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Abstract

We consider the coupled set of spectral Dyson-Schwinger equations in Yang-Mills theory
for ghost and gluon propagators. Within this set-up, we perform a systematic analytic
evaluation of the constraints on generalised spectral representations in Yang-Mills theory
that are most relevant for informed spectral reconstructions. Furthermore, we provide
numerical results for the coupled set of ghost and gluon spectral functions for a range
of potential mass gaps of the gluon, while allowing for small violations of the spectral
representation. The analyses are accompanied by thorough discussion of the limitations
and extensions of the present work.
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1 Introduction

The complete access to the hadronic bound state and resonance structure and to the non-
perturbative dynamics of QCD at finite temperature and density requires the computation
of timelike correlation functions. In functional approaches, such as the functional renor-
malisation group (fRG) or systems of Dyson-Schwinger—Bethe-Salpeter-Faddeev equations,
the respective computations are carried out numerically, which requires a numerical non-
perturbative approach to timelike correlation functions.

In [1] a spectral functional approach has been put forward, that utilises generalised spectral
representations of correlation functions. This approach has been exemplified at the example
of spectral DSEs in a ¢ *-theory. Moreover, consistent spectral renormalisation procedures have
been constructed, which allow for a gauge-consistent regularisation in gauge theories. This
framework has been used in [2] for the computation of the ghost spectral function in Yang-
Mills theory. The latter result has been obtained from the spectral DSE of the ghost two-point
function in Yang-Mills theory, using reconstruction results from [3] for the gluon spectral func-
tion as an input. Both works are based on the standard Killén-Lehmann (KL) representation
of propagators or their dressing functions. In particular, [2] confirms the existence of the KL
spectral representation for the ghost subject to one for the gluon, in the approximation used.

In the present work, we extend these analyses to the coupled set of spectral DSEs for
the ghost and gluon propagators in Yang-Mills theory. Its numerical solution provides self-
consistent results for ghost and gluon spectral functions, which we obtain while allowing for
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small violations of the respective spectral representations. Apart from the numerical results,
the spectral set-up allows us to unravel much of the intricate spectral structure of the Yang-
Mills two-point functions in a fully analytic fashion. In summary, the present work serves a
two-fold purpose: First, the results presented here constitute an important step towards full
self-consistent functional resolution of timelike correlation functions which gives the access to
the interesting scattering and resonance physics in QCD mentioned above. Second of all, both
the numerical and the analytic results on the complex structure of ghost and gluon propagators
provide non-trivial constraints for spectral reconstructions as well as direct computation of
timelike propagators in Yang-Mills theory and QCD. Importantly, these constraints can be used
to qualitatively improve the systematic error of these computations.

A first application of the latter structural results is the re-evaluation of the systematic error
of existing computations. The results have the potential of significantly reducing the systematic
uncertainties: In recent years, ghost and gluon spectral functions in Yang-Mills theory and QCD
have been reconstructed from numerical data of Euclidean ghost and gluon propagators, see
e.g. [3-8]. Direct computations have also been put forward, either perturbatively, e.g. [9,10],
with non-perturbative analytically continued DSEs [11,12], or in a spectral approach [2,13].
While these direct computations unravel interesting structures, they are still inconclusive.

We close the introduction with a bird’s eye view on this work: In Section 2, we briefly
review the basics of Yang-Mills theory and the spectral representations of gluon and ghost are
discussed. In Section 3 we set up the coupled Yang-Mills system of gluon and ghost propagator
DSEs in a spectral manner. Section 4 is devoted to a discussion of the complex structure of
Yang-Mills theory based on the spectral formulation introduced in Section 3. In particular, we
evaluate the non-spectral scenario of a pair of complex conjugate poles in the gluon propagator.
In Section 5, we present numerical solutions to the coupled DSE system of Yang-Mills. Section 6
contains a conclusion and a discussion of the consequences of our combined results.

2 Yang-Mills theory and the spectral representation

We consider functional approaches to 3+ 1-dimensional Yang-Mills theory with N. = 3 colours
in the Landau gauge, see [14-19] for fRG and [20-26] for DSE reviews. The gauge-fixed
classical action is given as

Sym = f 2F =0 Dabct + —g(a AC )2} 1)

where & denotes the gauge fixing parameter and f = f d*x. Landau gauge is given in the
limit £ — 0. Note that in (1) we have chosen a positive dispersion for the ghost. The field

strength, F,,,, and covariant derivative D,, in the adjoint representation, are given by

— be pb
FO, = 9,A% —9,A% + g f oAb Ac

Dab 5aba fabcAc (2)
with the usual structure constants f ¢ of SU(3).
The functional relations derived from (1) are one-loop exact in the fRG approach, and two-

loop exact in the DSE approach, since the highest primitively divergent vertex is a four-point
function. In both approaches the propagator plays a fundamental role,

(¢:i(P)P;(D)e = (27)*6(p + @) Ty, ,(P) Gy, (P) (3)
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where the subscript . stands for connected. The fields in (3) are ¢ = (A,,c,¢), and the tensor
7;51_% (p) carries the Lorenz and gauge group tensor structure. The scalar parts of the propa-
gators are given by G, = G, G... In the Landau gauge, the gluon propagator is transverse,

a a PuP
TP =61, (p), T (p)=6,,— ;;, )

and ITt denotes the standard transverse projection operator. For the computations, we
parametrise the scalar part G, of the gluon propagator as,

1

Zu(p)p?’
where the gluon dressing function is given by 1/Z,(p). Note that this convention might differ
from other DSE related works and is more similar to fRG related conventions. Similarly, for

the ghost we have a simple tensor structure 7;‘§b = 5% and we choose to parametrise the
scalar part as

Ga(p) = (5)

1

Z.(p)p*’

with the ghost dressing function 1/Z.(p). We will compute (6) for general complex momenta,
of course including timelike ones. Extensions of correlation functions to the complex plane are
particularly interesting, in view of their relevance for the self-consistent treatment of bound-
state problems, see, e.g. [27-29].

If the KL spectral representation [30, 31] is applicable, a propagator G can be recast in
terms of its spectral function p,

Gc (p) = (6)

. ®drrpg(A, 18D
G¢(P0,|P|)=f Lo (7)

o T Ppi+Az

The spectral function naturally arises as the set of non-analyticities of the propagator in the
complex momentum plane. If (7) holds, the non-analyticities are restricted to the real mo-
mentum axis. Equation (7) directly implies the following inverse relation between the spectral
function and the retarded propagator,

P, |Bl) =2Im Gy (—i(w +i07), |B)), €y

where w is a real frequency and 0" implies that the limit is taken from above. Note also that
Lorentz symmetry allows us to reduce our considerations to p = 0 and then use p(z) — p2.
Hence, for the remainder of this work, |p| will be dropped.

Formally, the ghost propagator is expected to obey the KL-representation [32, 33], if the
corresponding propagator is causal. Also, recent reconstructions [6,7] and calculations [2]
show no signs of a violation of this property. The ghost spectral function must exhibit a single
particle peak at vanishing spectral value, with residue 1/Z.. In addition, a continuous scat-
tering tail is expected to show up in the spectral function via the logarithmic branch cut. This
leads us to the general form of the ghost spectral function,

pe)= =8 4 5 (), ©)
. W
where §, denotes the continuous tail of the spectral function and 6(w)/w has to be understood
as a limiting process 5(w —0")/w.
Inserting (9) in (7) leads us to a spectral representation for the ghost dressing function,
1, ((dA2AA)

= — + . 10
Z.(p) Z9 P T p2+ A2 (10)
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Figure 1: Ghost-gluon vertex dressing Ai\cclg

ing Agcsl)(p,q) (right), see (14) resp. (17). The data is taken from [3]. The dressing

functions are shown at the symmetric point p? = g% = (p +q)? for scaling and lattice-
type decoupling solution, more details can be found in [3].

(p,q) (left) and three-gluon vertex dress-

It has been shown in [2] that the ghost spectral function obeys an analogue of the Oehme-
Zimmermann superconvergence property of the gluon [34,35]. Expressed in terms of the
spectral representation of the dressing it reads

dA 1
J —ApA)=——5 (11)
T

5"
ZC
Equation (11) entails that the total spectral weight of the ghost vanishes. A generic discussion
can be found in [2,36].
The situation for the gluon is rather similar, as it has a spectral representation under the
same conditions as the ghost, i.e. the propagator must be causal. In this case we are led to

2 dA A pa(A
Galp) = f A 2pA2) (12)
0

T p2+ A2’

which is covered by (7). The associated sum rule is

*da
0 TT

the Oehme-Zimmermann superconvergence relation [34, 35]. In summary, both, ghost and
gluon spectral function have a vanishing total spectral weight: (11) and (13). Note that
the validity of the underlying assumptions is subject of an ongoing debate; for results and
discussions, see, e.g. [2-4,6,10-12,37-45].

Independent of this debate, the IR and UV of the gluon spectral function are fixed from an-
alytic considerations, a detailed discussion thereof can be found in [3]. We briefly summarise
it here: In Landau gauge, both, the IR and UV, the spectral function is negative. In the UV this
simply follows from perturbation theory [34,35]. For the IR, the situation is more intricate.
In order to make statements, one requires that the gluon propagator is analytic in the finite,
open semicircle in the upper half plane around the origin. This includes the Euclidean domain,
and e.g. (7) meets this criterium. With this at hand, it can be shown that the gluon spectral
function is negative in the IR, owing to the contribution of the ghost loop. More details of the
derivation and explicit analytic forms can be found in [3].
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3 Spectral DSEs of Yang-Mills theory

In this section, we set up the spectral Yang-Mills system in order to compute the gluon and
ghost spectral function p, and p..

3.1 Vertex approximation

The full ghost-gluon vertex consists of two tensor structures, see e.g. [46-48],

[Dae 122(p, q) = if **[qu Ao (P, @) + Pu A (P, @)1, (14)

and the momentum arguments p; in our vertices Ty ..4 (P1, ..., Pp—1) always indicate the in-
coming momentum of the field ¢;. In (14) we have the incoming gluon momentum p and
anti-ghost momentum g, and we have dropped the momentum conserving 6-function.

The ghost-gluon vertex is subject to Taylor’s non-renormalisation theorem, and does not
require renormalisation in the Landau gauge. Within our MOM-type scheme, the dressing
functions are set to unity at the renormalisation point uyg, i.e., Z4(Uze) = Z.(Uze) = 1. Accord-
ingly, the classical ghost-gluon dressing reduces to the strong coupling g, at the renormalisa-
tion point, which typically is chosen to be the symmetric point, p? = g% = (p + q)?, or the soft
gluon limit, p — 0,q% = u?. In short,

20,9 =g (15)
UrG
We emphasise that (15) is not an RG-condition, it is a consequence of the non-renormalisation
of the ghost-gluon vertex. Moreover, the non-classical dressing in (14) is proportional to the
gluon momentum and hence drops out of the ghost DSE due to the transversality of the Landau
gauge gluon propagator.

The lack of a logarithmic RG running also leads to a very mild momentum dependence
of the vertex, see e.g. [46,48-56]. In the left panel of Figure 1 the ghost-gluon vertex data
from [46] is depicted at the symmetric point p?> = q®> = (p + q)? for both, the scaling solu-
tion and a lattice-type decoupling solution. For further explanations, we refer to the detailed
discussion of [46,47].

In the present work we neglect the mild momentum dependence and identify the vertex
dressing Al(qcc_lc) with its value at the renormalisation point, (14), to wit,

Me(p, @) ~ &, (16)
which should only introduce a small systematic error for our Euclidean results.

The three-gluon vertex can be parametrised by ten longitudinal and four transverse tensor
structures. In the Landau gauge, only the transverse ones contribute, the dominant being the
classical tensor structure [57]. Neglecting the subleading tensor structures, the three-gluon
vertex can be written as

[r12% (0, @) = if P 2 (0, D LTS Lvo (2 0D %)
with the classical Lorentz structure 7;‘(3C D defined as
[T:?,Cl)]uvp(p: CI) = (p - q)vé,up + (2q +p),u,6vp - (2p + q)p 5/,“) . (18)

At the symmetric momentum configuration, the dressing function AIE;D gets negative in the
deep IR region and rising for increasing momenta [46,55,58,59] due to its anomalous dimen-
sion, see right panel of Figure 1. Since the ghost loop is known to dominate the gluon gap

6
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equation in the IR, we approximate the dressing function by its counterpart at the renormali-
sation point, as already done for the ghost-gluon vertex, (16),

AP, ~ g, (19)

with g, being the strong running coupling g,(p) at the renormalisation scale p? = u2. This
yields a considerable technical simplification, since the real-time nature of the spectral ap-
proach requires all momentum integrals to be solved analytically, as discussed in detail in [2].
However, in contradistinction to the approximation in the ghost-gluon vertex this introduces a
sizeable systematic error due to the sizeable momentum dependence shown in the right panel
of Figure 1. Accordingly, we expect our results to be of qualitative nature, and the systematic
error can be evaluated by comparing the results to those obtained in quantitatively reliable ap-
proximations within functional approaches, e.g. [46,55] and on the lattice, see e.g. [60-62].
We emphasise that our approach is by no means restricted to classical vertices: Quan-
tum corrections may be duly accounted for, as long as the momentum loops involved can be
integrated analytically. Especially, upon construction of spectral representations for higher n-
point-functions, see e.g., [63-75], fully dressed vertices of general form can be included. In the
present work, we restrict ourselves to classical ones, as this allows us to study the emergence
and interrelations of poles and generic complex structures of the propagators themselves.

