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Abstract

The generalized Komar (d−2)-form charge can be modified by the addition of any other
on-shell closed (conserved) (d−2)-form charge. We show that, with Kaluza–Klein bound-
ary conditions, one has to add a charge related to the higher-form symmetry identified in
Ref. [10] to the naive Komar charge of pure 5-dimensional gravity to obtain a conserved
charge whose integral at spatial infinity gives the mass. The new term also contains the
contribution of the Kaluza–Klein monopole charge leading to electric-magnetic duality
invariance.
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1 Introduction

The impact and influence of Kaluza’s discovery that some components of the 5-dimensional
metric behaved as the 4-dimensional metric and Maxwell fields [1] complemented with Klein’s
realization that, if the 5th dimension is compact, the 4-dimensional charge and mass of a
massless and uncharged particle moving in 5 dimensions are proportional to its momentum
in that compact direction, inversely proportional to its size and quantized [2] in the subse-
quent development of Theoretical Physics cannot be overstated.1 The main difference (and a
very important one) between the gauge theories on which the Standard Model is based and
Kaluza-Klein theories is that the extra dimensions of the former are not spacetime dimensions
along which particles and gravity can propagate as in the second. As a matter of fact, the
first non-Abelian Yang–Mills type theory was constructed by Pauli using Kaluza–Klein (KK)
compactification in a space with SU(2) symmetry [4] and the use of this mechanism in Su-
pergravity and Superstring theories has played a fundamental role in the search for a unified
theory of all interactions [5–7].

The KK paradigm “Physics in the uncompactified (lower) dimensions is just a manifestation
of Physics in the total spacetime manifold (higher dimensions)” means that we should be able
to derive no matter what lower-dimensional results working directly in higher dimensions. In
this article we are concerned with Noether–Wald and generalized Komar charges and their use
to study the thermodynamics of stringy black holes, finding their Smarr formulas and deriving
the first law with all their charges and chemical potentials. These black holes are classical
solutions of lower-dimensional Supergravity theories most of which can be derived by KK
dimensional reduction from an 11- or 10-dimensional Supergravity2 and it follows that we
should be able to derive those Smarr formulas and first laws directly in 10 or 11 dimensions.

In order to achieve this goal

1. We need a higher-dimensional interpretation of all the conserved charges carried by the
lower-dimensional black-hole solutions. This requires a complete dictionary between
the local and global symmetries of the higher- and lower-dimensional theories.

2. We need a higher-dimensional interpretation of the associated chemical potentials.

3. We need a good understanding of the relations between the black-hole’s higher- and
lower-dimensional geometries. In particular, we need to know the relation between
their event or Killing horizons.

4. With those interpretations we should be able to derive the Smarr formulas and first laws
directly from the Noether–Wald and generalized Komar (d−2)-form charges (d=10,11).

In Refs. [9, 10] we have made progress in some of the points of this program using
pure 5-dimensional Einstein gravity compactified on a circle. In Ref. [9] we studied the 5-
dimensional geometry of the Killing horizons of static electrically-charged 4-dimensional black
holes, finding that they are only stationary due to the uplifting to 5 dimensions of the time-
like 4-dimensional Killing vector, which is a linear combination of the latter with the Killing
vector generating translations along the compact direction. We also found that there is frame-
dragging along the compact direction and that the velocity of the horizon in that direction is
the 4-dimensional electrostatic potential. We also studied how the 5-dimensional Noether–
Wald and Komar charges associated to the uplifted timelike Killing vector give rise to the
4-dimensional Smarr formula and 1st law. The additional terms proportional to the Killing
vector that generates translations along the compact direction give contributions proportional

1See Ref. [3] for a review.
2For a recent review with many references see, for instance, Ref. [8].
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to the momentum in that direction which, as Klein found out, is seen as electric charge in 4
dimensions. However, we could not find the term proportional to the 4-dimensional magnetic
charge in the 5-dimensional 1st law and the related term in the 4-dimensional Smarr formula
only appeared after performing a rather ad hoc trick.

