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Anyon condensation in mixed-state topological order
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Abstract

We discuss anyon condensation in mixed-state topological order. The phases were re-
cently conjectured to be classified by pre-modular fusion categories. Just like anyon
condensation in pure-state topological order, a bootstrap analysis shows condensable
anyons are given by connected étale algebras. We explain how to perform generic anyon
condensation including non-invertible anyons and successive condensations. Interest-
ingly, some condensations lead to pure-state topological orders. We clarify when this

happens. We also compute topological invariants of equivalence classes.
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1 Introduction and summary

Topological order (TO) [1,2] was found in the late 1980s. The gapped phases have peculiar
properties such as robustness against local deformations, topology-dependent ground state de-
generacy, and fractional statistics. All these characterizations can be concisely explained by a
modern definition [3-5] as a spontaneously broken discrete higher-form symmetry [6]. Since
a point links trivially with defects with codimension larger than one, local operators cannot
disturb the order. On a compact space like a torus, symmetry operators can wrap nontrivial
cycles giving degenerate vacua. In three-dimensional space(time), one-form symmetry opera-
tors (i.e., line operators) can have fractional spins. Due to its robustness against disturbance,
TOs have been applied to, say, fault tolerant quantum computations [7].

The application in mind, one should notice one fact; the usual TOs are described by pure
states because the systems are assumed to be well-isolated. However, in reality, systems inter-
act with environments. Hence, they are described by mixed states. Therefore, if one would like
to engineer realistic quantum computations with TOs, one cannot avoid studying mixed-state
TOs [8].

Just like pure-state TOs are classified by modular fusion categories (MFCs) [9], recently,
[10] conjectured that (locally-correlated) mixed-state TOs in three-dimensional space(time)
are classified by pre-modular fusion categories (pre-MFCs).! (The definitions are collected in
section A.1.) Here, we should distinguish two mixed-state TOs: intrinsic and non-intrinsic
[10,12]. The distinction is given as follows. By definition, a pre-MFC B contains transparent
anyons. Their collection is denoted B’. If there exists an MFC B (or pure-state TO) such that
B is given by a (Deligne tensor) product

B~B®E, €))

then the mixed-state TO described by B is called non-intrinsic. An intuition behind this ter-
minology is this; the mixed-state TO can be viewed as a stacking of pure-state TO B and
transparent anyons 3’. In this sense, they are boring. What is interesting is mixed-state TOs
which cannot be written as products. They are called intrinsic.

In this paper, we assume the conjecture, and study the mixed-state TOs. More precisely,
we take the category-theoretic (or Yoneda) perspective. Namely, in order to understand a
mixed-state TO, we study its relation with other (mixed-state) TOs.

In pure-state TOs, certain relations among them are provided by the well-known proce-
dure, anyon condensation [13-15]. The procedure achieves the following. Pick a pure-state
TO described by an MFC ;. A ‘nice’ anyon A € B; can be condensed. (Here, ‘nice’ anyons
are given by connected étale algebras in B; [16].) Condensing A, we obtain a new pure-state
TO described by another MFC 13,. (The two phases are separated by a wall described by C.2)
In this way, one can obtain a new pure-state TO from an old one. Following these develop-
ments, in this paper, we study anyon condensation in mixed-state TOs.®> Namely, we pick a
mixed-state TO described by a pre-MFC B; and a condensable anyon A € 13;. Condensing A,
we obtain a new phase described by B,. We identify B, and the theory C on the wall sep-
arating them. (In the usual pure-state TOs, particles in 3, and C are called deconfined and
confined, respectively.) As we comment below, anyon condensation in mixed-state TOs allows
us to compute topological invariant of such phases suggested in [10].

Independenly, [11] gave a similar conjecture: intrinsically mixed-state TOs from locally decohered (2+1)-
dimensional unitary modular anyon theories are classified by pre-MFCs. We thank Abhinav Prem for clarifying the
statement.

2Mathematically, the new MFC B3, is given by the category (3, )g of dyslectic A-modules. The theory C on the
wall is given by the category (13;), of A-modules.

3As far as we know, anyon condensation in pre-MFC was first mentioned in the footnote 23 of [17] and studied
more systematically in [18].
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Table 1: Summary of results.

Notation Identification
Old mixed-state topological order B; Pre-modular fusion category
Condensable anyon A € B, Connected étale algebra
New topological order 5, Category (B, )g of dyslectic A-modules
Theory C on the wall Category (B;), of A-modules

1.1 Summary of main results

Here, we summarize our results.

Conjecture. Condensable anyons in a mixed-state topological order B; are given by connected
étale algebras A € B,. They give the vacuum A= 1p, € B, (denoted by 0 in later sections) in a
new phase. The new phase is given by the category (3; )g of dyslectic (right) A-modules. The two
phases are separated by a wall given by the category (I31), of (right) A-modules.

Remark. It is mathematically known [19-21] that connected étale algebras in pre-MFCs can
be condensed. However, to the best of our knowledge, it is not mathematically known whether
all condensable anyons are exhausted by connected étale algebras or not. Our physical con-
sideration claims this is the case.

Interestingly, some condensations give MFCs 3, describing pure-state TOs. By finding mathe-
matical results, we found when exactly this happens:

Theorem. [22-24] Let 18] be transparent anyons in By. If all transparent anyons X € BB are
bosons (i.e., they have trivial topological twists Ox = 1) and A condenses all simple anyons in B,
then the resulting phase is a pure-state topological order:

This result is interesting in viewpoint of engineering; a noisy system in contact with environ-
ment can produce pure-state TO under appropriate anyon condensation. For instance, we will
see a mixed-state TO described by TY(Z, x Z,) with specific conformal dimensions produces
the celebrated pure-state TO, Toric Code MFC [7,25].

The result also has implication in computation of topological invariant. A natural question
in classifying mixed-state TOs is the following: when two mixed-state TOs belong to the same
equivalence class? In [10], they suggested the following. Let us denote the full subcategory
of transparent bosons by 7,. If all simple anyons in 7, can enter a connected étale algebra,
the whole 7, can be condensed. By the theorem, by condensing 7;, we get either modular
(when there is no transparent fermion) or super-modular fusion category (when there are
transparent fermions) A™". They called this the minimal anyon theory, and showed it is a
topological invariant of an equivalence class. Developing a systematic method to condense
anyons thus provides a method to compute the topological invariant. We summarized the
topological invariants in our examples in the Table 2 below. As a general result, we have the

Theorem. [26, 27] All mixed-state topological orders described by positive symmetric pre-
modular fusion categories belong to the same equivalence class with A™" ~Vectg.

Our examples B ~ Rep(S3), Rep(D,), Rep(S,4) are special cases of this general result.
Relatedly, we find
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Theorem. [19,20] If condensable anyons are transparent A € BB, then the theory on the wall
is the same as the new phase (B)4 ~ (5; )g. Namely, particles on the wall can freely move to the
new phase.

As a corollary, if condensable anyons are transparent, one can further condense anyons in
(B1)4 because the (whole) category admits braiding. We also study such successive anyon
condensations.

We study various examples. Our examples are summarized in the following

Table 2: Summary of examples.

Pre-MFC B | Intrinsic? | Condensable anyon A New phase 59 Topological invariant ,A™" Section
Vecj, ®Fib No l1eX Fib (20) Fib 3.1
Rep(Dy) No leX2Y®2Z ®2W Vecte (21) Vectc 3.2
Rep(Sy4) No 1eX C(FR*?) (22) Vectc 3.3.1
leY TY(Z, x Z,) (23) 3.3.2
leXxoe22y Vecg, xz, or Vecz, (24,25) 3.3.3
leXo2Y ®3Z®3W Vectc (26) 3.3.4
VecZ IzVecZ (hy = };, %),
TY(Zy % Zs) Yes leX Vecz, «z, or Vecz, (27) ToricCode (hy =0, %), (mod 1) 3.4
N 1)

1.2 Procedure and examples of anyon condensation

In this subsection, we explain general procedure of anyon condensation including non-
invertible anyons* and successive condensation. Later in the subsection, we also study simple
examples to demonstrate the procedure.

