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Abstract

We introduce a family of quantum field theories for fields carrying monopole and dipole
charges. In contrast to previous realizations, fields have quadratic two-derivative kinetic
terms. The dipole symmetry algebra is realized in a discretized internal space and con-
nected to the physical space through a background gauge field. We study spontaneous
symmetry breaking of dipole symmetry in 1+1 dimensions in a large-N limit. The trivial
classical vacuum is lifted by quantum corrections into a vacuum which breaks dipole sym-
metry while preserving monopole charge. By means of a Hubbard-Stratonovich trans-
formation, heat-kernel and large-N techniques, we compute the effective action for the
low-energy modes. We encounter a fractonic immobile Nambu-Goldstone mode whose
dispersion characteristics avoid Coleman-Hohenberg-Mermin-Wagner theorem indepen-
dently of the large-N limit.
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1 Introduction

The spontaneous breaking of symmetries which depend on the coordinates is a topic which as
yet lacks a complete and systematic understanding. In general, no universal rules relate the
symmetry breaking pattern with the properties of the emerging low-energy Nambu-Goldstone
modes, neither about their precise number, nor about their dispersion relations [1, 2].

Multipole symmetries are a class of coordinate-dependent symmetries which combine an
internal (monopole) symmetry with suitable polynomial combinations of the spatial coordi-
nates. The monopole symmetry is an ordinary global symmetry whose conserved charge is
a scalar with respect to rotations. When a higher moment of the charge is also conserved,
like for instance dipole moment, quadrupole, etc., we have a multipole symmetry. Multipole
symmetries do not commute with translations since their charge densities depend explicitly
on the coordinates. These symmetries impose restrictions on the mobility of isolated charged
particles, thereby the theories enjoying multipole symmetries can have fractonic excitations.
Fractons have sparked a lot of interest because of their possible application to quantum error
correction in lattice models and extensions to field theories with unusual properties like an
extensive degeneracy of states and IR/UV mixing, see [3-6] for reviews on the topic. It should
be noted that they are not simply a theoretical curiosity, they can describe the low-energy
properties of defects in quantum elasticity, see [7-15] for an incomplete list of references.

The spontaneous breaking of multipole symmetries has been recently investigated in [ 16—
20]. Since the momentum density is not invariant under a multipole transformation, multi-
pole symmetries are in general spontaneously broken in thermal states with a hydrodynamic
description (including momentum conservation) [21-29].

Generally, it is assumed that the spontaneous breaking of the monopole/multipole sym-
metries produces a single scalar Nambu-Goldstone mode ¢, transforming as

6¢:Ao+llixi+2,2ijxixj+"', (1)

where A, A;;, etc. are constant coefficients corresponding to the monopole, dipole and higher-
moment transformations. It is interesting to appreciate that A, and A,; generate the same
symmetry as that characterizing Galileons in flat space [30,31]. The most relevant low-energy
terms in the Nambu-Goldstone effective action invariant under all multipole symmetries up to
the M-th moment are

1 2
Su =fdd“x [5(8@)2—%(8’”%)2], ()
where, for even M+1, we have 8M+! = (v2)"3", while for odd M +1 we have 8M+! = (vz)%i

and the spatial index is contracted such that the action is rotationally invariant. This is a
Lifshitz theory with dynamical exponent z = M + 1, so that the Nambu-Goldstone mode
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has a dispersion relation w = «|q|™*!. If the dimensionality of space is too low, then a
multipole-symmetry generalization of the Coleman-Hohenberg-Mermin-Wagner (CHMW) the-
orem shows that spontaneous symmetry breaking is not possible in dimensions d < 2z at non-
zero temperature. However, dipole symmetry breaking at zero temperature is allowed even at
d =1 [32-35].

In a phase where not all the multipole symmetries up to order M of the UV theory are
spontaneously broken, the low-energy effective action is in general different from (2). For
instance, for M = 1, when the dipole symmetry is spontaneously broken but the monopole
symmetry is not, the order parameter is expected to have a spatial index and the Nambu-
Goldstone mode is expected to exhibit a linear dispersion relation [18,33,36,37].

Focusing on continuous models with monopole and dipole symmetry, the concomitant
spontaneous breaking of both symmetries follows in general the pattern described by Pretko
[36]. There is a scalar order parameter charged under both monopole and dipole transforma-
tions,

& — ¢ = l(Mothi)g (3

A dipole transformation is equivalent to a charge-dependent shift in momentum

, i [ 490 ovix dq ovix diq oz,
@'(x) =Mt f Gt e @ = f T @(q—xl){ﬁelqiw(qx 4)

hence dipole symmetry is related to invariance under Galilean boost and UV/IR mixing.! The
transformation properties of ® are such that there cannot be an ordinary kinetic term compat-
ible with dipole symmetry and the theory is “non-Gaussian” around ® = 0. In fact, the terms
in the action have to depend on the difference of two momenta. On the other hand, when &
acquires an expectation value, the effective theory for the Nambu-Goldstone mode falls in the
class shown in (2), since both monopole and dipole symmetries are broken simultaneously. If
one introduces a large number of fields transforming as in (3), it has been shown that at high
temperature the dipole symmetry may be broken without breaking the monopole symmetry
through the expectation value of a two-point function [37].

In [39] a different proposal for the realization of dipole symmetry was introduced, inspired
by [40]. The dipole symmetry is introduced as an internal symmetry that implies a shift in mo-
mentum after a background field is turned on. Such background can be thought as emerging
from a spontaneous symmetry breaking which locks the internal to the external space transla-
tions. Dipole symmetry is preserved by replacing ordinary derivatives by covariant derivatives
and kinetic terms with the usual number of fields and derivatives are allowed. There is no
reason a priori to expect that previous analyses of dipole symmetry breaking and the corre-
sponding generalizations of CHMW theorem apply to this internal realization of dipole symme-
try. The goal of the present paper is to build working models for the spontaneous breaking of
dipole symmetry and examine in detail some of the questions mentioned above. In particular,
we are interested in the case where monopole symmetry remains unbroken.

We will assume that there is an effective low-energy field theory description. It should be
noted that lattice models with fractonic excitations may have different continuum limits, due
to the IR/UV mixing. We will not be concerned by this type of questions and work directly in
a continuum description without trying to address the UV origin of the model. All the scales
present in the low-energy theory will be taken to be much smaller than the lattice cutoff.

The paper is organized as follows. Section 2 describes the realization of the monopole
and dipole symmetries on charged scalar fields, with particular attention to the definition of
suitable covariant derivatives. Section 3 constitutes the core of the paper. It first discusses a

!As discussed in [38], in this context the UV/IR mixing refers to the low-energy mixing among small and high
momenta, something which characterizes Galilean hydrodynamics as well.
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classical realization of the simultaneous breaking of monopole and dipole symmetries, whose
effects comply with standard Nambu-Goldstone expectations. Then a quantum model where
dipole symmetry is broken while preserving the monopole symmetry is thoroughly analyzed.
We apply several effective-field-theory techniques involving auxiliary Hubbard-Stratonovich
fields and the associated dualization, large-N and saddle-point approximations and a heat-
kernel expansion controlled by the scalar field mass, which sets the UV cut-off for the low-
energy description. We also discuss in depth the properties of the emerging Nambu-Goldstone
boson which is interestingly exotic: It is fractonic and completely immobile, a characteristic
which makes it evade standard CHMW-theorem arguments. As a consequence, the symmetry
breaking could occur also at zero temperature in 1 + 1 dimensions, regardless of the large-N
suppression effects to the fluctuations of the order parameter. In section 4 we analyze a similar
model for spinless fermions and in section 5 we conclude. Technical developments are detailed
in the appendices.

