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Abstract

The standard Komar charge is a (d —2)-form that can be defined in spacetimes admitting
a Killing vector and which is closed when the vacuum Einstein equations are satisfied.
Its integral at spatial infinity (the Komar integral) gives the conserved charge associated
to the Killing vector, and, due to its on-shell closedness, the same value (expressed in
terms of other physical variables) is obtained integrating over the event horizon (if any).
This equality is the basis of the Smarr formula. This charge can be generalized so that it
still is closed on-shell in presence of matter and its integrals give generalizations of the
Smarr formula. We show how the Komar charge and other closed (d — 2)-form charges
can be used to prove non-existence theorems for gravitational solitons and boson stars.
In particular, we show how one can deal with generalized symmetric fields (invariant un-
der a combination of isometries and other global symmetries) and how the generalized
symmetric Ansatz permits to evade the non-existence theorems.
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1 Introduction

Charge conservation is one of the more powerful ideas of Physics. Conserved charges can be
used to label and characterize states or whole physical systems and their presence constrains
their evolution and simplifies the study of their dynamics.

The conservation of many charges is associated, via Noether’s theorem, to global sym-
metries. For each of those global symmetries there is a conserved current j* satisfying the
continuity equation

g,j" =0. (D
The amount of conserved charge enclosed in a spatial volume % is defined as
q= &3z, = d'zn,j*, )
»d-1 yd-1

where n* is the timelike unit vector normal to 47!, Then, the continuity equation implies
that the variation in time of this charge equals the flux of this current across the boundary of
the volume. In other words: the amount of charge in that volume at a given time equals the
initial amount of charge plus or minus the amount of charge that entered or left the volume.
The total charge of the Universe, then, must remain constant, because nothing can enter or
leave it from outside (i.e. there are no sources nor sinks at infinity). We may characterize the
Universe by the value of this charge.

It is this property (which is what we mean by charge conservation) that makes conserved
charges real entities.

The continuity equation can be rewritten in a very convenient way in differential-form
language, using the (d —1)-form J = ( judx“), which we will keep on calling current:

dJ=0. (3)

The charge contained in the spatial volume %4~ is now

q= J J, C))
Zd—l
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and charge conservation follows from Eq. (3) and Stokes theorem: if £¢ is the region of
spacetime swept by the spatial volume 297! in a given time and its boundary is

d - d—
ozt =ni"un{tuB, ., (5)

integrating dJ we find, taking into account the orientation of the different pieces

O=J dJ=f J—f J+J J, (6)
nd zit =it B

to,t1

which leads to
qe, = qr, — flux;?, 7)

where the flux

flux;! = f J, )
tost1
is positive when the charge is leaving the volume.

Let us now consider the charges contained in the volume outside a black hole! at a given
time t, and at a later time t;.2 The difference between these charges is (minus) the amount of
charge that has crossed the horizon into the black hole. However, as a rule, black holes cannot
carry charges whose conservation follows from global symmetries and, the net effect would be
that the total amount of charge of the Universe would decrease. This kind of charges which are
always computed via volume integrals cannot be used to characterize neither the black hole
nor the whole black-hole spacetime. Furthemore, there are indications that Quantum Gravity
may break all exact global symmetries. [1].

In some cases, the (d — 1)-form currents are related on-shell or off-shell to (d — 2)-form
charges® by

J=dQ. )

Sometimes, this relation only holds asymptotically. This is, actually, what happens with
the gravitational field itself [2]. This relation presents us with new opportunities: one can
replace volume integrals of J by surface integrals of Q over the boundaries or, in general, over
closed (d — 2)-surfaces %472

q= J Q. (10)
»nd—2

In black-hole spacetimes one can, then, do away with the problem of integrating inside the
horizon and decree that the total charge of the spacetime is the integral of Q over the (d —2)-
sphere at spatial infinity 2972 = Sggz. Gravitational charges are defined in this way and, as it
is well known, it makes no sense to compute them integrating anywhere else because, due to
the principle of Equivalence, it is not possible to define an energy/mass or momentum density
function. Since there is no time evolution at spatial infinity, these charges characterize the
whole spacetime.

In some cases the conserved charges obey “Gauss laws” because, at least in the spacetime
region we are concerned with, J = 0 and the (d — 2)-form Q is closed, typically on-shell*

dQ=0. (11)

!Extending the integral to the interior has many practical and conceptual problems.

2Here we must use Kruskal-Szekeres time, or other time coordinate which is well defined at the horizon, unlike
Schwarzschild’s.

3It is customary to use the same name for q and for Q. This does not lead to confusion, usually.

“We use = to denote identities which are only satisfied on-shell.
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(d — 2)-forms (and forms of other ranks) that satisfy this equation are often called conserved
charges as well, although this equation is not equivalent to the continuity equation (3). Strictly
speaking, this equation is just the differential expression of the Gauss law: due to the on-shell
closedness of the (d—2)-form charge Q, the value of the integral does not change under smooth
deformations of the integration surfaces: if £¢72/ has been obtained from £¢2 by a smooth
deformation (which includes the assumption that the deformation does not cross any point at
which the classical equations of motion are not satisfied) and »9-17 is the cobordant volume

taking into account the orientations of £¢2 and %972/, Stokes theorem implies

J Q—f Q=f dQ =0, (13)
»d—2 »d—2/ »nd—17/

which is the generalized form of the standard Gauss law of electromagnetism.

Gauss laws are typically satisfied by charges that source Abelian (uncharged) fields, such
as the electric charge of standard electromagnetism. In those cases there is a very clear dis-
tinction between the sources of the fields and the fields themselves. In general, the charges
of gravitational or non-Abelian Yang-Mills fields do not satisfy Gauss laws and only their val-
ues in the whole spacetime can be defined as we explained before. For instance, since the
gravitational field carries energy, it is also the source of gravitational field and any smooth
deformation of the integration surface will change the sources of gravitational field and con-
sequently the value of the energy/mass enclosed by it. This implies that there can be no closed
(d — 2)-form charge describing a local energy density, as we mentioned before.

In spite of the above general discussion, there are special situations in which it is actually
possible to define on-shell-closed (d — 2)-form charges in theories of gravity [3]. The main
example is that of spacetimes admitting a Killing vector k in General Relativity without matter.®
The associated on-shell-closed (d —2)-form is the Komar charge K[ k] [5], which, in our notation
and conventions,® takes the form

_ 1
K[k] = (—1)¢ 1m*(eaAeb)Pkab’ (16)
N

where Py, is the Lorentz momentum map or Killing bivector

Pkab - vakb - v[akb] . (17)

>More general on-shell and off-shell possibilities have been explored in Ref. [4].

50Qur conventions are those of Ref. [45]. In particular, we use mostly minus signature and we will always
describe the gravitational field through the Vielbein e = e“,dx", where Latin indices are tangent-space indices
and Greek indices are coordinate-basis indices. Furthermore, our Levi-Civita spin connection w*®, = w,*,dx" and
its curvature 2-form R%, = %RW“bdx“ Adx” are defined through the relations

Det =de® —w®, Ae? =0, (14a)
Ry =dw?, — 0. Aoy, (14b)
where D is the exterior Lorentz-covariant derivative.

Equivalent ways of writing this (d — 2)-form (ignoring the overall (167561(\;1)) factor) using the levi-Civita affine
connection and its associated covariant derivative V are

€ oa
(=1)% 1 % (€% A eb)P, = (—1)"1 —LLHe2% GapB i p .. A dxti-2

(d—2) gl
=d7?n,,VekP
=—d?%n,, VK,

(15)

where n,; is the binormal to the horizon, normalized as n,,n"” = —2.
More details on our notation and conventions can be found in Ref. [45].

4


https://scipost.org
https://scipost.org/SciPostPhysCore.8.2.038

e SciPost Phys. Core 8, 038 (2025)

In vacuum,

dK[k] = 0. (18)

The integral of this (d — 2)-form charge over a (d — 2)-sphere at spatial infinity Sggz (of-
ten called Komar integral) gives the conserved gravitational charge associated with the Killing
vector k, up to normalization. For instance, in stationary spacetimes, the Komar integral asso-
ciated to the timelike Killing vector &, gives the mass of the spacetime

d—3
J K[o,]= BM, (19)
Sd72 -

while the Komar integral associated to the Killing vector that generates rotations around some
symmetry axis, J,,, gives the component of the angular momentum in that direction

J K[3,]=J. (20)
Sd72

Since the Komar charge is closed, the same results can be obtained by integrating over
any other (d — 2) surface that can be smoothly taken to infinity. If one chooses spheres, the
integrands are independent of the radial coordinate. In particular, in stationary black-hole
spacetimes one can integrate over any section of the event horizon obtaining exactly the same
results. Different choices of section correspond to different choices of hypersurface £471.

What makes this seemingly trivial result really interesting is that the integral over the
horizon is naturally expressed in terms of the physical variables associated to the horizon, such
as the Hawking temperature T and Bekenstein-Hawking entropy S, giving rise to an identity
(the Smarr formula [6]) that relates, in a highly non-trivial way these two sets of physical
variables [7-15].”

Let us show how the Smarr formula can be obtained in this way.

