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Abstract

Deconfined quantum criticality describes continuous phase transitions that are not cap-
tured by the Landau-Ginzburg paradigm. Here, we investigate deconfined quantum crit-
ical points in the long-range, anisotropic Heisenberg chain. With matrix product state
simulations, we show that the model undergoes a continuous phase transition from a
valence bond solid to an antiferromagnet. We extract the critical exponents of the transi-
tion and connect them to an effective field theory obtained from bosonization techniques.
We show that beyond stabilizing the valance bond order, the long-range interactions are
irrelevant and the transition is well described by a double frequency sine-Gordon model.
We propose how to realize and probe deconfined quantum criticality in our model with
trapped-ion quantum simulators.
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1 Introduction

The understanding of continuous phase transitions is largely based on Landau-Ginzburg theory
[1]. The key concept is to characterize phases of matter by an order parameter that detects
spontaneous symmetry breaking (SSB). Wilson has later introduced renormalization group
ideas [2] to quantitatively account for the critical exponents which has led to the sophisticated
Landau-Ginzburg-Wilson (LGW) paradigm.

In recent years, new classes of critical behavior that are not captured by this paradigm
have been found. One example is the continuous transition between two SSB phases, that
break different symmetries of the Hamiltonian, in two dimensional spin models [3,4] known
as a Deconfined Quantum Critical Point (DQCP); for a recent review see [5]. Importantly, it
has been established that such a transition is not captured within the LGW paradigm, as there
is no a priori reason for why two continuous transitions of different order parameters should
collapse at a single point. The DQCP can be rather understood by fractionalized constituents
coupled to emergent gauge fields.

Recently, a transition that possesses many analogies with deconfined critical points has
been proposed for a one-dimensional (1D) spin-1/2 model [6]. Contrarily to 2D where numer-
ical evidence for a second order transition has been hard to obtain, the existence of powerful
field theoretical and numerical tools in 1D has been used to gather strong evidence for a con-
tinuous transition [6–8]. Additionally, variants of the Lieb-Schultz-Mattis theorem [9] forbid
the existence of a trivial phase in their model, thus rendering a conventional phase transition
impossible. Following this work, DQCPs have been characterized in various other 1D models
as well [10–14].

In this work, we study 1D DQCP in a long-range anistropic Heisenberg model with power-
law decaying spin-spin interactions, that has been recently experimentally realized in a trapped
ion quantum simulator [15]. We study the DQCP both analytically with field theoretic tech-
niques and numerically with matrix product states. In our model the continuous transition
between a valence bond solid (VBS) and an antiferromagnetic (AFM) Néel ordered phase is
tuned by the power-law exponent of the long-range interactions and by the spin anisotropy. We
employ bosonization techniques in (1+1)-dimension to show that the transition is described
by an effective double frequency sine-Gordon field theory, which predicts an emergent U(1)
symmetry at the critical point. Using tensor network simulations we extract the phase bound-
ary and critical exponents of the transition. In accordance with the effective theory we find
that the order parameters decay algebraically at the critical point with certain predicted rela-
tions between the critical exponents. Furthermore, the transition is characterized by a central
charge c = 1. We propose experimental protocols for trapped ions to prepare the DQCP ground
state and show how the emergent symmetry at the DQCP can be accessed through snapshots
of the order parameters [13].

2 The model

In this work, we study a long-range, anisotropic Heisenberg chain described by the Hamilto-
nian

HLR(α,∆) =
∑

j<i

J
|i − j|α
�

S x
i S x

j + S y
i S y

j + (1+∆)S
z
i Sz

j

�

, (1)

where α is the power-law exponent of long-range interactions, ∆ denotes the anisotropy in z-
direction and J > 0 indicates the overall energy scale of the model. Throughout the following
discussion we will fix J = 1 as unit of energy unless stated otherwise. Before we turn to a
more detailed analysis of the phase diagram shown in Fig. 1 (a), let us discuss some general
arguments for the limiting cases of HLR.
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We first consider the limiting cases of the long-range exponent α. For α→∞ the model
reduces to the conventional XXZ chain, whose ground state for ∆ = 0 is a gapless Luttinger
liquid and for any finite anisotropy ∆ > 0 is Néel ordered in z-direction [16]. For α→ 0 all
spins interact equally with each other HLR(α→ 0) = J

