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Abstract

Physics-informed neural networks (PINNs) are employed to solve the Dyson–Schwinger
equations of quantum electrodynamics (QED) in Euclidean space, with a focus on the
non-perturbative generation of the fermion’s dynamical mass function in the Landau
gauge. By inserting the integral equation directly into the loss function, our PINN frame-
work enables a single neural network to learn a continuous and differentiable represen-
tation of the mass function over a spectrum of momenta. Also, we benchmark our ap-
proach against a traditional numerical algorithm showing the main differences among
them. Our novel strategy, which is expected to be extended to other quantum field the-
ories, is the first step towards forefront applications of machine learning in high-level
theoretical physics.
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1 Introduction and motivation

The predictions of the behavior of quantum field theories require an in-depth knowledge of
the interactions among fields and particles on different energy scales. One of the theoret-
ical methods to study these interactions is through the famous Dyson-Schwinger equations
(DSEs), which are known for being an infinite set of integral equations fundamental to inves-
tigate the infrared (IR) region in QFTs, particularly in QED [1–3]. These integral equations
are responsible for describing the dynamics of n-point Green’s functions, which have an im-
portance in investigating phenomena like dynamical mass generation, confinement, and the
nature of phase transitions in quantum systems [4–11].

In terms of QED, the fermion and photon propagators’ DSEs are fundamental in under-
standing how gauge invariance and chiral symmetry breaking manifest in different energy
regimes [12–16]. It is important to mention that these integral equations form an infinite
tower of equations, where each Green function is connected to higher-order ones, and there-
fore practical applications in general involve truncating the system. The Rainbow-Ladder ap-
proximation, for instance, is a commonly used truncation that simplifies the fermion-boson in-
teraction vertex to its lowest-order term [17–21], a method often employed to study hadronic
physics and the high-energy behavior of the quark-gluon vertex in quantum chromodynamics
(QCD) [4,22,23].

In recent years, machine learning (ML) algorithms have been recognized as important
tools for addressing difficult high-dimensional problems in physics. Among these approaches,
the PINNs have emerged as particularly promising. These networks integrate the physical
laws governing the system directly into the architecture of the neural network, using loss
functions informed by the residuals of the differential equations that must be solved [24–26].
This method has been effectively applied to solve forward and inverse problems involving
non-linear partial differential equations (PDEs), enabling high-precision solutions even in the
presence of noisy and incomplete data [24,25].

The wide-range applicability of PINNs covers some physical areas, e.g., the fluid dynam-
ics, where they have been used to reconstruct flow fields from partial observations [27]. In
cardiovascular flow modeling, these networks have successfully predicted arterial blood pres-
sure from non-invasive 4D flow Magnetic Resonance Imaging (MRI) data [28], and in plasma
physics, they have been used to uncover turbulent transport at the edge of magnetic confine-
ment fusion devices [29]. They have also demonstrated utility in quantum chemistry, where
they have been designed to handle high-dimensional quantum many-body problems, such as
solving the Schrödinger equation [30–32].

Moreover, recent advances have expanded the scope of PINNs; for instance, the introduc-
tion of Bayesian physics-informed neural networks (B-PINN) has further improved the ability
to quantify uncertainty in predictions, making these networks stronger in scenarios where data
may be sparse or noisy [33]. In addition, the development of extended PINNs (XPINNs) has
enabled more efficient training in parallel architectures [34]. Other extensions of these net-
works, such as deep operator networks (DeepONets), were responsible for learning mappings
between infinite-dimensional function spaces, allowing the solution of operator learning prob-
lems [35]. There are more examples like multi-fidelity PINNs that combine data from differ-
ent sources to increase model accuracy and to reduce computational costs [36]. Furthermore,
applications in molecular simulations have led PINNs to accurately predict potential energy
surfaces and simulate molecular dynamics [37].

In this work, we extend the use of PINNs to solve the DSEs for the fermion propagator in
QED, particularly in Euclidean space. Unlike their conventional applications, which focus on
solving PDEs, we employ these networks to tackle the integral equations that govern quantum
field theories, such as those represented by DSEs, which are fundamentally more challeng-
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ing due to their non-local nature and the need to account for all possible interactions in the
quantum field [38,39].