If the horizon H is non-degenerate, it is most convenient to choose the bifurcation surface
BH because it leads to great simplifications. In particular, if k = J, —Qy 9, is the Killing vector

that becomes null on it, k> = 0, one can show that, on the bifurcation surface BH

BH
Prap = Kngyp, (21)

where k is the surface gravity. Then, using Eq. (15) and the zeroth law of black-hole mechanics
(dx 3 0) [7] we get, integrating over the bifurcation surface

A
J K[k]= _L(d)J d(d—2)2nabnab - _K P(Id) =TS. (22)
BH 167Gy~ JBH 871Gy

On the other hand, using Egs. (19) and (20) the integral at spatial infinity gives

d—3
dK[k] = K[J:]—Qy K[O,]=——FM—QyJ, (23)
sd=2 §d=2 sd=2 d—2
where we have also used the fact that Q) is constant over the horizon, which can be understood
as a generalization of the zeroth law.
The on-shell-closedness of the Komar charge tells us that the results of these two integrals

are equal
d—2
M=——=(TS+QyJ), (24)
d—3
7Other methods have been used to derive Smarr formulas. For instance, in Ref. [16] the reduction of the action
to that of a o-model was exploited to this end. See also Ref. [17].
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which is the Smarr formula for stationary, asymptotically flat black holes in vacuum.

The Komar charge Eq. (16) is no longer closed on-shell when gravity is coupled to most
forms of matter and the above algorithm cannot be used directly to derive Smarr formulas.
One can follow the procedure outlined in Ref. [18] (see, for instance, Ref. [19]) involving
volume integrals but these do not give directly expressions involving the total, conserved ADM
charges. The derivation of the Smarr formulas is, therefore, not as clean as the one pioneered
by Bardeen, Carter and Hawking [7, 8] that we have just explained here.

The Komar charge of General Relativity in absence of matter is just (minus)® the Noether
(d — 2)-form charge associated to the invariance of the theory under diffeomorphisms (also
known as Noether-Wald charge) Q[&] evaluated on a Killing vector k which leaves invariant
the only field of this theory, the metric, that is

6kg,uv = _£kg,u,v =0, (25)

where £} is the Lie derivative.

This suggests that (minus) the Noether-Wald charge of the matter-coupled General Rela-
tivity theory, —Q[&], evaluated over vector fields k generating symmetries of all the fields of
the theory that we denote generically by ¢,

Srp =0, (26)

may provide the on-shell-closed generalization of the Komar charge Eq. (16) that we need.
Observe that the above condition implies Eq. (25) and k of a Killing vector of the spacetime
metric.
However, as observed in Ref. [20] (see also Ref. [21]), in most diffeomorphism-invariant
theories’
dQ[k] =L, 27)

where L is the d-form Lagrangian and 1L is its interior product with the Killing vector field
k. Integrating both sides of this equation over a hypersurface ¥4~ with boundaries at infinity
and at the bifurcation surface

axtl =52y BH, (28)

and applying Stokes theorem

f dQ[k]=J Q[k]—J Q[k]iJ L. (29)
%1 s&5? BH nd-1

This relation can be used to obtain generalized Smarr formulas [20],'° but the volume
integral term obscures their interpretation as relations between physical quantities defined at
the horizon and spatial infinity.

In Ref. [15] it was argued that, as long as the diffeomorphism generated by k leaves in-
variant all the fields of the theory'! for a given solution, and, hence, leaves invariant the
Lagrangian evaluated on-shell, 1, L is an exact (d — 1)-form. Indeed,

Oﬁ5kL:—£kL:—dlkL, (30)

®In our conventions.

°In theories with Chern-Simons terms, invariant under gauge transformations up to total derivatives, there
could be additional terms in the right-hand side of this expression. This is due to the fact, to be explained shortly,
that diffeomorphisms induce gauge transformations.

105ee also the more recent Ref. [21], based on the results of Ref. [22].

'When the theory contains fields with gauge freedoms, the transformations generated by k, 5, acting on them
have to be defined carefully so that the statements 6, = O are gauge invariant [23-25]. This point will be
explained in more detail shortly.
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implies the local existence of a (d —2)-form w; such that

lkL = d(,z)k , (3 1)
and we can define the generalized Komar (d — 2)-form charge
Klk]=—(Qlk]—wy), (32)

which is closed on-shell by construction.

In many [26-30] but not all [31] theories it is possible to give an explicit expression of
wy which just needs to be evaluated on a given solution. In all the cases we have studied so
far the algorithm gives a Smarr formula with terms which are products of a thermodynamic
charge g times its conjugate chemical potential . These objects appear in the first law in
terms of the form ®5q and sometimes they have to be understood in the context of extended
thermodynamics.

The use of the generalized Komar charge is not necessarily restricted to the derivation of
Smarr formulas for black holes.'? Here we want to use it to study stationary, globally regular,
horizonless, topologically trivial, asymptotically flat solutions of General Relativity coupled to
bosonic fields that we will loosely call “boson stars”, although this name is used in a slightly
more restricted sense in the literature (see, for instance, Refs. [19,33] and references therein).
These solutions can be physically understood as self-gravitating solitons of some bosonic fields
whose density is not high enough to cause gravitational collapse.

As a simple example of what we intend to do, let us consider possible boson star solutions
of General Relativity in vacuum. The boundary of any Cauchy hypersurface of these spaces
is the (d — 2)-sphere at infinity. Integrating dK[J;] = 0 over the Cauchy hypersurface and
using Stokes theorem and Eq. (19) leads to M = 0 so that, according to the positive mass
theorem [34-36], the solution must be Minkowski spacetime. In other words: there are no
boson stars in vacuum.

This example shows how the generalized Komar charge can be used to constrain the possi-
ble solutions of a given theory.!® It also tells us that, in order to make non-trivial solutions pos-
sible we have to relax one or several of these assumptions: stationarity, regularity, asymptotic
flatness, topological triviality, absence of event horizons and Einstein equations in vacuum.

We have already seen that a non-degenerate event horizon works as a second, inner bound-
ary'* on which the Komar integral of the Killing vector that generates it gives TS, so that
M —QyJ = 2TS > 0, which can be satisfied for M # 0, even if the horizon is degenerate and
T =0.

In absence of horizons, for obvious reasons, we do not want to give up on the regularity of
the solutions and, since we are interested in stationary, asymptotically-flat solutions of trivial

12Gcalar charges satisfying Gauss laws have also been used to prove no-hair theorems in Ref. [29] (see Section 2)
and to prove that certain initial data sets do not correspond to constant-time slices of stationary black-hole solutions
in Ref. [32]. We will use these and other charges in our analysis.

13The study of the (non-)existence of non-topological solitons has a long history. The first result of this kind is
Derrick’s theorem Ref. [37] which proves the non-existence of particle-like solutions of non-linear generalizations
of the wave equation. The possibility of the existence of those solutions if they were allowed to have a periodic time
dependence was also suggested in that reference. Solutions of the Einstein-Klein-Gordon theory of this kind were
first found by Kaup in Ref. [39]. The characterization of non-gravitating spherically-symmetric solitons (called
there Q-balls) by the charge associated to a non-gauged global symmetry (a U(1) symmetry, typically) and their
existence were studied by Coleman in Ref. [38]. It is this symmetry that is used to make a generalized symmetric
Ansatz, as we will explain. Stars and black holes with solitonic scalar fields having a U(1) global symmetry were
constructed by Friedberg, Lee and Pang in Ref. [40].

14This is not completely true: we can always choose a hypersurface %¢~! that goes inside the horizon. However, in
general, inside the horizon we are going to find singularities or non-trivial topology, including other asymptotically-
flat regions. If we do not want to deal with these, we must consider another boundary and a section of the horizon
(its bifurcation surface, if any) is the most convenient place for it due to its special properties.
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topology, we can only play with two assumptions: the coupling to different kinds of matter
(so we do not deal with the vacuum Einstein equations) and with the implementation of the
stationarity assumption on the matter fields, which can modify the Komar charge. Most often,
we deal with axisymmetric spacetimes. The condition of axisymmetry can also be implemented
in different ways.

This requires an explanation.

An asymptotically-flat spacetime is called stationary when it admits a Killing vector field
which is asymptotically timelike and axisymmetric when it admits a Killing field vector with
periodic orbits and fixed points (the axis). Let us call k any of these vector fields. The con-
ditions of invariance are expressed by Eq. (25) above. If this metric is part of a solution that
includes matter fields it is commonly assumed that they should also be exactly invariant under
the diffeomorphism generated by k as well. This is usually expressed as

Most theories are invariant under local and global symmetries which act on the same fields
and we must take this fact into account in the above expression. Let us start with gauge
symmetries.

1.1 Spacetime symmetries of fields with gauge freedoms

In general, gauge symmetries do not commute with the standard Lie derivative and the above
expression is, at the very least, ambiguous, because it is not gauge-invariant. Using it can
lead to wrong results [25] and, as repeatedly argued in Refs. [23-25] it must be replaced by
a gauge-covariant Lie derivative L that annihilates the fields in a gauge-invariant way for the
Killing vector k. This covariant Lie derivative is always a combination of the standard one £ ¢
and a field- and Killing-vector-dependent gauge transformation'® of the field & Alk,p)p- Thus,
we are led to use the transformation

5k(pI—]Lk(p:—(fk—5/\(k’<p))g0=0. (34)

The gauge transformation 6 5y ) can be seen as “induced” by the diffeomorphism gener-
ated by the Killing vector.