2 S⃗ · S⃗ +∆S
z · Sz , where S⃗ =

∑

i S⃗i is a
collective spin of extensive magnitude. At the isotropic point, ∆ = 0, the energy spectrum is
determined using representation theory [17]. In the thermodynamic limit the ground states
are given by arbitrary singlet representations with total spin zero. From [S⃗ · S⃗,∆Sz · Sz] = 0
we find that isotropic and anisotropic contributions are diagonalized simultaneously. Given
that Sz ·Sz has eigenvalue 0 for spin-0 states, the ground state of the anisotropic limit also has
singlet character, independent of ∆.

When considering the isotropic limit ∆ = 0, a prior analysis [17] found that the model
undergoes a quantum phase transition from a valence bond solid (VBS) for small α, that is
stabilized from the arbitrary singlet states, to a gapless Luttinger liquid (LL) at a critical value
α ≈ 1.66. By contrast, in the regime of dominating ∆, the antiferromagnetic coupling in
z-direction favors an AFM Néel ordering of the spins independent of α.

Due to the different character of the ground state for∆= 0 and∆→∞ a phase transition
is expected at some ∆c(α) in this model. In the large α regime, the LL-AFM transition is in
the Berezinskii-Kosterlitz-Thouless universality class and arises for infinitesimal ∆ [16]. In
this work, the focus is on the regime of small α ≲ 1.66, where the two limiting cases are
both spontaneously symmetry broken (SSB) phases. We argue that in this regime the model
features a DQCP describing a continuous transition between the two ordered phases; the VBS
phase at small ∆ and the AFM phase at large ∆.

3 Phase diagram

We use infinite-system Density Matrix Renormalization Group (iDMRG) simulations [18–20]
implemented within the TenPy library [21] and optimize over a Matrix Product State (MPS) in
the thermodynamic limit to analyze the phase transition between the VBS and AFM phase. For
our numerical study we approximate the powerlaw decaying interactions in Hamiltonian (1)
by a sum of exponentials [22] which allows for an efficient Matrix Product Operator (MPO)
representation. To obtain a good approximation of the interactions even for large distances
between the spins we need to take sufficiently many exponentials into account, which limits
the maximal accessible bond dimension to χ ≲ 500. At the largest bond dimensions we make
use of a low-amplitude density mixer [23] to improve convergence. Moreover, we restrict our
study to α≥ 1 where the convergence of the DMRG algorithm is controlled.

To attain a first understanding of the transition, we fix α= 1.2 and compute the dimeriza-
tion and Néel order parameters

ΨVBS =
1
N

∑

n

(−1)n
�

S⃗n · S⃗n+1 − S⃗n+1 · S⃗n+2

�

, M z
AFM =

1
N

∑

n

(−1)nSz
n , (2)

as a function of ∆, see Fig. 1 (b). For large values of ∆ we find a finite value of M z
AFM and

vanishing ΨVBS and vice versa for small ∆. At ∆ ≈ 0.975 both order parameters acquire a
small jump, indicating a weak first order transition.

The (weakly) first order character of the transition is, however, a consequence of the fi-
nite bond dimension of the iMPS, which cannot resolve critical states with infinite correlation
length. In our case, close to the critical point the approach is thus expected to encounter
metastability due to the near degeneracy of low energy states with competing order. The
jumps in the order parameters should therefore be regarded as finite residuals due to hystere-
sis close to the critical point, i.e., a bias of the optimized MPS towards the initial state used for
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Figure 1: Deconfined quantum criticality. a) Phase diagram of the long-range,
anisotropic Heisenberg chain. For 1.0 < α ≲ 1.66 the model features a DQCP from
a VBS to an AFM phase. b) Order parameters evaluated along the green line. c)
Divergence of the correlation length ξwith bond dimension χ. Insets: b) Left: For an
MPS with finite bond dimension, the transition is weakly first order leading to a kink
in the MPS ground state energy from which we estimate the critical point. Right: The
so-obtained critical value ∆c ≈ 0.975 is consistent with a Binder cumulant analysis
for M z

AFM. c) The critical entanglement entropy scales linearly with logξ(χ) yielding
a central charge c = 1 consistent with field-theory predictions.

