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Abstract

We review in simple terms the covariant approaches to the canonical formulation of clas-
sical relativistic field theories (in particular gauge field theories and general relativity)
and we discuss the relationships between these approaches as well as the relation with
the standard (non-covariant) Hamiltonian formulation. Particular attention is paid to
conservation laws (notably related to geometric symmetries) within the different ap-
proaches. Moreover, for each of these approaches, the impact of space-time boundaries
is also addressed. To make the text accessible to a wider audience, we have included
an outline of Poisson and symplectic geometry for both classical mechanics and field
theory.
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Dedicated to the memory of Isadore Manuel Singer (1924-2021)

who established many original and profound results in pure mathematics which found impor-
tant applications in physics to which he also contributed substantially by his work and his action.
By his wonderful lectures on field theory he conveyed his broad knowledge while highlighting the
essential points and casting the physical concepts in their appropriate mathematical setting. An
outstanding, undogmatic and open-minded mathematician of great simplicity and generosity left
us while leaving a lasting impression on all those who had the chance to meet him.

1 Introduction

1.1 Motivation and scope

In view of the quantization of a given classical Lagrangian field theory, one is interested in a
canonical formulation of the theory and in particular in Poisson brackets, notably of observ-
ables (gauge invariant functionals) in a gauge field theory. Since time derivatives of fields are
treated differently from spatial derivatives in the standard Hamiltonian approach to classical
field theory on Minkowski space-time,! Lorentz covariance is not manifest. By way of con-
sequence, the proof of relativistic invariance of physical results may require a fair amount of
cumbersome technical work. Similarly, in curved space-time, the general covariance of field
theory described by an approach which distinguishes the time coordinate is at the origin of
messy details to be handled [1]. All of these difficulties thus appear to be artificial and due
to the chosen approach. For this reason, covariant canonical formulations (that do not distin-
guish any of the space-time coordinates) have been sought for which retain as much as possible
the advantages of the standard Hamiltonian approach. Two approaches (based on the notions
of multiphase space and of covariant phase space, respectively) have attracted a lot of attention
during the last decades following ideas put forward, in particular, towards 1970 by the Warsaw
school [2] (notably J. Kijowski [3], K. Gawedzki [4] and W. M. Tulczyjew [5]) and indepen-
dently by the Spanish school [6, 7] as well as H. Goldschmidt and S. Sternberg [8]. Other
formulations (introduction of Peierls bracket and variational bicomplex approach) have been
considered in part with the same motivation in mind. In the present text, we briefly outline the
corresponding approaches while having in mind the treatment of symmetries and in particular
the conserved currents/charges associated to Poincaré invariance in gauge field theories. We
note that the presentations given in the literature often rely on a great amount of mathematical
machinery, but we will try to give an as simple as possible local formulation while referring to
the literature for the mathematical refinements. Apart from giving an overview, our main goal
is to emphasize the numerous and important relations between the presented approaches some of
which have already been considered in the pioneering works, though they are often ignored
in the literature. It turns out that the variational bicomplex approach not only represents an
all-embracing mathematical framework for the covariant approaches, but also corresponds to
the local formulation that is often considered in the physics literature. Our considerations are
restricted to the classical theory and the quantization will only be commented upon.

'In this respect, we recall that for a collection x — @(x) = (¢*)4=y. y Of classical relativistic fields on
n-dimensional Minkowski space-time parametrized by x = (x*),01 ., and for a given Lagrangian density
L(p,8,p,x) (with 3, = dp/dx"), the Hamiltonian density is defined by H(¢*, 74, Jp?, x) = 7, — L where
¢*=0yp® and m, =9 L/3 ¢ the index k € {1,...,n— 1} labeling the spatial coordinates.
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1.2 Outline of text

In section 2, we provide a short pre-/overview of the (relations between the) different ap-
proaches discussed in the sequel of the text in the form of a synthetic flow diagram whose
content is outlined. In sections 3-6, we successively present the different covariant approaches
to the canonical formulation of classical relativistic field theories (i.e. multisymplectic geome-
try, the Peierls bracket, the covariant phase space and the variational bicomplex) together with
the relationships between them. In section 6, we focus on symmetries and conservation laws,
in particular in relationship with gauge symmetries (notably diffeomorphism invariance in
gravity): this presentation relies on the language and framework of the variational bicomplex
as well as covariant phase space. The presentations given in the different sections are largely
independent of each other and the level of details provided is somewhat uneven: this reflects
our desire to limit the corresponding mathematical subtleties as well as our endeavor to focus
on the features of the different formulations which can be directly related to each other.

Four appendices provide some mathematical and physical background. In fact, various
textbooks on mathematical physics provide a detailed and extensive introduction to the math-
ematical/geometric formulation of classical mechanics and some also include a discussion of
field theory (infinite-dimensional Hamiltonian systems). In the appendices C and D, we briefly
recall the formulation of Hamiltonian mechanics and field theory which is familiar to physicists
and relate it to the geometric description by introducing only those notions which are neces-
sary for having a background and mathematical underpinning for the points addressed in the
main body of the text. The appendices A and B gather some general notions of differential
geometry as well as a synthetic introduction to the different differentials which are considered
in the space of fields over space-time.

1.3 About space-times and boundaries close by or far away

Though we limit ourselves (for the sake of simplicity) to Minkowski space-time in many of our
considerations, we also address curved space-times in relationship with gravitational theories.
Therefore, some general comments are in order concerning the mathematical assumptions
made for space-time manifolds as well as the eventual presence of boundaries.

Structure of space-time: Quite generally, space-time is assumed to represent a n-
dimensional Lorentzian manifold (M, g) i.e. a real smooth n-manifold endowed with a
Lorentzian metric tensor field (g,,,). More precisely, this manifold is supposed to be oriented
and time-oriented [9-12]. Moreover, for some considerations (M, g) will be assumed to be
globally hyperbolic. The latter property implies that there is a foliation of M by Cauchy hy-
persurfaces. More precisely, M is diffeomorphic to R x X (2 R x X, for any t € R): here %,
represents a Cauchy hypersurface for M at t € R (i.e. X, is a smooth, boundaryless subman-
ifold of codimension 1 which is such that any inextendible causal curve intersects X, exactly
once) [9,11,12]. Different illustrations of this mathematical structure of space-time are given
by Figures 3 and 5 of Section 5 as well as Figure 8 of Section 7 (where boundaries are as-
sumed to be present). We note that the class of globally hyperbolic space-times contains most,
if not all, examples of physical interest, in particular the Minkowski, Schwarzschild, de Sitter,
Friedmann-Robertson-Walker,... space-times [13].

About boundaries and boundary conditions/terms: Minkowski space-time M = R" is un-
bounded and specific physical or mathematical considerations may lead us to consider some
fall-off conditions for fields or symmetry parameters as one approaches infinity in some direc-
tion, e.g. for |X| = (xf +- 4 xﬁ_l)l/ 2 — 00. These conditions can be viewed as conditions
imposed at a “space-time boundary at infinity”. More generally, for any space-time manifold
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M, the presence of distinguished hypersurfaces (like isolated horizons or entanglement sur-
faces) generally requires the specification of boundary conditions and possibly the introduction
of boundary terms (e.g. into the action functional). Just as the introduction of boundary con-
ditions has a crucial impact on the properties of observables in quantum mechanics (notably
on their spectrum [14]), such conditions also have important mathematical and physical im-
plications in field theory (e.g. for the uniqueness of the solutions of field equations or of the
Green functions associated to differential operators, for the existence and properties of global
charges,...).

More specifically, in the context of general relativity, the interest into boundaries and
boundary terms at infinity has several motivations. First of all, the fact that the Einstein-Hilbert
Lagrangian depends on second order derivatives of the metric tensor leads to the introduction
of a boundary term [15,16] which ensures that the variational principle yields Einstein’s field
equations, e.g. see reference [17]. (For gauge theories and gravity, the systematics of bound-
ary actions was quite recently addressed by the authors of reference [18] in the framework
of the covariant phase space formalism.) The definition of a conserved charge as an integral
over a hypersurface at infinity calls for an investigation of these hypersurfaces and related
properties of fields. Furthermore, it has been realized that there exist various interesting re-
lationships between concepts or theories defined in the bulk and concepts or theories defined
on its boundary.

Boundary/bulk correspondence: While this idea of a holographic description already finds
a basic expression in Noether’s theorems (which imply a relation between gauge symmetries
and conserved charges given by surface integrals), different dualities have ben pointed out like
the so-called AdS/CFT correspondence or the so-called fluid /gravity duality as well as various
generalizations like celestial holography. For an overview of these ideas (including several
hundred references to the literature), we refer to the guiding introduction of the recent notes
of L. Ciambelli [19] dedicated to asymptotic symmetries and the so-called corner proposal.

Point of view adopted in these notes: A space-time region may have boundary compo-
nents which are space-like, time-like or null. Moreover, there may be corners [16,20] where
different components of the boundary join each other, see Figure 8 of Subsection 7.8. Since a
full-fledged treatment of general boundaries or boundary conditions requires the introduction
of extra mathematical technicalities (e.g. see reference [16] for the gravitational a action)
we have refrained from addressing this issue in a systematic manner in these introductory
notes. In this respect we also note that some of the related issues still continue to represent
a quite active field of investigation without a complete consensus on the physical interpreta-
tions or fundamental character of the different proposals. Accordingly, for each of the different
approaches to covariant canonical formulations of classical field theory that we consider, we
have limited ourselves to providing an outline of procedures to tackle boundaries along with
some some indications to the literature (subsections 3.5, 4.5, 6.7 and 7.8).

1.4 On the notation and conventions

We generally use the notation that is standard in the physics literature. An exception is our pre-
sentation of the variational bicomplex where we prefer to follow the mathematical literature
while spelling out the relationship with the notation considered in theoretical physics.

We focus on relativistic theories and our signature of the Minkowski metric is “mostly
minus” (+—---—). We generally use the natural system of units (where ¢ = 1 = i) and denote
the space-time coordinates by x = (x*),- 1, ,—1 € R". The explicit derivative with respect
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to x" is denoted by d/dx" and the total derivative by J,, e.g.

oL oL oL d
+ 5= u(0,0)+ e where 9,¢ = Ly

(aug)(gp(x),avtp(X),x)E% CFTERS ox

The Lagrangian densities £ are generally assumed to be of first order though some comments
are made on higher orders. For our illustrations of general results, we consider bosonic fields
(scalar and vector fields): at the classical level, spinor fields are described by anticommuting
variables so that one has to take into account signs as well as the distinction between right and
left functional derivatives, etc. The DeWitt notation [21] allows for a unified formulation of
all fields with the appropriate signs, but we refrain from using it in our introductory overview.

For the functional derivative of a first order action functional S[ ¢ ]= fd”x L(¢(x),0,p(x),x)
(with ¢ = (¢%)4=1,.. n) With respect to a field p?, we use the notation 6S/6¢¢, i.e.

6s _ oL oL
Spa dpa M\ 3(8,90) )

We remark that this expression is also denoted by ;—fa in the literature and then referred to as
the Euler-Lagrange derivative, e.g. see [22] (and [23] for a general discussion in the framework
of classical mechanics).

1.5 Note on the references

We generally refer to the pioneering works (from the seventies on) which are devoted to field
theory as well as to recent assessments. Quite generally , the subject is rooted in the geometric
formulation of variational calculus which has been addressed by many authors over the years,
in particular J.-L. Lagrange [24], V. Volterra [25], C. Carathéodory [26], T. De Donder [27],
H. Weyl [28], T. Lepage [29], P Dedecker [30]. The historical evolution of ideas has been
retraced in a certain number of recent works, e.g. [31-38] and the more recent evolution
related to field theory will be outlined in section 2.

2 Pre-/overview of results and historical evolution of the subject

At the end of this section, we present the different approaches (as well as some of the main
relationships between them) in the form of a synthetic flow diagram. This diagram provides a
schematic overview and partial summary of the facts and results to be discussed in the follow-
ing sections. We will presently outline the content of the flow diagram while trying to convey
already some of the basic concepts and ideas (within their historical context), the details being
postponed to the later parts of the notes.

Our starting point is a classical, relativistic Lagrangian field theory (e.g. a gauge field
theory) on Minkowski space-time R" or more generally on a n-dimensional Lorentzian man-
ifold M which is supposed to be globally hyperbolic. Thus, we have a collection of fields
x = ¢(x) = (¢*(x))witha € {1,...,N} on space-time M and a Lagrangian density L(¢, 3, ¢, x)
(generally assumed to be of first order) determining the dynamics of fields. In the simplest
instance on which we focus in general, the field x — ¢(x) can be viewed as a section in the
trivial fibre (more precisely vector) bundle E = R" xRN — M = R" over Minkowski space-time
M, i.e. it amounts to a smooth map

s:M — E
x — s(x)= (x, (,o(x)), with (x)eRY. (D)


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.77

SCIl SciPost Phys. Lect. Notes 77 (2023)

The space E = R" x R is finite-dimensional and parametrized by local coordinates (x*,q%)
where the variables q¢ correspond to the value of the field p® at x € M. Since a first or-
der Lagrangian density L£(y, 9, x) not only depends on x and ¢, but also on the first order
derivatives of ¢, it represents a function on the so-called 1-jet bundle J'E = JE = R"xRN xR™
over M which is parametrized by (x“,qa,qﬁ) where q;, corresponds to the value of 9, ¢ at
Xx € M, see Figure 1 in Section 3. The fibre bundle E itself may be viewed as O-jet bundle,
i.e. JE = E. Higher jet-bundles JPE (with p = 2,3,...) amount to the introduction of higher
order derivatives, e.g. for the field equations it is appropriate to consider the 2-jet bundle J2E
which involves extra coordinates qzv = qaw. The notion of jet-bundle has been introduced
by the mathematician C. Ehresmann in the fifties [39] and obviously provides the adequate
mathematical framework for formulating Lagrangian field theories and more generally partial
differential equations on a base manifold M, e.g. see Subsection 6.1 or references [40-42] for
more details on jet-bundles. Indeed, the finite-dimensional space JE and the so-called extended
multiphase space P = J OF (which represents a kind of dual of JE, see the synthetic Figure 1
in Section 3 and the related comments after Eqn. (11)) are at the heart of the multisymplec-
tic or multiphase space approach to the canonical formulation of field theory. The so-called
variational bicomplex approach (discussed in Section 6) rather relies on the infinite-jet bundle
J°°E over M which is parametrized by (x", qa,qﬁ, qzv, ...). In the following, we outline the
content of the flow diagram. Each of the lines of the latter is elaborated upon in the section
or appendix which is indicated in parenthesis.

Line D) of flow diagram (Appendix D):? The standard Hamiltonian formulation of clas-
sical relativistic field theories (put forward in 1929 by W. Heisenberg and W. Pauli [44]) relies
on the introduction of the conjugate variables m, = 9 L/J ¢® and of the canonical Hamiltonian
H= f d"x H(p?, 74, G 0%, x), the Lagrangian equations of motion becoming the Hamilto-
nian equations ¢* = 6H/om,, n, = —0H /5. As was already realized by Heisenberg and
Pauli, the presence of gauge symmetries yields constraints, e.g. 0 = 7y = dL/0A° for the
Lagrangian density £ = _zlt FHYF,,, of the free electromagnetic field. A procedure to tackle
this problem was put forward by L. Rosenfeld [45] in 1930 as well as by P Bergmann (and
his collaborators) and in particular by P A. M. Dirac in the fifties (who rediscovered and re-
fined various results of Rosenfeld [46]). Some standard references for Dirac’s formulation of
constrained Hamiltonian systems are [23,47] and we will refer more specifically to [43] for
the treatment of Poincaré symmetries in this setting. Here, we only note that the main in-
gredients of this canonical formulation of classical field theory are the inclusion of constraints
into the canonical Hamiltonian by virtue of Lagrange multiplier fields (leading to the so-called
extended Hamiltonian Hy) and the consideration of gauge fixing functions (leading to the so-
called Dirac brackets of functions on phase space): for finite-dimensional dynamical systems,
the geometric treatment of constraints and the definition of the Dirac bracket are described in
detail in Appendix C.6.

Line (2).a of flow diagram (Section 3): Two classes of covariant canonical approaches
to classical field theory have already been considered in the pioneering works of the Pol-
ish school [3-5]. The first one is the so-called multiphase or multisymplectic approach
which generalizes the geometric formulation of classical mechanics based on the “dynamical”
Poincaré-Cartan 1-form p,dq®*—Hdt = (p,4*—H)dt = Ldt (see Eqn. (C.30) of Appendix C.5).
In field theory, the relativistic covariance is now ensured from the beginning on by associating
a momentum vector field mh = 9L/ 9(9,$“) to each field ¢ and by considering the so-called

2Appendix D provides a review of the Hamiltonian formulation of classical field theories. A concise introduction
to the modification of this formulation which is brought about by constraint equations (that appear in particular
in gauge field theories) can be found in sections 5 and 7 of reference [43].
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covariant (or De Donder-Weyl) equations J,p* = 0H/0 nh, Burcg = —0H/dp? involving the
covariant Hamiltonian density H = ! 9,¢p" — L (see Subsection 3.1 for more details). The val-
ues q% and p" of the fields ¢® and 7!, at a point x then represent a finite-dimensional space:
together with the space-time coordinates x* and an energy-type variable p (corresponding
to the value of the Hamiltonian scalar 7), these coordinates parametrize the so-called ex-
tended multiphase space P = J OF mentioned above. The “kinematical” Poincaré-Cartan 1-form
0 = p,dq®—Edt of mechanics (see Eqn. (C.26)) generalizes in field theory to a naturally given
n-form on P whose exterior derivative is the so-called multisymplectic (n + 1)-form w = —d6
on P: the latter generalizes the symplectic 2-form w =—d6 = dq* Adp, +dE Adt of classical
mechanics (see Eqn. (C.26)) and it also gives rise to the so-called multisymplectic brackets [48]
of differential forms on P (to be discussed in Subsection 3.3 below). Thus, one has in particu-
lar a Poisson bracket of (n — 1)-forms, the latter forms corresponding to current densities (j*)
whose conservation laws are generally associated to global symmetries of the theory by virtue
of Noether’s first theorem.

