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Abstract

We study the spin-1/2 XX chain with a modulated Gamma interaction (GI), which re-
sults from the superposition of uniform and staggered Gamma terms. We diagonalize
the Hamiltonian of the model exactly using the Fermionization technique. We then probe
the energy gap and identify the gapped and gapless regions. We also examine the stag-
gered chiral, staggered nematic and dimer order parameters to determine the different
phases of the ground state phase diagram with their respective long-range orders. Our
findings indicate that the model undergoes first-order, second-order, gapless-gapless,
and gapped-gapped phase transitions.
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1 Introduction

Quantum magnetism investigates how quantum physics influences magnetic systems. Quan-
tum magnets exhibit extraordinary phenomena such as quantum phase transitions, topologi-
cal order, and entanglement, while classical magnets do not. Understanding low-dimensional
quantum magnets, or magnetic systems with strong interactions in one or two directions, is a
significant difficulty in quantum magnetism. These systems can reveal novel phases of matter
and events that are both theoretically and empirically accessible [1,2].
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The Heisenberg model [3, 4] is a theoretical framework that characterizes the quantum
behavior of magnetic systems, in which atomic spins can engage in diverse forms of interac-
tion. This model is commonly employed to study low-dimensional quantum magnets. The
Heisenberg model can be modified to accommodate various lattice geometries and different
types of spin interactions, including isotropic or anisotropic, short-range or long-range. These
factors influence the many quantum phases and phase transitions that can be observed in the
Heisenberg model.

The isotropic Heisenberg model for spin-1/2 chains has no conventional order in the
ground state at zero temperature because of the quantum fluctuations [5–7]. When the spins
are perpendicular to a chosen axis and have the same exchange interaction, the model Hamil-
tonian becomes the spin-1/2 XX Heisenberg chain model [8–11]. The spin-1/2 isotropic and
XX Heisenberg chain models have a gapless excitation spectrum and the spin-spin correlations
decay as a power law, which is the main characteristic of an exotic quantum phase called Lut-
tinger liquid phase. The spin liquid phase is a fascinating feature of some low-dimensional
magnets that resist a long-range order.

The Kitaev model, which was introduced in 2006, is a quantum spin model [12]. It de-
scribes a system of spin-1/2 particles arranged in a two-dimensional honeycomb lattice in
which the direction of the bonds determines the Ising interactions between the spins. The Ki-
taev model finds application in certain tangible substances as well, including the honeycomb
iridates (a class of compounds characterized by a honeycomb lattice configuration and robust
spin-orbit coupling) [13] and some of materials such as α− RuCl3, Na2Co2TeO6 [14, 15]. It
is established that honeycomb iridates are capable of undergoing quantum phase transitions
and new magnetic phases via the GI, which are additional spin interactions beyond the Ki-
taev model [16]. The GI refers to a form of bond-dependent coupling where the product of
two different spin components on neighboring sites is involved, but with different signs or
magnitudes for different bonds.

Several researches have primarily concentrated on examining the GI in spin-1/2 chain
models [17–21]. The Gamma model can be implemented using a quantum simulator that uti-
lizes trapped atoms and photons. This implementation yields an effective Hamiltonian [17]
for which has been proposed a strategy that employed two types of atoms, one for the spin
degree of freedom and another for the photon-mediated interaction. In this reference, the
atoms were restricted within an optical lattice and connected to a cavity mode which could
function as a reservoir of photons. As a result, it was obtained an effective Hamiltonian for the
system, which takes the shape of the XY-Gamma model, incorporating additional terms. By
manipulating the characteristics of the cavity, such as the frequency, decay rate, and driving
field, one can modify the effective Hamiltonian. Moreover, it was illustrated that the effec-
tive Hamiltonian could exhibit different regimes, such as the weak-coupling, strong-coupling
and resonant regimes, depending on the ratio of the cavity frequency to the atomic transition
frequency. Furthermore, it was shown that the effective Hamiltonian could have a variety of
interactions, including the Heisenberg, Kitaev, and Gamma couplings. These interactions are
contingent upon the detuning of the cavity frequency and the driving field frequency. Ulti-
mately, it was also extracted the phase diagram of the spin-1/2 XY model with GI in its ground
state which showed three separate regions: gapless, gapped, and critical. During the gapless
phase, the system exhibited an incommensurate spiral order, which was defined by the vector-
chiral correlations. On the other hand, during the gapped phase, the system exhibited a topo-
logical order, which is defined by the string order parameter. In another research (Ref. [19]),
the ground phase diagram of the bond-alternating spin-1