DMRG. While in [7] a sophisticated ramping protocol was necessary to control the hysteresis,
we find that it is sufficient to choose different initial states for DMRG in our case; starting
with the totally antiferromagnetic Néel state induces a finite residual of M z

AFM, using a singlet
as initial state leads to a finite residual of ΨVBS. In the following, we expand our protocol to
address this problem and argue that the transition becomes continuous in the limit χ →∞.
In fact, we will see that the first order character is advantageous for determining the critical
point ∆c of the transition.

Due to the finite residuals, a good estimate for the critical point is hard to obtain by
means of the order parameters. To improve precision, we use the weak first order char-
acter of the transition which leads to a (small) discontinuity in the energy at the criti-
cal point. A linear approximation of the energy on both sides of the critical point yields
∆∗c(α = 1.2,χ = 724) ≈ 0.975, see left inset in Fig. 1 (b), in agreement with the behavior
of the order parameters and a study of the Binder cumulant 〈(M z

AFM)
4〉/〈(M z

AFM)
2〉2 which is

scale invariant at criticality [24] (Fig. 1 (b), right inset). The so obtained critical point ∆∗c(χ)
varies with the bond dimension of the MPS. We emphasize, however, that for the largest bond
dimensions used, the critical value is accurate up to δ∆c ≈ 5 · 10−3.

With a good estimate for ∆c , a first indication of a continuous transition is found by eval-
uating the correlation length ξ of the system, which is a property of the transfer matrix of
the MPS [21] and diverges at a continuous phase transition. Such divergence cannot be cap-
tured directly due to the finite bond dimension of the MPS. Nonetheless, inside the gapped
phases one rapidly approaches the true value of ξ with increasing bond dimension resulting
in a χ-dependent cusp of increasing height at the transition as in Fig. 1 (c).

Further evidence for a continuous transition emerges from an analysis of the entangle-
ment entropy at the critical point, which is simulated with both initial states, a Néel ordered
as well as a singlet configuration. The scaling of the entropy with bond dimension follows
S(χ) = c

6 logξ(χ) [25] with the central charge c, see inset in Fig. 1 (c). We find c = 1 for the
central charge of the transition, which is consistent with the field theory presented in the next
section, Sec. 4.
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4 Effective field theory

From an analytical point of view the VBS-AFM transition can be understood by bosonizing the
spin degrees of freedom, see e.g. [16]. The standard procedure consists of representing the
spin operators by Jordan-Wigner (JW) fermions defined via

Sz
j = c†

j c j −
1
2

, S+j = (−1) jc†
j exp
�

iπ
∑

k< j

c†
kck

�

, (3)

where we employed a canonical transformation c̃ j 7→ (−1) jc j ensuring the correct definition
of right- and left-moving fermions for our antiferromagnetic model later on. The JW fermions
are then mapped to two bosonic fields φ(x), θ (x) through

c j
p

b
7→ ψ(x)≡ψR(b j) +ψL(b j) , with ψr(x)≡ Ur

eirkF x

p

2πγ
e−i[rφ(x)−θ (x)] . (4)

Here, b is the lattice spacing and γ a UV cutoff used to regularize the theory after taking the
continuum limit. φ ∈ [0,π) and θ ∈ [0,2π) denote compact-valued bosonic fields following
the algebraic structure encoded by [φ(x1),∇θ (x2)] = iπδ(x2 − x1). Moreover, r = ±1 for
the right(left)-moving fermionsψR/L that describe the low-energy excitations close to the two
Fermi points k = ±kF . Lastly, the Klein factors Ur account for creation and annihilation of
right and left moving fermions and commute with the bosonic fields. Since they are irrelevant
for the following discussion we drop them from here on. The non-interacting part of HLR is
mapped to

H0 =
∑

j

(S x
j S x

j+1 + S y
j S y

j+1) 7→ −
1
2

∑

j

(c†
j c j+1 + h.c.) , (5)

which gives kF = π/(2b) at half filling, i.e. zero magnetization in z-direction.
We emphasize that obtaining an exact representation of Eq. (1) requires accounting for the

Jordan-Wigner string contained in Eq. (3) in longer-ranged terms. Nonetheless, we will argue
in the following that the essential physics is already captured by the short-range contributions
to the Hamiltonian. For this we show that long-range terms represent irrelevant contributions
in the Renormalization Group (RG) sense and that the presented results are independent of
the exact cutoff chosen for the short range part as long as next-nearest neighbor interactions
are taken into account.