2 Realization of dipole symmetry

Details about the algebra of generators of multipole symmetries in the context of fractons was
originally discussed in [41]. In the simplest scenario, the relevant generators are those for
spatial translations, P;, the monopole charge Q, and the dipole charge Qil. The only non-zero
commutator is . .
i[P,Q11=6/Qo. (5)
This was dubbed the monopole-dipole-momentum algebra (MDMA) in [22], and it coincides
with the centrally-extended Heisenberg algebra, as pointed out in [40].
The generators P; can be the usual translation operators shifting the spatial coordinates on
which the fields depend
e Po(t,x)e P =¢(t,x +a). (6)

As a consequence of the Stone-von Neumann theorem [42], all representations of the Heisen-
berg algebra are unitarily equivalent, thus the choice (6) does not reduce the generality of the
present analysis. Completing to a unitary representation of the MDMA algebra, we have that
the field ¢ (t,x) transforms as

e (t,x)e H0® = ePog(t,x), (72)
eill-Ql ¢)(t, x)e—il1‘Q1 — ei}vl'x ¢(t: X) . (7b)

This leads to the type of action introduced by Pretko [36] where there is no quadratic term
with space derivatives (when rotational symmetry is preserved).

Instead of using this realization which directly involves the space coordinates, we introduce
a continuous set of complex fields ¢(t,x), labelled by a set of internal coordinates X', that
are in a unitary Schrodinger representation of the Heisenberg group, namely

e®Pps(t,x)e ™ = ¢z,2(t,x), (8a)
Qg (t,x)e MW = Mo gg(t,x), (8b)
et qb)-(’(t,x)e_i)‘l'Ql = eill’quX(t,x) . (8¢c)

In principle, the space spanned by the internal coordinates X' can be of different dimension-
ality than the space spanned by the spatial coordinates x', but the usual dipole symmetry is
recovered only when the internal and external spaces have the same dimensionality.
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The symmetry (8) can be gauged by making the parameters of the transformations {AO,L,?}
dependent on the spacetime coordinates (t,x). Besides, it is possible to define a covariant
derivative

Du¢5f = au¢}_f - iaud))_f - i_Bu Xd))_f - Vu ' 6qu’)_f P )

where, if [ is the unit vector in the I-th direction, we have
1
Oy bz = lim — (Pgrer—¢z) - (10)

The gauge fields {a,,, Bw \7“} transform as [39]

5aM=3MlO—\7M-11 +_B'u'l_<>, (113)
5b, = 3,71, (11b)
5V, =9,k. (110

With these gauge transformations, D, ¢y transforms in the same way as ¢ in (8).
There can be fields in other representations of the MDMA algebra, for instance we can
introduce fields y3 that carry no monopole charge and have a dipole charge d:

—iK-P

e®P ya(t,x)e P = gz (%), (12a)
ei’loQOxX(t,x)e_i’loQO = xz(t,x), (12b)
eill'él X}.{.(t’ x)e_ill'(jl — ellld X}-{-(t, x) . (12C)
Accordingly, the covariant derivative for y3 reads
D'ux)—(»: ux)-f—ibu-d){j('. (13)

These fields are interesting because they allow us to write a different covariant derivative for
¢z, if one restricts to constant k.2 Consider a field x}% for each internal spatial dimension,

namely I € {1,...,d}. If each field xé carries a dipole charge d; such that (d;)’ = &7, then
Dy = 8,9z —iaubz —ib, X ¢z — g > Vi logxy, (14)
T

defines a covariant derivative for ¢ 3(t,x), under the restriction d,x = 0. When the field x}l?
is not dimensionless there is a dimensionful factor inside the log that makes the argument
dimensionless. For convenience we have set this factor to one.

Adopting either the covariant derivative (9) or (14), there is no obstruction to introducing
quadratic derivative terms in the action with the internal realization of the symmetry that we
have just discussed. The connection to the usual definition of coordinate-dependent dipole
transformations emerges when the internal space spanned by the X has the same dimension-
ality as the real space spanend by the x! and there is a constant background field

V=0, v/ =5lv. (15)
In this case there is a global symmetry transformation that leaves the gauge fields invariant

Ay=Va-x, Mr=aqp, (16)
with a a constant vector. Under this global transformation, the fields transform as

¢)_€ — eiVa-x+ic7~X ¢)_{) , (1 7)

2This is actually a case considered below for a system with one internal, discretized spatial direction.
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which amounts to a simultaneous shift of the phase linear both in the internal and external
spatial coordinates.

In summary, the Schrédinger representation of the Heisenberg group in the internal space
provides an alternative realization of dipole symmetry. However, according to (8) and (12),
it involves a continuously-infinite number of fields because X! € R, which makes unclear
whether this realization can be treated as an ordinary field theory. Such issue can be avoided
by generalizing the construction to a finite number N of fields, obtained discretizing and com-
pactifying the internal coordinates. In the remainder of the paper, we work in a large-N limit,
so we use the expressions for the transformations and covariant derivatives of the non-compact
case, referring to a discrete though infinite number of fields. We discuss the compact case with
a finite number of fields in appendix A.

We discretize the internal coordinates, as well as the associated translations,

3
x—nl, kI > k!, nklez, (18)

hence the set of fields is infinite and numerable. The transformations (11) and (12) keep the
same form also in the discretized case, they are obtained by simply replacing the continuous
internal coordinates and translations with discrete integer-valued vectors X — 7, & — k.
Importantly, since k is a vector of integers, 6 \7“ = 0. Moreover, the covariant derivative (9)
involves derivatives with respect to X!, which have to be replaced by a suitable discretized
version. Using the unit vector in the I-th direction I, we have

Duts = 8,5 —ia, bz —ifi-Dudz— > VIga[log(dids,)—log(gia)]. (A9
i
The continuous case is recovered by considering X = e i and taking the limit e — 0 such that*

s 1 * *
B¢z = lim — by [ log(9 b 1) —log(dy b2) | (20)

The specific form of the logarithmic terms is chosen for later convenience. As we observed
already in the continuous case, if there is a set of fields x?Il which are not charged under
monopole transformations but have dipole charge (JI)J = 5{ , then one can define a covariant
derivative as

D5 = 8,7 —ia,bs—ifi-Duds— > V] s log(xh). 1)
1

For simplicity, in the remainder of the paper we restrict to the case of a single spatial and
internal direction.

3 Spontaneous breaking of the dipole symmetry

In the present section, we propose a model for bosonic complex scalar fields ¢,, transforming in
the one-dimensional discrete version of (8). First, we discuss the case in which the symmetry
breaking is enforced by a classical potential and both monopole and dipole symmetries are
broken simultaneously. Then, we consider the case in which the breaking is triggered by
quantum fluctuations and only dipole symmetry is broken.