2 K-Γ chain was analyzed, revealing
that it was primarily characterized by two dominant phases: the even-Haldane phase and
the odd-Haldane phase. The even-Haldane phase had no topological properties, but the odd-
Haldane phase was a phase with protected symmetry and possessed topological properties.
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Figure 1: Sketch of the ground state phase diagram of the spin-1/2 XX chain with
(Top) uniform GI, (Middle) staggered GI and (Bottom) modulated GI. In the presence
of a uniform GI, a critical line is discernible at αc = 0, which is unaffected by the value
of Γ0. There is no spin nematic ordering along the lineα= −1. When a staggered GI is
applied, a critical line emerges at αc = 0 for Γ1 > Γ1c . However, for Γ1 < Γ1c , a critical
line emerges, varying with Γ1 as αc(Γ1). Along the line α = 1, no staggered chiral
ordering is observed. Lastly, with modulated GI, three critical lines are observed.

In close proximity to the antiferromagnetic Kitaev limit, there existed two phases with energy
gaps, which could be distinguished by their unique nonlocal string correlators.

We study the spin-1/2 Heisenberg XX chain model with a more general spatially modulated
GI. The GI can be modulated by changing the bond direction or the spin direction along a chain
of spins. This can create a modulation pattern of the GI, which can affect the quantum phases
and phase transitions of the system. The GI breaks some symmetries of the system, such as the
time-reversal symmetry, the inversion symmetry, and the U(1) symmetry of the XX Heisenberg
model. The time-reversal symmetry is the symmetry under the reversal of the direction of time.
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The inversion symmetry is the symmetry under the inversion of the spatial coordinates. The GI
can induce a spin chirality, which is a measure of the twist of the spins around the chain. The
spin chirality breaks the time-reversal symmetry, as it changes sign when the time direction
is reversed. The modulation pattern of the GI breaks the inversion symmetry, as it changes
the spatial parity of the system. In this paper, we show that the breaking of these symmetries
can lead to novel phenomena in the quantum phases and phase transitions of the spin-1/2 XX
chains. In particular, the ground state phase diagram is illustrated in Figure 1. As shown in
Fig. 1 (a), for the case of uniform GI, three distinct phases are identified: the spin nematic
phase and two composite phases. As illustrated in Fig. 1 (b), the application of staggered GI
reveals tow critical lines. These lines delineate the three gapless phases: staggered chiral,
staggered nematic, and negative staggered phases. Lastly, with the introduction of mutual GI
interaction as is seen in Fig. 1 (c), critical lines are discernible, with each ground state phase
manifesting as a composite gapped phase.

Therefore, in order to address the aforementioned eventualities in further detail, we or-
ganized this study as follows: In the next section, we introduce the model and employ the
fermionization approach to derive the system’s spectrum. In Section III, we present our find-
ings regarding the ground state phases and critical points. Finally, in Section IV, we provide
our conclusions and a summary of the results.