Our adaptation involves incorporating the integral equations of the DSEs directly into the
loss function used during training. By doing so, we preserve the full structure and non-local
nature of the DSEs. The neural networks approximate the wave function renormalization, the
dynamical mass function, and are trained to minimize the discrepancy between their outputs
and the solutions to the integral equations. This is achieved by first expressing the momentum
variable in dimensionless form, and discretizing a desired interval using a logarithmic grid
of N points. Then, the integrals are numerically approximated using the trapezoidal rule
[40–42], which splits the integration domain into small intervals and approximates the area
under the curve by summing the areas of the corresponding trapezoids. In each sub-interval,
the quantity of interest is evaluated using our neural network, and these computations are
directly incorporated into the loss function.

To confirm numerical stability and physical credibility, we implement positivity of the out-
put through a softplus activation and improve resolution over several momentum scales by
adding specific loss terms for intermediate, high, and ultraviolet (UV) regions. This multiscale
supervision strategy enables the network to agree with numerical state-of-the-art traditional
solutions even when B(p2) scales many orders of magnitude. In contrast to our previous ap-
proach relying only on base residuals, our novel strategy introduces log-scale constraints and
perturbative tail matching to capture the full behavior of B(p2) on IR and UV regimes. As
a consequence, the networks learn solutions that are consistent with both the mathematical
form of the DSEs and the underlying physical principles they represent, without modifying the
network architecture to include integral operators directly.

Finally, our research contributes to a effort to develop physics-informed learning meth-
ods capable of solving different problems in distinct scientific domains. By inserting intrinsic
physical knowledge within PINNs, this study aims to provide efficient tools for investigating
quantum field dynamics. The results could be a significant first step towards novel applica-
tions of machine learning in physics, from high-energy particle collisions to condensed matter
systems.

This paper is organized as follows. In Sec. 2, we briefly review the Dyson–Schwinger equa-
tions in Euclidean space, presenting the fundamental expressions for the fermion and photon
propagators. Then, in Sec. 3, we introduce the rainbow truncation framework and detail
our neural network solution strategy, including the trapezoidal numerical integration method,
the network architectures, and the training procedure (hyperparameters, loss function, etc.).
Next, in Sec. 4, we present and analyze the results attained from our PINNs, focusing on
the wave function renormalization and the dynamical mass function. Also, we compare our
framework against a traditional numerical algorithm. Lastly, Sec. 5 concludes the manuscript,
summarizing our findings and suggesting potential directions for future research.

2 Background of the Dyson-Schwinger equations in Euclidean
space

The Dyson-Schwinger equations provide a non-perturbative framework for determining
Green’s functions in quantum field theories. In this work, we focus on the DSEs for the renor-
malized fermion in QED within Euclidean space by following the theoretical formalism devel-
oped in our previous work [43]. The transition from Minkowski space-time to Euclidean space
is performed through a Wick rotation, which converts the Minkowski time component p0 into
an imaginary component p4 = ip0. This results in the Euclidean metric p2 = p2

1+ p2
2+ p2

3+ p2
4,

simplifying the analytic structure of the integrals.
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In Euclidean space, the inverse renormalized fermion propagator S−1
E (p) can be written in

terms of the wavefunction renormalization A(p2) and the mass function B(p2):

S−1
E (p) = i/pA(p2) + B(p2) , (1)

where /p = γµpµ and the Euclidean gamma matrices γµ satisfy the anticommutation rela-

tion {γµ,γν} = 2δµν. Furthermore, we also have the ratio M(p2) = B(p2)
A(p2) that defines the

momentum-dependent mass function of the fermion. It characterizes the non-perturbative
dynamical generation of a momentum-dependent mass for the fermion, even if the bare mass
m is zero. In general, both A(p2) and B(p2) are determined by solving the coupled system of
integral equations derived from the DSEs.