The procedure consists of two steps:

1. Turn part of simple anyons in A to the new vacuum 0,
2. Study consistencies.
In the second step, we utilize various consistencies. For example, conditions we use are
* Preservation of quantum dimensions,
* Consistency with the original fusion rules,
* Duality,
* Associativity of fusions.

We will see these in action in the later part of this subsection. Here, let us briefly see how the
second step works.

Under anyon condensations, quantum dimensions are preserved. Since the vacuum has
quantum dimension one, simple objects may or may not split into various new simple objects.
For example, an invertible simple object X with quantum dimension one just turns into the
new vacuum

X -0, 2

“Condensation of non-invertible anyons were studied in one of the original paper [15]. For example,
0@ 6 € su(2),, was studied in the paper.
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in order to preserve quantum dimension. If a simple object X has large quantum dimension
(typically no smaller than two), it splits into various new simple objects

XHQGBXl@Xz@,

where
dX == 1+dX1 +dX2+

Typically, such splittings are required to ensure the uniqueness of the vacuum in the fusion of
a simple object b; and its dual b;:

bi®b;kgl@@Nbi,blfkbk. 3)
b2l

The consistency may also require simple objects not in A, say Y, to split as well:
Y — Yl (5] Y2 ]

Unlike the fusion of dual pairs, simple objects in A may contain more than one vacuum. For
example, we will see an example X; = 0. In addition, consistency may force some new simple
objects be identified, say X, = Y,. While there are many logical possibilities as splittings or
identifications, all phenomena simply follows as consequences of consistencies.

Having mentioned the quantum dimensions, let us comment on unitarity. A spherical cat-
egory is called unitary if all quantum dimensions coincide with Frobenius-Perron dimensions.
(See section A.1 for definitions.) Most literature on anyon condensation focused on unitary
categories, however, we claim this condition is unnecessary. In fact, many anyon condensa-
tions in non-unitary MFCs were studied in [17, 18,28-30]. Unitarity is unnecessary in our
pre-MFCs either. For example, in our first example B ~ Vecé2 X Fib, one can condense 1 ®X in

B with dgy, = %3 The resulting phase is still Fib, but with different quantum dimension, i.e.,
non-unitary Fib. Similarly, one can construct infinitely many examples of anyon condensations
in non-unitary pre-MFCs as follows. Pick your favorite MFC B with non-unitary quantum di-
mension. Take a product B IZIVecZz You can condense the VecZ in the non-unitary pre-MFC.>
With this comment, for simplicity, we limit our study to unitary pre-MFCs below.

Note that, in general, not all particles after condensation admit braiding. Particles which
cannot have a well-defined braiding are called confined. (This happens if the multiple anyon
types to be identified do not share the same spin factor [15].) We will see these particles are
confined to the wall separating the old phase and the new phase. Unlike particles confined on
the wall, particles in the new phase admit braiding.

Having explained the procedure abstractly, let us see these in concrete examples. We study
two simple examples: one from the familiar pure-state TO (1) Toric Code, and another from
mixed-state TO (2) Rep(Ss).

Examples:

1. Toric code

This is a pure-state TO described by an MFC. The phase has four particles {1,X,Y,Z}
obeying fusion rules

®(1|X|Y | Z
111X |Y |Z
X 112]|Y
Y 11X
zZ 1

>More generally, the Z, can be generalized to a finite group G. It is known [26, 27] that positive symmetric
Rep(G) can be fully condensed to get Vect.
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To connect with the physics notation of Toric Code, the simple objects Y and Z are
the vertex operator e and the plaquette operator m, respectively. Because of the anyon
permuting symmetry between e and m, the label can be used interchangeably. The
simple object X is the fermion 1) formed by the bound state of the vertex operator e
and the plaquette operator m. Indeed, from Table 3 and Eq.(2.28) in [28], if we restrict
to the case where all quantum dimensions are positive, the available connected étale
algebras are AZ 1Y and A= 1@ Z, which we recapitulate the relevant parts here:

~ leY (dx,dy,dz,hx,hy,hz) (1 ]- 1: 2:0 O):
a lez (dXﬂdYJdZathhYahZ)z(1;]-;1;5:0;0):

and

Table 3: Connected étale algebra for B ~ Toric Code with positive quantum dimen-
sions.

Connected étale algebra A | B, | rank(5,) | Bg | rank(Bg)
1Y Vec%2 2 Vectc 1
IR A Vec%2 2 Vectc 1

where VecZ is the usual Z, category (with anomaly a) while Vect is the trivial category.
The rank denotes the number of simple objects in a category.

Clearly, the simple objects Y and Z are bosons with trivial topological twist 6 = 27" = 1.
Besides, the conformal dimensions are also in agreement with the fermionic nature of
X which has conformal dimension hy = % and in turn 0y = —1. This is consistent with
the fact that e and m operators are bosons while 1) is a fermion from the usual loop
picture consideration. Due to the permuting symmetry between Y and Z, we need only
consider one case of the connected étale algebra: A= 1&Y.

As the first step, we turn

1—
Y —

IO (=}

where 0 denotes the vacuum in the condensed theory. Then the fusionrule Y ® Z =X
reduces to
0®,Z =X,

which forces the identification
IeX2X,

where X is the common condensed object from Z and X. (In later sections, we omit
the underline and just write out X with the understanding that they both condense to a
single object.) This is an example of identification demanded by consistency. The fusion
rule X ® X = 1 implies

X®X=0.

This leaves us with a spherical fusion category Vec%2 ={0,X} for the condensed theory.

The final step consists of the observation that Z and X have different spin factors: 6, =1
and 6y = —1. Thus, the X is confined and the final deconfined theory is just the trivial
vacuum, denoted by Vecty. All the results are presented in the Table 3.
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2. Rep(S;3)

This is a mixed-state TO described by a (degenerate) pre-MFC. The phase has three
particles {1,X,Y} obeying fusion rules

®(1|X Y
1(1]X Y

X 1 Y ’
Y leXxXoY

with quantum dimension

(dX: dY) = (1: 2))
as well as conformal dimension

(hx, hY) = (01 O) .
The connected étale algebras are given by

Connected étale algebra A | By ~ Bg | rank(B,)

leX Vec%3 3
l1eY Vec%2 2
loeX o2y Vectc 1

We have three connected étale algebras at hand and condense them consecutively. We
will see an example of splitting.

(a) A=21eX
As a first step, we have to identify 1,X with the new vacuum

1—
X -

>

o 1o

The fusionrule Y ® Y 21 X ® Y then becomes
Y®,Y=200Y.

We can show Y must split. Here is a proof. Assume on the contrary, it does not split,
and Y is simple in the new phase. Since Y is self-dual, Y* = Y, this contradicts
the uniqueness of the vacuum (3). Therefore, Y must split into two simple objects,

each with quantum dimension one
Y — Y]_ &® Y2 .

This is similar to the example su(2), studied in [15]. There, they found the resulting
pure-state TO is described by a Z; MFC. Similarly, we find our resulting mixed-
state TO is a Z3 degenerate pre-MFC. To see this, we study the last fusion rule
Y®Y =16X ®Y. After condensation, this reduces to

hev,)e,,(V1eY,)=200Y,0Y,.

Here, since Y* = Y, we have two logical possibilities: 1) Y; , are self-dual, i.e.,
Y= Y,,YS =Y, or 2) they are dual to each other, i.e., Y = Y,. It turns out that
the second possibility is correct. To show this, assume the first. The self-duality
implies

V1,120, Y;8,Y,=0.

7
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Then, the fusion rule forces

V1,2, Y,®,7]=Y,,

or
Y1®AY2gY2, Y2®AY]_§Y1.

In the first case, fuse Y; from the left to obtain a contradiction Y, = 0. (Here, we
are using the associativity of fusion.) In the second case, fuse Y, from the right to
obtain a contradiction Y; = 0. Therefore, Y; , are dual to each other, and we learn

V10, ,=202Y,0,Y;.
Then, the fusion rule demands
Vi@ V12V, Y8,V =Y,

or
Y1®AY].%Y2, Y2®AY22Y]_.

