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Abstract

Starting from a general material system of N particles coupled to a cavity, we use a
coherent-state path integral formulation to produce a non-perturbative effective theory
for the material degrees of freedom. We tackle the effects of image charges, the A2

term and a multimode arbitrary-geometry cavity. The resulting (non-local) action has
the photonic degrees of freedom replaced by an effective position-dependent interac-
tion between the particles. In the large-N limit, we discuss how the theory can be cast
into an effective Hamiltonian where the cavity induced interactions are made explicit.
The theory is applicable, beyond cavity QED, to any system where bulk material is lin-
early coupled to a diagonalizable bosonic bath. We highlight the differences of the theory
with other well-known methods and numerically study its finite-size scaling on the Dicke
model. Finally, we showcase its descriptive power with three examples: photon conden-
sation, the 2D free electron gas in a cavity and the modification of magnetic interactions
between molecular spins; recovering, condensing and extending some recent results in
the literature.
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1 Introduction

The development of cavity QED is marked by the achievement of strong light-matter cou-
pling [1]. This experimental milestone opened the possibility of entangling light and matter.
Since then, experiments have advanced to be able to control and manipulate a few atoms and
photons in a fully quantum way. Nowadays, there are many situations where strong coupling
is achieved. Natural atoms or molecules as well as artificial systems such as quantum dots or
superconducting circuits [2]. Some of these systems allow us to push light-matter coupling to
new regimes. One of them is ultrastrong coupling, where the interaction strength is compa-
rable to the bare energies of cavity photons and atomic transitions [3, 4]. Here, correlations
arise such that the ground state is already an entangled state with both virtual matter and
photon excitations [5, 6]. In the same spirit as the original motivation of cavity QED -to con-
trol atoms with quantum, rather than classical, light- a new field of research is emerging. It is
known as cavity QED materials [7–9]. Here, instead of a few atoms, the modification of bulk
material properties due to nonperturbative light-matter correlations is investigated. Thus, the
focus is on the physics of a macroscopic number of particles coupled to the quantized elec-
tromagnetic field. Quantum light fluctuations have recently been shown to modify chemical
reactivity [10, 11], excitonic transport [12–14], superconductivity [15–18] the ferroelectric
phase in quantum paramagnetic materials [19–21] and ferromagnetism [22,23].

At the same time, the cavity-QED community has gained awareness of the critical role that
certain ubiquitous approximations can have in the predicted behaviour of a system, often lead-
ing to wrong theoretical predictions that later fail to achieve experimental confirmation. This
is especially important in the non-perturbative regime, which is precisely the regime where
modifications of matter occur. Perhaps the most discussed example in the recent literature is
equilibrium superradiance (photon condensation). This quantum phase transition was orig-
inally predicted for electric dipoles in a uniform electric field (Dicke model) [24–26], but it
has since been shown to be just a consequence of the breaking of gauge invariance in theories
missing the infamous A2 term [27,28]. Equilibrium superradiance can be achieved, neverthe-
less, in a system of electric charges with spatially-varying electromagnetic (EM) fields [29–31]
or in systems with magnetic dipoles [22], even when gauge invariance is restored, but it serves
as an example of the profound consequences that an incomplete description of cavity QED can
have. Several works have also pointed out that the two-level approximation is a source of
mistakes if performed, without additional care, in the Coulomb gauge [32,33]. Finally, image
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charges constitute a potentially relevant electrostatic contribution to the effective interactions
between charges in a cavity [34,35]. Thus, a complete formulation of cavity QED must include
them along the dynamical transverse fields of the cavity in the Coulomb gauge. This is crucial
to later resolve the contributions of the two to the modification of matter properties.

Another important caveat in the study of hybrid systems in cavity QED is the fact that, when
studying the interplay of light and matter in a strong coupling scenario, the separation between
“light” and “matter” blurs. This occurs not only because of the well-understood creation of
hybrid polaritonic excitations but, more fundamentally, because the definition of “light” and
“matter” subsystems is gauge-dependent [36]. This observation is perfectly compatible with
the gauge invariance of physical observables but it raises questions regarding our labelling of
the underlying cause of certain phenomena [32,37]. When we say that an effective interaction
is light mediated, is this a universal statement?, or can a change of gauge make it seem as
though the interaction is matter mediated? Here, we avoid descending into this philosophical
rabbit hole by defining the bare matter first. We start by establishing the Hamiltonian that
describes the behaviour of a material system in the absence of a confined electromagnetic
field, i.e. without a cavity. This is motivated by the fact that most material properties are
well captured by such a description, such as superconductivity, ferromagnetism, electric and
thermal conductivity, etc.. In this sense, there exist experimentally accessible observables that
can be measured for the bare material system. Then, we study what happens when such a
material is placed within a cavity. For that, we couple it to the quantized electromagnetic field
in the Coulomb gauge for an arbitrary cavity geometry. The experimentally relevant question is
then: if we measure the same experimentally accessible observables now, to what extent are
they altered? If there is a change, we naturally attribute it to the effect of the cavity, even if
in a microscopic description of the hybrid light-matter system it is impossible to universally
distinguish between the two subsystems.

In this work we develop the theoretical analogue to this experimental procedure by deriv-
ing an effective theory of matter inside a cavity. Generally, an effective theory is found when a
subsystem is systematically eliminated from the dynamical description of a larger system. Per-
turbative effective theories have widespread use in cavity QED. Notable examples are adiabatic
elimination [38] or the dispersive theory [39–41]. However, for our purpose of studying strong
light-matter correlations, it is necessary to consider non-perturbative techniques. A seminal
example is the Feynman-Vernon influence functional within the path integral formalism, devel-
oped for quantum systems coupled to a continuum (open systems) [42–45]. Recently, coherent
state path integrals have been used to define effective models in cavity QED [46–48]. Here,
we build upon these works: we use a coherent-state path integral to define an exact effective
theory for a general material gauge-invariantly coupled to a general cavity. This exact treat-
ment yields a non-local effective action that becomes local in the large-N limit. In this limit,
the theory can be cast into an effective matter Hamiltonian where the effect of light vacuum
fluctuations takes the explicit form of induced matter-matter interactions. The range and form
of these interactions depends on the light-matter Hamiltonian and the geometry of the cavity.
The theory is compared against those effective models commonly employed in the field. Un-
like theories based on the adiabatic elimination of fast variables, our theory is valid in the full
light-matter coupling regime. We also test its finite size scaling numerically via exact diagonal-
ization. In doing that, we show that our theory matches the exact results already for N ∼ 102.
Finally, we test the power of our formalism by deriving recent results from the literature.

The remainder of the manuscript is organised as follows. In Section 2 we provide a graph-
ical and non-technical summary of the main results of the paper. Section 3 is devoted to
constructing a comprehensive model of matter inside an electromagnetic cavity. Then, Sec-
tion 4 constitutes the main result of the paper: we trace out the cavity to derive the effective
model. In Sec. 5 we compare the theory against other effective models and test its finite size
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scaling. In Sec. 6 we study different material systems within a cavity to showcase the descrip-
tive power of our effective theory. We close the paper with some conclusions. Technical details
and concepts of minor importance are sent to the appendices.

2 Summary of main results

The main focus of this work is the theoretical description of a broad range of materials when
these are coupled to an electromagnetic cavity. To avoid subtleties, we fix our starting hypoth-
esis. We begin by asserting that a material is an extensive collection of typically a macroscopic
number N of particles that can be isolated (to a good approximation) and their behaviour
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M +

X



!̃kb̂†
b̂ �

X



ck

⇣
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d)

Figure 1: Schematic summary of the derivation of the effective theory. We begin by
defining a general matter model in a). We accompany the illustration with an exam-
ple Hamiltonian, but the theory extends to other models as well. The matter is then
minimally coupled to an electromagnetic cavity in b). The corresponding Hamilto-
nian describes a broad range of models, which are encoded in the coupling constants
{ck} and operators {Ĉκ}, and in Ĥ′M . In c), the light degrees of freedom are non-
perturbatively eliminated with a coherent state path integral, yielding a non-local
action with effective matter-matter couplings. The non-local contributions vanish in
the large-N limit and an exact effective Hamiltonian is obtained in d).
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described by a Hamiltonian ĤM . This is illustrated in Fig. 1(a). We then couple this material
to a quantized electromagnetic cavity and our formalism begins. For the cavity, we focus on a
complete description including the A2 term, the Zeeman coupling and image charges from the
cavity boundaries. We consider a multi-mode and non-uniform electromagnetic field and we
do not specify any particular geometry, leaving the spatial dependence encoded in the mode
functions of the EM field. We must disclaim that, in order to diagonalize the photonic Hamil-
tonian in the model of a gas of charged particles, we simplify certain mode-mode interactions
arising from the A2 term. This is a common occurrence in the literature and its adequacy is dis-
cussed in the text. We show that due to the fact that the light-matter Hamiltonian is quadratic
in bosonic (light) operators, it can be brought to the linear form shown in Fig. 1(b), which
corresponds to Eq. (17). This is a general Hamiltonian that can be used to describe other
systems besides the ones that we treat in this paper. It describes the linear coupling of an
unspecified extensive subsystem of interest to a diagonal(ized) bosonic ensemble. In our case,
the role of the bosons is played by cavity photons, but the Hamiltonian could also be used to
describe, e.g., phononic or magnonic ensembles.