3Although the algebra is unchanged this does not necessarily correspond to a discretized version of the Heisen-
berg group.

“*Reference [38] discusses the infinite volume limit at finite lattice spacing for theories with subsystem sym-
metries, a circumstance bearing a similarity to the discretization described here in the main text. Specifically,
they connect the non-commutation of the infinite-volume and the continuum limits to the UV/IR mixing. Re-
lated comments, focused mainly on possible continuum descriptions (or lack thereof) for theories with subsystem
symmetries, are given in [43].
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3.1 Symmetry breaking with a classical potential

Let us consider a model with a classical Mexican-hat potential,

Y A
E=Z[—IDM¢n|2+m§,|¢n|2—%’Iqﬁnlﬂ, (22)

n=1

where we contract Lorentz indices with 7, = diag (—1,1) and

Du¢n = a,u¢n - Vu¢n [log(¢n+l¢;) - log(qbnqb:)] . (23)

Actually, we are considering a,, = b, = 0 and constant background field V,, = (0,V,). The
model (22) displays monopole and dipole global symmetries. The former transformation cor-
responds to (Ay, A;) = (@, 0) with constant a, namely

bn(t,X) — e Pp(t, x). (24)
The latter transformation corresponds to (1, A;) = (BxV,, ) with 3 constant,
Pa(t,x) = POV G (¢ x). (25)

When the background V,, is non-null, the dipole transformation (25) implies a shift in momen-
tum, 6q = BV,. In fact, expanding ¢, in plane waves along the x direction,

Pn(x) = f j—qef%n(q), (26)
T

and performing a dipole transformation, we have

#(x) = eiﬁ(mvﬂf 99 jiax g (q) = eif" f 49 e g (q - pv,) = J 490 (), @)
27 27 27

with N _

$r(q+BV)=eP",(q). (28)
We stress that the representation of dipole transformations described above is compatible with
having an ordinary relativistic and quadratic two-derivative kinetic term , in contrast to the
realization of [36]. The theory is nevertheless non-Gaussian due to the logarithmic terms
appearing in the covariant derivative.

We are interested in a background for V,, which breaks Lorentz boosts. Nevertheless, if
there is spontaneous breaking of the monopole and dipole symmetries, we expect the Nambu-
Goldstone boson to display a linear dispersion relation. Let us explicitly show this by consid-
ering configurations of the form

¢n(t: .X') = ¢(O)n eien(t’X) > (29)

where ¢ (), are the values of the fields at the classical vacuum and 6, are their phase fluctua-
tions. The potential obtained adding the non-derivative terms contained in |D“<i>n|2 reads

N
Po)n+1) \ .
V=Z[Vx2¢(20)n log(—n+ +1 (6 — 6,)
n=1

¢(0)n
2
This potential is minimized when, for every n, we have ¢ o), = (o) = V T;—(f, and 6, = 6. The
low-energy action for the phase amounts to

2

A
) ¢ a4
_m¢¢(0)n+7¢(0)n:|. (30)

Nm?

Sp = Tj d%x [(3,6)* — (8,0)%] . 31)
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Therefore, the Nambu-Goldstone field 0 displays a linear dispersion relation w? = g2, differ-
ently to what happens in other realizations of the dipole symmetry.

Since the dipole symmetry (25) involves the spatial coordinate, the model displays degen-
erate coordinate-dependent vacuum configurations. The family of vacuum configurations is
given by

Palt, X) = pgye®ePrtxVnei0(t) (32)

where we have included the phase fluctuations 0(t, x). The constants a and 8 parameterize
a two-dimensional vacuum manifold. For 8 # 0 the configuration (32) does not minimize
the potential V in (30), since 6,1 — 6, = B # 0, yet this is compensated by contributions
from derivative terms. Taking these latter into account, the vacua (32) are all degenerate and
the action for the Nambu-Goldstone field is given by (31), regardless of the specific vacuum
configuration.
The Nambu-Goldstone field 6(t,x) realizes the global monopole and dipole symmetries
non-linearly,
0(t,x) — O(t,x)+a+pn+xV,). (33)

The low-energy action (31) is invariant under these transformations only modulo a total spa-
tial derivative term 239, 0, which does not alter the equation of motion. According to (32),
the transformations (33) are the rigid zero modes that connect different degenerate vacua.
The Nambu-Goldstone particles corresponds to localized modulations of the Nambu-Goldstone
field 6(t, x), for which we can drop the total derivative terms in the action.

The presence of just a Nambu-Goldstone mode despite the breaking of two symmetries can
be expected a priori for two reasons. First, the rigid n-independent fluctuations about the vac-
uum are described by a complex field whose modulus and phase encode the fluctuations of the
vacuum configuration ¢,(t, x). Since a constant in x and n-independent variation of the mod-
ulus leads to a variation of the potential V while leaving the derivative terms unaffected, this
represents a gapped Higgs mode. The remaining phase mode is necessarily gapless, according
to the non-relativistic and spacetime generalizations of Goldstone theorem, which imply the
presence of at least one Nambu-Goldstone mode when one or more symmetries are sponta-
neously broken [2,44]. Secondly, the generators Q, and Q; for the global broken symmetries,
respectively associated to a and f3 in (33), satisfy the following commutation relation

[H, Ql] = lﬁvx QO s (34)

where TII is the generator of the external spatial translations (i.e. the shifts in x). We recall
that V,. is a background field. Relying on the commutation relation (34), the present case is
formally analogous to the presence of an inverse Higgs constraint [45].

In the present subsection, we enforced the spontaneous symmetry breaking of the dipole
symmetry through the introduction of a classical potential. In the following, we discuss the
case in which the spontaneous breaking of the dipole symmetry at zero temperature is triggered
by quantum fluctuations.

3.2 Dipole symmetry breaking preserving monopole symmetry

We consider the action

2 2
L= (~IDugulP =3 8790) — 22 (Z ¢:;¢>n)

4 2 2
-2 (Z ¢;¢n) TS b

4

@ 35
N , (35)

Z ¢n+1 (]5:
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where m? > 0 while mg and mf{ can have either sign. The action has a classical local minimum
at ¢, = 0, where all symmetries are unbroken. Below we show that, for some choices of
the parameters, the large-N quantum effective action associated to (35) can develop a stable
saddle point where dipole symmetry is broken spontaneously while monopole symmetry is
preserved.

