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Identifying diffusive length scales in one-dimensional Bose gases
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Abstract

In the hydrodynamics of integrable models, diffusion is a subleading correction to bal-
listic propagation. Here we quantify the diffusive contribution for one-dimensional Bose
gases and find it most influential in the crossover between the main thermodynamic
regimes of the gas. Analysing the experimentally measured dynamics of a single density
mode, we find diffusion to be relevant only for high wavelength excitations. Instead, the
observed relaxation is solely caused by a ballistically driven dephasing process, whose
time scale is related to the phonon lifetime of the system and is thus useful to evaluate
the applicability of the phonon bases typically used in quantum field simulators.
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1 Introduction

The last few decades have seen significant advances in techniques for realizing and manipu-
lating quantum many-body systems, particularly in the form of gases of ultracold atoms [1].
The behavior of interacting quantum many-body systems is, however, notoriously difficult to
describe [2, 3], spurring the development of new theoretical models. In continuous systems
with large number of particles, microscopic descriptions are generally intractable; instead,
models describing the emergent, large-scale behavior of the systems are more appealing [4].
For such purpose, hydrodynamics provides a powerful framework, describing the large-scale
flow of densities of conserved quantities [5, 6]. However, integrable systems, such as the
one-dimensional (1D) Bose gas, feature an infinite number of conserved quantities, thus com-
plicating the formulation of a hydrodynamic theory; this infinite number of conservation laws
poses a severe constraint of dynamics and inhibits thermalization [7]. The breakthrough came
with the advent of Generalized Hydrodynamics (GHD) [8,9], which parameterizes the hydro-
dynamics in terms of quasi-particles given by the Bethe Ansatz solution to integrable models.

Hydrodynamics is an expansion of dynamics in spatial derivatives. At lowest order in
derivatives (Euler scale), currents only depend on the local densities of conserved quantities;
in GHD the corresponding working equation is a collision-less Boltzmann equation [10], where
quasi-particles propagate ballistically at an effective velocity modified by collisions with other
particles. Beyond the Euler scale one must account for diffusive effects [11], which arise
from the number of collisions experienced by the particle to be subject to equilibrium thermal
fluctuations [12]. The result is a Gaussian broadening of the quasi-particle trajectories [13].

Unlike for most non-integrable systems, diffusion in GHD arises as a subleading correction
to Euler-scale hydrodynamics. Thus, diffusive effects become evident in dynamics mainly at
long time scales. For instance, in the presence of an inhomogeneous potential, diffusion has
been shown to cause a gradual thermalization of a 1D Bose gas [14]. In real systems, however,
other mechanisms of integrability breaking [15], such as noise [16], losses [17], or violation
of one-dimensionality [18–21], are likely stronger and may therefore mask signatures of dif-
fusion. Indeed, in experimental tests of GHD with 1D Bose gases, no clear signs of diffusion
have been observed thus far [22,23].

In this work, we study and quantify the influence of diffusion on the dynamics of one-
dimensional Bose gases, particularly on time and length scales accessible in experimental se-
tups. First, we calculate the diffusive spreading of quasi-particle trajectories relative to their
ballistic propagation velocity in thermal states. We consider interaction strengths and tem-
peratures ranging across several orders of magnitude, thus allowing the identification of the
thermodynamic regimes where diffusive effects are most prominent. Next, we analyse the
experimental results of Ref. [24] in order to identify the length scales at which diffusive ef-
fects become relevant in a quasi-condensate; the setup of Ref. [24] is especially well-suited
for such analysis, as the high degree of control over the potential enabled the excitation of a
single momentum mode, thus creating excitations at a desired length scale. Our analysis also
provides a proxy for the phonon lifetime, enabling one to gauge the applicability of a phonon
basis to describe dynamics. Phonon bases have been used extensively to describe quantum
field simulators realized with ultracold atoms [25–31]; identifying the time scales at which a
low-energy effective theory remains valid is thus beneficial for a number of applications.

2 Propagation of quasi-particles in the 1D Bose gas

Upon confinement to a single spatial dimension, an ultracold gas of N repulsively interacting
bosons of mass m is well described by the Lieb-Lininger model [32, 33], whose Hamiltonian
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Figure 1: Illustration of quasi-particle propagation. A ‘tagged’ quasi-particle with
rapidity θi (blue) propagates ballistically with an average velocity veff(θi) through a
system with quasi-particle density ρp(θ ). The effective velocity is a modification of
the bare velocity vbare(θi) = ħhθi/m following collision with other particles (grey), as
each collision is associated with an apparent delay of the particles (or equivalently
a positional shift ∆). Thermal fluctuations of ρp(θ ), and thus the number of colli-
sions experienced by the particle, result in diffusive corrections, which manifest as
a broadening of the quasi-particle trajectory on the order of

p
t. Figure inspired by

Ref. [40].

reads

H = −
N
∑

i

ħh2

2m
∂ 2

∂ z2
i

+ g
N
∑

i< j

δ
�

zi − z j

�

. (1)

Here, zi is the position of the i’th boson and g > 0 is their coupling strength, which in an
experimental system depends on the s-wave scattering length of the atoms and the potential
confining the atoms to 1D [34]. Often, the coupling strength is parameterized as c = mg/ħh2,
in units of inverse length.