Then, we use a coherent-state path integral formulation of the partition function of the
system to trace out the photonic degrees of freedom (DOFs). In an exact treatment, we obtain
an effective action (33) in which the light-matter coupling has been replaced by an cavity-field-
mediated interaction between the constituents of the material subsystem. This interaction is
generally non-local in imaginary time, as illustrated in Fig. 1(c). Then, we show that in
the large-N limit the action becomes local, moving from an effective action to an effective
Hamiltonian (41) as shown in Fig. 1(d). In this effective Hamiltonian, the role of the cavity
is made explicit in two ways: first, the bare coulombic interactions are modified by the image
charges; second, an interpretable additional term introduces effective interactions mediated
by the transverse fields of the cavity. In the process, we recover relations between photonic
and material observables, such that information about the cavity is accessible even when the
latter is traced out. The theory is tested on the Dicke model against other effective techniques,
showing that it is not equivalent to perturbative techniques . Its finite size scaling is also
numerically tested, showing that our theory becomes exact already for N ∼ 102. To illustrate
the applicability of our formalism, we finish the manuscript by applying it to three different
material systems in a cavity. First, we revisit the problem of photon condensation. Within
our effective model, we recover the no-go theorem for superradiance in the single-uniform-
mode limit and we show how neglecting the A2 term leads to a wrong prediction of the phase
transition. Our result rules out phase transitions of any order in a single formulation and
is valid at finite temperatures. This is a generalization of [28, 49]. Then, we obtain critical
conditions for photon condensation with spatially-varying electromagnetic fields, recovering
[31]. Then, we solve the 2D free electron gas in a cavity, recovering the results in [50]. The
last system that we solve is an ensemble of molecular nanomagnets. These couple to the cavity
solely by the Zeeman term, avoiding the A2 problem, and have been shown to be a suitable
candidate to showcase cavity-modified ferromagnetism as well as photon condensation [22].
We obtain the effective spin-spin interactions for an arbitrary magnetic field geometry.

3 Model

We begin by fixing the model under consideration. First, we consider a general class of ma-
terial subsystems, composed of N identical particles. Depending on the degree to which the
particles are bounded to a particular position in space we can distinguish two different families
of systems. A gas, where the particles are free to occupy any position of space, like an electron
gas in a metallic lattice; and a system of emitters where each particle or group of particles is
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bounded to a non-dynamical core, such as a system of neutral atoms or molecules where the
motion of the nucleus is disregarded and the focus is placed on the electron(s) motion. We also
discuss the limit case of completely fixed emitters such as magnetic spins. The two families
differ slightly in the way they couple to EM fields. Nevertheless, the degree of parallelism in
their analytical description is high, so we will only discuss the more complex case of the gas in
the main text, and comment briefly on the derivation for a system of localized emitters, high-
lighting the differences with the former and reserving the detailed derivation for Appendix A.

3.1 A gas of charged particles

A gas of charged particles is generally described by a Hamiltonian of the form

ĤM =
∑

j

p̂2
j

2m
+ Ĥqq + ĤqQ +

∑

j

v̂(r̂ j) +
∑

i 6= j

V̂ (r̂i , r̂ j) . (1)

Here, r̂ j and p̂ j are the canonical position and momentum operators of the j-th particle, such
that [r̂i,α, p̂ j,β] = iδi jδαβ . Note that ħh = 1 throughout the text. We also include four po-
tential terms. Coulombic interactions between charges, including self-interactions, are encap-
sulated in Ĥqq. ĤqQ contains possible interactions with non-dynamical charges, e.g. with
an ionic lattice. The potentials v̂(r̂ j) and V̂ (r̂i , r̂ j) represent additional unspecified single-
particle and two-particle potentials, respectively. This matter Hamiltonian can be summarized
as ĤM = T̂ + Ĥqq + ĤqQ + V̂ . We are interested in the effects of coupling this material sub-
system to the quantized electromagnetic field in a confined region of space, i.e. a cavity. To
be consistent with the inclusion of Coulombic interactions, we will describe the coupling of
the matter and light subsystems in the Coulomb gauge. This yields a Hamiltonian in minimal
coupling format for the complete system

Ĥ =
∑

j

(p̂ j − qÂ(r̂ j))2

2m
+ Ĥ′qq + Ĥ′qQ + V̂ + ĤEM −

gµB

2

∑

j

σ̂ j B̂(r̂ j) . (2)

The effect of the coupling is fourfold. Most trivially, we must account for the energy of the
electromagnetic field, hence ĤEM. Secondly, the canonical momentum now differs from the
mechanical momentum, this is apparent in the kinetic term, which now includes the vector
potential Â(r̂ j) at each particles’ position. The third and perhaps more subtle effect is the mod-
ification of the Coulombic interactions between charges Ĥqq → Ĥ′qq, ĤqQ → Ĥ′qQ, which now
include direct as well as image-charge mediated interactions [34, 35]. The latter arise as an
electrostatic effect of imposing the boundary conditions of a cavity on the Coulomb potential.
Finally, we include the Zeeman coupling between the particles’ spin and the magnetic field
B̂(r̂ j). Here σ̂ j = (σ̂x

j , σ̂ y
j , σ̂z

j ) is the Pauli vector, whose components are the Pauli matrices,
µB =

e
2m is the Bohr magneton and g the Landé factor. W.l.o.g. we are discussing spin 1/2

particles. In fact, Eq. (2) is the many-particle generalization of the Pauli-Fiertz Hamiltonian
for non-relativistic spin 1/2 particles, bar the spin-orbit coupling.

In the Coulomb gauge, the redundancy in the description of the dynamical variables is
eliminated by constraining the vector potential to be transverse, i.e. ∇ · A= 0. The quantized
vector potential then reads

Â(r̂ j) =
∑

κ

Ak

�

ûκ(r̂ j)âκ + û∗κ(r̂ j)â
†
κ

�

, (3)

where κ is a four-vector containing the polarization index σ = 1, 2 and the wavevector k:
κ ≡ {k,σ}. Note that Ak = A−k . We also introduce the bosonic annihilation and cre-
ation operators of the κ-th mode: aκ, a†

κ, which obey the canonical commutation relations
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[aκ, â†
κ′
] = δκκ′ . To maintain as much generality as possible, we have refrained from using a

particular spatial dependence for the vector potential. For a specific model, the geometry of
the cavity will determine the spatial quantization of the wavevector k and in turn, the func-
tional form of the mode functions uκ(r ) [51]. In any case, the following properties hold for
the mode functions: u−k,σ(r ) = u∗k,σ(r ), uk,σ(r ) · k = 0,

∫

V dVu∗κ(r )uκ′(r ) = δκκ′ . Note that
in Eq. (3) the mode functions have been promoted to mode operators, since they depend on
the position operator of each particle (Cf. App. A). By definition, B̂ =∇× Â, so

B̂(r̂ j) =
∑

κ

Bk

�

û⊥,κ(r̂ j)âκ + û∗⊥,κ(r̂ j)â
†
κ

�

, (4)

where we have defined the transverse mode functions u⊥,κ(r j) =
1
|k|∇ × uκ(r j) and

Bk = Ak |k|= Akωk/c. Finally, we can express ĤEM as

ĤEM =
∑

κ

ωk â†
κâκ . (5)

To facilitate the analytical treatment of the Hamiltonian, it is convenient to expand the
kinetic term and substitute in Eqs. (3) and (4).

Ĥ = Ĥ′M +
∑

κ

ωk â†
κâκ −

∑

j

∑

κ

q
m

p̂ jAk

�

ûκ(r̂ j)âκ + h.c.
�

+
∑

j

q2

2m

∑

κ,κ′
AkAk ′

�

ûκ(r̂ j)âκ + h.c.
� �

ûκ′(r̂ j)âκ′ + h.c.
�

−
gµB

2

∑

j

∑

k

σ̂ jBk

�

û⊥,κ(r̂ j)âκ + h.c.
�

.

(6)

Here, Ĥ′M is just ĤM but with Ĥqq (ĤqQ) replaced by Ĥ′qq (Ĥ′qQ) To condense the notation,
we define the operators

Ûκ,κ′ = N−1
∑

j

ûκ(r̂ j)ûκ′(r̂ j) , (7)

ˆ̄Uκ,κ′ = N−1
∑

j

ûκ(r̂ j)û
†
κ′
(r̂ j) , (8)

and the constants

∆k,k ′ =
Nq2AkAk ′

2m
, (9)

ce
k = qAk

s

ωk

m
, (10)

cm
k =

gµBBk

2
. (11)

With these, we write the terms that depend quadratically on the bosonic operators as

Ĥph =
∑

κ

ωk â†
κâκ +

∑

κ,κ′
∆k,k ′

�

Ûκ,κ′ âκâκ′ + ˆ̄Uκ,κ′ âκâ†
κ′
+ h.c.

�

. (12)

Analytical tractability demands that we neglect mode-mode interactions (Cf. App. A) and
assume Ûk,σ,−k,σ = ˆ̄Uk,σ,k,σ = I, leaving only the momentum-conserving terms, and without
spatial dependence

Ĥph ≈
∑

k,σ

ωk â†
k,σ âk,σ +

∑

κ

∆k

�

âk,σ â−k,σ + âk,σ â†
k,σ + h.c.

�

, (13)
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where∆k ≡∆k,k . The approximation is exact for a homogeneous gas. Furthermore, for gasses
that have a second order phase transition to a non-homogeneous phase, the approximation is
valid in the vicinity of the transition [31]. This suggests that the resulting model can be used
to predict and locate transitions to non-homogeneous gas phases. It is expected that the effect
of the approximation will be quantitative and will skew the calculation of observables in the
non-homogeneous phase. Ĥph can now be diagonalized with a Bogoliubov transformation

â†
k,σ = cosh(θk)b̂

†
k,σ − sinh(θk)b̂−k,σ . (14)

One finds that cosh (θk) = (λk + 1)/(2
p

λk) and sinh (θk) = (λk − 1)/(2
p

λk) and
λk =

p

1+ 4∆k/ωk . As a result, the complete Hamiltonian can be written as

Ĥ = Ĥ′M +
∑

κ

ωkλk b̂†
κ b̂κ −

∑

j

∑

κ

ce
kλ
−1/2
k

√

√ 1
mωk

p̂ j

�

ûκ(r̂ j)b̂κ + h.c.
�

−
∑

j

∑

k

cm
k λ
−1/2
k σ̂ j

�

û⊥,κ(r̂ j)b̂κ + h.c.
�

.
(15)

Defining the coupling operator and coupling constant

ck Ĉκ =
∑

j

λ
−1/2
k

�

ce
k

√

√ 1
mωk

p̂ j ûκ(r̂ j) + cm
k σ̂ j û⊥,κ(r̂ j)

�

, (16)

we can finally write the Hamiltonian as

Ĥ = Ĥ′M +
∑

κ

ω̃k b̂†
κ b̂κ −

∑

κ

ck

�

Ĉκ b̂κ + h.c.
�

, (17)

where ω̃k =ωkλk .