3.2 Spectral DSEs

In the Landau gauge, functional relations of transverse correlation functions are closed: They
do not depend on the longitudinal sector due to the transversality of the gluon propagator,
see [19, 46, 76]. For the present coupled set of propagator DSEs this entails that the gluon
two-point function, lﬁ)’”, does not enter in the system: Neither the loop in the ghost DSE nor
those in the gluon DSE depend on it. The ghost and gluon gap equations can be reduced to
DSEs of the respective scalar parts, and we use the parametrisation,

(L2128 (p) = TI ()5 Za(p)p?, (20)

[r@1(p) = 67, (p)p?.

The dressings Z, (p) in (20) can be conveniently written in terms of the respective self energies,
to wit,

Zu(p)p® = Z3p* — Zaa(p), (21)
Zc(p)p2 = ZBPZ - Zéc(p),

with the renormalisation constants Z5 and Z5 associated with the gluon and ghost fields. They
contain the counter terms, that lead to finite loops as well as adjusting the renormalisation
conditions in their respective DSEs.

Similarly, the classical ghost-gluon and three-gluon vertices in Figure 2 contain the respec-
tive renormalisation constants Z; and Z;, i.e.

Spee(P, ) = —Z,ig,fp, (22)
S (p,q) = Zyig fLTS 17 (p, q)-

As for the propagators, they contain the counterterms leading to finite loops and adjusting
the renormalisation conditions in their respective DSEs. However, the ghost-gluon vertex does
not require renormalisation in the Landau gauge, and we do not consider vertex DSEs. Ac-
cordingly, their consistent choice is Z; = Z; = 1, which is implemented later. For the time
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Figure 2: Diagrammatic representation of the Dyson-Schwinger equations for of the
inverse gluon and ghost propagator. Blue dots represent full 1-PI vertices. Internal
lines stand for full propagators.

being, we keep the renormalisation constants as they elucidate the systematics of the spectral
renormalisation applied in Section 3.3.

The gluon and ghost self-energies >4 and %, in (21) contain all quantum corrections of
the two-point functions, and are determined via their respective propagator DSEs. While the
ghost DSE is one loop closed, the gluon DSE is two-loop closed, and we have dropped the two-
loop diagrams. The corresponding system of DSEs for gluon and ghost two-point functions
in (20) is depicted in Figure 2, with the notation as defined in Figure 3. The self-energies
are then just given by the sum of all loop diagrams. We recast the gluon self-energy defined
in (21) in terms of its two contributing one-loop diagrams as

1
Zaalp) = E (Dgluon(P) - Dghost(p)) 5 (23)

where Dy,op represents the gluon and Dy, the ghost loop. With the classical vertex approx-
imation discussed in Section 3.1, we arrive at

Dgluon = gZCAZIHtv(p)J GA(p + q)Hj_g(p + q)GA(q)Hi_ﬁ (q)[7:43 ],uay(p: q)[7;13]5ﬂ v(_q,_P),
q

Dagnost = &7CaZy 11, (p) f G.(p)G(p+q,(p+q), - (24)
q

Here, C4 = N, is the second Casimir for SU(N,) in the adjoint representation.
The ghost-self energy (21) reads,

Y
See(p) = §2CaZ f (- %—3)) GA(@)G(p+ ). 25)
q

Now we recast the diagrams in (23) and (25) in their spectral form, using the KL represen-
tation (7) for both gluon and ghost propagators and contracting the Lorentz structure in (24)
and (25). This leads us to

1 1
Datuon = &°N.Z A A5) | V(p, , 26
gluon = & 1£L1,M Pa(A1)pa( Z)L (p Q)q2 2R A2 (26a)
with
V(p, @) = T (P55 (p + )T g (DL Too ey (P D[ Tas Jspo(—4 =), (26b)
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S(n,) _

G = - ®

Figure 3: Diagrammatic notation used throughout this work: Lines stand for full
propagators, small black dots stand for classical vertices, and larger blue dots stand
for full vertices.

for the gluonic diagram in the gluon DSE. The function V defined in (26b) captures all mo-
mentum dependencies arising from contracting the Lorentz structure of vertices and projection
operators in (24).

The ghost diagram is given by

- (p-q@?y 1 1
Do = g2N.7 A A 2_ ) 26¢
ghost = §2NcZ1 fmpc( Do Z)L(q = )q2+xf(p+q)2+xg (260)

Finally, the spectral representation of the ghost DSE reads,

Z:Ec(p) = gch21J

A1,

2 PPy 1 1
— 2
PAOP(2) L R sy B

with p, and p, the gluon and ghost spectral functions, respectively, and f 5 = fooo dAA/T.
The momentum integrals are regularised with dimensional regularisation. Importantly, this
makes both, the momentum and spectral integrations, finite, and allows us to interchange the
order of spectral and momentum integration, as done in (26).

3.3 Spectral renormalisation

The momentum integrals in (26) involve two classical propagators with spectral masses A;
and A, These are readily computed in d = 4 — 2e dimensions; for the computational details
and the final expressions see Appendix B. This leaves us with two spectral integrals.

Naively one could try to resort to a momentum space subtraction scheme by simply drop-
ping the 1/e-term arising from the momentum integration. However, the spectral integrals
suffer from the same superficial degree of divergence as their respective momentum integral,
and this naive implementation of a MOM scheme does not work. This is a generic feature in
the spectral DSE, for a thorough discussion see [1]. There we have set up two spectral renor-
malisation schemes: spectral dimensional renormalisation and spectral BPHZ renormalisation,
both exploiting the advantageous properties of dimensional regularisation of the momentum
loop, but treating the spectral divergences differently.

Spectral dimensional renormalisation also treats the spectral integrals in dimensional reg-
ularisation, hence manifestly respecting all internal symmetries of the theory, including gauge
theory. This property entails that the gluon gap equation in Yang-Mills theory has no quadratic
divergence in spectral dimension renormalisation, and only logarithmic divergences related to
the gluon wave function renormalisation are present.

In turn, in spectral BPHZ renormalisation quadratic divergences are present, which is a
well-known property of the BPHZ scheme in gauge theories and originates in it being a mo-
mentum cutoff scheme. For a detailed discussion see [14,46,77,78] where also the direct link


https://scipost.org
https://scipost.org/SciPostPhysCore.8.3.048

e SciPost Phys. Core 8, 048 (2025)

to Wilsonian cutoffs in the fRG approach and the ensuing modified Slavnov-Taylor identities
(STIs) is discussed. In short, momentum cutoff schemes such as BPHZ-type schemes necessi-
tate a gluon mass counterterm, which is adjusted such that the STIs are satisfied. Accordingly,
the occurrence of mass counterterms in Yang-Mills theory in a BPHZ-type scheme is a property
of the scheme and restores gauge consistency and does not (necessarily) signal its breaking.

In the present spectral BPHZ set-up, the spectral divergences are cured by introducing
counterterms, including a gluon mass counterterm, through the renormalisation constants
in (21) and taking € — 0 before computing the spectral integrals. Then, gauge invariance is
restored by adjusting the finite part of this counterterm such that the STIs are satisfied at the
level of the renormalised correlation function. For discussions about the treatment of quadratic
divergences in functional approaches to Yang-Mills theory, see e.g. [46,47,55].

In summary, this amounts to a modification of the gluon DSE in (21) according to

Z(p)p* = Z3p* + 15— Taa(p), (27)

where the mass counterterm rﬁf‘ is chosen such that the quadratic divergence in X,4 is can-
celled. This already effectively absorbs the tadpole in the gluon DSE into the mass counterterm.
The ghost self-energy ;. only carries a logarithmic divergence proportional to p?, which
can be subtracted by a proper choice of Z;. Within spectral BPHZ renormalisation, the coun-
terterms are chosen to be proportional to the respective self-energies X, evaluated at some RG
scale u, .. We use standard renormalisation condition for the (inverse) dressing functions,

2

m
Za(peg) = 1+, (282)
RG

ZC(DLLRG) = 1 .

These renormalisation conditions are implemented by the respective choice of the renormali-
sation constants Zs, rﬁf‘ and Z; as

Taa(lge)
Zs=1+ AA—ZMRG (28b)
MRG
2 = m2 + Saaiy),
[ ZEC(AU’RG)
Zy=1+—,
MRG

augmented with Z;,Z; — 1, reflecting the lack of vertex DSEs. For a detailed discussion of
self-consistent MOM-type RG conditions for DSEs (MOM in DSEs and MOM? in fRG equations
and DSEs), see [79]. Eventually, this leads us to the renormalised system of DSEs for the gluon
and ghost dressing functions,

p?— 2
Z(p)p* = p*+mi — |:ZAA(p) —Yaalu,) (1 + “—ZRG)] ,

2
Z(p)p*=p*— [Eac(p) — %ZEC(MRG)] : (29)

In perturbative applications the mass parameter mf\ is chosen such that the gluon two point
function has no infrared mass, tantamount to Z,(p)p?> — 0 for p — 0. This is the require-
ment of perturbative BRST symmetry, implying the equivalence of the transverse mass and the
longitudinal one, and the latter vanishes due to the STI. In (29) this amounts to

m5 = £4(0), (30)

10
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which reinstates perturbative gauge consistency with a massless gluon within the BPHZ-
scheme.

In the IR, mf‘ is linked to the dynamical emergence of the gluon mass gap in QCD, and its
explicit choice of mf\ will be discussed in Section 5.

3.4 Evaluation at real frequencies

Apart from the integration over real spectral parameters A, the renormalised DSEs in (29) can
be evaluated analytically for general complex frequencies. For the extraction of the spectral
functions with (8) we choose p, = —i(w+i0"). This leads us to the Minkowski variant of (29),

2., ,.2
Zy(w)w? = wz—mf‘+ |:2AA(w) —Zaalu,) (1—%)] s (31a)

RG

2
Zc(p)(")2 = (’)2 + [Zéc(w) + :)_ZZEC(AU'M)} s (31b)

RG

where, in a slight abuse of notation, we define %(w) = Z(—i(w +i0™)).

The explicit spectral integral expressions for the self-energies and their renormalised coun-
terparts can be found in Appendix B. The remaining finite spectral integrals have to be com-
puted numerically, and the spectral functions p, 4(w) are given with (8) as

2 1
pAuo)=-—Z;¢nl[ZA&U)], 32)

for the gluon spectral function and

T 2
pelw) = 7-6(0%) — = Im]|

c

@
) (33)
Z(w)
for the ghost spectral function.
The combination of (31), (32), (33) allows us to compute both gluon and ghost spectral
functions p, and p. as well as the respective propagators for complex frequencies, and in
particular for spacelike (Euclidean) and timelike frequencies.

3.5 Iterative procedure

The spectral DSEs for ghost and gluon propagator (31) are solved using an iteration procedure,
discussed in detail in [1], and briefly reviewed below:

Assuming spectral representations for ghost and gluon propagator, the gluon spectral func-
tion pg), obtained after the i-th iteration step with input pgi), is inserted together with pgi)
into the spectral integral form of ¥;.(p), on the right-hand side of (31b). Then, by means of

(33), we arrive at the (i + 1)-th ghost spectral function, pgi“). In turn, pg”l) is then inserted

together with pg) into the spectral integral form of %4,(p), on the right-hand side of (31a).
With (32), we then obtain pgﬂ). This iteration is repeated until simultaneous convergence
for both spectral functions has been reached. The iteration commences with initial choices for
pa and p,.. Along with convergence properties, these choices are discussed in Appendix H.
Attempts to solve the system for p, and p. via a Newton’s optimization scheme in a purely
spectral manner should worse convergence properties than the iterative approach. For this

reason, the optimization approach was not pursued further.
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4 Complex structure of Yang-Mills theory with complex conjugate
poles

In this section, we analytically show that a gluon propagator with a simple pair of complex con-
jugate poles cannot be part of a consistent solution of the coupled DSE system for Yang-Mills
propagators in the Landau gauge with bare vertices. This analysis is presented in detail in Ap-
pendix D.1 and Appendix D.2, and makes use of the spectral DSE set up in Section 3. Note that,
while building on spectral representations, the spectral DSE is also suitable for studying prop-
agators violating the ordinary KL representation, but obeying more general spectral/integral
representations including complex poles.

Before presenting the conclusions of this analysis, we provide a brief overview of results
on spectral representations in YM theory and discuss the manifestation of single pairs of com-
plex conjugate poles in Section 4.1. This is followed by a discussion of the generic impact of
singularities in coupled sets of functional equations as well as the requirements for conclusive
studies in Section 4.2.

4.1 Complex structure of Yang Mills propagators

The complex structure of the Yang-Mills propagator, and specifically the gluon propagator,
is the subject of an ongoing debate. Axiomatic formulations of local QFTs forbid the exis-
tence of any further non-analytic structures beyond the real frequency axis for propagators of
asymptotic states. It has been argued that this also applies to gauge theories, and in particu-
lar the case of the gluon propagator [39,41,80]. Scenarios such as complex conjugate poles
are nevertheless used in reconstructions of the timelike structure of the gluon propagator, see
e.g. [6,10, 12,37, 38,40, 42-45]. However, precision reconstruction of Yang-Mills propaga-
tors in a purely spectral manner and without complex conjugate poles has successfully been
performed in [3,4,8,81]. Gauge dependence of spectral functions and analytic properties of
propagators has been studied, e.g., in [82,83].