By virtue of integrability, the 1D Bose gas can be solved exactly using the Bethe Ansatz,
which identifies the elementary excitations as fermionic quasi-particles uniquely labelled by
their quasi-momentum, or rapidity, θ [32, 33]. In the thermodynamics limit, the density of
occupied rapidities, i.e. the density of quasi-particles, ρp(θ ) fully characterises the thermody-
namic properties of the local equilibrium macrostate. Similarly, a density of holes ρh(θ ) can
be introduced, which describes the density of unoccupied rapidities; together the two densities
form the density of states ρs(θ ). The occupational fraction of allowed rapidity states, dubbed
the filling function ϑ(θ ) = ρp(θ )/ρs(θ ), equivalently characterises the macrostate. The quasi-
particle density of a thermal state at a given coupling strength and temperature is obtained by
solving the Thermodynamic Bethe Ansatz (TBA) [35] (see also Appendix A and Refs. [36,37]
for more details).

Finally, the large scale dynamics of the system can be described by means of Generalized
Hydrodynamics (GHD) [8, 9], which formulates a hydrodynamic theory of integrable models
in terms of the propagation of its Bethe Ansatz quasi-particles. In the following section 2.1, we
briefly review the main concepts of quasi-particle propagation and the diffusive GHD equations
of the 1D Bose gas. For more details, see the reviews [38,39]. Next, in section 2.2, we quantify
the diffusive contribution to quasi-particle propagation in thermal states.

2.1 Generalized Hydrodynamics at the diffuse scale

The soliton-gas interpretation of GHD [41] provides an intuitive picture of quasi-particle dy-
namics at different orders of the hydrodynamics expansion.
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At the Euler scale, the transport of quantities is facilitated by ballistically propagating quasi-
particles. The bare propagation velocity of quasi-particles is modified through collision with
other particles, as each two-body elastic collision is associated with a Wigner time delay [42].
Thus, as a particle with rapidity θ traverses a thermodynamic state with quasi-particle density
ρp, averaging over all the Wigner time delays experienced by the particle results in an effective
propagation velocity veff(θ ) (see figure 1). On the quantum mechanical level, the effective
velocity can be viewed as a modified group velocity of the quasi-particles, following local
interactions with other particles, whereby properties, such as the momentum p(θ ) and energy
ε(θ ), of the particle θ become modified or “dressed” [43,44].

At the next order of spatial derivatives, diffusive contributions to the dynamics are ac-
counted for [11]. Quasi-particle diffusion arises from thermal fluctuations [12, 13]. For the
duration t, a quasi-particle will traverse a region of length L∝ t, through which ρp exhibits
thermal fluctuations of order 1/

p
L. Thus, the number of collisions experienced by the particle,

and in turn the distance it travels, fluctuates by
p

t [13]. The result is a diffusive broadening
of the quasi-particle front, as illustrated in figure 1. Further, the Euler scale terms of the GHD
equation are unaltered by scaling z → zL and t → t L, whilst the diffusive terms are rescaled
by a factor 1/L [14], thus highlighting diffusive effects in GHD as subleading to the ballistic
quasi-particle propagation.

Assuming only large scale variations in space and time, the quasi-particle distribution of an
inhomogeneous system becomes time and space dependentρp = ρp(z, t,θ ); the GHD equation
describes the evolution of this distribution. Note, in the following all (z, t)-dependencies have
been omitted for a more compact notation. On the diffusive scale, the advective form of the
GHD equation (describing the evolution of the filling ϑ) reads

∂tϑ(θ ) + veff(θ )∂zϑ(θ ) =
1

2ρs(θ )

�

1−
ϑ∆
2π

�

∂z

�

�

1−
ϑ∆
2π

�−1

ρs(θ )D ∂zϑ(θ )

�

, (2)

where the effective velocity is given by

veff(θ ) =
(∂θε)dr(θ )
(∂θ p)dr(θ )

, (3)

with ε(θ ) = ħh2θ2/(2m) and p(θ ) = ħhθ being the single-particle energy and momentum,
respectively. The superscript ‘dr’ denotes that the function has been dressed, following the
equation

gdr(θ ) = g(θ )−
1

2π

∫ ∞

−∞
dθ ′ ∆(θ ,θ ′)ϑ(θ ′)gdr(θ ′) , (4)

where ∆(θ ,θ ′) = −2c
c2+(θ−θ ′)2 is the two-body scattering kernel of the Lieb-Liniger model. Fur-

ther, in eq. (2) we have employed bold symbols to indicate integral operators and the following
shorthand notation for their action

(Kg) (θ ) :=

∫ ∞

−∞
dθ ′ K
�

θ ,θ ′
�

g
�

θ ′
�

, (5)

where K
�

θ ,θ ′
�

is the associated kernel of the generic integral operator K. The kernel of the
integral operator D in eq. (2) reads

D(θ ,θ ′) =
1

ρ2
s (θ )

�

δ(θ − θ ′)w(θ ′)−W (θ ,θ ′)
�

, (6)
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where the off-diagonal and diagonal elements, respectively, are given by

W (θ ,θ ′) = ρp(θ )(1− ϑ(θ ))
�

∆dr(θ ,θ ′)
2π

�2
�

�veff(θ )− veff(θ ′)
�

� , (7)

w(θ ) =

∫ ∞

−∞
dθ ′W (θ ′,θ ) . (8)

The diffusive effects arise mainly from fluctuations of the state ϑ, which are diagonal in rapidity
and given by the expression

〈δϑ(θ )δϑ(θ ′)〉= δ(θ − θ ′)
ϑ(θ ′)
�

1− ϑ(θ ′)
�

ρs(θ ′)
. (9)

Indeed, we see that the diffusion kernel D(θ ,θ ′) of eq. (6) is proportional to the filling fluc-
tuations.

