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Abstract

We present an exactly solvable toy model for the continuous dissipative dynamics of
permutation-invariant graph states of N qubits. Such states are locally equivalent to
an N-qubit Greenberger-Horne-Zeilinger (GHZ) state, a fundamental resource in many
quantum information processing setups. We focus on the time evolution of the state
governed by a Lindblad master equation with the three standard single-qubit jump op-
erators, the Hamiltonian part being set to zero. Deriving analytic expressions for the
expectation values of observables expanded in the Pauli basis at all times, we analyze
the nontrivial intermediate-time dynamics. Using a numerical solver based on matrix
product operators, we simulate the time evolution for systems with up to 64 qubits and
verify a numerically exact agreement with the analytical results. We find that the evolu-
tion of the operator space entanglement entropy of a bipartition of the system manifests
a plateau whose duration increases logarithmically with the number of qubits, whereas
all Pauli-operator products have expectation values decaying at most in constant time.
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1 Introduction

Graph states were introduced by Briegel and Raussendorf in 2001 [1] as special entangled
states of N qubits. These states with multipartite entanglement play an important role in
quantum information theory because they can be employed as a resource in a measurement-
based quantum computation [2,3], and they can be used in error correction codes [4] and for
quantum communications [5]. In particular, permutation-invariant graph states [6], which
are locally equivalent to an N-qubit Greenberger-Horne-Zeilinger (GHZ) state, are the subject
of extensive research [7-10] and their creation and characterization serve as one of a few
standard benchmarks of quantum computation hardware [11-18]. The use of graph states for
information processing in current quantum devices will inevitably have to face uncontrolled
decoherence processes and some aspects of graph state entanglement under the presence of
decoherence have already been investigated [19-22]. Most of these previous works focused
on discrete evolutions of the density matrix via completely positive maps (noisy channels).

In this work, we introduce and discuss a model of a graph state realized with qubits (or
spin-one-half particles), which decoheres continuously in time as described by a Lindblad mas-
ter equation for the density operator [23,24]. We account for the three most prevalent local
jump operators (dissipators); Two jump terms describe the incoherent transitions from |0) to
|1) (and vice versa), and the third one is the so-called dephasing term. The initial state is a pure
(graph) state, and it evolves into a mixed state under the action of the dissipation. Although
it is a many-body problem, the structure of the model is simple enough that the expectation
values of any observable can here be computed exactly by solving the equations of motion for
the expectation values of products of Pauli matrices.

We complement our analytic treatment with the use of a numerical Lindblad solver [25,
26], which is internally based on the C++ ITensor library [27] (see also [28] for a review on
available numerical methods for this type of problem). In the solver, the state of the system —
a many-body density matrix p — is stored in the form a matrix-product operator (MPO). Since
p is in general a matrix of size 2 x 2V, a brute-force numerical simulation of the Lindblad
dynamics generally becomes very demanding beyond a dozen of qubits. Taking advantage
of the fact that the states produced along the time evolution are only mildly correlated in
the present model, the MPO approach allows us to reach a very high accuracy with modest
computing resources (i.e. low MPO bond dimension) even with as many as N = 64 qubits.
Other numerical approaches would also be efficient in the context of the current setup [6,29].

The presented model can be viewed as a toy model illustrating the basic mechanisms at
play and allowing one to gain an understanding of the dominant dynamical behavior in sim-
ilar setups. It may also be used as a starting point for more realistic studies with different
graph states and some Hamiltonian terms competing with the dissipators. With our numer-
ical approach, we are able to calculate global quantities that are not immediately accessible
analytically, and observe an interesting scaling with size of bipartite correlations in the system.

In the next section, we present the model. In Sec. 3, we show how to compute exactly
the evolution of the expectation value of any product of Pauli matrices in this model. From
this result, one can then obtain the expectation value of any observable as a function of time.
In Sec. 4, we then compare these analytical results with numerical simulations based on a
matrix product operator (MPO) representation of the density matrix. Sec. 5 provides some
concluding remarks.
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2 Notations and definition of the model

We consider a system composed of N qubits (with basis states [0) = | T) and |1) = | |)), indexed
with i =1...N. We denote the usual Pauli operators by *, 0 and ¢*, or alternatively by X,
Y and Z. Additionally, we define o= = 1(o* £io?).

For completeness, we start by recalling the definition of a graph state. A graph state is an
entangled state that can be produced by the symmetrical two-qubit gate “controlled-Z” (CZ),
which is defined by its matrix

CzZ=

10
01
0 0 : ¢y

= O O

0
0
0
0 0 0 —1

in the basis {|00]),|10]),|01]),|11|)}. Given an undirected graph G(V,E) where V =1...N
represents the qubits and E C V x V is the set of edges, the corresponding graph state |g) is
defined by

9 =[] czpl++--+), @)

(i.j)€E

where |+) = %(lO) +1)). It is well known [1], that the graph state |g) is characterized by its

stabilizers
Si=o07 l_[ a?, 3)
JIG.j)€E
through
Silg) =1g)- 4

In the present study, we focus on the case where the system is invariant under any permu-
tation of the N qubits. We start at t = 0 from the only non-trivial fully symmetrical graph state,
that is the graph state associated to the complete graph. A complete graph is a graph where
all possible edges are present, so that each vertex is linked to the N — 1 other vertices. Our
initial state (at t = 0) is thus given by

1) =] [eztnl++--+). (5)

i<j

As a side remark, we note that, thanks to the transformation rules of graph states under the
action of local Clifford (LC) gates [20], the complete graph is LC-equivalent to the star graph.’
In turn, the star graph state can be transformed into the N-qubit Greenberger-Horne-Zeilinger
(GHZ) state [30] by application of Hadamard gates to all qubits except the center of the star.
The complete graph is thus LC-equivalent to the GHZ state.

We consider a time evolution generated by a Lindblad equation (see for example [31])
where the Hamiltonian part is set to zero. The state of the system is described by its density
matrix p whose time evolution is given by

d

where D is the dissipator, a linear superoperator acting on p. We consider three possible terms

IThe star graph has a central vertex connected to all the other vertices.
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in the dissipator D = Dy + D; + D,. They are given by

1
Dolpl =03 (ofpor — 3{o7atp}). %

1
Dl[p]=g12(03p01—5{0f07,p}), ®
Dylpl=¢, . (0%poi—p), (9)

1

where {, } is the anticommutator.? D, (resp. D;) then corresponds to an incoherent transition
toward the state |0) (resp. |1)). D, corresponds to a dephasing in the xy-plane.
3 Closed-form observable dynamics

In this section, we derive some exact results for the time evolution of a large class of observ-
ables.