In Appendix D.1 and Appendix D.2 we investigate the consequences of a single pair of
complex conjugate poles in the gluon propagator on the complex structure of Yang-Mills theory
fully analytically. While being not fully general, this scenario represents the simplest and so
far only considered case of violation of the spectral representation, both in reconstructions and
analytic considerations.

The spectral formulation employed in Section 3 enables us to study the general complex
structure of ghost and gluon DSE, as it covers a large class of functions for the propagators
and is by no means restricted to propagators satisfying the KL representation (7). In partic-
ular, a gluon propagator with a pair of complex conjugate poles is realised by collapsing the
(gluonic) spectral integrals at complex spectral values corresponding to complex conjugate
pole positions, multiplied by the respective residues. Within the iterative approach to solving
DSEs described in Section 3.5, we are able to track the propagation of these non-analyticities
through the iterations of ghost and gluon DSE. This is done in an expansion about the fully
analytic spectral parts of all the diagrams. In other words, we only consider the contributions
arising from adding the holomorphicity violating complex conjugate pole part of the gluon
propagator.

Explicitly, for both, ghost and gluon, propagators we will employ the parametrisation

G=G"+Gx. (34)

The non-spectral part G* encodes the respective violation of the KL representation, either
directly given by the complex conjugate poles as for the gluon, or for the ghost induced by the
complex conjugate poles. The spectral contribution G is given by the KL representation (7)
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Figure 4: Propagation of non-analyticities in the coupled Yang-Mills system with bare
vertices. The displayed calculation is fully analytic. Complex poles in the gluon prop-
agator cause additional branch cuts off the real axis in the ghost propagator, as shown
in the plot on the right (see Figure 11 for full size). Hence, the Killén-Lehmann
representation of the ghost is violated. These additional branch cuts generate cor-
responding additional branch cuts also in the gluon propagator via the ghost loop,
demonstrated in the bottom left figure (see Figure 13 for full size). This violates the
initial assumption of just a single pair of complex poles in the gluon propagator. In
consequence, a single pair of complex poles cannot feature alone in consistent solu-
tions in our truncation. The explicit analytic computation is presented in Appendix D.

of the respective propagator. With the spectral-non-spectral split (34), the contributions to
the single diagrams can be ordered in powers of non-spectral contributions G¥ entering. We
only consider one-loop diagrams with two propagators in the spectral DSE setup of Section 3.
Hence, the contributions coming from the additional non-analyticities that we will consider
here are given by GX'G¥, (G*)2. The ordinary spectral part is constituted by (GX-)2.

4.2 Propagation of non-analyticities

The systems of DSEs are integral equations, typically solved within an iterative procedure. In
such an iteration, non-analyticities off the real frequency axis propagate through the system by
the iteration. Here, we use this mechanism to study if complex poles allow for an analytically
consistent solution to Yang-Mills theory. Our main results can be summarised as follows:

In Yang-Mills theory with bare vertices, a pair of complex poles in the gluon propagator

1. violates the Kdllén-Lehmann representation of the ghost and

2. cannot be part of an analytically consistent solution of Yang-Mills theory without additional
branch cuts in the complex plane.

These results are obtained by the following analysis: We assume a gluon propagator with
only a single pair of complex poles. Via the ghost self-energy diagram, these poles induce
additional branch cuts off the real frequency axis in the ghost propagator. Hence, the spectral
representation of the ghost propagator is violated. The additional cuts in the ghost propagator
can be represented via a modified spectral representation. We use this representation to study
the back-propagation of these additional cuts into the gluon propagator via the ghost loop
of the gluon DSE. There, we observe that the cuts likewise induce branch cuts off the real
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frequency axis in the gluon propagator. This is at odds with the initial assumption of a single
pair of complex conjugate poles. A consistent solution in the above scenario, involving a single
pair of complex conjugate poles as well as bare vertices, is hence ruled out: An analytically
consistent solution at least needs to be accompanied by the respective pair of branch cuts.
The explicit calculation is carried out in Appendix D. We visualise the propagation of non-
analyticities in the system in Figure 4. Note also that the performed analysis is independent
of possibly different infrared scenarios such as scaling, decoupling or massive solutions.

If the non-trivial vertices do not annihilate the additional complex singular structures, this
mechanism readily carries over to the full Yang-Mills system. The former annihilation either
requires a respective ghost-gluon vertex that counteracts the loss of the spectral representation
of the ghost, or combinations of diagrams and vertices in the gluon gap equation prohibit the
back-propagation of the additional branch cuts of the ghost.

While a full analysis goes far beyond the scope of the present work, we briefly evaluate the
above-mentioned simplest possibility: a non-trivial complex structure in the classical dressing
of the ghost-gluon vertex that counteract the effects of complex conjugate poles in the gluon
propagator in the ghost DSE. This is seemingly reminiscent of the cancellation of complex
poles in the electron propagator in QED: There one can solve the electron gap equation under
the assumption, that the photon enjoys a spectral representation. Then, the solution of the
electron gap equation with bare electron-photon vertices leads to complex conjugate poles
for the electron. These artefacts disappear if dressed vertices are used, that satisfy the Ward-
Takahashi identity. The latter vertex dressings are proportional to differences of the wave
functions of the electrons, balancing the (inverse) wave function in the propagator.

This mechanism in the electron gap equation in QED does not apply to the ghost DSE in
QCD. First, the ghost shows additional branch cuts, not complex poles as the electron prop-
agator in the scenario discussed above. Second, these branch cuts are due to complex poles
in the gluon propagator, which was shown in [2]: There, it was shown that using a spectral
gluon propagator and bare vertices, complex poles are absent in the ghost, and the spectral
representation is intact. Furthermore, no sign for a loss of the ghost spectral representation
has been hinted at in all investigations so far. A cancellation of the complex singularities of
the gluon in the ghost gap equation hence needs to involve the ghost-gluon vertex’s scattering
kernel that is usually left out in the STI construction. We consider such a delicate balance
scenario as unlikely, and it has no counterpart in similar or seemingly similar systems in the
literature.

Note that this assessment is merely an interpretation of our structural results. We empha-
sise that a conclusive analysis of the complex structure of the Yang-Mills system requires a fully
non-perturbative study, as the dynamical emergence of the gluon mass gap is non-perturbative.
It is difficult to envisage such a fully analytical study in the near future, and a numerical study
almost by definition has to rely on approximations and hence lack a fully conclusive nature.
This is already evident from the present study, as we only can exclude complex conjugate poles
in the present approximation.

The above arguments emphasise the difficulty of studies in Yang-Mills theories, so one
may first study variants thereof: In the past decade many studies have also exploited massive
extensions of Yang-Mills, as for example formulated in terms of the Curci-Ferrari (CF) model
with mass terms for ghosts and gluons [84-86]. This approach only constitutes a model for
Yang-Mills theory due to the presence of an additional relevant parameter, the gluon mass,
and the almost certain lack of unitarity at least for large values of the explicit gluon mass
parameter. Still, it offers an analytic way for studying part of the full problem, which already
has proven useful. For an in-depth differentiation between the CF model and YM theory, see
Appendix A.
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Figure 5: Gluon propagator for different values of mi = —2.98,—1.24 and

—0.31GeV2. Solid lines represent the propagators computed directly via the spec-
tral Euclidean DSE (29). The squared points are obtained by a sum of the spectral
contribution Gy" and the fit G,*" " of the spectral difference AG, defined in (35).
GXL is computed from the real-time DSE via the spectral representation (7), while
the fit G, is constituted by a pole on the real frequency axis, see (37). All prop-
agators are of decoupling type, as they become constant in the IR. Their asymptotic
value increases with decreasing m/z‘. The propagators have been rescaled to lie on

top of each other in the perturbative region, cf. Appendix F.

In a massive extension of Yang-Mills theory, complex conjugate poles may occur in the
gluon propagator at one-loop. This implies that their impact on the ghost propagator may
be visible at two-loop in the ghost gap equation. Accordingly, the back-propagation of the
ghost propagator’s non-analyticities into the gluon DSE at least requires a perturbative three-
loop computation. While certainly being challenging, this may be within the technical range
of perturbative computations in the CF model, and is very desirable. The back-propagation
of the additional cuts poses a major obstruction that only can be circumvented by intricate
relations between the complex structures of propagators and that of the vertices, in particular
the ghost-gluon vertex. Signs for the latter gathered in perturbation theory at least require a
three-loop analysis of the ghost DSE as argued in Section 4.2. Such an analysis, while highly
desirable, has not been undertaken yet in the literature.

To wrap up, direct or reconstructed solutions with complex conjugate poles and additional
cuts should undergo a self-consistency analysis as presented in this section before being con-
sidered further. On the constructive side, the present self-consistency considerations of the
complex structure can be used to devise self-consistent spectral or generalised spectral repre-
sentations for correlation functions, either generic ones or restricted to a given approximation
at hand.

5 Numerical results
In this section, we present numerical solutions of the coupled system of spectral ghost and
gluon propagator DSEs of Yang-Mills theory set up in Section 3. A common solution strategy

in functional approaches is to gradually tune the gluon mass parameter mf\ towards the con-
fining region of the theory, indicated by an increasing gluon mass gap with decreasing mf‘; see,
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e.g., [46,78] and [47] for applications in the fRG and DSE, respectively. In the gluon DSE, the
mass parameter enters via the mass counterterm in case of quadratic divergences, as in (27) for
the case of spectral BPHZ renormalisation. Strictly speaking, by the presence of an additional
parameter the described approach only constitutes a model of Yang-Mills theory, additionally
breaking gauge invariance. In [47] it was shown that such a parameter can be allowed for in
the case where it can be understood as a sign of a dynamical generation of a gluon mass gap,
however. This scenario entails the presence of irregular vertices, however, as is the case in
the Schwinger mechanism [47,87-94] or the scaling solution of YM [46, 55, 76,78,95]. The
scaling solution has the appeal of singling out a unique value of for the mi, eliminating the ad-
ditional parameter again. While the gluon mass parameter a priori breaks gauge invariance,
the amount of gauge symmetry breaking for particular solutions corresponding to different
choices of mf\ is encoded in the STIs. Monitoring the strength of the violation of gauge sym-
metry as well as its potential restoration in the confining regime hence requires to also solve
the longitudinal sector of the theory, as done in [78], but is beyond the scope of the present
work.

In the present work, we follow above described strategy of tuning the mass parameter
towards the confining region in order to study the timelike structure of ghost and gluon prop-
agators. Note that this procedure has to be carefully distinguished from the usual procedure
applied in the Curci-Ferrari model, where commonly, the ghost and gluon gap equations are
evaluated at a given loop order with fixed ghost and (massive) gluon propagator input. Fur-
thermore, often times a phenomenological interpretation is assigned to the gluon mass pa-
rameter in the CF model, in contradistinction to Yang-Mills theory. In functional approaches,
the system is solved self-consistently, with full propagators inside the loops. The procedure
described aiming at eliminating the introduced gluon mass parameter and restoring BRST in-
variance. In conclusion, while both approaches introduce a gluon mass parameter in the first
place, the main difference lies in its interpretation and how it is dealt with in regard of BRST
invariance, as outlined in above paragraph.

The numerical solutions within our spectral DSE setup are obtained by iteration, starting
with an initial choice for the gluon and ghost spectral functions p, and p.. Then, the coupled
system of ghost and gluon gap equations is solved self-consistently for a family of input gluon
mass parameters mi. The value of the renormalisation scale is set to u,, = 5 internal units
(i.u.), which is converted to physical units as described in Appendix F. This yields a slightly dif-
ferent renormalisation scale u,, for each input parameter mi, which is always around u,, ~ 10
GeV. The renormalisation conditions specified in (28a) are employed.

5.1 Spectral violation

A simple and analytically consistent scenario for ghost and gluon propagator involves solely
simple branch cuts on the real axis for both, and a massless pole for the ghost. This leaves
their KL representation intact, see Section 3, and allows to solve the system iteratively in
a fully spectral manner, cf. Section 3.5. Our attempts to find such a fully spectral solution
were plagued by violations of the gluon spectral representation, however. In particular, we
could not find an initial guess for the gluon spectral function which did not violate the KL
representation in the gluon DSE (21). The violation of the spectral representation can be
assessed by subtracting the spectral propagator from the directly computed one, i.e.

AG4(p) = Gao(P)— GV (p). (35)

Here, G, is the propagator obtained directly from the real- and imaginary-time DSEs (31)
and (29), while Gf“ is calculated from the gluon spectral function (32) obtained from the
spectral DSE (31).
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Figure 6: Screening lengths of the gluon propagators as defined in (38) for the whole
family of solution as a function of the input gapping parameter mf‘. The drastic, non-
monotonic change of the screening length to the left of mi ~ 3 GeV? hints at numeric
instabilities in the solutions. These are most like induced by worsening of the spectral
difference approximation (37). Therefore, all solutions in the red shaded region will
neither be presented nor discussed.

