T. Then, the circulating, bound energy current density is

jE=VXME—ExM*—(E-r)VxM*. (13)
2nd order quantity

Here V x M¢ is already a function of Vu and VT, and hence, the term (E - r)V x M¢ is
of second order, and we drop it. It follows that the transport energy current density is (see
Appendix C)

J transport = Jiotal ~Im

_Z[ (2m)d "717882 Ve 3 (zd:)d kfk( )(1"‘%3 Q(k))

8 dk (14a)
VT x oyt kfk( )(1+EB n(k))]
aMg oM}
+eE xV;—Vu x on —VT x —— 3T
where
dk Q(k) —B(e. —1)
0= 3 [ B gty )] s

2In Ref. [55], the authors use the notation M* = M{ + ¢(r)M", where MV (whose curl is bound number
density current) is 2, and ¢(r) = eE - r is the potential energy due to the (constant) electric field.
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|
?Az

Figure 2: The circulating current and the magnetization in an effectively two-
dimensional sample of thickness Az are related as I = Az|M x fi|.

In Eq. (14a), there is an asymmetry between eE and Vu. For the Einstein relation to hold
for the energy current, the allowed terms can only depend on the combination (eE + V).
As shown in Sec. 4, gj is proportional to this particular combination. Thus, for the Einstein
relation to hold, we must have

O] [ e L () (14 £p -2 w)

+f (zd:)d Q%k)[e fi + kT log(1+ e “))H

(15)

When the temperature scale (kzT) is negligible compared to the chemical potential u (more
precisely, negligible compared to (u — €.,;,), Where &,,;, is the band minima), which happens
for ordinary metals in room temperature, and there are multiple bands, it can be shown that
(See Appendix D), up to leading order (zeroth order) in temperature,

" MZ f(z T (2,007 + 66, —w (™) (14 S5-000) |, a6

where n is the band index. This has a particularly simple interpretation in a two-dimensional
Chern Insulator, where the chemical potential falls on a band gap and hence, the term contain-
ing the Dirac Delta function can be dropped. The magnitude of the circulating, bound energy
current along an edge (not to be confused with the energy current density j£, which resides
in the bulk) is given by I§ = Az|ME x | (see Fig. 2).

Then, at zero magnetic field, the result in the above equation can be rewritten as

_ I 2dk
- Azzn: - J oy Q, (k) o - (17)

A similar result for the charge magnetization and the circulating electric current was shown in
Refs. [64,66], using the known expression (Eq. (12)) for the charge magnetization. Note that
we obtained this condition on the energy magnetization current from a necessary condition
(Eq. (15)) so that the Einstein relation would hold. Let us discuss several cases, similar to the
discussion on the circulating electric current by R. Resta [66].

ALY
Ap

Chern

8
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For a Chern insulator, the integral of the Berry curvature over the filled bands (with all
the factors of 27 included) is the sum of the Chern numbers of those bands, which can be
interpreted as the number of chiral edge states [67,68]. We get

Aol s ()|, -

Au

where N (N,,) is the number of chiral edge states circulating along the anti-clockwise (clock-
wise) direction. As the chemical potential is varied, per unit change in chemical potential,
each of the chiral edge states contributes to the circulating energy current by an amount %
per unit thickness of the sample. It is worthwhile to note that in Eq. (16) and Eq. (18), the
absolute value of the chemical potential appears and not its relative value with respect to the
minima of the band. However, this 1s not unphysical at all. When we change the chemical
potential by a small amount (i.e. | = E | < 1) by adding new electrons to the system, each
of them will have energy in the order of u. Even if these newly added electrons belong to a
bulk state, the circulating energy current at the edges will increase, and this change will be
in the order of u. The net contribution is, as if, only the chiral edge states are contributing to
the circulating energy current. A similar result holds for the circulating electric current [66].
For example, if the chemical potential is at zero energy with the band minima would be at
some negative energy, and new electrons are added to the system, they would have almost
zero energy, and the circulating energy current at the edges would not change, a result which
agrees with Eq. (18).

When there are no chiral edge states (e.g. in a trivial insulator), the right hand side of
Eq. (18) is zero. Also, when there are equal number of chiral edge states circulating in the
clockwise and counter-clockwise direction, their contributions cancel.

In a metallic sample, the result would be similar to Eq. (18) for the filled bands, but the
Fermi surface would contribute through the delta function term, and if the partially filled
conduction band is of topological nature, it would also partially contribute.

It has been shown [65, 66] that the derivative of the charge magnetization with respect to
the chemical potential has a term, 7 Z f @) ——— R, (k). The sign difference with Eq. (16)
is because, when an electron moves, the local energy current density and the electric current
density would be in opposite directions, as the electron bears a negative charge.

The expression for the bare energy magnetization at a non-zero magnetic field can be
calculated by numerically integrating Eq. (15),

Mg:nz[ (2d:)d nkf""( )(”EB Q(k))

dk Q,(k)
2n)d h

(18)

Chern

(19)

a{sn,kfnk(m +kyTlog(1+ e—ﬁ(%f“’)}] :

fi=—00

with the initial condition that the energy magnetization would be zero when the chemical po-
tential is at negative infinity, as then there would be no electrons to generate the circulating
currents. Here, the first term can be regarded as the contribution of the individual orbital mag-
netic moments of the Bloch wavepackets, and the second term involving the Berry curvature
arises due to the modification of the phase space volume. The intrinsic part (at zero magnetic
field) of the bare energy magnetization is

M€|3_0=Z[ éd’;de()(k)fnk( )

(20)
J (iil)cd L (k) i 80(k)fnk(‘u') + kBT IOg(l + e—ﬂ(Eo(k)—u))}]

9
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This expression agrees with the results obtained in previous scientific literature using dif-
ferent methods, namely, gauge theories of gravity [69], introduction of an inhomogeneous
disorder field [58], and introduction of a gravitomagnetic field [61].