3.2.1 Hubbard-Stratonovich transformation

We employ the Hubbard-Stratonovich transformation to express the action (35) into a more
suitable form, where terms involving self-interactions of ¢, are replaced by terms involving
Hubbard-Stratonovich auxiliary fields. We first identify non-quadratic terms in the action as
combinations of the local (in x) composite operators o, = ¢ ¢, and x,, = ¢,1¢;. We then
promote these combinations into dynamical fields, introducing Lagrange multipliers 7, and
T, to enforce the equivalence of the two partition functions,

7 = f D¢)n eis[¢n]

= f ,qun,DO-n,DXn,DTG,IIDTXH exp (is[d)na Ons Xn] +1i f Z Tan(o-n - ¢;k1¢n)
n

+ 75 = Or1 ) + T, (1 — 05,1 60))- (36)

The transformed Lagrangian, including the Lagrange multipliers, reads

2 2
Lus = Y (—1Dupul2 —m? ¢, ) — Z—N (Z an)
AX
an an

4 2
A0' m)(
NE (Zn: G“) N T 2N3

+ Z [Tan (Un - ¢:¢n) + T;n (Xn - ¢n+1 ¢:) + TXn (X: - ¢:+1¢n)] . (37)

2 4

Notice that the fields y, are charged under dipole symmetry while they are invariant under
monopole transformations. The fields o,, are invariant under both symmetries.
The covariant derivative becomes

D,u¢n =du¢n_vu¢nlog(|§_nl) P (38)

n

where, for later convenience, we introduced the notation
d,=0,—iV,0,, (39)

with 6, being the phase of y,,.

3.2.2 Effective action

We first assume that there are vacuum configurations that do not break internal translations,
and introduce an n-independent ansatz for the auxiliary fields,

In=1> on=0, Ton =Ty Ty, =To- (40)
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The Lagrangian simplifies to

Los = [ ~Dubal> = (2 + 70 ) b1 — T, brsr b — T, 51 @
n
m? A A
—N(T" 2+T"64+m§|2|2+7X|2|4—r;;z—rx;z*—raé). (41)

Integrating by parts the kinetic term leads to
_lDM¢n|2 - ¢:dud“¢n—€¢:¢n, (42)
where

E=1, +(V logl)Cl) (43)

The fields ¢, enter the Lagrangian (41) quadratically. They can be thus integrated out
to find a quantum effective action for the auxiliary fields. Crucially, the action for ¢, is such
that the dependence in the phase of y,, only enters as an effective gauge field in the ‘covariant
derivative’ d,, defined in (39). As we show explicitly below, this prevents terms ~ |9, x, 2 from
appearing in the low-energy effective action.

Defining

AZ=m? 4, (44)

a standard calculation of the one-loop determinant (see appendix B) gives the low-energy
effective Lagrangian for homogeneous (in n) configurations®

1
Eeff=—[(8 g) +28T aT ] effJ (45)
487'cm¢
where
m> A A
Ve = 6%+ 2ot +my 7P+ Il = -7, 1
|Z| 2 B AZ AZ ) )

_[g—(vxlogg) G—4—nlog ™ +g(l7,1% A%). (46)

the last term

The symbol A indicates a dynamically generated scale. For small values of
can be expanded to quadratic order (see appendix B for details)

AZJ

glny 8y =~ +0( =L ). (47)

3.2.3 Saddle point equations and symmetry-breaking solution

In the large-N limit, the partition function is dominated by configurations that extremize the
effective action

— J DGHDXHDEHDTX eiNSeff[o”Xﬂi’T;{] ~ eiNSeff[O__O!ZO’go;TXOJ ) (48)

>We define the effective action, so L. and V.4 as well, extracting an N factor, as we write in (48).

10
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where, as already mentioned, we define the effective action factorizing a factor of N. The sad-
dle point equations that determine these configurations are Euler-Lagrange equations obtained
by varying (45) with respect to the auxiliary fields

24;m1 8t2§o—4in[log(%)—4n%] =Gy, (49a)

247:m; £ o ;Tié = o> (49b)

_€O+Vflog(%) [1"8('(2—(:)—2]+mi60+7t063=0, 490)
_Txo"'vxzz_slog(%)+mi}?o+7tx|io|zfo=0. (49d)

This system of equations admits time-independent solutions that break dipole symmetry
(Ix| # 0) for some range of values of the parameters in the effective potential. An analytic
approximation to such solutions can be found if |7, | is small, so that g(|7, OIZ, A?]) can be
approximated by the simple form written in (47).

We introduce the following parameterization for y, o and V,,°

% =eP+2, Oo= 614—7_:;;6%_4, sz = mi(l—a)v, (50)
where 0 < a < 1. In order for the approximation (47) to be valid, we take 1 —a < 1.
Assuming that a solution exists, we solve the system (49) for mi, A% &pand T 70> €xpanding
in 1—a. Then we fix mg so that the solution can be stable under time-dependent fluctuations
(absence of tachyons). Stability corresponds to the values of 8 and v corresponding to the
shaded region of Figure 1.

Following the procedure described above, we fix the parameters of the potential to

mg 32420 B (B2 —3B +2)v
m 2_471[1 ’ 26—3 ]*5%: (51a)
m2
=647 [1~v(p — 2)p]

¢

4r[16e*vB(2p —1)(p —2)* +e* (3—24)]
_{ A B(26 —3) +0(5u0)}(1—a), (51b)

A? (B—2)*(2p—1)
m—ize+[e" T +(’)(5u0)](1—a), (51¢)

where 0 < 6y, < 1 is a small parameter. The solutions for the fields £, and 7, o up to order
(1 — a) are then given by
& (4n— Suc)e?P (2B —3) —64e*n(B —2)?p(2B —1)v
2

N 64me* (2 —3) (1-a), (52a)

my

Note that the solutions do not depend on the quartic couplings A, and A4,, up to this order.
However, without the quartic couplings the effective potential would not be bounded from

®Here, a and f are different than the parameters in (32) and (33). No confusion should arise.
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Figure 1: Values of 8 and v for which the dipole-symmetry-breaking solution is stable.

below, since mg < 0and mi < 0. Even introducing them, it is not guaranteed that the solution
we have found is a global minimum. This is not an issue, since tunneling is suppressed by the
large-N limit. We can thus neglect non-perturbative instabilities.

Although we have traded four dimensionless parameters in the potential (mfr, mi, A? and

Vx2 in units of mi) by other four parameters, (a, 3,v and 6 u,), there is some degree of fine-

tuning when we expand with respect to sz / mi < 1, taking into account that v is relatively
small in the allowed range shown in Figure 1. Because of this, the values of the parameters
for which solutions exist remains close to the values

m2 o —4nm§) , mf{ o~ —64nm§) , A~ emi . (53)

3.2.4 Ground state and Nambu-Goldstone modes

We have found a stable large-N saddle point of the quantum effective action which breaks
spontaneously the dipole symmetry while preserving monopole symmetry. As we discussed,
classical minima of the energy break both symmetries, with a single scalar Nambu-Goldstone
mode with linear dispersion relation. Remarkably, when monopole symmetry is unbroken, we
find that the Nambu-Goldstone mode does not have a linear dispersion relation. This key point
is shown and discussed in detail below.

In the case at hand, the Nambu-Goldstone mode is the phase 6 of the dipole-charged field
i . On general grounds, the low-energy theory describing the Nambu-Goldstone dynamics is
symmetric with respect to shifts of 6. The potential (46) is thereby independent of 8 and the
low-energy Lagrangian for 6 involves derivatives terms only.