3.2 A system of localized emitters

The main difference between a gas and a system of localized emitters relies on the fact that in
the former case the dynamical particles are free to move on the entire volume of the system,
whereas in the latter their movement is bounded to a non-dynamical core. A limit case is given
by systems in which no movement occurs, and instead the dynamics affect some other degree
of freedom, this is the case of spins of fixed positions, such as the ones that compose a magnetic
crystal. If the length scale of the bounded motion is much smaller than the wavelength of the
EM field, one can consider that the EM field is constant and equal at any point in the trajectory
of an individual particle Â(r̂ j + R j) ≈ Â(R j): where R j is the position of the corresponding
non-dynamical core. This is the long-wavelength approximation. Assuming that we can work
within the long-wavelength limit, the EM field operators Â, B̂ act only on the Hilbert space
of the photons, i.e. they do not contain position operators acting on the Hilbert space of the
matter. Instead, they are parametrized by the positions of the non-dynamical cores. This subtle
difference implies that, unlike for the gas, the terms in the Hamiltonian quadratic in bosonic
operators can be exactly diagonalized by a Bogoliubov transformation. The final Hamiltonian
(17) (See Fig. 1(b)) has the same functional form in both cases, the differences are encoded in
the coupling constants {ck} and coupling operators {Ĉκ}, and of course in ĤM . For a detailed
derivation on the case of localized emitters see App. A.

Before advancing, we want to emphasize that Hamiltonian (17) or the equivalent (99)
represents a general light-matter Hamiltonian. In this Section (Appendix A), we arrived to it
by considering the particular case of a gauge-invariant description of a gas of charged particles
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(an ensemble of localized emitters) coupled to the multi-mode electromagnetic field of a cavity,
but this approach is not unique. For instance, the Zeeman coupling to the magnetic field is
often neglected and the description of the EM field is simplified by making the single-mode
approximation. Neglecting the A2 term is also a ubiquitous approximation. The important
fact is that all these variations arise as particularizations of Hamiltonian (17). More over,
systems of magnetic molecules where the orbital degrees of freedom can be disregarded, which
have received attention for the possibility of hosting the superradiant phase transition [22],
can also be described by this Hamiltonian. In this case, the matter Hamiltonian Ĥ′M and the
coupling operator Ĉk would exclusively contain spin degrees of freedom. In these examples,
we simplify the picture by considering only cavity fields, but the matter DOFs can be coupled to
classical external fields as well. For instance, it is common in systems of magnetic molecules to
induce Zeeman level splitting with an external magnetic field perpendicular to the microwave
magnetic field of the cavity. The inclusion of a classical field is trivial and indeed will be
considered in Sec. 6 when we cover magnetic cavity QED.

We have discussed some relevant examples for cavity QED and quantum optics, but in
general, any matter system which is linearly coupled to light and is quadratic in the photonic
operators can have its Hamiltonian brought to Eq. (17). In essence, the formalism presented
hereinafter is just a recipe to systematically eliminate bosonic degrees of freedom in a hybrid
system. Furthermore, we show that in the large-N limit, which is typically the relevant one
in cavity QED materials, the effective action becomes local and the effective description for
the matter is exactly Hamiltonian. Thus eliminating the need for mean field or perturbative
approximations.

4 Deriving the effective matter model

Our goal in this section is to take a Hamiltonian of the form of Eq. (17) and trace out the
photonic degrees of freedom. To do so, we will use a coherent path integral approach to
define an effective matter action. One can foresee that the light-matter coupling present in
(17) will translate into an effective matter-matter coupling that will appear in the effective
action. Then, we obtain an effective Hamiltonian from the effective action in the, N →∞,
thermodynamic limit.

4.1 Effective action: Euclidean path integral formulation

Let us recall that the partition function of a single-mode bosonic system described by a Hamil-
tonian Ĥ can be written in Euclidean path integral form as

Z =

∫

D(z, z̄)e−S , (18)

with Euclidean action

S =

∫ β

0

(z̄∂uz +H(z, z̄)) du , (19)

where z, z̄ are complex-valued continous fields satisfying the boundary condition z̄(0) = z̄(β),
z(0) = z(β) and D(z, z̄) = limN→∞

∏N
n=1 d(zn, z̄n), with d(zn, z̄n) = d Re znd Im zn [52, chap-

ter 4]. Here H(z, z̄) is obtained by replacing a by z and a† by z̄ in the normal-ordered form of
Ĥ, where a(a†) are bosonic annihilation (creation) operators. This result is readily generalized
to the multimode case

Z =
∏

κ

∫

D(zκ, z̄κ)e
−Sκ , (20)
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with

Sκ =

∫ β

0

(z̄κ∂uzκ +Hκ(zκ, z̄κ)) du . (21)

We now focus our attention on a hybrid light-matter system such as the one described by
Hamiltonian (17). With |z〉=

⊗

κ |zκ〉, its partition function is given by

Z = TrM

�∫

∏

κ

d2zκ
π
〈z| e−βĤ |z〉

�

. (22)

We assume that one could formulate a coherent-path-integral partition function for the full
system, so we assign an action to the matter Hamiltonian Ĥ′M → SM and a field to the coupling
operator Ĉk → Ck, Ĉ†

k → C̄k. Knowledge of the precise dependence of SM , Ck and C̄k on
material coherent fields is not required for what follows. With these definitions, the total
action can be written as S = SM +

∑

κ Sκ, with

Sκ =

∫ β

0

�

z̄κ∂uzκ + ω̃k z̄κzκ − ck

�

Cκzκ + C̄κz̄κ
��

du . (23)

For such a system, we can define an effective matter action by tracing only over the light
degrees of freedom

Z = TrM

�

e−SM

∏

κ

∫

D(zκ, z̄κ)e
−Sκ

�

=: Z0 TrM

�

e−Seff
�

. (24)

At this point, Z0 is just a constant prefactor. It should be noted that Seff is useful because
it makes explicit the influence of the cavity on the matter DOFs. In particular, the type of
interactions that emerge. In addition, as we show in Sec. 4.3, no information is lost because
light observables can be written in terms of matter observables, which can be calculated from
Seff.

We are thus interested in computing

∏

κ

∫

D(zκ, z̄κ)e
−Sκ . (25)

Since the trajectories are periodic z(0) = z(β), z̄(0) = z̄(β), we can expand the fields as a
Fourier series

zκ(u) =
1
p

β

∑

n

zκ(ωn)e
iωnu , (26)

z̄κ(u) =
1
p

β

∑

n

z̄κ(ωn)e
−iωnu , (27)

with the Matsubara frequencies ωn =
2πn
β . Inserting Eqs. (26), (27) in the action (23) yields

Sκ =
∑

n

�

(iωn + ω̃k) z̄κ(ωn)zκ(ωn)− ckzκ(ωn)Cκ(ωn)− ck z̄κ(ωn)C̄κ(ωn)
�

, (28)

where

Cκ(ωn) =
1
p

β

∫ β

0

duCκ(u)e
iωnu , (29)

C̄κ(ωn) =
1
p

β

∫ β

0

duC̄κ(u)e
−iωnu . (30)
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The Jacobian of the Fourier transformation is unity, so the functional differential over tempera-
ture trajectories in Eq. (25) is simply replaced with the differential over frequency trajectories.
The result is simply a collection of n-dimensional Gaussian integrals for each mode κ, yielding

∏

κ

∫

D(zκ, z̄κ)e
−Sκ =

∏

κ

Zκ exp

�

c2
k

βω̃k

∫∫ β

0

dudu′Cκ(u)C̄κ(u
′)Kκ(u− u′)

�

, (31)

with the kernel

Kκ(u− u′) =
∑

n

ω̃k

iωn + ω̃k
eiωn(u−u′) . (32)

At this point, the prefactor Z0 defined in Eq. (24) acquires meaning: Z0 =
∏

κ Zκ, where
Zκ = [1− exp(−βω̃k)]

−1 is the partition function of a Harmonic oscillator of frequency ω̃k .
We can now put together the effective action as defined in Eq. (24)

Seff = SM −
∑

κ

c2
k

βω̃k

∫∫ β

0

dudu′Cκ(u)C̄κ(u
′)Kκ(u− u′) . (33)

After tracing out the light degrees of freedom, the light-matter interaction appears translated
into a temperature-non-local interaction between matter degrees of freedom. The elimination
of the cavity allows us to study the modification of material properties from the point of view
of the matter subsystem. However, the non locality of the effective interaction implies that
Eq. 33 does not have straightforward analytical applicability. In particular, we cannot recover
an equivalent Hamiltonian. That is, we cannot undo our agnostic substitutions Ĥ′M → SM ,
Ĉk→ Ck and Ĉ†

k → C̄k, to revert the description of the matter subsystem from an action-based
one to a Hamiltonian-based one. This is because not all fields depend on the same tempera-
ture in this non-local action. This should not come as a surprise, since in classical statistical
mechanics when integrating a subpart of the whole system the magnitudes that involve the
remaining DOFs can be calculated from a temperature-dependent effective Hamiltonian [53].
Equivalently, in bipartite quantum systems, the (temperature dependent) Hamiltonian of mean
force describes the equilibrium properties of a partition [54, 55]. On the other hand, (33) is
formally analogous to the effective action after tracing out the environment DOFs in the path
integral formulation of open quantum systems [44].