4 Complete expressions for transport currents in a two-
dimensional sample with non-zero Berry curvature

The electric transport current density can be obtained by subtracting the curl of the charge
magnetization from the total electric current density [56]. After substituting the expressions
of charge and energy magnetization and subsequent simplification (See Appendix C), the ex-
pression for the transport electric current density, and the heat current density® are

. dk 10¢, dk . e? vu VT
Jetransportzzs:[_efwgkgﬁ_f(2 )dfk (I:E-i——]xﬂ(k)) —Txevz,

(21a)
jg’ansport = thransport - ‘u‘jfl{ansport
Z ) +(eE+Vu)x Vy+ VT x v, (21
- (2 )d R 5k Sie uix Ve aT ’
where
dk Q(k) —B(e, —
VZ_ZJ(Zn)d = (e k—,u)fk+kBTlog(1+e hle ”))}, (21¢)
and
dk Q(k) —B(e, —1)
ZJ 2 & ,ukBTlog(1+e k )
(21d)

+f“ dj [8kfk(.a)+kBTlog(1 +e_ﬁ(8k_m)ﬂ

fi=—c0

These expressions match with those previously obtained by introducing an inhomogeneous
disorder field [58]. The second term of Eq. (21a) can produce a linear Hall response that does
not depend on the relaxation timescale T [72,73]. Since the Fermi distribution is modified as

— 1 . e
fi= N IO == v when there is a magnetic field, the second term of Eq. (21a) can be

dk dk 1
Taylor expanded as, f (zT)dﬂ(k)fk R~ f Wﬂ(k)[fok my - B2 e 0"] where fy, = NICTERE,
and the other first order term (which is linear in B) proportional to the spin magnetic moment
would vanish when integrated. The first order term proportional to the orbital magnetic mo-
ment, generates the aforementioned Hall response. Also note that Vo — 0 as T — 0, implying

L 5;=0at T =0, which is consistent with the Onsager relation, Eq. (2).
Once the band structure is known, the value of Q(k) can be obtained from the Bloch wave-
functions. Then, if we can find the expression of the out of equilibrium part of the distribution

3In general, there is no “heat magnetization” (whose curl is the heat current) analogous to the charge magne-
tization or the energy magnetization [70]. However, one can define such a quantity M" = =M, E— uMY, when the
chemical potential throughout the sample is constant [58,61,69,71].

10
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function, g, the transport parts of the electric and the heat currents can be calculated up to lin-
ear order. We can calculate g; with the Boltzmann transport equation [74]. Being away from
the “hydrodynamic regime”, transport can be described in terms of the interaction of electrons
(or quasiparticles) with phonons and other impurities. The timescale associated with this is
much shorter than the one obtained from the sheer viscosity of electrons, which arises from
the interactions among the electrons. When the external fields are time independent, we can
drop the explicit partial derivatives with respect to time, and the equation takes the form

8§ . 0 .0 o
. +k 8kg"+r 8rg"_ k

k

d . 0

L r EPeLS (22)
In general, the scattering timescale 7, may depend on the crystal momentum of the electron.
However, only the electrons near the Fermi surface can be effectively scattered, and if the scat-
tering timescale only depends on the energy of the Bloch wavefunction, then we can consider
it to be a constant. The following calculation remains valid even when 7, varies with the crys-
tal momentum. Using the decoupled equations of motion in two-dimensions,* the right hand
side of the above equation simplifies to (see Appendix E.1)

e, — U
kK |eE+Vu+VT= . 23
de 1+ <B-Q(k)Ti Ok [e H T } (23)

In the above term, we can exchange eE < Vyu, i. e., the Einstein relation holds for the currents
generated by the non-equilibrium distribution. We will show that the Onsager relation holds

. . . .. 0dg
as well. We assume that the fields are uniform in space, and drop the term® containing ra
Then, the BTE takes the form

de
SEE+ £ _kxB dJde & —
& it wa XP 0 _3_f;1_k.[eE+w+w kT“]_ 24)

]
We can further simplify this equation. If we neglect the term E - % in the left-hand side
(LHS), we would find (in the next section) that g, isa linear function of the electric field, the

d
chemical potential gradient, and the temperature gradient. Then, E - % would be quadratic
in the applied fields, and the solution would remain self-consistent up to the first order if we
neglect it. Finally, the equation takes the form

0
8 wak *B 2 af 1 138k[ sk—u]
g =t k| E4+Vu+VT .
T 1+B-Q 0k°* de1+iB-ahok & H T

(25)

~
treated as a perturbation

We can treat the second term in the LHS as a perturbation,® when the magnetic field is much
smaller compared to B,,;, = Z-. If we take the effective mass to be the bare electron mass,
and the scattering timescale to be that of a typical metal, 10~ '%s, the critical magnetic field

“The equations of motion, Eq. (3) can be decoupled [59], and for a two dimensional sample, they simplify to
ke epye Ok
%%+ﬁ(Exn)’andk=_nE+ £ xB

#2 3k
€ e
1+2B-Q 1+2B-Q

f‘ =
3
5When we solve the equation after discarding the term 7 - %, and substitute the solution (see Eq. (26)) in this
term, we would find that this term is second order in the applied fields. Then up to linear order, we can discard it
self-consistently.
5We have, k - aa—kg ~p- %g ~e(v xB): g~ w XV g—f ~ wg. Then, if w < % (in the limit of low magnetic

field), it is justified to treat wg as a perturbation over %.