A one-loop calculation (see appendix B) gives the following Lagrangian density at the
leading and next-to-leading orders in iy

2

Vx .
Lng = W[10m§,(3t9)2—(5x8f9)2+(839)2]- (54)

Here rﬁi = mi + &, where & is the background value of £. Note the sz in front of the action,
one can understand its origin in that there is a global dipole symmetry only when V, # 0.
The Lagrangian (54) does not involve terms with only spatial derivatives of the Nambu-
Goldstone field. Indeed, every term involves at least two time derivatives. As we argue in ap-
pendix B below (B.21), this is actually true at any order in the heat-kernel expansion. Hence,

12


https://scipost.org
https://scipost.org/SciPostPhysCore.6.4.082

Scil SciPost Phys. Core 6, 082 (2023)

the low-energy action for the Nambu-Goldstone field 8 features an emergent subsystem sym-
metry with respect to arbitrary spatial profiles f(x), namely

0(t,x)— 0(t,x)+ f(x). (55)

From the low-energy perspective, the spatial profile of the Nambu-Goldstone field resembles
a gauge redundancy. More specifically, the symmetry (55) prevents the Nambu-Goldstone to
propagate, leading to immobile fractonic behavior.

The equation of motion up to this order are

101} 9760 +372926 —9*0 =0. (56)
In principle, the corresponding dispersion relation presents two branches

w?=0, (57)
w?=q*— 10n~1§S , (58)

but the branch (58) is beyond the low energy approximation w?,q? < mi that we used to
derive the effective action.

The low-energy effective Lagrangian (54) contains terms with higher time derivatives,
such as (330)2. Relying on the fact that they are sub-leading with respect to the dominant
kinetic term (3,0)?, one can iteratively solve the equation of motion relegating the higher
derivative terms to a neglected reminder, thus avoiding the issues related to Ostrogradsky
instability [46,47]. Note that this argument relies on the assumption of convergence of the
heat-kernel expansion [48].

The branch (57) is an exactly flat band [33] whose flatness is due to the shift symmetry
(55). It is fractonic in the sense that the propagation speed is exactly zero, so it corresponds
to a mode that is immobile and can have an arbitrary spatial profile. In the context of effective
theories of elasticity, this characteristics can be related to plasticity.

A similar situation arises from gradient-Mexican-hat models for the dynamical breaking
of spatial translations, where the minimization of the potential implies (at least) an emergent
subsystem symmetry and the associated Nambu-Goldstone mode is indeed a fractonic immo-
bile phonon with w? = 0. When the emergent symmetry (55) is valid only at leading order
in the derivative expansion, the Nambu-Goldstone dispersion w? = 0 can be deformed by
higher-order corrections in the momenta which lead to propagation [49,50].

3.2.5 Avoiding the Coleman-Hohenberg-Mermin-Wagner theorem

The CHMW theorem states that thermal (or quantum) fluctuations of the order parameter in
three (two) or less spacetime dimensions are so large that they spoil the ordered vacuum.
As a result, it is often claimed that there cannot be spontaneous symmetry breaking in these
theories.

Let us recall one version of the argument. Assume that a symmetry is broken, in two
dimensions and at zero temperature, by a scalar order parameter . In principle, there would
be a Nambu-Goldstone boson 6, which corresponds to fluctuations of the phase of the order
parameter

&= (|®|) . (59)

Its low-energy effective action would be that of an ordinary massless field

S = %zjdzx[(ate)z—(axe)z], (60)
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where f is a constant normalization factor. The strength of the quantum fluctuations of the
order parameter is conveniently analyzed through the ratio

(el(6(t1)-6(0,0)y
(e16(£:x)) (¢=i6(0,0))

p(t,x)= = ¢3{{0(6),00000) 61)

where we have used the fact that the action for the Nambu-Goldstone boson is Gaussian.
If the symmetry is spontaneously broken, cluster decomposition in a local theory yields the

factorization
<ei(9(0,x)—6(0,0))) - <ei9(0,x)>(e—i9(0,0)> , (62)

at large space separations [43]. Therefore, one expects the ratio defined in (61) to approach
one
lim p(0,x)=1. (63)
|x|— 00

On the other hand, if the correlations do not decay fast enough at long distances, p (0, x) could
be vanishing. It can be shown that for a massless field one gets

|x|—o00

p(0,x) = (ulx|) /™" Z== o, (64)

where u is an arbitrary scale. The physical picture is that fluctuations are so strong that they

destroy the ordered phase and there is no spontaneous symmetry breaking, namely (®) = 0.
The anti-commutator in the exponent of (61) equals the sum of the Wightman correlators

D~ (t,x) = (6(t,x)6(0,0)) and D=(t,x) = (6(0,0)6(t,x)) which, for a massless field, satisfy

(82— 082)D3(t,x) =0. (65)

The solutions are logarithmic functions that lead to the behaviour in (64).

Let us now study the effective low-energy theory for the Nambu-Goldstone modes de-
scribed in subsection 3.2.4. We have the Lagrangian in (54) and the Wightman correlators for
the Nambu-Goldstone field 8(t, x) satisfy

(10m2 82+ 8282 - 8%) DS(t,x) =0. (66)

We work at low energy and momenta with a UV cut-off Ay < 10ﬁ1§). In this regime, the first
term in (66) dominates, reducing to the usual case (65), except for the absence of the spatial
derivative term.

From the action (54), the retarded correlator is the solution to the equation

2 NV
K37 Dg(t,x)=56(t)5(x), K= — (67)
127'cm¢
satisfying Dg(t < 0,x) = 0. The solution is
Di(t,x) = -0(0)5(x). (68)

On the other hand, the retarded correlator is expressed in terms of the Wightman functions as
D(t,x) =i0(t) ([6(t,x),0(0,0)]) = i®(t)[D”(t,x)—D~(¢t,x)] . (69)
The Fourier transform in time then gives

° 1 Oo Im Dp(’, x)
Dp(w,x) = J dt e’ Dp(t, x) = EPJ do' —2—"2 4 iIm Dg(w, x), (70)

-
—oo —oo w w
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where

Im Dy(w, x) = % [f)>(w,x) —5<(w,x)] ) (71)

In (70) we recognize the Kramers-Kronig relation between the real and imaginary parts of the
correlator. A direct calculation gives

Im Dy (e, x) = —%5’(60)5()(). (72)

Using now the properties D”(w < 0,x) =0, D<(w > 0,x) = 0, and D<(—t,—x) = D> (¢, x),
we obtain ) )
it it
D7 (t,x)=——5 D<(t,x) = —5(x). 3
(t,x) 2K (x), (t,x) 7K (x) (73)

Thus, the expectation value for the Nambu-Goldstone anti-commutator reads
({6(t,x),6(0,0)}) = D7 (t,x) + D=(t,x) =0. (74)
Therefore, from (61) and (74), we get

lim p(0,x)=1. (75)

|x|—o0

As a result, our model admits spontaneous symmetry breaking at zero temperature, despite
being defined in two spacetime dimensions.