Line (2).b of flow diagram (Section 5): An alternative covariant approach, referred to as
the covariant phase space approach, consist of viewing a phase space like the one of clas-
sical mechanics parametrized by (g%, p,) € R?N as the space of trajectories, i.e. the space of
solutions of the classical equations of motion. Denoting this infinite-dimensional space in field
theory by Z, one can introduce a non-degenerate Poisson bracket for functionals on this space
or, equivalently, define a symplectic form on it: such a Poisson structure was already intro-
duced in 1952 by R. Peierls [49] in his attempt to construct a covariant canonical approach
to field theory and it was elaborated in detail by B. S. DeWitt [21] (see Subsection 4.2.2 for
the details). More recently, it has been applied for devising a rigorous approach to the pertur-
bative renormalization of field theory, see [50] and references therein. The symplectic form
Q which is associated to the Peierls bracket was introduced directly (i.e. without reference
to the Peierls bracket) by the Polish school [3,4] and it involves the multisymplectic (n + 1)-
form mentioned above (see Eqn. (158) of Subsection 5.2). The fact that the symplectic form
Q is actually associated to the Peierls bracket was first established by a Hamiltonian analysis
in reference [51] and corroborated by more general arguments in reference [52] (see also
references [53, 54] for the case of gauge field theories). The fact that the Peierls bracket and
the Dirac bracket coincide for physical observables (i.e. gauge invariant functionals) in gauge
field theory was also shown in reference [51] (cf. Subsection 5.3 below). More recently, the
relationship between the multisymplectic bracket of (n — 1)-forms mentioned above and the
Peierls bracket has been elucidated as well [55].

Concerning the historic development of the subject, we note that the covariant phase space
approach has a long and complex history which can be traced back to J.-L. Lagrange (see ref-
erence [33]). Precursory ideas in classical field theory include the work of 1. E. Segal [56].
Covariant phase space was introduced more precisely in 1970 in the context of the symplectic
formulation of classical mechanics by J.-M. Souriau [57] and, shortly thereafter, in the context
of classical field theory by the Polish school [3,4]. It was rediscovered by E.Witten [58] and by
G. Zuckerman [59] and other authors in the eighties. In the sequel, it has been further elabo-
rated and applied, in particular in the context of gravity following the work of R. Wald [60-65],
A. Ashthekar [38] and their collaborators as well as various other authors, e.g. see [66] and
references therein.

Line (2) of flow diagram (Section 6): While multisymplectic geometry relies on the 1-jet
bundle JE over M, the variational bicomplex (introduced independently by I. M. Gel'fand and
his collaborators [67], A. M. Vinogradov [68], W. M. Tulczyjew [69] and E Takens [70] at the
end of the Seventies) rather relies on the infinite-jet bundle J °° E over M which is parametrized
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by (x*, g%, qz, qﬁ ,»-++)- Inthis approach it is natural (both from the mathematical and physical
points of view) to decompose the exterior derivative (acting on differential forms) on J*°E,
i.e. the differential

3} 0 %,
d=dx* — +dq"° +dq? +...,
OxH 1 2q° L aqz
into horizontal and vertical parts: one writes
d de,ua , Wlth a Ea__;’_ a aa+...,
d=dy+d,, where { B~ "7k , n=— 2 Ty aqr
d, =6 g T with 0¢=dq —qudx +...,

see Eqn. (177) below for more details. Here, g, represents the total derivative with respect
to x* and the differential d, describes an infinitesimal field variation. Remarkably enough,
this enlarged mathematical framework not only allows us [59,71,72] to give a precise mathe-
matical formulation of the covariant phase space approach, it also encompasses (and even
simplifies [73]) the approach of multisymplectic geometry (see Subsections 6.4 and 6.5).
Henceforth, it provides a unified treatment of the different covariant approaches and it also
allows us [74] to rephrase the traditional formulation of field theory [23] conveniently in
the language of jet-bundles, thereby clarifying its mathematical underpinnings (cf. Sections 6
and 7). Indeed, the consideration of the infinite jet-bundle J°°E (i.e. of an arbitrary high
order of derivatives of fields ¢?) provides a general mathematical setting for dealing with
symmetries and conservation laws as well as to tackle the inverse problem of variational cal-
culus. Moreover, the above-mentioned horizontal and vertical parts of the differential d on
J°°E represent the exterior derivative and field variation which are usually introduced in the
physics literature in the context of classical field theory.

3 Multiphase (or multisymplectic) approach

Our starting point is a relativistic first order Lagrangian field theory on an n-dimensional
space-time manifold M which we assume to be given, for simplicity, by Minkowski space-time
M = R" and parametrized by coordinates x = (x*) = (t, X ). Thus, we have a Lagrangian den-
sity L(¢“, 9, ¢, x) depending on a collection of classical relativistic fields ¢ : M — R with
a € {1,...,N} and we assume that all fields and their derivatives fall off sufficiently fast at
spatial infinity. For some considerations (e.g. the conservation of energy and momentum ad-
dressed in Subsection 3.2), we suppose that £ does not explicitly depend on x. Some general
references for the present section are given by [33,75-77].

3.1 Generalities

An explicitly Lorentz covariant Hamiltonian formulation can be achieved by associating to each

field p® (with a € {1,...,N}) of the Lagrangian formulation a canonical momentum vector field
defined by
=95 @
3(,9%)

and then considering the so-called covariant (or De Donder-Weyl) Hamiltonian

H(xH, 9, nﬁ) = (nﬁé’“(,oa B [')|6H<pa =function of (=%, pa,x#) 3)
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e.g. see references [3, 33,37, 75-83]. (Here, we mention in particular the comprehensive
GIMmsy papers [78] which addressed the relation of multisymplectic geometry with the stan-
dard canonical approach to field theory that is generally considered for quantization.)

Thereby, the Lagrangian equations of motion 0 = % - au(a(g—faa)) are equivalent to the
w

so-called covariant Hamiltonian or De Donder-Weyl equations

_OH angz_aH.
2T

d,p = ,
? o, H

u

(4)

Very much like the standard Hamiltonian equations, these equations follow from the varia-
tional principle 0 = 6 f w £d"x (by varying the fields ¢ and 7t independently), i.e. by virtue
of (3),

0= 5[ £d"x,  with £d"x =(n"3,¢°—H)d"x. (5)
M

Indeed, we have

oH OH
6| Ld'x=| d"x|6ny(0,¢"— ) =8¢ (Gumy + 57— d"x 3, (7" 50%), (6
fM E X JM X[ ﬂ’.a( ,U(p 37'[5) 2 ( Mﬂ:a + a(Pa ):I + JM X H(Tca P )’ ( )

where the last term vanishes for field variations that vanish at infinity.
We note that the n-form H d"x in expression (5) determines the

Lagrangian n-form: Ld"x=rnldp® A d”‘lxM —H(p,m)d"x, (7)

with
d'x =dx Adx A Adx™T, d”_lxMEiaud”x.

In the latter equation, iaud”x denotes the interior product (contraction) of the differential form
d"x by the vector field J, (see Appendix A for these mathematical notions). In this respect,
we note the useful relation dx” A d”_lxu =6"d"x.

In the present context, we recall that the standard Hamiltonian approach to classical field
theory relies on the idea that fields

x=(6,X) — 9%x) = ¢(6,X) = pg(t), (8)

generalize the configuration space coordinates t — d (t) of classical non-relativistic mechanics;
thereby, they distinguish the time coordinate and, for any given time t, they yield an infinite-
dimensional space of fields labeled by ¥ € R"! (as well as the discrete index a € {1,...,N}).
The covariant approach to the canonical formalism views the fields ¢® and the associated
momenta 7t as functions of x € R™:

x — (), T(x)). 9)

For any given space-time point x, one thus has a finite-dimensional space {(¢%, p5)}. On the
latter (extended by an energy-type variable p), we have the following canonically given dif-
ferential forms: the so-called (cf. Eqn. (7))

“kinematical” multicanonical n-form: 6 =ptdq® A d”_lxu —pd"x, (10)

and the associated (n + 1)-form, i.e. the

“kinematical” multisymplectic form: w=—df =dq" Adph A d”_lxu +dpAd"x.
(11
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These differential forms do not depend on the dynamics (i.e. on the Hamiltonian #) and
they depend on the variables g%, p; and p which parametrize the so-called “extended multi-
phase space” P, this space representing a fibre bundle over the space-time manifold® which is
parametrized by (x*): the variables q%, p& and p correspond to the values of p?, n!, and H,
respectively (fields, momenta and energy-type variable).

In this geometric set-up (see Figure 1 below), a Hamiltonian H can be viewed as a map
H : P — P from the so-called “ordinary multiphase space” P (parametrized by (x*,q%, p4))
to the extended multiphase space P (parametrized by (x*,q%, pL,p)). By pulling back the n-
form (10) (which is defined on P) to P by virtue of the Hamiltonian H : P — P, we obtain the
so-called Poincaré-Cartan n-form or

“dynamical” multicanonical n-form: | 6, =H"60 = pl dq® A d”_lxu —H(x",q% p)d" x.

(12)

This form and its differential wy =—d 6y = —d(H*0) = —H*(d0) = H*w, i.e. the
“dynamical” multisymplectic form: wy =dq* Adph Ad™? x, +dH Ad"x, (13)

determine both the canonical structure and the dynamics of the classical field theory under con-
sideration.

Concerning the latter point, we note that from the geometric point of view (see Figure 1),
afield ¢ = (¢?) represents a smooth section of some vector (or more generally fibre) bundle E
over M,i.e. ¢ : M — E. (Here and elsewhere, we make a slight abuse of notation: for a section
s : M — E, we have x — s(x) = (x, ¢(x)) which implies that ¢* = p%(x) as assumed above.)
The collection of fields ¢ = (¢, rt};) represents a smooth section of ordinary multiphase space

P,i.e.
¢:M — P
x > (x, (), (), (14)

where ((pa(x), mh (x)) = (¢4, p4) denote the coordinates in the fibre P, over x € M. The field
¢ : M — P allows us to pull back the n-form (12), which is defined on P, to M (see Appendix A
for the definition and properties of the pullback): this yields the

Lagrangian n-form: ¢ 0y =mh dp® A d"_lxu —H(p,m)d"x =Ld"x. (15)

This result was to be expected since it is the Lagrangian n-form on M which motivated the
expression of the multicanonical n-form 6 on P, cf. Eqn. (10).

Accordingly, the present approach allows us to formulate classical field theory in a finite-
dimensional setting without considering functional derivatives on an infinite-dimensional
space as in the standard approach. For this so-called multisymplectic approach, one can intro-
duce numerous variants (like the polysymplectic approach [84]), e.g. see references [76,85]
for a partial overview. However, many of these variants rely on an a priori given connection
which is not natural for gauge field theories where connections represent dynamical vari-
ables. We will not further describe the considered mathematical framework here (though
we will expand on some aspects of it in Section 6) and only provide a synthetic table [48]
(see Table 1) in which a comparison is made with the geometric formulation of explicitly time-
dependent systems in classical mechanics.* Indeed, the latter case amounts to choosing n = 1

3From the mathematical point of view, the extended multiphase space P = J CE represents the so-called twisted
affine dual of the space JE, see references [40,48] for more details.

“In view of this comparison we use the notation (g%, p,) for phase space coordinates in mechanics rather than
the traditional notation (g, p;) considered in Appendix C.

10
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in the field theoretic setting: for instance, the multisymplectic (n+ 1)-form (11) then becomes
w=dq*Adp,+dp Adt, i.e. the symplectic 2-form in mechanics for a time-dependent system
(see the end of Appendix C, equations (C.26)-(C.30)).

By way of illustration, we consider the free, neutral Klein-Gordon field ¢ described by the

Lagrangian density L(p, 9,¢) = %(8 H)(Oup)— m; 2. The canonical momentum vector then

reads 7" = 8.L£/3(0,p)=0"y and the covariant Hamiltonian writes (¢, n")= %rc“ T, + %2902.
By contrast to the standard Hamiltonian density .., which represents the energy density (its
integral f d"'x Heqn = P° being the time-component of the energy-momentum four-vector
(P*)), the covariant Hamiltonian H(, ") is a scalar field.

A partial list of works/applications (in which further references are indicated) is:

* Non-relativistic mechanics [5,7, 78]

¢ Relativistic mechanics [3]

* Hydrodynamics [86,87]

* Gauge field theories [3-5,34,54,78,87-91]

* Chern-Simons theory [90]

* Spinor fields [92]

* Gravity [5,89,93-97]

* String theory [78,87,90]

* Branes [98]

* Massive spin-2 field [97]

* Topological field theories [78,99]

* Korteweg-De Vries equation [100]

* WZW conformal field theory [101]

* Rarita-Schwinger field [92]

* Supersymmetric sigma-models in two dimensions [102]
* Fronsdal theory for massless fields of arbitrary integer spin [97]
* Carollian scalar field theory [90]

To conclude we mention the geometric approach to (gauge) field theories developed by
M. Grigoriev and his collaborators which is related to the multisymplectic and covariant phase
space formulations of field theory [97,103]: this approach originates from (and in some sense
reduces to) the so-called AKSZ sigma model formulation [104] providing a geometric descrip-
tion of topological field theories.

11
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Figure 1: Geometric set-up of multisymplectic geometry.
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Table 1: Classical (time-dependent) mechanics versus classical field theory.

Classical mechanics (n = 1)

Classical field theory

Extended configuration space R x Q
(Trivial bundle R x @ — R over the time axis R,
with fiber Q = configuration space manifold)

“Field configuration bundle” E — M
(Vector bundle over an n-dimensional
space-time manifold M, with typical fiber Q)

a

Coordinates of R x Q : t,q

Coordinates of E : x",q®

Extended velocity space R x T Q

with coordinates t,q%, ¢¢

Velocity bundle: 1-jet bundle JE
with coordinates x*, ¢, qﬁ

Doubly extended phase space
P=T'RxQ)=R?>x T*Q

“Extended multiphase space”:

Twisted affine dual P = JOE of 1-jet bundle JE

Coordinates of P : t,q% pg, E
(E = energy)

Coordinates of P : x",q%,pk,p
(p = energy-type variable)

“Kinematical” Poincaré-Cartan 1-form on P:
6 =p,dq*—Edt

“Kinematical” Poincaré-Cartan n-form on P:

6 =phdq® A d”flxu —pd*x

Symplectic 2-form on P:
w=—-d0 =dq* Adp, +dE Adt

Multisymplectic (n + 1)-form on P:
w=—d6 =dq" Adph A d”_lxu +dpAdx

Extended phase space P ¢ P
defined by E = H(t,q,p )

Ordinary multiphase space P = J Of
defined by p = H(x*,q% pa )

Coordinates of P : t,q%, Da

Coordinates of P : x*,q% p*

“Dynamical” Poincaré-Cartan 1-form on P:
0y, = p,dq* —Hdt

“Dynamical” Poincaré-Cartan n-form on P:
0y =phdq" A d”_lxu —Hd"x

“Dynamical” symplectic 2-form on P:
wy =—d0y =dg, ANdp®+dH Adt

“Dynamical” multisymplectic (n + 1)-form on P:
wy =—d0y =dq* Adp¥ Ad" ' x, +dHAd"x

13
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3.2 Energy-momentum tensor

Let us briefly sketch the description of geometric symmetries and conservation laws for the
dynamical system given by a free neutral Klein-Gordon field ¢. The fact that the corresponding
Lagrangian density £(y,d,¢) does not explicitly depend on the space-time coordinates x"
is equivalent to the invariance condition Lg, 07 = 0 (where Ly, denotes the Lie derivative
with respect to the vector field J,) for the Poincaré-Cartan n-form 6y, corresponding to the
Lagrangian n-form ¢*60;, = £d"x. It now follows [3] from Noether’s theorem that one has

conserved quantities given by the (n — 1)-forms a, = (iaue)‘ where 0 is the “kinematical”

multicanonical form (10) and where the bar denotes the restriction to the space of solutions
{(¢, )} of the Hamiltonian equations of motion (4). A short calculation in two space-time
dimensions (giving results that generalize to n dimensions) yields [3]

@, = (i, 9)’_ Z( 1) T? dx® A= AdXT A Adx™, with T? = (8”0)(3,¢) —5]L.
=0

(16)

Here, dx” denotes the omission of the monomial dx" and the quantities TL are the compo-
nents of the EMT (energy-momentum tensor) of the scalar field ¢. The treatment of Lorentz
transformations is more complex, but it can be dealt with along the same lines.

For gauge field theories, constraints again appear. For instance, for the free Maxwell La-
grangian £ = —%{ FHYF,, we have the canonical momentum tensor n"” = 0 £/3(d,A,) = —F"”
satisfying the constraint equation 7#” + " = 0 which leads to complications related to the
gauge symmetry [4,5,54,88,91].

3.3 Multisymplectic brackets and quantization

Multisymplectic brackets: By extending the multisymplectic Poisson brackets introduced in
the pioneering works [3,4,8] (and being motivated by the work of I. V. Kanatchikov [79,105])
M. Forger, C. Paufler and H. Rémer [48] introduced a graded bracket of (certain) forms on ex-
tended multiphase space P =J OF (endowed with the multisymplectic (n+1)-form w = —d9).
The bracket of functions (0-forms) on P vanishes and thereby this bracket has some similarities
with the so-called Koszul bracket of differential forms on a symplectic manifold [106]. (For
any two functions f, g on a symplectic manifold, their Poisson bracket is related to the Koszul
bracket {-, -}, of the one-forms df,dg by {df,dg}, =—d {f, g} while {f, g}, =0.)

Since a current density (j*) on an n-dimensional space-time manifold M is the Hodge dual
of a (n— 1)-form on M, the latter forms and their brackets are of particular interest in field
theory. A (n—1)-form a on the multisymplectic manifold (P, w) is said to be Hamiltonian or a
Hamiltonian form [48] if there exists a vector field X on P such that iy w = da. The (uniquely
defined) vector field X which is associated in this way to the (n —1)-form a is denoted by X,,.
For any two Hamiltonian (n — 1)-forms a, 8 on P, the aforementioned multisymplectic bracket
is defined by

{a,ﬁ}msZ Eixﬁixaw+d[ixﬁ lX ﬂ lXﬁlX ] (17)

This bracket has all of the properties which are required to hold for a Poisson bracket
(see (C.10)) apart from the fact that it is does not satisfy the derivation (Leibniz) rule (C.11).
Actually, there is no reasonable candidate for an associative product on the space of Hamilto-
nian (n — 1)-forms on P.

The fact that the multisymplectic bracket of forms on extended multiphase space P does
not have all of the defining properties of a Poisson bracket can be better understood [55] by
relating these multisymplectic brackets to the Peierls bracket discussed in Section 4.

14
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On the quantization: Concerning the quantization, we note that the lack of canonical pairs
of dynamical variables in the multisymplectic approach has led to the consideration of alter-
native quantization procedures like geometric quantization or Schrodinger’s functional ap-
proach, e.g. see references [107-110] as well as [84,111, 112] for the polysymplectic formu-
lation. Quantization procedures starting from the De Donder-Weyl equations or from the De
Donder-Weyl-Christodoulou formulation of covariant Hamilton-Jacobi equations of classical
field theory [80] have also been addressed in other works (see [82,113-116] and references
therein) while using or relating in part to the work of I. V. Kanatchikov [111].