3.1 Observable dynamics

To compute the evolution of the mean value of a given (time-independent) observable O, we
start from the fact that (O) = Tr(pO) and we use Eq. 6 to get

0 (0) = iTr(pO) = Tr(a—pO)

ot at at
= T(D[p]0) (10)
= Tr(Dy[p ]0) + Tr(D;[p ]O) + Tr(D,[p ]O) .
First let us consider D,
1
T(Du[p10) = 8 Y| (0F pory = 31070t .p10|
:gozi:Tr [p (0;00?—%{0;0} ,O})] 1n
=gy Y (AL[O]),
where the superoperator Ag is given by
i S T
Ay[O]=0;00] — E{O'i o/;,0}. (12)
Similarly, we have
Tr(D1[p10) = g1 ) (AL[O]), (13)
Tr(Dy[p10) = g5 Y (AL[O]), (14)

1

2{A B} = AB + BA.
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with

. _ 1 _
Aj[0]=0/00; — E{Ulfai ,0}, (15)
AL[0]=0c%00% —0. (16)

It is clear that if O does not operate on qubit i then Afk[O] = 0. Moreover, for an operator
O; acting on qubit i only, A [O;] commutes with operators acting on the other qubits. The
nontrivial action of the A} can then be summarized by the following relations:

1 1

Aolo™] Z—EO'X, A[o™] :—on, Ay Jo*]=—-20"%,
1 1

Ao =—307, Mlo]=—307, Ag[o?]=—207,

Aolo®]=1—-0%, M[o*]=—-1-0%, Ay [o*]1=0,

where the qubit index of the Pauli operators are identical in the L.h.s and r.h.s and have been
omitted for brevity.

3.2 Observablesatt =0

To lighten the notations, we will write X; instead of o and likewise for Y and Z. As our system
is invariant under any permutation of the qubits, specific indices are irrelevant. More generally,
we note that (X"Y™Zz!) = (oy...o%0), ... a;lv+maf1+m+1 ...o% ) which is independent of
the actual order of the operators or the specific indices as long as they are all different. When
indices are necessary, we will add them, for example (X;Z,Y2Z) is the same as (X Z;Y,Y3Z,).
Likewise, ((XiZi)Z(Yij)zz) has the same value as (X1Z,X5Z,Y3X3Y,X4Z5).

To compute the expectation value of a product of Pauli operators at t = 0, that is on the
complete graph state |g), we start with two remarks. First the stabilizer S = XZN~! leaves |g)

unchanged (see Egs. 3 and 4) so that
xZN) = (gIxZ"g) = (glg) = 1. 17)
Second, since Z commutes with CZ and since CZ? = 1, we have for n > 0
(z") = (glz"|g)
<+...+|Z"|+...+)
<+...+|_..._+...+>
0.

(18)

We start by computing observables of the form (X"Z!). To do this, we introduce the stabi-
lizer at one of the indices of the X. So forn >0

<XnZl> — (Xan_llelzN_l)
= (x;z)'z")
— (_i)n—l (Yn—lzN—l—n)
— (_1)% <Yn—IZN—l—n> ]

(19)

To be real, this last expression above must be 0 when n is even. We can do the same for (Y™Z!),
which gives for m > 0
= (X, (;Z)" " ZN )

l-m—2 (Xm—IZN—l—m+1> (20)

(_1)%—1 (Xm—IZN—l—m+1> .

5
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And again this must be 0 if m is odd. Substituting Eq. 19 in Eq. 20, we can conclude that for
even m

(ymzl) = (y"=2z') = (z), 21)
which is 0 if [ > 0 and 1 otherwise. We can also finish the computation for X for odd n

anl — _1 H—El Yn—IZN—l—n
(X"Z')=(=1)=( ) 22)

which is 1 if n 4+ = N, and zero otherwise. The last product we have not yet computed is the
general one (X"Y™Z!) with n > 0 and m > 0.
= ((z)" vz z

— l-m—n+1 (XmYn—lzN—n—m—l)

(23)

m—n+1

— (_1) > (XmYn—IZN—n—m—l> )

This can be nonzero only if n + m is odd. But if n = 1 there are no Y left and this is zero
according to Eq. 22. And if n > 1, the right-hand side can be nonzero only if n + m—1 is odd
(thus n+m is even) which we have already excluded. Thus, (X"Y™Z!) =0if n > 0 and m > 0.

To summarize, only the following products of Pauli operators have nonzero mean values
in the complete graph state:

<X2n+1ZN—2n—1) =(=1)", and (Y2”> =1. (24)

3.3 Solution of the equations of motion

We start with an example to show how the equation of motion leads to some differential
equations. Here we consider (XZ) in the case where only g, is not zero.

) 0

E(XZ} = E(XIZZ)
=Tr[Do[p](X12Z5)]
=80 Z(Aé[Xﬁz])

1

= &o ((A(l)[XﬂZz) + <X1A(2)[Zz]>)

— g0 (—3(12:) + (a1 2,))

— go(—3 02+ (0)) .

(25)

Now the general formula for %(X nymz!) and all dissipators: each X or Y gives a term
(—g0/2—g1/2—2g,)(X"Y™Z!) and each Z results in two terms

(—go—g)(X"Y™Z1), (go—g)(X"Y™Z!71y. (26)

Globally, we obtain for [ > 0

%(X”Y’“Zl) =—(a(n+m)+pDX"Y"Z") +yl(x Y2, (27)
S M™) = —a(n+ mEY), (28)
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where

q= 380 +&
2
Here, a is the rate of dephasing (decoherence) associated to X and Y (with its inverse equal
to the characteristic T, timescale), 8 is the decay parameter associated to Z — the inverse of
the relaxation time T;, y is the global drive towards the steady state, and y/f determines the
thermal steady state population (value of (Z)) reached in the limit of large time.? In the case
where y =0 (that is gg = g;), all observables have a simple exponential decay.
These equations can be solved by recursion starting at [ = 0 using the initial conditions of
the previous section. Indeed, at [ = 0 (that is no Z), we get

+2g,, B=go+&1, Y=80—8&1- (29)

(Y2n> — e—2ant , (30)

and all the others products without Z give zero because they start at O and stay there. Now
we can increase [ and get

l
<Y2nzl> — (% (1 _e—ﬂt)) e—Zant . (31)

Note that if y = 0 or y = = 0 then (Y?"Z!) = 0 for [ > 0. Finally for (X?"+*1ZN=2"=1) 'the
equations are directly solved and we obtain

<X2n+1ZN—2n—1) — (_1)ne—((2n+1)(a—ﬂ)+Nﬁ)t , (32)

with all the others being identically zero.