2 Model

The Hamiltonian of the 1D spin-1/2 XX model with modulated GI is denoted as

H = J
N
∑

n=1

�

S x
n S x

n+1 + S y
n S y

n+1

�

−
N
∑

n=1

(Γ0 + (−1)nΓ1)(S
x
n S y

n+1 +αS y
n S x

n+1) , (1)

where Sn represents the spin operator on the n-th site. The symbol J > 0 represents the
antiferromagnetic exchange coupling. The amplitudes of off-diagonal exchange interactions
are characterized by Γ0 and Γ1. In this equation, α symbolizes the relative coefficient between
different terms of off-diagonal exchange couplings. The variable N represents the size of the
system, which corresponds to the number of spins. We are assuming the periodic boundary
condition, denoted as Sµn+N = Sµn , where µ might take the directions of x , y , or z.

The Hamiltonian can be exactly diagonalized using the fermionization approach. Let us
first rewrite Hamiltonian in an conventional form as

H = J
N/2
∑

n=1

�

S x
2n−1S x

2n + S y
2n−1S y

2n

�

− Γ−
N/2
∑

n=1

(S x
2n−1S y

2n +αS y
2n−1S x

2n)

+ J
N/2
∑

n=1

�

S x
2nS x

2n+1 + S y
2nS y

2n+1

�

− Γ+
N/2
∑

n=1

(S x
2nS y

2n+1 +αS y
2nS x

2n+1) , (2)

where Γ± = Γ0 ± Γ1. Then applying the Jordan-Wigner transformation as [22–24]

S+2n−1 = a†
neiπ(
∑n−1

l=1 (a
†
l al+b†

l bl )) ,

Sz
2n−1 = a†

nan −
1
2

,

S+2n = b†
neiπ(
∑n

l=1 a†
l al+
∑n−1

l=1 b†
l bl ) ,

Sz
2n = b†

n bn −
1
2

, (3)
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where, a†
n, an, b†

n, bn, are the fermionic operators, the fermionized form of the Hamiltonian is
obtained as

H = J
2

N/2
∑

n=1

(a†
n bn + b†

nan+1 +H.c.)

+
iΓ−
4

N/2
∑

n=1

[(1+α)(a†
n b†

n −H.c.)− (1−α)(a†
n bn −H.c.)]

+
iΓ+
4

N/2
∑

n=1

[(1+α)(b†
na†

n+1 −H.c.)− (1−α)(b†
nan+1 −H.c.)] . (4)

Next, implementing following Fourier transformations

an =
1
p

N/2

∑

k

e−iknak ,

bn =
1
p

N/2

∑

k

e−ikn bk , (5)

the Hamiltonian transforms into a sum of commuting Hamiltonians, Hk, each describing a
different k mode,

H =
∑

k>0

Hk

=
∑

k>0

[Ak(a
†
k bk + a†

−k b−k) +H.c.] +
∑

k>0

[Bk(a
†
k bk − a†

−k b−k) +H.c.]

+
∑

k>0

[Ck(a
†
k b†
−k + a†

−k b†
k) +H.c.] +
∑

k>0

Dk(a
†
k b†
−k − a†

−k b†
k +H.c.) , (6)

where

Ak =
1
2

J (1+ cos(k)) +
i
4
(1−α)(Γ− − Γ+ cos(k)) ,

Bk = [
i
2

J +
1
4
Γ+(1−α)] sin(k) ,

Ck = i
1
4
(1+α)(−Γ− + Γ+ cos(k)) ,

Dk = −
1
4
(1+α)Γ+ sin(k) . (7)

We now can obtain the spectrum of the model by diagonalizing each Hamiltonian mode, Hk,
independently. First, the basis vectors of the sixteen dimensional Hilbert space of Hk are chosen
as:

|φ1,k〉= |0〉 ; |φ2,k〉= a†
ka†
−k|0〉 ; |φ3,k〉= a†

k b†
−k|0〉 ,

|φ4,k〉= a†
−k b†

k|0〉 ; |φ5,k〉= b†
k b†
−k|0〉 ; |φ6,k〉= a†

k b†
k|0〉 ,

|φ7,k〉= a†
−k b†
−k|0〉 ; |φ8,k〉= a†

ka†
−k b†

k b†
−k|0〉 ,

|φ9,k〉= a†
ka†
−k b†

k|0〉 ; |φ10,k〉= a†
ka†
−k b†
−k|0〉 ,

|φ11,k〉= a†
k b†

k b†
−k|0〉 ; |φ12,k〉= a†

−k b†
k b†
−k|0〉 ,

|φ13,k〉= a†
k|0〉 ; |φ14,k〉= a†

−k|0〉 ; |φ15,k〉= b†
k|0〉 ,

|φ16,k〉= b†
−k|0〉 , (8)