3
mov
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turns out to be 570 T, which is much higher than any magnetic field accessible in the current
laboratory setups. In typical metals, m* > m,, and the critical magnetic field is even larger.

The second term in the LHS of Eq. (25) gives rise to the (ordinary) Hall effect in samples
with a non-zero Berry curvature, and that is why we would not completely neglect it. Up to
linear order in external fields, the solution of Eq. (25) is (see Appendix E)

et af
af 1 T, d¢, - O, Fe, Uk 1. 2\9%¢
& =3 T Ta or oL St a5 BX| T3 o (—S —)—
et af (26)
N = O, 5 F) Fe, Tk s de,
— e X —_— —_— _— —
1+%B-ﬂ ak dk 1+%B-Q h Jdk ’

Ek_

where § = eE + Vu + T“VT ./ Having obtained Eq. (26), g, has to be substituted in the

expressions of transport currents, Eq. (21a) and Eq. (21b), and the transport coefficients L {1,

«— «—>

L1y, Lo; and L o5 can be read off. However, the actual computation will require the band
structure and the Bloch eigenfunctions (to calculate the Berry curvature).

Similar solutions of the Boltzmann Transport Equation have been obtained in scientific
literature [75-78], but the solution obtained in Eq. (26) takes into account the possibilities of
the momentum dependence of the scattering timescale 7, which the aforementioned works
did not consider. Moreover, in this solution, the %ﬁ term has not been Taylor expanded,
because the Berry curvature becomes a non-analytic function at the Dirac point (or the Weyl
point), and needs to be treated carefully. In fact, it can be argued that the semi-classical
treatment breaks down when the Fermi energy approaches a Dirac (or Weyl) point because of
the vanishing of the density of states and a full quantum treatment is required. This has to
take into account Landau quantization of the electron levels even at reasonably low values of
the magnetic field. This quantum intervention ensures that transport coefficients remain well
defined in the limit of the Fermi energy approaching the Dirac (or Weyl) point even as the
Berry curvature diverges [79,80].

Let us discuss the role of each term in this solution. The first term is linear in 7, and con-
tributes to the regular Ohmic response. The second term, quadratic in the scattering timescale,
generates the usual regular Hall response in the absence of Berry curvature. When there is
a non-zero Berry curvature, the nature of the regular Hall response does not fundamentally
change, rather it gets modified as the Berry curvature appears in the denominator of the third
term. It may seem that since the Berry curvature only appears in the denominator multiplied
with the Magnetic field, it contributes to the quadratic and higher order Hall responses. How-
ever, while the magnetic field in the laboratory maybe a small quantity (compared to some
characteristic scale), the Berry curvature can exhibit singular behavior near the Dirac points
of a system with effectively linear dispersion. In such systems, the third term of g_becomes
non-analytic near the Dirac points, and we cannot simply Taylor expand it in the Magnetic
field. The actual response can only be numerically calculated by plugging in this solution into
the expressions of the electric and heat currents, Eq. (21a) and Eq. (21b). The third term,
(also quadratic in the scattering time) captures the effects of the variation of the scattering
time at different points in the Fermi surface.

’It can be easily verified that when there is no Berry curvature, and the band is parabolic with an effective
mass m*, and the scattering time 7 is independent of k, this solution produces the same electric conductivity
2

S . o e 1 —wrt .
tensor which is also obtained from the Drude model, L ,;=0= "=* (o)r 1 ), where w = fn—li is the cyclotron

frequency.
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In this solution, VT is always multiplied with a factor of @, and the expression of heat
current has a factor of (sk —u) (Eq. (21b)), from which it follows that the Onsager relation holds
for the contribution due to the non-equilibrium part of the distribution function in presence
of Berry curvature. It has previously been demonstrated in Ref. [56] that the Onsager relation
holds for the contribution due to the equilibrium part of the distribution.

5 Conclusions

The Einstein relation has been shown to hold from certain microscopic theories for the elec-
tric, energy, and heat transport current in systems with non-zero Berry curvature [56,58]. In
this paper, we employ a complementary approach to first demonstrate that, assuming that
the Einstein relation holds (whose validity can be established from thermodynamic argu-
ments [53,54], irrespective of the underlying microscopic theory), an expression for the charge
magnetization can be obtained in a relatively straightforward manner which agrees with the
expression obtained for this quantity previously. We then extend this argument to the transport
energy current and the heat current, to obtain a condition that the energy magnetization has
to obey. We have used it to obtain an expression for the energy magnetization, which has been
previously obtained using other methods. Moreover, we have found a physical interpretation
of this condition, in terms of the circulating chiral edge modes in a Chern insulator. We have
also solved the Boltzmann transport equation up to linear order in potential and temperature
gradients for a two-dimensional system, which can be used to obtain the regular Hall response
in systems like bilayer graphene, which possess a non-zero Berry curvature, but display no
anomalous Hall Effect due to time reversal invariance.
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A Self contained derivation of Eq. (7a)

GOAL: The goal of this appendix is to demonstrate how the rotation of Bloch wavepacket about
its center can induce terms in the electrical current density.