Short-range contribution We first consider only nearest and next-nearest neighbor interac-
tions. In this case, HLR reduces to the antiferromagnetic J1 − J2 XXZ chain, which has been
studied in multiple works, see e.g. [10,26]. In particular, we want to point to Ref. [10] inves-
tigating the VBS-AFM transition as an example of a DQCP. The Hamiltonian is first written in
terms of JW fermions

HXXZ =
∑

j

�

−
�

1
2
(c†

j c j+1 + h.c.)− (1+∆)
�

n̂ j −
1
2

��

n̂ j+1 −
1
2

��

+
1
2α

�

1
2

�

c†
j (1− 2n̂ j+1)c j+2 + h.c.

�

+ (1+∆)
�

n̂ j −
1
2

��

n̂ j+2 −
1
2

��

�

. (6)

Taking into account only the lowest harmonics, the bosonized action reads

SXXZ(φ,θ ) =

∫

dτd x
�

i
π
∂τθ∇φ + uK(∇θ )2 +

u
K
(∇φ)2 +

λ

(2πγ)2
cos(4φ(x))
�

, (7)
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where we introduce the Luttinger parameter K and coupling λ = 2b2
� 1

2α (3+∆)− (1+∆)
�

.
Additionally, the order parameters are represented by the expressions

M z
AFM ∼

1
Ω

∫

d x cos(2φ(x)) ,

ΨVBS ∼
1
N

∑

j

(−1) j
�

S+j S−j+1 + h.c.
�

∼
1
Ω

∫

d x sin(2φ(x)) ,
(8)

in terms of the bosonic fields. Note, that we project the VBS order parameter onto the (x,y)-
plane, effectively reducing the SU(2) invariance to a U(1) phase choice. This is possible as the
resulting operator behaves identically under the symmetry operations relevant to our model
and thus serves as an alternative order parameter.

Having obtained the bosonized description for the model we start by relating the gapped
phases to the strong coupling limits λ → ±∞ of the action SXXZ in Eq. (7). For λ ≪ 0, the
field φ is pinned to φ = 0,π/2 to minimize the action, thus leading to a finite expectation
value of M z

AFM. In contrast, λ ≫ 0 restricts φ to take values of φ = π/4,3π/4 inducing a
finite expectation value of ΨVBS. Under the premise that the cosine is relevant, the action SXXZ
indeed describes a continuous VBS-AFM transition which happens when λ changes sign. To
determine the flow of the parameter λ under a RG transformation, we evaluate the scaling
dimension of the cosine in Eq. (7) for small λ. From the quadratic part in Eq. (7) one has
dim[eimφ] = m2K/4, dim[einθ ] = n2/(4K) and thus dim[cos(4φ(x))] = 4K . The resulting RG
equation

dλ
dl
= (2− dim[cos(4φ)]) λ , (9)

hence flows to strong coupling whenever 2− 4K > 0. Hence, the cosine becomes relevant for
K < 1/2. In our numerical results we indeed find 0.25 ≲ K ≲ 0.5 at the dynamical critical
point consistent with the cosine being relevant, see Sec. 5.

To see which terms from higher harmonics or additional interactions can appear in the short
range part, let us first consider general restrictions imposed by symmetry of the Hamiltonian.
Let us focus on the full Hamiltonian HLR, which is invariant under translational symmetry
Tx . Moreover, the full spin rotation symmetry SU(2) is broken down to U(1) × Z2, corre-
sponding to rotations in the easy-plane and spin-flips along the easy-axis. For completeness
let us mention that HLR is also invariant under time reversal symmetry T due to the absence
of interactions containing an odd number of spin operators even though the symmetry does
not play an important role in our considerations. The symmetry operators transform the spin
operators as

Tx : S⃗ j → S⃗ j+1 ,

U(1)≡
∏

j

e−iαSz
j : S x ,y

j → cos(α)S x ,y
j ∓ i sin(α)S y,x

j , Sz
j → Sz

j ,

Z2 ≡
∏

j

(2S x
j ) : S x

j → S x
j , S y,z

j →−S y,z
j . (10)