It is interesting to note that the stabilizers that characterize the initial graph state decay
very rapidly, i.e. with a timescale inversely proportional to the size of the system. This reflects
some relative fragility of the graph state correlations in the present dissipative context, and
may be related to the extensive number of neighbors in the initial complete graph.

3.4 Reduced density matrices

The two-qubit density matrix can be obtained from the two-point correlations computed pre-
viously. Writing z, = 1+ (Z) = 1=+ %(l—e_ﬁt) (see Eq. 31 withn =0and [ = 1) and
y2=(YY) = e 2% (see Eq. 30 with n = 1), this matrix reads (for N > 2 only)

z_% 0 O2 —y2
11 0 zyz y 0
P2 = 4 0 yz 2,7 0 (33)
—y? 0 0 z2
Likewise for 3 qubits and N > 3, we have
( zi 0 0 —y2z, 0 —y2z, —y2z, 0 ‘\
0 Z—Zer yzzJr 0 yzzJr 0 0 —y2z_
0 y3z, z_:zfr 0 y3z, 0 0 —y2z_
1 —y2z, 0 0 24z, 0 yiz_ y%z 0
P3s=3g 0 ¥z, yiz, 0 z_z2 0 0 —y2z_ (34)
—y2z+ 0 0 y2 _ 0 zfz+ yzz_ 0
K—yzer 0 0 y2z_ 0 y3z_ 2%z, 0
0 —yzz_ —yzz_ 0 —yzz_ 0 0 z3 ]

3In the long time limit and for n = 0 and [ = 1 the Eq. 31 below gives (Z Yesp = % which is the thermal equilib-
rium value if we introduce a local Hamiltonian H = A Y, Z; and a temperature T satisfying tanh(A/(k;T)) = %

7
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More generally, reduced density matrices for larger subsystem can be obtained by noting that
each matrix element is the expectation value of a product of N operators which are of the type
(Z;+1)/2 (if the matrix element connects two states where Z; = 1), (1—Z;)/2 (matrix element
between two states where Z; = —1), or of (matrix element between two states with opposite
Z).

Since p, can be decomposed as

_1(=z 0 z. O 10 —iy 0 —iy
p2—4(0 z_)®(0 z_)+4(iy O)®(iy o)’ (35

it is easy to see that it is separable (at all times). We also checked that p; and p, (not shown)
show no negativity, independent of the time t.

It is in fact a well known property of GHZ states [20] that the reduced density matrices
are separable, even though the system has some global multipartite entanglement. In the
present model, the reduced density matrices are thus all separable at t = 0. In addition, since
the dynamics is only due to single qubit disspators the reduced density matrices must remain
separable at all times (unless one considers the system globally (all qubits)).

4 Computational results

The possibility to simulate quantum open systems by representing the density matrix as a (one-
dimensional) tensor network was originally discussed in Refs. [32,33]. In the present work, we
use a representation of p as an MPO, closely related to what was done by Prosen and Znidari¢
in [34]. In our implementation, the density matrix p is encoded in a vectorized form (denoted
by |p))) as an ITensor matrix-product state (MPS) over an Hilbert space with dimension 4
at each site.* More details on this representation can be found in App. A. Concerning the
implementation of the time evolution, the first step amounts to expressing the Lindbladian
superoperator £ as a (super-) MPO that can act on a vectorized |p)). Next, one constructs a
(super-) MPO approximation of the exponential exp (7 L) associated to a small time step 7.
This approximation is based on an extension of the W' scheme proposed in Ref. [35], and it
allows for long-range interactions. In the scheme we use (see appendix A of Ref. [36]), the
Trotter error scales as O(7>). All the simulations used a time step T = 0.004. The truncation
in the MPO was carried out with a maximum discarded weight of 10716,

As a pure state, the initial state can be written exactly has a matrix-product state with
bond dimension equal to 2, and as a density matrix p, it can be represented exactly by an
MPO of bond dimension equal to 4. It turns out that the local dissipation terms of the model
do not increase the required bond dimension. Note however that due to small numerical
errors the bond dimension was sometimes observed to be above 4 in the simulations (but
never exceeding 15).

4.1 Dissipative dynamics of observables

In this section, we present the dynamics of Pauli observables calculated from the analytic
expressions of Egs. 30-32, together with numerical simulation results from the MPO solver.
App. A gives more details on the numerical simulations. To explore the parameter space, we
studied five representative cases varying the values of g,, g; and g,. The values used are
shown in Tab. 1, together with some characterization of the environments that would produce
such parameter values.

“This space is spanned by tensor products of the 3 Pauli matrices and the 2 x 2 identity (this is effectively an
MPO).


https://scipost.org
https://scipost.org/SciPostPhysCore.7.1.009

SCIl SciPost Phys. Core 7, 009 (2024)

Table 1: Different sets of physical parameters used in the simulations. The dissipation
parameters g,, g; and g, are defined in Egs. 7-9. The parameters a, 3 and y are
linear combinations of the g; defined by Eq. 29.

Environment g & g9 a fB Y
case 1 | Spontaneous emission only 1 0 0[05 1 1
case 2 | Pure dephasing 0 0 1 2 0 0
case 3 | Low temperature, low dephasing 09 01 01|07 1 038
case 4 | Generic dissipative rates 0.6 04 0.25 1 1 0.2
case 5 | Infinite temperature with dephasing 1 1 1 3 2 0

First, we look at Eq. 30 in the left panel of Fig. 1. The numerical results are in perfect
agreement with the theory. Comparing the numerical data with the exact expression shows
that the absolute value of the error is always below 10~°. In the following figures, the maxi-
mum error also never exceeds this value. Since the expectation value of a product of an odd
number of Y vanishes, (YY) is a connected correlation, and it shows a decay with a character-
istic timescale ~ 1/a.