On the other hand, in Ref. [10] we found that the origin of the global symmetry of the
4-dimensional theory is a higher-form-type global symmetry which is only present in the 5-
dimensional theory with the topologically non-trivial KK boundary conditions (one compact
spatial dimension).

In this article we are going to show the relation between the higher-form symmetry found
in Ref. [10] and the trick that allowed us to recover the full electric-magnetic duality-invariant
Smarr formula in 4 dimensions in Ref. [9]. We are going to show that this trick is actually
necessary if we want to have a generalized Komar charge for the Killing vector that generates
time translations whose integral at infinity gives the mass.3

It is not difficult to see why the 5-dimensional Komar charge does not give the mass: the 4-
dimensional metric and the 4-dimensional components of the 5-dimensional metric are related
by a conformal transformation with conformal factor k∞/k where k is the KK scalar. The Ko-
mar integral at infinity simply picks the coefficient of 1/r in the expansion of the t t-component
of the metric

gt t ∼ 1−
2M

r
. (1)

However, if, at infinity

k ∼ k∞

�

1+
Σ

r

�

, (2)

where Σ is the scalar charge, the expansion of the t t-component of the 5-dimensional metric
will be

(k∞/k)gt t ∼ 1−
2M +Σ

r
. (3)

The naive Komar integral will give a combination of the mass and the scalar charge and we
have to modify it in a consistent way if we want it to give just the mass M .

As we are going to see, the trick used in Ref. [9] amounts to the addition of an on-shell
closed (conserved) (d − 2)-form charge to the naive generalized Komar charge (which is also
on-shell closed, by construction) as explained in Ref. [13]. This addition does not change the
value of the Smarr formula, since one adds and subtracts the same quantity,4 but, when we
only use the generalized Komar charge to compute the mass or other gravitational conserved
charges integrating at infinity, the additional term does contribute to the result in a non-trivial
way. In our case we will use this freedom to eliminate unwanted contributions.

We are going to start by reviewing the setup we are going to work with (pure 5-dimensional
gravity with Kaluza–Klein boundary conditions) and the results of Refs. [9, 10] that we are
going to use.

3It is important to clarify from the onset that in this context (5-dimensional gravity with KK boundary con-
ditions) by mass of a solution we mean the mass of the 4-dimensional (dimensionally-reduced) solution in the
4-dimensional Einstein frame. While there are intrinsically 5-dimensional definitions of the mass in this con-
text [11,12], we believe that the above is the most natural notion.

4The Smarr formula can be obtained by integrating the generalized Komar charge over spatial infinity and over
the horizon and equating the two results [14–18]. The on-shell closedness of the generalized Komar charge and
the fact that these two (d −2)-dimensional surfaces are the only two pieces of the boundary of some hypersurface
imply this equality.
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2 The setup

In this paper we are going to use the conventions of Ref. [19], with a mostly minus signa-
ture, the Vielbein ea = ea

µd xµ as gravitational field and differential-form notation.5 Further-
more, we use hats to denote the 5-dimensional quantities. In this language, the 5-dimensional
Einstein–Hilbert action has the form

S[ê] =
1

16πG(5)N

∫

1
3! ϵ̂ĉ d̂ êâ b̂ ê ĉ ∧ êd̂ ∧ êê ∧ R̂â b̂(ω̂)≡

∫

L̂ , (6)

where G(5)N is the 5-dimensional Newton constant. We assume KK boundary conditions for the
gravitational field: it admits a spatial Killing vector k̂ with closed orbits with no fixed points.
We partially break the invariance under 5-dimensional general coordinate transformations
(GCTs) by using as 5th coordinate, x̂4, that we will denote by z, the coordinate adapted to k̂.
Thus k̂ = ∂z and all the components of the Vielbein are z-independent. Furthermore, since z

parametrizes the orbits of k̂, z ∼ z + 2πℓ where ℓ is some length scale. This length scale must
be distinguished from the length of the compact direction at a point x of the 4-dimensional
spacetime