After finding an approximation for the spin operators using Eq. (3) and Eq. (4), see also [16]

Sz
j

b
7→ Sz(x) = −

1
π
∇φ(x) +

(−1)x

πγ
cos(2φ(x)) ,

S+j
p

b
7→ S+(x) =

e−iθ (x)
p

2πγ
[(−1)x + cos(2φ(x))] ,

(11)
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it becomes apparent that the symmetries act on the bosonic fields as

Tx : φ→ φ +
π

2
, θ → θ ,

U(1)≡
∏

j

e−iαSz
j : φ→ φ , θ → θ +α ,

Z2 ≡
∏

j

(2S x
j ) : φ→−φ +

π

2
, θ →−θ . (12)

Respecting the U(1) symmetry allows only for terms involving differences of the field θ such
as cos(θ (y)−θ (x)). However, for small |y − x | as in the case of short-range interactions such
a term can be expanded up to first order, yielding

cos(θ (y)− θ (x))≈ cos(∇θ (x)|y − x |)≈ 1+O((∇θ )2) , (13)

which does not add an additional θ -dependence. Due to Z2 and translational symmetry,
only higher cosine terms cos(4nφ) can appear in the short-range part. Such a term scales
as dim[cos(4nφ)] = 4n2K and is thus relevant for K < 1/(2n2). In particular, n= 2 being the
next higher possible contribution implies that the relevant action remains unaltered as long as
K > 1/8, and numerically we find K to be always in this regime.

Long-range contribution To capture the long-range interactions one uses the approxima-
tions for the spin operators in Eq. (11), which are inserted into the Hamiltonian in Eq. (1) to
obtain the long range part of the action. First, we consider only non-oscillating terms, i.e. drop
all contributions ∼ (−1)x corresponding to higher harmonics. Doing so, easy-axis interactions
along the z-direction contained in Eq. (1) only cause one additional term

Sz(x)Sz(y)∼ (1+∆)
∫

d xd y
1

|x − y|α
∇φ(x)∇φ(y) , (14)

which in Fourier space contributes as ∼
∫

dq|q|α+1φ(q)2. If we restrict ourselves to α > 1.0,
this term will be irrelevant with respect to the quadratic part of Eq. (7) that in Fourier space
reads ∼
∫

dq q2φ(q)2. Additionally, easy-plane contributions result in a term of the form

SLR ≡
1
2
(S+(x)S−(y) + S−(x)S+(y))

∼ −
∫

d xd y
1

|x − y|α
b
πγ

�

cos
�

θ (x)− θ (y)
�

cos
�

2φ(x)
�

cos
�

2φ(y)
�

�

, (15)

coupling the fields θ and φ. This term scales as dim[SLR] = α − 1 + 1/(2K) + 2K and will
thus flow to strong coupling only if K satisfies α < 3 − 2K − 1/(2K). Taking the Luttinger
parameter K as obtained from our numerical calculations below, we find again that throughout
the considered parameter regime this term is irrelevant. We thus find that all long-range
contributions are irrelevant in the RG sense. By contrast, it has been found that long-range
ferromagnetic interactions drive the system toward a first order transition [14].

Interestingly, considering also the oscillating contributions arising from inserting Eq. (11)
into Eq. (1) we find contributions surpressing certain types of order. The term

SXY ∼
∫

d xd y
(−1)|x−y|

|x − y|α
b
πγ

cos(θ (x)− θ (y)) , (16)

arises from the xy-interaction in the easy plane and can induce continuous symmetry break-
ing of the U(1) symmetry for ferromagnetic couplings [27], where the oscillating prefactor

7
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Figure 2: Critical exponents of the AFM-VBS transition. a)-b) The order param-
eters obey a power-law scaling in the vicinity of the critical point from which we
extract the exponents βAFM and βVBS. Insets: Scaling of the correlation length. As
a consequence of the emergent enhanced symmetry group of the DQCP the critical
exponents characterizing the algebraic decay of order parameter correlations are ex-
pected to coincide on both sides of the transition. Numerically this can be confirmed
using two different initial configurations for the ground state search, c) an initial Néel
as well as d) a singlet configuration. As a result of finite MPS bond dimensions acces-
sible, correlations at large distances r cross over from an algebraic to an exponential
decay or to constant values given by the square of the order parameter residual. In-
sets: The order parameter residual at the critical point allows us to obtain numerical
estimates for β/ν, see main text for details. Results are plotted for α= 1.2.

vanishes. Contrarily, with antiferromagnetic couplings, this term is always surpressed by the
oscillating prefactor compared to the cos(4φ(x)) term from Eq. (7), thus leading to a dimer-
ized phase instead of a continuously symmetry broken phase with finite expectation value of
S x + S y in the x-y plane.