3.4 Relationship with Dirac’s procedure

Here, we wish to describe how the expressions and results of Dirac’s procedure for the stan-
dard Hamiltonian approach (in particular the FCC’s and the gauge transformations that they
generate, as discussed for instance in section 5.3 of reference [43]) are encoded in the mul-
tisymplectic approach to free Maxwell theory in four space-time dimensions. In this respect,
we note that the general mathematical formulation of YM-theories has been addressed in the
unpublished third part of the GIMmsy papers [ 78] and that the case of non-Abelian topological
BF-theory in four space-time dimensions has been investigated quite recently in reference [99].
To start with, we specify the multicanonical form (10) for the free Maxwell theory: for

n = 4, we have the 4-form
0 =p””davAd3xu—p d*x, (18)

where a, corresponds to the values of the gauge field A,. The local gauge transformations
parametrized by an arbitrary function x — €(x) are generated on extended multiphase space P
(i.e. a finite-dimensional space parametrized by the local coordinates (x",a,,p,,,,p)) by the
vector field

0 d
= 8 4+ a a wy
E=( “6)8% (0,0,€)p op’

where g, € reflects the usual gauge transformation of the gauge potential A,. The local gauge
invariance of the theory finds its expression in the relation

where Lg = izd + d iz denotes the Lie derivative of differential forms on P with respect to the
vector field £. One says that one has an exact or a natural symmetry. (As a matter of fact,
equation (19) is a generalization of the description of symmetries in classical non-relativistic
mechanics [117]: in that case, the phase space with local coordinates (q', p;) (i.e. the cotan-
gent bundle T*Q associated to the configuration space manifold Q which is parametrized by
local coordinates (q')) is endowed with a canonically given 1-form 6 = p;dq' and natural
symmetries of the theory leave 6 invariant, i.e. L;6 = 0 where £ denotes the symmetry gener-
ating vector field.) The symmetry of Maxwell’s theory described by (19) leads to a conserved
current density (j*) which is presently described by the following 3-form on P:

J(E)=ig0 =p"”iz(da,) Ad>x, =p"” B,ed’x,, . (20)

Actually, the components J*(&) = p*” 9, € of the 3-form J(&) are the values of the vector field
j* = F"” 9, e which represents the (on-shell) conserved current density associated to local
gauge invariance (see Eqn. (236) below).

Vector fields £ on P which leave the multicanonical form 6 invariant, i.e. satisfy (19),
are referred to as exact Hamiltonian vector fields [48]. The map J : & — iz0 associating the
3-form iz 6 to an exact Hamiltonian vector field & is referred to as covariant momentum map of

15
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the theory. Indeed, quite generally, conserved Noether currents of the Lagrangian formulation
appear in the Hamiltonian formulation under the disguise of momentum maps.®

To relate the multisymplectic approach to the standard (“instantaneous”) Hamiltonian ap-
proach, one has to consider a space plus time (3+ 1) decomposition, i.e. a foliation of the space-
time manifold into space-like hypersurfaces [78,119]. To do so, we consider 3-dimensional
hypersurfaces %, in space-time corresponding to fixed values of time t. Restriction of the co-
variant momentum map J defined by (20) to such a hypersurface amounts to the restriction
o of fields to X;: this yields [78,99] a map J, whose action on & writes

(‘]t(AJ 7T), g) = J

o*J(&) = f o*(p°” d,ed>x,).
2, =,

Since o*p®” = 1" represents the canonical momentum associated to the gauge field A,, we
obtain
(J: (A, m), &) :J‘ d3xm”0,€. (21)
%

This expression is nothing but the gauge generator for the (Lagrangian) gauge transforma-
tions in Dirac’s formulation of the constrained Hamiltonian system, e.g. see equation (5.15)
of reference [43]. In summary, the restriction of the covariant momentum map (of the multi-
symplectic formulation), that is determined by the invariance of the theory under local gauge
transformations, yields upon a (3 + 1)-decomposition the generator of (Lagrangian) gauge
transformations of the standard Hamiltonian approach — see references [78,99] for other ex-
amples and for the mathematical underpinnings.

As a matter of fact, the extended Hamiltonian of Dirac’s formulation (e.g. see equation (5.9)
of reference [43]) can also be recovered from the multisymplectic approach by considering the
vector field { = g, on P which generates the (3 + 1)-slicing of space-time:

HLCE—J o*igez—J o*[p"da, Aig(d3x,)—Hd?x,]. (22)
b2 2

The details of this calculation (which uses the field equations) are more involved (see [99]
for BF-theories), but one can readily identify in (22) the gauge fixing terms appearing in the
extended Hamiltonian. It should be interesting to explore further if and how all results of
Dirac’s formulation (e.g. see [43] and references therein) are encoded in the multisymplectic
formulation.

3.5 About space-times with boundaries

In this subsection, we will indicate the modifications brought about the consideration of space-
time manifolds M with a boundary d M while following references [120, 121]. In view of
the relations between the multisymplectic and covariant phase space approaches (cf. equa-
tions (158)-(159) below), we mention that some of the underlying ideas and concepts have
been put forward earlier (and applied to quantization) by K. Gawedzki and his collaborators
in their study of sigma models in the framework of covariant phase space [122].

Generalities: For a Lorentzian manifold M endowed with a metric tensor (g,,), the volume

form on M as written in terms of local coordinates (x*) reads voly; = /|g| d"x, but the local
coordinates can be chosen such that vol,; = d"x. With this choice [120], we still have the

>The origin of the name “momentum map” can be traced back to the fact that the invariance of a mechanical
system under translations and rotations leads to momentum maps whose values are given by the linear and angular
momentum, respectively [117,118].
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local expressions encountered in Subsection 3.1, e.g. in equations (4) and (6). If the local
coordinates on M are given by x!,...,x"!, then the boundary term in Eqn. (6), i.e.

Sam EJ au(ng5goa)d”x=f et d" x,, (23)
M oM

reads as follows:
SaM=J n,6p%d"x =0, with TEaETE2|aM, 0= %5 - (24)
oM

(A more precise mathematical formulation is obtained by considering the inclusion map
i:JM — M, ie. by writing the fields on dM as 71'2 oi and ¢ o i, but we will not use
this notation here.)

Expression (24) represents the canonical 1-form on the phase space P,,, over the manifold
9 M which is parametrized by ¢ and 7, and which is encountered in the standard Hamiltonian
formulation (e.g. see Eqn. (D.17) for the symplectic 2-form

E—5@=J 5(p“/\57'cad"_1x, (25)
oM

associated to the canonical 1-form ®). Thus, there is a natural relation between the (variation
of the) action functional for the fields in the bulk of a manifold with boundary and the canoni-
cal symplectic structure on the phase space of boundary fields. We also note that the integrand
j* = nt 6% in expression (23) represents the “symplectic potential” current density: this quan-
tity plays a basic role in the covariant phase space approach, cf. Eqn. (83) below.

Example: By way ofillustration [120] of the general setting based on equations (6) and (24),
we consider the case of real scalar fields ¢ on a n-dimensional space-time manifold (M, g).
More precisely, this manifold is supposed to be globally hyperbolic and to have a boundary d M
given by a Cauchy hypersurface %, i.e. M = ]—o00,a] x dM for some a € R. The boundary
of M is then parametrized by local coordinates (x?,...,x" ) and the phase space of boundary
fields is parametrized by ¢%|5y, and m,|;,, (with n, = 0L/9¢?), the associated canonical
1-form being given by (24). Near the boundary d M (i.e. in a collar U, = ]—¢,0] x d M with
£ > 0 small) one can consider local coordinates t = x° and (x!,...,x"!) where t represents
the time evolution parameter. The space-time line element may be assumed to be given by

ds? = dt? + 2g,;(x)dt dx! —hl-j(x)dxi dx’, in U,=]—¢,0]x3dM, (26)

where (h;;) denotes a Riemannian metric on d M. Near the boundary, we now have an extended
phase space P); which is parametrized by ¢ and 7h, i.e. it involves the degrees of freedom
corresponding to the boundary fields (i.e. to the elements of P;;,;) as well as extra degrees of
freedom which correspond to the transversal components 7'5(11, e ng_l of the momentum vector
field (7t!). We can use the canonical projection p : P); — P, onto the boundary fields to
pull back the 2-form (25) from P, to Py, i.e. consider the closed 2-form Q2 = p*Q on the
extended phase space P,;. The transversal components nlg span the kernel of this presymplectic
2-form {2 since the contraction of Q with the phase space vector fields §/6 7_[1; vanishes, i.e.
is /5ﬁ§fl = 0 (cf. Eqn. (C.40) for the finite-dimensional case and Eqn. (110) below for a detailed
discussion of gauge field theories).

The subset of the De Donder-Weyl equations (4) on M given by the relations
Opt=0H/d n’c‘l presently corresponds to constraint equations on extended phase space while
the other equations describe the time evolution of ¢¢ and ng. Accordingly, the geometric
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treatment of constrained Hamiltonian systems (as outlined in Appendix C.6 for the finite-
dimensional case) applies. For instance, for a single free neutral scalar field (¢%) = ¢ on
the space-time M with line element (26) near the boundary, we have the Lagrangian density

=1g"38,00,p— m; @2, hence " = 3.L£/3(3,¢) = g""3,¢ and

H = 7hd _5_1 n v+m_2 2
=nt9,p =5 guy'm 7 ¢
2

1 . 1 ..
0.0 Onl—ihijﬁlﬁj-i'm?(pz. 27

=gmn + g0iT

In this example, the constraint equations

) .
0=20p— 8:;[1' =019 — goim° +hyn!

can be solved for 7! in terms of the phase space boundary fields ¢ and 7°:
nl = hij(gojno — ;). (28)

The restriction of the extended phase space P,; (parametrized by ¢ and ©*) to the subspace
of fields satisfying relation (28) yields a space C C P,; on which the presymplectic 2-form
() = p*Q is no longer degenerate. Thus, one has obtained a symplectic diffeomorphism between
the boundary phase space Pa,; (endowed with the symplectic form ) and the reduced phase
space C (endowed with the symplectic form {2 which is obtained by restricting Q from P, to
C),i.e.

~ o & . C C Py, defined by relation (28),
(Pow, 2) = (C,G2),  with { Q¢ = (p*Q)| with the projection map p : Py, — Py -

The systematic study of Lagrangian field theories on manifolds with boundary and their
(BV or BFV) quantization has been initiated in reference [121] and developed in the multisym-
plectic [120] and other frameworks while applying it to various classes of field theories (Yang-
Mills theories, gravity, Poisson sigma models, string theory, topological models,...). These
approaches lead in particular to a geometric understanding of boundary conditions [120,123]
(and of their admissibility in gauge field type theories), thereby providing an adequate basis
for the canonical quantization.

3.6 Brief summary

The multisymplectic approach has some quite attractive features from the mathematical and
physical points of view: it relies on a finite-dimensional phase space, enjoys manifest Lorentz
covariance, ensures locality and allows for a global formulation on generic space-time manifolds.
Yet, a definite consensual formulation is still lacking, the construction of observables in generic
theories is still under study [86,124-126] the Poisson bracket does not have all the familiar
properties and a covariant quantization procedure still needs to be elaborated in full detail.

4 Peierls bracket in field theory
The so-called Peierls bracket has been introduced in 1952 by R. E. Peierls [49] in his attempt
to provide a (relativistically) covariant canonical formulation of field theory, e.g. see refer-

ences [21,127,128] for detailed discussions and [129] for an overview of the literature. Since
the notion of simultaneity is not relativistically invariant, Peierls replaced the canonical Poisson
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bracket which involves fields at a fixed time (thus leading to commutators of field operators at
equal times in quantum theory) by a new bracket. Peierls did not consider the case of gauge
field theories which was investigated later on, in particular by B. DeWitt. Our presentation
is mainly based on the comprehensive investigation made by the latter author [21]. In order
to relate the subject to basic and familiar notions and expressions, we start with an elemen-
tary introduction by considering the case of a free neutral Klein-Gordon field ¢ on Minkowski
space-time M = R*.

4.1 Free scalar field on Minkowski space-time

The action functional S[p] = fR4 d*x L(yp, d,p) with L(p,0,¢) = 5 (0"¢)(0,¢) — 2 m? 2
yields the equation of motion (0 + m?)¢ = 0. The basic solutions of this equation are given
by the plane waves ¢(x) o< e*P* with p = (p°,p) and p® = w; = +/p 2+ m2. Thereby, the
general solution of the field equation is a “continuous superposition” of these basic solutions
(e.g. see reference [130]):

3 —ipx ipx : 3~ — d3p

Lp(x):f d°p [ P +apep] , with d°p =
R3

pO=w; (2m)3/2, 205 ’

Here, p — aj is an arbitrary complex-valued function of p € R? which can be viewed as a
functional of the initial values ¢(0,X ) and ¢ (0, X ):

d3x W5 o i
» = _r ep'x 0,)_(' +
P ng @2n)2 [ p ¢ PO

p

(29)

e P¥p0,%)]. (30)

For the field ¢ and the associated canonical momentum n = g—ﬁ = ¢, the canonical Poisson

bracket at fixed time t (in particular at t = 0) is given by expression (D.29), i.e.

{o(t,X),n(t,y)}=6(X-5¥).

For the “annihilation function” ap and the “creation function” af, it follows from (30) that the

previous relation is equivalent to
{ag, a5, } =—i6(B—p"),
p}

sion (29), one readily deduces the classical (so-called Pauli-Jordan) commutator function [131]
for the scalar field :

all other brackets between the functions a; ap, vanishing. From this result and the expan-

(P00, 9 =Glr—y),  with | GGoy=— [ B snpx (31
gs (272 wp pO= s
This bracket of free fields at different space-time points is their Peierls bracket {-,-}p, i.e.
{00, (N} =Glx—y). (32)
Thereby, the Peierls bracket of two functionals F, G of the field ¢ is given by
(% G}p—f d*x f d4y5—() Glx )5:;8)' 33)
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The Peierls bracket has all the properties of a Poisson bracket. At equal times, it reduces to the
canonical Poisson bracket. Yet, by contrast to the canonical Poisson bracket, the bracket (33)
is not universal since it depends on the dynamics by virtue of the commutator function G.

We note that the quantization of the theory proceeds along the usual lines, i.e. by replacing
the Peierls bracket {-,-}, by 1/(if) times the commutator of the corresponding operators, i.e.
for the field operators ¢(x) in the Heisenberg picture we have

[¢(x), $(N]=irG(x — y)1. (34

For x° = y° we now recover the canonical (equal-time) commutation relation

[p(x), ()] x0—=yo = 0. The fact that the function x — G(x) is invariant under Lorentz trans-
formations x ~ x’ = Ax then implies that the bosonic field operators ¢(x) and $(y) commute
if the space-time points x and y are space-like separated, i.e. if (x — y)? < 0 (fundamental
property of local causality in quantum field theory). Instead of the canonical quantization, one
can also consider the so-called deformation quantization [132], e.g. see references [133-135]
for reviews of the latter.

As indicated by the foregoing discussion of classical field theory, the Peierls bracket coin-
cides with the Poisson bracket at different (space-)time points which follows from the standard
Hamiltonian formulation (compare equations (31) and (32)). Yet, it is also defined in the case
where the Hamiltonian formulation is problematic, e.g. for derivative couplings or for non-
local interactions — see next section as well as references [50,53,136] for a general treatment
based on the action functional.

Let us come back once more to the commutator function G for a free scalar field as given
by (31). This function satisfies the field equation as well as specific initial conditions:

Field equation : 0=AG =(O+m?4G. (35)
Initial conditions :  G(0,%)=0,  G(0,%)=—56(%).

Thus, it is a solution of a particular Cauchy problem for the dynamical system under consid-
eration which is described by the hyperbolic operator A = 00 + m2. Indeed, the commutator
function G represents the difference of the retarded and advanced Green functions of the free
Klein-Gordon field:

d®p sinpx

G = Gret - Gadv’ with Gret(x) = _G(XO)

> Gadv(x) = Gret(_x) .

po=wj

re 27 wp

(36)

Here, 0 denotes the Heaviside function and we have AG,, = —6 and AG.4, = —0 where &
denotes the Dirac distribution. The generalized function G, satisfies the initial conditions
Gree(0,%) = 0 and G, (0", %) = —5(X) (where the coefficient (—1) reflects [137] the coeffi-
cient (—1) of 87 in the operator —A = —32 + A —m?). By abuse of terminology, the function
G which solves the homogenous equation AG = 0 is sometimes referred to as causal “Green
function”, see reference [138] for a general discussion of Green functions on a Lorentzian
manifold.®

4.2 Generic field theories

Our starting point is a classical field theory whose dynamics is described by an action func-
tional S[¢]. For concreteness and simplicity, we consider a collection ¢ = (¢?) of real-valued

®We note that the relative sign in the definition (36) of G depends on the global sign which is chosen in the
definition of G,,, or, equivalently, of the operator A.
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classical fields ¢ on Minkowski space-time M = R" = R?*!, but we emphasize that the pre-
sentation given in this section generalizes to fields viewed as sections in a non-trivial fibre
bundle E over a Lorentzian manifold M which is globally hyperbolic [21]. An important point
will be that time does not play a particular role in this approach, hence it provides manifestly
covariant expressions which are useful in different approaches to quantization, in particular
the functional integral formulation [21] and the rigorous perturbative quantum field theory
approach [50].

4.2.1 Jacobi fields, Jacobi equation, Jacobi operator

For a given solution ¢ of the field equation (i.e. 55—;[(;7] = 0 for all a), we consider a neigh-

boring solution ¢ + d¢: we have ;;H [p+6¢p]=0if 6y is a solution of the

linearized equation of motion: f d"y 70189 (y) =0, 37)
M
where
528
T ] = =[] (38)
ab 5pa(x)6pP(y)

In the literature, the variation (6 ?) is referred to as Jacobi field (relative to the on-shell field
), the linearized equation of motion (37) as Jacobi equation (or homogeneous equation of
small disturbances) and the expression (38) as Jacobi operator.

By way of example, we consider a collection of non-interacting scalar fields ¢ of equal
mass m, i.e. the action functional

1
S[so]=§f d"x (0% 9,9 —m>p?p?). (39)
M

In this case, the Jacobi operator has the simple expression

T lp]l= =64 (@+m*)5(x—y),

a

and thereby the Jacobi equation (37) has the same form as the equation of motion of ¢¢,
namely (04 m?)5p® = 0.