Now we turn to Eq. 31, first in a simple case for the single qubit observable (Z). The result
is displayed in the right panel of Fig. 1 (this corresponds to n =0 and [ = 1). The cases 2 and
5 are not shown since they have y = 0 and thus (Z) = 0. (Z) displays a relaxation toward the
steady state value (Z), oo = % = %. When g; = 0 this is simply a relaxation toward the
|0) state. We also note that the effects of the correlations in the system are not visible in this
observable, in the sense that the exact same behavior would be observed independently of the
initial state provided that (Z) = 0 on all qubits at time O.

In the more complex case where n # 0, we cannot scale all the cases on one curve, so we
chose to show the dependence in the number of qubits for one case. In the left panel of Fig. 2,
we show the time evolution of (YY Z) (thatisn =1 and [ = 1) for case 1 and different number
of qubits. Again the simulations are in perfect agreement with the theory. This observable has
a non-monotonous time evolution for a simple reason: from Eq. 31, we see that this three-

point observable factorizes into (YYZ) = (YY)(Z), that is a product of a decreasing function

T T T I I I I I I I

15 exp(-2x) n 1~ ERIERIEREHERT
\Q case 1, N=64 X \,/\(//?*’K B
08 X case 2, N=64 B A 08 - Y/Y/\ ]
L 06 \X case 3, N=64 _ v 0.6 - ;</ B
> o) case 4, N=64 > X
v < 4 1 - exp(-x)
04 % case5,N=64 © | a 041 7 ,
% i/ case 1, N=64 X
02 - = — 021/ case 3, N=64 .
XSl / case 4, N=64
0 ! L Cioeean 0 Lo
0 0.5 1 1.5 2 0O 05 1 15 2 25 3 35 4
.t B.t

Figure 1: Left: Time evolution of (YY) in the different parameter cases with N = 64
qubits. The rescaled time a - t in the horizontal axis allows the collapse of the curves
associated to different sets of parameters. The line corresponds to Eq. 30 in the case
n = 1. For this quantity, the maximum deviation between the numerical result and
the exact value is less than 107'!. Right: same for (Z). For this quantity, the relevant
rescaling of the time is 3 - t. The line corresponds to Eq. 31 in the case n = 0 and
[ = 1. Cases 2 and 5 are not shown as they have y = 0 and thus (Z) = 0. The
maximum deviation is here less than 10~°.
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0.3 T T T T T T T T T
theor 1> exp(-x) 7
025 F e B s i e ,
i case 1, N=8 X 3 case 1, N=64 X
02 —74 X case 1, N=16 i 08 *\\ case 2, N=64 7
[C] / \\x case 1, N=32 ; 0.6 % case 3, N=64 i
; 0.15 N \x case 1, N=64 7 Q \ case 4, N=64
Yool Ny i Voodr case 5,N=64 O
| \yk \\\
0.05 - S . 02 R, 7
| =V A sy
0 I I I I D] 0 | | K Bhsok—sme s o
0 1 2 3 4 5 6 0 1 2 3 4 5
t (@+(N-1) B) . t

Figure 2: Left: Time evolution of (YY Z) for case 1 for different values of N. The
line corresponds to Eq. 31 in the case n = 1 and [ = 1. Cases 3 and 4 have similar
behaviors, whereas cases 2 and 5 have y = 0 and thus (YY Z) = 0. As discussed in the
text, the dynamics of this observable corresponds to the product of two exponentials,
making it non-monotonous. The maximum deviation between numerics and theory
is here less than 10711, Right: Time evolution of the stabilizer (X ZV¥~!). The rescaled
time in the horizontal axis ensures that the different simulations (cases 1,---,5) fall
onto the same curve, clearly showing the scaling of the  contribution of the decay
rate with the system size. The line corresponds to Eq. 32 for n = 1. The maximum
deviation is here less than 102,

by an increasing function. Cases 3 and 4 have similar behaviors, whereas cases 2 and 5 have
y =0 and thus (YYZ) = 0.

Finally, we also checked the expectation value of the stabilizer of the complete graph state,
that is Eq. 32 with n = 1. The results are displayed in the right panel of Fig. 2, they are again
in perfect agreement with the theory. The initial value is 1, as it should be since the initial
state is an eigenstate of the stabilizer for the eigenvalue 1. We then observe an exponential
decay with a characteristic timescale given by (a + (N —1)8)~! and which decreases with the
number of qubits. This size-dependence of the decay rate can be viewed as a consequence of
the fact that this specific observable involves all the qubits and reflects some global correla-
tions in the system.

4.2 Operator space entanglement entropy

The method to compute the von Neumann entanglement entropy associated to a given bipar-
tition of a graph state is explained in Ref. [4]. In the case of the complete graph state, the
result is Sy = In2 independent of the the bipartition (for two non-empty subsystems). This
result is also easy to obtain using the fact that the complete graph state is LC-equivalent to the
GHZ state.

For a mixed state p, it is interesting to consider the operator space entanglement entropy
(OSEE) [37], a quantity that naturally arises in simulations of the density matrix dynam-
ics represented using MPO. In a closely related context, entanglement entropies associated
to (unitary) operators were also discussed in Ref. [38]. The OSEE has been the subject of
many theoretical and numerical studies in the context of many-body problems. For instance,
Ref. [39] considered the OSEE in thermal density matrices of spin chain models, Ref. [40]
studied the OSEE in one dimensional many-body systems using (conformal) field theory tech-
niques and [41] studied the long-time dynamics of OSEE in a spin chain subject to a dephasing
dissipation (equivalent to the g, term in the present study). Another recent work [42] com-
pared two different approaches for the dynamics of a dissipative quantum spin chain, Lindblad
master equation versus quantum trajectories, and provided a comparison between the OSEE
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in the Lindblad approach with the entanglement entropy in the trajectory formalism.

The OSEE can be defined by considering the vectorization |p)) of p, which is a pure state
in an enlarged Hilbert of dimension 4 per site (spanned by the 3 Pauli matrices plus the iden-
tity matrix). The OSEE associated to a given bipartition into two subsystems A and B is by
FAIB = S\(/iI)Jp)) = S\Eﬁ?lp)) associated to
this partition of the vectorized pure state |p)) (more details in App. A). The OSEE quantifies
the total amount of correlations between the two subsystems. We note that the OSEE alone
does not indicate whether the correlations are mostly classical or quantum.