The wavefunction of a Bloch wavepacket located at r, and peaked at crystal momentum
kq is [4,7] (here we follow the notation from [7])

Y, = f dkw(k — ko)ei‘“(k")'(k_k‘))e_ik'rO (eik'ruk(r)) . (A1)

Here w(k—k,) is an (arbitrary) weight function sharply peaked at k = ko, u, () is the periodic
part of the Bloch wavefunction with crystal momentum k, and A(k) = i(un,k| v, |un,k> is the
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Berry connection. u, (r) is normalized such that

uk|uk>=f drluk(r)|2= 1. (A.2)
unit cell

It is to be noted that the calculations in Appendix B do not depend on the actual form of the
weight function w(k — k).

An electron in a Bloch wavepacket centered at r; may be found at another point r; (# r),
and it can contribute to the local current density at r;. As an analogy, the total electron density
near an atom in an insulator is not just the electron density of that atom, but the sum of electron
densities belonging to all the atoms, evaluated at that point. Of course, atoms far away from
the point would contribute very less, but nearby atoms can contribute significantly. Let us try
write down the expectation value of a general operator O at a point r,. We would consider
the sum of the contributions from all the wavepackets centered at a point r, and sum over
all ry [12]. That is

R dk R
(©)e=3 [ aro | st 4014+ £8-2) s | O =} ). 4

Here 7 is the position operator that acts on the states. r; is Just a parameter, and here r

acting on a state has to be understood as the operator rlI with 7 being the identity operator.
O8(F—r)+6(F—r)O
2

And, 5{(’), 6(# —ry)} denotes the Hermitized operator ,in case # and O do
not commute (for example, to calculate the electric current, we need to find the expectation
value of the velocity operator, which does not commute with the position operator).

Now, since the state is centered around r, we can take that into account by expanding
the delta function (up to leading order) [81],

65(ri—7)=6((ri—ro)—(F—ro))mo(ri—ro)—(f—rg) -V, 6(r;—ro)

. (A.4)
=06(r1—ro)=V, [(Ff—ro)o(r,—ro)].

Using this, we get

(O)rn)= Z[ o )d(f+ O (1+58-2) (s, |O[vicr,)

dk

o +9)(1+28-0) (v, %{@,(f —r1)} |wk,r1>].

h
(A.5)
We would work with this leading order expansion of the Delta functlon For the current density
operator, we need to separately take the three components of j = —e— to be O.
Let us define the tensor,

(wkrll—{ e 2 (F =1 )t Vs, ) (A.6)

where u, v runs from 1,2,...d. It can be shown that M,,, is completely anti-symmetric (see
Appendix B.1 for proof), a fact stated without proof in [40]. Due to anti-symmetry of M, we
can further write this as (see Appendix B.2 and B.3 for proof)

M, = €quyMy s (A.7)

where m,, is the a-th component of the orbital magnetic moment m;, defined in Eq. (6).
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Note that we can rewrite the second term in Eq. (A.5) as

—v, f = d(f+g)(1+_B Q)<‘/’kr1| (O, (F =r)}wr,)
2m) (48

LA a
=—0a f W(ﬂg)(u%ls-n)(wk,rllE{O,U—rl)a}\wk,rl),

with sum over a implied.

. ~e A
Now, let us calculate the u-th component of the electric current, ( Jj > We take O = —e@

We denote [dk] = (1+7B-Q). We get

(2 )d
_an[dk](f +g)Mau:_an[dk](f+g)mv6vau:+aaf[dk](f+g)mv€avu- (A.9)

This is the u-th component of V x f Gany (f +8)(1 + £B - 2)m;. When the electric field, the
magnetic field, the chemical potential gradient and the temperature gradients are constant,
we can drop the term V x f dkg(1+ 7B - Q)my, because g is already a linear function in the
spatially uniform fields E, Vu and VT.

While calculating electric current using Eq. (A.5) (with O taken to be the current operator,

jAe = —e%), the first term, which is the contribution of the center of the wavepacket, can be
simplified (up to linear order),
dk e A dk 170¢,
G A+ 3B W (Wi, |5 Vi) =—¢ | [ oz 2 i (E x n(k))]

(A.10)
Note that the phase space correction factor (1 + 7B - 2) gets canceled. Finally we obtain, up
to linear order,

e\ e dk 10¢,
(%) = e :Zs:[—e (M)d[ er e+ iy (Exﬂ(k))]+fo(2 )dfk(1+hB Q)mk:|
(A1)

This equation has a simple interpretation. The net current is the contribution of the movement
of the center the wavepackets, as well as due to the rotation about their individual centers.

B Demonstration that m,e,,, = M,

GOAL: The goal of this appendix is to demonstrate that the tensor M, defined in Eq. (A.6) is re-
lated to the components of the orbital magnetic moment my, defined in Eq. (6) as, my€q,, = M,,.
This result is crucial in obtaining Eq. (A.11).

B.1 We demonstrate that M, (1/)k r1| - e 2 (F—ry),} |1pk " ) is a totally anti-
symmetric tensor

The effective Hamiltonian [52] acting on u,, i in its effective Schrodinger equation is

2
H(k)= [Zh—m(k —iV)?>+ V(r)} = e kT freiker (B.1)

with H being the original Hamiltonian. Let us define
m dH(k)

P(k)= EW—h(k—zV) e kT peikr (B.2)

We would first prove some preliminary results which we would need later on.
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B.1.1 Calculation of (uy |P(k)|uy)

The idea of this calculation is based on [4].