An alternative way of looking at this transformation is to consider that the best we can do
with fields with gauge freedoms is to ask for invariance under diffeomorphisms up to gauge
transformations

£10 =0 7(k,0) ¥ - (35)

While the first point of view is actually closer to the rigorous description of the action
of diffeomorphisms in fiber bundles,'® the second is going to help us to understand better
the implementation of the stationarity condition on fields transforming under some global
symmetries of the theory.

1.2 Spacetime symmetries of fields with global freedoms

Let us denote the action of the independent global symmetries by 6;¢ where I,J,K, ... label
them. Indeed, looking at the above transformation, it is very natural to generalize the standard
symmetric Ansatz Eq. (33) to'”

£ =60, (36)

15The field-dependent parameters of these gauge transformations must be the same for all the fields transforming
under the same symmetry, though.

16See, e.g. [41,42].

7For simplicity we consider only gauge-invariant fields.

8
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where the 9! are constants that depend on the Killing vector k'® and which must be compat-
ible with the global structure (the periodicity, for instance, see footnote 22 in page 11) of the
symmetries involved.

For scalar fields, for instance, the above generalized symmetric Ansatz allows dependence
on the coordinate adapted to the isometry generated by k, in contrast to what happens to
the metric. It can be shown, however, that the generalized symmetric Ansatz leads to exactly
symmetric energy-momentum tensors £, T,,, = 0 [43] so that it is perfectly compatible with
the isometry. More generally, if T is any tensor invariant under the global symmetry,

£T=816;T=0. (37)

There is an important point concerning the generalized symmetry Ansatz Eq. (36) that we
would like to clarify here. Most of the General Relativity literature considers that the general-
ized symmetric Ansatz for the scalar fields prevents the spacetime isometries from becoming
true symmetries of the complete field configuration. A common way of expressing this idea is
by saying that the scalar fields “do not inherit” the symmetry of the spacetime metric.'® How-
ever, it follows from our previous discussion of the action of isometries on fields with gauge
symmetries that they do not “inherit” spacetime symmetries in the usual, restricted, sense in
which spacetime symmetries act on all fields through standard Lie derivatives. Still, there is a
perfectly well defined (and gauge-invariant) sense in which the diffeomorphism generated by
the vector k leaves the field invariant, expressed through the combination of the standard Lie
derivative and the “compensating” gauge transformation into the gauge-covariant Lie deriva-
tive. Gauge fields may be time-dependent in a certain gauge and, still, be invariant under the
gauge-covariant Lie derivative with respect to &, so that this isometry is a symmetry of all the
fields of the theory and not just of the metric. The solution is stationary even if the gauge
fields have dependence on t. Similar remarks apply to axisymmetry and the dependence on
the angular coordinate ¢

The same reasoning can be used in the case of global symmetries: the fields are now
invariant under the transformation

Srp=—(£—915,)p =0, (38)

so that &, is a symmetry of all the fields of the theory, although it does not simply act as the Lie
derivative with respect to k on all the fields. For k = &,, each possible choice of the constants
9! provides a different implementation of the stationarity condition but for any choice, there
is a well-defined sense in which we can still say that the solution is stationary, even if the
matter fields have a dependence on t.

All the boson star solutions found so far are based on non-trivial choices of %,'s for d, and
0, in stationary and axisymmetric spacetimes. One of our goals is to understand this fact using
the generalized Komar charge which must be modified by those choices.

In this paper we are going to consider different kinds of matter coupled to gravity and
different implementations of the stationarity and axisymmetry Ansatzs on them, constructing
the generalized Komar charge and other charges satisfying Gauss laws in each case and finding
the implications for the existence of horizonless, globally regular, topologically trivial, asymp-
totically flat solutions in d = 4 dimensions. It is organized as follows: In Section 2 we consider
the simplest kind of matter, namely a single, real, massless scalar field. Next, in Section 3 we
consider the Einstein-Maxwell theory. In Section 4 we add a scalar potential to the theory
of Section 2, breaking its shift symmetry. In Section 5 we consider theories with an arbitrary

8Here we are considering just one isometry and the index k in &, is redundant but it will be relevant when we
consider more general situations with several isometries in Appendix A.
1See, for instance Ref. [44] and references therein.
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number of scalars and Abelian vector fields which have the generic form of a 4-dimensional,
ungauged supergravity theory, combining and generalizing the results of the previous sections.
Section 6 contains a discussion of our results. Appendix A contains a general discussion of the
generalized symmetric Ansatz using only scalar fields as an example: consistency conditions
(very similar to the famous quadratic constraint of the embedding tensor formalism) and the
definition of scalar charges. Appendix B reviews the proof of the generalized zeroth law for
electrostatic and magnetostatic potentials that we use in the main text. Finally, in Appendix C
we show that solutions satisfying the generalized symmetric Ansatz with respect to electric-
magnetic duality rotations (a symmetry of the equations of motion but not of the action) can
be found, even though they turn out not to be very interesting in this simple case.

2 The Einstein-scalar theory

The simplest kind of matter that can be coupled to Einstein’s gravitational field which we will
always describe through the Vierbein e® = e, dx", is a real, massless scalar ¢. The action for
this Einstein—scalar (ES) theory is

1

Sle,p]= ———
167G

fI:—*(ea/\eb)/\Rab+%d(ﬁ/\*dd)]EJL. (39)

If the scalar field satisfies the standard symmetric Ansatz Eq. (33) for the timelike Killing
vector k = &, it is not difficult to see that the generalized Komar charge of this theory is equal
to the standard one given in Eq. (16) (see, for instance, Ref. [31]). This implies that there are
no boson star solutions?® in this theory with the standard implementation of the stationarity
condition. On the other hand, according to the Smarr formula Eq. (24), the presence of a
non-degenerate horizon allows for black holes of mass M = 2ST + 2QyJ.

Before we study whether the non-trivial implementations of the stationarity and axisym-
metry conditions through the generalized symmetric Ansatz can modify this conclusion, it is
convenient to define a charge for the scalar ¢ that satisfies a Gauss law in a stationary space-
time [29,47]. Since the theory is invariant under global shifts of the scalar field, there is an
on-shell-conserved Noether current whose Hodge-dual 3-form we denote by J, and which is
given by .

Jy=———*do. (40)
* " 1676

The on-shell conservation is here equivalent to the on-shell-closedness of J:

where Ey is the equation of motion of ¢.

The charge associated to the above 3-form, given by its integral over a 3-dimensional space-
like hypersurface,?! though, does not satisfy a Gauss law. Furthermore, in stationary space-
times in which the scalar is time-independent it vanishes identically [29] because the timelike
component of the current does. A different charge is needed to characterize the scalar field.

If all the fields are exactly invariant under the diffeomorphism generated by k, so is Jg
and, using Cartan’s magic formula and Eq. (41)

0= 5k‘]¢ :_£k‘]q5 :—(lkd +dlk)J¢ = dlde) B (42)

20As discussed in the Introduction, we are using here the term “boson star” in a rather loose way. This is probably
more evident in this case and more conventional or proper way of expressing this result would be the non-existence
of non-topological solitons [46].

21This is equivalent to the volume integral of the timelike component of the standard current.
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which tells us that the 2-form Qg[k] = yJ4 is closed on-shell and the charge %4 defined by
its integral over closed spacelike surfaces satisfies a Gauss law [29,47]. In standard spherical
coordinates Y. appears as the coefficient of the 1/r term in the asymptotic expansion of ¢.

The same arguments used for the Komar charge show that boson stars would be charac-
terized by %, = 0 which is consistent with their non-existence.

In presence of a non-degenerate horizon , using the Killing vector k normal to it (k2 X 0)
and integrating dQg4[k] = 0 over a hypersurface satisfying Eq. (28), taking into account that,

by definition, k B 0 50 that Qg lk] i 0, we find again %4 = 0. This result can be interpreted
as a no-hair theorem relating the existence of a non-degenerate horizon to the absence of
scalar charge of the kind we have defined above [29].

2.1 The Einstein—scalar theory and the generalized symmetric Ansatz

Now we want to see how the previous results may be modified if we implement the stationarity
condition (k = &,) in the form?22

Srp =—(£p —T) =0, (43)
allowing for linear dependence of the scalar on the time coordinate:
¢ =Bt + fxt,x% x%). 44

Notice that at any given time t = t it is possible to eliminate the ¥ t, using the shift
symmetry. The term ¥t is only relevant globally.

In this setting, the Noether current associated to the invariance of the theory under constant
shifts of the scalar, J, defined in Eq. (40) does not vanish any longer.