It turns out that the second possibility is correct. To prove this, we use the same
argument. Multiplying Y, from the right to the first, one finds a contradiction
Y; = 0. Therefore, we found three simple objects {0, Y7, Y,} obeying fusion rules

B |01 |1
N RERY
7 10
Yy 7

One recognizes the category as a Z; fusion category. Since our condensable anyon
is transparent, all the particles are guaranteed to have consistent braiding from the
theorem in the previous subsection. Since the conformal dimensions are invariant
(mod 1) under anyon condensation (A.14), we learn

hYl =0= hYZ (mod 1) .

Thus, B, ~ Bg is the degenerate Z5; pre-MFC.
(b) A=1eY
As usual, we turn 1 — 0. Since Y has quantum dimension two, this tells us that Y

must split as follows
Y — Q o Yl s

where dp (Y;) = 1. Then the fusion rule X ® Y =Y reduces to
XoX®,Y)=00Y,;.

Since we are not condensing X, the only option is
XY, X®,Y;=0.

This is an example of identification. The remaining fusionrule Y ® Y = 16X &Y
is automatically consistent:

(0eX)®,(08X)=00X000X.

We find the resulting category 5, ~ Bg is the degenerate Z, pre-MFC.

8
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Figure 1: Two electrons condense to a Cooper pair in a new vacuum.

Since the 0 ® X is connected étale, we can further condense it in B, =~ Bg. The

condensation further trivializes X, and we end up with the rank one MFC Vect.. In

the next example, we will see this successive condensation can be realized in one
6

shot.

(0 A=1eXe2Y
Now, as the first step, we turn

1 -0,
X —0,

As the second step, we study consistency conditions imposed on these. The fusion
ruleY®Y =1 X @Y leads to

o2y, (V1®,Y;)=308Y;.

This tells us that the only possibility is

12

Y; 20.

We are left with the trivial vacuum B, ~ B ~ Vecte = {0}.

2 Condensable anyons in mixed-state topological order

In this section, we study what physical requirements condensable anyons have to satisfy. We
also identify which mathematical notion describes the new phase after condensation. It turns
out that condensable anyons have to be connected étale. The result is the same as the usual
pure-state TO [16]. In other words, non-degeneracy of pre-MFC does not play crucial role in
his argument. In order to list up the physical conditions, we find it useful to see an analogy
with superconductor.

Imagine a superconducting material in a temperature higher than the critical one T.. In
this high temperature, electrons move around the material. We can view electrons as elemen-
tary degrees of freedom. Now, lower the temperature. When the temperature hits T., due to
attractive force, electrons form Cooper pairs so as to lower energy. (See the Figure 1. The
picture is a projection to a two-dimensional space.) The pairs break U(1) gauge group to Z.
We can view the Cooper pairs as fundamental degrees of freedom at this temperature. (These
are elementary fields in Ginzburg-Landau theory.) In other words, electrons are no longer fun-
damental degrees of freedom in this low temperature. Here, imagine we record this process,

®0One could also condense 0@ Y; @ Y, in the previous example [18]. One can check the result is Vect.. We leave
the computation as an exercise for a reader.
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Figure 2: Bosonic statistics of a Cooper pair.

Figure 3: Unit morphism of an algebra.

and play the video slowly. Then, we will find bubbles of true vacuum would be formulated
inside the material, and they would expand to the whole superconducting material. Let us
stop the video just after a bubble is created. For a sufficiently small bubble of true vacuum,
it would contain only one Cooper pair. If we play the video infinitesimally, the bubble would
expand slightly, and it would now contain two Cooper pairs. Here, we can perform thought
experiments. Suppose we bring one Cooper pair around the other within the bubble. Since we
cannot distinguish two configurations before and after the operation, the two should be equiv-
alent. (Quantum mechanically, we ‘sum up’ all these possibilities.) The equivalence of two
configurations explain Cooper pairs should be bosons. This line of thought experiments’ also
works in anyon condensation. As a result, we find condensable anyons have to be connected
étale. To derive the consistency conditions on condensable anyons, we use the bubbles as a
device. In other words, while we make use of particles in the condensed phases, one should
understand analyses below in the context ;.

Now, imagine a mixed-state TO described by a pre-MFC 3;. We denote its vacuum by
1 € B;. Suppose an anyon A € 3; condense in the system to give another (mixed-state)
TO described by B,.% Intuitively, the condensation makes A ‘trivial.” Therefore, just like a
Cooper pair in superconductor, the condensed anyon A gives the vacuum of ,, the ‘lowest
energy state.” In other words, A is the trivial particle in B,. Since the condensation selects
energetically favored states, bubbles B, of true vacuum A would be formed in and expand
through the system. Again, let us imagine we record the process, and play the video slowly.
Let us stop the video just after a bubble is created. We perform various thought experiments
manipulating this situation.

As a first experiment, let us choose a point outside a bubble. Play the video so that the
bubble expands and covers the point. We can view there was a trivial particle 1 € 3; at the
point. Since the point now supports the true vacuum A € B,, we should be able to turn 1 € B;
to A € B;, which is then condensed to the vacuum of B, when the bubble covers the point.
Mathematically, this means an existence of unit morphism

u:l—A, @

7This is just an attempt to give a physical picture to the footnote 2 of [16].

8We will find that B, can be modular describing a pure-state TO.

°In unitary theories, the vacuum gives the lowest energy state. However, in non-unitary theories, there may
exist a state with lower energy.

10
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in B;.

Next, pick two arbitrary (distinct) points inside the bubble and view there are two trivial
particles A’s at the points. We bring them together and collide them to a point (inside the
bubble). Since A € B, is the trivial particle, we cannot distinguish two configurations before
and after the collision. This equivalence imposes

A®p AZA. (5)
The collision also gives a morphism in B;:
M3A®81A—’A- (6)

More precise explanation is the following. After choosing two points in a bubble, rewind
the tape until the bubble shrinks so small that the two points are uncovered by the bubble.
Now, there are two (generically nontrivial) anyons A € B; at the points. (Just like two electrons
forming a Cooper pair, A is in general a composite anyon.) We bring the two anyons together
and collide them. Then, play the video again until the resulting point is covered by the bubble.
Since the point supported the trivial anyon A € B,, the collision outside the bubble should
contain A € B;. The process A®z A — A in BB; gives the multiplication morphism (6). We
will find that the triple (A, u, u) forms an algebra in 3;. In general, the collision also produces
other particles collectively denoted X. In other words, we have

A®p AZA®X. @
Mathematically, this means an existence of split exact sequence
0-X >A8z AZAGX HA—0.
By the splitting lemma, this is equivalent to u : A®p A — A admits a splitting fi : A—> A®g A
such that u - (i = id4. Therefore, an algebra (A, u,u) should be separable.
We can also repeat the experiment with three (distinct) points. We imagine there are three
trivial particles A € B, at the points. We then bring all three A’s together. There are two ways

to perform this operation: 1) collide the first two A’s first, and collide the resulting A to the
third A later, or 2) collide the last two A’s first, and collide the resulting A to the first A later.

Figure 4: The particle A is trivial.

A A A®X
—¢ -

Figure 5: Separability of A.

11


https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.072

SC|| SciPost Phys. Core 8, 072 (2025)

. . B
u®g, ldA/ \(l‘dA ®, U Aypp

Figure 6: Associativity of A.

The first process gives u - (u ®p, id,), and the second gives u - (id, ®p, u) - af; - Again, more
precisely, rewind and play the tape to get morphisms in /3;. (Changing the order of fusions
gives the additional isomorphism!° af,lA 4 (A®p A)® A= A®p (A®y A), the associator of
B,.) Since we cannot distinguish the two processes, they should give the same operation:

p-(ueg idy) = - (idy ®p, u)-af;’A. (8)
This is nothing but the associativity axiom of A.