4.2.2 Peierls bracket

Small perturbation of the action by another functional: Let ¢ — A[¢] be a real-valued
functional and ¢ € R a small parameter. We view gA[ @] as effect of a weak external agent
producing a small disturbance S[¢] » Ss[¢] = S[¢]+ €A[¢] of the action functional S[¢].
Let ¢ be a solution of the equation of motion determined by S[¢ ] and ¢ + & ¢ a solution of the
equation of motion determined by Sy[¢], i.e. g;ﬁ [¢ +6¢] = 0: expansion of this equation to
order ¢ yields the so-called inhomogeneous equation of small disturbances or

6A
5pe(x)

inhomogeneous Jacobi equation: J d"y T Tel 69 (y) =—¢ [¢]. | (40)
M

E.g. for the action of free scalar fields given by (39), the inhomogeneous Jacobi equation
writes
6A
€
5p?(x)

(O+m?*)5e?(x)=— [o]. (41)

21


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.77

SCIl SciPost Phys. Lect. Notes 77 (2023)

The latter equation represents an inhomogeneous linear partial differential for the Jacobi fields
6 ¢ and in the following we are interested in the solution of this equation and, more generally,
in the solution of Eqn. (40) for 6 ?. A particular solution of the inhomogeneous Jacobi equa-
tion can be obtained by the method of Green functions: if the Jacobi operator is invertible,
i.e. admits a Green function, then the convolution of the latter with the inhomogeneous term
yields a solution of the equation. As we will discuss below, the existence of a local invariance
of the action S[¢] implies that the Jacobi operator is not invertible so that some extra work is
required for applying the method of Green functions. Henceforth, we first investigate the case
of field theories which do not have local symmetries like the model described by (39) which
leads to Eqn. (41).

Field theories without local symmetries: Consider an inhomogeneous Jacobi equation
like (41) for which the Jacobi operator admits a Green function. For a hyperbolic operator
like 00 + m?, we will consider the retarded Green function G, = G~ and the advanced Green
function G, = G¥, i.e.

f d"y T2 191G lel=—6] 6(x —2), (42)
M

and the corresponding boundary conditions for the regular distributions G*. Then, we have
the following particular solutions of the inhomogeneous Jacobi equation:

5A
590*“(x)=8f d"y G3Plv] (43)

. b))

We note that the symmetry of the Jacobi operator (38), i.e. the relation jaxb’y = jb};;x, implies
the

reciprocity relations for the Green functions: Gf‘)‘,b = G;,Fl;(a . (44)

Now, let ¢ — B[] be another real-valued functional. The small disturbance ¢ ~» p+5p*

(caused by the change of action functional S[p] ~» S\[¢] = S[¢p]+ €A[¢]) induces a small
change of B:

Blp]w Blpl+6*B[¢],  with 5iB[<p]=f anx 28 [p]15¢™%(x).

M op%(x)

After substituting the explicit expression (43) of &p*%(x) into the latter expression and using
the reciprocity relations (44), we find that

6A OB
5*Bl¢]=¢D*B, with DIB= J d“xf d"y G¥ab ) (45)
A A y u o 8pa(x) %Y 5pb(y)
For these expressions one uses the following terminology:
D, B : retarded effect of Aon B, (46)

D;B : advanced effect of Aon B.
Concerning the Green functions we recall that

G’;"; = G;‘;,b — G;‘}’,b = commutator function.

22


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.77

SCIl SciPost Phys. Lect. Notes 77 (2023)

The Peierls bracket of the real-valued functionals (observables) A and B is now defined
by

A . 5A
{A, B} ED+B—D_B=f d”xf d"y Gab , (47)
P A A Iy Iy 5(,0‘1()() X,y 5<,ob(y)

where we substituted the foregoing equations to obtain the last expression. Obviously, we
have

{920, " (1} =G5 (48)

For a free scalar field (¢, the results (47)-(48) reduce to those given in equations (32)-(33),
the explicit expression of G being then given by (31).

Field theories with local symmetries: We now consider an action functional S[ ¢ ] which is
invariant under local symmetry transformations that are described at the infinitesimal level by

e(x) » 9 (x)+09%(x),  with 5@“(X)=J d"y Qi(x,¥)E (). (49)
M

Here, x — £"(x) represents a smooth real-valued function (of compact support or appropriate
fall-off properties) and, for the physically interesting cases, the expression Q7 (x,y) has the
form

Q(x,¥) = Q) (x) 6x—y) +Qh (x) 3,5(x —¥), (50)

where the coefficients Q are typically functions of the fields and their first order derivatives.
The invariance of the action functional S[ ¢ ] writes

0S oS
:5 = dn 5 a = dn dn a r .
0=25S[y] JM X 5o 0 (x) JM XJM Y 5o Qr(x,¥)E(¥)

Since this identity holds for any function £", we conclude that the local invariance of S[¢] is
tantamount to the so-called

68
6p(x)

Noether identities : 0= f d™x QM(x,y). (51
M

In fact, Noether’s second theorem states that there is a one-to-one correspondence between
gauge symmetries and Noether identities — see Section 7.3 for more details and some explicit
examples, in particular YM-theories and general relativity.

Any invariant, real-valued functional ¢ — A[¢] is referred to as a physical observable
(though this does not necessarily mean that it represents a measurable physical quantity).
Thus, in a theory without local symmetries, any real-valued functional is an observable and
thereby the Peierls bracket (47) then represents a well defined bracket for these observables.
We now wish to discuss the definition of the Peierls bracket for the case that we have a local
symmetry of the action functional, i.e. the identity (51). First, we note that by functionally
differentiating the identity (51), we get the relation

J d"x J(fb’y Q%x,y)=0, on-shell (i.e. for % =0). (52)
M
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This equation simply expresses the invariance of the linearized equations of motion. The
relation also means that Q7 (x,y)&"(y) is a null eigenvector (i.e. eigenvector associated to
the eigenvalue zero) of the Jacobi operator J(fb’y . By way of consequence, this operator is
not invertible in a theory with local symmetries and thereby does not admit Green functions.
To overcome this problem, we note that for any solution of the inhomogeneous Jacobi equa-
tion (40), the field ¢+ 6 ¢ (with 6 given by (49)) is another solution. This redundancy can
be removed by imposing a gauge fixing condition for the on-shell invariance of the linearized
equations of motion: For the small disturbances, we impose the so-called

supplementary condition : 0= f d"x Pr(x) 6p%(x), (53)
M

with
PI(y)=[M"(x)3, + N/ (x)]6(x — ),

where M and N are functions of (? and 8 gob. The operator
FY = 750 4 PO RS P(Y),

then has the same symmetry properties as jjb’y , i.e. F;l;y =F g’(’lx. Moreover, with an appro-
priate choice of M,N and x, and with the assumption that all null eigenvectors of j;b’y are
of the form Q%(x,y)&"(y), the operator F;l;y is invertible. When the supplementary condi-
tion (53) is imposed on the small disturbances d¢, we can obviously replace j;l;y by F;l’)y in
the inhomogeneous Jacobi equation (40).

In conclusion, we now have the same set-up as for a theory without local symmetries.
Accordingly, the Peierls bracket {A,B}, of any two observables A,B is again defined by (47)
where the Green functions are now the ones of the operator F;Z’)y . One can then show [21] that
D:B (and thereby {A, B};) does not depend on the choice of M, N, k and that {A, B}, is again
a physical observable. Moreover, the Peierls bracket {A, B}, is not changed by adding a linear
combination of equation of motion functions to A, B:

A= A+fMd”x a%(x) == &p (X),

(54)
B= B+fMd" b“(x)&p o

{A,B}, ={A,B};, for {

where the functions a% b® have appropriate fall-off properties. This implies that the use of
Peierls brackets commutes with the application of on-shell conditions. If no local symmetries are
present, then the real-valued fields ¢%(x), p°(y) are themselves physical observables, hence
their Peierls bracket is given by (47) which yields (48).

Concluding remarks: The elimination of the zero modes originating from local symmetries
manifests itself in slightly different disguises in alternative formulations of the theory: we
discuss it in the framework of symplectic geometry in Appendix C.6 and in the covariant phase
space approach in Section 5.1.

The action functional S[¢] = fM d"x L(p,d,p) is equivalent to the action functional

S[p,n]= J d"x [ngaucpa —H(p?, 755)] ,
M

see equations (3)-(5): in Subsection 5.2.2, we will use this form of the action to investigate
the relation of the Peierls bracket with the symplectic 2-form appearing in the covariant phase
space approach to field theory. Finally, we note that a generalization of the Peierls bracket
for non-Lagrangian field theories can be introduced [139] by using the concept of Lagrange
anchor.
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4.3 Geometric symmetries and conservation laws

As before, we only consider bosonic fields so as to avoid the issue of signs related to anticom-
muting variables as well as the introduction of tetrad fields upon coupling to gravity. We are
interested in the local conservation laws associated to geometric symmetries and in the corre-
sponding algebra of conserved charges for bosonic matter fields (¢“). These can be obtained
by coupling the matter fields to gravity described by a metric tensor field g(x) = (gw(x))
and by considering the (conformal) Killing vector fields for this metric. (The coupling of mat-
ter fields to gauge fields as well as more general instances can be discussed along the same
lines [21].) We first present an elementary account illustrated by concrete examples before
applying the description of local symmetries outlined above to the case of diffeomorphisms of
the space-time manifold (M, g).

Basic example: For concreteness, we focus on a free, neutral, scalar field ¢ of mass m coupled
to gravity: the dynamics of this field-theoretic system is determined by the action functional

1
S[¢,0]=Sgala]l+Sule, 0],  with Sgrav[g]Eﬂj d"x +/|g|R (55)
M

(where g = det g and x = 8nG, G being Newton’s constant), and

sM[qs,g]z%J d"x /g1 [(7#6)(9,9) —m? ¢]

M
=%J a"x /1l [¢""(3,8)(@,¢)—m* $2] . (56)
M

Here, V,, denotes the covariant derivative (of tensor fields) with respect to the Levi-Civita-
connection. The equations of motion of the metric field components are Einstein’s field equa-
tions:

5S  0Sgay L OSu _ Vsl

0= 5gm — ogn Togn 2k (Guy +xTys), e Guy=—xTy,  (57)

with

Vigl  08&uv

Here, G, represents the Einstein tensor and T"” is the so-called metric or Einstein-Hilbert
EMT (in curved space). The identity VG, = 0 now implies the “covariant conservation
law” V,TH” = 0 for the solutions of Einstein’s field equations, this relation representing a
consistency condition for the field equations (57).

We note that the action functional (56) yields the following explicit expression for the EMT
of the scalar field ¢:

1
Guv = R;w - 5 g;,wR, TMV[¢’ g] = (58)

T = (VRN )~ g Ly, with Ly = [(OUT,0)-m9?]. (59)

This expression is symmetric in its indices (as a direct consequence of its definition (58)) and it
is covariantly conserved (by virtue of the equation of motion of ¢ which reads (V#V +m?)¢ =0).
Moreover, this EMT is traceless for a massless field in two space-dimensions since we have, for
m=0,

2_
TH, =g, T"" = T” (VA )V ,u). (60)
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In this respect, we mention [140] that tracelessless of the EMT may be ensured for the free
massless field ¢ in any space-time dimension n > 2 if one considers the non-minimal confor-
mally invariant coupling of the matter field ¢ to gravity: the latter consists of adding to the
matter field Lagrangian density £, the term —3 5 .R¢? where R denotes the curvature scalar

and £, = ‘1‘ = %, i.e. one considers the Lagrang1an density

Lont = 5 (7027, £,k ]. (6)

The EMT of ¢ is then modified by some extra curvature dependent terms [140], the resulting
expression being denoted by Tc‘g Kf

Geometric symmetries: The properties of the EMT for the matter field ¢ can be better
apprehended by treating the metric field g as a fixed background field g, i.e. an important
instance for real physical situations [21]. Then, we do not have a dynamical term for gravity
in the action functional, henceforth the latter reduces to the one of the matter field ¢ coupled
to the external gravitational field: S[¢,g] = Sy;[¢,9]. The EMT now represents the variation
of the total action with respect to the external gravitational field:

1= 7 )

The covariant conservation law V,, T#" = 0 may presently be viewed as a consequence of the
invariance of the action under dl]ffeomorphlsms. a diffeomorphism x* ~» x*(x) ~ x* — £H(x)
is generated by a smooth vector field £ = £/J,, and acts on the metric tensor field as

5§guv:vy£v+vv£u~ (63)

From the invariance of the action under infinitesimal diffeomorphisms and the use of the
equations of motion of matter fields it follows that

(62)

9=9

oS oS
0=6:;S=| d"x 5¢+ o8
3 JM (5¢ 3 g 5.‘“’)

NO

68
=] d"x PAVARS
fM o8y rer
=f d"x /gl &,V,TH. (64)
M

From the arbitrariness of &, one thus concludes that V,, T#” = 0 for the solutions of the matter
field equations. Similarly, the tracelessness of the EMT for a free massless field ¢ in two space-
time dimensions follows from the Weyl invariance of the action, the Weyl transformation (or
Weyl rescaling) of metric and scalar fields being defined for n > 2 by

i =
guv:ezog,uv’ p=e772¢, (65)

where o denotes a smooth real-valued function: with 6,¢ = 0 for n = 2, we have

oS 6S
0=06,S= J d?x —— 858uv = J d?x 208,y, hence 0=g,,T"" =T,
M 5guv M 5gpw

For a generic value of n, the action functional associated to the Lagrangian density (61) for a
massless scalar field is also invariant under diffeomorphisms as well as under the Weyl rescal-
ings (65) and thereby the corresponding EMT Tc‘é Ef is symmetric, covariantly conserved and
traceless according to the previous line of arguments.
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Conservation laws: Let us again come back to the general framework (55)-(59) of a matter
field ¢ which is minimally coupled to a dynamical gravitational field. As noted after Eqn. (58),
the covariant conservation law V, T#” = 0 merely represents a consistency condition for Ein-
stein’s field equations on curved space. Yet, in some cases, an ordinary conservation law
0,(...)" = 0 can be derived from V,T#” = 0. In particular, this is the case if the space-time
manifold (M, g) admits conformal isometries described at the infinitesimal level by conformal
Killing vector fields (CKVF’s), i.e. solutions £ = g“é’“ of the

2
conformal Killing equation : V€, +V,E, = - (V&P guy- (66)

This case includes the one of isometries described at the infinitesimal level by Killing vector
fields (KVF’s), i.e. solutions £ = 5“3u of the

Killing equation : VHEV + vau =0 (i.e. Sggw =0). (67)

More precisely, we consider the

current density associated with a CKVF & = &4, : jg =THE,, (68)

where T"” are the components of the EMT of the matter field. Since the EMT is symmet-
ric, covariantly conserved and traceless (for a free massless scalar field ¢ in two space-time
dimensions), we have

. 1 1
V,ufg =(V,T")E, +TH(V,E,) = 2 T (V,E,+V,8,) = n (Vp8°) TH, =0. (69
—— — ~
~0 :%(vpép)gp,v =0

By virtue of the general relation V, jg = ﬁ (v gl jg ), we thus have the
g

local conservation law : 3,(v gl jg )=0, (70)

for the solutions of the field equations.

For the conformally invariant coupling of a massless scalar field ¢, the calculation (69)
holds true for any value n > 2 if one replaces T*” in the current density (68) by T(i flf. By
virtue of Eqn. (69), we also have the result V,, jg = 0 if the EMT T"” is not traceless provided

we limit ourselves to a KVF & in the expression for jg .

Example of Minkowski space-time: In general, space-time manifolds (M, g) do not admit
any conformal isometries, i.e. there are no non-zero CKVF’s. However, a maximal number
% (n+1)(n+2) of such symmetries exists in flat n-dimensional space-time (R", ). In this case,
the covariant derivatives V, reduce to the ordinary derivatives J, and the total Lagrangian
density describing the dynamics of the matter field ¢ becomes £ = % [(8“ $)(0,9)— m2¢2].
The EMT (59) then reduces to the so-called canonical EMT Tc‘flz (of a scalar field in Minkowski
space-time) which reads

Tty =(0"9)(@"d)—n""L. (71)

can

If one considers the conformally invariant coupling of a massless scalar field ¢ to gravity
(as given by the Lagrangian density (61)), then the extra curvature dependent terms appearing
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in the corresponding EMT T“ Y ¢ contribute an additional term to TL? in the flat space limit.
More precisely, T“ reduces to the so-called new improved or CCJ EMT [141],

1n—
4n—1"

N

T =Th —&,(0"0"—n""D)¢?,  with £, =

conf = “can

(72)

This expression differs from the canonical EMT (of a massless field) by a superpotential term,
see Eqn. (240) below for a general discussion of such terms. (Here, we put forward the re-
sult (72) which is not explicitly addressed in reference [21] and we refer to [142] for further
details concerning the new improved EMT.)

For Minkowski space-time (R",7), the general solution of the conformal Killing equa-
tion (66) reads

§H=au+ewx”+pxu+2(c-x)xu—cuxz, (73)
where q,,p,c, and ¢,, = —¢,, are constant real parameters. More precisely, the variables
Ay €y parametrlze 1nﬁn1tes1rna1 Poincaré transformations (i.e. KVF’s) and p labels scale trans-

formations (dilatations) while (c,,) labels special conformal transformations (SCT’s) which are
also referred to as conformal boosts. The set of these infinitesimal transformations represents
the Lie algebra of the conformal group associated to (R", ), this Lie group having the dimension
3 (n+1)(n+2).
By virtue of equations (68) and (69), we have conserved current densities
=T, if £ = KVF, (74)

can

=T.&,, if £ = CKVF and ¢ = massless field.

con

These results represent the so-called Besselhagen form of the conserved current densities asso-
ciated to the Poincaré group and to the conformal group of (R",n), respectively [142,143].
As it is always the case, these current densities are determined up to improvement terms,
see Eqn. (240) below.

Background field approach and Peierls bracket of charges: While relying on the elabo-
rations and on the notation of reference [21], we now present general results (for the scalar
matter field coupled to gravity) and relate them to the explicit expressions that we discussed
above. More general physical situations can be addressed along the same lines by decom-
posing fields into a background field configuration and a finite disturbance according to the
background field approach to field theory [21].

The local symmetry transformation (63) of the metric field under an infinitesimal diffeo-
morphism x* ~» x*(x) ~ x* — £¥(x) has the general form (49)-(50) with a = (uv) and
r=o:

58uy(x) = f d"y 1WQo(x,¥)E7(y),  with  ,,Qu(x,¥) =gu:(¥)V,0,6(x—y)+(u— 7).
M
(75)

Now suppose that the scalar matter field is coupled to a gravitational background 3 We again
denote the response (62) of the dynamical system to the variation of the metric by T*” (this
setting including the particular instance where T*” = T(ff) vf is the EMT for the conformally
invariant coupling of a massless scalar field to gravity). Moreover, let us suppose that the
background metric g admits some linearly independent CKVF’s K, = K“ d, labeled by the

index A. With expression (68) in mind, we presently consider the followmg current densities
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ja=( jz ) associated to the matter field coupled to the background metric:

1 _
current densities : P = 2 TP poQpy: Ky - (76)

In the latter expression, Q(l) represents the derivative term of the symmetry transforma-
tion (75) (see expansion (50) of Q), e.g. for the flat space metric § = 1 we have
PUQE}DT =1,: 6, +(p <> o). By construction, the current densities j, = ( jx ) satisfy the

local conservation laws : )

N jﬁf =0, on-shell. (77)

Their integral over a complete space-like Cauchy hypersurface 3 (or a smooth local deforma-
tion thereof) yields

conserved charges : Qu= J dZM jf:. (78)
X

The latter are independent of % (by virtue of the local conservation laws (77)) and they rep-
resent physical observables.