If AG, is non-zero, the spectral representation is violated, and we found AG4 # O for all
our initial guesses. In consequence, the corresponding gluon propagator must exhibit further
complex structures such as (one or more pairs of) complex conjugate poles or further branch
cuts in the complex plane, which violate the spectral representation. In fact, in all cases the
spectral difference AG, is fit quite well by a single pair of complex conjugate poles, suggesting
that the violation is mainly due to a single pair of these poles. It thus seems natural to just
include these additional complex poles into our approach. However, this comes along with
several problems: First, in order to directly resolve these non-analytic structures and precisely
determine their position, one would have to resolve the full complex momentum plane. While
in the fully spectral approach, only the Euclidean and Minkowski axis have to be resolved,
evaluating the DSEs in the full complex plane would drastically increase the numerical effort.
Most importantly though, the analytic solutions of the momentum loop integrals presented
in Appendix B are a priori not valid for arbitrary complex momenta p and complex masses A.
This issue is further discussed in Appendix B.4.

Last but not least, from the findings of Section 4 it becomes evident that a self-consistent
solution of the coupled YM system with a pair of complex conjugate poles in the gluon prop-
agator and a spectral ghost propagator is not possible with just bare vertices. The complex
conjugate pole part of the gluon propagator directly induces two additional branch cuts in
the complex plane for the ghost propagator, see Figure 11. While these can be captured via a
modified spectral representation as in (D.6) and shown in Figure 12, the additional cuts in the
ghost propagator in turn induce (at least) two further branch cuts in the gluon propagator via
the ghost loop, see Figure 13. In consequence, a pair of complex conjugate poles for the gluon
propagator evidently leads to a cascade of additional non-analytic structures for both ghost
and gluon propagator. This renders a consistent solution of the full theory including such a
pair of poles highly improbable.

Note that complex conjugate poles appear generically at the one-loop level of massive ex-
tensions of Yang-Mills. This already suggests that our solutions are in the Higgs-type branch of
the theory, where we do not necessarily expect a spectral representation of the gluon propaga-
tor. This is supported by the form of the gluon propagator in Figure 5, as well as the relation
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Figure 7: Gluon (left) and ghost (right) spectral functions for different inverse
screening lengths, corresponding to the values of the input gapping parameter
mﬁ = —2.98,—1.24 and —0.31 GeV2. For decreasing inverse screening length, the
peak amplitudes of the gluon spectral function decreases significantly and a second
negative peak at larger frequencies becomes more pronounced. The inset shows that
both IR and UV tail of all gluon spectral functions approach the axis from below.
As discussed in Section 2, this property can be derived analytically by demanding a
Kallén-Lehmann representation for the gluon propagator. Although our gluon prop-
agator minimally violates the spectral representation (comp. Figure 8), we still find
the negativity of both asymptotic tails to hold. The ghost spectral function p, shown
in the right panel varies only in magnitude under variation of mf;. All ghost spectral
functions coincide w.r.t. to shape. In particular, they show a constant behaviour for
w — 0, which is a manifestation of the purely logarithmic branch cut of the ghost
propagator. For larger frequencies, the ghost spectral functions approach zero.

between the screening mass £~! (not to be confused with the gauge fixing parameter) and the
input mass parameter mf\ in Figure 6. Ultimately, we are interested in the confining branch
of the theory. In order to reach this branch, the system needs to be tuned in this direction via
variation of the input parameter mf‘, for a detailed discussion see c.f. [46,47].

If the discrepancy AG, in (35) is non-zero, the spectral part of the gluon propagator with
the spectral function p, as defined in (32) does not account for the full gluon propagator G,
any more, as discussed above. In order to still feed back an on both axes well approximated
gluon propagator, we also need to feed back the spectral difference AG,. We approach this
via a fit. The fit Ansatz for AG, is required to avoid the above described cascade of non-
analyticities induced by complex conjugate poles, while approximating the numerically given
spectral difference (35) as good as possible. Firstly, we note that AG, is a purely real quantity,
as Im Gf‘ =Im G4 due to

KL, : S p(A)
ImG, (—i(w +1i0 ))—Im[J)L —(w+iO+)2+7Lz:|
_ PA;’“) — Im Gy(—i(e +107)), (36)

where in the last line we used the Sokhotski-Plemelj theorem. Note that AG4 can generally
be only computed at frequencies p where the gluon DSE (29) is evaluated. In our case, these
are either purely real or imaginary frequencies.

As discussed in Section 4, the spectral DSEs set up in Section 3 are able to account for prop-
agators with real or complex poles or Kéllén-Lehmann-like integral representation, such as the

18


https://scipost.org
https://scipost.org/SciPostPhysCore.8.3.048

e SciPost Phys. Core 8, 048 (2025)

o
o
o
1
|

—0.05F =

Spectral violation Ve
=

26 27 28
£ [GeV]

Figure 8: Spectral violation of the gluon propagators for the whole family of solutions
as a function of the inverse screening length. In the considered interval, the spectral
violation exhibits a root at 2.65 < £~! < —2.7 GeV. Hence, the total weight of all
non-analyticities flips sign.

modified spectral representation for the ghost (D.6). Incorporating AG, into our calculation
can be achieved by modelling AG, by a pole on the real frequency axis,

VA
X (37)

AG %Gapprox =%
A(p)~ G, (p) 2212

with real y > 0. We emphasise that the parametrisation (37) of the spectral difference by
a pole on the real frequency axis solely constitutes a convenient approximation of all non-
holomorphicities of the gluon propagator beyond its branch cut on the real frequency axis.
In particular, due to the existence of a branch cut on the real frequency axis, if such a pole
existed it would directly show up as a singularity in the spectral function. This is not the case,
however.

In explicit, adding to the Kéllén-Lehmann part GIE‘KL), in (29) resp. (26) we simply

substitute p,(A) = pngL) (A)+Z5(A?— x?)/m, where pIE\KL) is still given by (32).

approx
GA

5.2 Numerical solutions

Accounting for spectral violations with the procedure described in Section 5.1, the coupled DSE
system of Yang-Mills theory is solved with a strong coupling constant a, = 0.2 for a family of
input gapping parameters mf\ € [—3.69,—0.31]. For values of mﬁ beyond this region, we were
not able to converge to a solution. The solutions corresponding to the different numerical
inputs mi are labelled by the respective (inverse) screening lengths of the gluon propagators
instead, which are related to the gluon mass gap.

The temporal screening length £ (not to be confused with the gauge fixing parameter) is
defined through the Fourier transform of the propagator in momentum space G(p), which is

*d
lim f PO 4ipo(x0=0) G(p) ~ e X0Y0l/E (38)

Ixo—yol=00 | _oo 27

According to (38), the screening length & governs how fast the propagator decays at large
temporal distances. Here, it is readily evaluated by computing the Fourier transforms of the
Euclidean propagators and determining £ via an exponential fit of the large distance behaviour.
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Figure 9: Gluon (left) and ghost (right) dressing functions for different values of
the input gapping parameter mf‘. Solid lines represent the dressing functions com-
puted directly via the spectral Euclidean DSE (29). In case of the gluon (left), the
squared points are obtained by a sum of the dressing corresponding to the spectral
contribution G};L and the fit Gzpprox of the spectral difference AG, defined in (35).
GXL is computed from the real-time DSE via the spectral representation (7), while
the fit Gzpprox is constituted by a pole on the real frequency axis, see (37). For the
ghost (right), the squared points are given solely by the spectral representation of
the dressing. For decreasing m2, the peak position of the gluon dressing function
moves towards smaller frequencies. The ghost dressing functions shown in the right
panel are of decoupling-type and become constant in the IR. barely vary and change
of mf‘. All dressing functions have been rescaled to lie on top of each other in the
perturbative region, cf. Appendix F.

The gluon propagators’ inverse screening length as a function of the mf‘ is shown in Fig-
ure 6, and decreases monotonically with decreasing mi for all solutions considered here.

Since our self-consistent Yang-Mills system does not have inherent scales, we set the scale
by rescaling all solutions to coincide with the fRG Landau gauge Yang-Mills data of [46] in the
deep perturbative region; details can be found in Appendix F.

The resulting gluon spectral functions p, are shown in Figure 7 for
mi =—2.98,—1.24, —0.31 GeV2. For larger mj, the gluon spectral function develops a strong
and very sharp positive peak. At the lower end of the family of solutions w.r.t m/z‘, the gluon
spectral function develops a slight negative peak at around 4 GeV, while generally the peak
amplitudes decreases a lot. The inset in the left panel of Figure 7 shows that both IR and UV
tail of all gluon spectral functions approach the axis from below. As discussed in Section 2,
this property can be derived analytically by demanding a Killén-Lehmann representation for
the gluon propagator. Although our gluon propagator minimally violates the spectral repre-
sentation (comp. Figure 8), we still find the negativity of both asymptotic tails to hold.

However, all gluon propagators presented in Figure 5 feature a spectral violation, see Sec-
tion 5.1. This means that the spectral functions displayed in the left panel of Figure 7 do not
make up for the whole propagator. In order to quantify the size of the gluon propagator’s
fraction constituted by the spectral part GX*, we define the spectral violation

1
Vipee = =
PGl

f dp (GX(p) — Ga(p)). (39)
0

Note that only approximately G, ~ GgL + Gzpprox due to (37), which is why we leave the
difference Gy~ — G, in (39) explicit.
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The spectral violation (39) as a function of the screening length is visualised in Figure 8
for all solutions. We find that the (magnitude) of the spectral violation is increasing towards
the boundary of the mi-interval for which we are able to solve the system. The fact that
convergence worsens for large spectral violation can be attributed to the fact the spectral
difference AG, is only approximately taking into account via a pole on the real frequency
axis (37). The larger the absolute value of the spectral violation V.. gets, the larger the
approximation error gets. A more in-depth discussion of the quality of the approximation, in
particular on the real frequency axis, is deferred to Appendix G.

Inspecting the shape of the gluon propagators presented in Figure 5, we find that the value
of the gluon propagator in the origin increases with decreasing mf‘, which signals the Higgs-
type branch of our solutions. In short, none of our solutions is in the confining region, for
more details see [46,47,78,96]. In consequence, a statement about the complex structure of
Yang-Mills in the confining phase within the chosen approximation cannot be made.

The ghost spectral functions of the presented solutions are shown in the right panel of Fig-
ure 7. Evidently, the change of p, under a variation of mf‘ is much smaller. All ghost spectral
functions coincide with respect to shape. In particular, they show a constant behaviour for
w — 0, which is a manifestation of the purely logarithmic branch cut of the ghost propagator.
For larger frequencies, the ghost spectral functions approach zero. In summary, these results
agree qualitatively very well with our previous studies of the ghost spectral function, which
have been carried out via the stand-alone spectral ghost DSE in [2] and via reconstruction of
QCD lattice data with Gaussian process regression in [8].

The corresponding gluon and ghost dressing functions are shown in Figure 9. For decreas-
ing mf‘, the peak position of the gluon dressing function moves towards smaller frequencies.
In order to assess how well the approximation of the spectral difference (35) as a single par-
ticle pole (37) works, we compare the dressing computed directly via the spectral Euclidean
DSE (29) against the one given by the sum of the spectral part and the fit of the spectral
difference part, GXL + AG4. It can be seen that the dressings match very well, supporting
the single pole approximation for the shown Euclidean solutions. In case of the propagators,
see Figure 5, the comparison is more sensitive to the IR. Also there, single pole approximation
works reasonably (on the Euclidean branch). For an in-depth discussion of the approximation
on the Minkowski axis, see Appendix G. The ghost dressing functions accordingly are also all
of decoupling-type as they become constant in the IR. For decreasing mf‘, the IR value of the
ghost dressing function increases. Here, the spectral representation is intact.

6 Conclusion

In this work, we investigated the complex structure of Yang-Mills theory with the help of the
spectral Dyson-Schwinger equation. Our approach is based on [1] and utilises the spectral
renormalisation scheme devised there. In particular, the spectral DSE allows for analytic so-
lution of the momentum loop integrals of all involved diagrams. As a result, we gain direct
analytic access to the complex structure of ghost and gluon propagator.

In Section 4, we studied the analytic structure of Yang-Mills theory with bare vertices and
a gluon propagator with complex conjugate poles. Our findings could hint at the fact that
a self-consistent solution of Yang-Mills is not possible with a gluon propagator featuring one
or more pairs of complex conjugate poles. Specifically, we were able to show analytically in
the case of bare vertices, that a self-consistent solution with complex conjugate poles and no
further branch cuts does not exist. Complex conjugate poles in the gluon propagator directly
violate the spectral representation of the ghost propagator by two additional branch cuts off
the real axis. This, in turn, introduces additional branch cuts off the real axis in the gluon
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propagator via the ghost loop. These further cuts contradict the initial assumption of single
pair of complex conjugate poles. The study hence shows that by seeding complex singularities
in the gluon propagator, a cascade of non-analyticities is induced, which propagate through
the system by iteration. Eventually, this observation could disfavour Yang-Mills solutions with
complex conjugate poles and no further branch cuts in the complex plane. We emphasise that
this analytic result is independent of the different solution ’branches’ of Yang-Mills such as
scaling, decoupling or massive.