where |0〉 denotes the vacuum state of Hh. Then, by contracting the matrix form of Hk and
diagonalizing it the eigenvalues and eigenstates are obtained. The comparison of these eigen-
values allows us to find the ground state of Hk for every momentum in the region, k > 0.
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3 Results

A notable feature occurs on the special value α = −1 where the off-diagonal Gamma interac-
tion becomes the spatially modulated Dzyaloshinskii–Moriya interaction [25–27]. In absence
of the staggered part, Γ1 = 0, the gapless chiral ordering induces by uniform Γ0. As soon as
the staggered part is added, a gap emerges in the spectrum and system goes into a composite
phase characterized by the coexistence of long-range ordered alternating dimerization and the
spin chirality patterns. In the case of uniform Gamma interaction, Γ1 = 0, a quantum phase
transition will happen at the critical α = 0 [17, 18]. The same picture is seen for the case
Γ0 = 0.

We start our study with the energy gap [28,29]. The energy gap is defined as the difference
between the ground state and the first excited state of a quantum system. It is a measure of the
quantum fluctuations and correlations that prevent the system from having static long-range
order. The energy gap depends on various factors, such as the strength of the interactions, the
external magnetic field, and the presence of disorder or dimerization. Moreover, the energy
gap in spin-1/2 chains can be probed experimentally by various techniques, such as inelastic
neutron scattering, nuclear magnetic resonance, and optical spectroscopy [31,32].

We have calculated the energy gap for a chain size of N = 10000 for different values of
the Hamiltonian’s parameters. Without losing generality, we have fixed J = 1. The results are
presented in Fig. 2. The effect of the uniform GI, Γ1 = 0, is shown in Fig. 2 (a). In complete
agreement with previous works [17,18], the system remains gapless in the region α≤ αc = 0.
As soon as the relative coefficient of off-diagonal exchange increases from zero, a gap opens
and the system goes into a gapped phase. The opening of the gap in the vicinity of αc = 0
scales with αν, where ν = 1. The gap in the presence of a staggered GI is shown in Fig. 2
(b). As can be seen, the staggered GI does not induce a gap in the spectrum and the quantum
system remains gapless.

We have studied the mutual effects of the uniform and staggered GIs on the energy gap
of a spin-1/2 chain system. The results are shown in Fig. 2 (c), (d) and (e). In Fig. 2 (c), we
see that when the system is in the gapless region, Γ0 = 0.5 and α < αc = 0, the addition of
the staggered GI creates a gap in the spectrum that scales as Γ ν1 , where ν = 1. This indicates
that the system belongs to the universality class of the transverse-field Ising model in one
dimension. In Fig. 2 (d), we see that when the system is in the gapped region, Γ0 = 0.5
and α > αc = 0, the presence of the staggered GI closes the gap at a critical point Γ1c(α),
which implies that there are two different gapped phases in this region. We observed a linear
behavior of the energy gap in the critical region. In Fig. 2 (e), we see that when the system is
in the gapless region of the staggered GI, Γ1 = 0.5, the introduction of the uniform GI induces
a gap that behaves linearly near the critical point Γ0c = 0.

Order parameters are quantities that distinguish different regions of the ground state of
a system by the degree of order they exhibit. An order parameter has a zero value in a dis-
ordered phase and a nonzero value in an ordered phase, and it reflects the symmetry (or the
lack thereof) of the system. An order parameter is crucial for understanding quantum phase
transitions, which are phase transitions that occur at zero temperature due to quantum fluctu-
ations. An order parameter reveals the nature and the type of the quantum phase transition,
which can be either continuous or discontinuous. In a continuous quantum phase transition,
the order parameter changes smoothly, while in a discontinuous quantum phase transition,
the order parameter changes abruptly.