To make the DSEs tractable, we use the rainbow approximation [4,18], which truncates the
infinite set of coupled integral equations down to a manageable form while retaining essential
non-perturbative features. The bare fermion-photon vertex is given by:

Γµ(p, k) = γµ . (2)

The functions A(p2) and B(p2) satisfy the following coupled integral equations derived
from the DSEs:

B(p2) = mph + g2
ph

�

Σs(p
2)−Σs(µ

2
F )
�

, (3)

A(p2) = 1− g2
ph

�

Σv(p
2)−Σv(µ

2
F )
�

, (4)

Here, Σs and Σv are the scalar and vector components of the self-energy of the fermion. More-
over, mph is the renormalized physical mass of the fermion, and the coupling is defined as
g2

ph = 4πα, where α is the effective fine-structure constant in the theory. These quantities are

defined at the renormalization scale µ2
F , and their relation to the bare parameters is established

through the renormalization conditions discussed later in this section.
The fermion self-energy in Euclidean space is expressed as:

Σ(p) = −g2
ph

∫

d4k
(2π)4

γµS(p− k)γνDµν(k) . (5)

The fermion propagator is:

S(p− k) =
−A((p− k)2)
�

i(/p− /k)
�

+ B((p− k)2)

A2((p− k)2)(p− k)2 + B2((p− k)2)
, (6)

while the photon propagator is decomposed as:

Dµν(k) =

�

δµν −
kµkν
k2

�

D(k2) + ξ
kµkν
k4

, (7)

which ξ is the gauge parameter. Using the gamma matrix identities:

γµγν = δµν − iσµν , {γµ,γν}= 2δµν , (8)

where σµν =
i
2[γµ,γν], we can now decompose the fermion self-energy Σ(p) into its scalar

and vector components. Since Σs(p2) and Σv(p2) are defined without including the coupling
factor, we explicitly factor out g2

ph:

Σ(p) = g2
ph

�

(i/p)Σv(p
2) +Σs(p

2)
�

. (9)
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To determineΣs(p2) andΣv(p2), one performs the gamma matrix algebra, applies the inte-
grals to the loop momentum, and identifies the coefficients of the scalar and vector structures.
The scalar componentΣs(p2) is attained from terms that do not involve gamma matrices (after
all contractions), whereas Σv(p2) is extracted from terms proportional to i/p.

Although the integral expressions forΣs andΣv are formally similar, the vector partΣv(p2)
does not simplify easily due to the non-trivial momentum dependence of A, B, and D. A rep-
resentative form of these integrals is:

Σs(p
2) =

∫

d4k
(2π)4

�

3D(k2)B((p− k)2) + ξ B((p−k)2)
k2

�

A2((p− k)2)(p− k)2 + B2((p− k)2)
, (10)

Σv(p
2) =

∫

d4k
(2π)4

A((p− k)2)(p− k)2
�

3D(k2) + ξ 1
k2

�

�

A2((p− k)2)(p− k)2 + B2((p− k)2)
�

p2
. (11)

The photon propagator satisfies its own DSE:

1
D(k2)

= k2
�

1− g2
ph

�

Π
�

k2
�

−Π
�

µ2
B

���

, (12)

where the photon self-energy Π(k2) is given by:

Π(k2) =

∫

d4p
(2π)4

F(p2)F((p− k)2)
�

A(p2)A((p− k)2)(p2 − p · k) + 2B(p2)B((p− k)2)
�

, (13)

with
F(p2) =

1
A2(p2)p2 + B2(p2)

. (14)

Renormalization in QED involves distinct renormalization constants: Z2 for the fermion
field, Zm for the mass, and ZA for the photon field. The physical mass and coupling at the scale
µF relate to the bare parameters as:

mph = Z2m− g2Σs

�

µ2
F

�

, (15)

where Z2 =
1

1−g2Σv(µ2
F)

. The renormalized coupling is defined through:

gph =
g
Zg

, with Zg =
1
p

ZA
. (16)

By specifying the appropriate renormalization conditions in µF , one fixes Z2, Zm, ZA, and
thus determines the physical parameters mph and gph. In this way, all renormalized quantities
are manifested finite and well defined at the chosen renormalization scale.