A central aspect of our analytic study of the complex structure of Yang-Mills theory in Sec-
tion 4 is, that the existence of complex conjugate poles in the gluon propagator leads to a
violation of the spectral representation for the ghost, at least for the case of bare vertices. For
this not to carry over to full YM theory, an intricate cancellation of the complex poles in the
gluon propagator by the full ghost-gluon vertex is required. In our opinion, this is unlikely to
occur in Yang-Mills theory or QCD. In particular, a respective analysis requires at least three-
loop consistency. We remark that no sign of a violation of the spectral representation has been
found for the ghost propagator in various works [6,7,12,97]. Therefore, our results emphasise
the need for analysing consistency of analytic structure in particular in results with complex
conjugate poles for the gluon propagator in QCD like regions.

In Section 5, we iteratively solve the coupled system of spectral DSEs for the YM prop-
agators at real and imaginary frequencies. We find decoupling-type solutions for which the
Killén-Lehmann representation of the gluon propagator is partially violated, depending on the
choice of input gapping parameter. The gluon spectral functions obey the known analytic con-
straints on the asymptotic behaviour. Solving the system for more QCD-like regions is hindered
by increasing violation of the spectral representation, which is accounted for approximatively.

The analytic structure of Yang-Mills theory therefore remains unclear: In Section 4 we
present an analysis implying that for a consistent solution with complex poles in full YM theory,
a delicate cancellation in the analytic structure of propagators and vertices would need to
happen. As we were able to show, with bare vertices, such a solution without further cuts
is even ruled out. On the other hand, in our numerical study in Section 5 we were not able
to solve the system with allowing for violation of the KL representation of the gluon. We
observed the generic appearance of complex poles for a vast range of initial conditions. Hence,
a conclusive statement about the complex structure of Yang-Mills in the confining region based
on the present results is not possible. However, the current work lays the foundation for such
an analysis, and we hope to report on the respective results in the near future.
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A Difference between Yang-Mills theory and the Curci-Ferrari
model

We would like to expand on the difference between Yang-Mills theory and the Curci-Ferrari
model. For a recent review of the CF model see [99]. Here, we focus on issues related to
the (non-perturbative) IR completion of the Landau gauge, ignoring other differences such as
the debate whether or not the CF model is unitary for some range of gluon masses. The CF
model features a free gluon mass parameter in the classical action, cf. (1). YM theory, on the
other hand, has no free parameter. This leads to a modified BRST symmetry, sometimes called
mBRS symmetry, in the CF model, which is not nilpotent anymore [84].

Our current way of dealing with YM theory in Functional Approaches, and specifically
in both the fRG and DSE, requires the violation the Slavnov-Taylor identities by either the
regularization and/or the truncation. The resolution of this conundrum is well understood.
The breaking of the related symmetry introduces a new and relevant direction at the UV fixed
point. This novel direction has the largest overlap with the mass parameter of the gluon,
i.e. we cannot ignore this parameter. However, it is uniquely fixed by satisfying the STIs in
parallel to the DSE/fRG equations. For computational reasons, we are limited in the present
setup, extending to Minkowski space-time, to the transverse part of Landau gauge and we
cannot use the STI constraints directly to fix the parameter. It has been argued, that the
scaling solution is one possible solution to the IR closure of Landau gauge. Additionally, the
gluon mass parameter can also be used to tune the system towards scaling, and hence resolve
the STIs in addition. For detailed discussions on this issue we refer the interested reader
to [46,47], where scans of the mass parameter in fRG and DSE approaches respectively have
been performed, and to [78] for a combined discussion of tuning of the mass parameter and
the STIs.

In practice, this leads to a strong similarity between YM theory in Landau gauge and the CF
model. In sufficiently crude truncations, such as in this work, the systems could be interpreted
in the view of both. Here, we are trying to get insight into the spectral functions of Yang-Mills
theory, and hence interpreted all our results from the appropriate perspective. This includes
the handling of the mass parameter, which we tuned as close to scaling as computationally
feasible.

B Loop momentum integration
In this appendix we detail the analytic solution of the loop momentum integrals of the self

energy diagrams (26) of the spectral DSEs (21) at the example of the ghost self energy diagram
>:.. Starting at (25), we express the ghost-gluon diagram as

Ye(p) = g25abCAJ Pa(A2)p(A) I(p, A1, As), (B.1)
2‘1’2‘2

with the now dimensionally regularised momentum integral

(p-q)z)) 1 1
I(p, A1, X)) = 2_ ) B.2
(p> 1> 2) L(p q2 q2 +2€ (p +q)2 +A% ( )

The measure is now fq = f diq/(2m)q.
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B.1 Momentum integration

Next, we employ partial fraction decomposition

1 1 1,1 1
q_2q2+12_ﬁ(q_2_q2+12)’ (B.3)
and introduce Feynman parameters, i.e. utilise
1
(B.4)

—=| dx———.
AB 0 xA+(1—x)B
Upon a shift in the integration variable ¢ — g — xp and after some manipulation, we arrive at

_ 2 B;
P 72) _J 0 [(qz YAy @ +A2)2]’ (52

q,X i=0

with
A= (1—x)2% +xA3 + x(1—x)p?,
Ay= A —xA3. (B.6)

We will not make all intermediate results explicit, such as giving the full expressions for A;
and B;, which are functions of external momentum p, the spectral parameter A, as well as the
Feynman parameter x. Ultimately, the complete final result will be stated explicitly.

The momentum integrals are now readily solved via the standard integration formulation,

dlg ¢@#m 1 Tm+§r(n—§—m)
(2m) (g2 +A)r  (4m)d/2 r(2)r(n)

Am+d/2—n , (B.7)

with m a non-negative and n a positive integer.

B.2 Feynman parameter integration

Reordering the expression in powers of the Feynman parameter x and taking the limit
d — 4—2¢, we arrive at

3 a (g)
)Z f (f)logA (.g)logﬁz)+(’)(e), (B.8)
i+1 M

1=

I(p32'1112) - (

with yg the Euler-Mascheroni constant. The coefficients a; and f3; do not depend on x, and
will be given down below. We can solve the Feynman parameter integrals analytically and
simplify the first sum to obtain the final result,

3
1. 4
I(p, Ay Ay) = (;H - ) > [afi—aPg]. (B.9)

i=0
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(£.8)

i

The coefficients a are defined as follows:

p2

2 5
o= _PZ(P2 - 57@ + A%)

! 212

® _
a, =

J

@ _ 3p*(3p* —2AF +213)
&y = 2
212

>

a(sf) = _% ) (B.10)

and
aég) =0,

(2) pP’(P*+23)
=
22

J

@ _ 3P°3p* +227)
a = 2
222

3

4 4
al®) = —%. (B.11)
1

The functions f; and g; carry the branch cuts ultimately giving rise to the spectral function and
are defined by integrals over the Feynman parameter x via

1 1
fi =J dx x'log A, &i =f dx x'logA,, (B.12)
0 0
yielding
4 p*— AT+ A3 A
= —=Dgy +2logAy + ————=log| — ) — 2,
fO 2p2 cut Og 2 p2 Og(kz)
2 2 2
1 pT—ATtAS
fir= oz Pen (= 220" 4 9%)( + 220° 4 97) (7 = 23 4 23) | log 2 - — o2
(A2 —22)*+2A2p* + p* Ay 1
+ log(—)— =
2p4 Az 2
1
fa= 6p6CDCut|:(A% - A§)4 +P6(A% + 413) - 21%1)4(1% o Slg)
+p2(A2—A22(22 +422) + p° |
+ llog)LZ_ 25 —23 +p? _ (AT —23)" +243p° + p*
3 2 6p> 3p*
3A2p2(A2— A2+ pH) — (A2 —A2)3 + p© Ay 2
+ 3 log (_) N
3p Ay 9
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1= g Denl (=207 40723~ 22 +5?)

x (A% + 23+ p* +222(p% — 22) (A1 + 22)* +p?) |
AT—1325  A]—8ATAZ+7A; . A2-237° 7

1 1
~3 log(—23) + y log(A3) +

12p2 8p* 4p5 12
log(—ADr 5 2oyt a(e 4 292 2 2022 _ 52)2 2.6, .8
o [(22—-22)* + p*(625 —42222) + 422p%(22 — 22)" + 422p° + p*]
log(—A2)
- %[)ﬁf + A5 +425(p? — A2) + 223(3A — 4A2p? + 3p*)

+422(p* = A9 (A1 +p%) ], (B.13)
where we defined
Doy =log (¢ + A2 =22 + p*) —log (¢ + A2 — A2 —p?)
+1log(¢— A2+ A% +p?) —log (¢ — A2 + A2 —p?), (B.14)

with ¢ = \/,1‘2‘ + (22 +p2)* +222(p2— A2), and

(A% +p?)log —A2 A2

go = logA;— p? +(p_§+1)1°8(—7@—192)_2> (B-15)
1
g = ﬂ[ —p*(23 +2p?) +p*log A2 —log—22(22 + p*) + (A3 +p?) log (— 22 - p?)],
8= ‘%pe[l%p“ +6A3p? —6p°log A3 +6log —A31(43 + p*)”
—6(23+p?) log(— 23— p?) +13p° ],
gy = _241p8 [ - p?(625 +2622p* +2123p% + 14p°) + 6p® log 22

— 610g—7t§(7t§ +p2)4 + 6(7L§ +p2)4log(— l% —pz)] .

The gluon and ghost 100ps Dgjyon and Dy featuring in the gluon self-energy ¥y, defined
in (23) are computed analogously. As for the ghost self-energy, we first define

Dguon(p) = gz5abCAJ Pa(A2)pa(A2) Igy(p, Aq, Az), (B.16)
AI’AZ

Dghost(p) = gzéabCAf pc(AZ)Pc(AZ)Ighost(p,Alaxz)- (B.17)
AI’AZ

We just quote the results for the momentum integrals Iy, and Igp, as

1 4rp®\[25 5 3.5 2
Iglu(p:ll,kz): (;+log oTs )[Ep +§(2.1+7L2)

4
= > (BL i+ Bh — P g — BJ0), (B.18)
i=0

1

1 4ru\[ 1 1
Ighost(p: Al; 2'2) = (; + log eTE )[Epz + Z(A‘% + 7“3)] _‘thost .
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The coefficients ﬂi(') are defined as

B _ 27(A%—32212) + 6p* + 6p%(6A2 + 512)
¥ -

823 ’
3
P = — o0 2n) #4623 - 70)
1772

+p2(523 — 347 —202222) ],

3 2
0= m[zf +9(A2-22)* (A2 +22)

+p*(7922 —1122) + p?(6245 — 5847 —402222) ],

15p2[ —24% + 223 + p?(222 + 522 |

) _
3 212 >
2ATA5
4 - )
8AIA2
(8) _
o =0,
@ _ _3p2(p2 +A2)(p?+512)
1 - >
42372
@ _ 3(2p°+79p%23 +62p223 +915)
2 5
8AIA3
@ 15(5p* +2p2A2)
3 - = E)
222
(&) _ 105p4
4 gA2 ’

(h) _ ph) _ p(h) _
o =B3 =P7=0

>

W _ _am__ 3P°

1 2 24927
42222

0 _ 3(2p* +12p2A2 +91%)

0 82 ’

3(p6 - 7p47L% - 3p27Li' + 91?)

0 _ _
1

42323)
o 3(2p°—11p*a3 —58p227 +94%)
2 ’
8AIA3
3 A% ’

27
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¢ _ 105p*

4 2
8A2

The functions f; and g; appearing in (B.18) have already been defined in (B.13) and (B.15).
The functions h; and j; are given by

h, = 2h; = —2 +logp?, (B.23)
1

hy= —(—1 log p?

2 18( 3+60gp),

hs = i(—7+310gp2),

12
1
4 = —ﬁ +=1lo 2 ,
300 5
as well as
A2 log (A2 + p?) —log A2
jo = 2 log ( 1p§) & 1]—2+log(lf+p2),
. A3log A2 —2p* + A2p% + (p* — A¥)log (A2 + p?)
1 2t ,
. 1
Ja= Fpﬁ[ —13p°+ 3p4)\% - 6p2)»‘1t - 615’ log A% + 6(p6 + A?)log (p2 + }L%)] , (B.24)
J3= 24p® [ —14p% + 2p6)\rf - 3p4)L‘1t + 6p2)L? + 6)\515 log )\f + 6(p8 - )Lff) log (p2 + )\%):I ,
ja= W[ —149p'° + 15p8A2 — 20p°2% + 30p*2S

—60p?2% —6021%10g 22 + 60(p'° + A1%) log (p* + A2) .

The function Fyp,g in (B.16) is defined as

6(2: -3

2
! 2 ) +6[3(7L%+A§)+p2]log7t§—10p2 (B.25)

fghost = %( - 24(A% + A%) -

3
+ E{[A‘l‘ +2%(4p® —222) + (A2 +p2)2](p2 —A24 Ag)(log(—/ﬁ) —1og(—xg))

2+7(,2—A,2 2—A2+7L2
—2i§3[arctan(p,—22)+arctan(p,—£2)]}).
i i

B.3 Real frequencies

For real-time expressions of the DSE diagrams, we need (B.9) and (B.18) at real frequencies
w, i.e. I(w,Aq,A5) := I(—i(w +i0%)). From the definitions of the respective functions and
coefficients, the corresponding real-time expressions are obtained by replacing p — —i(w +i¢)
and explicitly taking the limit € N\, 0. The calculations here were performed in WOLFRAM
MATHEMATICA 12.1 with the convention Im logx = 7 for x < 0 for the logarithmic branch
cut. In this case, for the ghost self-energy (B.9) as well as Igp, in (B.18) taking the above
limit corresponds to the mere substitution p — icw. For Iy, in (B.18) this is not the case due to
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symbolic manipulations that have been performed in order to simplify the expressions. Here,
appropriate imaginary parts need to be added in order to get the correct limit when explicitly
taking the limit £ \, 0. Note that the manual addition of appropriate imaginary parts might
also be necessary for other branch cut conventions.