The chiral order parameter is a measure of the twist of the spins around a chain. Chiral
ordering can lead to quantum phase transitions between different chiral phases or between
chiral and non-chiral phases. A chiral phase is a state of matter that breaks time-reversal
and reflection symmetries, but does not develop magnetic order even at zero temperature.
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Figure 2: The energy gap for a chain size N = 10000. (a) In the case of Γ1 = 0, (b)
In the case of Γ0 = 0, (c) When the system is first located in the gapless region of
uniform GI, Γ0 = 0.5 and α= −2.0, (d) When the system is first located in the gapfull
region of uniform GI, Γ0 = 0.5 and α = 2.0, (e) When the system is first located in
the gapless region of staggered GI, Γ1 = 0.5 and α= 2.0.
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Figure 3: (a) The uniform chiral order parameter with respect to α in the absence
of the staggered GI. (b) The staggered chiral order parameter with respect to α in
the absence of the uniform GI in the region Γ1 < J = 1. (c) The staggered chiral
order parameter with respect to α in the absence of the uniform GI and in the region
Γ1 > J = 1. (d) The staggered chiral order parameter with respect to Γ1 in the
presence of the uniform GI, Γ0 = 0.5 and α = −2. (e) The staggered chiral order
parameter with respect to Γ1 in the presence of the uniform GI, Γ0 = 0.5 and α = 2.
In the inset, the first derivative of the staggered chiral order parameter with respect
to the staggered GI is plotted. (f) The staggered chiral order parameter with respect
to Γ0 in the presence of the staggered GI, Γ1 = 0.5 and α= −2.
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The staggered chiral phase is recognized by staggered chiral order parameter defined as

χs =
1
N

N
∑

n=1

(−1)n〈S x
n S y

n+1 − S y
n S x

n+1〉

=
−i
N

∑

k>0

(1+ cos(k)) 〈a†
k bk + a†

−k b−k −H.c.〉

+
1
N

∑

k>0

sin(k) 〈a†
k bk − a†

−k b−k +H.c.〉 , (9)

where 〈...〉 denotes the expectation value on the ground state of Hk. In fact χ is a measure of
the non-coplanarity of neighboring spins. It should be noted that by removing the (−1)n, χu
is known as the uniform chiral order parameter.

We have computed the staggered and uniform chiral order parameter in our model, which
are shown in Fig. 3. The GI can induce chiral ordering in the ground state phase diagram
of spin-1/2 chains, depending on its strength. When the staggered GI is absent, Γ1 = 0, the
ground state exhibits long range chiral order in the region α < αc = 0, as seen in Fig. 3 (a).
When α > 0, the chiral order vanishes, indicating that the uniform chiral order parameter
characterizes the long range order in the region α < 0. The emergence of a chiral ordering
near the critical point, where αc = 0, follows the scaling relation χu ∼ |α|β with the critical
exponent β = 1/2.

As shown in Fig. 3 (b) and (c), the staggered GI has a completely different effect. We
identified two distinct regions depending on the value of Γ1. For Γ1 < J = 1, the system
exhibits long-range staggered chiral order in the region α < 0, as seen in Fig. 3 (b). At α= 1,
the Gamma interaction becomes isotropic, leading to 〈S x

n S y
n+1〉= 〈S

y
n S x

n+1〉. Consequently, the
staggered chiral order parameter becomes zero. In fact, by passing the line α = 1, the sign of
the staggered chiral order parameter switches from positive to negative. As α increases further,
a first order quantum phase transition occurs at a specific value of the relative coefficient of
off-diagonal exchange, αc(Γ1). For Γ1 > J = 1, the system is in the staggered chiral phase in
the region α < αc(Γ1), as shown in Fig. 3 (c). A first order phase transition takes place at this
critical point.