For a pure state |g), the associated density matrix is p = |g)(g| and the OSEE of p for a
given bipartition is by construction twice the von Neumann entropy associated to the same
bipartition in |g). So, in our model, the OSEE at time ¢t = 0 is 2In 2 for any nontrivial bipar-
tition of the N qubits. At long times, the system reaches a product state (if g; = 0 it simply
corresponds to all the qubits in state |0)) which is a state with bond dimension equal to 1 and
vanishing OSEE. At intermediate finite times t > 0, the OSEE must therefore decrease from
its initial value and eventually converge to O for any bipartition of the system. It is, however,
no longer independent of the bipartition and in the rest of the paper, we will focus of the
bipartition in two subsystems of equal size (N /2).

The dynamics of the OSEE for this bipartition in two equal halves of system is shown in
Fig. 3. The interesting feature is the appearance of a very clear plateau at OSEE = In 2, whose
duration grows with the number of qubits.

definition the von Neumann entanglement entropy OSE

T T —
2 N=8 ——
N=12 ——
] 13 N=16 7
= N=24
m 1
[59)
n
O
0.5 -
0
0 1 2 3 4 5

Figure 3: Time evolution of the OSEE between the two halves of the system for
different number of qubits in case 1. A plateau in the OSEE value at intermediate
times t, whose duration grows (logarithmically) with the number of qubits is clear.

To explore this behavior, we determined numerically the scaling laws for both the time at
which the plateau begins and the time at which it ends. We observe a 1/N behavior at early
times and In N behavior for the time at the end of the OSEE plateau. The corresponding plots
are shown in Fig. 4. At early times, the behavior is similar for cases 3, 4 and 5 with a 1/N
behavior (left panel Fig. 4) and a plateau at OSEE = In2. Case 2 is different with a plateau
that starts at t = 0, see Fig. 5.

This behavior arises only in the case with = 0, which corresponds to an absence of flip
terms (pure dephasing). At late times, the InN behavior is universal, with different values
of the prefactor & (up to some finite size effects the OSEE depends only on t — & InN at late
times). In case 2, the data collapse is particularly striking (see right panel of Fig. 5).

Comparing the values of § to the parameters in each case, we see that for all our cases
the value of 6 is compatible with 6 = 1/(2a). It is remarkable that the OSEE stays essentially
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T T
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Figure 4: Time evolution of the OSEE between the two halves of the system for
different values of N in case 1 (same data as Fig. 3). Left: time rescaled by the
system size N. The collapse of the curves at early times shows that the initial drop of
the OSEE takes place over a timescale proportional to 1/N. Right: same data with
time shifted by 6 InN, here 6 = 1. In this panel the collapse of the curves at the end
of the plateau illustrates the fact that the duration of the plateau is proportional to
6InN.

OSEE /In(2)

t t-6.InN

Figure 5: Time evolution of the OSEE between the two halves of the system for
different number of qubits in case 2. Left: data plotted as a function of time. Right:
data plotted as a function of time shifted by 6 InN, here 6 = 0.25. All the curves are
essentially on top of one another and are indistinguishable at the scale of the figure.

constant for a duration that increases with the number of qubits, although the correlations
decrease exponentially at best in constant time. A large enough system can be in a regime
where 1/ < t and t < &In(N). In case 1 (g only), the first condition implies that (Z) is
arbitrary close to 1, while the second condition puts the system in the OSEE plateau, with
OSEE ~ In(2). In other words, the system can have an arbitrary low density of qubits in the
|1) state and, still, some sizeable correlation between the two halves of the system.

We checked that such plateau is absent if the initial state is a graph state with a lower
connectivity. As an example, Fig. 6 shows the OSEE in a case where the initial state is a graph
state constructed from a periodic one-dimensional lattice with N sites (a ring). For a subsystem
A of the form A= [1,---,n] with N —2 > n > 2 the von Neumann entanglement entropy is
equal to SéN = 21n(2) in such a ring graph state [4], hence the value OSEE = 41In(2) at time
t = 0. The correlations are plausibly only short-ranged (with a finite correlation length) in that
case, so that the correlations between the two halves of the bipartition essentially come from
the qubits close to the boundaries/cutting between the two halves. Thus, when the system
size becomes significantly larger than the correlation length, the OSEE becomes independent
of N. The OSEE then drops to zero over a characteristic timescale which is independent of the
system size, contrary to the cases where the initial state is a complete graph.

12


https://scipost.org
https://scipost.org/SciPostPhysCore.7.1.009

SCIl SciPost Phys. Core 7, 009 (2024)

I

35 X N=64 — 4
= 3f X N=32 x _
E 25f \ N=16 -
= - \ N=8 |

= v
= af ) ]
o 1 - X _|
0.5 % -

0 | >|<X¥\ Loy
0 0.5 1 1.5 2
t.go

Figure 6: Time evolution of the OSEE between the two halves of the system, for a
simulation of a ring graph state (initialized at t = 0), with the dissipator D,. The data
for N = 16, 32 and 64 are almost on top of each other, showing rapid convergence
to a limiting curve in the large N limit. Contrary to the cases where the initial state
is a complete graph, these curve do not exhibit any plateau. In this simulation the
MPO bond dimension is 16 or below.

Finally, we also looked at what happens with a simple nonzero Hamiltonian. As an example
we considered an Ising interaction. Namely, we chose H = Z,Z; where a and b refer to two
fixed qubits. When measuring the OSEE, one subsystem contained qubit a and the other qubit
b. With these parameters, the maximum bond dimension was 16. The results for case 1 are
shown on Fig. 7. These figures are to be compared with Fig. 3 and 4 (right panel) where H
was zero. There are now four regimes: as before, at early times, a fast initial drop of the OSEE
over a timescale proportional to 1/N (scaling not shown), at constant time (around t ~ 0.8)
a peak, then a quasi plateau up to time 6 In N and finally a decay to 0 in constant time (6 =1
in this case, as with H = 0). The peak is associated to a local OSEE maximum at time t ~ 0.8.
We interpret this peak as a consequence of some new correlations created by the Ising term.
These correlations are then washed out by the dissipation. We then have a regime of slow
decay of the OSEE. In this regime the slope of the OSEE appears to scale as 1/InN at large N.
As far as the OSEE is concerned, in this regime H plays here the role of a perturbation to the
plateau observed when H = 0, and the effect of this perturbation decreases when N becomes
large. Due to the observed finite-size scaling we expect a plateau to asymptotically appear in
the large N limit. However, to clearly separate the plateau from the peak one would need to
go to much larger sizes, which is out of reach at the moment. We obtain similar results in the
other cases (data not shown).