2.2 Quantifying operator spreading in thermal states

According to Generalized Hydrodynamics, operator spreading in integrable systems is driven
by the propagation of the Bethe Ansatz quasi-particles. For conserved charges in particular,
each quasi-particle carries a certain amount of charge density specified by the corresponding
single-particle eigenvalue of the charge, which generally is a function of rapidity. After trav-
eling through a homogeneous system for a duration t, a quasi-particle with rapidity θ will
ballistically have propagated a distance z̄(t,θ ) = t|veff(θ )|, while the diffusive broadening of
the quasi-particle trajectory is [13]

δz̄2(t,θ ) = tρ−2
s (θ )

∫ ∞

∞
dθ ′ρp(θ

′)
�

1− ϑ(θ ′)
�

�

∆dr(θ ,θ ′)
2π

�2
�

�veff(θ )− veff(θ ′)
�

�

= tρ−2
s (θ )w(θ ) .

(10)

For the fastest quasi-particle of the system, z̄ and δz̄2 coincide with the position and diffusive
broadening of the operator spreading front, respectively. Thus, in order to quantify the contri-
bution of diffusion to the overall propagation of quasi-particles in the state ρp, we introduce
the measure

Γ =
1
n

∫ ∞

−∞
dθ ρp(θ )

z̄(θ )
δz̄2(θ )

=
1
n

∫ ∞

−∞
dθ ρp(θ )ρ

2
s (θ )
|veff(θ )|

w(θ )
,

(11)

where n =
∫∞
−∞ dθ ρp(θ ) is the atomic density. Physically, Γ describes the average distance

travelled by quasi-particles relative to the variance of their trajectory, weighted according to
the distribution of particles.

At thermal equilibrium, the state of a homogeneous 1D Bose gas is characterized by just
two dimensionless parameters: the interaction strength γ= c/n and the reduced temperature
T = 2mkBT

ħh2c2 , where T is the temperature and kB Boltzmann’s constant. These two parameters

span an entire phase-diagram of the 1D Bose gas, whose regimes can be identified via the g(2)-
function [45]. For thermal states with fixed values of γ, we find that Γ scales linearly with the
coupling strength c. Therefore, γ and T fully determine the scaled measure Γ/c for thermal
states, which we compute for a large span of parameters and plot in figure 2. For comparison,
the different regimes of the Lieb-Liniger phase diagram have been indicated by solid lines.
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Figure 2: Propagation metric Γ scaled by the coupling strength c for thermal states
at different dimensionless temperatures T and interaction strengths γ. Lower val-
ues signify a relative increased contribution of diffusion to quasi-particle propaga-
tion. The solid lines indicate the boundary between the three main thermodynamic
regimes of the Lieb-Liniger model, namely the quasi-condensate (QC), ideal Bose
gas (IBG), and Tonks-Girardeau gas (TG). The dashed lines mark additional sub-
regimes, namely the thermal-quantum statistics boundary for the fluctuations of the
quasi-condensate and the degeneracy transition of the ideal Bose gas.

We find that a minimum of Γ/c, indicating a maximal broadening of quasi-particle tra-
jectories relative to their distance travelled, is located near the crossover between the three
main regimes of the Lieb-Liniger model, corresponding to T ≈ γ≈ 1. At higher temperatures,
diffusive effects appear to be most relevant for temperatures T ∼ γ−3/2, which coincides with
the crossover between the quasi-condensate and ideal Bose gas regimes. Interestingly, we find
that diffusion persists even at rather low temperatures; a similar observation was made in
Ref. [46], where diffusion at very low temperatures was shown to result in an effective viscous
hydrodynamics.

Upon approaching any of the asymptotic regimes, the quasi-particle propagation becomes
completely ballistic, indicated by a very large value of Γ . In the Tonks-Girardeau and ideal Bose
gas limits this behavior is expected; free particles do not diffuse, and in these two regimes the
gas behaves as free fermions and bosons, respectively. Meanwhile, in the quasi-condensate
regime, the interaction energy dominates the average energy per atom, thus making density
fluctuations energetically costly, which in turn represses diffusion. The 1D Bose gas is essen-
tially maximally diffusive in the thermodynamic regime furthest from any of the asymptotic
regimes above. Note, that we find no direct relation between Γ and the g(2)-function; instead,
diffusion appears maximal for kinetic and interaction energies around Eint ∼ Ekin ∼ NkB T/2.
See Appendix B for more.