Additionally, the term

SZZ ∼ (1+∆)
∫

d xd y
(−1)|x−y|

|x − y|α
b2

π2γ2
cos(2φ(x)) cos(2φ(y)) , (17)

arising from long range z-coupling along the easy-axis term prevents an |↑↑↓↓〉 (up-up-down-
down) ordered phase which can occur in the short range J1 − J2 model when J2/J1 > 1/2,
e.g. [10, 13]. This last condition follows from the simple argument that the energy E↑↑↓↓ of
the perfect |↑↑↓↓〉 state can become lower than that of the Néel state EN. The same argument
applied to the long range case gives EN < E↑↑↓↓ independent of α, which is encoded in the
SZ Z term. In terms of the short range action, this further shows that the next higher symmetry
allowed cos(8φ(x)) term which accounts for the four-fold degeneracy of the |↑↑↓↓〉 state never
becomes relevant.
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1.5 0.503 0.401 0.401 0.385 0.394
1.4 0.655 0.358 0.369 0.375 0.385
1.3 0.801 0.351 0.350 0.34 0.354
1.2 0.975 0.319 0.332 0.313 0.321
1.1 1.175 0.29 0.303 0.283 0.309
1.0 1.409 0.251 0.278 0.259 0.299 1 1.1 1.2 1.3 1.4 1.5

α

0.24

0.28

0.32

0.36

0.4

K
=
β
/
ν

KAFM

KVBS

βAFM/ν

βVBS/ν

Figure 3: Scaling of critical exponents. Numerical values obtained for the critical
exponents β/ν and K in both phases. General scaling arguments predict β/ν = K
as graphically shown on the right. Indeed the four lines aggree with good accuracy
and we find 1/8< K < 1/2.

5 Critical exponents

Using the estimates for the critical points from Sec. 2 and the field theory from Sec. 4, allows
us to determine the critical exponents for the transition. In particular, we are interested in
the correlation length exponent ν as well as the order parameter exponents βAFM and βVBS,
characterizing the powerlaws

ξ(|∆−∆c|)∼ |∆−∆c|−ν ,

M z
AFM(|∆−∆c|)∼ |∆−∆c|βAFM ,

ΨVBS(|∆−∆c|)∼ |∆−∆c|βVBS , (18)

valid in the vicinity of the transition. The numerical results shown in Fig. 2 (a) and (b) indeed
show the expected powerlaw behavior for the order parameters as function of |∆−∆c|. Per-
forming the same analysis for the correlation length ξ(|∆−∆c|), however, turns out to be more
challenging in this model for the following reasons. On the one hand, due to finite values of
the bond dimension χ, the correlation length saturates close to the critical point, approach-
ing a maximal value ξ(∆ → ∆c) → ξ(χ) for each χ. On the other hand, even in ordered
phases convergence in the correlation length is hard to achieve due to long-range interactions.
Consequently, we are left with only a narrow parameter window where the power law can be
resolved, see insets of Fig. 2 (a) and (b). This causes the convergence of the correlation length
to be rather slow and the numerical values of the critical exponent ν(χ) to shift with bond
dimension. Because of these numerical challenges, we do not use the correlation length ex-
ponents in our further analysis. We emphasize, however, that the order parameters converge
reasonably with increasing bond dimension, see Fig. 2.
Field theory, moreover, predicts the order parameter correlations

CAFM(r) = 〈M z
AFM(x)M

z
AFM(x + r)〉 , CVBS(r) = 〈ΨVBS(x)ΨVBS(x + r)〉 , (19)

to decay algebraically at the critical point. In particular, the critical exponents associated
to both correlations functions have to agree as they are functions of the same field φ, i.e.
CAFM(r) ∼ CVBS(r) ∼ r−2K , implicitly also enforcing βAFM = βVBS. The above relation is
obtained by using Eq. (8) and considering the respective correlations of the field φ, see e.g.
[16]. In Fig. 2 (c) and (d) we show numerical results for the order parameter correlations at
the critical point. At large distances correlations of the order parameter either approach a
constant value given by the square of the residual or decay exponentially, which is a result of
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the finite correlation length. With increasing bond dimension we thus recover the expected
algebraic decay characterized by the same critical exponents for both phases.