B.4 Complex frequencies and spectral masses

The non-trivial analytic solutions of the Feynman parameter integrals in this work (Ap-
pendix B.2), such as (B.8), always require numerical cross-check. Especially for arbitrary
complex spectral values and frequencies kf /o7 p? € C, this is crucial. This becomes clear when
considering the in Appendix B presented solutions for the loop momentum integrals of the di-
agrams in this work. For Af /27 p2 € C, (B.9) and (B.18) generally do not need to hold. We will
discuss this at the example of the calculation presented in Appendix B. While, after introduc-
tion of Feynman parameters (B.4), the solution of momentum integration (B.7) is still valid
for A% /27 p? € C, this is generally not true for the analytic solution of the Feynman parameter
integral in (B.8). For the diagrams involved in this work, the (non-trivial) Feynman parameter
integrals takes the general form

1
Jép(p) = f dx x'log ((1 - x)l% + x)t% +x(1 —x)pz). (B.26)
0

For certain combinations A% /27 p?, the integration contour in (B.26), which is the straight line
connecting O and 1, is now crossing the logarithmic branch of the integrand. To study the
case of a pair of complex conjugate poles, the case A, = A, is of particular interest. There, for
p? < 2Re A2, the integration contour always crosses the branch cut. In this case, the Feynman
parameter integral in (B.26) becomes ill-defined. The reason for that lies in the introduction
of Feynman parameters in the first place. The Feynman trick (B.4) is only valid if the straight
line connecting A and B does not cross the origin, i.e. the RHS of (B.4) has no (non-integrable)
pole in the integration contour. For the above described case of A, = A; and p? < 2ReA?, this
is exactly what happens, however. After a shift in the loop momentum, the order of the mo-
mentum and Feynman parameter integration are interchanged. For A, = A; and p? < 2ReA2,
there always exists a value of the loop momentum q for which the Feynman parameter inte-
gration contour crosses a non-integrable pole. Since the g integration is performed first, this
pole manifests itself as a branch cut in the Feynman parameter integration. The Feynman pa-
rameter integral becomes ill-defined, since the Feynman trick (B.4) is not well-defined in the
first place in this case and can not be used to solve the momentum integral in this case.

For certain combinations of A% /o> p? € C the branch cuts resulting from poles in the Feyn-
man parameter integration domain can be avoided by contour deformation for the Feynman
parameter integral. The Feynman parameter x is then integrated between 0 and 1 along an
arbitrary curve in the complex plane which avoids the branch cut(s). In that case, a numeric
solution of the Feynman parameter in can be well treated numerically along with possible spec-
tral integrals. In Section 4, we apply the described contour deformation to verify the analytic
solutions for the Feynman parameter integrals. The development of a systematic procedure
for finding contours avoiding these branch cuts is deferred to the future.

A possible other approach to tackle the momentum integral for arbitrary complex spec-
tral parameters and frequencies lies in the Mellin-Barnes representation of propagators (E.5),
which also holds for complex masses. In Appendix E, we utilise this representation to calculate
the ghost loop of the gluon DSE in a particular parametrisation of the ghost propagator (E.3)
involving a massive non-integer propagator power part.
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C Integral representation for propagators with multiple branch
cuts

The analytic structure of a propagator G obeying the KL representation (7) is tightly con-
strained by the nature of the former integral representation. The necessary conditions for the
spectral representation to exist include

(i) Holomorphicity: G is holomorphic in the upper half plane H = {z|Img > 0},
(ii) Mirror symmetry: G(z) = G(2) and Im G(z) = 0 for 2 > 0,
(iii) Asymptotic decay: |z G(z)| — 0 for |z| — oo,
(iv) Spectral convergence:

(IR) |2G(z)| < oo forz— 0,
(UV) |logzImG(z)| — 0 for z > —o0.

Items (i) and (ii) roughly speaking guarantee that the spectral kernel has the form 1/(p?+2A2)
and the spectral function is defined via (8) with the integration domain restricted to A2 > 0
by (iii). (iv) guarantees for convergence of the spectral integral.

Ordinary Kéllén-Lehmann representation With properties (i-iv), the spectral representa-
tion can be derived explicitly via Cauchy’s integral formula. It states for a holomorphic function
G defined an open set U C C, G : U — C, that the value of G at any point z, enclosed by an
arbitrary, closed rectifiable curve y in U is given by

G(zp) = L§ dz@. (C.1)

2mi Z— 2

We want to find y such that we can use (C.1) for all z, € C, for which the easiest choice
would be the circle around the origin Cr and taking R — oo. Since for Im G(z) # 0 for z < 0,
G is discontinuous along the negative real axis according to (ii) however, we explicitly need
to exclude this region from the integration contour by going from negative infinity towards
the origin along just above the negative real axis, turning at the origin and then returning to
negative infinity along below the real axis. We can then recast (C.1) as

R . R .
Gz = = 1im ( 4 0@ _ [, Gz tie) | de(L—lj‘?)), €2
2miR—00 & 2% 0 2+ 29—1¢€ 0 Z2+3z9t+1e

where in the last two terms the integration boundaries have been interchanged, and we sub-
stituted z — —z. Due to (iii), the first term vanishes according to Jordan’s Lemma. Exploiting
the mirror symmetry (ii), we can combine the latter two terms, since their real parts cancel.

We find that o
dz 2Im G(—z —i¢
G(zp) = J —¥ (C.3)
0

2 2+ 2

which is the well-known Killén-Lehmann representation. Note that formally, G receives an-
other contribution in the limit € — 0 due to the opposite signs of € in the denominators in the
last two terms of (C.2), which is

* dz €
— —PReG(—z —ig) /. C.
Jo T (== 18)(2 +20)% + &2 €4
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Figure 10: Integration contour y in Cauchy’s theorem (C.1) for construction of an
integral representation of the ghost propagator from Appendix D.1, which uses an
input gluon propagator with complex conjugate poles. Branch cuts are marked with
red lines. The ghost propagator shows the ordinary branch cut along the negative
real axis and two additional branch cuts, starting at y and jy and stretching in parallel
to the real axis towards negative infinity, comp. also Figure 11. All branch cuts are
explicitly excluded from the integration contour by the y;’s.

Generally, lim,_,q £/((z +20)? +£2) is a representation of the delta distribution 6(z +z,). Here
however, for ¢ — 0 this term vanishes since z = —z; is not contained in the integration domain.
By definition of Cauchy’s formula, z, lies inside y, while the integration variable —z € R™,
which is defined on the branch cut, does not.

Propagators with multiple branch cuts In the case of a gluon propagator with complex
conjugate poles as considered in Appendix D.1, the ghost propagator shows two additional
branch cuts, see Figure 11. These additional cuts start at p2 = —y? and —7?2 respectively and
stretch parallel to the real axis towards negative infinity. This general integral representation
for propagators with multiple branch cuts B; can now be constructed in analogy to (C.1)-
(C.3). By the existence of additional branch cuts we need to relax property (i), still assuming
holomorphicity everywhere except for the cuts, however. As for the derivation of the KL rep-
resentation above, this is done by choosing the integration contour to wind around the cuts
by simply excluding these additional branch cuts from the integration contour y. We go from
the cuts asymptotic limit to the branch point y; infinitesimally above/below the cut, turning
at the branch point at returning the same path just infinitesimally below/above the cut. For
the case of the ghost propagator of Appendix D.1 which has three branch cuts, the integration
contour is displayed in Figure 10.
The full integration contour can then conveniently be written as

y= lim CREPn, (C5)

where v, is the contour winding around the usual branch cut of the KL representation along
the negative real axis. As before, due to property (iii), the integration along Cy vanishes.
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From (C.1), by above choice of y we arrive at
1 G
Glzo)= == D f 4z 5@ (C.6)
2mi < y. 27 %0

We now split y; into the parts above/below the cut, which we call B:r/ " = B, +i¢g, such that
Y= Bl.+ (D B; . Since we integrate along the path in the mathematically positive direction, if
the asymptotic value at infinity of the cut B;, B°, lies in the left half plane, y; starts above the
cut with B;L. The direction of integration is then such that we integrate along B‘;r from B +ie
to y; +ie, and then go back along B;” from y; —ie to B —ie. If the asymptotic value lies in the
right half plane, this works vice versa, going along B;” from B{® —i¢ to y; —ie first and then
back. Plugging in the split of y; explicitly and assuming the appropriate directionality along

+/— .
B; / , We arrive at

2mi zZ— 2
_ LZ de(Z+i€)_G(Z_i€),
2mi — JB, z2— 2

where in the second line we used that we integrate along B:r/ "~ in opposite directions.

With the general integral representation (C.7) for propagators with multiple branch cuts at
hand, we can now directly arrive at the modified spectral representation for the ghost propa-
gator (D.6). With the complex structure as shown in Figure 11, the corresponding integration
contour y is sketched in Figure 10. As demonstrated in (C.2) and (C.3), the branch cut B,
just yields the usual KL part GfL. B; and B, then constitute the modification of the ordinary
spectral representation, explicitly given by

G(zy) = iZJ a5 (€.7)
T Jsr @B

1 G.(z+1ie)—G.(z—1
G¥(20) = — gy Zelz i) = Gelz ie) (C.8)
¢ 2mi B, BB, Z—2
—oo—y? o032
-1 (J oo G.(z +ie) — G.(z —i¢) J oTx Gc(z+i£)—GC(z—is))
= — dz + dz
2mi 2 Z2—32 —z2 Z2—2

1 OOdZ(GC(—z—xz—is)—Gc(—z—xz+i€)
0

2ri 2+ x2+2

N G(—z—g*—ie) — G.(—=z— 7? +1ie)
Z+X_2+ZO '

Note that in (C.8), we already dropped the contributions corresponding to (C.4) here when
combining the dominators with different signs of €. We can now use that G, is only discontin-
uous in its imaginary part across the branch cuts B; and B,, such that, as for the KL branch
cut, the real parts in the propagator difference in the denominators of (C.8) cancel. We find
that

1 1
X - - e a2 o) e 2
GZ(20) 27TJO dz(z+x2+2021m[GC( z2—x°+ie)—G.(—=z—y 18)] (C.9)

2Im[ G (—z — 7% +ie) — G.(—z — j> —ie) |
+ .
2z + X_z +ZO
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Exploiting the mirror symmetry (ii), we finally arrive at

1 1 1
x _ 2 . 2 -
Gl (z) = e jo dz(z T + 2172 +Zo)(2 Im[GC(—z—X +ie)—G.(—z—y 15)]).
(C.10)

With G, = GX* + G¥, we end up with the modified spectral representation for the ghost prop-
agator, which is

() KL
GC(ZO)=J dz[pc &) +p3‘(2)( LA ﬂ (C.11)
0

21| p2 + 22 2+ x2+zy z+)%2+2

with
pl(z)= ZIm[GC(—z — x%+ie) —G.(—z — y2 —is)],

and pX" the usual KL spectral function (8).

D Propagation of non-analyticities through the coupled YM sys-
tem

D.1 Ghost DSE

As a starting point of the following investigation, we study the effect of a single pair of complex
conjugate poles in the gluon propagator on the ghost propagator. This is done via the spectral
ghost DSE, set up in Section 3. Owing to the spectral-non-spectral split (34), for the complex
conjugate pole contribution to the gluon propagator we then explicitly have

R R
G¥(p)= —2— + —% D.1
4 (P) 212 e g (D.1)
where one of the poles is located at p2 = —y2 and has residue R,. The relevant correction

to the fully spectral part of the ghost loop ~ Gx"GX" is then ~ G¥ GX'. We assume the ghost
propagator to be given solely by its classical contribution, i.e.

G'~GY,  with GYp)= 1%' (D.2)
For the ghost spectral function, this corresponds to just having the massless pole with residue
1/Z, =1 in the origin, cf. (9). Note that the results of the following discussion are not altered
by also including scattering tails for ghost and gluon spectral functions due to superposition
with the contributions of (D.2). For the same reason, the following investigation is inde-
pendent of particular infrared scenarios of Yang-Mills such as scaling/decoupling or massive
solutions.