3 The neural network approach

Our main focus in this work is to approximate the dynamical mass function of the fermion
through a single PINN in the Landau gauge, where the gauge parameter ξ is equal null and
compare our results with a traditional (conservative) numerical algorithm and with works
[44,45]. Under these conditions, the wave function renormalization is effectively 1 at leading
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order, which simplifies the DSEs considerably. Consequently, the mass function is given directly
by

M(p2) = B(p2) . (17)

While more general scenarios could involve PINNs for A(p2), B(p2), and D(k2) simultaneously,
our present effort focuses on learning B(p2), since the photon propagator is ill-defined in the
above-mentioned gauge by using the DSEs formalism [43]. To do so we start from the full
DSE as given in Eq. (3), we then apply a series of approximations to derive its simplified form.
First, we employ the rainbow approximation by replacing the dressed fermion–photon ver-
tex with its bare form Eq. (2), and approximating the photon propagator by its leading-order
expression. Although such simplifications are standard in the study of dynamical mass gener-
ation, we note that the structure of our PINN architecture is, in principle, flexible enough to
incorporate more sophisticated truncations, including gauge-independent quantities, as long
as the corresponding integral expressions are properly implemented in the loss function. This
potential extension is currently under investigation [46]. We then choose renormalization con-
ditions that remove the subtraction terms, or equivalently, we work in the chiral limit where
mph = 0; as a consequence, the scalar part simplifies to B(p2)≈ g2

phΣs(p2). Following this, the
angular integrations in four-dimensional Euclidean space are performed, which reduce the full
loop integral to a one-dimensional integral over k2 with an integration kernel that naturally

splits into two regions. Specifically, for 0 ≤ k2 ≤ p2 the kernel is K(p2, k2) =
k2

p2
, while for

p2 ≤ k2 ≤ κ2 it becomes K(p2, k2) = 1. By incorporating these results, the scalar self-energy
can be expressed as

Σs(p
2)∝
∫ κ2

0

B(k2)
k2 + B2(k2)

K(p2, k2) dk2 .

Finally, combining all these approximations leads to the simplified integral equation for B(p2):

B(p2) =
3α
4π

�∫ p2

0

B(k2)
k2 + B2(k2)

k2

p2
dk2 +

∫ κ2

p2

B(k2)
k2 + B2(k2)

dk2

�

, (18)

where κ2 is a fixed infrared scale (often set to 1 for convenience). In what follows, we outline
our neural network structure, describe how we numerically approximate the integrals, and
detail the training procedure that implements Eq. (18).

3.1 Neural network architecture

We apply a single neural network model_B that approximates B(p2). This network has:

1. An input layer of dimension 1 receiving x = p2/κ2 on a logarithmic grid (e.g.,
x ∈ [10−12, 1]).

2. Three hidden layers, each with 64 neurons, using the hyperbolic tangent (tanh) activa-
tion function.

3. An output layer of dimension 1 with a softplus activation to ensure Bpred(x) > 0. That
is, the predicted value is given by Bpred(x) = log

�

1+ exp
�

B̃(x)
��

.

This architecture better approximate B(p2) over several orders of magnitude, especially in
the UV region where the values become very small. The positivity constraint is automatically
implemented by the softplus function, which also avoids potential numerical instabilities in
the integral denominators k2 + B2(k2).

The network parameters (weights and biases) are initialized by default with Glorot
uniform initialization [47], and the bias in the final layer can optionally be initialized to
log(exp(10−3)− 1) to make B ≈ 10−3 at the start of training.
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3.2 Numerical approximation of the integral

Since A(p2) = 1 in Landau gauge at leading order, the self-energy expression simplifies to
Eq. (18). We rewrite p2 in dimensionless form x = p2/κ2, and similarly k2/κ2 for the integra-
tion variable. Thus, the integrals become

B(x) =
3α
4π

�∫ x

0

B(k)
k+ B2(k)

k
x

dk
︸ ︷︷ ︸

IR part

+

∫ 1

x

B(k)
k+ B2(k)

dk
︸ ︷︷ ︸

UV part

�

. (19)