To unravel the individual scaling behavior of ballistic and diffusive propagation, we plot
their weighted contribution as function of temperature for different values of γ in figure 3.
For reference, figure 3(a) shows the corresponding values of Γ/c (equivalent to vertical cuts
of figure 2). Starting with the diffusive contribution, plotted in figure 3(b), we find that it is
maximal at a temperature T inversely proportional to interaction γ; for lower temperatures,
the diffusive contribution increase linearly with T , while for higher temperatures it decreases
again, scaling as T −1/2. The vanishing of diffusion at very low temperatures follows from the
suppression of thermal fluctuations. Meanwhile, for very high temperatures and fixed particle
number, the occupation of individual rapidity states becomes very low as quasi-particles occupy
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Figure 3: Temperature scaling of diffusive and ballistic propagation. (a) Vertical cuts
of the diagram 2 for three different interaction strengths γ. (b) Diagonal elements of
the diffusion kernel weighted by the quasi-particle density: Diffusive contributions
scale with increasing thermal fluctuations, until the gas starts transitioning into a
regime of free particles. (c) Effective velocity weighted by the quasi-particle density.
The ballistic contribution plateaus at lower temperatures as the filling function ap-
proaches a Fermi sea.

increasingly higher rapidities; such behavior is indicative of the transition towards free bosons,
resulting in the eventual decrease of diffusion.

In contrast, the ballistic contribution, plotted in figure 3(c), is almost constant for lower
temperatures until it suddenly starts increasing proportionally to T 1/2. Approaching the
ground state, the system is described by a Fermi sea of rapidity states, i.e. the filling function
assumes the value 1 between two γ-dependent Fermi point and 0 everywhere else. The effec-
tive velocity evaluated at the Fermi point is equal to the sound velocity of the gas [47], while
for rapidities between the two Fermi points, veff(θ ) is approximately a linear function.Thus,
approaching lower temperatures, the fermionic statistics of the quasi-particles ensure that ra-
pidity states up to the Fermi point remain populated, resulting in the plateau of the weighted
ballistic contribution. As the temperature increases and the Fermi sea melts, interactions in the
gas become less relevant, and the effective velocity approaches ħhθ/m; for large rapidity this
velocity is far greater than the elements of the diffusion kernel, thus leading to a quasi-particle
propagation completely dominated by ballistic motion.

Finally, it should be stressed that Γ can be computed for any state ϑ, not just thermal
states. Indeed, explicitly constructing a state which maximizes fluctuations will result in a
larger diffusive broadening of the quasi-particle trajectory. An important non-thermal state,
is the initial state of the seminal quantum Newton’s cradle experiment [48]; here, two halves
of a (typically thermal) state have been boosted to large, opposite rapidities [49]. Notably,
boosting the state substantially increases the quasi-particle velocities while merely shifting
w(θ ) towards higher rapidities, thus resulting in an increase in Γ . Nevertheless, diffusive ef-
fects are important to the long time-scale dynamics of the quantum Newton’s cradle, as purely
ballistic propagation can produce quasi-particle distributions featuring very fine structures in
the (z,θ)-phase-space [50]. Such small wavelength features are much more susceptible to
diffusive effects, which over time lead to the features being washes out and the system ther-
malizing [51].
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3 Quasi-particle dynamics following a single-mode quench in a
quasi-condensate

The measure Γ describes the relative contribution of ballistic and diffusive quasi-particle prop-
agation in a given state. However, the measure fails to account for the role of inhomogeneity;
indeed, diffusive effects become increasingly important at shorter length scales. In this section,
we employ a linearized version of the diffusive GHD equation to analyze the dynamics of a sin-
gle momentum mode of the atomic density, i.e. an excitation with a well-defined length scale.
Such a single-mode quench was achieved in the recent experiment of Ref. [24]. Although the
Bose gas was realized in the quasi-condensate regime where diffusive effects are very weak,
the ability to excite a single momentum mode makes such an experimental platform ideal for
studying dynamics at different length scales.

3.1 Experimental setup and protocol

The experimental setup is already described in detail in Ref. [24]. Hence, we will only sum-
marize the details most relevant to this study.

In the experiment, a Bose gas of 87Rb atoms are trapped on an atom chip [52], which
creates a strong magnetic potential along two (transverse) axes, while providing weak trap-
ping along the third (longitudinal or 1D) axis, effectively realizing a quasi-1D gas. A digi-
tal micromirror device (DMD) enables the creation of arbitrary optical potentials along the
1D axis [53]; for this protocol, the atoms are initially trapped in a box potential of length
L = 80µm. By modulating the bottom of the box trap in the shape of a cosine, a density pertur-
bation in the shape of single momentum mode is imprinted in the condensate (see Fig. 4(a)).
Once confined in the box, the condensate density is 60-80 atoms/µm, and the initial state is
well-described by a thermal state with temperature in the range 50-120 nK (depending on the
degree of cooling performed). Here we consider three quenches with dimensionless interac-
tion strength and temperature:

(a) γ= 1.8 · 10−3 and T = 1.2 · 103,

(b) γ= 2.1 · 10−3 and T = 2.9 · 103,

(c) γ= 1.6 · 10−3 and T = 2.8 · 103.

Both the coupling strength and temperature of the system are acquired by independent mea-
surement; the former is computed from the transverse trapping frequency, while the latter is
measured by means of density ripples thermometry [54–56]. Comparing with figure 2, we
find that the gas is realized in the quasi-condensate phase near the thermal-quantum statistics
boundary for the fluctuations; in this parameter regime, diffusive effects are expected to be
weak.