(PUY) = Gl OO ) = T a| 10D )

= 2 R ) — 0| 2 >]

| Mok o oKk
m|[ d 0

== _(ul A (ek Iu))—sk <u ﬁu>] (B.3)
m|[ de, 0

=+ _(ul (sk ﬁu>) + (ul (ﬁ |u))—£k <u ﬁu>i|

_ magk

T h ok’

which is just the (bare) electron mass times its velocity. This expression is nothing but an
application of the Hellmann-Feynman theorem [82]. Note that the Berry curvature term does
not appear here because we took a single Bloch eigenstate, not an wavepacket.

B.1.2 Calculation of { Zuy | P(k) Juy)

This calculation is based on [4].

o |- m/ @ |8H(k)
——u | B, (K =—(—
m[/ & | a 2 2
LY (H(k)|u>)—<—u H(k)’ uﬂ
n _<8ku ok, ak, ok,
m[/ & | a 2 ]
=—|({=—=—ul— —( =—u|H(k
n _<8kuu 3k, (&) <8kuu (k) akv“>]
= F (e o)+ (el (G ) ()]
r\ok, |\'*|dk, ok, |\ ok, «\ dk, |dk,
m[/ @ ) mde )
=—|{ z—ule —H(k —— (=
7 _<akM” & —H( )‘akv”>}+ h 8kv<8kuu ”>
_ml/ 2 ], _HE)|L u> +iA, (k) (B, (k)
R [\dk, | dk, " e
(B.4)
B.1.3 Calculation of <uk1 | etk G=ro)(p — ro)“ﬁveik'(r_ro) |uk2 >all space (let us denote this

quantity as S)

Notation: We define

(1#1 |¢2>all space — J

and

<¢1|w2>cell :f

dryiy,, (B.5a)

all space

drapiap,. (B.5b)

unit cell
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If ¢,, ¢, are periodic over unit cells, then

(¢1|¢2)all space — N (d’lle)cell ’ (B.6)

where N is the total number of unit cells.

We use the relation,
P(e®rro) |y )) = ek o B(ky) |uy, ) - (B.7)

Then, o _
S= <uk n| e—lk~(1’—r0)(r _ ro)uﬁvelk-(r—ro) \ukz,n>au space
= (e, o] *FIETI (G — 1) P, (Ies) |uge, )

1>

(B.8)

all space *

Since |uk2’n> for different values of n are eigenstates of H(k,) for fixed value of ks,
they form a complete set. Then, 7 = Zn|uk2’n>ceu Cell(ukz’n

, and due to periodicity,
1% Do |uk2,n) all space all space <uk2,n| = 7. We insert this in the expression above.

S= <uk1’n| eltka—k)(F=ro)(p T'o)uf’v(kz) |uk2,n>

all space

A 0 itke—k)(r— 5
_ (ukl,nl i (_el(kz kq)-(r rO))Pv(kZ) |uk2:n>all space (B.9)

oky,,

1 J
- ﬁ Z <uk1,”| { (akl el(kz_kl)'(r_r())) |uk2,n’>all space <uk2,n’
n’ u

where we used the periodicity of the Bloch wavefunctions to absorb the normalization factor.
Now we would manipulate the derivative with respect to klu’

i d (Kol (1 —
S = N ; (Wlu (ukl,n| el(kz ky)(r ro)) |uk2,n/>all space (ukz,n/

P (k) |ukz,n>all space ’

Pv(kz) |uk2,n>all space

(B.10)

ei(kz_kl)‘(r—ro) |uk2 n’>

all space (ukz,n’ Pv(kz) |uk2,n>all space *

i d
N Z < Ok, ko

We make use of the following two identities respectively, to simplify the first and the second
terms in the right hand side of Eq.(B.10).

f’v(kz) |uk2,n>all space — (ukz,n’

1 .
N <uk2,n/ PV(kZ) |uk2,n> cell » (B.11)

1
N Z |uk2,n> all space all space <uk2,n| =T7. (B.12)

n

Then, from Eq. (B.10),

0 : .
S=1i ;Wm (all space <uk1’n| el(kz—kl)‘(r—ro) |uk2:n/>all space) <uk2’n/ | Pv(kZ) {ukz’n> cell

—1 9 u
ky, V"

When the number of sites in a lattice is very large, the points in reciprocal space are dense,
and we can approximate the sum over the real space lattice sites,

ei(kz—k1)-(r—ro)1.~)v(k2) |uk2,n> all space - (B.13)

d
Zei(kl—kz)'R — i drei(kl_kz)'r — _(271') 5(k1 — k2), (B.14)
R VC ‘/C
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(2n)¢
V.