What is less intuitive is what we show in the next subsection, namely that the kernel be-
comes local in the thermodynamic limit N →∞, recovering a time-local effective interaction
with a clear Hamiltonian equivalent.

4.2 Obtaining an effective matter Hamiltonian in the large-N limit

The effective action (33) only depends on N through the scaling of the involved fields, which
they inherit from the corresponding operators. We assume that the light-matter Hamiltonian
(17) is not ill-defined in the thermodynamic limit, i.e. that all its terms scale as N . Otherwise
some of them would become negligible for N →∞, rendering the system exactly solvable and,
thus, of little analytical interest. It is also important to note that in order to have a macroscop-
ically well-defined thermodynamic limit the density of particles in the material ρ = N/V must
be finite, and thus the volume V must scale like the number of particles N , i.e. V →∞ in the
thermodynamic limit. This implies that b, b† scale as

p
N and ck scales as 1/

p
N , with both

Ĥ′M and Ĉκ scaling as N .
To understand how a large N affects the effective action it is best to exploit the scaling

properties of the photonic operators before they are traced out. This is done following the
reasoning of Wang and Hioe [25]. Because the photonic operators scale as

p
N , one can define
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rescaled operators b/
p

N , b†/
p

N whose N →∞ limit is well-defined and whose commutator
scales as 1/N , and thus vanishes in the large-N limit. This allows one to write

∫

∏

κ

d2zκ
π
〈z| e−βĤ |z〉=

∫

∏

κ

d2zκ
π

e−β〈z|Ĥ|z〉 . (34)

Defining

Z̃ = TrM

�∫

∏

κ

d2zκ
π

e−β〈z|Ĥ|z〉
�

, (35)

with |z〉=
⊗

κ |zκ〉 and

〈z|Ĥ|z〉= Ĥ′M +
∑

κ

ω̃k |zκ|2 +
∑

κ

ck

�

Ĉκzκ + h.c.
�

, (36)

we note that taking the trace over matter of the lhs and rhs of Eq. (34) yields the equality
Z = Z̃ (Cf. (22)). The same equality can be obtained from the bounds derived by Hepp and
Lieb in their original study of equilibrium superradiance [26]

Z̃ ≤ Z ≤ eβ
∑

κωk Z̃ . (37)

In the thermodynamic limit N →∞ and provided the number of modes does not scale with N ,
the correction term exp

�

β
∑

κωk

�

in the upper bound becomes negligible and the partition
function is given exactly by Z = Z̃ . With this equality at hand, we backtrack to Eqs. (23)
and (24) and note that if one assumes constant photon fields, the path integral becomes a
Gaussian integral over the initial states and Eq. (24) becomes precisely Z̃ . Thus, in the path
integral formulation, the large-N limit implies constant paths for the photons. This resembles
the classical limit in the coherent state path integral formulation of fields [56, chapter 2]. We
may enforce constant fields at any point in the derivation of the effective theory. In particular,
we may fulfill our initial desire of finding the large-N limit of the final effective action (33).
To do so, it is important to realize that the constant field condition equates to truncating the
Matsubara summation to the n = 0 mode or, equivalently, to setting ωn = 0 for all n. This
realization will allow us to enforce the consequences of the large-N limit on the non-local
kernel (32). Before doing so, it is convenient to do some manipulations

Kκ(τ) =
∑

n

ω̃2
k eiωnτ

ω2
n + ω̃

2
k

−
∑

n

iωnω̃k eiωnτ

ω2
n + ω̃

2
k

= K̄κ(τ)−
1
ω̃k
∂τK̄κ(τ) . (38)

The first term can be split into a collection of delta functions and another kernel

K̄κ(τ) =
∑

n

eiωnτ −
∑

n

ω2
neiωnτ

ω2
n + ω̃

2
k

= β
∑

n

δ(τ− βn)− ¯̄Kκ(τ) . (39)

The delta functions provide the local action that we seek when integrating over the interval
[0,β]. Crucially, ¯̄Kκ(τ) = 0 in the large-N limit. To see this, recall that the large-N limit
equates to restricting to constant photonic fields, which in turn equates to setting ωn = 0 for
all n. Returning to the second term in (38), because it is odd in τ, it can be seen that it does not
contribute to the action when the matter coupling operators are Hermitian and thus Cκ = C̄κ.
In a more general case, it can contribute. Regardless, in the large-N limit, it vanishes for the
same reason as ¯̄Kκ and the action is purely local.

So in the thermodynamic limit the effective action becomes local in time

Seff = SM −
∑

κ

N
c2
k

ω̃k

∫

β
N

0

dvCκ(v)C̄κ(v) = SM −
∑

κ

c2
k

ω̃k

∫ β

0

duCκ(u)C̄κ(u) . (40)
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Accordingly, we can recover the corresponding effective Hamiltonian

Ĥeff = Ĥ′M −
∑

κ

c2
k

ω̃k
ĈkĈ†

k , (41)

such that Z = Z0 TrM

�

exp
�

−βĤeff

��

. An alternative derivation of the effective Hamiltonian
can be found in App. B. Note also that what we show here is just a particular way of deriving
the effective Hamiltonian, but constant photon paths can be enforced at any point along the
derivation of the effective action, e.g. at the level of the kernel but before extracting the
Dirac deltas. In those cases –the calculation may involve the use of the Hubbard-Stratonovich
transformation– one always ends up with a Gaussian integral over photonic DOFs akin to the
one discussed in App. B which also leads to the same effective Hamiltonian.

Equation (41) shows that in the large-N limit the effect of the cavity can be described via
an effective Hamiltonian in which the induced interactions are explicit (second term on the
r.h.s. of Eq. (41)). Notice that sometimes similar effective interactions are argued by invoking
approximations, such as perturbation or mean field theory. Here we show that they are exact
in the thermodynamic limit for the matter. Besides, it is a rather general result. We emphasize
that the cavity-matter coupling has been discussed under general grounds in Section 3, and
Eq. (41) follows from it.

4.3 Relation between matter and light observables

Our effective theory puts emphasis on the behaviour of the matter subsystem, to the point
where the cavity is eliminated from the Hamiltonian. However, for a complete characteri-
zation of the full system one must be able to compute photonic fields, 〈bκ〉,




b†
κ

�

, and the
photon number which determine the intensity of the electromagnetic fields in the cavity. We
reconcile this neccesity with our formalism by noting that in the process of tracing out the
photonic degress of freedom we can extract a relationship between the expectation values
of matter and light observables. To illustrate the idea, let us work out the case of comput-
ing 〈bκ′ + b†

κ′
〉. We extend our Hamiltonian to the form Ĥ(λ) = Ĥ − λ(bκ′ + b†

κ′
), such that

we can write, as is customary in statistical mechanics, β〈bκ′ + b†
κ′
〉 = limλ→0 ∂λ ln Z(λ), with

Z(λ) = Tr
�

exp
�

−βĤ(λ)
��

. At the same time, we can rewrite Ĥ(λ) as

Ĥ(λ) = Ĥ′M +
∑

κ

ω̃k b̂†
κ b̂κ −

∑

κ

ck

�

Ĉκ(λ)b̂κ + h.c.
�

, (42)

where Ĉκ(λ) = Ĉκ−δκ,κ′λ/ck . Following our theory, the corresponding effective Hamiltonian
is given by

Ĥeff(λ) = Ĥ′M −
∑

κ

c2
k

ω̃k
Ĉκ(λ)Ĉ†

κ(λ) . (43)

Then, following our definition of the effective action (41), we can express the partition function
as Z(λ) = Z0 TrM

�

exp
�

−βĤeff(λ)
��

, such that




bκ′ + b†
κ′

�

= lim
λ→0

Z(λ)−1Z0 TrM

�

−
ck ′

ω̃k ′

�

Ĉκ′(λ) + Ĉ†
κ′
(λ)
�

e−βĤeff(λ)
�

= −
ck ′

ω̃k ′




Ĉκ′ + Ĉ†
κ′

�

M . (44)

Proceeding in similar fashion, we can compute other observables such as



bκ′ − b†
κ′

�

=
ck ′

ω̃k ′




Ĉκ′ − Ĉ†
κ′

�

M . (45)

Another observable of interest is the photon number of the κ-th mode




b†
κ′

bκ′
�

= −
1
β
∂ω̃k′

ln Z = nB(β , ω̃k ′) +
�

ck ′

ω̃k ′

�2



Ĉκ′ Ĉ†
κ′

�

M , (46)
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where nB is the bosonic occupation number of a free Harmonic oscillator

nB(β , ω̃k ′) =
1

eβω̃k′ − 1
. (47)

We find that the photon number has two sources at finite temperature, one corresponding to
the thermal fluctuations of the collection of free Harmonic oscillators that constitute the cavity,
and another arising from the coupling to matter.

These relations may be important for computing measurable outputs of a cavity QED ma-
terial. For example, if we probe the cavity-matter system through the transmissivity of the
former, the transmitted signal is proportional to the dynamical response of the system. This
is in turn related to two point correlators of bosonic fields that can be directly computed from
relation (46) or analogues.