L(x) = 2πR(x) =

∫ 2πℓ

0

dz
q

− ĝzz(x) = 2πℓk(x) , (7)

where R(x) is the radius of the compact direction at the point x . The value of the radius at
infinity is customarily denoted by R and it is related to the value of the KK scalar at infinity
k∞ by

R= ℓk∞ . (8)

Furthermore, we also partially break the invariance under 5-dimensional local Lorentz
transformations with the following choice of Vielbein6

êa = ea , êa = ea − ıaA∂z , (9a)

êz = k(dz + A) , êz = k−1∂z , (9b)

in which ea, A and k will be identified with the 4-dimensional, KK-frame,7 Vielbein, KK vector
and KK scalar. Therefore, the 5-dimensional metric and 4-dimensional KK-frame fields are
related by

ds2
(5) = ds2

(4) − k2 (dz + A)2 , (10a)

ds2
(4) = gµνd xµd xν . (10b)

Under these assumptions and with these definitions, the action Eq. (6) and after integration
over the coordinate z, can be rewritten in the form

S[e, A, k] =
2πℓ

16πG(5)N

∫

�

k
�

− ⋆ (ea ∧ eb)∧ Rab +
1
2 k2F ∧ ⋆F
�

+ d [2 ⋆ dk]
	

. (11)

5The Lorentz (spin) connectionωab =ωµabd xµ = −ωba is assumed to be the torsionless Levi-Civita connection
ωab =ωab(e)

Dea ≡ dea −ωa
b ∧ eb = 0 , (4)

and its curvature is defined as
Rab(ω)≡ dωab −ωa

c ∧ωcb . (5)

6Here ıξ indicates the interior product with the 4-dimensional vector ξ and ıa the interior product with ea. Thus,
ıaA= ea

µAµ.
7In this conformal frame, the Einstein–Hilbert term in the action carries an additional scalar factor k. A local

conformal rescaling of the metric and a global rescaling of the KK vector will be necessary to eliminate this factor
and obtain the Einstein-frame action with no additional constants in it.
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Finally, the rescalings

gµν = (k/k∞)
−1 gE µν , ea

µ = (k/k∞)
−1/2 eE

a
µ , Aµ = k1/2

∞ AE µ , (12)

bring us to the Einstein-frame action8

S[eE , AE , k] =
1

16πG(4)N

∫

�

− ⋆E (eE
a ∧ eE

b)∧ RE ab +
3
2 d log k ∧ ⋆Ed log k

+1
2 k3FE ∧ ⋆FE + d [− ⋆E d log k]

	

,

(13)

where the 4-dimensional Newton constant is given by

G(4)N =
G(5)N

2πR
. (14)

We can express the KK scalar in terms of an unconstrained9 scalar field k = eφ/
p

3 with
canonically-normalized kinetic term, but we will keep working with k to keep the discussion
as simple as possible.

2.1 The symmetries of 5-dimensional GR with KK boundary conditions

In view of the results of Ref. [10] it is convenient to revise the relation between the symmetries
of the 5-dimensional theory and how they are related to the those of the 4-dimensional one.

The conventional wisdom is that the only symmetries (local or global) of GR are GCTs and,
in our case, only those GCTs that preserve the KK boundary conditions. In the Vielbein formu-
lation we must also include local Lorentz transformations that preserve those conditions and
our choice Eq. (9). It turns out that GR with KK boundary conditions also admits higher-form-
type global symmetries which had traditionally been incorrectly identified with a 1-parameter
family of GCTs (see, for instance, Refs. [9,19]).