The set of all CKVF’s defines a Lie algebra, the commutator being the usual Lie bracket
of vector fields. If f,3¢ denotes the structure constants of this Lie algebra (with respect to a
basis {K,} of complete CKVF’s K,), then one can show (by a tricky calculation which involves
a delicate use of the kinematics of Green’s functions [21]) that the linear space of conserved
charges (78) endowed with the Peierls bracket defines a Lie algebra which is homeomorphic to
the Lie algebra of CKVF’s:

algebra of charges : {Qa,Qplp = fa¢ Qe (79)

Exponentiation of this (finite-dimensional) Lie algebra of charges yields a Lie group which is
referred to as charge group. The existence and structure of this group is determined by the
special symmetries characterizing the background metric 9: the group depends on the choice
of background by virtue of the CKVF’s. For further discussion we refer to the work [21] whose
author also provides a general expression for the conserved charges Q, as an integral over an
(n— 2)-dimensional surface at spatial infinity (cf. pages 90-92 of reference [21]).

Here, we only come back to the particular instance of a flat background metric, i.e. to
the explicit expressions for the conserved current densities that one recovers from the general
formula (76) for the case of a massless scalar field ¢ on Minkowski space-time (R", 7). The
CKVF’s K, = K7 9, presently have the following explicit expression (cf. (73)):

translations : K, EKg 0y = 5380 =0y,
Lorentz transformations : Ky =K],05 = (M:65 —M1:6,)x 05 = X0, — x50y,
Dilatations : K =K*"9,=x"9,, (80)

. N 1
conformal boosts : K EKJ@,, = (xuxv —5 5ﬁx2) g,.
The corresponding conserved current densities ( jg ) have the Besselhagen form (74),
- 1
juv:tuv: julv:x,utlv_xltp,v: ]-,u:xvtvu’ j,u:xp,xatov_ixztuv) (81)

where t*” = Tc% ;f denotes the new improved EMT given by Eqn. (72).
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4.4 Mathematical underpinnings

Some twenty years ago, a new (and mathematically rigorous) algebraic approach to classical
relativistic field theories [11] and to their perturbative quantization and renormalization [ 144 ]
was put forward by R. Brunetti, M. Diitsch, K. Fredenhagen, S. Hollands, K. Rejzner and
R. Wald with some advice by R. Stora (cf. foreword of K. Fredenhagen to the monograph [50]).
In the sequel, this approach was further elaborated as well as reviewed, e.g. see [11,50, 145]
and references therein. One of the main goals of this formulation is the precise definition
and construction of local observables on globally hyperbolic space-times. A basic ingredient
is given by the Peierls bracket and the deformation quantization based on this bracket. In
this context it was rigorously proven [11] that the Peierls bracket represents a Poisson bracket
(see also reference [53] for related considerations). The case of space-time manifolds with a
boundary will be commented upon in the next subsection.

4.5 Commutator function and Peierls bracket on manifolds with a boundary

On a Lorentzian manifold (M, g) with a time-like boundary d M, the commutator function
G = G, — G,y Of a scalar field does not only satisfy the field equation and the characteristic
boundary conditions (i.e. the generalization of equation (35) to (M, g)), but it also has to
satisfy eventual boundary conditions that are imposed on the boundary d M (e.g. Dirichlet,
Neumann, Robin,... conditions) [137]. Even for the simple case of a free real scalar field one
cannot generally expect the existence and uniqueness of retarded/advanced Green functions
(of the Klein-Gordon operator O + m? with O = g"”d,0,) on a generic space-time manifold
M with a time-like boundary. And even with the additional assumption that this manifold is
globally hyperbolic [146], general results do not appear to exist to date [ 147]. However, with
this assumption uniquely defined Green functions have been constructed [148] for a certain
number of instances of physical interest (like AdS space-times or Casimir effect configurations).
In general, this construction uses appropriately chosen Fourier mode expansions.

The definition of the Peierls bracket in terms of the commutator function (cf. Eqn. (47))
on space-times with a boundary requires a careful choice of functional spaces, e.g. see refer-
ences [13,147,149]. The degeneracy of the Peierls bracket for Abelian gauge fields on a man-
ifold with boundary has been addressed in particular for the Aharonov-Bohm configuration,
i.e. for the outside of an infinitely long solenoid containing a constant magnetic flux [150].
This degeneracy of the Peierls bracket leads to a quantum theory with a non-local behaviour
which can be related to the Gauss law of electromagnetism. Yet, this physical system requires
a subtle analysis of the notion of gauge equivalence, see reference [150].

5 Covariant phase space approach

For a Lagrangian system in classical non-relativistic mechanics defined on a configuration space
parametrized by (q'), the phase space is parametrized by local coordinates (g, p;) which can
be viewed as the values of position and momentum at a given time, say t = 0. This description
referring to a fixed value of time is not manifestly covariant, in particular in the case of classical
field theory where one considers the Cauchy data of fields on some space-like hypersurface in
space-time (i.e. one relies on the introduction of the splitting of space and time). Yet, the
initial data (g, p;) determine a unique trajectory of the dynamical system by virtue of the
classical equations of motion and thereby the set Z of all solutions of the equations of motion
can be viewed as a covariant definition of phase space [3,4,56-59]. The geometric set-up can
be illustrated for instance by the harmonic oscillator X + w?x = 0 (with unit mass so that
p = x). For a given energy, the trajectory in phase space parametrized by (x, p) is given by an
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L T T S cauyey g

Figure 2: Covariant phase space of harmonic oscillator.

ellipse. In the course of time, the particle winds around this ellipse: in the extended velocity
space V = R x R? (with coordinates (t, x, p)), we thus have a helicoidal motion, see Figure 2.

There is a one-to-one correspondence between the space Z of all solutions of the equation
of motion (referred to as the space of motions by J.-M. Souriau [57]) and the space V, = {t} xR?
(the “nontemporal” phase space [57]) for any fixed value t of time.

Starting from this view-point for classical mechanics or field theory, we can choose a par-
ticular system of coordinates/fields and a solution of the equations of motion written in terms
of these variables: the initial values of this solution are then uniquely defined and they cor-
respond to the usual non-covariant description of phase space.” We note that in the case of
field theory where the phase space coordinates (apa(t, X),m,(t, % )) are given by fields defined
on space-time, one has to take into account (e.g. for the discussion of geometric structures
like Poisson brackets or symplectic forms) the regularity properties and the boundary condi-
tions characterizing the X-dependence of these fields. The latter conditions are mathematical
choices [151] which generally depend on the physical system under consideration, e.g. we
may have a decreasing-type condition, a quasi-periodic-type condition or a finite density-type
condition [151]. We will generally suppose that we have fields decreasing sufficiently fast for
|X | — oo, but we will also make some comments on the periodic case for the KdV equation
in Appendix D.4.

In the following we will discuss this point of view in more detail for classical relativistic
field theories while assuming that the equations of motion of the dynamical system are given
by the Lagrangian equations.

’For mathematical subtleties concerning the equivalence of the different interpretations of phase space, we refer
to [52]. E.g. the space-time manifold should be assumed to be a globally hyperbolic Lorentzian manifold so as to
ensure the existence of Cauchy surfaces (and thereby of Cauchy data) in it.
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5.1 Symplectic structure in covariant phase space

In the context of field theories, the covariant phase space approach goes back to the work [3,4]
and was reinvented later on [58,59] with further elaborations for instance in references [38,
60-62,152,153]. The cohomological method for the derivation of conservation laws in dif-
feomorphism invariant theories which was put forward in this framework by R. Wald and
his collaborators [63-65] as well as the related cohomological method of G. Barnich and
E Brandt [154] (see also [155-157]) which relies on the variational bicomplex have found
many applications for field theories with local symmetries in flat or curved space-time, e.g.
see [74,158] and references therein. These cohomological approaches to conservation laws
will be discussed in Section 7. In the following, we will present the covariant phase space ap-
proach in elementary terms and then relate it to the other approaches (Subsection 5.2 and Sub-
section 5.3). As we will see, the construction of the symplectic structure on covariant phase
space (see equations (84)-(90)) as well as of the associated Poisson structure (see Eqn. (172))
essentially relies on the Lagrangian defining the field content and dynamics of the theory. The
construction does not refer to the non-covariant canonical approach and thereby leads to co-
variant results even in the presence of local symmetries. Besides the symplectic structure, we
will discuss the conservation law of energy and momentum for Yang-Mills theory and general
relativity within the present approach. As we will subsequently see in Section 6 (and in par-
ticular in Section 6.4), a mathematically rigorous formulation of the covariant phase space
approach is provided by the variational bicomplex.

Our starting point is a relativistic first order Lagrangian field theory on a space-time mani-
fold M. Thus, we have a Lagrangian density £(¢“, 3,,p") depending on a collection of classical
relativistic fields ¢ : M — R with a € {1,...,N}. To start with, we consider n-dimensional
Minkowski space-time M = R" parametrized by coordinates x = (x*) = (t,X) while sup-
posing that £ does not explicitly depend on x and that all fields and their derivatives fall off
sufficiently fast at spatial infinity. As usual, the Poincaré invariant action functional is denoted
by S[¢] = fM d"x L(p“,0,p"). The case of curved space-time will be addressed in subsec-
tion 5.1.2 and the formulation in terms of differential forms on space-time will be discussed
in the framework of the variational bicomplex in Section 6 as well as in Subsection 7.7.

5.1.1 Lagrangian field theory in Minkowski space-time

Generalities: An infinitesimal variation of fields at fixed x (‘vertical’ or ‘active’ transforma-
tion),
Ux) » pU(x)+6¢(x),

induces the following variation of the Lagrangian:
oL oL

09+ ——
dpe 2(9u9")
From 69,¢% = §,6¢" and application of the Leibniz rule to the last term of the previous
equation, it follows that

6L(p%,0,p%) =

69,$°.

6S
6L = e 69+ g, j* (“first variational formula”), (82)
12
where ;;a = a"iﬁl — 8H(%) is the equation of motion function and where we have the
so-called

oL .

“symplectic potential” current density = —=06¢p°,
3(,9%)

ie. | jH=mnbope.

(83)
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In the last equality, we substituted the definition of the canonical momentum vector field
b=or/ 3(9,$“) associated to the field ¢, see Section 3.1. In this respect, we recall that
the Lagrangian equations of motion are equivalent to the covariant Hamiltonian equations (4)
which involve the momentum vector field .
By definition, covariant phase space Z is the infinite-dimensional space of solutions

¢ = (9%, 1),

of the covariant Hamiltonian equations (4). Accordingly, we rely on the view-point (9) which
we already considered in the multisymplectic approach to classical field theory. We interpret
the variation 6 as a differential on this infinite-dimensional space (commuting with J,,). Thus,
5¢% and 57 represent odd elements of the differential algebra Q°(Z) = @,z (Z) of all
forms on Z (where QP(Z) = 0 for p < 0), this space being endowed with the exterior product
denoted by A. The differential 6 acts on O-forms on Z, i.e. on functionals F : Z — R according
to

— n oF
(5F)(¢)=fMd x5¢>(X)5¢( X

Quite generally, application of 6 to a p-form on Z yields a (p + 1)-form. The linear operator 6
satisfies the

graded Leibniz rule: S(PAQ)=6PAQ+(—1)%8Pp A 5Q,

and it is nilpotent, i.e. 62 = 0. We refer to Appendix D for a more detailed discussion within
the standard approach to the canonical formulation which is based on the view-point (8).
If we apply the differential § to the 1-form (83), we get the so-called

(pre-) symplectic current density: JH=—6j=06p" ASTH. (84)

By definition, J* is 6-exact, hence &-closed, i.e.

6J4=0. (85)

An important property [159] of the current densities (j*) and (J*) is their independence
of the choice of fields ¢®. More precisely, the current densities (j*) and (J") are invariant
under point transformations in covariant phase space, i.e. under invertible transformations
%~ p’® = ®%(p) which do not involve derivatives of fields:

o~ 0 =d(p) = =i I, = (86)

Indeed, under such a transformation, the differential 6p® changes contravariantly with the
Jacobian,

ko

dpb’

(6% =69 = T% 650", with J% =

and so does J,¢“: (9, cp“)’ 3 24 () =T, Mcp Hence, the field i = a(g o transforms

covariantly (i.e. (n ) = aq>a t b) which implies that the current densities j* = =, ks ¢ and
J¥ = —6j" are invariant under the considered transformations.
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Going on-shell: By applying 6 to the covariant Hamiltonian equations (4), we obtain the
linearized equations of motion,

oH EEY) GRSy
8,00= L s 3 (59 = -2t _goby STt _sov
W T P W09 =5 im0 amyamt
oH 223 EEY
o, =— 9,(6m")=— Spb— s’ 8

As a function of x, the (pre-)symplectic current density (J*) given by (84) is conserved by
virtue of the linearized equations of motion (87) and the fact that the monomials 6 ¢ and
5l are anticommuting entities:

It = 0,(5p)AETh + 59" A G,(6m) =0,  on-shell. (88)

Thus, we have the

structural conservation law: 9,J* =0, on-shell. (89)

The qualification of this relation is chosen by analogy [160] to the corresponding relation
9,(dg* A dp,) = 0 which holds for the solutions of the Hamiltonian equations of motion in
classical mechanics and which states that the symplectic form dq® A dp, on phase space T*Q
is conserved in time for any Hamiltonian function H(q, p ).

We note [161] that the result (89) can also be derived directly from the first variational
formula (82), i.e. 6L = J,,j* on-shell, by using the nilpotency of &:

o, J" = 9,(—6j")=-6(0,j")=—-6(5L), on-shell.

Finally, one defines the

. _ : __ 1 .

(pre-) symplectic 2-form: | Q= fz dx,J", | with d%, = m ey, AXH2 N Adxtn,
(90)
where % C M is a space-like hypersurface (having dimension (n — 1)) and ¢, .., are the

components of the Levi-Civita symbol in flat space normalized by &g;...(,—1) = 1 [154]. For
instance, for the particular choice of hypersurface t = constant (particular Lorentz frame), we

obtain
QEJ dqu“ZJ dxl---dx”_1J°=J d"x g0, (91)
PN = Rn-1

Substitution of (84) shows that the 2-form  then takes the canonical expression
Q :f d"x @ AST,, (92)
]Rn—l

where 7, = ng is the usual conjugate momentum associated to the field ¢?. If there are
no constraints (relations for ¢¢, 7, of the form (¢, ) = 0), then (92) leads to the canonical
expression for the Poisson brackets, see equations (D.7)-(D.17) of Appendix D. In the presence
of local symmetries, i.e. first class constraints (e.g. in electrodynamics, (¢¢) is given by the
gauge potentials (A*) and we have the first class constraints 1, = 0 and d'm; = 0), one has
to reduce the phase space and introduce the induced symplectic form Q. in order to obtain
Poisson brackets, see equations (105)-(106) below.

phys
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Figure 3: Two space-like hypersurfaces extending to spatial infinity.

By construction, the 2-form Q (associated to the Lagrangian field theory under considera-
tion) is closed, i.e. 5Q = 0. Moreover [58], it follows from the on-shell relation g,J* = 0 and
Stokes theorem that the given expression for 2 is independent of the space-like hypersurface %
which is considered for its definition (assuming that fields fall off sufficiently fast at space-like
infinity): For the proof (see Figure 3), one considers two space-like hypersurfaces ¥, >’ and
integrates d,J* over the volume B C R" bounded by %, ¥’ and space-like infinity (where J*
vanishes), i.e.

on-shell : 0=f d™x 8HJ“=§ dZMJ“=f dZHJ“—J dx,J" +0. (93)
B B ¥ by

Thus, the 2-form 2 is independent of the choice of ¥ and thus Poincaré invariant.

As we discuss in Appendix D (see equations (D.17) and (D.26)), the 2-form given by ex-
pression (92) also has the property of being (weakly) non-degenerate in the absence of con-
straints. Thus, it defines a (weak) symplectic structure on covariant phase space and it is Poincaré
invariant. The case of constrained systems is discussed below for the example of Yang-Mills
theory.

Ambiguities: The equations of motion 6S/6¢® = 0 are not modified if one adds to the
Lagrangian density £(¢“, d,¢“, x) the divergence of a vector field A* which only depends on
¢“ and x. This addition modifies the symplectic potential current j* by an additive term § A¥,
but, by virtue of 5% = 0, it does not change the symplectic current J* = —§j* (and thereby
not the (pre-)symplectic form 2 either):

L'=L+3,A", jH =t 4+ SAH, JH=gH, (94)

We will discuss these ambiguities (and another one) further in terms of differential forms
in Subsection 6.4 (see equations (194)-(196)).

We note that a given equation of motion may eventually be obtained from Lagrangians
which are not related by a gauge transformation (94) (or by a rescaling): such La-
grangians then lead to different symplectic structures. A simple illustration concern-
ing mechanics is given by the two-dimensional isotropic oscillator where the Lagrangians
Lgand = % m(;’c2+y2)—% mw?(x2+y?)and L = m(xy—w?xy) are not related by a total deriva-
tive ‘fi—f(x, y, t) and yield distinct symplectic structures [ 162]. We also remark that the addition
of a topological term to a Lagrangian density modifies the symplectic potential [162-164],
see Subsection 5.1.2 and Subsection 7.8 below for the case of gravity.
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Example of a real scalar field: A simple example [58] is given by a single real scalar field
¢! = ¢ with a mass/self-interaction potential V(¢), i.e. the Lagrangian density

1
L(p,0,p)= 53“90 O, —V(p). (95)

In this case, the equation of motion reads 0 = Oy + V'(¢) (withO = 0%9,) and the linearized
equation of motion takes the form 0 =069 + V" 5.

The quantization of the theory based on the symplectic 2-form Q2 on Z (as restricted to a
given class of solutions of the field equations) has been referred to as on-shell quantization by
the authors of reference [159]: we will come back to this issue in Subsection 5.1.3 below.

Example of pure Yang-Mills theory 1 - Symplectic formulation: Let G be a compact matrix
Lie group (e.g. G = SU(N)) with Lie algebra g = Lie G. We consider a basis {T?} of g given
by anti-Hermitian matrices satisfying [T, T?] = f%*¢T¢ and Tr(T*T?) = 5. The Yang-Mills
potential is a Lie algebra-valued vector field A, (x) = AZ (x)T* on space-time and the associated
field strength is given by

Foy = 9,A, — 0,A, +[ALA,].