5 Testing the validity of the effective theory

Effective theories are a common tool in theoretical physics. To contextualize ours, we compare
it, analytically and numerically, against other common ones in the fields of condensed matter
and quantum optics. Importantly, we also perform a numerical analysis of its finite-size scaling.
Because other effective theories are model dependent and to facilitate the numerical analysis,
our testbed here will be the Dicke model,

Ĥ = ωz

2

∑

j

σ̂z
j +ωc â

†â+
λ
p

N

∑

j

σ̂x
j

�

â+ â†
�

. (48)

In the thermodynamic limit, it is exactly solvable, with the free energy per site given by [57]










−β f = ln
h

2cosh
�

β
ωz

2

�i

if λ < λc or β > βc ,

−β f = ln

�

2cosh

�

β
4λ2

ωc
σ

��

− β
4λ2

ωc
σ2 + β

ωcω
2
z

16λ2
if λ > λc and β < βc ,

(49)

where λc is given by 4λ2
c = ωcωz , βc is given by ωcωz = 4λ2 tanh(βcωz/2) provided λ > λc

and σ is found by solving 2σ = tanh
�

4βλ2σ/ωc

�

6= 0. The Dicke model, besides being a well-
known toy model, has the added benefit of being numerically amenable, by virtue of conserving
the total spin Ŝ2 = Ŝ2

x + Ŝ2
y + Ŝ2

z . Where Ŝν =
1
2

∑

j σ̂
ν
j . The numerical diagonalization can be

done on each spin S sector separately, with the total partition function given by [24]

Z =
N/2
∑

S=s0

Ω(S, N)ZS , (50)

where s0 = 0 (1/2) if N is even (odd) and

Ω(S, N) =
N !(2S + 1)

(N/2− S)! (N/2+ S + 1)!
. (51)

Using total spin operators, the Hamiltonian can be rewritten as

Ĥ =ωz Ŝz +ωc â
†a+ 2gŜx

�

â+ â†
�

, (52)

with g = λ/
p

N . The corresponding effective Hamiltonian, according to our theory, reads

Ĥeff =ωz Ŝz −
4g2

ωc
Ŝ2

x . (53)
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A useful tool to facilitate the numerical diagonalization of the full Dicke model is the Polaron
transformation. The Polaron transformation is given by ÛP = exp

�

−α̂Ŝx

�

with α̂= 2ζ(â† − â)
and ζ= g/ωc . The resulting effective Hamiltonian ĤP = Û†

PĤÛP reads

ĤP =ωz

�

Ŝz cosh α̂− iŜy sinh α̂
�

+ωc â
†a−

4g2

ωc
Ŝ2

x . (54)

The Polaron frame is particularly well-suited for exact diagonalization because the displace-
ment of the bosons by Ŝx cancels the finite expectation value of â, â† in the ordered phase.
As a result, the number of bosons in the Polaron frame is only dependent on the temperature
and the bosonic state-space can be truncated to a much smaller excitation cutoff than would
otherwise be required [19,58]. This, paired with the conservation of the total spin, allows one
to reach system sizes of N ∼ 100. As we show below, this is effectively "close" to the thermo-
dynamic limit. For this reason, we use the Hamiltonian in the Polaron frame (54) to do exact
diagonalization of the full Dicke model.

5.1 Comparison with other effective theories

First, let us discuss the taxonomy of effective theories. We can distinguish two families: Hamil-
tonian theories, with unitary dynamics; and descriptions based on master equations and non-
Hermitian Hamiltonians, with dissipative dynamics [59]. Because our theory belongs to the
former, we will only consider other Hamiltonian theories in the comparison. We can also dis-
tinguish between perturbative and non-perturbative theories. In this regard, it must be noted
that our effective Hamiltonian was derived in the N →∞ limit. As such, it can be regarded
as a zeroth order perturbation theory with 1/N as the perturbative parameter. The exten-
sion to a full-fledged perturbation theory that can be taken to any order in 1/N is a work in
progress. However, in this context we will use the term perturbative to refer only to parame-
ters that affect the light-matter coupling regime, such as the light-matter coupling strength or
the detuning between the cavity frequency and the characteristic energy scale of the matter
subsytem. It is in this sense that our theory is non-perturbative. The simplest example of a
perturbative theory would be standard perturbation theory on the light-matter coupling. To
yield an effective Hamiltonian with perturbation theory, a separation of energy scales (large
detuning) is required, with the more energetic sector of the spectrum mediating effective in-
teractions on a low-energy subspace [60, 61]. A less cumbersome way to obtain the same
effective description is by means of a Schrieffer-Wolff unitary transformation [62]. We will
thus use the latter in our comparison. Regarding non-perturbative alternatives to our effective
theory, it is interesting to consider the Polaron transformation itself [19]. For the Dicke model,



â† − â
�

vanishes in the thermodynamic limit, so α̂ in Eq. (54) vanishes as well. This means
that, in the N →∞ limit, light and matter decouple in the Polaron Hamiltonian (54) and it
coincides with our effective Hamiltonian (53) .

The aforementioned methods, namely the Schrieffer-Wolff and Polaron transformations,
have the downside of being model-dependent. This is because the application of the unitary
tranformations onto the original Hamiltoninan requires knowledge about the commutation
relation between the matter part of the Hamiltonian and the matter part of the transforma-
tions. The matter subsystem must be specified a priori because knowledge of its algebra is
required to obtain the effective theory. In contrast, our effective theory was obtained in a
model-independent fashion. In all fairness, standard perturbation theory in the fast-cavity
limit can also yield an effective matter model without knowledge of the matter subsystem.
But in general, perturbation theory is model dependent [61].

For the Dicke model, the Schrieffer-Wolf transformation is given by ÛSW =
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exp
�

−ξ−X̂− − ξ+Ŷ−
�

, with ξ± = g/(ωc ±ωz) and

X̂± = Ŝ−â† ± Ŝ+â , (55)

Ŷ± = Ŝ+â† ± Ŝ−â . (56)

The resulting effective Hamiltonian ĤSW = Û†
SWĤÛSW can be expanded perturbatively and

truncated at first order in ξ±, yielding

ĤSW ≈ωz Ŝz +ωc â
†a−

2g2ωz

ω2
c −ω2

z
Ŝz

�

â+ â†
�2 −

4g2ωc

ω2
c −ω2

z
Ŝ2

x . (57)

Consequently, the parameters ξ±must be small, which requires a large detuning |ωc−ωz| � g.
In the fast-cavity limit ωc �ωz , the Hamiltonian simplifies to

ĤSW ≈ωz Ŝz +ωc â
†â−

4g2

ωc
Ŝ2

x . (58)

The spin and the cavity decouple and the matter part coincides with Ĥeff. Taking the route of
standard perturbation theory in this regime of detuning, one arrives at Ĥeff as well.

The slow-cavity regime is rather nuanced. For starters, there is no light-matter decoupling
in this limit

ĤSW ≈ωz Ŝz +ωc â
†a+

2g2

ωz
Ŝz

�

â+ â†
�2

. (59)

In addition, the resulting model is ill-defined. The Hamiltonian commutes with Ŝz , so one
can fix the quantum number mz , defined as Ŝz |S, mz〉 = mz |S, mz〉. The Hamiltonian for
an mz sector is quadratic in bosonic operators and can be diagonalized with a Bogoliubov
transformation, ĤSW(mz) = ε(mz)b̂† b̂. The resulting boson has a frequency

ε(mz) =

√

√

√

ω2
c +

8g2ωc

ωz
mz , (60)

that vanishes for mz = −S at the critical coupling of the Dicke model (4λ2
c = ωcωz) and is

imaginary thereafter. The vanishing is a proper signature of the phase transition but becom-
ing imaginary after is a symptom of the Hamiltonian being ill-defined. This is prevented by
keeping the Ŝ2

x term of ĤSW that was neglected in passing from Eq. (57) to Eq. (59). Thus,
in the slow-cavity limit the Schrieffer-Wolff Hamiltonian does not admit simplifications nor
does it coincide with our effective Hamiltonian. This is a manifestation of the underlying
perturbation theory, which requires a separation of energy scales that is unattainable when
the cavity is taken as the less energetic subsystem, because its number of excitations (its en-
ergy) its unbounded. Additionally, the regime of resonant cavity and spins is not accessible
to the Schrieffer-Wolff theory. These differences are numerically confirmed in Fig. 2 for the
free energy per site of the Dicke model at high and low temperatures. We observe that the two
theories agree in the fast-cavity regime, as expected, and deviate in the slow-cavity regime. Im-
portantly, it is the Schrieffer-Wolff theory that deviates significantly from the full Dicke model
past the critical point, whereas our effective theory shows the correct asymptotic behaviour.
Let us emphasize again that the Schrieffer-Wolff theory is being used as a convenient proxy
for standard perturbation theory.

The Schrieffer-Wolff Hamiltonian (57) requires a larger cutoff than the Polaron Hamilto-
nian, specially in the slow-cavity regime. For this reason, the system size has been kept at a
conservative N = 30 for the comparison in Fig. 2 and the bosonic cutoff has been adjusted
to reach convergence of the free energy. In practice, this meant a cutoff of Nph = 100 in the
worst case.
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Figure 2: Comparison of the free energy per site computed by exact diagonalization
of our effective Hamiltonian, exact diagonalization of the Schrieffer-Wolff Hamilto-
nian, exact diagonalization of the Dicke model in the Polaron frame and the exact
analytical solution in the thermodynamic limit. The system size is N = 30 and the
cutoff is Nph = 100 throughout.

5.2 Finite N and approach to the thermodynamic limit

For an effective Hamiltonian that is only exact in the thermodynamic limit, it is interesting
to test its finite-size scaling. We continue the numerical analysis on the Dicke model and in
Fig. 3 we focus solely on our effective theory, which allows us to lower the cutoff to Nph = 10
and explore much larger system sizes. We distinguish three regimes of fast cavity, resonance
and slow cavity and find that each presents a characteristic finite-size scaling. In the fast
cavity limit, the effective theory quickly converges to the full Dicke model, already for N = 30,
and then they both slowly converge to the N → ∞ analytical solution later, with relative
differences of ∼ 2% at the critical point for N = 150. As one moves towards the slow-cavity
regime, the convergence of the effective theory to the full Dicke model slows down, whereas
the convergence of the full Dicke model to the N →∞ analytical solution accelerates. Here
we have focused in the free energy at low temperature, which for βωc = 5 is practically
equivalent to the ground-state energy, because it is the regime in which the effective theory is
most challenged to meet the full Dicke model. In contrast, at high temperature convergence
is obtained much faster, akin to the fast-cavity regime at low temperature, as can be seen in
the top row of Fig. 2 already at N = 30. In summary, we find that the effective theory scales
well with N , with relative differences with the full Dicke model < 1% at the critical point for
N ∼ 100 in every regime. In the high temperature and/or fast-cavity regime, the convergence
is even faster, ocurring at N ∼ 30.