Let us start with GCTs, which act on the 5-dimensional metric as

δξ̂ ĝµ̂ν̂ = −Lξ̂ ĝµ̂ν̂ = −
�

ξ̂ρ̂∂ρ̂ ĝµ̂ν̂ + 2∂(µ̂ξ̂
ρ̂ ĝν̂)ρ̂
�

. (15)

In order to preserve the z-independence of the metric, all the components except for ξ̂z must
be z-independent. Furthermore, the dependence ξ̂z on z must be, at most, linear. But vectors
proportional to z are not well defined because z is multivalued. For this reason, the vector
field z∂z , which apparently generates constant rescalings of the 4-dimensional matter fields
which are, actually a global symmetry of the 4-dimensional action Eq. (13), must be excluded.
We will explain the 5-dimensional origin of that 4-dimensional symmetry in a moment.

Thus, taking into account the z-independence of the vector field ξ̂, we can write the ac-
tion of the 5-dimensional GCTs that respect the KK boundary conditions on the KK-frame 4-
dimensional fields as

δξ̂k = −ξ̂
ρ∂ρk , (16a)

δξ̂Aµ = −
�

ξ̂ρ∂ρAµ + ∂µξ̂
ρAρ
�

− ∂µξ̂z , (16b)

δξ̂gµν = −
�

ξ̂ρ∂ρ gµν + 2∂(µξ̂
ρ gν)ρ
�

, (16c)

8The constant (modulus) k∞ must be introduced in the rescaling in order to ensure that the normalization of
the 5- and 4-dimensional metrics at spatial infinity are the same. Sometimes this conformal frame is referred to as
the modified Einstein-frame [20] to distinguish it from the one (standard in the earlier literature) in which this fact
was not taken into account. In presence of matter fields, k∞ appears in the (modified) Einstein frame and one has
to rescale some of the matter fields with it in order to make it disappear again. This is the origin of the definition
of AE . k should not be rescaled if we do not want to modify its asymptotic value.

9k has to be positive definite.
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which correspond to 4-dimensional GCTs generated by the 4-dimensional vector field ξ with
components ξµ(x) = ξ̂µ(x) and gauge transformations of the KK vector fields A generated by
the 4-dimensional gauge parameter

ξ̂z(x) = −χ(x) , (17)

which act in the standard fashion: Lie derivative of the fields and

δχA= dχ , (18)

respectively. Notice that these gauge transformations act on the compact coordinate z:

δχz = −χ(x) ⇒ δχdz = −dχ . (19)

The 5-dimensional local Lorentz group is broken by our choice of (upper-triangular) Viel-
bein basis down to just the 4-dimensional one.

Let us now go back to 5-dimensional origin of the global symmetry of the 4-dimensional
action Eq. (13) whose transformations have the form

δεk = −
2
3εk , δεAE = εAE . (20)

In Ref. [10] it was shown that the global transformation

δh
ε ĝµ̂ν̂ = −2εh(µ̂k̂ν̂) , (21)

where h = hµ̂d x̂ µ̂ is a harmonic 1-form and k̂ is the Killing vector of the theory rescales the
Einstein–Hilbert action with KK boundary conditions

δh
εŜ = −ε ıkh Ŝ = −εŜ , (22)

where we assumed the normalization ık̂h= 1. A harmonic form h typically exists in spacetimes
with a compact direction such as those satisfying KK boundary conditions. Locally, and up to
the total derivative of a z-independent function, h can be written as dz. The addition of a total
derivative to h is fully equivalent to the transformation Eq. (19) and the gauge transformation
Eq. (18). On the other hand, if h is exact, then this transformation is equivalent to a GCT.

There is a second, independent, transformation that rescales the action

δs
ε ĝµ̂ν̂ =

2
3ε ĝµ̂ν̂ ⇒ δs

εŜ = +εŜ , (23)

and both transformations can be combined into a global symmetry of the Einstein–Hilbert
action with KK boundary conditions10 δε ≡ δh

ε + δ
s
ε whose effect on the 4-dimensional fields

is precisely Eq. (20) [10].
In what follows we are going to need the transformations of the Vielbein and spin connec-

tion under the above transformations. They are

δh
ε ê

â = −εık̂ êâh , δh
εω̂

â b̂ = −εP̂k̂
â b̂h , δh

εR̂
â b̂ = εık̂R̂â b̂ ∧ h , (24a)