With choice (D.2) and the complex conjugate pole gluon propagator (D.1), we arrive at

the ghost self-energy

Zg)(l’) = gch J

q
, _

2 2 (p-q) 1 RX RZ
=g¢2N — + , D.3
§ CL(p q? )(1IJ+q)2(pZ+%2 p2+ 72 (®-3)
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Figure 11: Ghost self energy ;. in the complex plane as defined in (D.3), yielding
two additional branch cuts in the ghost propagator. In X;., a gluon propagator with
a pair of complex conjugate poles (D.1) is used. This choice directly results in two
additional branch cuts, running parallelly to the negative real axis. Hence, we ob-
serve a violation of the ghost propagators Kéllén-Lehmann representation induced
by a pair of complex conjugate poles in the gluon propagator.

which is readily integrated analytically via dimensional regularisation in analogy to Appendix B
with the appropriate choice of the gluon and ghost spectral functions. The respective gluon
and ghost spectral functions of the propagators (D.1) and (D.2) read,

pa(w) = pk(w),
pe(w)= p(w), (D.4a)
with
pi(w)= n[Z,6(w® = 2*)+Z,8(* — 77)],
pd = n5(w?). (D.4b)

The §-distributions for complex arguments y2, 72 € C in the gluon spectral functions should
then be understood as

J dw (e — 1)(e) = B(x), D.5)
0

for a test function ®(w). Evidently, the complex frequencies y, ¥ are not inside the spectral
integration domain w € [0, 00). In order to make sense in a distributional sense, a proper inte-
gration contour for the spectral integration has to be chosen, since the complex conjugate pole
positions are not element of the usual spectral integration domain, for details see Appendix C.

The analytic result for the ghost self-energy (D.3) is depicted in the full complex p2-plane
in Figure 11. In addition to the usual branch cut along the negative p2-axis, two additional
branch cuts are present, and are clearly visible in Figure 11. Starting at their respective branch
points at y and ¥, the additional cuts extend parallelly to the negative real axis towards infinity.
In consequence, the KL representation is violated, since it requires all non-analyticities to be
confined to the negative real p-axis.

In the absence of a KL spectral representation one can devise an alternative integral repre-
sentation for the ghost propagator. This representation will maintain the analytical solvability
of loop momentum integrals featuring ghost propagators despite violation of its spectral repre-
sentation. In consequence, also in a scenario like shown in Figure 11 functional equations can
still be evaluated on the real frequency axis. Given the complete complex structure of 3., this
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Figure 12: Violation of the ghost propagators Killén-Lehmann representation by
using a gluon propagator featuring a pair of complex conjugate poles and valida-
tion of the ghost propagators modified spectral representation (D.6). The solid line
represents the ghost dressing function computed directly via the spectral Euclidean
DSE (29), using a complex conjugate pole gluon propagator. The squared points
are obtained from the corresponding real-time DSE via the ordinary spectral rep-
resentation (7) (blue) and the modified spectral representation (D.6), also taking
into account the two additional branch cuts (comp. Figure 11) induced by the gluon
propagators complex conjugate poles. While the dressing function obtained from
the modified spectral representation matches the directly computed Euclidean ghost
dressing perfectly, the Kéllén-Lehmann one is clearly off. Note that this not only
proves the violation of the ordinary spectral representation, but in particular vali-
dates the result for the ghost self-energy (D.3) presented in Figure 11.

can be done in analogy to the construction of the KL representation (7) by help of Cauchy’s
integral theorem. We end up with a modified spectral representation for the ghost propagator
by excluding also the two additional branch cuts from the circular integration contour with
radius R — oo around the origin. In the spectral-non-spectral split (34), this leads us to a
non-spectral contribution of the ghost propagator given by

1 1
GX(p)= (A + . D.6
*(p) ch()(pzmzwz pzwﬁz) (D.62)

We also introduced the additional spectral function p/ defined via

p¥(w) =1Im[ G(—iy/w? + x2 +10%) — G(—iy/w? + x2—i07)]. (D.6b)

Note that in the Kéllén-Lehmann case, the imaginary parts of the two propagators in (D.6b) are
related by mirror (anti)symmetry. Here, this symmetry is spoiled by the fact the branch cuts
are shifted into the complex plane through the appearance of the complex mass parameter
x. The spectral functions encoding the weight of the branch cuts in the upper and lower
half are related by this exact mirror symmetry, however. This symmetry has been exploited
in obtaining (D.6), since there only one spectral function appears. The full derivation of the
modified spectral representation (D.6) as well as its generalisation to an arbitrary number of
branch cuts is presented in Appendix C.

In Figure 12, we compare the directly computed Euclidean ghost propagator corresponding
to the ghost self-energy defined in (D.3) with its KL as well as its modified spectral represen-
tation. The violation of the KL representation by the complex conjugate poles of the gluon

35


https://scipost.org
https://scipost.org/SciPostPhysCore.8.3.048

e SciPost Phys. Core 8, 048 (2025)

o
1 DSost(P) | Arg Dosi(P)
300 i
150 7il2
0 0
%0 BT 112
-40 e Im p* [GeV~]
Re p? [GeVY] 2 -

Figure 13: Contribution to the ghost 100p Dy in the complex plane as defined

. . . . 1)
in (D.7), causing additional branch cuts in the gluon propagator. In Dghost, one of

the ghost propagators is given by the violation of the spectral representation G7 of
the ghost propagator, as defined in (D.6). The modification of the ordinary spectral
representation is constituted by two additional branch cuts in the ghost propagator
(comp.Figure 11), which are themselves induced by a pair of complex conjugate poles
in the gluon propagator through the ghost DSE (29). In consequence, a consistent
solution of Yang-Mills theory with one or more pairs of complex conjugate poles in
the gluon propagator (on top of the usual branch cut) is ruled out, since we were
able to show that a pair of complex conjugate poles always produces an additional,
corresponding pair of branch cuts.

propagator is validated. In addition, the validity of the modified spectral representation (D.6)
is confirmed. In particular, this confirms the analytic structure of the ghost self-energy pre-
sented in Figure 11, since the modified spectral representation is a direct consequence.

D.2 Gluon DSE

We proceed with the analysis of the complex structure of Yang-Mills theory by investigating
the back-propagation of a pair of complex conjugate poles in the gluon propagator into the
spectral gluon DSE: In the ghost loop we insert the modified spectral representation (D.6)
for the ghost, and investigate the contribution of the additional cuts. For a complete picture,
the complex conjugate gluon propagator poles also have to be fed back via the gluon loops.
The latter part will be deferred to future work, however, since the feedback of the additional
cuts in the ghost propagator suffices to arrive at a conclusive picture. Nevertheless, we will
provide the relevant expressions in this section. Note also that the tadpole is absorbed in the
renormalisation.

Ghost loop

We use the spectral DSEs set-up Section 3, similarly to Appendix D.1 and concentrate on the
leading order correction GX'GZ. The computation and the analytic results are deferred to Ap-
pendix B. In the spectral gluon DSE, we now consider the modified spectral representation for
the ghost, where the non-spectral part G/ is constituted by (D.6). For the spectral part of the
ghost propagator, we again only consider the classical contribution, see (D.2). This leads us
to

D(l) _ ZN 2 (p ) CI)2 GX GKL
ghost — & Ne qa — p—2 c (p+q) ¢ (q)
q

“@?y 1 1 1
v | or 2 (P-9) + .
g CLPC( )L(q 2 )(p+q)2(q2+kz+xz qz+lz+iz) (D.7)
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Again, the loop momentum integral in (D.7) can be evaluated analytically via dimensional
regularisation, see Appendix B.2. The result is obtained by adding to copies of the expression
for the ghost loop quoted in Appendix B.2 where one spectral parameter is taken to zero
and the other one is substituted such that the ordinary KL kernel is transformed into that of
the modified spectral representation Equation (D.6) featuring in Equation (D.7). In explicit,
thisis A; = 0 and A, — 4/ A% + y2 resp. ,/7&% + 2. The validity range of this substitution
is discussed in Appendix B.4, since by above the substitutions the spectral parameters are
effectively complex.

We now aim for a closed symbolic form for (D.7), which necessitates analytic access to
the spectral integral. For the present purpose of studying the complex structure, it suffices to
choose a well-behaved trial spectral function p? = p(™) with appropriate decay behaviour.
Here, a convenient choice is p ™) (1) = 1/(1 + A?). The superficially divergent spectral
integral is rendered finite via application of spectral BPHZ regularisation, see Section 3.3. We
emphasise that both the procedure of spectral regularisation and the choice of p ™) do not
affect the complex structure of the diagram.

In the right panel of Figure 13 we show the leading order correction (D.7) in the complex
momentum plane. We find two additional branch cuts, stretching in parallel to the real axis
from p? = —y? and — 72 towards negative real infinity. Thus, a pair of complex conjugate poles
in the gluon propagator also leads to additional branch cuts in the gluon propagator. This can
be seen via the modified spectral representation for the ghost propagator (D.6), itself induced
by the complex conjugate poles of the gluon propagator via the ghost DSE, see Appendix D.1.

At order (GZ)?, the contribution to the ghost loop arising from the complex conjugate pole
gluon propagator reads

2@ — oy [ (o2 @D criner
ghost ~ 8 Ne q — pz c (q) ¢ (p + q)
q

— ¢°N, f pX(A1)p%(Ay) f (qz—(p '3)2)
ALy q p

1 1
+
(Grorrmee  Grorr e )

S (S S — (D.8)
PHAZ+x2 @2+ A2+ g2/ '

Equation (D.8) involves two spectral integrals, obstructing a fully analytic evaluation of this
contribution. Inspecting the analytic structure of the integrand in comparison to the G GFL-
contribution of (D.7), we see that the previously massless classical ghost propagator is replaced
by the modified spectral kernel 1/(p?+A2+ y2) and 1/(p?>+2A2+ j2). The complex structure of
these integrals is dominated by the imaginary parts of the logarithmic terms, that occur after
evaluating the momentum integrals via dimensional regularisation. Hence, we anticipate,
that the complex structure of this contribution is similar to that of the leading order correction
shown in Figure 13.

The direct investigation of this term is not performed here, as the leading order contribu-
tion already shows two additional branch cuts. The latter are already inconsistent with the
assumption of a single pair of complex conjugate poles in the gluon propagator, which was
the starting point of this investigation. Nonetheless, in the following we will also quote the
expressions for the complex conjugate poles induced corrections to the gluon loop for the sake
of completeness.
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Gluon loop

The first order contribution in Gj{ to the gluon loop is given by

1
Do = & ZNCJ V(p, )G} ()G (p +q)
q

1 R R
— 2N Ky | vip, ZBE— T D.9
g chA ( )L (p q)(p+q)2+7tz(q2+)(2 o (D.9)

with V(p, q) as defined in (26). The (’)(GX 2) contribution is given by

Déiion = gchf V(p,q)G5 ()G} (p +q)
q

A Y (- By e B (D.10)
“Jo T\ @+ @+ \p+ar+x? (p+e?+z2)

The computation of ngon and ngon in the full complex momentum plane requires the evalua-
tion of the respective momentum integrals for two arbitrary complex masses y, ¥ and momenta
p2. The analytic evaluation of this integral is significantly more challenging than with just one
complex mass parameter, as for the ghost loop (D.7). In particular, the employed technique of
Feynman parametrisation is not applicable in this scenario, as we discuss in Appendix B.4.

However, we have already shown in Appendix D.1, that a complex conjugate pole gluon
propagator leads to additional branch cuts in the gluon propagator via the ghost loop. Thus,
the input assumption of a spectral function plus a pair of complex conjugate poles for the
gluon propagator is violated independently of the complex structure of the gluon loop Dgjyop-
While an investigation of the effect of the complex conjugate pole contribution of the gluon
propagator on the complex structure of the gluon loop might nevertheless yield additional
valuable insight into the analytic structure of Yang-Mills theory, we defer this to future work.
Still, we remark that in our opinion a cancellation between the shifted branch cuts of Dgpg
and those possibly existing in Dy, cannot be expected. This would require the vertices to
compensate for the different weights of the cuts, since the ghost diagram cuts are induced by
the ghost and the (possible) gluon diagram cuts by the gluon propagator.