These numerical results imply an important advantage of our effective theory in regards
to its applicability to any light-matter coupling regime, hence the surname non-perturbative.
They also prove that it is not equivalent to standard perturbation theory. As a caveat, we
acknowledge that the theory has only been numerically compared and tested in the Dicke
model, although we expect the theory to be equally applicable to other systems. As a matter
of fact, in the next section we employ the theory to rederive and generalize results in other
models.
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Figure 3: Finite-size scaling of the free energy per site computed with our effective
theory. Top: Maximum relative difference between the free energies computed by
exact diagonalization of our effective Hamiltonian, exact diagonalization of the Dicke
model in the Polaron frame and the exact analytical solution in the thermodynamic
limit. Bottom: Plots of the free energy at small and large system sizes. a) In the
fast-cavity regime ωz/ωc = 1/7. b) At resonance ωz/ωc = 1. c) In the slow-cavity
regime ωz/ωc = 2. For reasons of numerical intractability, values for N = 150 were
unattainable in the slow-cavity regime. The temperature is βωc = 5 and the cutoff
is Nph = 10 throughout.

6 Applications

Here, we showcase the effectiveness of the formalism developed in Section 4 in the study
of several models that have received recent attention in the literature, namely: equilibrium
superradiance (photon condensation) with electric coupling, the 2D free electron gas in a
cavity, and the modification of interactions in magnetic materials coupled to a cavity (magnetic
cavity QED).

6.1 Equilibrium superradiance (photon condensation) with electric coupling

Despite its long history, the problem of the existence (or lack thereof) of a superradiant phase
transition when an ensemble of atoms are immersed in a cavity has attracted renewed at-
tention. After 50 years from its original theoretical description, the transition has not been
experimentally measured [63] and there is vivid debate to elucidate the reason. So far, the
understanding is as follows. If one adopts the correct gauge-invariant description of a single
uniform cavity mode, the phase transition, defined as the appearance of a finite population
of transverse photons, is forbidden. This has been proven true even without the dipole ap-
proximation [28, 32, 37, 49]. This transition is often referred to as equilibrium superradiance
or photon condensation, although some ambiguity still surrounds these terms [36]. Moreover,
critical conditions have been obtained in the case of non-uniform cavity fields [29–31]. Sub-
tleties arise from the fact that the separation between light and matter subsystems is manifestly
gauge-dependent. For that reason, we prefer to characterize the phase transition in terms of
gauge invariant observables such as the transverse photon number. However, although the-
oretically valid, this choice suffers from the fact that not all observables, in particular the
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transverse photon number, are experimentally measurable, a handicap that challenges their
validity as signatures of a phase transition. To avoid this pitfall, we propose to look at this issue
from a different perspective: instead of arguing whether the phase transition has a “light” or
a “matter” signature, we will simply compare the behaviour of the material when it is placed
outside a cavity, i.e. in a region of space with an unconfined electromagnetic field, against its
behaviour when it is placed inside a cavity, i.e. in a region of space where the electromagnetic
field is confined. Note that this is the experimentally relevant question. In fact, alterations of
matter and condensation of photons are two sides of the same coin.

Our formalism is particularly well suited to answer this question because it eliminates the
cavity, reformulating the model in terms of the original (in free space) matter Hamiltonian plus
an effective interaction mediated by the cavity. Whether or not a material behaves differently
after placing it inside a cavity will be answered by studying the impact, or lack thereof, that
the effective coupling has in its behaviour.

We center on the study on a matter model such as the one in Eq. 17, where the Zeeman
coupling to the electron spins is neglected. Accordingly, we have ck = λ

−1/2
k ce

k and

Ĉκ =
∑

j

√

√ 1
mωk

p̂ j ûκ(r̂ j) . (61)

Then, in the thermodynamic limit, the effective matter Hamiltonian, according to Eq. 41, is

Ĥeff = Ĥ′M −
∑

κ

(ce
k)

2

ωk + 4∆k

∑

i j

1
mωk

(p̂ j ûκ(r̂ j))(û
†
κ(r̂i)p̂i) . (62)

We have an effective all-to-all coupling between the electrons’ momenta. The strength of the
coupling between a pair of electrons depends on their positions. We treat here the case of
the electron gas, but the results that follow extend to the case of localized atoms as they are
independent of whether the EM fields depend on the position of the electrons dynamically or
parametrically.

6.1.1 Uniform cavity fields

If we make the approximation to a setup with a single uniform mode k → 0, σ = 1, we end
up with

Ĥeff = Ĥ′M −
(ce

0)
2

ω0 + 4∆0

∑

i j

1
mω0

(e1 p̂ j)(e1 p̂i) , (63)

where e1 is the polarization vector of the electromagnetic mode. Now that the spatial depen-
dence of the coupling is no longer present, the coupling is uniform and all-to-all, a situation
that can be treated exactly with a mean field theory in which p̂ j = 〈p̂〉+δp̂ j .

Ĥeff = Ĥ′M − 2
4∆0

ω0 + 4∆0

∑

j

(e1 p̂ j) 〈e1 p̂〉
2m

+ N
4∆0

ω0 + 4∆0

〈e1 p̂〉2

2m

=
∑

j

1
2m

�

p̂ j −
4∆0

ω0 + 4∆0
e1 〈e1 p̂〉

�2

+ Ĥ′qq + V̂ + N
4∆0ω0

(ω0 + 4∆0)2
〈e1 p̂〉2

2m
.

(64)

For convenience, we have expressed the electric coupling ce
0 in terms of ∆0. Now we observe

that

p̂ j −
4∆0

ω0 + 4∆0
e1 〈e1 p̂〉= [r̂ j , Ĥeff] , (65)
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and since 〈[r̂ j , Ĥeff]〉= 0, we have

〈e1 p̂〉 −
4∆0

ω0 + 4∆0
〈e1 p̂〉= 0 . (66)

Note that this condition is only satisfied if 〈e1 p̂〉= 0. This is because

4∆0

ω0 + 4∆0
≤ 1 . (67)

In fact, one could express the critical condition as ω0 + 4∆0 = 4∆0, which is clearly never
satisfied. Consequently, we find that Ĥeff = Ĥ′M , which serves as proof that the effect of the
transverse cavity fields on the matter system is non-existent. If there is a phase transition, its
origin lies within Ĥ′M . Meaning that it is either caused by intrinsic interactions in the material
ĤM or induced by electrostatic effects arising from the interaction between real charges and
image charges.

To reinforce this result, let us compare it with the case in which the diamagnetic term is
omitted in the light-matter interaction. This equates to setting ∆0 = 0. Of course, one must
then be careful not no express the electric coupling ce

0 in terms of ∆0 as we have done before,
otherwise we cannot zero ∆0 independently. Then, the critical condition becomes

N(ce
0)

2

ω2
0

= 1 , (68)

which can be satisfied if the coupling ce
0 is large enough. We have thus not only arrived to

the well-known no-go theorem for single mode cavities, but we are also able to explain the
presence of critical behaviour when the diamagnetic term is ignored. We must also emphasize
that the results obtained here are valid at any temperature and that no assumptions have been
made in the derivation regarding the order of the phase transition. So the result is a no-go
theorem for both continuous and discontinuous phase transitions. This generalizes the works
of Refs. [28, 49] that discuss the zero temperature case of second and first order quantum
phase transitions.

6.1.2 Non-uniform cavity fields

Let us return now to the multimode case described by Eq. (62). For finite, but low-enough
temperatures, minimizing the free energy is equivalent to minimizing the energy (See SM from
[22]). In that case, a phase transition will occur if the condition TrM (Ĥeffρ)≤ TrM (Ĥeffρ0) is
met, where ρ0 is the density matrix describing the thermal ensemble given by ĤM and ρ is a
tentative density matrix describing the thermal ensemble given by Ĥeff. The critical condition
can be written as

TrM (ĤMρ)− TrM (ĤMρ0)≤
∑

κ

c2
k

ω̃k
TrM (ĈkĈ†

kρ)−
∑

κ

c2
k

ω̃k
TrM (ĈkĈ†

kρ0) . (69)

Making use of the relation between light and matter observables (46) this can be reexpressed
as

TrM (ĤMρ)− TrM (ĤMρ0)≤
∑

κ

ω̃k




b†
κbκ

�

. (70)

Close to the phase transition, the left term can be expressed in terms of 〈b†
κbκ〉 using the

stiffness theorem [64]. In particular, we can consider the zero temperature case, where the
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critical condition is written in terms of |ψ〉 the tentative matter ground state, and |ψ0〉 the
matter ground state in the absence of light-matter coupling

〈ψ|ĤM |ψ〉 − 〈ψ0|ĤM |ψ0〉 ≤
∑

κ

ω̃k




b†
κbκ

�

. (71)

Moreover, we are not restricted to considering only electric coupling as in Eq. (61), the Zee-
man coupling can be included in Ĉκ as well, either on its own or combined with the electric
coupling. With these extension, we are able to recover the full results of Ref. [31], demon-
strating that our formalism is able to provide a complete description of the phenomenon of
photon condensation.