δs
ε ê

â = 1
3εê

â δs
εω̂

â b̂ = 0 , δs
εR̂

â b̂ = 0 , (24b)

where P̂k̂
â b̂ is the Lorentz momentum map or Killing bilinear, defined by the momentum map

equation11

ık̂R̂â b̂ +DP̂k̂
â b̂ = 0 , (25)

10This symmetry can be extended to include the coupling to matter fields [21].
11We have used this equation together with the Palatini identity δR̂â b̂ =Dδω̂â b̂ to find δh

ε
R̂â b̂ above.
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which always admits the solution
P̂k̂ â b̂ =Dâ k̂b̂ . (26)

In this language it is very easy to obtain the transformation of the Einstein–Hilbert action
Eq. (6). Ignoring the normalization factor (16πG(5)N )

δh
εŜ =

∫

1
3! ϵ̂ĉ d̂ êâ b̂

¦

3δh
ε ê

ĉ ∧ êd̂ ∧ êê ∧ R̂â b̂ + ê ĉ ∧ êd̂ ∧ êê ∧δh
εR̂

â b̂
©

= −ε
∫

1
3! ϵ̂ĉ d̂ êâ b̂

¦

3ık̂e ĉ êd̂ ∧ êê ∧ R̂â b̂ − ê ĉ ∧ êd̂ ∧ êê ∧ ık̂R̂â b̂
©

∧ h

= −ε
∫

ık̂L̂∧ h

= −εŜ .

(27)

On the other hand, we can use the generic variation of the action

δŜ =

∫

�

Êâ ∧δêâ + dΘ̂(ê,δê)
	

, (28)

where the Einstein equations and presymplectic potential are given by

Êâ = ıâ⋆̂(ê
b̂ ∧ ê ĉ)∧ R̂ b̂ĉ , (29a)

Θ(ê,δê) = −⋆̂(êâ ∧ ê b̂)∧δω̂â b̂ , (29b)

respectively, to find an alternative expression for δh
εS and arrive at the identity

−εL̂= Êâ ∧δh
ε ê

â + dΘ̂(ê,δh
ε ê) , (30)

which, gives as an expression for the on-shell Lagrangian as a total derivative12

L̂
.
= d Ĵh , (31)

where we have defined the 4-form

Ĵh ≡ −
1

16πG(5)N

�

⋆̂(êâ ∧ ê b̂)P̂k̂ â b̂

�

∧ h . (32)

We may use this result as explained in Ref. [13] to determine the generalized Komar charge
of the theory. However, we observe that the 3-form that multiplies h is nothing but the Noether–
Wald charge associated to the Killing vector k̂ of 5-dimensional GR. In this case, the Noether–
Wald charge is nothing but (minus) the on-shell closed Komar charge [22]

K̂[k̂] =
1

16πG(5)N

⋆̂(êâ ∧ ê b̂)P̂k̂ â b̂ , (33)

and we can write
Ĵh = −K̂[k̂]∧ h . (34)

Thus, it follows that Ĵh is actually closed (conserved) and that the Lagrangian vanishes
identically on-shell (a well-known fact in pure GR).

12We use
.
= for identities which hold on-shell.
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We could have arrived at the same result using δs
ε for which we find

εL̂= Êâ ∧δs
ε ê

â , (35)

with no total derivative, owing to the invariance of the spin connection under this rescaling
δs
εω̂

â b̂ = 0.
Combining these two facts, we arrive at the conclusion that Ĵh is actually minus the Noether

current associated to the global symmetry δε ≡ δh
ε +δ

s
ε, which explains its on-shell conserva-

tion.