The Noether-Wald charge of the theory, Q[&], is associated to the invariance of the action
under diffeomorphisms only and, therefore, it is not modified by the generalized symmetric
Ansatz. It has the same expression as in the vacuum theory, namely

1
QLE] = ———5 * (¢ Ae)Pey. (45)
167Gy
By construction,
dQ[g] :@(ea, ¢,5€ea’ 5§¢)+Ea£a+lgl" (46)

where the presymplectic potential is given by
O(e, ¢,5:e%,5:¢p) = *(e* Ae®) A(DP:? + 1:R*) —+d p1:dp . (47)

When & = k the term in parenthesis vanishes identically.?> With the standard symmetric
Ansatz, the second term vanishes as well and, on-shell, we are left with dQ[k] = 1, L, but in

20bserve that this Ansatz is consistent because both the scalar field ¢ and the time coordinate t take values in R.
In axisymmetric spacetimes, whose metric is invariant under constant shifts of the angular coordinate ¢ ~ ¢ + 2,
the Ansatz 3,¢ = ¥, leads to a multivalued scalar field unless it is assumed that ¢ must also be identified with
¢ + 2nd,. This is not possible in this theory, but in theories with more scalar fields that can be understood as
coordinates in a “target space”, some of them may also be understood as angular, periodically identified, coordi-
nates and the Ansatz would be consistent. This is the case of the phase of the complex Klein—Gordon scalar, for
instance [48,49]. We will consider this possibility in Section 5.3.

2The equation

PP +,R?® =0, (48)

defines the Lorentz momentum map P,?® and is solved when P,*® = V k;,, the Killing bivector. Actually, replacing
the Lorentz momentum map by the Killing bivector this equation becomes the integrability condition of the Killing
vector equation. On the other hand, the left-hand side of the equation is just —5, w® [23].
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this theory L. = 0 and the Komar charge coincides with (minus) the Noether-Wald charge and
with that of the vacuum theory.

In the generalized symmetric case Eq. (43) the Lagrangian and the first term in the presym-
plectic potential still vanish on-shell, but the second term does not and

G(eaa ¢J5kea1 5k¢):_ﬁk*d¢ :_,ﬂk‘](b: (49)
so that
dQ[k] = —OhJ g - (50)
Since J is closed on-shell, locally there must exist a 2-form charge Qg such that
Jy =dQy, (51)
and we can define the on-shell-closed generalized Komar charge
K[k]=—(Q[k]+7:Qy) , (52)

which differs from the one obtained with the standard implementation of the stationarity con-
dition.

In this case there is no general expression for Q4: it depends on the explicit form of the
solution. Its actual form will not be important in what follows, though.

Let us consider a boson star solution and let us integrate dK[k] = 0 over a spacelike
hypersurface bounded by a 2-sphere of radius r. Applying Stokes theorem we find that

f Qlk] = —T?kf Qs - (53)
52 2

The integral in the left-hand side converges to M /2 as r approaches infinity. The integral in
the right-hand side gives the scalar charge contained in the 2-sphere and it is easy to see that
this charge diverges when r approaches infinity. This indicates that boson stars of this kind do
not exist in this theory. The situation is not improved by admitting the existence of an event
horizon or rotation since the integral that gives the charge keeps diverging at infinity. Thus,
stationary, asymptotically flat black-hole solutions of this theory do not exist, either. Coupling
the scalar field to itself or to some other source can change these conclusions, as we are going
to see in Section 4.

For black-hole spacetimes there is another way to arrive at this result which does not rely
on these charges and which will play an important role later. If k is the Killing vector that

becomes null on the horizon k2 Z 0 one can show that
KMkR,, 20, (54)
which implies, upon use of the Einstein equations and k2 %o
keT,, 2o, (55)
leading, in this particular theory, to the conclusion
ndp 2o, (56)

so that ) = 0. If the black hole is rotating k = 9, —Q9,, and, since in this case J,¢ =0 (see
footnote 22 in page 11), we arrive at the same conclusion as before. Notice, though, that in
the cases in which it is consistent to impose the generalized symmetric Ansatz

0 =0, =w, (57a)
o, =0,=m, (57b)
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with non-vanishing « and m, Eq. (56) demands

L-qy, (58)
m

known as “synchronization condition” [19], on account of the relation ¥, = w —Qym.

3 The Einstein-Maxwell theory

The Maxwell (or electromagnetic) field provides A=A, dx" another simple kind of matter that
can be coupled to Einstein’s gravitational field. It is worth stressing that, despite the notation,
geometrically A is not a 1-form, but a gauge field, a connection in a U(1) fiber bundle, with
gauge transformations

6,A=dy, (59)

where y is any real function. Its gauge-invariant 2-form field strength, locally given by
F=dA, (60)

is a 2-form, though.
The action of the 4-dimensional Einstein—-Maxwell (EM) theory is

1

Sle,Al= ———
167‘EG1(\]4)

f[—*(ea/\eb)/\Rab+%FA*F]EJL. (61)

Notice that this theory does not contain any fields charged with respect to the Maxwell
field that can source it. The action is not invariant under any global transformations of the
Maxwell field only, but the equations of motion supplemented with the Bianchi identity are
invariant under an SO(2) group of electric-magnetic duality rotations and we are going to
show in Section 3.1 that they may be consistently used in the generalized symmetric Ansatz.
This theory is too simple for this Ansatz to give rise to boson star solutions but we can consider
it as a “proof of concept” that opens the door to the use in more complicated theories such as
those we are going to in Section 5.

As we have explained in the introduction,?* the stationarity condition of the Maxwell field
has to be implemented in a gauge-invariant form, combining the standard Lie derivative with
a gauge transformation with parameter y; = 1A — P, where the momentum map Py satisfies
the gauge-invariant momentum map equation

lkF + dpk = 0, (62)
whose integrability condition is the symmetry condition
5kF = _£kF = —lkF =0. (63)

The gauge-invariant form of stationarity condition of the Maxwell field is the momentum map
equation
StA=—(£,—6,)A=—(4F +dP)=0. (64)

Observe that, if k is timelike, 1, F is the electric field for an observer related to the time
defined by k and, therefore, P, is the associated electrostatic potential ® defined, as usual, up
to an additive constant. In asymptotically-flat spacetimes & takes a constant value at infinity
@, that is purely conventional.

24See Ref. [23] for details on this particular case.
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In this theory it is possible to find a generic form of w; and the generalized Komar charge
of this theory is [23, 26, 28]

K[k] = x (e Ae?)Pp + [PexF—BF], (65)

T 16nGy@ 327Gy @

where we have introduced the dual momentum map P, defined by the dual momentum map
equation
lk*F+d13k:0, (66)

whose local existence is guaranteed on-shell by the stationarity condition. It can also be un-
derstood as the magnetostatic potential & and, in asymptotically-flat spacetimes it takes an
arbitrary constant value at infinity ® .

Apart from the generalized Komar charge Eq. (65) the EM theory has another two inter-
esting 2-form charges: .

=——5*F, (67)
167G

which is closed on-shell and whose integral over a closed 2-surface gives the electric charge q

enclosed by it, and
1

P=——+F 68
1676 ©
which is closed off-shell and whose integral over a closed 2-surface gives the magnetic charge
p enclosed by it. Notice that, Stokes theorem implies that p would vanish identically if F was
dA globally.

Since the theory does not contain sources of the Maxwell field, we expect any non-trivial
stationary, asymptotically flat>® electromagnetic fields to be sourced by singularities or sus-
tained by non-trivial topology. Indeed, the usual arguments applied to Q and P in boson stars
leadtog=p =0.

Let us now turn our attention to the generalized Komar charge which can be rewritten in
the form

K[k]= 1

x (e AeP)P p + 2 [®Q—SP] . (69)
167G o ]

Its integral over the 2-sphere at spatial infinity gives
M+®.,q—%p=0, (70)

which reduces to M = 0 once the vanishing of the total electric and magnetic charges has
been taken into account. Again, solutions of the kind we are looking for do not exist in the
EM theory. Observe that the vanishing of g and p is crucial for the consistency of the result
because the values of ®., and &., can be changed arbitrarily keeping the metric (and M)
unchanged.

It is interesting to see how the presence of a non-degenerate horizon modifies this conclu-
sion.

First of all, we must replace J, by the Killing vector k = 6, —Qy0,, that becomes null on
the horizon. The momentum maps P, and P, cannot be interpreted as purely electrostatic and
magnetostatic potentials, although we will keep the notation ®, ®. Moreover, they do not tend
to just a constant value at infinity but their r — oo limits may contain, for instance, terms
proportional to Qj cos 8, in addition to the arbitrary constants &, ®,. Fortunately, it can be

25 Asymptotic flatness excludes homogeneous gravitational/electromagnetic waves which can be stationary, reg-
ular, horizonless and topologically trivial.
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proved that those terms do not contribute to the integrals of ®Q and &P at infinity [50] and
the integral at infinity of the generalized Komar charge Eq. (69) gives

3 (M +®00q—®05p) — 7, (71)
while the integral on the bifurcation surface gives
TS + 5 (®yq—%pup), (72)

where ®;; and & are the values of the electrostatic and magnetostatic in 3H which are con-
stant by virtue of the restricted generalized zeroth law [23] which we review in Appendix B.