6.2 The 2D free electron gas in a cavity

The free electron gas is a paradigmatic model in condensed matter physics. It was originally
formulated by Sommerfeld [65] for the study of the thermal and electronic properties of ma-
terials, and it later became the building block of the Fermi liquid theory, developed by Lan-
dau [64,66]. Its interacting generalization, known as the homogeneous electron gas or jellium
model, is the basis for advanced computational techniques such as density functional theory
(DFT) and the local density approximation (LDA) [67, 68]. Lowering the dimensionality, 2D
electron gases can be found in semiconductor devices in solid state physics [69]. They also
describe the integer quantum Hall effect when subjected to strong magnetic fields and low
temperature [70,71]. Having established that the electron gas is an interesting model exhibit-
ing rich phenomenology, it seems suggestive to explore the extent to which its behaviour can
be altered by coupling it to a cavity. The first steps in this direction have already experimentally
confirmed the breakdown of topological protection by cavity vacuum fields [72], and predicted
the existence of a polaritonic Hofstadter butterfly and modified integer Hall conductance [73]
and cavity-mediated hopping [74], in the integer quantum Hall effect.

Ref. [50] is dedicated to the exact analytical solution of the 2D free electron gas in a cavity,
making it the perfect testbed for our effective theory. In this subsection we recover their results
straightforwardly with our formalism. To adhere to the same assumptions as the authors, we
will consider a multimode description of the cavity fields, but with the peculiarity that the
wavelength of every mode be large enough that the electrons see the mode as uniform. In that
case we have ûκ(r̂ j) ≡ eσ where eσ is the polarization vector of the mode, but we retain the
summation in κ when summing over modes. In addition, the mode-mode interactions arising
from the diamagnetic term are completely disregarded. On the matter side, free electrons are
simply described by the Hamiltonian

ĤM =
∑

j

p̂2
j

2m
, (72)

where the 2D nature of the system is reflected in the fact that the momenta are confined to a
plane: p̂ j = (p̂ j,x , p̂ j,y). So the complete Hamiltonian for the system is given by

Ĥ =ĤM +
∑

κ

ωk â†
κâκ +

∑

j

∑

κ

q
m
(p̂ jeσ)Ak

�

âκ + a†
κ

�

+
∑

j

q2

2m

∑

κ

A2
k

�

âκ + â†
κ

�2
. (73)

Note here that image charges from the cavity boundaries are not included in the description.
The terms quadratic in photon operators can be brought to diagonal form by a Bogoliubov
transformation

â†
k,σ = cosh(θk)b̂

†
k,σ − sinh(θk)b̂k,σ , (74)
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where cosh (θk) = (λk + 1)/(2
p

λk), sinh (θk) = (λk − 1)/(2
p

λk) and λk =
p

1+ 4∆k/ωk .
The resulting Hamiltonian is

Ĥ =ĤM +
∑

κ

ωkλk â†
κâκ +

∑

j

∑

κ

ce
kλ
−1/2
k

√

√ 1
mωk

(p̂ jeσ)
�

b̂κ + b̂†
κ

�

. (75)

At this point, the paralelism with Eq. 17 is complete by simply setting ck = ce
kλ
−1/2
k and

Ĉκ = Ĉ†
κ =

Ç

1
mωk

eσP̂, with P̂ =
∑

j p̂ j . Consequently, the effective Hamiltonian is given by

Ĥeff =
∑

j

p̂2
j

2m
−
∑

κ

(ce
k)

2

ω̃kλk

1
mωk

�

eσP̂
�2
=

1
2m





∑

j

p̂2
j

2m
−

�

∑

k

4∆k

ωk + 4∆k

�

1
N

∑

σ

�

eσP̂
�2



 . (76)

The reader should note that this Hamiltonian corresponds precisely with the ground-state
energy obtained in [50]. We find the added benefit that the Hamiltonian offers more flexibility
in the amount of calculations that can be done from here. For instance finite temperature
calculations, in contrast to the ground-state energy, which is limited in that regard.

6.3 Magnetic cavity QED

As a final example we explore how to modify the magnetic properties of materials. Ferromag-
netic enhancement by collective strong coupling to a cavity has already been demonstrated
experimentally with oxide nanoparticles [23], in connection with the modification of super-
conducting properties [18]. Here, instead, we consider molecular nanomagnets. The vast
majority of them are neutral and present a near zero electric dipole. Their behaviour is then
accurately described by an effective “giant”-spin Hamiltonian ĤS , that includes the effect of
magnetic anisotropy and the Zeeman coupling ĤZ = −gµBŜ · B̂ to a magnetic field. With spin
operators [Si , S j] = iεi jkSk. These molecules can be coupled to superconducting cavities [75]
and have been recently studied as a good candidate to achieve equilibrium condensation, and
beyond, to achieve the modification of the ferromagnetism of materials from the coupling to
electromagnetic cavities [22]. To study the situation where an ensemble of such molecular
spins is placed within a cavity, we will consider that ĤS only contains the coupling to external
classical fields, and treat separately the coupling of the spins to the quantized magnetic field
of an electromagnetic cavity. The resulting full Hamiltonian reads [76]

Ĥ = Ĥ′S + ĤEM − gµB

∑

j

Ŝ j B̂(r j) . (77)

We write Ĥ′S to indicate that the effect of image spins from the cavity boundaries can be taken
into account, modifying the behaviour of the spin ensemble beyond the Zeeman coupling. Ow-
ing to the fact that the molecules are completely described by their spin degrees of freedom
Ŝ j , their positions are assumed fixed at positions r j . The intensity of the cavity field at each
position will determine the strength of the individual couplings. In contrast to previous exam-
ples, the positions r j act simply as parameters of the model and not as operators in a Hilbert
space, they do not constitute a dynamical degree of freedom. Introducing the explicit forms
of the electromagnetic Hamiltonian and magnetic field, the Hamiltonian reads

Ĥ = ĤS +
∑

κ

ωk â†
κâκ − gµB

∑

j

∑

κ

Ŝ jBk

�

u⊥,κ(r j)âκ + h.c.
�

. (78)

Identifying the couplings ck = gµBBk and the coupling operators

Ĉκ =
∑

j

Ŝ ju⊥,κ(r j) , (79)
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we arrive to the effective Hamiltonian

Ĥeff = ĤS −
∑

κ

c2
k

ωk

∑

i j

�

Ŝiu⊥,κ(ri)
�

�

Ŝ ju
∗
⊥,κ(r j)

�

. (80)

This is a generalization to an arbitrary cavity geometry of the effective Hamiltonian presented
in [22]. We can see that the degree to which two distant spins couple depends on the amplitude
of the transverse mode functions at each position, but also on the degree to which each spin
aligns with the local magnetic field. This is a trait inherited from the original Hamiltonian
(77), where we can see that the energy is lowered when all the spins are parallel to the local
magnetic field. The extent to which this local interaction with the magnetic field will translate
to an effective ferromagnetic interaction among the spins is dictated by the spatial uniformity
of the magnetic field. Only if we consider the simplest case of a uniform single-mode field
k → 0, σ = 1 will we have an effective ferromagnetic all-to-all interaction between spins. This
situation is only an ideal limit-case of the more general picture in which some degree of non-
uniformity is unavoidable. This caveat is particularly important because, as explained in [22],
in order to achieve significant modifications of the behaviour of the spin system, the filling
factor -a proxy for the degree to which the magnetic molecules occupy the region of space
where the field has a significant intensity- must be maximized. If we consider a molecular
crystal, there is a clear trade-off between increasing the crystal size to cover a larger portion
of the cavity volume and keeping the crystal within a small-enough region of space that the
experienced field is uniform.

7 Conclusion and outlook

We have established an operational way to understand how matter is modified when it is
immersed in a cavity. We have explicitly isolated the effect of quantum fluctuations of light.
Taking advantage of the fact that the EM field is a free bosonic field, we have traced it our
exactly with the coherent path integral formalism to obtain an effective theory of matter. Our
theory comes in the form of an effective action containing only matter degrees of freedom,
where the effect of light is given by a non-local kernel. In the large-N limit, this kernel becomes
local and the theory can be written as a matter Hamiltonian containing effective matter-matter
interactions. Our starting point is the minimal coupling of light and matter in an arbitrary
geometry, so our results are quite general. Besides, our theory can be adapted to describe the
coupling to other bosonic excitations, such as phonons, plasmons or magnons.

This effective Hamiltonian has been tested on the Dicke model. We have shown that it
is more versatile than perturbative effective theories. Its ability to cover the full light-matter
coupling regime merits its denomination as non-perturbative. This general theory has been
in three examples of current relevance. First, photon condensation was understood from our
effective theory. In particular, its non-existence when uniform cavity fields are considered and
gauge invariance is respected, and the condition for its existence in the case of non-uniform
cavity fields. Then, we recovered the exact solution for the 2D free electron gas in a cavity
within our effective formalism. Finally, we studied a system of molecular spins in a cavity,
laying the foundations of magnetic cavity QED. In the limit case of uniform fields, the effec-
tive interactions are ferromagnetic and all-to-all. Conversely, for general non-uniform fields,
the effective spin-spin interactions are position dependent. This could be leveraged to engi-
neer complex interactions between distant spins, benefiting from the different directions and
intensities of the mode functions at different locations within the cavity. The appearance of
all-to-all position-dependent interactions is not exclusive to magnetic systems, but instead in-
trinsic to the formalism, so the engineering of interactions, with applications in sight, can also
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be explored in other systems. Unlike other coupling mechanisms, the intensity of the interac-
tion between two constituents of a material is not inversely determined by their distance but
instead depends on the intensity of the cavity field at the particles positions. If they both lie at
antinodes of the cavity field, the coupling will be maximal irrespective of their distance, hint-
ing at the possibility of inducing long-range interactions within materials. These have been
studied to generate non-geometrical frustration, to induce quantum spin liquid phases [77].
Importantly enough, our treatment is exact and does not rely on perturbative expansions on
the coupling, detuning, etc. Therefore, the effective Hamiltonian is as valid as the underlying
modelization of the light-matter coupling. Thus, the tailored interactions can be used for, e.g.
quantum simulators in the whole range of matter-matter interaction strengths [78–80]. On
the other hand, the explicitness of the effective Hamiltonian provides a direct way to classify
the obtained models, in terms of symmetries, topology, integrability, etc.