To see the unit axiom of an algebra (A, u,u), pick a point inside a bubble. We view the
point supports the trivial particle A € 5,. Thanks to (5), we can also view the particle as
A®p, A € By. Now, as usual, rewind the tape until the point is uncovered by the bubble. It
should be invariant whether we view the point now supports A € B; or A®p A € B;. Since
we can further view A € B, as fusions 1®3 A=A=A®p 1, we should get various equivalent
viewpoints: 1) view 1 ®p, AasA, or2)turn 1 ®5, Ato A®B1 Avia (5), and to A via (6). The
first operation is given by id4 - [, and the second by u- (u®p, id,). Our inability to distinguish
the two requires

idy- L= (udg idy). )

Similarly, our inability to distinguish the two operations A ® B 1 A A and

idA®Blu

A®p 1 — A®p AL Ademands

idA'rAz‘U/'(idA®Bl u). (10)

00ur notation is different from [16], but follows the standard textbook [27]. See equation (2.1).

12
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195 A A®p A

u ®Bl ldA
O = 1O

Figure 7: Unit axiom with the left unit constraint [, : 1 ®3 A= A.

These are nothing but the unit axioms of an algebra (A, u,u) in ;. This establishes condens-
able anyon A has to form an algebra in 5; together with the multiplication (6) and unit (5)
morphisms.

As the final experiment, choose two points inside a bubble. Suppose there are two trivial
particles A € 3, at the points. Then, imagine to exchange two positions by dragging two trivial
particles counterclockwise inside the bubble. Since A’s are trivial, we cannot distinguish two
configurations before and after the operation. Mathematically, the exchange is provided by
braiding cy y. The equivalence gives

By ~
CA,124 == ldA@BZA' (11)

We can imagine to rewind and play the tape to obtain

Bl ~ -
CA,A_ ldA®B]A'

This implies the algebra A € 3; is commutative

B
“'CAA:H- (12)

Together with the separability, this establishes A should be an étale algebra. Its connectedness
follows from the following observation. Since we assume the two vacua 1 € B; and A € B,
are unique, we expect the unit morphism (5) be also unique. More concrete explanation is the
following. Pick one unit morphism u : 1 — A in B;. If your friend picks another u’ : 1 — A, the
two unit morphisms should be related by a scalar multiplication. Mathematically, this means

dim(c Bl(l,A) =1. (13)

Therefore, condensable anyons have to be connected étale algebras.

Having specified condensable anyons as connected étale algebras A € 5;, we next identify
new phases B,’s after condensing them. As a result, we find B, ~ (Bl)g, the category of
dyslectic right A-modules. Since the discussion is the same as [16], we will be brief.

13
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A®p, 1 A®p A

Figure 8: Unit axiom with the right unit constraint r, : A®p 1 = A.

Pick an arbitrary particle in the new phase, m € 3,. Just like a Cooper pair in supercon-
ductor, we expect m is, in general, a composite particle in the old phase B;. It is chosen from
m € B; to minimize energy in the new phase B,. Recall that in B,, A € 3, is the vacuum, the
trivial particle. Thus, we can view m € B, as m ®p, A€ B;:

By rewinding the tape, we learn there should exist a morphism in B;:
p:m®BlA—>m. (15)

Physically, this is a selection of an energetically-favored particle m from the fusion m ®5, A.
We will see the pair (m, p) is a right A-module.

The associativity and unit axioms of a right A-module (m, p) can be seen as follows. Since
A € B, is the trivial particle, we could equally view it as A®p, A using (5). Rewinding the
tape, we should get a consistent morphism (m ®g3, A) ®3 A — m in B;. There are two ways:
1) first perform p, and perform another p to the result, or 2) first change the order of fusions,
fuse two A’s first, and perform p. The first procedure gives p - (p ®p, idy), and the second

. B . o
p-(id, ®p, 1)- amfA - Since we cannot distinguish the two, we must have

p(p®s idy)=p-(idy ®p 1) oy 4. (16)

This is nothing but the associativity axiom of a right A-module (A.8).

Figure 9: Commutativity of A.

14
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m®BzA

Figure 10: The vacuum is the unit of fusion.

m®BlA m

O : )
e
Figure 11: Right action of A on m.

The unit axiom is obtained by viewing m € B, as m ®j, 1. There are two processes which
turn this to m: 1) use (4) to turn it to m ®p, A and perform p, or 2) use the isomorphism
I'm : m®p 1=m. The first method gives p - (id,, ®g, u). The two cannot be distinguished, and
we must have

p-(idy, ®p, u) =idp, 1y, - a7

This is nothing but the unit axiom (A.9). Therefore, a particle m — which should, rigorously
speaking, be viewed as a pair (m, p) — in the condensed phase B, is a right A-module.

There is one additional condition on particles in 3,. Again, pick a point in a bubble, and
suppose it supports m € BB,. We have just seen that it can be viewed as m ®, A in a consistent
way. Now, imagine we bring the trivial particle once around m counterclockwise, then perform
p to turn it back to m. Since A is trivial, we cannot distinguish the two configurations before
and after the operation. Again, rewind the tape, and we should get a consistent morphism in

B;. The operation before rotation is p, and that after the rotation is p - cfin . cﬁfA. The two
cannot be distinguished, and we get
B B
P Chm Cpa=P- (18)

Namely, particles in a new phase B, are dyslectic (or local) right A-modules obeying (A.10).
Mathematically, we know they form a pre-MFC (in our setup) with fusion ®, (or ®, in math-
ematics notation). This bootstrap analysis gives the promised identification

By =~ (B,)5. (19)

The bubbles separating an old phase B; and a new phase B, ~ (Bl)g is identified as the
category (BB;)4 of right A-modules as in [16].!

1 An intuitive explanation is the following. Imagine a plane. In the left half, we put the phase B;, and in the
right half, we put the phase B,. In the middle, the system develops a one-dimensional wall. Particles in B, can
move to the wall, thus the theory describing it contains 3,. However, two particles on the wall cannot exchange
their positions without touching each other. Therefore, in general, particles on the one-dimensional wall do not
admit braiding. This relaxes the condition (18). As a result, we identify the theory describing the bubble as (53;),.

15
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m A A m A
Q (id, ®p5, 1) Ay, Q
_
P ®p, idAl lp
m A m

Figure 12: Associativity of right A-module.

3 Examples

In this section, we study some concrete anyon condensations in pre-MFCs. Since the ambient
category should be clear, we drop the subscript, and denote it by B.

3.1 Example 1: B ~ Vec;2 X Fib

The pre-MFC has four simple objects {1,X,Y, Z} with fusion rules

®|1|X Y Z
1(1(X Y Z
X 1 Z Y
Y leY | X®Z
VA 19Y
They have
1+ 45
FPdimg(1) = FPdimg(X) =1, FPdimgz(Y)=FPdimz(Z)={_:= 2‘/_ ,

and
FPdim(B) =5+ V5.

We take a unitary pre-MFC, and they have quantum

and conformal dimensions

(g hy, hip) = (o,ig,ig) (mod 1).

The pre-MFC has a nontrivial connected étale algebra

A=Z1eX.

16
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m®311 m®BlA

Figure 13: Unit axiom of right A-module.

Figure 14: Particles in the new phase BB, are dyslectic right A-modules.

We condense this anyon. As the first step, we turn

1-0,
X —0.

The fusion rule X ® Y = Z reduces to 0®, Y = Z. Thus, we get an identification
Y=27.

Another fusionrule Y®Y = 1Y leadsto Y®,Y = 0®Y. While Y is self-dual, the RHS contains
only one vacuum. Thus, Y does not have to split. Indeed, since the quantum dimension is
smaller than two, it does not split. We find Y remains a simple object. The other fusion rules
are automatically consistent. Therefore, the resulting phase has two simple objects {Q, Y}
obeying

®4 10 Y
ool ¥
Y 18Y
We identify
B, ~Fib. (20)

Since we have condensed B, it gives the topological invariant

A™N ~ Fib .

17
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3.2 Example 2: B >~ Rep(D;)

This pre-MFC is equipped with five simple objects {1,X,Y, Z, W} with fusion rules

® |1|X Y Z w
111X Y Z w

X 1 Y Z w

Y loXeW ZoW YoZ
Z lexeoY YoW
w loXeZz

Thus, simple objects have
FPdim;(1) = FPdimg(X) =1, FPdimg(Y) = FPdimg(Z) = FPdimg(W) = 2,

and
FPdim(B) = 14.