Here, 0 ≤ x ≤ 1. In practice, we discretize [10−12, 1] using a logarithmic grid of N points,
{x1, x2, . . . , xN}, and approximate the integrals using a trapezoidal rule. For the interval [0, x i],
we sum over {x j}ij=1; for [x i , 1], we sum over {x j}Nj=i . Symbolically,

∫ x i

0

f (k) dk ≈
i−1
∑

j=1

1
2

�

f (x j) + f (x j+1)
� �

x j+1 − x j

�

, (20)

∫ 1

x i

g(k) dk ≈
N−1
∑

j=i

1
2

�

g(x j) + g(x j+1)
� �

x j+1 − x j

�

. (21)

In each trapezoid sub-interval, we evaluate B(x j) using our neural network. The coupling
α is written as a constant in front of the integral, but it can also be treated as a parameter to
be fitted.

To improve precision in specific momentum regions, we define masks over subsets of the
domain: a “mid” region (10−7 ≤ x ≤ 10−3), “high” (10−3 ≤ x ≤ 10−1), and “very high”
(10−1 ≤ x ≤ 1). These intervals will be used in the loss function to guide the network with
which we refer to as regional supervision, this strategy consists of incorporating localized loss
contributions into the total loss function, enabling the network to balance its performance over
multiple orders of magnitude.

Moreover, a logarithmic comparison between the network prediction and the traditional
solution is included in each region to better work out the dynamic range of B(x). This will be
fundamental to ensure that the PINN matches the benchmark results both qualitatively and
quantitatively on all energy scales.

3.3 Training procedure and loss construction

Let us show now our PINN strategy, i.e., at both each epoch and discrete point x i , we compute:

Bpred(x i) = model_B(x i) ,

and also form

Btarget(x i) =
3α
4π

�

∫ x i

0

B(k)
k+ B2(k)

k
x i

dk +

∫ 1

x i

B(k)
k+ B2(k)

dk

�

,

through the trapezoidal sums. We then store up a mean-squared error (MSE) over all points
x i:

Lossbase =
1
N

N
∑

i=1

�

Bpred(x i) − Btarget(x i)
�2

. (22)

To improve learning over several orders of magnitude of B(p2), especially for values
≲ 10−6, additional loss terms were introduced. These include:

7
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i. A mid-momentum range loss:

Lossmid =
1

Nmid

∑

x i∈[10−7, 10−3]

�

log10 Bpred(x i)− log10 Bnum(x i)
�2

. (23)

ii. A high-momentum loss in the interval [10−3, 10−1]:

Losshigh =
1

Nhigh

∑

x i∈[10−3, 10−1]

�

log10 Bpred(x i)− log10 Bnum(x i)
�2

. (24)

iii. A perturbative UV tail constraint:

Losstail =
1

Nuv

∑

x i∈[10−2, 1]

�

x iBpred(x i)− C
�2

, (25)

where C is the mean C = 〈x iBnum(x i)〉 in the UV.

The final loss is a weighted sum of all components:

Losstotal = Lossbase +λmidLossmid +λhighLosshigh +λtailLosstail , (26)

with chosen weights λmid = λhigh = 106, and λtail = 102. Moreover, Nmid, Nhigh, and Nuv denote
the number of grid points x i lying in the intervals [10−7, 10−3], [10−3, 10−1], and [10−2, 1],
respectively. These quantities correspond to the cardinality of the masked subsets used dur-
ing loss computation, and serve to normalize the loss terms on different momentum regions,
ensuring that no interval dominates due to a larger number of points. Also, this composite
loss structure enables the network to reproduce the state-of-the-art traditional (conservative)
numerical results. To accomplish that, we use the automatic differentiation capabilities of
JAX [48] together with the neural network infrastructure of Equinox [49] and the optimiza-
tion routines provided by Optax [50]. These libraries let efficient gradient-based optimization
of the neural parameters. Furthermore it is worth mentioning that our learning strategy is
not a standard supervised learning approach. Although some components of the loss function
involve comparisons with results from the traditional numerical algorithm, these are used only
as auxiliary regularization terms to stabilize training in specific momentum regions. The core
of our method lies in minimizing the residual of the DSEs on the input domain, following the
PINN paradigm. In this sense, the training falls under the category of residual-based physics-
informed learning, rather than supervised or unsupervised learning in the classical machine
learning taxonomy.