5 Conclusion

In this paper, we have introduced an exactly solvable toy model for the decoherence of a graph
state. We have considered the time evolution of the complete graph state under a Lindblad
equation with general single-qubit dissipators and no Hamiltonian. Exploiting the permuta-
tion invariance of the model has allowed obtaining simple closed formulae for the expectation
values of any product of Pauli operators at any time. The method can be extended to other
types of graph states, although the number of equations will grow for less symmetric situa-
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OSEE /In(2)

t t-6.InN

Figure 7: Left: Time evolution of the OSEE between the two halves of the system for
different values of N in case 1 with a nonzero Hamiltonian (a ZZ interaction between
two qubits one in each half of the system). Right: same data with time shifted by
61nN, here 6 = 1.

tions. The availability of analytic solutions is valuable as a guiding tool in understanding the
dissipative mechanisms acting in numerical studies of complex setups.

We have compared the theoretical results with a numerical solver that was pushed up to 64
qubits. The results are in perfect agreement with the theory, showing that the MPO approach
is adapted for simulating this type of problem.

A peculiar long-lasting plateau has been identified in the OSEE between the two halves
of the system, pointing to the presence of some nonlocal long-lived correlations in this setup.
Despite the dissipative processes acting everywhere on the qubits, the correlations have been
observed to survive for a time that increases with the system size. The t ~ In(N) scaling of
the OSEE decay survives with a simple nonzero Hamiltonian. In a future study, we consider it
valuable to compute exactly the OSEE for ¢t > 0 in this model.
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A MPO representation of mixed state and operator space entan-
glement entropy

The density matrix can be expanded over all possible products of local Pauli operators:

p= Z Coprray 0 ® - 0N, (A.1)

with a; € {0, x, y,z} and 0¥ is the 2 x 2 identity matrix. In a vectorization picture, the operator
above can be considered as a vector in the Hilbert space with dimension 4 at each site (spanned
by tensor products of the 3 Pauli matrices and the 2 x 2 identity). It is then customary to use
a super ket notation:

)= D, Cupaglo® - 0™)). (A.2)
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The MPO representation of p is nothing but a matrix-product state (MPS) [43] description
of the state above:

Coypoeay = TE[M; - M. (A.3)

If we choose large enough matrices M, an arbitrary state can be represented in the above
form. In particular, any state p can be represented using matrices of size < 4. MPS/MPO
representations however offer a computational advantage only when the state of interest can
be accurately approximated using matrices of size < 4V.

When representing a pure state |¢) using an MPS, it is well known that an important
quantity to consider is the so-called Schmidt spectrum, obtained by performing a singular value
decomposition (SVD) of the state with respect to an A|B bipartition of the system. This Schmidt
spectrum is closely related to the von Neuman entropy associated to this bipartition.> Using
the vectorization picture, the same idea applies to mixed state. Here also, what determines the
matrix (or bond) dimension at a given position n along the MPO (separating the left region A
with qubits 1, -+ ,n from the right region B with qubits n+1,---,N) is the Schmidt spectrum
associated to the Schmidt decomposition of |p)):

o)) = > Al & [9F)) . (A4)
k

We usually normalize pure states with (y|y) = 1. But for a mixed state the (Hilbert-

. . . . . _ 27 2
Schmidt) square norm ({(p|p)) is generally different from unity since ({p|p))=Tr [ Jo} ] =>u A
is related to the purity of the state. By analogy with the von Neumann Entropy associated to
the bipartition of a pure state, it is interesting to define an entropy associated to the Schmidt
decomposition of a mixed state (Eq. A.4). To do so, we start by writing a normalized version

of the state: |5)) = > Al¢4)) ® [$F)) with rescaled Schmidt values A; = A,/ (3 112)1/2.
The associated entropy, called operator space entanglement entropy [37,38] is then defined
by
OSEE=— > A2In(12). (A.5)
k

To encode p as an MPO, the bond dimension y that one needs to use is closely related to the
(exponential of the) OSEE, In y ~ OSEE.

References

[1] H.J. Briegel and R. Raussendorf, Persistent entanglement in arrays of interacting particles,
Phys. Rev. Lett. 86, 910 (2001), doi:10.1103/PhysRevLett.86.910.

[2] R.Raussendorf and H. J. Briegel, A one-way quantum computer, Phys. Rev. Lett. 86, 5188
(2001), doi:10.1103/PhysRevLett.86.5188.

[3] R.Raussendorf, D. E. Browne and H. J. Briegel, Measurement-based quantum computation
on cluster states, Phys. Rev. A 68, 022312 (2003), doi:10.1103/PhysRevA.68.022312.

5If {|a)} and {|b)} represent respectively orthonormal bases of the Hilbert spaces of the regions A and B, we can
decompose 1)) as [p) = 3., , ¥qpla) ®|b). This can in turn be rewritten |¢) = >, Acl¢y) ® [¢]) where the A,
can be taken real and positive and are the singular values of the matrix 1, ;, and the vectors |q5’£) and Iqbf) satisfy
(7197 = i = (P19y). The von Neuman entropy associated to this bipartition has a simple expression in
terms of the Schmidt singular values: S,y = — >, pi In(p,) with p, = (A)* and >, p, =1 = (Y |+)). A central idea
in the construction of an MPS approximation of |¢) is to truncate this Schmidt spectrum by removing the singular
values below a certain threshold [43]. Generally speaking, for a given precision the higher the von Neumann
entropy accross a certain cut, the larger the bond dimension of the MPS along that cut. See [44] for a precise
discussion concerning the Schmidt spectrum, Rényi entropies, and the “simulability” using MPS.

15


https://scipost.org
https://scipost.org/SciPostPhysCore.7.1.009
https://doi.org/10.1103/PhysRevLett.86.910
https://doi.org/10.1103/PhysRevLett.86.5188
https://doi.org/10.1103/PhysRevA.68.022312

SCIl SciPost Phys. Core 7, 009 (2024)

[4] M. Hein, J. Eisert and H. J. Briegel, Multiparty entanglement in graph states, Phys. Rev. A
69, 062311 (2004), doi:10.1103/PhysRevA.69.062311.