The latter satisfies the Bianchi identity 0 = D, F,,, + cyclic permutations of the indices, where
the covariant derivative D, of a Lie algebra-valued field Q is defined by D,Q = 9,Q +[A,,Q].
The Lagrangian density of pure YM-theory reads

1
£ = _Z TI'(FHVFHV) .

Thus, the equation of motion of the gauge potential (A*) is given by 0 = 5675 =D, F"” and the

linearized equation of motion has the form
0=D,(6F"")+[6A,,F""], where 6F,, = D,(6A,)—D,(64,). (96)

The argumentation (82)-(83) presently yields j* = Tr (% 5Av). Since
ity

oL oL OFy,
— =—F‘”, ie. jH =—Tr(F’”5A ),
3(3,A,)  0F,, 0(3,A,) J v

we obtain the

(pre-) symplectic current density: JH=—-6j*=Tr(6A, ANGF™). 97)

As a function of x, this expression is conserved by virtue of the linearized equation of mo-
tion (96), the cyclicity of the trace and the fact that the monomials 5Au and 5F;w are anti-
commuting:

9" = Tr[ D,(5A,) ASF™ |+ Tr[ 6A, AD,(6F™)]
= %Tr[&rw ASF™]|+Tr[6A, A[6A,,F*']|=0+0,  onshell.  (98)

By way of consequence, the

(pre-) symplectic 2-form: Q= j dx, J" = f dx, Tr(6A, AGF™), (99)
b %
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is Poincaré invariant (independent of the space-like hypersurface X that is considered for the
definition of Q). Moreover, it is 6-closed due to the nilpotency of §. In addition, the 2-form Q
is presently invariant under (local) gauge transformations which are given at the infinitesimal
level by 6,A,, = D,w where w(x) = w?(x) T" is a Lie algebra-valued parameter: indeed, the
induced transformations of the monomials 6A, and 6F,, write

64(0A,)=0(6,A,) = [6A,, w],
6g(5Fuv) = 6(6gFuv) = [5Fuv> w], (100)
hence 6,J" = 0 by virtue of the cyclicity of the trace.
The 2-form (99) is weakly degenerate (see Eqn. (D.20)) due to its gauge invariance as can

be seen as follows [1]. Let X* = §A* be a solution of the linearized equations of motion (96),
i.e.

0=D,(6F"")+[6A,, F*"]=2D, DX+ [X,, F*"], (101)

where DX "] = % (D*XY—D"X"). A vector field in covariant phase space Z has the form (see
equations (D.2) and (D.25))

X=| d'xTr [5A“5—+5F‘“’ J :|= d"xTr |:X“5—+2D[“Xv] 0 ],
N SA! sFv |~ |, 5A GFuY

where X" is a solution of the linearized YM equation (101). Application of the 2-form (99) to
any two vector fields X,Y yields

Q(X,Y)ZZJ d=, Tr [x, DUy — v, pl"xH] . (102)
z

Let us now assume that X* is pure gauge, i.e. X" = D"f for some Lie algebra-valued function
f. Then, we have plvxml = % [DY,D*]f = % [F™, f ] and thereby

QX,Y) =2J

ds, Tr [(D,f)DI"YH] —f ds, Tr [Y, [F™, f1]. (103)
z

by

Application of the Leibniz rule to the first term yields a contribution 2 fz dx%, o0,Tr [ f D[”Y“]]
(which vanishes with the assumption of appropriate boundary conditions at spatial infinity)
and a contribution which can be simplified by virtue of the linearized equation of motion (101):

—2[ d=, Tr [ f D,DI"YH] =J
z

%, Tr [f [V, F™*]] = f A, Tr [V, [F™ f1].  (104)
PN

by
In summary, for X* = D*f, we have Q(X,Y) = 0 for all vector fields Y. Conversely [165],
Q(X,Y) = 0 for all Y implies that X* = D*f for some f. Henceforth, the 2-form Q defined
on the space Z of all solutions (A*) of the YM equations is degenerate due to gauge symmetry.
Incidentally [1], this fact is closely related to the issue that the Cauchy problem for the YM
equation is not well posed due to gauge symmetry. Since the degeneracy of the 2-form  is
due to gauge symmetry, a non-degenerate 2-form Q,,; can be obtained from 2 by identifying
all gauge field configurations (A*) € Z which are related by a gauge transformation, i.e. one
removes the gauge freedom by factoring out the gauge group from Z. We will now describe
this procedure in more detail [152].

Due to the gauge symmetry, the physical or reduced phase space of YM-theory is not given
by Z (space of all solutions of the equations of motion for (A*)), but rather by the quotient
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14 Q=m0

¢
L thysEZ/g

[A]

phys

Figure 4: Physical phase space and symplectic 2-form of YM-theory.

space Z 8

The

phys = Z /G where G is the (infinite-dimensional) group of all gauge transformations.

physical phase space of YM-theory Zonys =Z1G, (105)

is parametrized by the equivalence classes [A] of gauge potentials A (the class [A] being the
set of all potentials which are gauge equivalent to A and solve of the equation of motion), see
Figure 4.

We would like to show [152] that the (pre-)symplectic 2-form 2 on Z defined by (99) corre-
sponds to a

onZz Q=n*Q

symplectic 2-form phys

ohys (106)

phys

(pullback of the 2-form Qs by means of the projection map 7 : Z — Zyy,). This requires
to show that the 2-form © on Z has no components in the gauge directions, i.e. that i, 2 =0
where i, denotes the contraction of the differential form £ with a vector field V on Z that is
tangent to the gauge orbits (fibres) on Z. Thus, the vector field V generates gauge transforma-
tions on Z. In this respect,’ we note that an infinitesimal gauge transformation (parametrized
by e(x) = % (x) T?) of a functional (i.e. 0-form) F on Z is given by

oF oF
0] ]-"=J d"xTr [(D g)—+|[F ,s]—] =Ly F.
& M H 0A, e OF,,
Thus, we have
D,e = LyA, =iy(5A,), (107)
[va,: 8] = LVFvu = iV(5Fvu) .

From the expression (99) of Q2 and the fact that iy, acts as a graded derivation on forms, it

$The space Z,,,s is also referred to as proper, true, genuine or “gauge invariant” phase space or, in some contexts,
as moduli space.

The following proof essentially represents a more geometric formulation of the line of arguments (101)-(104)
presented above and thus contributes to a better acquaintance with covariant phase space.
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follows that

iyQ = J dz, Tr [ iy (5A4,) ASF™ — 6A, A1y (6F ™)
b
= J d%, Tr [ (D,e) 5F ™ — 5A, [F™, ¢]]
N

= f dx, 8,Tr[e 5F "], (108)
%

where we used the Leibniz rule for covariant derivatives as well as the linearized equation of
motion (96) to pass to the last line. The integral (108) over a total derivative vanishes if we
assume that 6 F”* vanishes at space-like infinity: e.g. by choosing 3 to be the hypersurface
t = constant, the integral (108) reads

J dx, 8,Tr[e 6F™] = J d" 'x 8,Tr[e 5F™] (109)
% Rn—1

= J dvx 8iTr[85Fi0:|=§ dSiTr[zs(SFiO]:O.
Rn—1 ORn—1

This completes the proof that i, 2 = O for vector fields V in Z which are tangent to the
gauge orbits. The latter result can be rephrased by saying that the 2-form Q has a non-trivial
kernel'© given by the tangent vectors to the gauge orbits in Z:

ker Q2 = {vector fields V on Z | i,Q = 0}. (110)

Since Q(V, W) = iy, iy, we cannot conclude from Q(V, W) = 0 for all W that V = 0; thus Q
is weakly degenerate. The procedure (105)-(106) amounts to factoring out the gauge group
from Z and thus removing the gauge symmetry which is at the origin of the degeneracy of Q. By
virtue of (106), we have (see Appendix C.6 for a detailed discussion of the finite-dimensional
case)

QV, W) = (7" Qpiys ) (V, W) = Qs (T )V, (TTI(W))),

where (Tt)(V) denotes the image of the vector field V (on Z) to a vector field on Zp.
Accordingly, Qs only depends on the gauge potential A by virtue of its equivalence class [A].
The gauge freedom having been removed, we have a closed non-degenerate 2-form Qpy,y, i.e.
a symplectic form on the physical phase space Z,,,. We note that the reduction of the phase
space Z to Zppys can also be discussed or rephrased in terms of a foliation by leaves [1,72],
see Appendix C.6.

Example of pure Yang-Mills theory 2 - Geometric symmetries and energy-momentum
tensor: For concreteness, we consider translations in space-time [166]. The latter are
parametrized by a constant space-time vector (¢) and act on the coordinates (A", F*”) of
covariant phase space Z by virtue of a vector field V associated to (¢*). Instead of ordinary
infinitesimal translations (A, ~» A, + &P dpA,), we can consider [167] gauge covariant trans-

lations'! (A, ~ A, + sﬁFﬂM). With (96) we then have

iy(6F**) =i, [ D*(6A%) — D*(6A*) | = D*(iy, 6A*) — D*(i, SA*) (111)
= gp[ D'FP* —D*FPH] = g4 DPFHO,

19We note that in the finite-dimensional case (classical mechanics), the kernel of  is given by the eigenvectors
of the symplectic matrix which are associated to the eigenvalue zero, see Eqn. (C.41).

10rdinary and gauge covariant translations differ by a local gauge transformation which does not contribute to
the conservation law.
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where we used the Bianchi identity to pass to the last line.
Let us now substitute

iy(6A,)=¢€%F,,, and  iy(SF"™)=e"D,F™,

into i, Q2 with Q given by (99):

iyQ= f d%, Tr[(iy 6A,) GF ™ — A, (iy 6 F ™) |
%

= f dx, s“Tr[FwaFW]—J d%, e*Tr[5A, (D, F™)]
% %
=A+B. (112)

For the B-term, we can apply the Leibniz rule for covariant derivatives and then use the ex-
pression for 6F,, given in (96):

B= —J dx, ® 8aTr[(5A,,)FW]+J d%, e* Tr[(D,6A,) F™*] (113)
PN 2
= —J s, e“@aTr[(5Av)FW:|+J dZHe‘“Tr[(SFm,)F”“]-l-J dx, e*Tr[(D,6A,)F " ].
z X z

The second term of this expression combines with the A-term in (112) to yield the total differ-
ential 5 [ d%, e Tr[F,,F ™" ].

By virtue of the YM equation D, F"*=0, the last term in (113) reads [,d=,%3,Tr[ (5A,)F *].
This integral of a total derivative vanishes if one assumes again that the variation 6A, decreases
fast enough at space-like infinity. The first term in (113) can be rewritten as a total differential:

—J d%, €% 0,Tr[(6A,)F™"] = 5J dz, e* % Nt Tr[FPOF,, .
pX P

Hence, we end up with the result [166]

1
iyQ=25 J d¥, e, TH, | with | TH*=Tr[F"F *+ 2 FP9F,,]. (114)
pH

Here, we recognize the physical (gauge invariant) EMT of the YM field, e.g. see reference [168].
We note that the result (114) is analogous to the results which hold for translational invariant
dynamical systems in classical mechanics, see equations (C.24)-(C.25). In this respect we
remark that for the particular choice of a hypersurface t = constant, the integral in (114)
writes

HEJ dx, €, TW:J d" txe, TO%. (115)
» Rn—1

More specifically, for an infinitesimal time translation (i.e. €, = € 52 with e constant), this
functional has the form

H:eJ d"x H, with H=T%, (116)
Rn—l

i.e. H represents the Hamiltonian function and its density H the energy density of the YM
field. Thus, the result (114) amounts to the relation iyw = dH in classical mechanics (see
Eqgn. (C.16)) which relates a Hamiltonian H and the corresponding vector field X = X; which
generates time translations of the dynamical system. Accordingly, equation (114) may be
viewed as the field theoretical generalization of relation iy« = dH to covariant phase space
Z endowed with the symplectic 2-form Q. We will come back to this result in Subsection 7.7
below.
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5.1.2 General relativity

Before considering field theories coupled to the gravitational field, we discuss pure Einstein
gravity with a vanishing cosmological constant in n dimensions while using the metric formula-
tion. Other formulations of gravity will also be mentioned along with the relevant references.
For manifolds with a boundary, we refer to Subsection 6.7 and Subsection 7.8 below.

We note that the elementary considerations of the present subsection will be reformulated
and generalized in Subsection 7.7 for generic diffeomorphism invariant Lagrangian field theo-
ries on n-dimensional space-time manifolds: following the work of R. Wald and his collabora-
tors [60-65], we will then consider differential forms and address the general construction of
conserved quantities for given asymptotic conditions “at infinity”. The expressions and results
established in the present subsection will then serve as a prototype example.

Generalities on gravity: Let M be a n-dimensional Lorentzian manifold endowed with the
metric tensor field (g,“,). We denote the covariant derivative of a tensor field with respect to
the Levi-Civita-connection by V,,, e.g. V,VF =9,VF + FﬁvV” where the coefficients F,f,, are
the Christoffel symbols: we have

1 A
=3 77 (8u8vo + 048 — 958uy) =TP,,  hence T7; =3g,In+/Igl, (117)
where g = det(g,,,). The commutator of covariant derivatives defines the Riemann curvature
tensor, i.e.

[V, V,]JVP =RP, V7,

and by a contraction of indices the latter gives rise to the Ricci tensor R,,,, = RP,,,,, which
yields the curvature scalar R=R",.
The Einstein field equations for the gravitational field in vacuum read
_ 1
OZG,uv=R,uv_§g,uvR, (118)

the Einstein tensor G, being covariantly conserved, i.e. V*G,, = 0, as a consequence of its
definition. By contracting the indices of the field equation, one finds that (for n # 2) the
vacuum field equations are equivalent to R,,, = 0.

An infinitesimal variation of the metric, g, ~ g,,+6 g, induces the following variations
of fields:

ogh" =—g"6g,,87", (119a)
1 1
5\/|g|=5\/|g|51n\/|g|=§ gl g o8y, (119b)
a 1 Q,

51—1‘“; = Eg ﬂ[vu(5gﬁv) + vv(5g,uﬁ)_v[5(5guv):|: (119C)

OR,, = Va(él":v) — Vv(él"gu) (Palatini identity) . (119d)

Here, the first relation follows from gtVg.,, = 5% and the second from the vari-
ation of g = dete® = e"™. To calculate 51“1% one uses the metricity condition

0= V38u» = 0r8ur— Ff“gpv - Ffvgup. The derivation of the Palatini identity is worked
out for instance in reference [169]. This identity yields the linearized equations of motion, the
latter being tantamount to 6R,,, = 0.
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Covariant phase space approach: Einstein’s field equations (118) follow from the Einstein-
Hilbert action, i.e. S o< f yd"x Lwith £ = /12| R, by varying the variables g,» while suppos-
ing that the variations 6g,,,(x) and their first derivatives vanish at infinity. (If one only admits
that the variations 6g,,,(x) vanish (on the boundary 3V of a finite space-time region V), then
one has to include a boundary term into the action, see next paragraph.) Quite generally, a
variation of the Einstein-Hilbert Lagrangian density £ = +/|g|R (with R = g""R,,) yields

5L=(5+/1gR+ /1g) (68" )R, + V/Igl g"” 6R,, . (120)

For the first and second terms, we can substitute equations (119a)-(119b). The sum of these
two terms leads to the equation of motion function (involving the action functional SEfMd”xE)

5S
08uy

1
O8uvs with =+/lgl [Eg‘”R—R‘“’].

og

uv

The last term of (120) can be determined [169] by contracting the Palatini identity (119d)
with g"*”: this leads to the relation

lglg"” 6R,, = 0,]%, (121)

which involves the

symplectic potential current density : 1*=4/Igli*, | j*=g"'6 1"3‘“ —gh*s 1“3}1 .

(122)

In summary, we have 6 £ = % O08uv+ d,J% with j% given by the last equation.
We now regard 6 as a differential in field space and thereby 6g,,, as Grassmann odd vari-

ables. By applying the differential & to the 1-form (in field space) j* and using again the
formula for 6 4/|g|, we obtain the

symplectic current density : Jo=—-57%=4/|g|J?, (123)

with

1 1
J*=06T), A [6g“”+ 5g‘“’51n|g|:| —6T), A [Sg“a + Eg“az‘ilnlgl], (124)

v f“E5F3HA5( |g|g‘”)—51“vvu/\5( IgIg““).

Expression (124) is the one defined by Crnkovic and Witten [152] as a starting point for their
investigation of general relativity (see also [161,170]). The symplectic current density J* leads
to the

(pre-) symplectic 2-form Q= J d¥,/IglJ* = J d=,Je, (125)
b b2

where X C M denotes a space-like hypersurface.
We have

0,J%=14/1g| VJ* =0, on-shell,

42


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.77

SCIl SciPost Phys. Lect. Notes 77 (2023)

since 8,J% = aa(—sja) =—0 (aaja) = —6(6 L) on-shell. This can also be checked by a direct
calculation while using the metricity condition V; g, = 0, the linearized equations of motion

OR,, = 0 and the fact that monomials like 6g,,,, 5Iﬁv represent anticommuting variables.

More explicitly [152], the terms with 61n|g| in V,J* yield g“”5I“‘j‘v A 5I‘;}7L and the other
terms combine to the opposite of this expression. Thus, we can again apply the argument (93)
to conclude that the expression Q given by (125) is independent of the choice of hypersurface %
(“Poincaré-invariance”).

The 2-form Q = fz dx,J® is 6-closed (i.e. 5Q = 0) by virtue of J* = —§)% and the
nilpotency of 5. (Equivalently, one uses the variation of 4/|g| and evaluates the one of J* while
using the fact that 6 is a nilpotent, graded derivation: this implies that 6J% = —% J*A61In|g|
and thus readily leads to 62 =0 [152].)

The quantity (125) is invariant under diffeomorphisms on the manifold M due to the fact
that all involved quantities transform tensorially, see equations (119a)-(119¢). Thus, the phys-
ical phase space of general relativity is given by Z,, = Z /G where Z is the space of all solutions
of Einstein’s equations and G represents the (infinite-dimensional) group of diffeomorphisms
on M. At the infinitesimal level, the latter transformations act on the basic variables according
to

553(“:—5“, 5§guv=VM§v+Vv§M.

By assuming that (§*) is asymptotic at infinity to a Killing vector field (so that 5¢g,,, = 0 at
infinity), the argumentation (106)-(109) for YM-theory can be generalized [152] and allows
us to conclude that the presymplectic 2-form Q on Z defined by (125) corresponds to a

Q=mn"Q

onZz

phys . (126)

symplectic 2-form

phys phys >

where 7 : Z — Zy,,s = Z /G denotes the projection map.