4 Discussion of results

In this section, we present our solutions attained from both a traditional numerical iterative
solver and our PINN approach for A(p2) and B(p2) in Landau gauge.

4.1 Traditional and PINNs methods

First, we have implemented a traditional (conservative) numerical method to attain solutions
of the DSEs in the above mentioned gauge, serving as a benchmark for our PINN-based ap-
proach. Using as references the works [44, 45], our simulations show how variations in the

8

https://scipost.org
https://scipost.org/SciPostPhysCore.8.3.054


SciPost Phys. Core 8, 054 (2025)

coupling (instead of an explicit UV cutoff parameter) can affect the non-perturbative features
of the theory. In this iterative method, the equation

B(p2) = m+
3α
4π





∫ p2

0

B(k2)
k2 + B2(k2)

k2

p2
dk2 +

∫ κ2

p2

B(k2)
k2 + B2(k2)

dk2



 (27)

is discretized over a logarithmic grid, with x = p2/κ2 ranging over the interval [10−12, 1]. The
iterative scheme initializes the function with B = 10−3, and then updates it using the trape-
zoidal rule until convergence (with tolerance 10−7). In parallel, we train our PINN using the
same input domain and reference values for the coupling α, while introducing a loss function
with additional terms targeting specific momentum intervals as written before.

Figure 1 displays the results for the mass function B(p2) obtained from both approaches for
three values of the coupling α = 1.13, 1.15, and 1.18, over the interval p2/κ2 ∈ [10−12, 1].
The traditional results are shown with dashed lines, while the corresponding PINN predictions
are shown with solid lines of matching color. This combined plot shows that our PINN repro-
duces the non-perturbative behavior on all momentum scales, from deep IR to UV, including
features down to B ∼ 10−7 in the UV.

We also observe that the agreement is especially accurate in the intermediate and UV
regimes, where our earlier PINN implementation plateaued. This is a direct consequence of
introducing log-scale losses and regional supervision in the training.

As expected, increasing the coupling α increases the non-perturbative effects in the in-
frared region, yielding a larger value of B(p2) at low p2. For all cases, the wave function
renormalization remains fixed at A(p2) = 1 in Landau gauge [44, 45], shown in Fig. 2, and
used consistently in both methods.

We emphasize that the results shown in Figs. 1 and 2 were attained using the updated PINN
framework presented in this work, which includes explicit loss weighting on logarithmic scales
and targeted supervision in the mid, high, and very high momentum intervals. These additions
were fundamental to suppress the PINN’s tendency to plateau and to ensure alignment with
the expected numerical behavior.

It is worth commenting that the references [44,45] focus on the so-called rainbow approx-
imation of the fermion DSE in 4D quantum electrodynamics, in which the photon propagator
is kept quenched and the vertex is taken at its bare form γµ. Under this approximation, one

Figure 1: Comparison between traditional numerical solution (dashed) and PINN
results (solid) for the fermion dynamical mass function B(p2) atα= 1.13, 1.15, 1.18.
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Figure 2: Fermion wave function renormalization A(p2), fixed to 1 in Landau gauge.

investigates the conditions under which dynamical mass generation emerges, typically identi-
fying a critical coupling αc above which M(p2) becomes nonzero. Additionally, the ultraviolet
cutoff is implicitly fixed in those analyses, and is not treated as a free parameter; rather, the
central interest lies in the gauge parameter ξ and whether α > αc leads to a spontaneously
generated mass (obeying Miransky scaling near αc).

Therefore, in order to adapt our forefront method to the traditional DSE literature, our
current perspective is to vary the coupling α directly in the integral equation, thus tracking
how the infrared behavior of B(p2) evolves with different α values. Our viewpoint lines up
with the idea of exploring dynamical symmetry breaking through a machine learning approach,
while remaining consistent with earlier numerical results of the rainbow approximation.