= Va7, where
Vjy is the volume of the 1% Brillouin zone.
For any periodic function over the unit cells,

J e!k1k2)T £ (periodic) = ( Z ei(kl_kz)'R) (J f(periodic))
all space RE€ lattice sites unit cell

(B.15)
= [Vpz6 (k1 — k)] (J f(periodic)) .
unit cell

Now we choose units such that V7 = 1 for the simplicity of the subsequent calculations (any-
way it can always be absorbed in the normalization). From Eq. (B.13), we get

3 o
S= IZ 3]( (5(k1 2) <uk1,n’uk2,n’>ceu) <uk2,n’ 3

v(k2) |uk2,n> cell

d

—15(k1—k2)< ukln v(kz)’uk2n>cell

0 .
= lz (5(k1 - kz)) <uk1,n |uk2:n/>cell <uk2,n’ ’ Pv(kz) |uk2,n>cell (B.16)

Uk, n’ > <uk2,n’

cell

ﬁv(kz) |uk2,n> cell

. 0
+zZa(k1—k2)<ak B, e

d

Wluukl’n ﬁv(kz) \ukz,n> cell -

—i6(ky —kz)<

After summing over n’ in the second term of the final line in Eq. (B.16), the second and the
third terms cancel each other,

0
§=iy [ 50k, — kz)] (it o (1

f,v(kZ) |uk2,n> cell
(B.17)

9 ,
= [81{1 5(kq— 2)i|<ukl,n|Pv(k2)|uk2,n>cell*

Therefore,

o N 5} -
(ukl | e—lk'(r—ro)(r _ ro)upvelk-(r—ro) {uk2 >a11 space =1 [ﬁé(kl — kz)] <uk1,n| Pv(kZ) |uk2’n>ceu .
u

(B.18)

B.1.4 To show that <"ka’r0| {(r — rO)H,IA?V} W)k,ro> is anti-symmetric in u, v for a Bloch
wavepacket vy . , which implies M, is totally anti-symmetric

It is mentioned in Ref. [40] that <1/) kro | %{(r —T0)u P} |1/) k,r0> is a completely anti-symmetric
tensor. Here we prove it. A similar calculation to find the orbital angular momentum of a
wavepacket can be found at Appendix B of Ref. [4]. First we calculate the quantity without
the anticommutator, and denote is as Sj.

Sl = <11bk,r0| (T‘ - rO)uﬁv |¢k,r0>
B f f dkydkow(k, — k)w(ky — ke~ Ak ki) piAlk) (ke —k) (B.19)

—ik-(F— A ik(r—
X<uk1|e et rO)(r_rO)IvLPVel (r r0)|uk2>allspace '
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Now we substitute the boxed result (Eq. (B.18)) from the previous section into the above
equation,

S, = f fdkldkzw(k1 — I )w(ky — k)e AU (ki=k) piAlk)-(ky—k)
(B.20)

) -
x i [ak 6(ky— 2)] (U, n| Pk [k n) el -
Tu

After integrating by parts to shift the derivative from the delta function to the other quan-
tities,

S = J J dkydkyw(ky — k)w(ky —ko)e Ak k) gialk) ko)

d N
X1 |:3k 5(k1 2):| <uk1,n| Pv(k2) |uk2,n>cell
1y

. ‘ (B.21)
—i f f dk,dkyw(ky, —k)w(k, — k)e™Alko) (kiko) piAtk)-(ky—k)
5} . ) .
x 6(ky—ky) Wukl,n P (ko) [ug, n) cen — AL () (g, o| Py (ko) [tge, n) cen | -
u
Integrating over the delta function, and using Eq.(B.4), we get
S, = —if diey[w(k, — k)22 < o . e, —H(ky) 9 >

i\ 9k, dkq, B.22)

.m d 0
=_l%[<8_kuu gk—H(k)’akvu>:|.

The last line follows because w(k—k) being sharply peaked at k,; = k, picks up the value of the

integrand at that point, and due to normalization of v(r), x in Eq. (A.1), f dk;[w(k;—k)*=1
(In other words, [w(k; —k)]? effectively behaves like 5(k; —k)). Therefore,

. 2
<wk,ro|(r_r0)upv|1/)k,r0>: T;il |:<%u €,

u>} . (B.23)

Case: u # .
In this case, (r —r(),P, is Hermitian (because (r —r), and P, commute, and they are
individually Hermitian), and its expectation value must be real. Then, the quantity

9
ok,

must be purely imaginary.
Now, ¢ — H(k) is Hermitian. Then,

9
ok,

But since this is purely imaginary,

E_

0 h A
2 u> = 2 (Piory | (= 0)uPy} [V, (B.24)

8

(o5
ok,

0

(B.26)
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Combining the two, we get

d 5} 0 o,
—_— - =— H(k)|— . B.2
<ak R akv”> <8kv ( )’aku”> (B.27)
Also, since (r —r), and P, commute, for u # v,
A 1 A
(r - rO),u,Pv = E{(r - r()),u,zpv} . (B.28)
Consequently, for u # v,
<¢k,r0| {(r ro)u: v} |¢k r0> <¢k r0| {(r - rO)w ﬁu} |wk,r0> ’ (B.29)
ie.,
My, =—M,,. (B.30)

Case: u = v. In this subsection, no sum is implied for repeated indices.