We consider unitary symmetric pre-MFC. They have quantum
di=dy =1, dy=d;=dy =2,
and conformal dimensions
(hx,hy,hz,hy) =(0,0,0,0) (mod 1).
The pre-MFC has a nontrivial connected étale algebra
A= 1oX02Y®2Z02W.

According to this étale algebra, all simple objects X, Y, Z and W are to be condensed and so
we write (quantum dimension is preserved under condensation)

1-0,
X -0,
Y -087Y,,
Z—-087,,
W—-08W,,

with
dBA(Yz) = dBA(Zz) = dBA(Wz) =1.

For consistency, we use fusion rule to determine what Y5, Z, and W, are. The fusion rule with
X is automatically consistent since it acts like vacuum. The Y @ Y =1 & X & W reduces to

(OeY,)®,s(00Y,)=000000W,,

which can be simplified to
(Y, ®,7,) ®2Y, 20000 W,.

There are two possibilities Y, ®, Y, = 0 or Y, ®, Y5 = W,. For both cases, the result is

Then Z, can be found by considering Z® Z = 1@ X @ Y, which reduces to

(092,)®4(002,) 20000000240

18
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This implies

12

Zy 0.

To summarize, we arrive

10,
X0,
Y =20,
Z 20,
W — 20.

The category of right A-modules is identified as

B, ~ Vecte = {0} . (21)

3.3 Example 3: B >~ Rep(S,)
The pre-MFC has five simple objects {1,X,Y,Z, W} obeying fusion rules

® |1|X Y Z w
111 |X Y Z w

X 1 Y w Z

Y leXoY ZeW ZeWw

Z leYozZzoW | XoYO®ZOW
w leYeZoW

Thus, simple objects have
FPdimg(1) = 1 = FPdimz(X), FPdimg(Y)=2, FPdimgz(Z)=3 = FPdimz(W),

and
FPdim(B) = 24.

We consider unitary symmetric pre-MFC. They have quantum
di=1=dy, dy=2, d;=3=dy,
and conformal dimensions
(hx,hy,hz,hy) =(0,0,0,0) (mod 1).
The pre-MFC has nontrivial connected étale algebras'?
A=16X,10Y,10X02Y, 16 X02Y®3Z03W.

We condense these anyons one after another.

12Note that

leXa2YZ2(1eX)®(10Y),
leXo2Yo3Ze3W=Z(1eZ)e(leoXxa2Y)Z(1eW)®(1eXa®2Y).
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3.3.1 A=1eX

We have
1-0,
X —0.
The fusion X ® Z = W reduces to
00, Z =W,
and we identify
Z=W.

We find Y should split into two simple objects with quantum dimensions one. To show this,
study the fusion Y ® Y =1 X @Y. This reduces to

Y®,Y=200Y.
Since the RHS contains the vacuum, we learn
Yy=Yy*,

If Y were simple, the fusion contradicts the uniqueness of the vacuum (3). Thus, Y should
split into two simple objects with quantum dimensions one

Y_)Y1®Y2,

with
dg, (Y1) =1=dg,(Y5).

Now, the fusion reduces to

ev)e,(V18Y,)=208Y,8Y,.

The consistency analysis shows!>

V1@ V1 EY;, V@ Yh=0=Y,8,Y, Y@V, =Y.

Namely, {0,Y;,Y,} forms a Z; (braided) fusion category. The nontrivial simple objects Y; , are
dual to each other, Y;" = Y;. Let us see the interaction of the Z; BFC and Z = W. The fusion
rule Y ® Z = Z @ W reduces to

eY,)®,Z=227,

13Here is a proof.
We first show Y; ®,Y; # 0. To prove this, suppose the opposite. By symmetry, we also have Y, ®, Y, = 0. We are
left with
V19, ,=Y,0rY,.

For the first case, multiply Y; from the left to get a contradiction Y, = 0. For the second case, multiply Y, from the
right to get a contradiction Y; = 0. Therefore, we must have
Y1®AY1¥Q¥Y2®AY2’ Y1®AY2gQgY2®AYI'
We have two possibilities
181 =Y, Y8,V =1,

or
Y, 0,7, 2Y,, Y,®,Y,2Y,.

The first possibility is ruled out. To see this, multiply Y, from the left to the first fusion to get a contradiction ¥; = 0.
Therefore, we must have the fusion rules in the main text.

20


https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.072

SC|| SciPost Phys. Core 8, 072 (2025)

or

Vi®uZ=Z2Y,®, 7.
Similarly for Z ® Y. Finally, Z ® Z reduces to
ZQ,Z=08Y,8Y,027.

This ends the consistency analysis.
To summarize, we obtain four simple objects {0, Y;, Y5, Z} obeying fusion rules

0|V |1, Z
ojo[v |7 Z
Y Y, | 0 Z
Y, Y, Z
Z 00Y, 07,027

Since the fusion ring has a multiplicity N, -2 =2, it seems the fusion category is not known.
In this way, one could construct new mixed-state TOs (or even new fusion categories).

As the fusion ring has rank four and multiplicity two, let us denote it by FR*2, and the
fusion category by C(FR*?). We idenfity

B, ~ C(FR*?). (22)

332 A=1eY

By preservation of quantum dimensions, we have

1-0,

Y —>Q@Y2,
with

dBA(Yz): 1.

The fusion X ® Y =Y reduces to
X®,(00Y,)=007Y,.

Since the RHS contains the vacuum, Y should contain the dual of X. As X is untouched, it is
different from 0. Hence, we must have

Y, 2XF X,
X swaps two simple objects Z,W. The fusionY ® Y = 1® X & Y reduces to
(0eX)®,(08X)=00X0®00X.

This is automatically consistent. The fusions Y ® Z = Z @ W and its interchange Z «» W are
also automatically consistent. The fusion Z® Z =18 Y & Z ® W reduces to

Z®uZ=200X®ZOW.

Since the RHS contains the vacuum, Z has the conjugate of itself. If Z were simple, it contra-
dicts the uniqueness of the vacuum (3). Thus, Z (and W) must split

Z—>Zl@Z2,
W—>W1€BW2.
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The fusion reduces to

(Z180Z,)®,(Z107Z,)=200X D Z @ Z, 0 W, 8 W,
Without loss of generality, we can set
Wi E2EX®uZ;, WoZ=2X®uZ,.

Thus, we have
dBA(Zl) = dBA(Wﬂ, dBA(Zz) = dBA(Wz)-

In order to produce 206X with quantum dimension three, they must have quantum dimensions
one and two:

dBA(Zl) == 1 - dBA(Wl)’ dBA(ZZ) == 2 - dBA(WZ) .

Here, recall the fact that fusion with invertible simple object should be simple. This fact and
the preservation of quantum dimensions lead to

Z1®pNZy =7y, Zy®pZi=W,,

or
Zl®A22gW2, ZZ®A21§22.

Remembering the self-duality of Z, we arrive
Z1®yZ1 20, Zy®,Z,=208X®Z6W.
Another fusion Z@ W =X @Y & Z ® W reduces to
(Z1®Z))3, (W0 W,)=E002XDZ, @ Z, W, 0 W,.

Since the RHS contains the vacuum, W must contain the dual of Z. Comparing with the
previous fusion, we conclude
Zy =W EW,,

and
Z1 Wi =X, W, 9, W =EW,.

Similar analysis for W ® W leads to

To sum up, we obtain five simple objects {0,X, Z;, W;, W,} obeying fusion rules

® |0 X | Z; | W W,
0 [0|X |2 | W Wy
X 0O\ Wi | 4 Wy
VA 0 X W,
Wi 0 W,
W, 06X0Z,0W,
One recognizes
By~ TY(Zy x Z5), (23)

a Zq x Z, Tambara-Yamagami category.

22


https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.072

SC|| SciPost Phys. Core 8, 072 (2025)

3.3.3 A=Z1eX02Y

Since quantum dimensions are preserved, we have

1-0,

X—0,

Y >08Y,,
with

dg,(Y2)=1.
The fusion X ® Z = W reduces to

08, Z=W.
We thus identify

w=z.