Combining these results we obtain the Smarr formula for stationary, asymptotically flat
black holes of the EM theory

M =2ST + 294 + (& —®o0)q— (&5 — P00 ) P - (73)
Notice that the non-vanishing electric and magnetic charges multiply unambiguous differ-
ences of potentials.
3.1 Generalized symmetric Ansatz

As we have mentioned before, the (left-hand side of the) Einstein equations E,, Maxwell equa-
tions E and Bianchi identities B, given by?®

Ea=la*(eb/\ec)/\RbC+%(laF/\ﬁ—F/\laﬁ), (74a)
E=—dF, (74b)
B=—dF, (74¢)

where we have defined the dual 2-form field strength

F

*F . (75)

These transformations act on F ad F as

F ’ cosa sina F F 0 «o F
(P‘):(—sina cosa)(l:")’ 5“(F)=(—a O)(ﬁ)' (76)

Thus, we may implement the stationarity Ansatz on these fields in a non-trivial way, using
this global symmetry, as follows:

Ek(g):(—()a g)(i) (77)

Notice that this Ansatz guarantees the invariance of the Maxwell energy-momentum tensor
T, given by
Ty =5 (1,F ANF—F A F), (78)
under the diffeomorphism generated by the Killing vector k, £, T, = 0.
It is convenient to introduce a dual (magnetic) gauge field A such that, locally,?”

F=dA. (79)

26\We ignore the overall factors of (167'L:G1(\f))‘1 in order to simplify the expressions.
27We are not going to address any global issues related to the existence of A or A in this section.
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The pair A, A transform under electric-magnetic duality as the pair F, F, namely,

5“(2):(—% g)(ﬁ) (80)

It is worth remarking that, although this is not a symmetry of the action, there is an on-shell
conserved current associated to it:?8

Jom =3 (ANF+ANF),  dJy,=0, (82)

which, furthermore, is invariant under electric-magnetic duality transformations.?’

Then, the generalized symmetric Ansatz Eq. (77) is locally equivalent to the conditions

lkF—aA _
d(lkﬁ+aA)_0’ 84)

which imply the local existence of the electric and magnetic momentum maps Py, P, satisfying
the generalized momentum maps equations

lkF _ pk
(lkﬁ)__p(f’k)’ (©5)

where we have defined the covariant derivatives

D(%)Ed(%)_(fa g)(ﬁ) (86)

which are invariant under the gauge transformations

o(4)=a(2) a(R)-(28)(2) @

The momentum maps transform as Stiickelberg fields and we may eliminate them using the
appropriate gauge transformation, if necessary. Thus, it is clear that they cannot be identified
with electrostatic or magnetostatic potentials as in the symmetric case.

To check the consistency of this construction, it is interesting to review it in terms of the
gauge fields. Taking into account their gauge freedoms, the generalized symmetric Ansatz

reads
g A )=al ¥ )4 O @4 (88)
k A - )?k —a 0 A ’

and we can immediately see that it is satisfied by the choice of parameters of the compensating

gauge transformations
Xe \_ [ wA— P
( Tk )_( wA— Py ) ' (89)

28The conservation is due to the well-known property

*BA*A=—AAB, (81)

for any pair of 2-forms A, B in 4 dimensions. This property is, precisely the responsible for the non-invariance of
the Maxwell action under electric-magnetic duality transformations.
There is another electric-magnetic duality-invariant current
Jomo =3 (ANF—ANF)=d(3ANA), (83)

but it does not seem to play any role in what follows.
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In black-hole spacetimes, if k = 6, —Qy J,, is the Killing vector that characterizes the event
horizon as a Killing horizon, in the definition of the generalized symmetric Ansatz we have to
use the same global symmetry for &, (with parameter w) and J,, (with parameter m) and the
covariant derivatives of the momentum maps are now

D(%)Ed(gi)—(w—ﬂ,qm)(_ol é)(g). (90)

On the horizon, both 1, F and 1, vanish identically. In the symmetric case the generalized
zeroth law can be derived from this fact (see Appendix B). In this case, we find that

Pe \nu
(2 )20 o

If the synchronization condition Eq. (58) is not satisfied w — Qym # 0, these equations
imply that both connections A and A are pure gauge on the horizon and, thus, the field strength
and its dual vanish identically there

F \n
( P ) =0. (92)

The generalized symmetric Ansatz Eq. (77) does not modify the definitions of electric and
magnetic charges satisfying Gauss laws Q,P Egs. (67) and (68). Since we can compute the
electric and magnetic charges integrating these field strengths over any section of the horizon
obtaining the same result (because it is the same result one obtains integrating over the 2-
sphere at spatial infinity), we conclude that, in this case, the generalized symmetric Ansatz
leads to vanishing electric and magnetic charges ¢ = p = 0 in black-hole spacetimes. In
boson-star spacetimes they vanish for the same reasons as in the previous cases.

If the synchronization condition Eq. (58) is satisfied, then the momentum maps admit the
standard interpretation of electrostatic and magnetostatic potentials and satisfy the general-
ized zeroth law and the electric and magnetic charges need not vanish.

The generalized Komar charge is modified. The Noether-Wald charge Q[k] only depends
on diffeomorphisms and the induced gauge transformations and it is not modified and it is
still given by [23]

QLE] = (e AeP)P; o — P:F (93)
On-shell, it satisfies
dQ[&]=0©(e,A,6¢e,0:A) + 1L, (94)
where the presymplectic potential and the on-shell Lagrangian are given by
O(e,A, 6ze,6:A) = —*(e" A eP)A Oz Wap —FA (lgF + dPg) , (95a)
L=3FAF. (95b)

Now, when & = k, the first term in © vanishes but the second does not, according to the
generalized momentum map equations (85), which we also have to apply to the calculation
of 1, L. Substituting the result in dQ[k], we get

d[—* (" AeP)Pay + 3 [PLF —BF]] = —wdep, (96)

where J,,, has been defined in Eq. (82). Since J,,, is closed on-shell, there must be a 2-form
J.m> whose form depends on the particular solution on which we evaluate it, such that

d~7em iJem: (97)
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and we arrive at the following generalized Komar charge

K[k] =—*(ea/\eb)Pkab+%[Pkﬁ—f)kF]+wjem. (98)

Since the electric and magnetic charges must vanish for any hypothetical boson star, it
seems unlikely that the integral of 7,,, at infinity could help us to avoid the conclusion M = 0.
In Appendix C we have studied, as a proof of concept, a simple example of time-dependent
solutions of the Maxwell equations in a (non-back-reacted) stationary spacetime (Minkowski
spacetime), showing their existence. They turn out to be superpositions of electromagnetic
waves with no electric nor magnetic charges.

In black hole spacetimes the last term must be replaced by («w—Qm)7,,, and there are two
possible cases: when the synchronization condition is not satisfied we must use the vanishing
of F and F on the bifurcation surface because the momentum maps do not satisfy a restricted
generalized zeroth law and, again, the vanishing of the electric and magnetic charges makes it
very unlikely that the current .7,,, gives any finite contribution at infinity. When the synchro-
nization condition is satisfied, the last term vanishes identically and the momentum maps are
constant over the horizon and we recover exactly the same Smarr formula as in the symmetric
case. It remains to be seen if there are any black hole solutions satisfying this Ansatz but, in
principle, the Smarr formula does not exclude this possibility.

4 The Einstein—scalar theory with a scalar potential

The thermodynamics of the black holes of this theory was recently studied by us in Ref. [31].
Thus, we shall be brief. The action is the one considered in Eq. (39) plus a scalar potential
term:

Sle,p]1= L@f {—x(e*ANeP) ARy +2dp Axdp +xV(9)} = J L. (99)
16mGy

The scalar potential V(¢ ) is assumed not to be constant, so it cannot be interpreted as a
cosmological constant. Therefore, there is no shift symmetry, no associated on-shell conserved
Noether current and no possible generalized symmetric Ansatz in this theory. In spite of this,
an on-shell-closed 2-form charge can be defined in stationary solutions using the following
observation [29,47]: if all the fields of the solution we are considering are invariant under the

diffeomorphism generated by k, we have, on the one hand

—yd*xdp =(dy —£)*dp =dy. ~do, (100)
and on the other hand v
0=£+V =dy V' Vi=— 101
k * lk * > a¢) > ( )
which implies the local existence of a 2-form W, such that
y* V' =dW. (102)

In this case it is not possible to find a generic expression for W,. Its form will depend on
the particular solution on which V' is evaluated but we can always add a closed 2-form to it
so that, for asymptotically flat solutions W, (o0) = 0.

Then, if we take the interior product of k with the scalar equation of motion and use the

above results ,

——y [~dxde ++V’
167GV [ ]

lkE¢ =

(103)

=d{;m)[lk*d¢ +Wk]} ,

167Gy,
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and we can define the on-shell closed 2-form charge®°

1
Qglk]=——5luxdp + Wi, (104)
4nGy

whose integral over closed 2-dimensional surfaces gives, by definition, the scalar charge -
enclosed in it. At infinity, because of the boundary condition W, (o0) = 0, the scalar charge
depends only on the first term in the above equation. Furthermore, the usual argument leads
to X = 0. In presence of a non-degenerate horizon we find that X is given by the integral of W,
on the bifurcation sphere. Thus, X would be secondary hair, dependent on the dimensionful
constants defining V.

The generalized Komar charge is in this theory [29]

K[k] :_;

*(ea/\eb)Pk b=V |» (105)
16nG§V‘”[ a» = Vil

where, in the same vein as W, the 2-form V), is defined to satisfy
de = —lf * V. (106)

Its value at spatial infinity can be set to zero for asymptotically-flat solutions, Vi (o0) = 0,
upon the addition of a closed 2-form.