In this case, (r — ro)uﬁu is not anymore Hermitian. However, [< Bi ule —H(k) ‘W“ ]
must be real. Consequently,
.m 1%} 0 o
—l% [<ﬁu 8 H(k)‘a—k‘uu>i| =<(r—r0)MPM> (B.31)

is purely imaginary, and its complex conjugate (ﬁu(r — "o)u> would be exactly the negative of
that. Thus,

<(r—r0)“ﬁ“+f’u(r—r0)“>20. (B.32)
Therefore, for all u,
My, =0, (B.33)

i.e., all the diagonal terms are individually zero.
Note: Since we know that <(r - ro)uﬁ,) is purely imaginary, and also,

(r—ro)“ﬁu—f’u(r —ro)y =1h, (B.34)
it follows that "
A i
((r—ro),b,)= 7 (B.35)

Therefore, M is a completely anti-symmetric tensor.
B.2 We demonstrate that m, = %M uv€auy is identical to the magnetic moment
defined in Eq. (6)

Since only the u # v terms contribute in M,,,€4,,, and p, commutes with 7, for u # v, we
can get rid of the anticommutator,

1
Na:§<wkro|_{ e— ,(F— ro)u}|wkro> €apv _26 auv<wkro|( ro)“p”|¢kr0>

== (i | (G =10) % B [k,
(B.36)
which is the a-th component of magnetic moment m;, defined in Eq. (6), that is, m; = m;.
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B.3 We demonstrate that M., = m,e

Multiplying both sides of the equation

my = EMuveam’ (B.37)
with €,,,, and summing over a, we get

1
ayo — EM,(LVEOLMVG(XYU

M,uv(5,uy vo -6 0511}/)

= E (MYU _MUY)
=M,,

My€

(B.38)

due to anti-symmetry of M.

C Derivation of transport heat current density

GOAL: The goal of this appendix is to derive the complete expressions of currents presented in
Section 4.
Since the energy magnetization M g is a function of the temperature T and the chemical
potential u, it follows from Eq. (13) that the magnetization energy current is

L =v oM, VT oM, E x M*¢
Jy=Vux £ + X 3T —E X
5 oM;
=Vu X on O Y VT x a7 (C.1)
XY J ot | 00 (14 78200 fi+ ks TS log(1-+¢77) |.
Then, the transport energy current density is
jtransport :jﬁ)tal _jM
18
_Z (Zn)d AR e E 4 fk(Exﬂ(k))
+E x (zdk)dkBT—log(1+e ﬁ(gk_“))
3 dk my e (C.2)
Vg | G (T (1 78-000)
8 dk my. e
“VIXGT | e (7)(”53'“("))}
v ME vT aMg
— — X
H*3 aT
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Substituting the following expression of the bare energy magnetization,

Mg:nZU(zdk)d nkf"k( )(H%B mk))

dk £ (k)
(2n)d n

(C.3)
dﬂ{sn,k (k) fure (1) + kg T log(l n e—ﬁ(sn’k—g))}]

i=—00

in the above Eq. (C.2), we get

10¢, Q
]transport _Z[ (2 )d &, kh ok +(€E+V,LL)J 2n)l 7 (g fk+kBT10g(1+€ B(e, M)))

8 _dk Q@

(C.4)
The circulating magnetization electric current is

jy =V xM*
:Zs:[ J(z )dfmk(l—i- ZB-Q(k) +vuxf(2 )d—ﬂ(k)f

+Exf dk Za(k)fe(e, ,u)+Exf dk eﬂ(k)kBTlog(1+e Pl “))}

T (2m)d A T (2m)d h
(C.5)
The electric transport current is [56]
. dk 10¢, \
]etransportzzs:[ (27‘[)‘1( )gkgﬁ_fk (|:E+Ti| X Q(k))
VT dk e
_ —f (e, —1)
T n )dh (k)[fk(e ,u)+kBTlog(1+e k )]:|
dk 109¢, \Y —
u
= E+— | xQ(k
Z[ a8y A ~fy ([ e ] x £ ))
8 dk e
_ B(e,—u)
VTx 2n )d hﬂ(k) [kBTlog(1+e )]]
The number density transport current is
s
Fansport =~ .7)

—e
and the full expression for the transport heat current density (presented in Eq. (21b)) is
-Q s _ .

J transport J transport uy transport

_Z[ (2m )d _H)%ﬁgk+(6E+VM) J(Z )d;:(g fk+kBT10g(1+e Ble, u)))

+VT x 8 (zd:)d ;: |:{f (8kfk(.11) + kBTlog(l + e_ﬁ(sk_m))} —MkBTlog(l + e_ﬂ(gk_“))ﬂ .
o (C.8)
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D Simplification of the condition on energy magnetization at low
temperature

GOAL: In this appendix, we describe the approximations utilized to obtain Eq.(16) from Eq.(15).
At very low temperatures (in the limit Su > 1), for |k| < ks, we have f; ~ 1, and

log(l + e_ﬁ(gk_“)) A log(e_ﬁ(sk_”)) =Bu—ce). (D.1)
Thus, for |k| < kg,
e fi +kgT log(l + e_ﬁ(gk_“)) U (D.2)
And for |k| > ky, fi ~ e Pl <« 1, and
log(l + e_ﬁ(sk_“)) ~e P « 1, (D.3)

In this case (k| > k¢), the quantity [skfk + kBTlog(l + e_ﬁ(“:k_“))] is negligibly small com-
pared to u.
Combining both the cases, we can write

¢ fr +kgT log(l + e_ﬁ(gk_“)) ~ue(u—e )~ ufi, (D.4)

where O is the Heaviside step function.
We also use the fact that, at very low temperatures,

0
a—fk ~ 6, — ). (D.5)
u

E Calculations for the Boltzmann transport equation
GOAL: In this appendix, we demonstrate in detail how we solve the Boltzmann Transport Equa-
tion.

In this appendix, the subscripts k of ¢, g and 7 are not explicitly written. It is to be
understood that they are all functions of the crystal momentum.