2.2 The 5-dimensional geometry of 4-dimensional stationary KK black holes

According to the rigidity theorem [25, 26], the 4-dimensional geometry of 4-dimensional,
asymptotically flat, stationary black holes is characterized by the existence of a Killing vec-
tor m which is timelike close to infinity and a spacelike Killing vector field n that generates
rotations around a given axis. The Killing vector l ≡ m−ΩHn, where the constant ΩH is the
angular velocity of the horizon, becomes null over the event horizon H

lµgµνl
ν H
= 0 , (36)

and H is, thus, identified as a Killing horizon.13

If this 4-dimensional black hole is a solution of the 4-dimensional KK theory Eq. (13) that
we have obtained by dimensional reduction of GR with KK boundary conditions, it is also a
solution of this 5-dimensional theory. As shown in [9], the 5-dimensional, asymptotically-KK
solution is also stationary (m is still a Killing vector and it is timelike near infinity) and also has
a Killing horizon which is essentially the local product (a fibration) of the compact dimension
with the 4-dimensional horizon. The Killing vector that becomes null over the 5-dimensional
horizon (that we can call the uplift of l) is, actually [9]

l̂ ≡ l −χl k̂ = m−ΩHn−χl k̂ . (37)

According to the discussion in the previous section and Eq. (17), the fact that l̂z = −χl̂
means that the GCT generated by the 4-dimensional Killing vector will leave invariant the
5-dimensional metric if it is supplemented by a compensating or induced gauge transformation
with parameter χl , whose value we can determine by solving the 5-dimensional Killing vec-
tor equation for l̂, Ll̂ ĝµ̂ν̂ = 0, assuming that ĝµ̂ν̂ satisfies the KK boundary conditions and is
z-independent. We find three independent conditions:

Ll k = 0 , (38a)

LlA− dχl = 0 , (38b)

Ll gµν = 0 . (38c)

The second condition Eq. (38b), which confirms the interpretation of χl as an induced
gauge transformation, can be rewritten in the form of the momentum map equation

ıl F + dPl = 0 , Pl = −χl + ılA . (39)

The symmetry condition Ll F = 0, together with the Bianchi identity dF = 0 guarantees
the local existence of the momentum map Pl , which is determined by the above equation up
to an additive constant.

13Notice that the above equation takes the same form in the Einstein and the KK frame because conformal
transformations preserve the lightcone.
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Thus,
χl = ılA− Pl . (40)

Finally, the condition that H must be a Killing horizon of l̂

l̂ µ̂ ĝµ̂ν̂ l̂
ν̂ = lµgµνl

ν − k2(ılA−χl)
2 H
= 0 , (41)

together with Eq. (40) imply that we must choose the additive constant in Pl so that

Pl
H
= 0 . (42)

3 The 5-dimensional generalized Komar charge

Linear combinations of conserved charges with constant coefficients are conserved. In our
case this means that, as discussed in Ref. [13], if there is another conserved 3-form charge, we
can add it to the standard Komar charge Eq. (33) with an arbitrary coefficient that we must
determine using some physical criterion.

There are no other 3-form charges in 5-dimensional pure GR with asymptotically-flat
boundary conditions, but there is one with KK boundary conditions, that we can derive from
the Noether 4-form charge associated to the higher-form symmetry identified in Ref. [10].

As a general rule, given a (d−1)-form current J which is conserved when evaluated over a
solution of the theory with a spacetime symmetry generated by the vector p (i.e. δp annihilates
all the fields of the solution and, therefore, the current), it is always possible to derive from it
a (d − 2)-form charge Qp which is also conserved under the same assumptions [23].

In the case at hands, we are interested in stationary KK black holes which, on top of k̂,
admit Killing vector l̂ given in Eq. (37) and we can derive a 3-form charge Q̂h

l̂
from the 4-form

Jh using its on-shell conservation and the assumption δl̂J
h = 0.

How does δl̂ act on Jh? Let us first consider how −Ll̂ acts on h:

−Ll̂h= −dıl̂h= dχl , (43)

which, upon use of Eq. (19), we can rewrite in the form

δl̂h= −Ll̂h+δχl
h= 0 . (44)

On the other hand, δl̂ acts on K̂[k̂] as minus the Lie derivative and, furthermore, since l̂
is a Killing vector and δl̂ annihilates the Vielbein, metric etc., δl̂ K̂[k̂] = K̂[δl̂ k̂] = 0 because
δl̂ k̂ = −[l̂, k̂] = 0.