4 Fermionic model with spontaneous breaking

In the present section, we propose another model that displays spontaneous dipole-symmetry
breaking and no monopole-symmetry breaking at zero-temperature. The matter sector now
involves fermionic (i.e. anticommuting) complex scalar fields v, transforming in the irre-
ducible representation (8) and dipole fields y,, transforming in the representation (12). Given
its anticommuting character, 1), satisfies

Yoy =YW, (W) = (4, ) Yy (76)

The covariant derivatives of these fields can be written (we consider the case a, = bu =0) as

Duwn = a,uwn - V,uwnlog Xn> (77a)
D,u)fn = a,u)fn_ib,u)(n' (77Db)

Let us consider the Lagrangian
‘Cn :_lDu’(/)nlz_mi,lwnlz_|Dan|2_m§|Xn|2) (78)
where, similarly to what we have done in section 3, we assume that the mass parameters m,;,
are the same for each n.
4.1 Effective potential

We integrate out the fields v, so to obtain an effective action for the dipole fields y,. The
computation is analogous to that of subsection 3.2 (more details can be found in appendix B).
The fermionic Lagrangian after integration by parts is

Lwn = w:duduwn - (m?p + gn)il’fﬂl’n > (79)
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where now Al
£, =V, log|y,D*+V, xnl (80)
| nl
The effective action for the dipole fields y,, is defined through
eiznseff[xn] — J Dw eizndeXLrL[wmxn]
— ot T (=D P2 7[?) J Do et 2 J x(dud—m =€, )
: 2 2 2 2 N
— eland x(_lDanl _mxllnl ) l_[ det (d'ud:u' _ mfb — gn) s (81)

n=1

where D+ indicates integration over all the fields v, and v . Notice that, since we are work-
ing with anticommuting fields 1),,, the functional determinant appears with a positive power.
Because of that, the resulting potential takes the same form of the second to last term in (46),
but for a sign (see appendix B for details),

AZ 2

AVeiin(xn) = 7 ~log (F) s A=V (oglyl) +my (82)
The symbol A represents a physical scale of the theory. Including as well the mass term, the
effective potential reads

1, 2 Arzl r21

Veitn () = 5y 2™ + 7 log| 5 ] - (83)
We have N copies of the same effective action, so, for an n-independent configuration y,, = ¥,
the total effective potential is

N 2 2
L o1, ., A A
NVeff(X)—;Veffn(X)—N[melll +4—nlog(ﬁ)]. (84)

With the obvious notation A% = sz (log|iD? + mfp.

The potential is depicted in Figure 2. For small values of | 7|, it diverges to positive infinity
due to the logarithmic term. For large values of | 7|, instead, the mass term dominates, leading
again to a positive divergence. Thereby, in the intermediate region, the potential features a
global minimum. The model is hence guaranteed to exhibit spontaneous breaking of the dipole
symmetry, triggered by the quantum fluctuations.

Since the dipole-symmetry-breaking configuration is a global minimum of the effective
potential, for what concerns the stability of the vacuum, we do not need to assume the large-
N limit, in contrast to the bosonic case of section 3. However, as we show in subsection 4.2, the
dispersion relation for the Nambu-Goldstone mode in this fermionic model is linear at small
momenta as in the standard case. This is basically due to the fact that y, are dynamical fields
and so the model Lagrangian includes a bare kinetic term for them. As a result, the CHMW
theorem applies and there would not be spontaneous symmetry breaking in 1+ 1 dimensions.
Here we need to assume the large-N limit in order to suppress the fluctuations of the Nambu-
Goldstone boson that would otherwise spoil the ordered vacuum configuration.
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(Vett, 7=0)/my, 2
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Figure 2: Effective potential for the fermionic model. Here we conveniently chose
(m, /my)?* =0.002, (V,/my)*=0.1, (A/my)* =0.1.

4.2 Ground state and Goldstone modes

Having found that the fermionic model is characterized by an effective potential for the dipole
field 7 that is minimized by a dipole-symmetry-breaking configuration |y | # 0O, at low energy
the physics is captured by the small fluctuations 6 around this vacuum configuration. The
Nambu-Goldstone field 8, defined as the phase of j, enters the effective action only through
derivative terms. Unlike the bosonic model of section 3, the dipole field y is dynamical at
tree level. The Nambu-Goldstone action includes standard derivative terms as in (31). In
addition to these, there are derivative terms coming from the one-loop determinant in (81)
(see appendix B for more details). All in all, the Nambu-Goldstone Lagrangian reads

2

vV
m [(826)*—020320]. (85)
Y

Here rﬁi = mi + &, where & is the background value of &, defined in (80).
The equation of motion derived from this Lagrangian is

V2
Ly =|1-—"5 |(3.6)*—(8,6)*—
247‘cmw

V2 V2
1-— = %0 —02%20+ —*—(3%0—0323%0)=0. 86
( 24nnﬁfp) ‘ ¥ 240mm? (& £9:0) (86
)
Going to Fourier space, the dispersion relation is
V2 V2
—(1-— x~2 a)2+q2+—x~4(w4—w2q2)=0, (87)
247'tm¢ 2407'cm¢

which, being quadratic in w?, features two branches. One is analogous to the higher branch
encountered in (58); as such, it should not be considered in the low-energy theory. The dis-
persion relation of the relevant, lower branch is

w=ciq+c3q° +O0(q°), (88)
where
4 2\~5/2 2
-1/2 Yy (1_Vx) 2 Vx
¢ =(1—v? , Cqy = R v = . (89)
1=0-%) 3 202 T 24mm?

17


https://scipost.org
https://scipost.org/SciPostPhysCore.6.4.082

Scil SciPost Phys. Core 6, 082 (2023)

Since in the present fermionic model the dipole field j is dynamical, the dispersion relation
(88) of the Nambu-Goldstone field 0 is not as exotic as that arising in the bosonic model (57).
Indeed, at small momenta, it looks linear, with the speed of sound lowered by a quantum
correction. As a result, the CHMW theorem holds in this case. To wit, in the fermionic model,
the quantum fluctuations would spoil the ordered vacuum. As already mentioned, this can be
avoided by taking the large-N limit which suppresses the quantum fluctuations.

5 Conclusions

The present analysis introduces novel families of field theories, for either bosons or fermions,
that are symmetric under dipole transformations and have ordinary (quadratic and with two
derivatives) kinetic terms. We studied thoroughly some concrete examples that feature a spon-
taneous breaking of the dipole symmetry, with or without a concomitant breaking of monopole
symmetry. The dispersion relations for the emerging Nambu-Goldstone modes differ from
those encountered in other models studied before in the literature. Remarkably, we find a
fractonic Nambu-Goldstone mode characterized by full immobility in a quantum model which
preserves monopole symmetry. Such fractonic character of the low-energy mode evades the
CHMW theorem in two spacetime dimensions at zero temperature. Therefore, the low-energy
properties of systems with multipole symmetries are sensitive to the details of the symmetry re-
alization and there might not be a universal effective description. Beyond the specific interest
regarding multipole symmetry breaking, we provided a working counter-example to Coleman
expectation. The exotic fractonic character of the Nambu-Goldstone mode being the crucial
ingredient to escaping CHMW theorem. It would be interesting to explore the relationship of
our result with possibly similar conclusions found in the context of non-Fermi liquids, where
the avoidance of CHMW theorem is argued on the basis of a vanishing spectral weight for the
gapless Nambu-Goldstone mode in the limit of small momenta [51].