The paragraph describes the effects of uniform and staggered GIs on a system in different
phases, as shown in Fig. 3 (d), (e) and (f). The system is in the uniform chiral phase when
Γ0 = 0.5 and α = −2.0, as seen in Fig. 3 (d). If the staggered Gamma term is added, the
system transitions to the staggered chiral phase immediately as a sign of the second order
phase transition. However, when the system is not in the uniform chiral phase, Γ0 = 0.5 and
α = 2.0, as shown in Fig. 3 (e), as soon as the staggered Gamma applies, the system goes
to the negative staggered chiral phase and by more increasing the Γ1, system undergoes a
second order quantum phase transition at Γ1c2

(α) (see also inset). Lastly, when the system has
a staggered GI, Γ1 = 0.5 and α = −2.0, as in Fig. 3 (f), adding the uniform GI does not cause
any quantum phase transition, and the system stays in the staggered chiral phase.

Here we explain the concept of quantum spin nematic phase, which is a state of matter
where the electron spins in a chain point along two different directions, instead of one. This
breaks the rotational symmetry of the system, but not the time-reversal symmetry. This phase
can occur in spin-1/2 chains with some kinds of interactions, such as the biquadratic XY model
with rhombic single-ion anisotropy [33]. GI can also cause nematic phase in spin-1/2 chains
in some situations, such as near the antiferromagnetic Kitaev region with nonzero GI [34].
The spin nematic order parameter is a quantity that measures the degree of spin quadrupolar
order in a system. Spin quadrupolar order means that the spins point along two orthogonal
axes, rather than one. The spin nematic order parameter is usually a second-rank, traceless,
symmetric tensor, such as Qαβ = 〈SαSβ + SβSα〉 where Sα (α = x , y, z) are the spin operator
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components. Here, we computed the staggered nematic order parameter defined as

Qs =
1
N

N
∑

n=1

(−1)n〈S x
n S y

n+1 + S y
n S x

n+1〉

=
−i
N

∑

k>0

(1+ cos(k)) 〈a†
k b†
−k + a†

−k b†
k −H.c.〉

−
1
N

∑

k>0

sin(k) 〈a†
k b†
−k − a†

−k b†
k +H.c.〉, (10)

please note that by removing the (−1)n, Qu is known as the uniform nematic order parameter.
It is imperative to note that while the traditional single-site nematic order parameter is not
applicable to spin-1/2 systems due to the absence of single-ion anisotropy, the concept of bond
nematicity is relevant. Our definition of the staggered nematic order parameter is based on
intersite spin correlations, reflecting the collective behavior of spin pairs rather than individual
spin sites.

The paragraph reports the results on the nematic order parameter, which is shown in Fig. 4.
As is seen in Fig. 4 (a), the system is in the uniform nematic phase when α > 0. In the region
α < 0, the uniform nematic order parameters remains non zero and positive until α= −1. As
soon as the α decreases from −1, the uniform nematic order parameters becomes negative and
its domain increases as is seen clearly in the inset of Fig. 4 (a). If the staggered Gamma term
is added, Γ0 = 0 and Γ1 > 0, the system transitions to the staggered nematic phase at αc(Γ1),
as seen in Fig. 4 (b) and (c). This is a first order quantum phase transition. The effect of the
staggered GI on the system with a uniform GI is studied. As in Fig. 4 (d) is seen, a quantum
phase transition into the staggered spin nematic is seen when the uniform Gamma term is
added and α = −2.0 < −1. On the other hand, as in Fig. 4 (e) is observed, a quantum phase
transition into the negative staggered spin nematic happens when the uniform Gamma term is
added and −1< α= −0.5< 0. Lastly, Fig. 4 (f) shows that when the system has a uniform GI,
Γ0 = 0.5, and α = 2, the system enters the staggered nematic phase at Γ1c1

= 0 as soon as the
staggered Gamma term is applied. As the staggered Gamma increases, the system undergoes
a second order quantum phase transition at Γ1c2

(α). The inset shows the first derivative of
the staggered nematic order parameter versus Γ1. A discontinuity at the critical point Γ1c2

(α)
indicates the second order phase transition.