Then,
0= δl̂ Ĵ

h = −(dıl̂ + ıl̂ d)Ĵ
h − K̂[k̂]∧δχl̂

h
.
= −d
�

ıl̂ Ĵ
h +χl̂ K̂[k̂]
	

, (45)

and we can define the 3-form charge

Q̂h
l̂
≡ ıl̂ Ĵ

h +χl̂ K̂[k̂] , (46)

which is conserved (closed) when the hypotheses are satisfied: on-shell for solutions admitting
the Killing vector l̂. Since in Ref. [10] it was shown that the 5-dimensional 4-form current Ĵh

is related to the 4-dimensional 3-form current associated to the global symmetry Eq. (20), we
expect 3-form charge Eq. (46) to be related to the 2-form charge that one can derive from
the 4-dimensional current. The integral of this charge at infinity gives the scalar charge of the
black hole [23,24].
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There are no more conserved charges in the theory under consideration and, therefore, we
are led to consider the 1-parameter family of generalized Komar charges

K̂α[l̂]≡
1

16πG(5)N

�

K̂[l̂]−αıl̂
�

K̂[k̂]∧ h
�

+αχl̂ K̂[k̂]
	

=
1

16πG(5)N

�

K̂[l̂]−αıl̂ K̂[k̂]∧ h
	

,
(47)

since, by assumption, ık̂h= 1 and, therefore, ıl̂h= −χl̂ . In view of the previous comments, we
expect that its integral at infinity will remove the contribution of the scalar charge mentioned
in the Introduction (see Eq. (3)) for some value of α. It is worth stressing that, as explained
in the introduction, α has no influence on the Smarr formula.

In order to determine the value of α we have to study the pullback of K̂α[l̂] over hypersur-
faces that include the compact direction. The only components of K̂α[l̂] whose pullback does
not identically vanish are those that contain h as factor.

For any 5-dimensional Killing vector p̂, the standard Komar charge Eq. (33) has the fol-
lowing decomposition:

K̂[p̂] =
1

16πG(5)N

�

−k ⋆ (ea ∧ eb)P̂p̂ ab

�

∧ h+ 2 ⋆ ea P̂p̂ az −
�

k ⋆ (ea ∧ eb)P̂p̂ ab

�

∧ A , (48)

and, therefore, the terms of Kα[l̂] that contribute to the pullback are

K̂α[l̂]h =
1

16πG(5)N

�

−k ⋆ (ea ∧ eb)
�

P̂l̂ ab +αχl P̂k̂ ab

�

−αıl̂
�

2 ⋆ ea P̂k̂ az −
�

k ⋆ (ea ∧ eb)P̂k̂ ab

�

∧ A
�	

∧ h .

(49)

Using the relation between the 5-dimensional Killing vector l̂, the 4-dimensional one l
and k̂ Eq. (37) and the expression Eq. (40) for the parameter of the compensating gauge
transformation, we find

P̂k̂ ab = −
1
2 k2Fab , P̂k̂ az = −∂ak ,

P̂l̂ ab = Pl ab −
1
2 Pl k

2Fab , P̂l̂ az = −
1
2 k−1∂a

�

k2Pl

�

,
(50)

and, replacing these values in Eq. (49) we get

K̂α[l̂]h =
1

16πG(5)N

�

−k ⋆ dl− 2α ⋆ (dk ∧ l) + (1−α)Pl k
3 ⋆ F −αP̃l F
	

∧ h

+ d
�

αP̃lA∧ h
�

,

(51)

where we have denoted by l the 1-form dual to the 4-dimensional Killing vector l and we
have defined the dual (magnetic) momentum map P̃l .