A more sophisticated scaling analysis, moreover, enables us to relate the critical expo-
nents for correlation length and order parameter. Denoting the order parameter of inter-
est as M and the distance to the critical point as |∆ − ∆c| ≡ δ the scaling law takes the
form M(δ) ≡

∫

dx m(x;δ) ∼ δβ implying that the order parameter density m(x;δ) has
scaling dimension β/ν + 1. Here we use that δ has scaling dimension 1/ν in proximity of
the critical point enforced by the power law ξ ∼ δ−ν. When considering the algebraic cor-
relations C(r) ≡ 〈M(x − r/2)M(x + r/2)〉 ∼ r−2K at the critical point, the transformation
C(r)→ C(r/λ) ∼ λpC(r) ∼ λ2β/νC(r) implies K = β/ν. Here, the last relation follows from
dimensional analysis of the correlator.

In order to verify this relation numerically, we compute β/ν from finite-entanglement
scaling of the order parameter residuals [7]. The general idea is to use the analogy to finite-
size scaling in statistical mechanics: In a system with length L an order parameter M generally
decays to zero as L−β/ν at the critical point. If we now employ that the cutoff length in our
system is given by the correlation length, the discontinuity Oc of the order parameters at the
critical point is expected to scale as

Oc
AFM/VBS ∼ ξ(χ)

−β/ν . (20)

This scaling is indeed observed numerically and shown in the insets of Fig. 2 (c) and (d).
Numerical values of β/ν as well as K obtained from AFM and VBS fixed-point initial states

are summarized in Fig. 3. Reasonable agreement is obtained for the predicted relations. Small
deviations are found in the vicinity of α = 1.0, which we attribute to the fact that numerical
convergence is more difficult to achieve in this regime.

6 Experimental prospects

Our model from Eq. (1) can be realized in trapped-ion quantum simulators using Floquet
engineering [15,28]. Collective vibrations of an ion crystal induced by off-resonant laser cou-
pling mediate power-law decaying Ising interactions Hx x =

∑

i< j J/|i − j|αS x
i S x

j with tunable
exponent α [29]. By periodically applying global π/2-pulses around the z, x and y axes, effec-
tive dynamics with Hx x , H y y and Hzz is stroboscopically realized. The respective interaction
strengths are determined by the time period τa between the pulses with a ∈ {x , y, z}. By
choosing τx = τy and tuning τz ≥ τx , the Hamiltonian Eq. (1) with tunable anisotropy ∆ is
realized using the same protocol. Experimentally, more refined Floquet protocols can improve
Trotter errors and stability [15].

In order to experimentally study the ordered phases and the DQCP, the ground state has
to be prepared adiabatically. The core procedure involves an extended Hilbert space of three
states labelled by {g,↑,↓} and has been introduced in a related context in Ref. [13]. First, the
system is initialized in an auxiliary state |GS〉 =

⊗

i |g〉i of the ions. Then, the population of
these auxiliary states is transferred to the physical spin states |↑〉 , |↓〉. This can be achieved by
adiabatically tuning the parameter s ∈ [0, 1] in the Hamiltonian H(s) = HLR + Hl(s), where
Hl(s) =
∑

i ΩL(s)
�

|σ〉i 〈g|i+h.c.
�

+∆L(s)
∑

i |g〉i〈g|i couples the physical |σ〉i and the auxiliary
states |g〉. A sufficiently slow ramp of the detunings ∆L(s) from a large negative to a large
positive value while simultaneously turning on and off ΩL(s) transfers the population from
|g〉 to the spin states |σ〉. In order to target the sector with zero total magnetization of HLR,
required to characterize the DQCP, the adiabatic passage has to be performed by coupling
alternate spin states σi on even and odd lattice sites. This can be achieved by local addressing
with different laser frequencies on even (odd) sites, respectively. The protocol is optimal when
the time dependent parametersΩL(s) and∆L(s) are chosen such that the energy gap is minimal
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Figure 4: Snapshots of the order parameters. Joint probability distribution of the
order parameters Ψ̃VBS and M z