In summary, the symplectic geometry of general relativity can be formulated along the
lines of YM-theory, though the resulting expressions are somewhat more involved in this case.
We note that an equivalent expression for the symplectic 2-form Q of general relativity has
been obtained earlier by J. L. Friedman [171] by a different approach. For a nice and concise
treatment of Einstein-Maxwell theory, i.e. electromagnetic fields coupled to gravity, we refer
to the work [62].

Gravitational action, boundary conditions and boundary actions: Consider pure Einstein
gravity with a vanishing cosmological constant in four space-time dimensions as described by
the

Einstein-Hilbert action: Seulgl = f d*x 4/|g|R. (127)
v

Here, V represents an arbitrary space-time region which is bounded by a closed hypersurface
dV. To determine the field equations from the variational principle one assumes that the
variations of fields vanish on the boundary dV. For the action functional Sgy[g] this means
that we have the so-called

Dirichlet boundary conditions: (6 gu,,)| = 0 (128)

(which imposes that the tangential derivatives of 6g,,, also vanish on dV while the normal
derivatives do not need to do so). The fact that the Lagrangian density presently depends on
the second order derivatives of the metric tensor field g,,, implies that the variational principle
for the Einstein-Hilbert action is not well defined for the boundary conditions (128). Indeed,
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the lines of arguments (120)-(122) yields (upon integration over the space-time region ))
the Einstein field equation functional fv d*x OSgn/08uy08uy =— fv d*x /|gl G* 88y Plus
a non-vanishing boundary contribution which is given by the integral of expression (121).
The latter can be eliminated (in the present instance where the field equations are of second
order rather than of fourth order as we would naively expect [16]) by adding an appropriate
boundary action to Sgy[ g], following notably the work of G. Gibbons, S. Hawking and J. York,
see [15,17]. (A simple analogy of this mechanism is given by the second order Lagrangian
density —p O for a scalar field ¢ and the relation

—¢Op +9,(¢ 0" 9) =(3,9)(3"¢),

where the second order term 89 ¢ is transformed into a first order term (8 ¢)? by the addi-
tion of a total derivative [142]: in the present context, the term &2 g in the Einstein-Hilbert
Lagrangian becomes a term (8g)? [16].) To spell out the required boundary term [17], we
parametrize the boundary 3V by local coordinates (y“),= 3 and we denote the induced 3-
metric on )V by (h,;) and its determinant by h. Let n = (n*) be a unit normal vector field on 8V
and € = n"n,,. The scalar function € takes the values 1 depending on whether one considers
a space-like or a time-like part of 8V (see reference [172] for the case of a null, i.e. light-like
parts of dV). Furthermore, let (K,;) denote the extrinsic curvature (or first fundamental form)
of the hypersurface 3V and let K denote its trace, i.e. K = h®K,;, = Vv, n". Then, we have the

Gibbons-Hawking-York boundary action: Scaylgl=2 § d®y +/|h| eK . (129)
vy

The variation of this action functional (subject to the boundary conditions (128), i.e. a fixed in-
duced metric (h,;) on dV) yields a contribution which cancels exactly the problematic bound-
ary term (121) which follows from the variation of the Einstein-Hilbert action. We note that
quite generally the addition of a boundary action induces an extra term in the symplectic
potential current density, see Subsection 6.7 and, in particular, Subsection 7.7 below.

To conclude our discussion of the general form of the gravitational action, we note that
other boundary conditions for the variations (and thereby other boundary actions) can be and
have been studied in the literature, e.g. see [16,18,173] and references therein. To describe
the latter briefly, we remark that the so-called gravitational momentum, i.e. the variable which
is canonically conjugate to the field h,, (viz. 1%° = 3 /8h,;,(1/|g| £)) is closely related to the
extrinsic curvature (K, ):

gravitational momentum: n*® = /|| (K®® —Khe). (130)

The Einstein-Hilbert action (without an extra boundary term) provides a well-defined varia-
tional principle in four-dimensional space-time if one fixes the gravitational momentum on the
boundary V), i.e. for the so-called

Neumann boundary conditions: (6 Hab)| oy =0. (131)

Another choice is given by York’s mixed boundary conditions [173] which consist in fixing the
conformal metric fzab = |h|""/3h,, and K: the latter again require the introduction of the
boundary term (129) which has to be multiplied by a factor 1/3 in the present case, see ref-
erence [174] for a unified treatment of all of these boundary conditions and actions. The
symplectic potential current associated to the gravitational action S = Sgy; + Sy Will be ad-
dressed in Eqn. (138) as well as in Subsection 7.7 along with the general treatment of boundary
actions.
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Canonical (ADM) approach: The canonical formulation of general relativity in four space-
time dimensions has been elaborated by ADM (R. Arnowitt, S. Deser and C. W. Misner) around
1960 [175], e.g. see references [12,17,176-178] for textbook treatments and [179] for fur-
ther elaborations. In this framework, one considers a (3 + 1)-splitting of space-time (foliation
by nonintersecting space-like hypersurfaces 3,) and a space-time region V with boundary
oV =%, UX, UB (see Figure 3). For each (three-dimensional) Cauchy hypersurface %, one
can then consider the notation introduced in the previous paragraph.

More precisely, let (y“),=1 23 be local coordinates parametrizing ¥, and let (h,;) denote
the induced 3-metric on %, with h = det(h,;). The components of a unit normal and future-
directed vector field n = (n") to the hypersurface X, are given by n, = NJ,t (with t the
time coordinate) where the so-called lapse function N ensures the proper normalization of
n. A congruence of curves intersecting the hypersurfaces X, has a tangent vector field (")
with components t* = (%)ya. At each point of %, this vector field can be decomposed with
respect to a basis given by the unit normal vector field (n*) and the tangent vectors e, = (el)
(with a € {1,2,3}) on %,:

o xM
th =Nn" +N%, with egz( X ) .
oy J,

The 3-vector (N¢) appearing in this expansion is referred to as the shift vector. By combining
the previous expressions, we have

dxt =ttdt +el/dy® =(Ndt)n" +(dy* + Ndt)el .
Thereby, the line element in V corresponding to the metric tensor field (g,,,) takes the form
ds> =N2dt? + h,, (dy® +N%dt)(dy” +N°dt),  with hy, = g,,ele;. (132)

The induced decomposition of the integration measure reads +/|g|d*x = N+/|h|dtd®y. Sim-
ilarly, the four-dimensional Ricci scalar R admits the following expansion on the space-like
hypersurface %, :

R="R+K%K,,—K*—2V,(n"V ,n* —n'V,n").

Here, °R represents the Ricci scalar associated to the 3-metric (h,;,), the symmetric tensor
(K,;) denotes the extrinsic curvature of the hypersurface %, and K = h®K,;, the trace of the
latter. Thus, the Einstein-Hilbert action f v d*x 4/|g|R for a space-time region V with boundary
oV =%, UX, UB writes

Seulgl= J d*x +/|g|R = Sgg[h, n]+ Sgy/crlh, ], (133)
v

with
ty
SGR[h,n]:f dtJ d3y N +/|h| (3R+KabKab—K2), (134)
th 2,

Sengrlh,n] = —ng %, (n”v,,n“ — n“an”) ,
av

where the last expression follows from the Gauss-Ostrogradski theorem (A.8). The Lagrangian

L defining Sy, is referred to as ADM Lagrangian (or as bulk Lagrangian describing the canon-

ical degrees of freedom which are common to any formulation of gravity) and the Lagrangian

Ly Gr defining the action Sgy,cr as boundary Lagrangian (or “relative Lagrangian”) [180].
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For the moment being, we focus on S (which yields the Einstein field equations in the bulk)
and we will come back to the boundary Lagrangian Lgp,gg in Subsection 7.8.

The phase space is parametrized by the fields h,, and by the associated momenta 1%
which are given in terms of the extrinsic curvature (K??) of the hypersurface £, see Eqn. (130).
On 3, the symplectic potential current ( ng) associated to the Lagrangian density L;z has a
normal component ng”u which is given [60] by

jorny =T 8hgy, . (135)

Henceforth, the symplectic 2-form expressed in terms of the canonical variables (hp, [1°?) has
the standard form (92), i.e. [93]

QGR:J d3y Shy, A STI . (136)
z

From the invariance of the (pre-) symplectic current under point transformations
(see Eqn. (86)) it follows that the canonical (ADM) symplectic form (136) and the covariant
expression (125) (with (J%) given by (124)) are equivalent [60,159]. Indeed, the integrand of
the ADM expression (136) (which is integrated over a constant time slice X3) is simply the time
component of the current (J*) = (4/|g|J*) with the canonical variables N, N,, h,;, chosen as
the set of fields which parametrize the space-time metric (g, ).

Due to the local symmetries (general coordinate invariance), pure gravity represents a con-
strained dynamical system involving non-linear constraints for the canonical variables (very
much like Yang-Mills theories). While the proper treatment of these constraints represents a
major issue for the quantization of the full theory, it does not raise problems for the quanti-
zation of particular families of solutions of the field equations since the latter automatically
satisfy the constraints [159]. Yet, the restriction of the symplectic form (136) to the subset Z
of phase space consisting of these solutions (the so-called moduli space of solutions) requires
to cast the solutions (metrics) into the particular form (132) and to evaluate the associated
momenta I1%°. In general, this represents a cumbersome task which is avoided by considering
the approach of covariant phase space [59,152] and subsequently restricting the symplectic
form to the moduli space Z of solutions that one wishes to quantize, see reference [159] as
well as Subsection 5.1.3 below.

To conclude, we note that for a space-time region V with boundary 9V = &, UZ, UB,
the different actions (127),(129) and (134) are related by

SEH+SGHY :SGR+SC: with SC :ZJ d29 |O'|Nk (137)
s,

Here, the corner S, = 9%, represents a closed 2-surface and the collection of these surfaces
provides a foliation of B (see Figure 8 of Section 7.8). The 2-surface S, is parametrized by local
coordinates Qaz (QA)A:LZ and the induced metric (0 45) on S, has components o4z = habeie’lf
with e} = %. Finally, k = 0”8k, denotes the trace of the extrinsic curvature (kz) of S,
embedded into %;.

Pullback of the symplectic current form to a hypersurface: On a four-dimensional space-
time manifold, the 1-form j,dx" (corresponding to the symplectic potential current density
(j*)) is the dual of a 3-form j = % Jvpodx” AdxP Adx? which is referred to as the symplectic
potential 3-form (cf. Appendix A.1 for the definition of differential forms and their duals).
Similarly the symplectic current density with components J* = —§ j# (satisfying the structural

46


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.77

SCIl SciPost Phys. Lect. Notes 77 (2023)

conservation law V ,.J "~ 0) can be viewed as the dual of a 3-form J = —6 (satisfying dJ ~ 0),
the latter form being referred to as the symplectic current 3-form. This notation will be further
discussed and applied in sections 6 and 7 below.

For a given space-time M, one is not necessarily interested in the explicit expression of the
symplectic current 3-form J, but only in its flux through a given 3-dimensional hypersurface
Y. [62]. This flux only requires the knowledge of the components of the current (J*) which
are normal to the hypersurface or, equivalently, the evaluation of the pullback (restriction)
of the 3-form J to the hypersurface. Following reference [62], we put a bar over geometric
quantities which are intrinsically defined on X.

More precisely, the inclusion (embedding) map 1 : £ < M of the 3-dimensional hypersur-
face ¥ into M allows us to pull back the 3-form j from M to X (cf. Appendix A.4): in terms of
local coordinates (y?),=1 23 on X, the resulting 3-form 1*j = j then admits the expansion

—

1.
j=§jabcdy“/\dyb/\dyc-

The induced volume element on X reads % Eapc Ay AdyP Ady® = +/Ih|d%y.
For vacuum general relativity described by the Einstein-Hilbert action, it was shown by
G. Burnett and R. Wald [62] that the pullback j of the symplectic potential 3-form j given

by (122) to a (nowhere null) hypersurface ¥ writes

j =M% 8hy, +6a+dp. (138)

Here, (11%).4, = 1% £,4, corresponds to the gravitational momentum (130) in the case of a
space-like hypersurface, i.e. the first term in the expansion (138) corresponds to the normal
component of the symplectic potential current ( ng) associated to Lz, see equations (134)-
(135). The second contribution involves the 3-form

a=2eK+/|h|d3y, (139)

where we recognize the Lagrangian 3-form defining the Gibbons-Hawking-York boundary ac-
tion (129) which is associated to the Dirichlet boundary conditions (1282 (i.e. fixed metric
(hgp) on the hypersurface ¥). The last term in (138) involves a 2-form 3 with components
given by

Boo =ndn"e (140)

uvpo *

This contribution d/3 to j (which is an exact form) is referred to as a “corner term” and the

«—

2-form f3 can be integrated over a 2-surface. We note that the expansion (138) reflects the
decomposition (137) of Sgy, i.e.

Sgn = Ser —Sguy T S¢»

where the boundary Lagrangian L;yy yields the contribution 6@ to the symplectic potential
on X, cf. Eqn. (94).

More specifically, if the hypersurface X is the lateral boundary B of space-time as given by
r = constant (i.e. a time-like hypersurface) and if we consider space-time slices that are space-
like hypersurfaces, then we have “orthogonal corners” given by 2-spheres (corresponding to
t = constant and r = constant): for this choice, the corner potential ﬁ_ vanishes (see [181]
and references therein).
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Although the result (138) dates back to 1990, it was only realized fairly recently (e.g. see
references [ 180-182]) that such an expansion of the pullback of the symplectic potential form
(of vacuum general relativity) has a great interest in more general contexts (other theories,
other boundary conditions, presence of anomalies,...) to which we will come back in Subsec-
tion 7.8 below.

Conservation of energy and momentum: A sensible definition of total energy and momen-
tum for the space-time manifold M exists in the case where the latter manifold is asymptot-
ically flat. Then, we can (asymptotically) restrict the general coordinate transformations to
Poincaré transformations and construct the corresponding conserved charges. The restriction
to an asymptotically flat manifold also avoids the occurrence of singular points in the space of
solutions of Einstein’s field equations [166, 183]. Our presentation follows the lines of argu-
ments described in reference [166].
From (122)-(125), it follows that

Q=-60,  with ezfdza lg| j%, (141)
z

where

jr=g""or) —gh*er,, , e | j%= —[g‘”V“(c?gW) —g™ V”(5gw)] S| (42

The linearized equations of motion imply that V,j* = 0, hence the 1-form © is Poincaré-
invariant. If V denotes a vector field in Z that is tangent to the gauge orbits, then the invariance
of © is expressed by

0=LyO© =(iy6 +06iy)O,

i.e., by virtue of (141),

iyQ=6H, with H=i,0. (143)

(We note that these relations are completely analogous to the ones encountered in classical
mechanics, see Eqn. (C.24).)
To evaluate H, we use

iv(5gm) = (lealg)w = v,ugv + va,u >
where L,»,, denotes the Lie derivative of the metric tensor field (g,,,) with respect to the vector

field €8, on M. By substituting this expression into H = i,® with © given by (141) and by
using the fact that [V, Vg JeP = 0 due to the equations of motion, one obtains

H= —J dz, +/1gl[2VVP e, — VH(V e + Ve, ]
N
= —J dx, +/ gl vV B, with B =V%H —VHe®, (144)
b

Applications of Stokes’ theorem to the (n — 1)-dimensional hypersurface & ¢ M (see (A.10))
now yields the surface integral

H:—jg d%gp /Il (VeeP —VPe%). (145)
o
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The integrand of this expression is nothing but the Komar integrand [ 184]. Thus, for a time-like
vector field £%9,, the surface integral (145) yields the Komar or Noether energy [177]. Though
this quantity enjoys various useful properties, it also suffers from several shortcomings [185].

In order to recover the familiar [176] (so-called ADM) expressions for the conserved
charges, one uses the fact that the quantity H satisfying i, Q2 = 6H is only defined up to the
addition of a term H' = &) where §) represents a O-form, i.e. a functional on Z. A natural
such addition to H is given by the surface integral

A= f dqp (joeP —jPe®), (146)
oz

where the symplectic potential current j* is given by (142), i.e. j¢ =—[V°‘(5ln|g|)—g"‘“Vv(5gW)]
and V,j* = 0. More precisely, for the definition of the total energy-momentum on the asymp-
totically flat manifold M, we assume that the metric

h,u,v(x) = guv(x) - nuv

(and thereby also the variations 6g,,(x)) fall off at least as fast as 1/r for r — oo on the
hypersurface 3. (e.g. constant time hypersurface). As usual, one raises the indices of the
metric hy,, with the flat space metric n"”, i.e. h" u = n""h,,. While taking into account the
asymptotic behavior of h,, on %, one concludes that H is given by

A=6%, with §= f %[ P (20", — 3,h") — (a > B)].
oz

In summary, we have

iyQ=6(H+H), with H+H=¢%P;s (e° €R), (147)

and

Ps z§ Ay [— 2°hP; + (2°r", — 3,h"* )’ — (a /3)].
ox

For the choice of a constant time hypersurface X in four-dimensional space-time M, we re-
cover [166] the familiar ADM expressions for the total energy E and momentum P:

oz
P, =§; ds; [ 8'h% — a°n’, +(2°nt, — 3’ |.
oz

Different formulations of gravity: For completeness we will briefly outline several equiv-
alent formulations of general relativity for which the covariant phase space approach (sym-
plectic structure, conservation laws for gravitational charges,...) has been addressed in recent
years.
In gravity [186], the metric tensor field (g,,,) can be decomposed with respect to tetrad
(vielbein) fields (e“ ), i.e.
&uv = MNab eauebv. (149)

Here, the matrix (e, (x)), which is labeled by a curved space index u and a flat (tangent)
space index a, is assumed to be invertible at each space-time point x. The inverse of this
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matrix is denoted by (e”,(x)). The tetrad fields may be gathered in the so-called vielbein
1-forms e® = e, dx".

The decomposition (149) induces a local Lorentz symmetry, e, — (e%,) = Q%, eb s
where the matrix (2%,(x)) belongs to the Lorentz group SO(1,n — 1). The gauging of
this symmetry is realized by the introduction of a so(1,n — 1)-valued connection 1-form
wudx“ = w = (w%) (often referred to as Lorentz or spin connection) whose curvature 2-form
is given by R = dw + w A w. For concreteness, we will focus on four space-time dimensions in
the following.