To initiate dynamics, the confining potential is quenched to a flat-bottomed box trap at
time t = 0 and the subsequent dynamics and relaxation is monitored by recording the atomic
density via absorption imaging. An example of the measured density evolution is plotted
in figure 4(b). Owing to a high degree of control over the 1D potential, a single density
mode of the condensate can be excited, that is, the atomic density inside of the box trap is
accurately given by n(z, t) = n0+δn j(t) cos

�

k jz
�

, where δn j(t) is the amplitude of the mode
and k j = 2π j/L is its momentum. For the quenches analysed here, only the j = 1 mode is
excited, however, the ability to also address higher modes was demonstrated in Ref. [24]. In
the context of Bogoliubov theory, the excited density mode corresponds to an eigenstate of
the effective low-energy Hamiltonian [57]. However, as previously mentioned, the phononic
basis does not represent the true eigenstates of the system [58]. Further, due to the high
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Figure 4: (a) Illustration of the experimental protocol of Ref. [24]: A 1D box trap
with a cosine-modulated bottom is realized using a DMD. At time t = 0, dynamics
is initiated by quenching the box bottom to flat. (b) Measured evolution of density
perturbation in quench (c). The dashed lines indicate the position of the box walls.
(c) Filling function of the initial thermal state of quench (c), along with its decom-
position into a stationary homogeneous background and perturbation.

temperature of the condensate, the applicability of the low-energy model is very limited; we
will discuss and demonstrate this in the following section.

3.2 Analysis of the single-mode dynamics

3.2.1 Linearization of the diffusive GHD equation

Simulating diffusive GHD according to eq. (2) generally requires powerful numerics [51,59].
However, following the approach of Ref. [60], one can diagonalize the GHD propagation ker-
nel, enabling a direct study of diffusive length scales. Here we briefly summarize the approach.

Consider the time-dependent filling function consisting of a stationary, homogeneous back-
ground ϑ0 and an evolving perturbation δϑ, such that

ϑ(z, t,θ ) = ϑ0(θ ) +δϑ(z, t,θ ) . (12)

Assuming a small perturbation δϑ ≪ ϑ0, we can neglect interactions within the perturba-
tion itself and only treat the interactions between the perturbation and the stationary back-
ground. Evaluating the effective velocity and the diffusion kernel with respect to the ho-
mogeneous background filling ϑ0, means that each Fourier mode of the filling function per-
turbation evolves independently. A perturbation consisting of only a single Fourier mode
δϑ(z, t,θ ) = δϑ j(t,θ )e

ik jz , where k j = 2π j/L with L being the system size, has the time-
dependent solution

∂tδϑ j(t,θ ) +

∫ ∞

−∞
dθ ′D j(θ ,θ ′)δϑ j(t,θ

′) = 0 , (13)

where we have introduced D j , which is kernel of the propagation operator of the j’th mode
and is given by

D j(θ ,θ ′) = ik j v
eff
0 (θ )δ(θ − θ

′) +
k2

j

2
D0(θ ,θ ′) . (14)
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The propagation operator is a linear integral operator with eigenstates fω, j(θ ) and correspond-
ing eigenvalues λω, j ∈ C, where the index ω enumerates the eigenvalues. The solution to
eq. (13) can be expressed in terms of the eigenstates as

δϑ j(θ , t) =
∑

ω

ηω, j fω, j(θ )e
−λω, j t , (15)

where the coefficients ηω, j are determined from the initial state, such that

δϑ(z, t = 0,θ ) =
∑

j

eik jz
∑

ω

ηω, j fω, j(θ ) . (16)

According to eqs. (15) and (16), each k-mode (Fourier mode) of the filling can be expressed as
a sum of eigenstates fω, j(θ ), whose evolution is determined by their corresponding eigenvalue
λω, j . The imaginary part of λ describes ballistic propagation, here manifesting as an oscilla-
tion of the eigenstate; the real part of λ represents diffusion, which dampens the oscillation.
Following the non-degeneracy of the spectrum of D j , each eigenstate fω evolves ballistically
at a different frequency and eventually dephase with respect to one-another, causing an appar-
ent relaxation of the mode δϑ j . On shorter time scales, accounting for diffusion merely leads
to (slightly) faster apparent relaxation of the mode, thus highlighting the difficulty in experi-
mentally observing diffusion. On long time scales, however, the redistributes of rapidities via
diffusion causes the k-mode to relax from a decoherent superposition of waves to a stationary
state.

3.2.2 Comparing experimental observations with linearized GHD

To assess whether a linearization of the dynamics is valid for the experimental system, we sim-
ulate the dynamics of the gas using the linearized GHD [60] and compare with experimental
observations. First, to extract the filling function of the background and perturbation, we spa-
tially Fourier transform the filling of the initial thermal states and identify the j = 0 mode as
the stationary background. See figure 4(c) for an example. The perturbation δϑ(z,θ ) is com-
prised of all remaining modes; since density is a non-linear function of the filling, an excitation
of a single-density mode generally features a perturbation δϑ containing multiple modes. In-
deed, after Fourier transforming δϑ(z,θ ) we find higher modes of the filling to be occupied,
however, their amplitude is relative low (less than 10% of the j = 1 mode), whereby we will
focus solely on the evolution of δϑ j=1(t,θ ).