AFM. Top Row: Expectations values for both order pa-
rameters measured with respect to the ground state within the VBS (first column),
the AFM (third column), as well as at the critical point (second column). We find
a discrete peak structure of the distribution inside the ordered phases (AFM, VBS)
reflecting the symmetry broken ground states. By contrast, at the critical point the
obtained distribution is rotationally invariant indicating the emergent U(1) symme-
try of the DQCP. The symmetry broken nature as well as the emergent symmetry at
criticality are also reflected in the radial (middle row) and angular (bottom row)
profile of the measurement outcomes.

at H(s = 1). The gap is finite in the symmetry broken phases and closes algebraically with
system size at the DQCP and determines the time scale of adiabatic preparation.

After preparing the state, the order parameters of the distinct phases need to be measured.
A simultaneous measurements of the non-commuting AFM and VBS order parameters is in
general not possible. Exploiting the symmetry of the problem we can, however, alternatively
use the operator Ψ̃VBS = 1/N

∑

i(σ
z
iσ

z
i+1−σ

z
i+1σ

z
i+2) to characterize the VBS state by project-

ing the singlet operator onto one spin direction [13]. From that the full counting statistics of
the joint distribution function is accessible. As an example, Fig. 4 shows the joint probabil-
ity distribution of the order parameters for a unit cell of N = 128 sites taken from the iMPS
ground state [30]. We fix α = 1.2 and choose values of ∆ = 0.4,0.975, 1.55 inside the VBS
phase, at the critical point and inside the AFM phase and perform 3 · 104 measurements for
each parameter.

Inside the ordered phases two peaks corresponding to the symmetry broken ground states
indeed emerge as expected. We emphasize that although being less pronounced, breaking of
rotational symmetry of the order parameter distribution is also observed closer to the DQCP.
The rotational invariance of the joint distribution at the critical point is a clear indicator of an
emergent U(1) symmetry akin to a deconfined quantum phase transition. This has to be con-
trasted with a conventional coexistence phase present at first order transitions, which would
be characterized by a distribution containing four distinct peaks invariant under the discrete
symmetry Z2×Z2. Moreover, we point out that the results at the DQCP in the second column
of Fig. 4 are independent of how we initialize the DMRG ground state search.
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7 Conclusions and outlook

We have investigated the zero temperature phase diagram of a long-range anisotropic Heisen-
berg model with power law decaying interactions. For sufficiently small power-law exponents
α < 1.66 we find a deconfined quantum critical point (DQCP) between a dimerized valence
bond solid (VBS) and an antiferromagnetic Néel phase (AFM) which is forbidden in standard
Landau-Ginzburg theory.

By employing bosonization techniques we show that the transition is described by an effec-
tive sine-Gordon theory with double frequency which arises from the nearest and next-nearest
neighbor interactions. This effective theory is a consequence of the symmetries of our model
and generally holds as long as the symmetry group remains unaltered. We furthermore argue
that in the considered regime, the longer-ranged interactions, beyond next-nearest neighbors,
become irrelevant and thus do not contribute to the effective theory.

Furthermore, density matrix renormalization group (DMRG) simulations are employed
to analyze the transition numerically. The phase boundary hosting the DQCP is determined
by analyzing the weak first order crossing in the energy, which arises from the finite matrix
product state bond dimension, and a study of the Binder cumulant. In accordance with the
effective theory a central charge c = 1 is determined through finite entanglement scaling
and the critical exponents of the transition are determined. As predicted by the effective
theory, both order parameters decay algebraically at the critical point with matching exponent
related to the Luttinger parameter of the theory. We moreover show, how the DQCP can be
characterized experimentally using trapped ions.

For future work, it will be interesting to study the finite temperature phases of this model.
Even though the system is one dimensional, long-range interactions can stabilize ordered
phases at finite temperatures [31,32]. Understanding and characterizing the fate of the DQCP
in this regime could be an interesting future direction. Moreover, exploring the dynamics of
excitations [15] could provide additional insights into the structure of the DQPT.
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