The fusion Y ® Y =16 X @Y reduces to
(0eY;)®,(00Y,)=3007Y,.

By preservation of quantum dimensions, we must have

114

Y, 0.

The fusions Y@ Z = ZeW and Y @ W = Z @ W are automatically satisfied. The fusion
Z®Z=18Y &Z ®W reduces to

Z®,Z=3002Z.
Since the RHS contains the vacuum, Z must contain its dual. Then, Z cannot be simple:
7 — Zl (&) ZZ .

(It may further split. Indeed, we will see it does.) For its self-fusion to produce three vacua,
we must have
dBA(Zl) =1 N dBA(ZZ) =2.

Simplicity of Z; ®, Z,,Z, ®,4 Z; gives
Z1®uZy =20 =Zy®u 7.
The fusion above reduces to
Z1®unZ1®Z,®,72,=30027;.

Regardless of Z; ®,4 Z;, this implies Z, ®, Z, contains more than one vacua. Thus, Z, must
further split into two simple objects with quantum dimensions one:

Zy = Zy®Zy,

with
di,(25) = 1= dp,(23).

The fusion now reduced to

Z1®y 72,0 (Z,07Z))®,(Z®2Z))=30027; .
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Since Z;, Zé,Zé’ enters symmetrically and one of their self-fusions should be the vacuum, we

set

We are left with

(Zy@©Z))®s(Zy @ Z)) =200 27, .

7,847, 20.

Here, we have two possibilities: 1) Z, ®,Z;, £ 0= Z) ®,Z), 01 2) Zy @, 2y = Z1 = 7)) @4 Z)) .

For the first case, we must have

Zy®pZy 271270 @7,

The consistency reduces Z; ®, (Z, ® Z))) = Z; & Z, to'*

Zy®uZy =2 7Y,

For the second case, we have

/ 1~ ~ 17 /
ZZ®AZZ =9=ZZ ®AZZ.
The consistency similarly reduces Z; ®, (Z, ® Z;)) = Z; & Z) to'°

Z1®p Zy = 7y,

This ends our analysis.

Z1®pZy) =7,

Z1®pZy = Z,.

To summarize, we obtain four simple objects {0, Z;, Zé, Zé’ }. Their fusions depend on, say,

Z ®, Z,. When it is trivial, we have

® |02 | 2y | Z)
010|122, |2z
Z 0|2z/| 2z
Z; 914
4
Z 0
and when it is Z;, we have

® |02 |2 |2
00|z |2z |z

1 /
Z 012y Z,
Zy Z1 | 0
zY Z

They are identified as either

or

respectively.

By ~ Vecy, xz, »

By =~ Vecy, ,

(24)

(25)

4To show this, assume the opposite Z; ®, Z, = Z,, and multiply Z; from the right to get a contradiction Z, = 0.
!3To prove this, assume the opposite Z; ®, Z, = Z,, and multiply Z. from the right to get a contradiction Z; = 0.
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334 AZ1eX02Y®2Z02W

By preservation of quantum dimensions, we have

150,
X0,

Y -087Y,,
Z—-082,,
W—0eW,,

with
dBA(Yz) =1 5 dBA(Zz) =2= dBA(Wz) .

From the quantum dimensions, we learn Z,, W, may further split. To determine their fates,
we study consistency with the original fusion rules. The X® Y £ Y is automatically consistent.
The X ® Z = W reduces to

08,(00Z)=00W,,

and demands
Zy = W,.

TheY®Y =E21@X &Y reduces to
(0eY,)®,(00Y,)=000000Y,,

and forces

12

Y, =0.

The Y ® Z = Z ® W and its interchange Z «<— W are automatically consistent. Finally, the
Z®Z=18Y ®Z & W reduces to

(00Z,)8,(002,)=002002(002,).

This forces
Zy®4Zy =40.

Since the RHS contains the vacuum, this fusion rule implies Z, is its self-dual, Z = Z,. Then,
we can argue Z, should split into two simple objects with quantum dimensions one. To prove
this, assume the contrary; suppose Z, be simple. Then, the fusion rule contradicts the unique-

ness of the vacuum (3). Thus, we must have
Zy 27,87, ,

with
dBA(Zé) =1= dBA(Zél) .

The fusion rule above reduces to
(Zy®Z))®,(Z, @ Zy)) = 40,

or

Zy®uZy =2y ®@pZy =2y ®pZy =7y ®yZ) 0.

Multiplying Z; from the left to Z; ®, Z;) = 0, we get

114

/ "
7, =7y,
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If Z;, were not isomorphic to the vacuum 0, the category B, of right A-modules would be the
Z,, fusion category {0, Z.}. It has

FPdim(Vec%z) =2,
and contradicts FPdim(B)
im
FPdi =——<=
im(By) FPdimg(A)

Therefore, we must have
Z,=0.

This is the final consistency condition. To summarize, we arrive

10,
X0,
Y - 20,
Z - 30,
W — 30.

The category of right A-modules is identified as

BA ad Vect(c = {g} . (26)

3.3.5 Successive condensation

In this section, we study two successive condensations. In the previous sections, we have
condensed 1®X,1®Y € Rep(S;). We condense the other one from the result.
Condensing 1 ® X € Rep(S,) in the section 3.3.1, we found B, ~ C(FR*2). We condense
1 @Y, which splits into
AZ10Y,0Y, B,

where Y; and Y, have quantum dimensions one. In the first step, we turn
1-0,
Yl - 9:
YZ — Q.

The B, has fusion Z ®,Z =208 Y, ® Y, ® 2Z, where Z has quantum dimension three. After
condensation, we obtain

Z®yZ=00000027.

The self-dual object Z is not simple, otherwise, the RHS should only has one vacuum. Thus,
Z splits into Z; and Z, with quantum dimensions one and two. Plugging it back to the fusion
product, we get

Z1®u 210 Z1@unZy®Zo®u 21072,y 72,=00000027Z,®2Z,.

We know that Z; is an invertible object, therefore, for an arbitrarily simple object b, Z; ®, b
and b ®, Z; should be simple. Hence, Z; ® Z, and Z, ® Z; are simple objects with quantum
dimensions two. They can only be Z,. Then, we obtain

Z1®uZ1 =0,
Zy @y Zy = 20827, .
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The self-duality of Z implies Z; and Z, are both self-dual. This implies Z, further splits. To see
this, suppose Z, were simple. Then, from the self-duality, its fusion with itself should contain
only one vacuum, a contradiction. Hence, Z, is not simple. Therefore, Z, splits into Z;, and
Z4 with quantum dimensions one:

Zy > 7@ 7.
Substituting this back to the fusion product again, we get
Zy@uZy@Zy®uyZy) ®Z) @uZy®Zy @u Zo 20827,

Since Z, is self-dual Z; = Z,, Z;, and Z; are self-dual or dual to each other. For the first case,
it leads to
/ !/ ~ ~ 17 1/
ZZ®A/ZZ :Q:ZZ ®A/Z2 .

Then, the fusion rule demands
Zy®uZy 27127 @y Zy.
For the other case, we have Z,* = Z./, and

Zy,®y Zy 2027 ®y Z,

/ / ~ ~ 1 4
7 =Y 25 Z2®A/ZZZZIZZZ®A/ZZ'

We found the four simple objects {0, Zy, Zj, Z/} obeying

®, 0|2 |2y | Z)
010|2| 2|2y
71 0|2z z
Z, 014
Zy 0
or
® 10|21 |2y | 2
010|2z| 2|2y
71 0|2z} z
Z; Z; | 0
Z) A

Hence, we get the same result as in section 3.3.3. They are identified as either
By =~ Vecy, «z, »

or
By ~ Vecy, ,

respectively.
Next, we consider another path,

ey _ lex
B— B, — result.

From the result in section 3.3.2, take

A=1eXeB,,
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where X has quantum dimension one. We turn

11—
X -

IO IO

From the fusion rule, we have

X®uZ =W, X@W, 227, Z,®,W, =X.
After condensation, these reduce to

0@y Z1 =W, 00y W, =7, Z;8,W; 0.
It leads to

ZL2W,, Z,®yZ; 0.
Another fusion rule W, ® , W, = 0® X & Z; & W; reduces to
W, ®y W, 220027, .