It is known that the dimer order parameter can be used to characterize the quantum phase
transitions and the nature of the phases in spin systems with competing interactions. Mathe-
matically, it can be written as

D =
1
N

N
∑

n=1

(−1)n〈S x
n S x

n+1 + S y
n S y

n+1〉

=
1
N

∑

k>0

(−1+ cos(k)) 〈a†
k bk + a†

−k b−k +H.c.〉

+
i
N

∑

k>0

sin(k) 〈a†
k bk − a†

−k b−k −H.c.〉 . (11)

A nonzero value of D indicates the presence of a dimer phase, which is a gapped quantum
phase of matter with no magnetic order.

Here, we have calculated the dimer order parameter for different values of the GIs and
results are presented in Fig. 5. First of all, we did not find any dimerization in the presence of
the pure uniform or staggered GI as expected. However, for modulated GIs, we find different
dimer phases depending on the sign of α. In Fig. 5 (a), we see that the system has long-range
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Figure 4: (a) The uniform nematic order parameter with respect to α in the absence
of the staggered GI. (b) The staggered nematic order parameter with respect to α
in the absence of the uniform GI and in the region Γ1 < J = 1. (c) The staggered
nematic order parameter with respect to α in the absence of the uniform GI and in
the region Γ1 > J = 1. (d) The staggered nematic order parameter with respect to Γ1
in the presence of the uniform GI, Γ0 = 0.5 and α = −2. (e) The staggered nematic
order parameter with respect to Γ1 in the presence of the uniform GI, Γ0 = 0.5 and
α = −0.5. (f) The staggered nematic order parameter with respect to Γ1 in the
presence of the uniform GI, Γ0 = 0.5 and α = 2. In the inset, the first derivative of
the staggered nematic order parameter with respect to the staggered GI is plotted.
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Figure 5: (a) The dimer order parameter with respect to Γ1 in the presence of the
uniform GI, Γ0 = 0.5 and α= −2. (b) The dimer order parameter with respect to Γ1 in
the presence of the uniform GI, Γ0 = 0.5 and α= 2. Positive results show odd-parity
dimer ordering.

dimer ordering for α < 0. Fig. 5 (b), we see that the system has odd-parity dimer ordering for
α > 0. This means that the ground states are dimer states with the unit 1p

2
(|↑↓〉+ |↓↑〉), which

has even parity under bond inversion, unlike the singlet dimers with odd parity. We note that
the odd-parity dimer ordering was also reported in some frustrated spin-1/2 XXZ chains with
competing ferromagnetic and antiferromagnetic interactions [35].

4 Conclusion

Our study explored the one-dimensional spin-1/2 XX model with a modulated Gamma model.
The spin-1/2 XX chain model is a basic but significant model in quantum physics that describes
a one-dimensional system of interacting spin-1/2 particles with nearest-neighbor exchange
interactions.

The GI in spin-1/2 chains is caused by the bond-dependent magnetic couplings that result
from the spin-orbit coupling and the crystal field effects in some materials. The spin-orbit cou-
pling is a relativistic effect that links the spin and orbital angular momentum of the electrons,
while the crystal field effects are the deformations of the electron orbitals due to the surround-
ing ions. These effects can lead to anisotropic and direction-dependent exchange interactions
between the spins, such as the Gamma terms. The GI is an off-diagonal term that flips the spins
along the x and y directions. The GI can also be seen as a special case of the Dzyaloshinskii-
Moriya interaction, which is a bond-dependent antisymmetric exchange interaction that arises
from the spin-orbit coupling and the absence of inversion symmetry.