Next, given the background filling ϑ0(θ ) we calculate and diagonalize the propagation
kernel, whereby the evolution of the perturbation can be calculated efficiently using eq. (15).
The results are plotted in figure 5 for the three single mode quenches. We find that the lin-
earized GHD describes the measured dynamics to high accuracy, basically reproducing the
predictions of fully interacting (Euler-scale) GHD. The agreement remains very accurate even
for the higher amplitude quenches, where the density of the perturbation δn1 is around 20%
of the background density n0. Note, the colored lines plotted in figures 5(a), 5(b), and 5(c)
show the results of the GHD simulation without accounting for diffusion; when simulating the
linearized GHD dynamics of the system with diffusion, we find no discernible difference in the
results. Other mechanisms of relaxation through integrability-breaking processes can also be
neglected: At such high temperatures, excitations in the transverse trapping potential would
normally lead to thermalization of the system [20, 61], however an emergent Pauli blocking
of the associated scattering events protects the one-dimensionality of the system [24]. By
virtue of the high chemical potential of the condensate, all low-rapidity states are completely
filled, while at higher rapidities the filling features large thermal tails. In transverse-exciting
scattering events, outgoing rapidities are much smaller than incoming due to the large gain
in transverse potential energy; thus, all outgoing scattering states fall within rapidity states
already occupied, and the amplitude of the scattering process vanishes.
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Figure 5: Analysis of propagation in the single-mode quench experiment of Ref. [24].
On the left, the experimentally measured evolution of the lowest cosine mode (black
dots) compared with linearized GHD simulations (colored lines). The interaction
strength and reduced temperatures of the background state of the three quenches
are: (a) γ = 1.8 · 10−3 and T = 1.2 · 103, (b) γ = 2.1 · 10−3 and T = 2.9 · 103, (c)
γ= 1.6·10−3 and T = 2.8·103. On the right, (d) the critical modes j⋆ω of eq. (20) for
eigenstates of the propagation operator, and (e) the coefficients (i.e. population) of
the eigenstates for the single-mode perturbation excited in the experiment. We label
the eigenstates by the imaginary part of the corresponding eigenvalue αω, j=1.

3.2.3 Quasi-particle dephasing and applicability of phonon basis

With contributions of both diffusion and a dimensional crossover being negligible, the appar-
ent relaxation of the density mode seen in figure 5 must be due to the ballistic dephasing of
quasi-particle trajectories. In figure 5(e) we plot the coefficients ηω, j=1, representing the pop-
ulation of each propagation eigenstate for the j = 1 perturbation. The eigenstates are ordered
by the imaginary part (ballistic contribution) of their corresponding eigenvalue αω, j=1. At low
values of αω, j=1 the population of the corresponding eigenstates is zero, as these states belongs
to the background ϑ0(θ ). For all quenches, the population ηω, j=1 is peaked around the edge
of the background and features long thermal tails. We find that ηω, j is mostly independent
of the mode number j; instead its width/extend depends on the temperature, while its total
area depends on the initial mode amplitude. Thus, one can immediately understand the tem-
perature dependence of the relaxation rate: A larger spread in populated ballistic eigenvalues
αω, j=1 leads to a faster dephasing of the eigenstates comprising the mode δϑ j=1.

This picture has clear analogies to that of phonons in Bogoliubov theory for quasi con-
densates [57] (or more generally in Luttinger liquid theory [62,63]): For these effective low-
energy Hamiltonians, collective phase-density excitations in the form of phonons are the exact
eigenstates. In analog quantum field simulators, basis of phonons have been used extensively
to analyze experimental results (see e.g. Refs. [27–31]). However, when considering the
underlying microscopic Hamiltonian (here the Lieb-Liniger Hamiltonian), phonons are super-
positions of the true eigenstates and therefore do not have infinite lifetime. In Ref. [58], the
phonon lifetime was derived by expressing the phonon as a coherent superposition of Bethe
particle-hole states; over time, dephasing of the particle-hole states leads to an apparent re-
laxation of the phonon, similarly to the filling of a single k-mode δϑ j .
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In the context of phonons, the variation of the populations ηω, j=1 is thus an indication
of the phonon lifetime. Given the fast relaxation of the density mode (particularly in the hot
realizations), a phonon basis is not particularly suitable for describing the system. However,
as the temperature decreases, the population of large αω, j=1 vanishes, substantially increasing
the phonon lifetime. For this particular setup, a condensate of 30 nK (half the temperature of
quench (a)) would be reasonably described by an effective low-energy Hamiltonian, even at
long timescales.

3.2.4 Calculating diffusive length scales

The propagation operator kernel (14) explicitly shows that ballistic propagation scales linearly
with momentum k, whereas diffusion scales quadratically. Thus, we can estimate the length
scale at which diffusive effects become important by diagonalizing the propagation kernel D j
and analysing its spectrum. First, we write the eigenvalues of D j as

λω, j ≡ iαω, j + βω, j , (17)

where αω, j and βω, j are both real. From the expression (14), we see that αω, j and βω, j de-
scribes the ballistic propagation and diffusive propagation of the eigenstates, respectively. In
the numerical study conducted in Ref. [60], it was demonstrated that the spectrum of D j is
non-degenerate and can be ordered with respect to the value of αω. Further, the eigenvalues
are, to a good approximation, smooth functions of j scaling as

αω, j ≈ j αω, j=1 ,

βω, j ≈ j2 βω, j=1 .
(18)

Thus, in order to estimate whether a given mode j propagates mainly ballistically or diffusively,
we compute the ratio

αω, j

βω, j
≈

1
j

αω, j=1

βω, j=1
:=

j⋆ω
j

, (19)

where we have defined the critical mode

j⋆ω :=
αω, j=1

βω, j=1
. (20)

Eigenstates of modes with j > j⋆ω propagate mainly diffusively, while eigenstates of modes
with j < j⋆ω propagate mainly ballistically.