The models analyzed in the present paper can be coupled to dynamical gauge fields for the
monopole and dipole symmetries.” Besides, it would be interesting to extend the present anal-
ysis to three spacetime dimensions. With these extensions, one could address the low-energy
description of dynamic elastic defects within the particle-vortex dual formulation proposed
in [39] pursuing thus on the program reviewed in [14,15] and recently revived by the con-
nection to fractons [7].
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A Generalization to a finite number of fields

Besides discretizing the internal space directions, in order to further reduce the set of fields to
a finite number N, a possibility is that the discretized internal coordinates take values in Zy.
This is akin to making the internal directions compact. It should be noted that in more than
one dimensions this is not unique, as we could discretize a compact space in different ways,
analogous to having different crystalline configurations. The compactification of the internal
spatial directions does not lead to any modification of the gauge transformations or in the form
of the covariant derivatives, but we should enforce

n'+kI' - (n' + k) modN . (A.1)

In one dimension, ¢z — ¢, it is also possible to generalize the transformations to a finite

number of fields keeping n as an ordinary integer, rather than a Zy-valued variable, with

0 < n < N —1. For convenience in the presentation, we henceforth replace n = N with n = 0.
The finite transformations of the fields are the following:

eikpd)n(t,x)e_ikp = ¢per(t, x), (A.2a)
. . 2
e (¢, x)e % = exp (mo cos %) $u(t, ), (A.2b)
. . N 2
e, (6 x)e M@ = exp (125 sin T | (), (A.20
TT

where the trigonometric expressions encode the periodicity of the compactified space. More
specifically, in the regime n < N, we recover a constant phase for the monopole transformation
and an n-linear phase for the dipole transformation. The gauge fields V|, are invariant under
all gauge transformations and a, and b, transform as usual under monopole and dipole gauge
transformations

5au = 8;,&10 — V;.Lkl 5 (ABa)
ob,=9,A;. (A.3b)
However, their transformation under translations is modified into

2tk N 2tk

a, — cos Ta“ + By sin Tb“ , (A.4a)
2nk N . 27wk
bu — COoS Tbu_ﬁsm Ta“' (A.4b)
The covariant derivative takes the form
. 27n .N . 27n
Du¢n=8uqbn—lcosTaM ¢n—l%51n7 bu®n s
1 21 :
Vi y—2m [COS N o8 (Pn—n Pn) —10g (P51 ¢n—1)] :
T Sin N

Taking N — oo with n, k finite, one recovers the expressions for the non-compact case. When
doing this one should consider ¢n_, = ¢_,.
A possible alternative to the realization given in (A.3) is:

2 2
6a, =3J,A0+ VA (1—cos %)—VH}H (1+sin§) , (A.6a)

2n . 27 2 2
ob, = auxl—vuxoﬁ s1nﬁ +VM7L1W (1—cos W) . (A.6b)
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Together with the covariant derivative

.2 N .2 *
Dun = Bupn—i€os = by —i—sin = by = Vi by [10g (9 brsa) —log (9 6,)]

(A7)

It is not completely straightforward to generalize this to a larger number of dimensions.

A possibility is to introduce additional monopole gauge fields, one for each direction aL. The
expressions for the transformations of the fields are

kP (¢, x)e kP = b2 (t,X), (A.8a)
4 , 1 2nn!
et (t,x)e"*0% = exp (Moﬁ ZCOS zn ) ¢a(t,x), (A.8b)
I
- = N . 2nn!
eM gt x)e MU = exp (IZ 9\11% sin T]z,n ) ¢a(t,x). (A.8¢)
I

The transformations of the gauge fields under monopole, dipole and translations in the I-th
direction are

5al, = 3uAo— Vs, (A.92)
§b,=0,41, (A.9b)
alﬂ — Cos 2rk’ aIIL 2N—n si 27]:[]([ bL , (A.9¢)
b! — cos k! bL — % sin 27;Ik1 aZL ) (A.9d)
a;’fl — aiﬁ“ s (A.9¢e)
bIF — b7 (A9

And the covariant derivative for these transformations is

.1 2nnl . N . 2nn! |
D“(i)ﬁ—aud)ﬁ—lﬁzcos N au(i)ﬁ—lZ%Sln N bud)ﬁ (A.10)

1 2n « ¥
_ZVH i N g 2n [COS ng( fA+(N—2nl)f ¢ﬁ)_10g( A+(N—2nl+1)f ('bﬁ—f)} :
I i N

When N — oo, these also become the same as for the non-compact case, provided one iden-
tifies the monopole field as

1 I
aH—NZaM. (A.11)

B One-loop computations

In the present appendix, we provide some details on the computations of the effective actions
for the bosonic and fermionic models discussed, respectively, in sections 3 and 4.
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B.1 Bosonic model

After introducing Hubbard-Stratonovich fields, our bosonic model is described by the La-
grangian (41), which we report here for convenience,

Lus = 2 [ —1Dutnl? = (M2 + 74 ) s — T5 b1 65— T b b

n

mczr—z Ag _4 21512 AX-4 ¥ = — % -
—N 70 +TO' +mx|)(| +?|x| —T AT 0 . (B.1)
The second line in (B.1) gives a classical contribution to the effective action for the Hubbard-

Stratonovich fields and the Lagrange multipliers, while the quantum contribution comes from
evaluating the determinant arising from the Gaussian integrals in ¢,, which can be written

as®
NASy=itrlog[(d*d,—A%)1y +By]. (B.2)
Here,
Al=m24+E=m2 +1,+ Vlomz (B.3)
=m, =Emy T Tlo x 108 5 ) .

the symbol 1, denotes the identity matrix in N dimensions and By denotes the following
N x N-matrix

T; 0 7, O
By=|0 1, 0 1, " |. (B.4)
ES
0 0 T 0

\

To compute the effective potential, we take constant field configurations, while, in order
compute the derivative terms of the effective action, we use the heat-kernel approach.

Effective potential
Let us consider constant field configurations. From (B.2) we get
N | i?x AV, =—iNtrlog[(d“d —Az)]—itrlog 1 +B—N (B.5)
eff u N dr du _A2 | .

We perform the computation in Euclidean signature compactifying the time direction on a
circle with length 8 = 1/T. We then take the zero-temperature limit T — 0. Since here we
are dealing with bosonic fields, we impose periodic conditions. In Euclidean signature, (B.5)
reads

B
Nf d?x AV = Ntrlog[(—didi + Az)] + trlog I:ﬂN + TI\;AZ] . (B.6)
Let us first consider the first contribution, we have explicitly
dq =
2y _ 2 02
trlog(—d,d; + A2) =T f 5 108 LLL [Tk + Qq]] , (B.7)

8We use the notation tr for the trace over spacetime and internal space, while Tr will indicate the trace over the
internal space only. We also recall that S g, L and V4 are defined extracting a factor of N.

21


https://scipost.org
https://scipost.org/SciPostPhysCore.6.4.082

Scil SciPost Phys. Core 6, 082 (2023)

where Qz (q—V,0)% + A2. We subtract the contribution of a free field dividing each factor
in the argument of the log by (2nT)% + wq with wq =q%+m?