We defined the modulated Gamma as a superposition of uniform and staggered GIs and
used the fermionization technique for exactly diagonalizing the Hamiltonian.

First, we focused on the energy gap. We found that, while the pure staggered GI cannot
induce a gap in the spectrum, the pure uniform GI induces a gap in the region where the
relative coefficient of off-diagonal exchange, α, is positive. In this gapped region, if we add
the staggered GI, it closes the gap at a certain critical value of strength of staggered GI.

Second, we investigated several functions such as, uniform and staggered chiral order
parameter, uniform and staggered nematic order parameter and dimer order parameter. In
the presence of the pure uniform GI, the system is in the gapped spin nematic phase in the
region α > 0. In the case where α < 0 we found two gapless composite phases separated
by a line at α = −1. In the region −1 < α < 0, system is in a composite phase consists of
chiral and weak spin nematic ordering. On the other hand, in the region α < −1, system is

12

https://scipost.org
https://scipost.org/SciPostPhysCore.8.1.001


SciPost Phys. Core 8, 001 (2025)

in a composite phase with chiral and weak negative spin nematic ordering. The results on the
pure staggered Gamma were completely different. In the region Γ1 > J = 1, the system is in
the gapless staggered chiral phase in the region α < 0 and a second order phase transition
occurs into the gapless staggered nematic phase at αc = 0. In the region where Γ1 < J = 1, the
system is in the gapless staggered chiral phase in the region α < 1 and goes to another gapless
phase with negative staggered chiral ordering at α = 1. The system remains in this phase
up to αc(Γ1), where a first order quantum phase transition occurs into the gapless staggered
nematic phase.

Third, we have demonstrated that when the GI has both uniform and staggered compo-
nents, the ground state phase diagram has four composite phases:

∗ For −1 < α < 0, the system is in a gapped composite phase with dimer, negative stag-
gered nematic and staggered chiral order.

∗ For α < −1, the system is in a gapped composite phase with dimer, weak staggered ne-
matic and staggered chiral order.

∗ For 0< α < 1 and Γ1 < Γ1c(J , Γ0), the system is in a gapped composite phase with odd-parity
dimer and staggered chiral order and staggered spin nematic order. In the region 0 < α < 1
and Γ1 > Γ1c(J , Γ0), the system is in a gapped composite phase with odd-parity dimer and stag-
gered spin nematic order.

∗ For 1 < α < αc and Γ1 < Γ1c(J , Γ0), the system is in a gapped composite phase with odd-
parity dimer and negative staggered chiral order and staggered spin nematic order. In the
region 1 < α < αc and Γ1 > Γ1c(J , Γ0), the system is in a gapped composite phase with odd-
parity dimer and staggered spin nematic order.

∗ For α > αc , the system is in a gapped composite phase with odd-parity dimer and stag-
gered nematic order.

Our study of the spin-1/2 XX chain with a modulated Gamma interaction contributes to the
fundamental understanding of quantum phase transitions, particularly in systems that exhibit
various characteristics. The exact diagonalization of the Hamiltonian using the Fermionization
technique not only enriches the theoretical framework but also provides a solid foundation for
exploring quantum criticality in low-dimensional systems.

The identification of gapped and gapless regions, along with the examination of various
order parameters, sheds light on the intricate ground state phase diagram of the model. This
is particularly relevant for the development of quantum materials, where understanding the
nature of phase transitions can lead to the discovery of new states of matter with potential
applications in quantum computing and information storage.

Moreover, the observation of first, second order, gapless-gapless, and gapped-gapped phase
transitions opens avenues for experimental verification. Such transitions are pivotal for the
realization of robust quantum states that are protected against local perturbations, making
them ideal candidates for quantum error correction schemes.

In conclusion, our results not only advance the theoretical landscape of quantum phase
transitions but also have practical implications for the design and manipulation of quantum
systems. We believe that our work will inspire further theoretical and experimental studies,
potentially leading to breakthroughs in quantum technologies.
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