E Ghost loop with massive non-integer power propagators

The scaling solution of Yang-Mills theory is characterised by the IR behaviour of the ghost and
gluon propagator dressing functions as

lim Z,(p) ~ (p*)™,  lim Z.(p) = (p*)*, (E.D
p—0 p—0
while for a decoupling behaviour, we have
lim Z4(p) ~ l, limZ.(p)=2Z., (E.2)
p—0 p2 p—0

A particularly useful analytic form of the ghost propagator which allows to smoothly interpo-
late between scaling and decoupling behaviour in the IR is given by
1

- - E.3
p2(p + m)x (E-3)

G.(p,m)
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with the non-integer scaling exponent 0 < k < 1. The scaling solution is realised for m — 0.
Non-perturbative studies of Yang-Mills theories suggest k¥ ~ 0.57 [46]. In an approxima-
tion with bare vertices, the value of x can be determined analytically from the DSE to be
K = BH/1201 o 0.59535 [95].,

In cases like the scaling or decoupling scenario where the infrared behaviour of a propa-
gator is known, it can be beneficial to analytically split off the IR part as G = G'* + AG. Here,
we study the ghost 100p Dgp, in the gluon DSE where the ghost propagator is entirely given
by the IR parametrisation of (E.3), reading

» (p- q)? 1 1 1 1
(q p? ) 2 (p+q@)2 (2 +m2)x ((p+q)2+m2)’ (E.4)

Dghost = gchZI J
q

Analytic solutions of integrals of this kind have, to our knowledge, not been quoted in the lit-
erature so far. The non-integer exponent k increases the difficulty of the integral enormously.
Since only the non-integer part of the propagator power carries the mass m, from the mathe-
matical perspective (E.4) represents a Feynman diagram with four propagators in a particular
momentum-configuration with two massive propagators of the same mass. The large number
of propagators renders the approach of introducing Feynman parameters as in Appendix B
non-feasible. A more powerful technique to solve integrals of this kind has been proposed by
Davydychev and Boos [100], representing massive denominators by Mellin-Barnes integrals
as
1 1 1 1

m? s
(k2 + m2)a - (k2)e T(a) Py f_ioo ds(ﬁ) I'(=s)l'(a+s), (E.5)

which follows from the Barnes integral representation of the hypergeometric function 1Fo(a ’z)
A pedagogical introduction to the technique can be found e.g. in [101]. The generalised
hypergeometric function of one variable is defined by

aq,...,0y — (01)]'--‘(61,4)]' zJ
F = —_—, E.6
AB( bl:"-JbB ‘Z) ;(bl)J(bB)]]' ( )

where (a); =T'(a + j)/T(a) is the Pochhammer symbol.
Using (E.5) for the non-integer power propagators in (E.4) and dropping the prefactor
gzNCZb we get

) 1 ioco ico
Dgtost = 22 ()2 LOO ds Loo dt (m2) ™ T(=s)I (=00 (x + )T (x + e (p,m), (E.7)

with

[MB (z_(P"I)Z) 1 1
ghost — . q p2 (@) ((p + Q)<+t
Defining k = p + q, we can rewrite the momentum integral as

1 1 1

e =—J7’(p q,k)

ghost > 2 1(52 1’
2 . (q )K+S+ (k )K+t+

(E.8)

where

1 1
k) =q>+ k2 —2p?— —(k* —2K2¢% +¢%).
P(p,q,k)=q 5P 2p2( ¢*+q*)
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Equation (E.8) is now evaluated with the help of the well-known integration formula

d_ _
ddq (qlz)d/z—a( z)a ﬂ(kz)ﬂ _ 1 F(a)F(2 /5)1“(/3 a) (E.9)

(2m)d p @R —ar +a—p)

Convergence of (E.9) is only ensured for Re(a) > 0, Re(f —a) > 0 and Re(f8) < d/2. Although
the convergence requirements do not hold for all summands of P defined in (E.8) separately,
it holds for its initial form P = q% — (p - ¢)*/p?. Application of (E.9) is hence justified, and
setting d = 4 we find

st T+t +2k+2)I(2—=s—K)[(2—t —K)
Lo (p,m) = S (p?) 2 :
8 2(4m) Fs+x+DI(t+x+1)I(4—s—t—2kK)

(E.10)

Using I'(z + 1) = 2T'(2) and the result of the momentum integration (E.10), (E.7) becomes

__—3 1 ioo ioo M2 NSHE o o
Dghost = 1287 T(x)2 J_. ds J_. dt ( 2 ) (%) (E.11)
F(—s)I‘( s+t +2xk+2)I(2—s—x)I'(2—t— K)
(+x)(t+x)I(4—s—t—2K)

The two remaining integrals in (E.11) along the imaginary axis can be evaluated via
the residue theorem, closing the integration contour at real positive/negative infinity for
p? > m?/p? < m2. This step can be automated using the Mathematica packages MB [102]
and MBsums [103]. The result is quoted as

. 4 ) (m2)1=2 MR(p, m), p <4m, ( )
_ E.12
ghost 12874 F(K)z (pZ)l—ZKMUV(p’ m)’ else.

The functions M are given by the sums of the residues of (E.11), and explicitly read

MR = MllR + MIZR + MéR, (E.13)
with
r_ —17p*y2 1,1,1+x | p?
MR = ﬁ(ﬁ) T()T(k + 1) F,( 55 _ﬁ)’ (E.14)
ny+n, m?\—™m
M= i (—1)mt F(n1+n2+1<+1)(—)
2 el o (g +2)Iny!(ny +2)!(ny + ny + IT(ny + x + DI(—ny —ny +2—«)
X [(nz + IT(—ny —2 —x)T(ny + x + 1)(n; + ) (ng + 1y + 2)!IT(—n; —ny + 2 —x)
—(ny + 2)IT(2— Kk —ny)T(ny + x)(ny +ny +1)!
><I‘(—nl—nz—l—l—K)F(n]+n2+21<—1)],
1 1p 11
R _ T(1)2 1P 1 _ =
MR = T(x) (Z(K_ 5 6m 2[ (w(x) og +YE 6]),
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Figure 14: Spectral difference AG, on the real (left) and imaginary (right) frequency
axis. Squares indicate the numerical values of AG,, while solid lines mark the corre-
sponding fit G;"" " by a pole on the real frequency axis, cf. (37). The best fit for the
spectral difference is constructed on the level of the dressing function, as displayed
above. The fit describes the Euclidean well. On the Minkowski axis, only the asymp-
totic tails are fitted, and the fit works well in this regime. In the mid-momentum
regime of the real axis however, numerous wiggles suggests that multiple pairs of
complex conjugate poles are present. The region is explicitly excluded from the fit.

where 1) is the digamma function and

o, (1)

M&JV: Z P

(k +np)(x +ny)l(ny + DI(ny + 1I(—2k —n; —ny +4)

I(—x —n; +2)I(—x —ny + 2)T(2x +ny +ny — 1)

5

ny,ny=0
MUV ~ (%) (_1)n1+n2(n1 + 1)!(75_22)—K+n1+n2+2
2 = ny!(ng + 2\ T(—k —ny —ny + 2)I'(k + 1y + 1)
1,12—
xT'(k —ny —2)[(—k —ny + 2)T(k + ny )T(k + ny + 1y + 1),
w %) (_1)n1+n2(n2 + 1)!(;;_22)—K+n1+n2+2
M3 =

ni!nyl(ng + 2)!IT(k + ny + 1)I'(—x —ny —ny +2)

nl,n2=0

xT(—k —n; +2)T'(k + n)T(k —ny —2)I'(k + 1y +ny + 1). (E.15)

The double sums appearing in (E.14) and (E.15) can be represented as Kampé de Fériet func-
tions, which generalise the hypergeometric function of two variables to

A;B;B’( al,...,aA:b]_,...,bB;bll,...,b/B,
C1yeesCc i dy,..n,dpidy, ..., d),

jii
o (@1)j 47, - (@a)j 45, (D1)j, - (b)), (BY);, ... (b)), 7'y

o €yt -+ (ec)jy 4y, (A1), - - (dp)j, (d)), - - (), Jatiat

21,22) (E16)

J1si2=

by identifying the respective Pochhammer symbols. Since in numerical implementations spe-
cial functions such as the Kampé de Fériet function defined in (E.16) are often evaluated via
their series representation, we do not reformulate the double sums in (E.14) and (E.15) here.
The presented analytic result can be validated by evaluating (E.4) numerically. Note that in
particular, with the above expressions at hand, also here we can directly evaluate the diagram
at real frequencies w.
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F Scale setting and normalisation

In order to provide data which can be compared to the lattice, we need to fix the momentum
scale and global normalisation of both fields. This is done by introducing two rescaling factors
via

Zc(l/it)(pGeV) = M/A Zc/A(C * Pinternal) - (E1)
The normalisation of ghost and gluon field NV, 4 as well as (common) momentum rescaling
factor c are then determined by fitting the Euclidean ghost and gluon dressing functions in (FE1)
to the Yang-Mills fRG data of [46], which is itself properly rescaled to match the lattice data
of [104]. For the gluon, during the fit an additional constant term Amﬁ needs to be allowed

on the level of Fﬁ) in order to compensate for possible differences in the constant part of Fﬁ).
Note that this term is only introduced to correctly determine N, and c, and is removed again
after rescaling.

G Spectral difference

This appendix discusses the fitting procedure that is used to take the spectral difference (35),
i.e. the difference between the spectral and full gluon propagator, into account. The spectral
difference is evaluated on both real and imaginary frequency axis. The obtained result is fit
with a simple pole on the real frequency axis, comp. (37), using Mathematica’s NonlinearMod-
elFit routine. We select Newton’s method for the optimisation and explicitly specify gradient
and hessian of the fit function. The trust region method is employed for step control. Further,
we assign weights w; to the (real and imaginary) frequency grid points. It turned out to be
beneficial for the convergence to choose w; = | pgl, where p, stands for both real or imaginary
frequencies. This results simply in fitting the spectral difference of the gluon dressing function
instead of the propagator. In consequence, the fitting routine puts a lot more weight on the
UV instead of the IR, which is the case when fitting the propagator. The fact that this increases

4' | (5] L
(= @ :l = m . - 0.1
=9 -
é o ] '\T
N
2F -] 10
L |m X ]
Al mZ, = -
2.6 2.7 2.8
£ [Gev]

Figure 15: Evolution of the pole positions (red) and residues (blue) of the spectral
difference fit Gg defined in (37) under change of mﬁ. The residues mirror the spectral
violations Ve defined in (39) and shown in Figure 8. If the spectral violation is neg-
ative, i.e. the Kallén-Lehmann part ij is smaller than the full gluon propagator G,
the spectral difference and, correspondingly the residue, are positive, and vice versa.
Decreasing stability of the iteration and worsening fit precisions towards smaller mf‘,
which can be also seen when comparing the spectral difference AG, and its fit G¥,
shown in Figure 14, also manifest themselves in non-monotonous behaviour of y.
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stability can be well understood considering that the effect of the deep IR behaviour of the
gluon propagators in the DSE diagrams (comp. Figure 2) is relatively subleading compared to
the UV behaviour.

In order to assess the quality of the employed fit, it is hence sensible to consider the spec-
tral difference for the gluon dressing function, as shown in Figure 14. The left panel shows
the spectral difference as compared to the fit on the real-time axis. The grey shaded area is
explicitly excluded from the fit, such that only the asymptotic tails are taken into account. As
emphasised in Section 5.1, it can be clearly seen that the employed fit function is not able to
capture the full structure of the spectral difference. The asymptotic tails are well fit, however.
Taking a closer look at the excluded region in fact suggest the existence of multiple pairs of
complex conjugate poles. A single complex conjugate pole term accounts for each one lo-
cal maximum and minimum in the spectral difference. A rough estimate for the number of
(leading order) pairs of poles can thus be obtained by just counting positive/negative peaks.

The Euclidean spectral difference for the gluon dressing is displayed in the left panel of Fig-
ure 14. As for the asymptotic regions on the real frequency axis, the fit works well here. How-
ever, comparing the fit quality between the different values of mi, the worst fit is obtained for
smallest mi.

H Numerical procedure

This appendix elaborates on the numerical treatment of the spectral integrals as well as the
spectral integrands.

H.1 Spectral integration

The spectral integrals of the form

f r[kipi(ki)lren(p:{li}): (H]‘)
{A:}

i

where I, is the renormalised spectral integrand (comp. (29) or (31)), are evaluated
numerically on a logarithmic momentum grid of 100-200 grid points with boundary
(Prmins Pmax) = (107*,102), identically for the Euclidean and Minkowski axis. We use a global
adaptive integration strategy with default multidimensional symmetric cubature integration
rule. After spectral integration, the diagram is interpolated with splines in the Euclidean and
Hermite polynomials in the Minkowski domain, both of order 3. The spectral function is then
computed from the interpolants. Note that, a priori, due to (8), the domain of the ghost spec-
tral function is given by the momentum grid. The integration domain of the spectral integral
of the ghost spectral parameter has to be bounded by (ppin, Pmax), in order to not rely on
the extrapolation of the spectral function beyond the grid points. Due to numerical oscilla-
tions at the very low end of the grid, we choose (A?in, APE) = (1072,10%). Convergence of
the integration result with respect to increase of the integration domain has been explicitly
checked.

H.2 Spectral integrands

The numerical performance of the spectral integrations presented in Appendix B is sped-up
by up to two orders of magnitude by using interpolating functions of the numerical data. The
interpolants are constructed by first discretising the integrand inside the three-dimensional
(p, A1, A,) cuboid defined by p € 101742}, Aip € 1044, As for the momentum grid for the
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Figure 16: Convergence of a gluon (left) and ghost (right) spectral function through
iteration of the DSE for mi = —1.1. As an initial guess, the solution for mf\ =—1is
used. The colour coding indicates the iteration number n;.,. After about 10 itera-
tions, the curves become visually indistinguishable, i.e. the iteration converges.

spectral integration, we use the same cuboid for the real- and imaginary-time domain. We use
60 grid points in the momentum and 160 grid points in the spectral parameter integration,
both with logarithmic grid spacing. For the real-time expressions, we divide into real and
imaginary part of the integrands. Both real and imaginary parts of the discretised Minkowski
as well as the Euclidean expressions are then interpolated by three-dimensional splines inside
the cuboid. The resulting interpolating functions are then used in the spectral integration.

H.3 Convergence of iterative solution

The iterative procedure applied to solve the coupled system of DSEs in this work is described
in Section 3.5. For each value of mi, the iterations is initiated with spectral functions from the
previous (larger) value of mi. It converges rapidly, see Figure 16. The very first initial guess
for the gluon spectral function has been obtained heuristically by trial-and-error from previous
iteration results and has not been stored. For the ghost spectral function, a massless pole in
the origin with residue 1 was used.
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