14 The components of this 1-form are
computed lowering the vector index with the KK-frame metric. Thus, according to Eq. (12),

l= lµgµνd xν = (k/k∞)
−1 lµgE µνd xν = (k/k∞)

−1 lE . (54)

14Since
d
�

k3 ⋆ F
� .
= 0 , and Ll

�

k3 ⋆ F
�

= 0 , (52)

by assumption, ıl

�

k3 ⋆ F
�

is closed on-shell, and there exists a function P̃l satisfying the dual momentum map
equation

ıl

�

k3 ⋆ F
� .
= −d P̃l . (53)
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Defining

Pl ≡ k1/2
∞ PE l , ıl FE = −dPE l , (55a)

P̃l ≡ k1/2
∞ P̃E l , ıl

�

k3 ⋆E FE

�

= −d P̃E l , (55b)

and, discarding the total derivative, we arrive at15

K̂α[l̂]h =
k∞

16πG(5)N

�

− ⋆E dlE + (1− 2α) ⋆E (d log k ∧ lE) + (1−α)PE l k
3 ⋆E FE −αP̃E l FE

	

∧ h .

(56)
The first term in K̂α[l̂]h is the standard 4-dimensional Komar charge associated to the 4-

dimensional Killing vector l. That charge is not closed and two additional terms similar to the
third and the fourth but with different coefficients, have to be added to construct the on-shell
closed generalized Komar charge of the KK theory Eq. (13). The second term, on the other
hand, gives an unwanted additional contribution which is proportional to the scalar charge of
the KK scalar k. The same value of α that kills that term (α= 1/2) gives the right coefficients
of the third and fourth terms and, using the relation between the 4- and 5-dimensional Newton
constants Eq. (14), we finally arrive at

K̂1/2[l̂]h =
k∞

16πG(5)N

�

− ⋆E dlE +
1
2 PE l k

3 ⋆E FE −
1
2 P̃E l FE

	

∧ h

= K[l]∧
h

2πℓ
,

(57)

which, integrated over the compact direction gives the 4-dimensional generalized Komar 2-
form charge.

The first term in the right-hand side of the above equation is the standard Komar charge
whose integral gives the gravitational conserved charge associated to the Killing vector l. In
this case, l is given by the linear combination in Eq. (37) (just the first two terms) when m
generates time translations and n generates rotations around one axis. Since the Komar charge
is linear, its integral will give a linear combination of the mass and and angular momentum
with the angular velocity ΩH as coefficient.

Furthermore, given the normalization of the momentum map PE l (we had to impose that
it vanishes over the horizon), the integral at infinity will include a contribution ∼ Φ∞Q where
Φ∞ is the value of the corotating electrostatic potential at infinity.16 In general, that value will
not vanish. However, we are free to add on-shell closed 2-form charges like −Φ∞k3 ⋆ FE ∧h to
remove that contribution. This can be done directly in 5 dimensions, adding a term∼ Φ∞K̂[k̂].
In practice, this is equivalent to replacing l̂ by l̂ ′ ≡ l̂ −Φ∞k̂ which has the same form as l̂ but
with Pl now vanishing at infinity instead of the horizon.

4 Discussion

In this paper we have shown how to construct a generalized Komar charge in 5-dimensional
pure gravity with KK boundary conditions whose integral at spatial infinity for the Killing
vector that generates time translations gives the mass, understood as the 4-dimensional mass,
removing the contribution of the 4-dimensional KK scalar charge.

15Notice that, for 2-forms G, ⋆G = ⋆E G.
16We are free to impose that P̃E l vanishes at infinity or, at least, that the integral of P̃E l FE does [27].
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The construction is based on the freedom that one has to construct conserved charges as
linear combinations of other conserved charges with constant coefficients and to the existence
of a higher-form-type global symmetry in GR with KK boundary conditions [10] out of which
we can derive conserved charges in symmetric solutions using the recipe of [9].

Since this higher-form-type global symmetry can be extended to the coupling with matter, it
is interesting to see how the results of this paper can be generalized to more complex situations.
Work in this direction is well underway [21].
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