With the chosen boundary conditions, the integral of K[k] at spatial infinity gives, yet
again, M = 0. When the potential is not definite-positive, this may not be enough to ensure
that the only possible solution is Minkowski spacetime because the positive mass theorem
would not be valid.

Allowing for a non-degenerate horizon and choosing k accordingly, we get the Smarr for-
mula [29]

1 ov
M =2ST +20yJ +2a%,, where &q=———s [ 4ox——, (107)
167Gy~ Jss da

where a is a dimensionful constant in V which plays the role of a new thermodynamic variable
while &, plays the role of its conjugate potential [15,27,51]. If the scalar potential depends
on more dimensionful constants, a', the last term is replace by a sum over similar terms.

5 The Einstein-Maxwell-scalar theories

In this section we are going to consider a generic supergravity-inspired theory that includes
the three cases we have studied so far as particular examples. This theory contains, apart
from the gravitational field e?, n, Abelian gauge fields A*, A = 1,...,n,. with field strengths
FM = dA" and ng scalar fields ¢*, x = 1,...,n, that parametrize a non-linear oc-model with
positive-definite target-space metric g, (¢) coupling to themselves via a scalar potential V(¢)
and to the Abelian gauge fields via the symmetric, scalar-dependent, matrices I,5.(¢) (which

30The normalization is purely conventional.
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is conventionally assumed to be negative-definite) and R, (¢ ). The action takes the form®!

1
S =

= [ [ A AR+ a0 e
TT
N

(108)
— A\ FA ASFE — 1R\ FANFE 447

The equations of motion E,, E,,E, and the presymplectic potential ®(p, d¢) (here ¢ stands
for all the fields of the theory) are defined by the general variation of the fields in the action

5S =J{Ea/\éea+Ex5¢x+EA5AA+d€-)(<p,5<p)}. (109)

Ignoring the overall factors of (16nG1(\;‘))_1, they are given by

Eq = 1o % (€” A€) ARy + 584y (1,d 9™ xdp¥ +d ™ A1y +dp”)

— 315 (1 FA A*FE—FM N1y % FE) =1, %V, (110a)
E,=—8x {d*d¢” + L, dp* Axdp"}
— 30 Iy g F AXF® — 28, Rys FA NFE 4+ 40,V , (110b)
EA :dFA, (110(:)
O(p,5¢9)=—*(e* NePYAGwap + gy xdP*5pY —Fy AGAY, (110d)

where we have defined the dual 2-form field strength

Fp =1y *F*+R,sF*. (111)

5.1 Global symmetries

In supergravity theories the symmetries of the o-model, generated by the Killing vectors
Kr*(¢) of gy (¢)
5ngy = _£K1gxy =0, (112)

and the symmetries of the Abelian gauge fields are related®? thanks to the equivariance prop-
erty
81Rxx = Ty ax + Tia"Ras —Rpa Trs —Rar 1 "Ras + Ine Ty gy, (113a)
81lrs = Tiaas — Ing Trs — 2R(A|1"Tlmln|2) . (113b)

We will assume that this is the case here. Otherwise we would restrict ourselves to the sub-
group of isometries of the o-model metric for which the above equivariance conditions hold.

311n supergravity theories, the numbers n, and n,, the o-model metric, the scalar matrices and the scalar poten-
tial are constrained by supersymmetry. In supergravity, the scalar potential would be associated to the gauging of
R-symmetry. The gauging of other symmetries would give rise to couplings not concluded in the action Eq. (108).
In particular, the gauging of symmetries which act as isometries of the o-model metric leads to the replacement
of the derivatives of the scalar fields by covariant derivatives. In some cases the gauge symmetries can be used to
completely gauge away some of the scalars, whose kinetic terms become mass terms for the vector fields. The so-
called Einstein—Proca-Higgs model considered in Refs. [19,52] can be obtained in this way starting from a model
of the form Eq. (108). We will study this more general class of models elsewhere [53].

32See, e.g. Section 1 of Ref. [29] for a detailed description of the properties of the scalar matrices that are required
for this relation to work.
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Thus, in absence of the scalar potential, which may break some of those symmetries, the equa-
tions of motion are invariant under the following transformations of the scalars and gauge
fields

019" =K;"(¢), (114a)
6IFM == TIMNFN, (114b)

where we have defined the symplectic vectors of field strengths

FA
M) —
(F )=( F ) (115)

and where the matrices T; in Egs. (113a) are blocks of the matrices T;™y in Eq. (114b), i.e.
TA TAZ
M ) _ b
(Ty N)—( T T ) (116)
The Killing vectors K; and the 2n, x 2n, matrices T; satisfy the Lie algebra
(K1, K;]=—f1,K, (117a)
[TI’ TJ]:+fIJKTK. (117b)

Furthermore, the matrices T; belong to the Lie algebra of the symplectic group SL(2ny,R) in
the fundamental (vector) representation [54], which implies for the block matrices

Tpans = Tasn»
Tay =—Tax", (118)
TS = 5

Some of the transformations of the field strengths are electric-magnetic duality transfor-
mations transforming F* into F

5IFA = TIAzFZ + TIAZFZ . (119)

Those transformations are symmetries of the equations of motion but they do not leave the ac-
tion invariant. As we have seen in Section 3.1 they can also be used to formulate a generalized
symmetric Ansatz.

In presence of an scalar potential, we are going to assume that a subset of these symme-
tries whose generators we will label with A, B, C,... (K4, T4) generate a Lie subalgebra with
structure constants f,3C are preserved. In particular, we assume that

£,V =K, 8,V =0. (120)

We are going to denote with indices U, V, W, ... the Killing vectors that do not leave invari-
ant the scalar potential
£KUV:KUanV#O‘ (121)
5.2 Charges and Smarr formula for the symmetric Ansatz
Contracting the scalar equations of motion E, with the Killing vectors K;* we get [55]:
K[“E, = dJ; ++K 8,V + 3Qyp TA yAY AEV, (122a)
Jp =Ky xdp* — 2 Qup TP yAM AFY (122b)
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where we have used Egs. (112), (113a) and (120) and where

0 1y, xny
Qun) = : (123)
—1 0

ny Xny
In absence of scalar potential, the 3-forms J; would be the on-shell-closed Noether—
Gaillard-Zumino (NGZ) currents of the theory [54]. The scalar potential breaks some of the

global symmetries and we end up with the on-shell-closed NGZ currents J, and the currents
Jy which are not closed on-shell:

djy, =0, (124a)
dJU i—*KUxaxV. (124b)
In stationary solutions in which all the fields satisfy the symmetric Ansatz (invariance without

compensating global transformations®®), the usual symmetry arguments lead to two kinds of
on-shell-closed 2-form charges [29]

1
Qulk]= — & {ukax * d* + Qup T N PMFV ) (125a)
4nGy
o1
Qulk] = = {uKy *do* + Qup Ty N PMEY + Wy i}, (125b)
T
N

where the 2-forms W ;. are defined by
dWy =y *Ky*o,V, (126)
and where we have defined the symplectic vector of momentum maps
(dpM) = (uFM) . (127)

As in the case considered in Section 4, we cannot give a generic expression for the 2-forms
Wy k because it will depend on the particular solution considered.

The generalized Komar charge of this theory (symmetric Ansatz) can be easily found com-
bining the results and strategies of the previous sections with those of Refs. [26,28]* and it
is given by

K[k] = {*(ea/\eb)Pkab+%[PkAFA—PkAFA]—Vk} » (128)

1
 16mGy@
where V), has been defined in Eq. (106).

Finally, the electric g, and magnetic pA charges, combined in a symplectic vector of charges

g™ can be defined as the integrals of the symplectic vector of 2-form charges

oM = ;M)FM, M = J QM. (129)
167Gy, s2,

As usual, with the trivial implementation of the stationarity condition, electric, magnetic
and scalar charges must vanish ¢ = ¥, = %, = 0. Taking this into account, the integral of
the exterior derivative of the Komar charge over a Cauchy surface of a boson star gives, yet
again, M = 0.

Allowing for a non-degenerate horizon and choosing k accordingly, we get a generalization
of the Smarr formulas obtained before, that combines them:

M = 25T +2QuJ + (8} — @4 )qr — (®ay — Proo)P™ + 202, , (130)

where a and ®, have the same meaning as in Eq. (107).

33 As we have stressed, for the gauge fields, we always need to introduce a “compensating” gauge transformation.
34The derivation is reviewed to account for the generalized symmetric Ansatz in Section 5.3, anyway.
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5.3 Generalized symmetric Ansatz

The theories we are considering can have a large number of global symmetries, with different
kinds of orbits. This means that, in stationary, axisymmetric spacetimes, it may be possible to
define a generalized symmetric Ansatz involving the Killing vector J,, as well as 3,:%°

3,¢* = 9,°K,* = wK*, (131a)
3,9* =9, K, (¢) =mL”, (131b)

for two constants w, m and two Killing vectors of the target space metric K, L that also leave
invariant the scalar potential V. In the particular case of the massive, complex, Klein—-Gordon
field there is only one isometry that leaves invariant the scalar potential and, therefore, K = L
was the only possibility considered in Ref. [48,49].