From a theoretical perspective, the theory may find several extensions. For instance by
considering the coupling of matter to non-bosonic, e.g. fermionic or spin, degrees of freedom.
Alternatively, staying within the realm of cavity QED, it might be illuminating to develop the
dynamical counterpart of this equilibrium effective theory, using real time path integrals and
linear response theory. Finally, a systematic treatment of the non-local kernel, in relation to
bridging the gap from finite to infinite N , remains to be found.
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A Light-matter Hamiltonian for a system of localized emitters

Let us now adapt the formulation of the gas model presented in Sec. 3 to the case of localized
emitters. In the case of fixed emitters, such as atoms or molecules, the charged particles are
electrons with q = −e, where e is the electron’s charge, the Hamiltonian is given by

ĤM =
∑

j

p̂2
j

2m
+ Ĥqq + ĤqQ +

∑

j

v̂(r̂ j +R j) +
∑

i 6= j

V̂ (r̂i +Ri , r̂ j +R j) . (81)

Here, r̂ j and p̂ j are the relative position and momentum operators of the j-th electron with
respect to its bounding core, R j is the position of the core of the j-th electron. Note that several
electrons can share the same core. The set of {R j} constitute fixed parameters of each model. In
this case ĤqQ constitutes the Coulombic interaction that bounds each electron to its respective
core. Once again this matter Hamiltonian can be summarized as ĤM = T̂ + Ĥqq + ĤqQ + V̂ .
After coupling this material subsystem to the quantized electromagnetic field in a cavity, the
Hamiltonian for the complete system in the Coulomb gauge reads

Ĥ =
∑

j

(p̂ j − qÂ(R j))2

2m
+ Ĥ′qq + Ĥ′qQ + V̂ + ĤEM −

gµB

2

∑

j

σ̂ j B̂(R j) . (82)

Note that in contrast to the gas, the fact that the dynamic charges are bounded allows us to
take the long-wavelength approximation, assuming that the electromagnetic field is constant at
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each particle’s location, such that Â(r̂ j+R j)≈ Â(R j), B̂(r̂ j+R j)≈ B̂(R j). The main difference
with the description of the gas is that now the electromagnetic fields are operators acting solely
on the Hilbert space of the light. The mode functions that describe their spatial dependence
are not promoted to operators since they depend on the fixed positions {R j}. After expanding
the kinetic term and substituting the explicit forms of the vector potential and the magnetic
field, we obtain

Ĥ = Ĥ′M +
∑

κ

ωk â†
κâκ −

∑

j

∑

κ

q
m

p̂ jAk

�

uκ(R j)âκ + h.c.
�

+
∑

j

q2

2m

∑

κ,κ′
AkAk ′

�

uκ(R j)âκ + h.c.
� �

uκ′(R j)âκ′ + h.c.
�

−
gµB

2

∑

j

∑

k

σ̂ jBk

�

u⊥,κ(R j)âκ + h.c.
�

.

(83)

To condense the notation, we define the quantities

Uκ,κ′ = N−1
∑

j

uκ(R j)uκ′(R j) , (84)

Ūκ,κ′ = N−1
∑

j

uκ(R j)u
∗
κ′(R j) . (85)

With these, we write the terms that depend quadratically on the bosonic operators as

Ĥph =
∑

κ

ωk â†
κâκ +

∑

κ,κ′
∆k,k ′

�

Uκ,κ′ âκâκ′ + Ūκ,κ′ âκâ†
κ′
+ h.c.

�

. (86)

Whereas in the case of a gas the photonic Hamiltonian could not be diagonalized in the general
case, the fact that the coefficients of the quadratic terms are now c-numbers allows us to
exactly diagonalize the photonic terms by means of a Bogoliubov transform. First, we define
Ψ t = (â†

κ1
, . . . , â†

κM
, âκ1

, . . . , âκM
), which allows us to write the Hamiltonian as

Ĥph =
1
2
Ψ†HΨ , with M=

�

H1 H2

H†
2 H

∗
1

�

, (87)

where the M ×M blocks H1 and H2 are defined in terms of their matrix elements

(H1)κ,κ′ = 2∆κ,κ′ Ūκ,κ′ +δκκ′ωk , (88)

(H2)κ,κ′ = 2∆κ,κ′Uκ,κ′ . (89)

The Bogoliubov transform is determined by a transformation matrix T, obeying the
pseudounitarity condition T†I−T = I−, which defines a new set of bosonic operators
Φ = T−1Ψ = (b̂†

κ1
, . . . , b̂†

κM
, b̂κ1

, . . . , b̂κM
) and a new Hamiltonian matrix ħH = T†HT such that

ħH is diagonal [52]. The resulting Hamiltonian can be written as

Ĥph =
∑

κ

ω̃k b†
κbκ . (90)

The pseudounitarity of T ensures that the new bosonic operators obey the canonical commu-
tation relations. The I− block matrix is defined as

I− =
�

IM 0
0 −IM

�

, (91)
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with IM the identity matrix of dimension M . The old bosonic operators can be written in terms
of the new ones as

âκ =
∑

κ′

(ακ,κ′ b̂κ′ + βκ,κ′ b̂
†
κ′
) . (92)

With this, and defining

Ãk ũκ(R j) =
∑

κ′

Ak ′
�

uκ′(R j)ακ,κ′ + u∗κ′(R j)β
∗
κ,κ′

�

, (93)

B̃k ũ⊥,κ(R j) =
∑

κ′

Bk ′
�

u⊥,κ′(R j)ακ,κ′ + u∗⊥,κ′(R j)β
∗
κ,κ′

�

, (94)

and the constants

c̃e
k = qÃk

s

ωk

m
, (95)

c̃m
k =

gµB B̃k

2
, (96)

we can conveniently write the total Hamiltonian as

Ĥ = Ĥ′M +
∑

κ

ωkλk b̂†
κ b̂κ −

∑

j

∑

κ

c̃e
k

√

√ 1
mωk

p̂ j

�

ũκ(R j)b̂κ + h.c.
�

−
∑

j

∑

k

c̃m
k σ̂ j

�

ũ⊥,κ(R j)b̂κ + h.c.
�

.
(97)

Defining the coupling operator

ck Ĉκ =
∑

j

�

c̃e
k

√

√ 1
mωk

p̂ j ũκ(R̂ j) + c̃m
k σ̂ j ũ⊥,κ(R̂ j)

�

, (98)

we can finally write the Hamiltonian as

Ĥ = Ĥ′M +
∑

κ

ω̃k b̂†
κ b̂κ −

∑

κ

ck

�

Ĉκ b̂κ + h.c.
�

. (99)

Which is formally identical to Hamiltonian (17), the only difference lies in how ω̃k , ck , Ĉκ and
b̂κ are defined in this case.

B Entirely Hamiltonian formulation

The effective Hamiltonian (41) derived in the previous subsection can also be deduced di-
rectly with an alternative derivation that does not rely on the path integral approach and the
definition of an effective action. Instead, we borrow from Hepp and Lieb’s original study of
equilibrium superradiance [26] the following bounds for the partition function

Z̃ ≤ Z ≤ eβ
∑

κωk Z̃ , (100)

where Z , the proper partition function, and Z̃ , its lower bound, are defined as

Z = TrM

�∫

∏

κ

d2zκ
π
〈z| e−βĤ |z〉

�

, (101)

Z̃ = TrM

�∫

∏

κ

d2zκ
π

e−β〈z|Ĥ|z〉
�

, (102)
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with |z〉=
⊗

κ |zκ〉 and

〈z|Ĥ|z〉= Ĥ′M +
∑

κ

ω̃k |zκ|2 +
∑

κ

ck

�

Ĉκzκ + h.c.
�

. (103)

In the thermodynamic limit N →∞ and provided the number of modes does not scale with N ,
the correction term exp

�

β
∑

κωk

�

in the upper bound becomes negligible and the partition
function is given exactly by Z̃ = Z . Then, we can define an effective Hamiltonian as

Z̃ = TrM

�∫

∏

κ

d2zκ
π

e−β〈z|Ĥ|z〉
�

= Z̃0 TrM

�

e−βĤeff
�

. (104)

Note that in this context the {zκ} are complex numbers. We are thus interested in computing
∫

∏

κ

d2zκ
π

e−β〈z|Ĥ|z〉 , (105)

which is just a collection of multidimensional complex Gaussian integrals. The resulting Hamil-
tonian is simply

Ĥeff = Ĥ′M −
∑

κ

c2
k

ω̃k
ĈkĈ†

k , (106)

just like Eq. 41. Note that in order to carry out the Gaussian integral, one has to be able to
write

e−β(Ĥ
′
M+

∑

κ ω̃k |zκ|2+
∑

κ ck(Ĉκzκ+h.c.)) = e−βĤM e−β(
∑

κ ω̃k |zκ|2+
∑

κ ck(Ĉκzκ+h.c.)) (107)

which holds because the matter Hamiltonian and the coupling operator commute
[ĤM/N , Ĉκ/N] = 0 in the thermodynamic limit N → ∞. To see this, note that both ĤM
and Ĉκ are extensive and both can be written as a series in powers of the position and momen-
tum operators, the commutation of position and momentum yields a dirac delta for the ith
and jth particle, eliminating one of the two sums over the N particles. The result of the com-
mutator is still extensive, so its division by N2 will scale as 1/N . The Gaussian integrals also
yield Z̃0 =

∏

κ Z̃κ, where Z̃κ = 1/βω̃k is the high-temperature limit of the partition funtion of
a Harmonic oscillator of frequency ω̃k , i.e. Z̃κ = limT→∞ Zκ.
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