Just as before, since W, is self-dual, it is not simple. Hence, W, splits into W, and W,’ with
quantum dimensions one. Putting this back into the fusion product, we obtain

Wy, @ Wy @ W, @y W, @W, @y Wy @ W, ®y W, =208 27;.

Exactly the same as in the previous condensation, there are two possibilities: 1) W, and W,’
are both self-dual, or 2) they are dual to each other. In the first case, we have

W, @y W, Z0=W, W, ,

and
Wy ®y W, ZZ1 =W, @y W, .

In the second case, we have
W, @y W, Z0x=W, @y W,,

and
Wy, @y Wy ZZ =W, @y W,

The remaining fusion Z; ®, Wy = W, reduces to
/ 17\ ~ / 17
Z1®y W, @ W, ) =W, @ W,".
In both cases, consistency with associativity'® leads to

Z1®u Wy, =W, Z1 @y W, =W, .

16There are two logical possibilities:
Z, @ W)W, Z,8y W) =W/,

or
Zi @y Wy W), Z,®, W) ZW,.

The first possibility is inconsistent with associativity. To show this, when W,,W,” are self-dual, multiply W, from
the right to get Z; = 0, a contradiction. When they are dual to each other, multiply W,” from the right to get the
same contradiction.
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To summarize, we have four simple objects {Q, Zy, Wy, W' } obeying

oy |02 | W) | wy
0o o]z |w) [wy
7 o | w) | w
W, 0 | %4
Wy 0
or

/ 1/
oy | 0]z | Wi | W
0 [olz |w|wy

1 /
Z, o [wy | w
Wy Zi | 0
Wy Z,

Therefore, we get the same result as in the previous successive condensation and section 3.3.3.
They are identified as either
By =~ Vecy, xz, »

or
By =~ Vecy, ,

respectively. We found no matter which paths we choose, we will get the same result

[Vecz ,xZ, OF VecZJ

3.4 Example 4: B ~TY(Z, x Z,)

The pre-MFC has five simple objects {1,X,Y, Z, W} obeying fusion rules

@ |1|X|Y |Z w
1|11({X|Y|Z w
X 1(Z2|Y w
Y 1 (X w
Z 1 w
w loeXxXoeYeoZ

Thus, the simple objects have

FPdim;(1) = FPdimg(X) = FPdimyz(Y) = FPdimz(Z) =1, FPdimg(W) =2,
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and

FPdim(B) = 8.
We study unitary pre-MFCs. They have quantum

dl=dX=dY=dZ=17 dW=27

11 1 111 11

h ’h ’h )h = 03_3_’0 ) O)_7 ) 03_’_,_ ) O;_:_3
(XYZW)( )(2 )(224)(22
111 115 113 11
(O) PRI _) 5 (O> PR _) ] (0: P _) ) (O) PR
2°2°2 2°2°8 2°2°4 2°2

The pre-MFCs have the S-matrix

and conformal dimensions'”

11 1 1 2
11 1 1 2
S=11 1 1 -2
11 1 1 -2
2 2 -2 -2 0

We find {1,X} are transparent. Note that, since the rank five is not a multiple of two, the
pre-MFCs cannot be written as a Deligne tensor product of an MFC and {1,X}. Mixed-state
TOs described by such pre-MFCs are called intrinsic in [10].

The pre-MFCs have a nontrivial connected étale algebra

A=106X.

We condense this anyon. First, we assign

The fusion X ® Y = Z reduces to
Y=EZ.

The only nontrivial consistency condition imposed by the fusion rules are W ® W. This reduces
to
We,W=2002Y.

Since the RHS contains the vacuum, W contains its dual. Furthermore, since the RHS has two
vacua, W should split into two invertible simple objects:

W — Wl b WZ .
The fusion now reduced to
WeW,)e,(W,eW,)=2082Y.

Since W* = W, there are two possibilities: 1) W; , are self-dual, or 2) they are dual of each
other. In the first case, we have

70One can find these conformal dimensions noticing that the pre-MFC is a rank five braided fusion subcategory
of Ising ® Ising [30].

30


https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.072

SC|| SciPost Phys. Core 8, 072 (2025)

This leads to

W, @ Wy Y =W, 0, W,.

In the second case, we have
Wi @ Wy =0=W, @, Wy,

and
Wi W Z2Y =W, @, W,.

We still need to fix Y ®, Wi ,. The Y ® W = W reduces to
Yo,(WeW,)EW, e W,.

Logically, there are two possibilities, either Y does not change W ,, or it swaps the two. By
consistency, the first possibility is ruled out.'® Therefore, in both cases, we have

Y@W, ZW,, Ye,W,ZW,.

In conclusion, we get four simple objects {0, Y, W;, W,} obeying Z, x Z, fusion rules

B [0V | W | W,
0 10|Y | W | W,
Y 0w, [ W,

W, 0 v

W, 0

when W, , are self-dual, or Z, fusion rules

® |0V | W | W,
O 10|Y W | W,
Y 0w, W,

W, Y | 0

W, Y

when W} = W,. Namely,

B, ~ Veczzxzz (Wl* =W, Wz* =W,),
A Vecy, (W) =W,).

We can make the identifications more precise. As reviewed in the appendix, the symmetric
center can be read off from the S-matrix. We find

B ={1,X}.

Since we condensed A € B’, we know B, ~ 82. The resulting category of right A-modules is
modular. With the help of the invariance of topological twist (A.14), we identify

1 -1 13
Vec, R Vec, (hw =2 z) )
B, ~ { ToricCode (hW =0, %) , (mod 1). 27)
_ 1357
Vecy, (hw=3537%13)

18Here is a proof.
Assume the opposite
Yo,W, ZW,, Y&, W,=W,.

When W, , is self-dual, multiply W, from the right to the first fusion rule to get a contradiction ¥ = 0. When
W] = W,, multiply W, from the right to the first fusion to obtain a contradiction Y = 0.
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A Mathematical backgrounds

In this appendix, we collect relevant definitions and facts for our study. We assume physics-
oriented readers. For more details, see the standard textbook [27].

A.1 Definitions

Throughout the paper, C denotes a fusion category over the field C of complex numbers.
Roughly speaking, it is a generalization of representations of groups. We know they are
equipped with tensor products and direct sums. For example, the two-dimensional repre-
sentation of SU(2) obeys

202=163.

Similarly, a fusion category is equipped with fusion ® and direct sum ®. (If necessary, we add
the ambient category to subscripts of the binary operations, e.g., ®., ®..) In some sense, fusion
category is simpler than the representations of SU(2) because the number of simple objects
— corresponding to irreducible representations of SU(2) - is finite. The number is called the
rank and denoted rank(C). The simple objects of C are denoted by ¢; withi =1,2,...,rank(C).
Just like the trivial one-dimensional representation of SU(2), by definition, fusion categories
contain exactly one simple object called the unit 1 € C of the fusion obeying

Veel, 1®c=c=c®1. (A.1D)

The two isomorphisms
[.:1®c—c, r.:c®l—>c,

are called left and right unit constraints (or unit isomorphisms). In a fusion category, all ob-
jects are direct sums of finitely many simple objects. (Compare with reducible representations
which can be decomposed to direct sums of irreducible representations.) This property is called
semisimple. All simple objects c;’s admit their duals c;. (Mathematically, such categories are
called rigid.)

The fusion is characterized by fusion rules

¢ ®c; = @ Nijkck, (A.2)

where N; jk € N counts the number of ¢; in the fusion ¢; ®c;. Fusion of dual pairs ¢;, ¢ contains
exactly one unit:
¢®c =1 @Nci’ci*kck.
c#F1
Given three objects ¢, c’, ¢’ € C, there are two ways to compute their fusions. The result should
be isomorphic
aeeeni(c®c)®C” Sca(dec).

The family of natural isomorphisms a is called the associator.
The N-coefficients characterizing fusion assemble to rank(C) x rank(C) matrices

(NDjk == N;*.