E.1 Simplification of right-hand side of Eq. (22)

Since f = m, it follows that
af 8f[ vT ]
L = (e—u)— E.1
3y~ 36 T (e—u)—Vul, (E.1a)
and,
of Of de
—_— == E.1b
dk 9dedk ( )

We will now calculate the quantity 7 - aa_r f+k- Ef—k f using the decoupled equations of motion
in 2D, which are

ikt REXD)

s E.2a

1+<B-Q (E.22)

. SE+525xB

=—1— ok (E.2b)
1+£B-Q
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Here, ‘;f is linear in external fields, and 7 has a term E x 2, and we neglect the product of

these terms, which is a second order quantity.
Therefore, we get

8 . . 8 . af 1 10 vT
k2=l 2 2% g Le—w]. E.
Far TR s TG 1B anak [e HACRE G “)] (E-3)

E.2 Solution of the BTE for E #0, Vu=VT =0

In this case, the Boltzmann Transport Equation (Eq. (22)) becomes

g _ h—zag % B - o.,_9f 1 102e eE (E.4)
T 1+B-00k =~ 0kS del+:B-Qhok '

We solve this equation, treating the second term in LHS as a perturbation (the second term is
of the order wg with w being the cyclotron frequency, whereas the first term is of the order
%. As long as w7 < 1, treating the second term as a perturbation is valid). We write

g§=80 1 &1 (E.53)
such that,
go af 1 10¢
VL - —Z” . ¢E
T del+iB-Qhdk O (E.5b)
and,

& w9 3

B- =0. E.5
T 1+B-Qok 2k (-5

From the last equation it is evident that g; is a linear function of B, and it is justified to discard

= . .
the term 175 Xy a £ XB- a % 81, as it would be quadratic in B. Then,

= Gc1+B-a R ok (&

af 1 et de E |
3814- Bﬂ n Ok

To calculate it, let us first evaluate an expression of the form V[¢pA-C], where ¢ is a
scalar function, A is a vector function, and C is a constant vector.

To find g;, we need to calculate 2 ak , i.e., the quantity 77 [

V[pA-C]1=(VP)A-C)+¢(C-V)A+p(C x (V x A)). (E.7)

In our calculation, ¢ ~ aj; I +elB R A~ a z,and C ~E.
Then,

i[&f 1 etT J¢ E]—i[ g—ir ]gﬁ

k| de1+sB-Qh dk | O0k|1+5B-Q|h 0Jk
il PR A
1+£¢B-9 [\h 0k/)ok h ok = dk
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The last term is zero because it is the curl of a gradient. Finally, the solution is obtained by
adding g, and g,

T 3c1+:B-Qh ok

L% 1{@}(@.@}&{(%.1)@]
1+£B-Qdk dklL1+zB-Ql\ 1 Jk 1+:B-Q|\h 0Jk/dk
(E.9)
E.3 Solution of the BTE for E =0, Vu #0, VT #0
Under these conditions, the Boltzmann Transport Equation becomes,
e Je
g wax*B o9 of 1 10e [ E—u]
s _r . = — .| Vu+VI—=|. E.1
v 1+:iB-n okS del+iB.qnok L ATVITT (E.10)
Similar to the previous section, let
2= g0+21, (E.11a)
with
$o= Ze1+iB-anok L ¥ T I (E-11b)
and,
£%: 4B
&i_wak”® 90 _y. (E.110)

The form of the equations (E.11b), (E.11c) is otherwise similar to the form of the equations
(E.5b), (E.5c) in Appendix E.2, but here we have a factor of (8 —u) with VT. As a result, we
would get additional factors like ae : VT when we calculate % in order to calculate g;. One
might think that such additional factors may violate the Onsager relation. But such factors
would cancel due to a vector triple product being zero (Eq. (E.14)), and the Onsager relation
continues to hold.

We have, from Eq. (E.11b),

agy_ o[ Fr |vutvIrEE g
ok  0k|1+iB-Q h ok

af £—U
s Vu+VT— 3 |\ d¢ 1( ,u) (8 86)
; ( 1 ok | ok 1 i+ VT ) x ok 3k
_——

0
of

¥rid [1(88 %, )(eVT) 10¢ (3 (sVT))]
+—— = = || = |+ x| 5 x :
1+:B-2|Lh\Jdk 0dk T hok dk T

The term inside the last third bracket of Eq. (E.12) can be further simplified.

(E.12)
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~
~

(35 8)(€VT) Jde (8 E‘VT)) (85 88)(VT) Jde (38 (VT))
R — +_)( — X = —_ —_ +—X — X —_
ok 0k T ok =\ 0k ok 0Ok T ok =\ 0k T

(82 0) (T4 (22 TE) 2 (22 22) (9

~ \ 8k dk T ok T )ok \Jk Jk T

—(&. )

“\B8k T )oKk’

When we calculate g; (z TIviER Ok go) in Eq. (E.11c), the above term cancels because

(E.13)

(@xB) L (E.14)
ok ok ‘
Then, the full solution is
§=8 t&

af 1 T d¢ s—u] ;—E Jde
=< . |Vu+4VrT + —.

e 1+<B-Qh ok [ H T 17 1+%B-Qdk

axl 2 v IVu+vrt o, Y vu+vTE 3\ oe
ok |1+7B-Q n ok 1+7B-Q n ok | ok |||

(E.15)
Since Eq. (25) is linear, when the electric field, the temperature gradient and the chemical
potential gradient are each non-zero, we can add the two solutions in appendix E.2 and ap-
pendix E.3, and we get the solution in Eq. (26).
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