Calculating the critical mode j⋆ω for the experimentally realized quasi-condensates, we
obtain the spectra shown in figure 5(d). We find that j⋆ω≫ 1 for all eigenstates, again demon-
strating that the GHD dynamics of the addressed mode is entirely dominated by ballistic prop-
agation of the quasi-particles. From the spectrum of j⋆ω we can identify the length scales at
which diffusion would become relevant: First, we note that the critical mode is highly de-
pendent on the eigenstate. Since αω, j=1 denotes the ballistic contribution to quasi-particle
propagation, we would expect j⋆ω to be minimal around low α-values. This is indeed the case,
however, the corresponding states all belong to the stationary background. Likewise, at large
α the critical mode is very high. Interestingly, at intermediate values of αω, j=1, the spectra
of j⋆ω all feature a local minimum. The location of the minimum is related to the states with
maximal thermal thermal fluctuations (see eq. (9)). Further, comparing with the eigenstate
population of the perturbation of figure 5(e), we find that the location of the minimum coin-
cides with the most populated eigenstates; the observed dynamics of the system is thus mainly
driven by the evolution of these particular eigenstates. From figure 5(d), we find a minimum
critical mode of j⋆ω ∼ 200. Hence, given the same experimental parameters, diffusive effects
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Figure 6: Single-mode quench in a thermodynamic regime of maximal diffusion
(see text for parameters). (a) The critical modes j⋆ω the propagation operator and
coefficients (i.e. population) of the eigenstates. We label the eigenstates by the
imaginary part of the corresponding eigenvalue αω, j=1. (b) Evolution of addressed
j = 1 density mode calculated using the linearized GHD with and without diffusion,
labelled as ballistic and diffusive, respectively. The area between the two curves has
been shaded in orange for improved visibility. (c) Filling function ϑ after evolution
time t = tevol.

would become dominant for quenches of the j = 200 mode and higher. For an experimental
box length of L = 80 µm, the corresponding diffusive length scale is around 0.4 µm, which
is close to the healing length of the condensate. At such length scales, higher order (e.g. dis-
persive) corrections become relevant for dynamics [64–67]. Further, from an experimental
perspective, length scales on that order are typically not resolvable by the available imaging
techniques.

3.3 Single-mode quench in the maximal diffusive regime

To illustrate the difficulty in observing diffusive effects in the 1D Bose gas from measuring its
density, we consider a single-mode quench similar to the experiment [24] but realized near
the maximally diffusive regime, identified via figure 2, here γ = 1 and T = 2. The resulting
parameters are close to a system considered in Ref. [60]. For a gas of 87Rb atoms, this would
correspond to an extremely dilute system with a density of 1atoms/µm and temperature 5.5nK.
In order to simplify comparison to the experiment, we here also treat a quench of the j = 1
density mode, however, we scale the length of the system L to near the diffusive length scale,
resulting in L = 2µm.

The resulting critical mode spectrum and eigenstate population are plotted in figure 6(a).
Compared with the spectrum of the experimental system (Fig. 5(d)), we find that the critical
mode here is much lower for all populated states. Further, the lack of a Fermi sea in the
background state means that the highly diffusive eigenstates (low α) are also occupied by the
perturbation. Thus, on average, we would expect modes of length scale around L to exhibit
diffusive behavior (following our choice of system length).
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Next, in figure 6(b), we plot the density of the j = 1 mode obtained from linearized GHD
simulations for a duration of tevol = 3.5 ms, both with and without diffusion. Despite the
system being realized around the maximally diffusive thermodynamic regime, the influence
of diffusion on the density dynamics is very limited. Indeed, we find a hardly measurable
difference in the relaxation of the density mode upon accounting for diffusion. Comparing
higher moments [68] does not yield a clear indication of diffusion either.

Finally, figure 6(c) depicts the filling function ϑ at time t = tevol. Here, the effect of
adding diffusive corrections to the ballistic propagation is evident; following ballistic propa-
gation, the filling function develops fine structures, which are washed out in the presence of
diffusion. Upon calculating expectation values of observables, the rapidity is integrated over;
functions, which are very sensitive to the exact shape of the filling, could be used to detect
the presence (or lack of) of fine structure in the rapidity distribution. However, experimental
setups are highly limited in the measurable observables available. Measurement of the rapid-
ity density [69] integrates over space, thus similarly hiding the underlying structure. Hence,
for a 1D Bose gas confined to a box, is it very difficult to differentiate a ballistically dephased
system from one that has relaxed via diffusion.

4 Conclusion

To summarize, we have quantified the effect of diffusion in 1D Bose gases by calculating the
diffusive spreading of quasi-particle trajectories relative to their ballistic propagation velocity.
Computing this measure for a number of thermal states, we have found that diffusive effects are
most prominent in the transition regions between the different thermodynamic regimes of the
Lieb-Liniger model, particularly for interaction strengths and temperatures around γ∼ T ∼ 1.
Diffusion, which scales with thermal fluctuations of the state, increases with temperature up to
a certain point, where the gas transitions into a state of free particles. The parameter regime
of maximal diffusion is accessible by existing experimental setups, which is encouraging for
future studies.