The agreement over all regions, i.e., IR, intermediate, and UV shows that PINNs, when
properly guided with physical constraints and loss shaping, can match traditional numerical
methods even for non-local integral equations. This is the first step towards the confirmation
of the viability of PINNs as a robust method to tackle DSEs. Finally, although the figures do not
explicitly incorporate a variable ultraviolet cutoff, one could indeed combine this framework
with a regulator function R(k2) to examine the sensitivity of the solutions to changing Λ, which
was done in our very first version of this work.

4.2 Overwiew by comparing the different perspectives

As it is already well-known we employed two distinct numerical viewpoints for solving the
DSE for the dynamical mass function B(p2) in Landau gauge. The summary of both of them
is given in tables (1) and (2) below:

Table 1: Characteristics of the traditional numerical method.

Characteristic Traditional numerical method
Representation Discrete values of B(p2) stored on a logarithmic grid from 10−12 to 1.
Architecture/Initialization Started with a small constant for B(p2) on the grid.
Update mechanism Iterative, point-by-point updates using trapezoidal integration until convergence.
Convergence criteria Iterations stop when the maximum difference between successive updates is below

10−7 or after a maximum number of iterations.
Computational cost Can become computationally expensive with a refined momentum grid, requiring

careful tuning of initial guesses and iteration parameters.
Output Produces a discrete solution defined only at the grid points.
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Table 2: Features of our PINN framework.

Characteristic PINN framework
Representation Continuous function B(x) with x = p2/κ2 represented by a neural network model.
Architecture/Initialization Three hidden layers with 64 neurons each (using tanh activation), and a positive

output required through softplus activation.
Update mechanism Global gradient descent (Adam) minimizes an MSE loss that compares Bpred(x i)

with a target Btarget(x i) obtained through numerical integration.
Convergence criteria Training stops when the optimizer stabilizes or a preset epoch limit is reached.
Computational cost Loss function includes interval-based supervision and logarithmic penalties, en-

abling multi-scale resolution at all p2 regions.
Output Yields a smooth, continuous approximation of B(p2) valid over the entire domain.

5 Conclusion

In this work, we have used PINNs to tackle the DSEs for QED defined within the bounds
of Euclidean space. In summary, we have shown how a single PINN can be applied to the
integral equation for the dynamical mass function in Landau gauge. By discretizing the interval
[10−12, 1] and applying a trapezoidal approximation, we trained a neural network to match
B(p2) against its own integral expression. Our results confirm that this approach is capable
of capturing the main non-perturbative features, namely dynamical mass generation at small
momenta and a decreasing behavior for larger p2.

Here, we introduced targeted loss components in specific momentum intervals, e.g., mid,
high, and ultraviolet regimes combined with logarithmic constraints and perturbative tail
matching. This multi-scale approach guarantees that the predicted mass function B(p2) agrees
with traditional (conservative) numerical methods over the entire domain, even down to val-
ues ∼ 10−7. These refinements close the previous performance gap and allow the PINN to
serve both as qualitative exploratory tool and as a quantitatively accurate method.

This work represents a first step towards applying modern neural architectures to faith-
fully reproduce traditional numerical results in non-perturbative QFTs, while retaining differ-
entiability and flexibility for further generalizations. Future research may extend these algo-
rithms within the quantum theoretical physics viewpoint to investigate the same problem in
Minkowski space-time, explore more general truncation schemes and other gauges to study
gauge (in)dependence explicitly, and employ our approach to different coupled systems, e.g.,
QCD or scalar Yukawa models, as well as to investigate other n-point Green functions. From a
computer science perspective other neural network algorithms such as the neuroevolutionary
framework [51, 52], deep operator networks [35], and transformer-based architectures [53]
could share the same ultimate goal of incorporating physical structure into machine learning
models to approximate non-local integral equations like DSEs.

Finally, our work intends to extend the use of PINNs to solve difficult Dyson-Schwinger
integral equations in QFTs. This approach addresses the missing links between machine learn-
ing and theoretical physics and offers a new window into the study of quantum field effects
and, we hope, also contributes to the larger efforts to develop computational methods in the
era of problems relevant to modern physics.
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