[5] W. Diir, J. Calsamiglia and H.-J. Briegel, Multipartite secure state distribution, Phys. Rev.
A 71, 042336 (2005), doi:10.1103/PhysRevA.71.042336.

[6] N. Shammah, S. Ahmed, N. Lambert, S. De Liberato and E Nori, Open quantum systems
with local and collective incoherent processes: Efficient numerical simulations using permu-
tational invariance, Phys. Rev. A 98, 063815 (2018), doi:10.1103/PhysRevA.98.063815.

[7] P Migdat, J. Rodriguez-Laguna and M. Lewenstein, Entanglement classes of permutation-
symmetric qudit states: Symmetric operations suffice, Phys. Rev. A 88, 012335 (2013),
doi:10.1103/PhysRevA.88.012335.

[8] P Espoukeh and P Pedram, Quantum teleportation through noisy channels with multi-qubit
GHZ states, Quantum Inf. Process. 13, 1789 (2014), doi:10.1007/s11128-014-0766-2.

[9] D. C. Brody, L. P Hughston and D. M. Meier, Fragile entanglement statistics, J. Phys. A:
Math. Theor. 48, 425301 (2015), doi:10.1088/1751-8113/48/42/425301.

[10] Y. Zhao, R. Zhang, W. Chen, X.-B. Wang and J. Hu, Creation of Greenberger-Horne-Zeilinger
states with thousands of atoms by entanglement amplification, npj Quantum Inf. 7, 24
(2021), do0i:10.1038/s41534-021-00364-8.

[11] T Monz et al., 14-qubit entanglement: Creation and coherence, Phys. Rev. Lett. 106,
130506 (2011), doi:10.1103/PhysRevLett.106.130506.

[12] K. X. Wei, 1. Lauer, S. Srinivasan, N. Sundaresan, D. T. McClure, D. Toyli, D. C. McKay,
J. M. Gambetta and S. Sheldon, Verifying multipartite entangled Greenberger-Horne-
Zeilinger states via multiple quantum coherences, Phys. Rev. A 101, 032343 (2020),
doi:10.1103/PhysRevA.101.032343.

[13] G.J. Mooney, G. A. L. White, C. D. Hill and L. C. L. Hollenberg, Generation and verification
of 27-qubit Greenberger-Horne-Zeilinger states in a superconducting quantum computer, J.
Phys. Commun. 5, 095004 (2021), doi:10.1088/2399-6528/ac1df7.

[14] S. A. Moses et al., A race-track trapped-ion quantum processor, Phys. Rev. X 13, 041052
(2023), doi:10.1103/PhysRevX.13.041052.

[15] C. Song et al., Generation of multicomponent atomic Schrédinger cat states of up to 20
qubits, Science 365, 574 (2019), doi:10.1126/science.aay0600.

[16] T. M. Graham et al., Multi-qubit entanglement and algorithms on a neutral-atom quantum
computer, Nature 604, 457 (2022), doi:10.1038/s41586-022-04603-6.

[17] S. Cao et al., Generation of genuine entanglement up to 51 superconducting qubits, Nature
619, 738 (2023), doi:10.1038/s41586-023-06195-1.

[18] E. Badumer, V. Tripathi, D. S. Wang, P Rall, E. H. Chen, S. Majumder, A. Seif and
Z. K. Minev, Efficient long-range entanglement using dynamic circuits, (arXiv preprint)
doi:10.48550/arXiv.2308.13065.

[19] W. Diir and H.-J. Briegel, Stability of macroscopic entanglement under decoherence, Phys.
Rev. Lett. 92, 180403 (2004), doi:10.1103/PhysRevLett.92.180403.

16


https://scipost.org
https://scipost.org/SciPostPhysCore.7.1.009
https://doi.org/10.1103/PhysRevA.69.062311
https://doi.org/10.1103/PhysRevA.71.042336
https://doi.org/10.1103/PhysRevA.98.063815
https://doi.org/10.1103/PhysRevA.88.012335
https://doi.org/10.1007/s11128-014-0766-2
https://doi.org/10.1088/1751-8113/48/42/425301
https://doi.org/10.1038/s41534-021-00364-8
https://doi.org/10.1103/PhysRevLett.106.130506
https://doi.org/10.1103/PhysRevA.101.032343
https://doi.org/10.1088/2399-6528/ac1df7
https://doi.org/10.1103/PhysRevX.13.041052
https://doi.org/10.1126/science.aay0600
https://doi.org/10.1038/s41586-022-04603-6
https://doi.org/10.1038/s41586-023-06195-1
https://doi.org/10.48550/arXiv.2308.13065
https://doi.org/10.1103/PhysRevLett.92.180403

SCIl SciPost Phys. Core 7, 009 (2024)

[20] M. Hein, W. Diir, J. Eisert, R. Raussendorf, M. Van den Nest and H.-J. Briegel, Entangle-
ment in graph states and its applications, in Quantum computers, algorithms and chaos,
IOS Press, Amsterdam, Netherlands, ISBN 9781586036607 (2006), doi:10.3254/978-1-
61499-018-5-115.

[21] O. Giihne, E Bodoky and M. Blaauboer, Multiparticle entanglement under the influence of
decoherence, Phys. Rev. A 78, 060301 (2008), doi:10.1103/PhysRevA.78.060301.

[22] D. Cavalcanti, R. Chaves, L. Aolita, L. Davidovich and A. Acin, Open-system
dynamics of graph-state entanglement, Phys. Rev. Lett. 103, 030502 (2009),
doi:10.1103/PhysRevLett.103.030502.

[23] G. Lindblad, On the generators of quantum dynamical semigroups, Commun. Math. Phys.
48, 119 (1976), doi:10.1007/BF01608499.

[24] V. Gorini, A. Kossakowski and E. C. G. Sudarshan, Completely positive dynamical semi-
groups of N-level systems, J. Math. Phys. 17, 821 (1976), d0i:10.1063/1.522979.

[25] H. Landa and G. Misguich, Nonlocal correlations in noisy multiqubit systems
simulated using matrix product operators, SciPost Phys. Core 6, 037 (2023),
doi:10.21468/SciPostPhysCore.6.2.037.

[26] lindbladmpo, https://github.com/qiskit-community/lindbladmpo.

[27] M. Fishman, S. White and E. Stoudenmire, The ITensor software library for tensor network
calculations, SciPost Phys. Codebases 4 (2022), doi:10.21468/SciPostPhysCodeb.4.