Next, by diagonalizing the linearized propagation operator, we have identified diffusive
length scales in an experimental quench of a single density mode in a quasi-condensate. For
this system, diffusive effects are found to be very weak. Only upon approaching lengths scales
around the condensate healing length, do diffusive effects become dominant. Thus, on experi-
mental time scales, the effect of diffusion on the density evolution can be completely neglected;
the observed relaxation can instead be understood solely from the dephasing of ballistic quasi-
particle trajectories. Nevertheless, diffusive effects are still important for the dynamics at
longer time scales: Following ballistic dephasing of the density mode, the system remains in
a non-equilibrium state where ever finer structures in the filling develop [50, 70, 71]; these
structures are integrated over to obtain the density, and are therefore not observed in the ex-
periment. Once the length scale of said structures approach the critical mode, diffusive effects
wash out their features and drive the system towards thermal equilibrium [14,72]. Hence, in
order to observe diffusive dynamics in an experimental setup, one must realize a system where
expectation values of measurable observables for balistically dephased states and thermalized
states are distinguishable. One particular setup, which fulfills this condition, is the quantum
Newton’s cradle.

Finally, the analysis facilitates an evaluation of the applicability of a phonon basis, which
have been used extensively to describe quantum field simulators realized with ultracold gases.
For the given setup, the lifetime of the excited mode is highly dependent on temperature: The
particular quenches analyzed here feature a rather short lifetime, however, for lower temper-
atures (within experimental reach) the lifetime of the mode exceeds experimental time scales.
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A Thermodynamic Bethe Ansatz

The Bethe Ansatz identifies the elementary excitations of the 1D Bose gas as fermionic quasi-
particles, uniquely labelled by their quasi-momentum, or rapidity, θ [32, 33]. In the ther-
modynamics limit, the rapidity becomes a continuous variable, with the density of occupied
rapidities, i.e. the density of quasi-particles, ρp(θ ) fully characterising the thermodynamic
properties of the local equilibrium macrostate. Similarly, a density of holes ρh(θ ) can be in-
troduced, which describes the density of unoccupied rapidities; together the two densities form
the density of states ρs(θ ), which obeys the relation

ρs(θ ) = ρp(θ ) +ρh(θ ) =
1

2π
−

1
2π

∫ ∞

−∞
dθ ′∆(θ ,θ ′)ρp(θ

′) , (A.1)

where ∆(θ ,θ ′) = − 2c
c2+(θ−θ ′)2 is the two-body scattering kernel of the Lieb-Liniger model.

Given ρp one can compute coarse-grained expectation values of local observables, in particu-

lar the atomic density following n=
∫∞
−∞ dθ ρp(θ ). Equivalently, one can encode the thermo-

dynamic properties of the system in the filling function ϑ(θ ) = ρp(θ )/ρs(θ ), which describes
the occupational fraction of allowed rapidity states. Quasi-particles of the Lieb-Liniger model
follow Fermionic statistics, whereby the filling assumes values between 0 and 1. The ground
(zero temperature) state is given by a Fermi sea of rapidities, where ϑ(θ ) = 1 for rapidities
within the interval of two Fermi points (whose value is determined by γ) and 0 everywhere
else. Meanwhile, the filling of a thermal state is given by

ϑ(θ ) =
1

1+ eϵ(θ )β
, (A.2)

where β is the inverse temperature, and the pseudo-energy ϵ(θ ) is acquired from solving the
Yang-Yang equation [35]

ϵ(θ ) =
ħh2θ2

2m
−µ+

1
2πβ

∫ ∞

−∞
dθ ′∆(θ ,θ ′) ln
�

1+ eϵ(θ
′)β
�

, (A.3)

where µ is the local chemical potential.

B Quasi-particle propagation versus energy

The thermodynamic regimes of the Lieb-Liniger model are identified by their two-point cor-
relation function g(2)(0) [45]. However, although the minimum of the propagation measure
Γ (corresponding to a relative maximal influence of diffusion on quasi-particle propagation)
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Figure 7: Propagation measure Γ of eq. (11) scaled by the coupling strength c as
function of the mean kinetic and interaction energy per atom in the gas. The dashed
lines mark Ekin/(NkB T ) = 0.5 and Eint/(NkB T ) = 0.5.

aligns with the crossover between the different regimes, we find no clear relation between it
and the g(2)-function. Instead, we study the relation between Γ and the distribution of energy
in the gas, which itself it related to the g(2)-function. In the asymptotic regimes of the Lieb-
Liniger model, the system energy is dominated either by kinetic energy (free particle regimes)
or interaction energy (quasi-condensate regime). To study the relation between energy and
diffusion, we plot Γ/c as function of the mean interaction and kinetic energy per atom of the
system, which, respectively, are given by [73]

Eint/N =
ħh2

2m
cng(2)(0) , (B.1)

Ekin/N = E/N − Eint/N , (B.2)

where the total energy per atom E/N is

E/N =
1
n

∫ ∞

−∞
dθ εdrϑ(θ ) . (B.3)

The result can be seen in figure 7, with the minimum of Γ/c being situated around the equipar-
tition value Eint/(NkB T )∼ Ekin/(NkB T )∼ 0.5.
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