¢J
ﬁ (2nTk)* + Q3 smhz(QT)

: B.8
k=—o00 (27TT7<)2+60§ sinh? (52) (B.8)

2T

Dropping the contribution that is independent of y, one then finds (neglecting also another
constant term)

d_q . 2(&)] dq —Q,/T
TJ o log[s1nh o7 o [Q +2T10g(1 )] (B.9)

The first term inside the square bracket can be identified as the zero-temperature contribution.
We can evaluate it explicitly according to

o
M 2 —3/2,,~(r+e)2/u?
Q, = TC1/2) ll_l‘)r(l)[ \/E+L dt(t+e€) /e q R (B.10)

where u is a renormalization scale. Then, dropping the —= dlvergent term, the integral over
q gives

d 2 «
27,2
—qQ - lim dT(T +€)2e(THaA/u (B.11)
2m 4 41 -0 |
Pursuing on, the integral over T gives
d 2 A A? A?
fﬁnw 4‘;6 + o (Cloge+1—yp)— - log| 25 |+ 0(e). (B.12)

Eventually, plugging this into (B.9) and suitably choosing the dynamically-generated scale A,
we find that the first contribution to the one-loop effective potential in (B.6) is

A2 A?
AV 7= = ——— log (—) . (B.13)
’ 47 A2

Let us now consider the second contribution in (B.6), recalling that By is given by (B.4).
For small values of |7, |/A?, using that TrBy = 0 and TrBy, = 2N|t,|* at large N, we have

B
trlog|:ilN —N] Nit, 1% tr (B.14)

—d;d; + A2 (did; + A2)?

1
=—N|t,|*T
771 ZJ 2 [(2nTk)% 4+ g2 + A2]2

d [‘A+q +smh(—"A;+qz)]csch2(”A;T+qz)
=Nz, | 52
27 8(A2+q2)%/?
dq [ 1 1 —Ja2+A2
=NIg, P | SL| = o v O VR /T)].
7] Jzn 64 (2 +a2pz o \°
As a result, in the zero-temperature limit we find
By 7,12
trlog| iy +———= |~ —N . B.15
rog[ N —didi+A2] 64T A2 (®.15)
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Derivative terms

To find the derivative terms explicitly, we adopt the heat-kernel approach, which consists in
an expansion in powers of 1/m,, (see for instance [48,54]). It relies upon the identity

oo

d
NAL g =1(x| log[(d“du — Az) 1y +BN] |x) =—i J TTH(X, T), (B.16)
0
where we have introduced the heat kernel
H(x,T) = (x|exp (—’L’ [(d“du — Az) 1y + BN]) |x) . (B.17)

Equation (B.16) holds after removing an irrelevant infinite constant.

The one-loop effective action exhibits derivative terms for the fields £ and |t xl and for the
Nambu-Goldstone field 6 defined as the phase of the dipole-symmetry field y. For the stability
analysis it will be enough to consider only time dependence. Then, these derivative terms are
given by the following terms in the heat-kernel expansion

—mZ T

e
481

—m2 T

¢ 2 2 *
pry [N(8.&)?+2n87" 87, |, (B.18)

Hyin(T,x) =1 = Tr[(até 1+ 8tBN)2:|

.€
=1

where we remind the reader that the field £ has been defined in (B.3). We also used that
TrBy = 0 and TrB]%, = 2N|t X|2 at large N. As a result, the kinetic terms in the low-energy
effective Lagrangian read
NLyn = —— [N (3,87 +2N5,75 8,7, . (B.19)
in 487Im3) t tT Gty

Let us consider the derivative terms for the Nambu-Goldstone field 6. Recalling the form
of the covariant derivative

| xnl
Du¢n = d,u,¢n - Vu¢n 1Og( O_n

) , d,=39,—iV,0,, (B.20)
n

and that we are considering 8, = 0 (see discussion below (30)), we understand that 6 enters
the low-energy effective action only through terms involving the covariant derivative d,,. Since
we expand around a background configuration, 7 = 7, + 7, we have & = £, + £, where & is

given by (B.3) evaluated on the background configuration. We then define ﬁli = mi +&s.

Given that [€,0] = 0, the heat-kernel expansion does not produce interaction terms be-
tween the fluctuation fields £ and 6. Thus, the relevant terms in the low-energy action which
involve the Nambu-Goldstone field 0 read (see [48] for the derivation of the heat kernel ex-
pansion)

_ =2
e m¢T

. v T v
Hyg(x, ) = 1N748—ﬂ{[du, d,J[d", d"1+ (404, [d,,d, 0, [d",d"])  (B21)

+[d,,[d,,d"]ld,, [d",d"]]+6ld,,[d",[d,, d,]]][d", d”]) + C’?(Tz)} :

The gauge invariance of the original action (B.1) is preserved at each individual order of the
heat kernel expansion. This implies that the covariant derivative d,, can only appear through
commutators with itself in nested structures which at their core have a commutator [d,,d, ].
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Jointly with the fact that the background V,, is only spatial, V,, o< 5z, the inner commutators
always produce a term J,0. Hence, each Nambu-Goldstone field 6 is always acted upon by
(at least) one time derivative.

Evaluating the first terms of the large rﬁi expansion of the heat kernel (B.21) and using
(B.16), we find the leading contributions to Lagrangian density for the Nambu-Goldstone field,

2

v - 2 2 202
zNG_Wﬁo%(ate) —(2,8,0 +(3260)*] . (B.22)

B.2 Fermionic model

The effective potential for the fermionic model is found from

J d?x AV = itrlog[(d"d, — A%)], (B.23)
which, in Euclidean signature, becomes

J d*x AV =—trlog[(—d;d; + A?)]. (B.24)

For fermionic fields, we need to impose antiperiodic boundary conditions along the time circle.
We have

dq =
—trlog(—d;d; + A2) = —Tf 5 log [k[[oo [(T(2k+1))%+ Qs]] , (B.25)

where Q2 = (q —V,.0)* + A% Evaluating the sum over Matsubara frequencies, we find

00 2 2 2( %y
l_[ [nT(2k +1)] +Q _ cosh (2;)
2 W\ *

[7T(2k+1)]* + w2  cosh®(5F)

k=—00

(B.26)

Dropping the contribution that is independent of y, one then finds (dropping another constant
as well)

dgq £ dgq -
AVegr = Tf %log[msh2 (ﬁ)] = J Py [, +2Tlog(1+e%/T)]. (B.27)

As a result, in the zero-temperature limit, we eventually obtain

A2 A2
AV rg=—log| — | . B.28

off,T=0 = 8(/\2) (B.28)
Derivative terms

The derivative terms in the fermionic model can be computed again using the heat-kernel
approach. Because of the anticommuting nature of the fermionic fields, we now have

“d
AL =—i(x|log (d“du — mi — §) |x) = iJ TTH(X, T), (B.29)

0

where the heat kernel reads

H(x,T) = (x|exp (—’L’ [d“dM — mi - ED |x) . (B.30)
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The quantum corrections to the Nambu-Goldstone effective Lagrangian is still found by eval-
uating (B.21). Including also the classical contributions, it reads

V2 V2
Lyg=|1——2= 8,0)>—(8,0)* — —=—[(320)>- 320320, B.31

where rﬁi = mé + &, with &, being the background value of &.
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