[28] H. Weimer, A. Kshetrimayum and R. Orus, Simulation methods for open quantum many-
body systems, Rev. Mod. Phys. 93, 015008 (2021), doi:10.1103 /RevModPhys.93.015008.

[29] A. McDonald and A. A. Clerk, Exact solutions of interacting dissipative systems via weak
symmetries, Phys. Rev. Lett. 128, 033602 (2022), doi:10.1103/PhysRevLett.128.033602.

[30] D.M. Greenberger, M. A. Horne and A. Zeilinger, Going beyond Bell’s theorem, in Bell’s the-
orem, quantum theory and conceptions of the Universe, Springer, Dordrecht, Netherlands,
ISBN 9789048140589 (1989), doi:10.1007/978-94-017-0849-4 10.

[31] H.-P Breuer and FE Petruccione, The theory of open quantum systems,
Oxford University Press, Oxford, UK, ISBN 9780199213900 (2007),
doi:10.1093/acprof:0s0/9780199213900.001.0001.

[32] M. Zwolak and G. Vidal, Mixed-state dynamics in one-dimensional quantum lattice systems:
A time-dependent superoperator renormalization algorithm, Phys. Rev. Lett. 93, 207205
(2004), doi:10.1103/PhysRevLett.93.207205.

[33] E Verstraete, J. J. Garcia-Ripoll and J. 1. Cirac, Matrix product density operators: Simu-
lation of finite-temperature and dissipative systems, Phys. Rev. Lett. 93, 207204 (2004),
doi:10.1103/PhysRevLett.93.207204.

[34] T. Prosen and M. Znidari¢, Matrix product simulations of non-equilibrium steady states of
quantum spin chains, J. Stat. Mech.: Theory Exp. P02035 (2009), doi:10.1088/1742-
5468,/2009/02/P02035.

[35] M. P Zaletel, R. S. K. Mong, C. Karrasch, J. E. Moore and E Pollmann, Time-evolving
a matrix product state with long-ranged interactions, Phys. Rev. B 91, 165112 (2015),
doi:10.1103/PhysRevB.91.165112.

17


https://scipost.org
https://scipost.org/SciPostPhysCore.7.1.009
https://doi.org/10.3254/978-1-61499-018-5-115
https://doi.org/10.3254/978-1-61499-018-5-115
https://doi.org/10.1103/PhysRevA.78.060301
https://doi.org/10.1103/PhysRevLett.103.030502
https://doi.org/10.1007/BF01608499
https://doi.org/10.1063/1.522979
https://doi.org/10.21468/SciPostPhysCore.6.2.037
https://github.com/qiskit-community/lindbladmpo
https://doi.org/10.21468/SciPostPhysCodeb.4
https://doi.org/10.1103/RevModPhys.93.015008
https://doi.org/10.1103/PhysRevLett.128.033602
https://doi.org/10.1007/978-94-017-0849-4_10
https://doi.org/10.1093/acprof:oso/9780199213900.001.0001
https://doi.org/10.1103/PhysRevLett.93.207205
https://doi.org/10.1103/PhysRevLett.93.207204
https://doi.org/10.1088/1742-5468/2009/02/P02035
https://doi.org/10.1088/1742-5468/2009/02/P02035
https://doi.org/10.1103/PhysRevB.91.165112

SCIl SciPost Phys. Core 7, 009 (2024)

[36] K. Bidzhiev and G. Misguich, Out-of-equilibrium dynamics in a quantum impurity model:
Numerics for particle transport and entanglement entropy, Phys. Rev. B 96, 195117 (2017),
doi:10.1103/PhysRevB.96.195117.

[37] T. Prosen and I. Pizorn, Operator space entanglement entropy in a transverse Ising chain,
Phys. Rev. A 76, 032316 (2007), doi:10.1103/PhysRevA.76.032316.

[38] P Zanardi, Entanglement of quantum evolutions, Phys. Rev. A 63, 040304 (2001),
doi:10.1103/PhysRevA.63.040304.

[39] M. Znidari¢, T. Prosen and I. PiZorn, Complexity of thermal states in quantum spin chains,
Phys. Rev. A 78, 022103 (2008), doi:10.1103/PhysRevA.78.022103.

[40] J. Dubail, Entanglement scaling of operators: A conformal field theory approach, with
a glimpse of simulability of long-time dynamics in 1+ 1d, J. Phys. A: Math. Theor. 50,
234001 (2017), doi:10.1088/1751-8121/aa6{38.

[41] D. Wellnitz, G. Preisser, V. Alba, J. Dubail and J. Schachenmayer, Rise and fall, and
slow rise again, of operator entanglement under dephasing, Phys. Rev. Lett. 129, 170401
(2022), doi:10.1103/PhysRevLett.129.170401.

[42] G. Preisser, D. Wellnitz, T. Botzung and J. Schachenmayer, Comparing bipartite entropy
growth in open-system matrix-product simulation methods, Phys. Rev. A 108, 012616
(2023), d0i:10.1103/PhysRevA.108.012616.

[43] U. Schollwock, The density-matrix renormalization group in the age of matrix product
states, Ann. Phys. 326, 96 (2011), doi:10.1016/j.a0p.2010.09.012.

[44] N. Schuch, M. M. Wolf, E Verstraete and J. I. Cirac, Entropy scaling and
simulability by matrix product states, Phys. Rev. Lett. 100, 030504 (2008),
doi:10.1103/PhysRevLett.100.030504.

18


https://scipost.org
https://scipost.org/SciPostPhysCore.7.1.009
https://doi.org/10.1103/PhysRevB.96.195117
https://doi.org/10.1103/PhysRevA.76.032316
https://doi.org/10.1103/PhysRevA.63.040304
https://doi.org/10.1103/PhysRevA.78.022103
https://doi.org/10.1088/1751-8121/aa6f38
https://doi.org/10.1103/PhysRevLett.129.170401
https://doi.org/10.1103/PhysRevA.108.012616
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1103/PhysRevLett.100.030504

	Introduction
	Notations and definition of the model
	Closed-form observable dynamics
	Observable dynamics
	Observables at t=0
	Solution of the equations of motion
	Reduced density matrices

	Computational results
	Dissipative dynamics of observables
	Operator space entanglement entropy

	Conclusion
	MPO representation of mixed state and operator space entanglement entropy
	References