Since the global symmetries of these theories also act on the gauge field strengths and on
their duals according to Eq. (114b) we must also include them in the Ansatz:

£, FM =9 AT MU FN = wTMFY | (132a)
£,FM =9 ATMGFN = msSY yFNY . (132b)

Since J; and J,, have vanishing spacetime Lie brackets, the matrices T and S must commute
and K and L must have vanishing target space Lie brackets as well. Thus, we can use target
space coordinates (scalar fields) adapted to them. If we call them, respectively, ¢! and ¢2,
the Ansatz reads

O™ = wd™y, (133a)
9,¢™ = m&*, (133b)
= ¢ ¥ =56%wt+5%5,mp+ fX(xt,x?), (133¢)

and, if K =L, then ¢p2 = ¢!, T =S and

O = wb*y, (134a)
9, ¢* =md*, (134b)
= ¢* =56 (wt+mp)+ f*(x,x?). (1340¢)

As we have mentioned before, it is usually stated that the solutions satisfying this Ansatz
are neither stationary nor antisymmetric and that their only spacetime symmetry, present when
K =L is the one generated by the Killing vector

k=a,——a,. (135)

As we have explained at length in the introduction, the above Ansatz follows from a mod-
ified (“twisted”) definition of what being stationary and axisymmetric means. In other words,
it is a different implementation of stationarity and axisymmetry and we are going to see that
one can define on-shell closed Komar charges for each Killing vector 8, and d,,, independently.

35See footnote 22 in page 11. Notice that this is the most general thing we can do: as proven in Appendix A.1, if
we only use the Killing vector J,, the spacetime cannot be spherically symmetric nor it can admit any other Killing
vector whose Lie brackets with 9, do not vanish. In black-hole spacetimes this is usually associated to rotation.
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The combination k in Eq. (135) is clearly special, though, and it can be shown®® that, the event
horizon of stationary, axisymmetric black holes satisfying this Ansatz (if any) is the Killing hori-
zon of k, which implies the “synchronization condition” Eq. (58) Ref. [19] which can only be
satisfied in the case K = L, ¢! = ¢2.

As for the gauge fields, following the same steps as in Section 3.1, defining the gauge fields
AM | FM = dAM | we find that the generalized Ansatz implies

1, F" =—DP M, (139)
where we have defined the gauge-covariant derivatives
pPM=dPM —wT"yAY,  DP,M=dp,M —ms" A", (140)
invariant under

§,AM=dyM, 5§, PM=wTMy N, 5,P,M=msMyy. (141)

Notice that, in black-hole spacetimes, for k = 3, —Qy d,, and using Eq. (138) we find that
wT"y —QumsMy =0, (142)

which implies T = S and the synchronization condition. Then, in the Einstein-Maxwell case
the momentum maps satisfy the standard momentum map equation (127) which leads to the
generalized zeroth law for the electrostatic and magnetostatic potentials ¥ = P, M.

Let us now consider the definitions of the different charges in this setup.

Electric and magnetic charges are still defined by Eq. (129) and satisfy Gauss laws. Thus,
they are doomed to vanish identically in boson stars, but not necessarily in black-hole space-
times.

Let us now consider the scalar charges. The standard symmetry arguments leading to
the expression Eq. (125a) are valid and lead to the same expressions except for the charges
associated to the generators K, L and T, S involved in the generalized symmetry Ansatz. Then,
except in these two cases, those charges must vanish in boson stars and are subject to no-
hair theorems in asymptotically-flat black-hole spacetimes [29]. The two exceptions fall in the
general case considered in Appendix A.2 and, since the global symmetries they are associated
with commute, they have the same form as in the standard case and must also vanish for boson
stars and are subject to no-hair theorems.

The charges Q. do not need to vanish, though, and should be treated as in Section 4 [31].

Let us now consider the Komar charge. The Noether-Wald charge can be found as in the
symmetric case and takes the form [29]

Q[&E]=*(e AeP)Psyp + P F, . (143)

36The proof is based on Eq. (55), which can be seen to apply separately to the energy-momentum tensor of the
scalar fields and of the gauge fields: since 1,1, F* = 0, we find that

LM FA 490, (136)
where k = k,dx* and 9" = v* dxu where v" is a spacelike vector normal to k. Then
kKT, % gt 1 9” — L™ v 2 0. (137)

The second term is non-negative because I,y, is definite-negative and the vectors v* are spacelike in mostly-minus
signature. Since g, is positive-definite, the condition Eq. (56) must be satisfied by each scalar ¢*. Om the other
hand, find v = 0 and the conditions Eqgs. (B.7) must be satisfied for all A, that is

LFM 20, (138)
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By construction, it satisfies

where in this theory
0(p,6:p)=—x(e" A e®)A Orwap + 8y *dP 097 +Fo A (lgFA + dPgA) , (145a)
L=—3FMAF,—+V. (145b)

For & = k, where k is some Killing vector

0(p,5rp) = =0 (Kax x d™ — Ty Fp AAM) (146a)
yL =3 (dP A AFy+dPpy AFY) = 302 (T FA ANAY + Ty a yy FAANAY ) =+ V7,
(146b)
so that
0(p,51p) +yL=d {3 (PAAFA+ PA AFM)} + 0, —y * V, (147)

where the on-shell-closed NGZ 3-form currents J, have the form given in Eq. (122b) for the
subset of indices A, B, ... corresponding to the invariances of the scalar potential.
Substituting this expression in Eq. (144) we find the identity

d {*(e* Ae®)Prap + 3 [P AFA—PA ANFM ]} =020, — o+ V. (148)
As usual, we can define on-shell the 2-forms 7, and V;

Ja=dTJ,, (149a)
lk*V = de, (149b)

whose form depends on the solution on which they are evaluated. Notice that the 2-forms J,
do not satisfy a Gauss law and are different from the 2-form charges Q4[k], which depend on
the Killing vector and satisfy a Gauss law. The combinations 9,J, for k = J,, d,, are just wJy
and mJ; and we will call the corresponding 2-forms w.Jx and mJ;

The on-shell-closed generalized Komar charges is, therefore,

K[k] = {x(e® Ae®)Pop + 2 [ PP — P pAFM = 02T — Wi} (150)

1
167Gy ™
We can always derive a Smarr formula by integrating this generalized Komar charge over
the relevant boundaries. In boson-star spacetimes, though, it is not clear how to identify
generically the results in terms of conserved charges and potentials. Since the electric and
magnetic charges vanish, it is likely that the terms containing the gauge field strengths will
not contribute to the integrals at infinity, but the other two terms can contribute, explaining
the existence of boson star solutions like those constructed in Refs. [48,49,56] for instance.
In black-hole spacetimes, since, as we have explained, we must have K =L and T = S, we
find that
ATy =0T — Q0,47 = (0 —Qym)K =0, (151)

by virtue of the synchronization condition Eq. (58) and the next-to-last term in Eq. (150)
vanishes identically. As we have discussed, the synchronization condition also ensures that
the momentum maps are constant over the horizon and we can proceed as in the symmetric
case, obtaining exactly the same Smarr formula Eq. (130). This formula allows for rotating
black-hole solutions as those constructed in Refs. [48,49].
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6 Discussion

In this paper we have shown how to construct 2-form charges satisfying Gauss laws and how
they can be used to restrict (or forbid) the existence of boson-star or black-hole solutions. We
have paid special attention to the construction of the generalization of the standard Komar
charge of General Relativity from which Smarr formulas can be found. We have considered
several cases of increasing complexity leaving outside our scope theories of the Proca—Higgs
type which can be constructed by gauging the symmetries of the scalars, eliminating some of
them to obtain mass terms trough the Stiickleberg mechanism and also Yang-Mills fields. The
former give rise to “Proca—Higgs balls”, stars and black holes [19,52] and the later to global
monopoles [57-60]. It should be possible to extend the methods developed here to study these
two kinds of solutions, as well to extend them to asymptotically-AdS solutions [61] for which
one can use the positive energy theorem of Ref. [62]. Work in this direction is already under
way [53].

We have also studied the generalized symmetric Ansatz used to construct all the known
boson star solutions, considering a generic case with an arbitrary group of isometries and
global symmetries. We have argued that this Ansatz should be understood as a different im-
plementation of the spacetime symmetries on the matter fields and not as a breaking of those
symmetries (“non-inheritance” [44]).

The obvious similarity that we have found between the integrability condition of this
Ansatz and the quadratic constraint of the embedding tensor formalism is quite remarkable
and calls for further study. It should be noticed that this Ansatz has been extensively used in
the context of generalized dimensional reduction and that it is also related to the construction
of “U-folds.” These intriguing connections deserve further study since they may lead to a com-
plementary understanding of the reasons for the existence of the boson star and hairy black
hole solutions considered in the literature.
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A General considerations on the generalized symmetric Ansatz

In this appendix we want to study the generalized symmetric Ansatz for arbitrary isometry
and global groups. We will mainly focus on scalar fields, for the sake of simplicity. Thus, we
assume

1. The existence of a group of isometries of the spacetime metric generated by the Killing
vector fields k,, = k,,"(x)J,, with Lie brackets

[km» kn] :fmnpk (A1)

p >
which may simply be a subgroup of the complete isometry group. The isometries we
are considering may be those of an internal space, if we are interested in a dimensional
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compactification Ansatz, or just part of the Ansatz for a boson-star, black-hole or any
other kind of solution.