They are called fusion matrices. Since their elements are non-negative, we can apply the
Perron-Frobenius theorem to get the largest positive eigenvalue FPdim(c;) called Frobenius-
Perron dimension of ¢; (or N;). This quantifies the dimension of objects, while dimension of
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the ambient category is quantified by its squared sum

rank(C) 9
FPdim(C) := Z (FPdimC(ci)) R
i=1
called the Frobenius-Perron dimension of C.

In this paper, we are interested in spherical fusion category. In the category, another notion
of dimension can be defined. They are called quantum dimensions and defined as the quantum
(or categorical) trace

di = tr(acl—) 5

where a : id; = (—)™ is called a pivotal structure. (Occasionally, we denote a quantum
dimension of ¢ € C as d(c) to avoid confusion.) Similarly to the Frobenius-Perron dimension,
its squared sum defines the categorical (or global) dimension of C:

rank(C)

DX(C):= Y. d2.
i=1

Note that there are two D(C)’s for a given categorical dimension, one positive and one negative.
If D2(C) = FPdim(C), C is called pseudo-unitary. If Yc; € C, d; = FPdim,(c;), C is called unitary.

A braided fusion category (BFC) is a fusion category with a braiding c. (In order
to avoid confusion, we denote a fusion category by B and simple objects by b; with
i=1,2,...,rank(53).) A braiding is a family of natural isomorphisms

bb'eB, c,y:b®b S>b'®Db.

A BFC is a pair (B, c) of fusion category 3 and a braiding ¢, but we usually just write 5. In our
paper, we always assume BFCs are spherical. Spherical BFCs are called pre-modular fusion
categories (pre-MFCs). Braidings are characterized by conformal dimensions h; of b;. For
example, double braiding is given by

rank(B) e2mhk
ij’bi . Cbi:bj = Z Nl] mldk , (AB)
k=1

where id,. is the identity morphism at b, € B. A simple object b; is called transparent if
Vb; € B, Ch,b; * Cby.b; = idbl@bj. By the unit property (A.1), the unit is always transparent.
A collection of transparent simple objects is denoted B’ or Z,(B) and called symmetric (or
Miiger) center. A BFC is called symmetric if all simple objects are transparent. A symmetric
BFC B is called positive if Vb € B, d;, € N*. The quantum trace of the double braiding defines
the (unnormalized) S-matrix

B rank(B) €2ﬁihk

— — k
Si,j = tl’(CbJ_,bi . Cbl-,bj) = Z Nij mdk . (A.4)
k=1

(We write b; = 1. Namely, the first row or column of S-matrices correspond to the unit object.)
A normalized S-matrix is given by

S. .= Si

Y D(B)

If the S-matrix is non-singular, i.e., there exists the inverse matrix, a BFC is called non-
degenerate. A non-degenerate pre-MFC B is called modular or modular fusion category (MFC).
Pure-state TOs are described by MFCs, and mixed-state TOs are described by (generically de-
generate) pre-MFCs.
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The conformal dimensions also define topological twists'®

9. = eZnih,—
;= .
They form another modular matrix

Tij =05y

Let C be a fusion category. An algebra in C is a triple (A, u,u) of object A € C, and two
morphisms u : A® A — Aand u : 1 — A called multiplication and unit morphisms, respectively.
They are subject to two axioms: 1) associativity

p(ida® ) apan=p- (U®idy), (A.5)

and 2) unit axiom
idA'lAZH'(u®idA), idA'rA=.U/'(idA®u). (A.6)

We usually denote an algebra by A. An algebra A is called connected if dimsC(1,A) = 1. An
algebra A is called separable if 3 : A - A® A such that i - u = id,. An algebra A in a BFC
(B,c) is called commutative if

W Can = - (A.7)

A commutative separable algebra is called an étale algebra.

Let C be a fusion category and A € C an algebra. A right A-module is a pair (m, p) of object
m € C and a morphism p : m ® A — m. The morphism can be viewed as a right action of A on
m (so the name). They are subject to the associativity

p-(p®cidy) =p-(idy ® U) Aman; (A.8)

and unit axiom
p-(id,®cu)=1idy, -1y, (A.9)

We usually denote a right A-module by just m. They form the category C, of right A-modules.
If C admits a braiding, it contains an important subcategory. Let 13 be a BFC and A € 5 an
algebra. A right A-module (m, p) is called dyslectic (or local) [19] if

P Cam Cpna=D- (A.10)

They form the category Bg of dyslectic right A-modules, which is by construction a subcategory
of B,. In the anyon condensation [13-15] in pure-state TOs, By, Bg are called confined and
deconfined phase, respectively.

A.2 Facts

First, since we assume our pre-MFCs are degenerate, we need to check an existence of non-
trivial transparent simple object. A useful tool to judge (non-)degeneracy of BFCs is the mon-
odromy charge matrix [31-33]

M, = —pZbl _ Zh7LL (A.11)

19Mathematically, a twist is a natural isomorphism
0 :ids S idys.

In the main text, we slightly abused the terminology, and called the coefficient as twist (as common in physics).
In other words, we hided the identity morphism.
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We have [9]

biEB/<:>vbj€B, Mi,jzl'

If there exists a nontrivial simple object b; giving M; ; = 1 for all b; € B, then the BFC is
degenerate.?°

Let B be a pre-MFC and A € B a connected étale algebra.?! The separability of A € B
is equivalent to the semisimplicity of B, [27,38]. Hence, in our setup, B, is also a fusion
category [27,38]. Its fusion is denoted ®,. The fusion category B, has [21,39]

FPdim(B)

FPdlm(BA) = m .

(A.12)

The Frobenius-Perron dimension of an algebra A € B

rank(B)
A = @ n; bi N
i=1
with n; € N is given by
rank(B)
FPdim(A) = Z n,FPdimp(b;).
i=1
A right A-module m € B, has
dp(m)
dp(A)
The subcategory Bg C B, admits braiding [19]. In our setup, B, and hence Bg are spherical
[20]. Thus, BX is another pre-MFC describing another mixed-state TO. Note that B, ~ 82 if

A € B is transparent because ¢y, * ¢y o = idpga- Thus, in this case, B, also admits braiding.
We summarize these facts in the following

dp,(m) = (A.13)

Table 4: Dictionary.

Notation| Mathematical meaning | Physical meaning

B Pre-MFC Mixed-state TO
A€ | Connected étale algebra | Condensable anyon
By Spherical FC Confined phase
82 Pre-MFC Deconfined phase

A useful fact to fix BX is the invariance of topological twists [20,40]

B o BY
ethb — ethb , (A.14)

where hf is a conformal dimension of b € B and hfg is that of b € Bg. This guarantees
deconfined particles have the same conformal dimensions (mod 1) as in the ambient category.
Finally, let us recall an interesting fact. In our examples, we find some anyon condensations
in mixed-state TOs give pure-state TOs. Mathematically, it is known when this happens. Let
B be a pre-MFC and A € B a connected étale algebra. Condensation of such an anyon gives a
surjective functor F : B — M to an MFC M. The functor is called a modularization of 5. We
have [22,23]
dmodularization of B <= Vb; €5, Op, =1. (A.15)

20This tool was also used in [34-37] to give a mathematical explanation when and why which symmetries
emerge.

21A systematic method to classify connected étale algebras in (pre-)MFCs has recently been developed in [17,
18,28-30]. We use the method to find connected étale algebras.
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A regular algebra giving (B’), ~ Vect; provides the modularization F, : B — B, [24]. Phys-
ically, such a (generically composite) anyon consists of all transparent simple anyons. If all
transparent anyons are bosons, condensation of them makes B’ ‘trivial,’” resulting in an MFC
describing pure-state TO. The resulting (super-)MFC is nothing but the topological invariant
A™P of equivalence classes of mixed-state TOs. In particular, it is known [26,27] that positive
symmetric BFCs B’s admit modularization F4 : B — Vectc. (Therefore, such mixed-state TOs
belong to the same equivalence class.) The simplest pre-MFC which fails to admit modular-
ization is the Z, pre-MFC with a transparent fermion f ® f = 1,6, = —1. (Mathematically,
the pre-MFC is denoted sVec.) The pre-MFC is the Z, subcategory of the Ising MFC.
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