The diffeomorphisms generated by those Killing vector fields act on the matter fields,
here represented by scalar fields ¢* parametrizing some target space, as

Om@™ =—£i ¢, (A.2)
where £ is the Lie derivative with respect to the vector field k,

£km¢x =lkm¢x Elm¢x. (AB)

2. The existence of a global symmetry group acting on the matter fields. On the scalar
fields that we are considering as an example, the generators are

019" =K (¢), (A.4)

where the Kj'(¢) are Killing vectors of the target space metric g, (¢) satisfying the Lie
algebra
(K1, K;]= fr,K . (A.5)

The generalized symmetric Ansatz assumes that the scalar fields are not symmetric under
the infinitesimal general coordinate transformations (GCTs) generated by the Killing vectors
of the spacetime metric, in the naive sense

£nd* =£ ¢* =0, (A.6)
but in a generalized sense [43]
S  =—£,0° +9,,'K, X =0. (A7)

Here the 9,7 are constants (we call them shift constants) and the above equation indicates
that the scalars are invariant under the GCTs generated by the spacetime Killing vectors up to
a global symmetry generated by a certain combination of the target-space Killing vectors K.

A.1 Consistency condition

The Ansatz Eq. (A.7) has to satisfy a consistency (or integrability) condition: if we act with
the Lie derivative with respect to a different spacetime Killing vector, we find

Enfnd* =0, £,K* =9,'0, K £,,¢7 = 0,0,/ K; Y8,k (A.8)

and, antisymmetrizing in m, n and using the definition of the Lie bracket, we get, up to a factor
of 1/2,
[£ma£n]¢x = _ﬁmlﬁnj [KI:KJ]X = _ﬁmlﬁanIJKKKX ’ (A.9)

where we have used Eq. (A.5). Using the fundamental property of the Lie derivative, Eq. (A.1)
and the linearity of the Lie derivative, we find that,

[£km’£kn] = £[km,kn] = £fmnpkp = fmnp£kp 5 (A].O)

and plugging this relation into Eq. (A.9) and using the Ansatz again, we arrive to the following
relation between structure constants and shift constants

fmnp'ﬁpK = _ﬁmlﬁanIJK . (A.11)
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We notice that this relation is formally identical to the so-called quadratic constraint of the
embedding tensor formalism.?’” In that formalism, the consistency condition Eq. (A.11) can
be seen to arise from the requirement that the embedding tensor be invariant. Here, if we
view the shift constants 9,,’ as objects an adjoint index m and another index I in some other
representation r of the spacetime symmetry subgroup, and transforming with matrices

l—‘Adj(Tm)pn Efmnpa 1—‘r(Tm)KJ = mIfIJKJ (A~12)

invariance means
Smﬁnl = 1ﬂAdj(Tm)pnﬁpI + 1—‘r(Tm)IJrﬁnJ = fmnpﬁpl + ﬁmjﬁanJKI = O: (A13)

which is the consistency condition Eq. (A.11).

This consistency condition imposes strong constraints on the possible Ansatzs. Let us
consider, for example, a 4-dimensional spherically-symmetric spacetime and let us focus
on the generators of the SO(3) isometry subgroup with structure constants f,,” = &pnp,
m,... = 1,2,3. It is evident that the shift constants can only be non-trivial if f; JK # 0 and,
therefore, one uses for the generalized symmetric Ansatz a non-Abelian subgroup of the target
space isometry group. In particular, for the very often considered case of a massive, complex,
Klein—Gordon scalar, which only has one available isometry, all the components of the shift
constants must vanish identically in the spherically symmetric case and none of the generators
of SO(3) can be used to define a generalized symmetric Ansatz. However, if the spacetime is
stationary and axisymmetric, those two commuting spacetime symmetries can be combined
with the phase shifts of the Klein-Gordon field as in Ref. [49]. This example was studied in
Ref. [43].

Observe that a trivial way to satisfy the constraint is to use identical spacetime and target-
space Lie algebras and shift constants which are proportional to Kronecker deltas.

A.2 Scalar charges and the generalized symmetric Ansatz

As we have explained in the main text, in the standard symmetric case, one can construct
2-form scalar charges satisfying a Gauss law using the invariance of all the fields under the
diffeomorphisms generated by Killing vector, which implies the invariance of the on-shell-
closed Noether—Gaillard-Zumino (NGZ) 3-form currents (see Eq. (42)) 6;J 1.38 This leads to
the on-shell closedness of the interior products of the Killing vector k,, and the NGZ 3-forms
di,,J; =0, which we can use as 2-form scalar charges Q,,,; = 1,,,J;.

This mechanism does not work in the generalized case, in which we have

5mJI == _dlmJI _ldeI +/ﬁmJ5JJI

. (A.14)
= _dlmJI + 'ﬂmeJIKJK = 0,
except when one uses Abelian global symmetry groups.
In the non-Abelian case, though, we can define on-shell 2-forms B;
J;=dB;, (A.15)

that can be seen as the duals of the scalar fields [55,64] and we can rewrite the above expres-
sion as a total derivative
d (1,dB; — 9, f;,/XBg) =0, (A.16)

which allows us to define the on-shell-closed 2-form scalar charges

Qus = 1, dB; — 8, f11" B, dQu;=0. (A.17)

%7See, e.g. Eq. (3.57) in Ref. [63].
38Here, J, is the NGZ 3-form current associated to the global generator labeled by I.
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B The (restricted) generalized zeroth law for the electrostatic and
magnetostatic potentials

If we define the electrostatic and magnetostatic potentials through the momentum map equa-
tions (64) and (66) that we reproduce here for the sake of convenience

yF+d®=0, (B.1a)
LF+déd=0, (B.1b)

using the Killing vector k = 9, — QyJ,, that satisfies k220 and k 2 0, we immediately find
that these potentials are constant on BH.:

deo, (B.2a)
a8 2o, (B.2b)

In Ref. [23] this property has been called the restricted generalized zeroth law, since it is a
restriction of the standard generalized zeroth law which says that they are constant over the
whole H to BH. The generalized zeroth law follows from the restricted one and from the
equations

3, d® =0, (B.3a)
lkd‘i> = O, (BSb)

which are obtained by taking the interior product of the momentum maps equations with k.
The standard derivation of the generalized zeroth law>’ that does not relie on the existence

of a bifurcation surface but needs, instead, the Einstein equations from which Eq. (55) follows.
Applying this identity to the energy-momentum tensor of the Maxwell field we find*°

4 F -y F i 0, (B.4a)
lkﬁ' . lkﬁ' 2 O, (B4b)

which implies that ;. F and 1 F are null in H. Since 11, F = 1,1, F = 0, the only possibility is
that

=
=

1 (B.Sa)

"
PERES
>

153 ) (B.5b)

where kis the 1-form dual to the Killing vector k, that is k= k,dx". Using the momentum-map
equations, it follows that

knde 2o, (B.6a)
kndd 2o, (B.6b)

which, together with Egs. (B.3) implies that ® and & are constant over .

Here it is important that these functions are defined as momentum maps with respect to
k = 8, —Qyd,. The purely electrostatic and magnetostatic potentials that would have been
obtained in k = J; do not have this property. The electric and magnetic charges are the same

39See, for instance Ref. [65].
40The Maxwell energy-momentum tensor is invariant under the replacement of F by «F = F.
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on the horizon and at infinity because they satisfy Gauss laws and they no longer need to
vanish.
Finally, observe that, as a consequence of the generalized zeroth law,

L F2o0, (B.7a)
LFZ2o. (B.7b)

A generalization of these results when there are several gauge and scalar fields can be
found in footnote 36 in page 24.

C A generalized stationary solution of the Maxwell equations in
Minkowski spacetime

In this appendix we want to show how to find solutions of the Maxwell equations and Bianchi
identities satisfying the generalized symmetric Ansatz Eqgs. (77) with k = &,. It is convenient
to work with the gauge fields A, A because the Maxwell equations and Bianchi identities are
automatically satisfied and we only need to demand the self-duality condition Eq. (75). Thus,
we are going to use the formulation of the generalized symmetric Ansatz for gauge fields
Egs. (88). We also make the Ansatz/gauge choice y; = 7, = 0 that reduces Egs. (88) to

A WA
3t(A)=(_wA), (C.1)

which, working in Cartesian coordinates, can be solved by
A=A, =0, A,=cos(wt)f,(x), A,=sin(wt)f,(x), m,n,p,...=1,2,3. (C.2)

The solution will satisfy the self-duality condition Eq. (75) if the time-independent f,,,(x) sat-
isfies the equation

EmnpOnfp = —Wfm = Onfm=0. (C.3)
This equation is solved in spherical coordinates by
A + Bssi t
f=o, f,=Acs(er)*Bsin(wt) f, =—Asin(wr)+Bcos(wr),  (C.4)

sin 0
where A and B are integration constants.

This solution oscillates in time and space and the components of the gauge fields are sines
or cosines of w(t +r). The components Fy,, and Fy o, vanish identically and so do the electric
and magnetic charges. The non-vanishing components of the energy-momentum tensor do
not decay fast enough at infinity but they are time-independent, as expected:

2042 4 p2
A“+B
_M T,, = —sin% O Tyy ~ 4w3ABsin (ewr)cos (wr). (C.5)

Ty =T~ >
r2sin? 0 ve
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