The action for pure gravity represents a functional of the tetrad fields and of the compo-
nents of the Lorentz connection (to be considered as independent variables). It is referred
to as the Einstein-Cartan action or Palatini-Cartan action (see references [187, 188] for the
underlying history) and reads

Sle, w] Ef Eaped € NP AR, (150)
M

Einstein’s cosmological term then writes A f v Eabed €4 A e® Ae€ Aed. Another additional term
was put forward more recently by S. Holst [189]: it is given by

J NaeNpg € Ae? AR, (151)
M

This contribution comes with an overall coefficient that is related to the so-called Barbero-
Immirgi parameter which was introduced in Ashtekar’s canonical formulation of gravity. Even
more generally, different topological terms can be added to the action (e.g. see references [190,
192]), namely the Pontryagin and Euler terms which depend on the curvature as well as the
Nieh-Yan term which also depends on the torsion 2-forms T¢ = de® + w®,e’. The resulting
total action is discussed in references [190, 191], see also [188]. We note that the covari-
ant phase space approach to gravity based on tetrad variables is addressed in particular in
references [188,193-195].

Pure gravity in four dimensions with a cosmological term can equivalently be described by
starting from the action for a BF model,

S[B,F]Ef Tr(B/\F+%B/\B). (152)
M

Here, B = (B,;) represents a 2-form and F = dA + A A A the curvature of a connection 1-
form A = (A,;,). Different variants of this approach exist, some of them involving an extra
auxiliary vector field, thereby generalizing the approach of MacDowell and Mansouri [196],
see references [191,197].

5.1.3 Moduli spaces of solutions and quantization

For a given classical field theory, one is eventually interested in certain classes of solutions of
the field equations: these represent a subspace Z of the phase space of all solutions, this sub-
space being often referred to as moduli space in the physics literature, e.g. see reference [198]
for a general discussion. In this instance, one restricts the symplectic 2-form 2 on covari-
ant phase space Z to this subspace Z (i.e. one considers Q| z), then determines the associated
Poisson brackets {-, -} ; and finally quantizes the moduli space by replacing the bracket {F, G} ;
by % times the commutator of the Hilbert space operators F and G which are associated to
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the real-valued functions F and G, respectively. The authors of [159] refer to this procedure
as on-shell quantization.

By way of illustration [159], we consider the quantization of the left chiral sector
of the free massless scalar field in two space-time dimensions: for this field, the action
Slel = % R d?x ot ., yields the equation of motion 0 = d*J, ¢ whose general solution
reads

o(t,x)=f(t+x)+g(t—x),

where f and g represent arbitrary smooth real-valued functions on R. The latter describe left
and right moving traveling waves, respectively, which are related by the parity transforma-
tion x ~ —x. The symplectic 2-form on covariant phase space, as written on a hypersurface
t = constant, is again given by (92), i.e.

Q:fdx&p/\&r, with 1= ¢.
R

The moduli space Z of left movers writes
Z={p:(t,x) > f(t+x)[f € CT(R)},

and the symplectic 2-form 2 restricted to Z reads

Qlz =J dESf(E)NGF(E).
R

Thus, it is determined by the variations of the functions parametrizing the moduli space. The
quantization of the moduli space Z now amounts to replacing the Poisson brackets

{F€).f'(ED}z=0(E1— &),

by the commutation relation [f(£;), f'(£5)] = ih6(&; — &,) 1. The resulting quantum field
theory is equivalent to the one obtained by canonical quantization of the scalar field ¢ and
then projecting the Fock space of states onto the subspace for which all right movers are in
the vacuum state [159]. The terminology on-shell quantization for the above procedure is
justified by the fact that all considerations are on-shell apart from the symplectic 2-form Q
which represents the starting point.

The outlined procedure has been successfully applied to specific moduli spaces in super-
gravity (with all fluxes fixed) [159, 170, 199] and appears to be the only practical way to
quantize in this type of applications.

5.1.4 Further examples

For matter and/or gauge fields ¢ coupled to the gravitational field described by a given metric
tensor field g = (g,,,), the action reads Sy[,g] = fM d"x \/Eﬁ(cp,vucp). The covariant
phase space approach in curved or flat space described above has been applied to numerous
field theoretical models in diverse dimensions. A (probably incomplete) list is as follows:

* Complex scalar fields [1,71]
* Conformally invariant wave equation in four dimensional curved space [1]
* Abelian gauge fields on a Riemannian manifold [200]

* Quantum chromodynamics [201]
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(2 + 1)-dimensional gravity [202]

General relativity in tetrad variables [188,203]

Ashtekar’s canonical gravity [204]

Massive spin-2 field [97]

Chern-Simons theory in arbitrary odd dimension [71,205]

Abelian p-form theories [206]

BF model [162]

Topological massive gravity [207]

Dirac equation for spinor fields [1,71]

Fronsdal theory for massless fields of arbitrary integer spin [97]
Supergravity and related geometries or configurations [159,170,199,208]
Eleven-dimensional supergravity [205]

Sigma models [71]

Massive particle on the AdS; manifold [209]

A spinning particle in an electromagnetic and a gravitational field [210]
String interacting with a scalar field (Lund-Regge equations) [210]
Inclusion of topological terms for the Lagrangians of gravity or string theory [163,164]
String field theory [58,153,166]

Various relativistic and non-relativistic (integrable) field theories in two dimensions [36]
(namely the sine-Gordon model, the non-linear Schrodinger equation, the (modified)
KdV equation [211]), different versions of the Monge-Ampére equation in two dimen-
sions [72,212], the WZW model [101,122,213]

Generalization to higher-derivative field theories or non-local theories [161,214] with ap-
plications to general relativity (considered as a second-order field theory depending on
the metric field and its first and second order derivatives) as well as induced gravity, i.e.
the gravitational WZW model [161], this treatment being closely related to the one of the
Jackiw-Teitelboim model for 2-dimensional gravity with a cosmological constant [214]

The so-called parametrized field theories on curved space-time [215]

Edge modes in gauge field theories in the presence of boundaries [216-218]

We also note that the covariant phase space quantization has been carried out in detail in
reference [214] for some non-trivial two-dimensional models (see also [101,122]).
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5.2 Covariant phase space and Peierls bracket

In this section, we show that the symplectic 2-form Q on covariant phase space Z can be ob-
tained from the multisymplectic (n + 1)-form «w introduced in the multisymplectic approach.
Moreover, we show that the bracket introduced by R. E. Peierls in his attempt to construct a co-
variant canonical formulation of field theory is nothing but the Poisson bracket associated to the
symplectic 2-form Q on covariant phase space: this result was first established in reference [51]
by considering the standard Hamiltonian approach and more recently [52,53] within the co-
variant canonical formulation of field theory.

5.2.1 Derivation of the symplectic form £ from the multisymplectic form

Covariant phase space Z is defined to be the infinite-dimensional space of all solutions
¢ = (p% nt) of the covariant Hamiltonian equations of motion (4) involving the Hamilto-
nian H(%, nh), the latter equations being equivalent to the Lagrangian equations of motion.
We recall from Section 3.1 that a field ¢ represents, from the geometric point of view, a smooth
section of ordinary multiphase space P, see Eqn. (14).

As we discussed in Section 5.1, the space Z is an infinite-dimensional weak symplectic
manifold with symplectic 2-form © on Z. This 2-form is the differential of a 1-form (see
equations (84),(90)) which we denote by ©:

Q=-60,  with @szij“, and szd;ﬂ:—f dz,8j*.  (153)
Py z z

The forms © and Q2 on Z can be derived [ 3,4,52,59] from the multicanonical n-form 6 (defined on
extended multiphase space P) and the multisymplectic (n+1)-form «w = —d 8, respectively: the
latter forms have been introduced within the multisymplectic approach to field theory in Sub-
section 3.1, see equations (10)-(11). Here, we outline the derivation following reference [52]
to which we refer for the mathematical underpinnings.

Since 6 is a n-form on extended multiphase space P and since the integrand of © is a
(n—1)-form d%,j* on the Cauchy hypersurface ¥ ¢ M, we use pull-back maps to pass from P
to M and a contraction with a vector field in order to lower the form degree of 6 by one unit.
Similarly, for the (n + 1)-form w on P, we use pull-back maps and two contractions in order
to obtain the (n —1)-form d%,J* on M.

First, one considers the Hamiltonian 7 : P — P to pull back the forms 6 and  from P to
P, thereby defining the forms 6, and w,, see equations (12)-(13). For the contraction one
uses vertical vector fields X,Y on P, i.e. vector fields which only have components in the fibre
direction (this direction being labeled by (g%, p%)):

Vertical vector field on P: X =X%q,p)

%)
+X5(q,p)ﬂ- (154)

a

%,
aq“
The canonical 1-form © on covariant phase space Z is now given, at the point ¢, by

04(X) = f ¢*(ix0y), (155)
p)
i.e. its integrand is a (n — 1)-form on M. For the latter we have

¢*(ix6y) = " (ix[ptdg® Ad"'x, —Hd"x]) = ¢*(p X(q,p)d" 'x, ) = 7 X($) %,
(156)
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with d¥,, = q&*(d“_lxu). By substituting this expression into (155), we get the result

0= f dx,j*, with j#=nt6¢?, (157)
p)

in agreement with (83).
Analogously, the symplectic 2-form Q on covariant phase space Z is given, at the point ¢, by

Q,(X,Y) EJ ¢*(iyix ), (158)
2

its integrand being a (n — 1)-form on M. From

¢*(ivixws) = ¢*(ivix[dg® Adph Ad" Lx, +dH A d"x])

a

=[X(P) Y (¢)—Y(P) X (P)]d%,,

and from (158), we conclude that
Q:j dx,J", with JH=6p*Adnl =—6j", (159)
b

in agreement with (84),(90). From this construction it follows that the symplectic 2-form
Q depends on the dynamics by virtue of the Hamiltonian A though it is independent of the
Cauchy surface appearing in its definition (according to the argumentation outlined in Sec-
tion 5.1, see (93)). We also remark that the expression for ) given in Eqn. (158) is coordinate
independent.

5.2.2 The Poisson bracket associated to the symplectic form Q2 on Z coincides with the
Peierls bracket

Since the covariant phase space Z endowed with the symplectic 2-form Q defined by (158) rep-
resents an infinite-dimensional weak symplectic manifold, it induces a non-degenerate Poisson
bracket {F, G} of smooth functionals F, G on Z, see Eqn. (D.27) of Appendix D. Following [55],
we will now show that this Poisson bracket coincides with the Peierls bracket.

As discussed in Appendix D, the Poisson bracket {-,-} on an (infinite-dimensional) manifold
Z endowed with a (weak) symplectic form 2 is defined by Eqn. (D.27), i.e. for any two smooth
functionals F, G on Z we have

(F,G} = (X, X). (160)

Here, Xy is the Hamiltonian vector field associated to the functional F with respect to the
symplectic form Q. In this respect, it is judicious to recall the definition of the Hamiltonian
vector field X Fona finite-dimensional symplectic manifold (M, w) (see Eqn. (C.16)):

iy, =df . (161)

Here, f : M — R is a given smooth function and w the symplectic 2-form on M. By applying
this relation to a vector field Y = Y* aa—qi on M (where (q') denote local coordinates on M), we
obtain

(inw)(Y) =df(Y).
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Fromdf(Y)=(8,f)Y' = (Vf)-Y and the definition of the interior product iy . we conclude
that the definition (161) of X is equivalent to

WX, Y)=(Vf) Y. (162)

Thereby, the Poisson bracket {f, g} = w(X[,X,) associated to the symplectic form w on M can
be written as

The generalization of relations (162) and (163) to the infinite-dimensional weak symplectic
manifold (Z, Q) obviously reads

. OF
QXp,Y) = f e Y'[$1(x), (164)
and
— n oF I
{F,G}—f d"x 5l (x )X clo1(x). (165)

In the covariant Hamiltonian approach which we continue to consider here, we have
(¢") = (% mq).

We now come to the fundamental result [55]. As starting point we consider the symplectic
form Q on Z defined by Eqn. (158), ie QX,Y) = fz ¢*(iyixwy), and a non-degenerate

covariant Hamiltonian A (i.e. det(

30995 O) # 0). To simplify the notation, we consider the

case of a single real-valued field ¢ on the space-time manifold M, i.e. (9%, nh) = (¢, m*). The
linearized De Donder-Weyl equations (87) can be written in operatorial form as J[¢]16¢ =0
where §¢ = (5¢!) =[6p, 5m*]¢:

PN 5 92N _9*H 92N

—9, (57-[ )__ anzvaga om” :|_|: 5<p22 _av_fﬂtvﬁgo :||: 5(10 ]
I“H - 9°H J°H v

9 (5(10) c’)gaz’)n“ 5@ anvanH om” a,U« dpdmh T Onvonk om

=(J1¢1,6¢7)=T(¢16¢. (166)

The linearized field equation (166) is also referred to as Jacobi equation for the so-called Ja-
cobi fields 6 ¢ and the operator J[¢] is then referred to as Jacobi operator for the dynamical
system [55] (see Section 4.2.1). If the space-time manifold M is globally hyperbolic and if the
linearized equation of motion (166) represents a hyperbolic system of PDE’s, then the oper-
ator J[¢ ] admits uniquely defined retarded and advanced Green functions G~ = G, and
G* = G,q4,. Thereby it also admits a uniquely defined causal Green function G = G~ — G* (all
of these functions being, strictly speaking, distributions). For M = R" (which we consider
hereafter), we have translation invariance and thereby the functions (x,y) — G*(x,y) only
depend on the difference x — y. For the Jacobi operator 7, we thus have

JG*=65, and JG=0,
or, more explicitly,
Telé 1y Gi[fp]JK(X -y)= 5? o(x—y),

where the notation 7, means that the operator [ acts on the variable x.
For a given functional F on covariant phase space Z, solutions X * of the inhomogeneous

Jacobi equation JX x = 4) are thus given by the convolution of the Green functions G* with
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the inhomogeneous term g > ie. X * = G*x 5 ¢ : the difference of these solutions represents
a solution of the homogeneous Jacobl equation:

. &F
* s (167)
o¢

JXp=0, for Xp=X;—-Xf=Gx

Le. XF[¢]I(x) - fM dny G[¢]U(x .)/) 5¢J(y)

The fundamental result is that the formal vector field (X }) =X, =Gx g—g associated to the
functional F on Z is the Hamiltonian vector field associated to F with respect to the symplectic
form Q on Z, i.e. satisfies relation (164). This result can be established as follows. According
to Eqn. (158), we have

Q¢(5¢1:5¢2)=J ¢*°)H(5¢1,5¢2):J A%, I (5¢1,6¢5),
z z

with §¢, = (6¢,,57%) for r € {1,2} and (see Eqn. (159))

For simplicity, we again consider the case of a free scalar field ¢ to illustrate the general
arguments put forward in reference [55]. For this case, we have H(¢) = n“n + = ap ,
hence the linearized equation of motion (166) reads
-m? -0 o —0,(6n")—m?5¢
e[ T 2 2] _—
O Muy om” 3,(6p)—om,

and we have . » yos
X -0, X;" —m*X
J[¢]Xi[¢]=J[ fu}=[ D vty F]-
F Xp aMXF _XFu
By using this relation (involving the Jacobi operator ) and expression (168) for the symplectic
current density (J Z), we can easily evaluate the divergence of the latter current while taking
into account the linearized equation of motion (169): a short calculation yields

6F
8, (VX 191,6¢)) = (TXF) 66 +(TXE), 6V = 59 0 (170)
where we used the matricial relation JX7 = 7(G* >x< ) = g—i

To conclude, one assumes that 2 W has support in a ﬁnite time interval I and considers the
past and future light-cones of I. Moreover, one considers the region S, between the Cauchy
surface ¥ and a Cauchy surface =" in the future as well as the region S_ between the Cauchy
surface X3 and a Cauchy surface X~ in the past, see Figure 5.

By virtue of Gauss’s theorem we have

J d”xaHJ“(X;ﬁqb):J dZuJ“(X;,qu)—J d=, JH(X;,59)
S_ PN >

f d"xauJ“(X+,5¢)=—f dZMJ“(X+,5¢)+f dz, JH (X5, 6¢). (171)
S, by

>+

Here, the second integral on the right-hand-side of each equation vanishes since X |z =0due
to the support property of the retarded Green function G~ and similarly X} |2+ = 0. According
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Figure 5: Time-support I of g_f;-

to (170), the integrands on the left-hand-side of the two equations in (171) coincide with
g—g -5¢. We now add the two relations in Eqn. (171) and use the fact that X; — X = Xj:

J d”x5—F-5qbzf %, JM (X5, 6¢) = QXp,6¢).
S_US, o¢ b3

Since g—g vanishes in M outside of the region S_US, (by virtue of the support properties which

have been assumed for S—F), we obtain the result (164). Thus, Xy = G x g—F is the Hamiltonian
vector field associated to the functional F (with respect to the symplectic form 2) on Z.

From (160) we then conclude that, for two smooth functionals F, G on covariant phase
space Z with temporally compact support, the Poisson bracket associated to the symplectic form
Q reads [55]

_ n n 6F . 6G
{F, G} —JMd fod y—5¢I(X)G (x,y)5¢J(y). (172)

For the free Klein-Gordon field ¢, the linearized equation of motion for ¢ coincides with
the equation of motion for ¢ and thereby the bracket (172) on covariant phase space coin-
cides with the Peierls bracket (33). This fact is actually true quite generally [51, 52, 55] for
non-degenerate Lagrangians and even for degenerate ones if some particular conditions are
satisfied, see reference [53].

By construction, the bracket (172) has all of the properties that are required to hold for
a Poisson bracket. Yet, in contrast to the standard Poisson bracket of classical field theory
(see Appendix D), this bracket depends on the dynamics (as given by the Hamiltonian H,).

5.3 Relationship between the symplectic form £ and the Dirac bracket in gauge
theories

For gauge field theories we found that the closed 2-form €, defined by (106) on the reduced
phase space Z,p,, is non-degenerate, i.e. represents a symplectic form. Thus, it has the canon-
ical expression (92) in terms of Darboux coordinates if one chooses a hypersurface X given by
t = constant. The associated Poisson bracket then also has the canonical expression on Zpy,y.
As discussed (for the finite-dimensional case) in Appendix C.6, this Poisson bracket coincides for
observables (i.e. gauge invariant functionals) with the Dirac bracket which is considered in the
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standard Hamiltonian approach to gauge field theories [51]. Similarly, for gauge field theories,
it can also be argued that the Peierls bracket of observables coincides with the Dirac bracket of
these observables. Indeed, the object of reference [51] was to establish the equivalence of the
different Poisson structures for observables in gauge theories, namely the Dirac bracket of the
standard Hamiltonian approach, the Peierls bracket and the Poisson structure associated to
the symplectic form €2, which appears in the covariant phase space approach. We note that
the latter approach has the advantage that one does not have to tackle the constraints originat-
ing from gauge invariance since these are automatically satisfied for the solutions of the field
equations [159].

The case of (parametrized) field theories on a globally hyperbolic manifold is discussed
in reference [215] which concludes that the standard and covariant phase space approaches
both lead to the same reduced phase space in the case of generally covariant theories (see
also [60]).

5.4 Surface (flux) charges in theories with local symmetries

The derivation of local conservation laws and the definition of conserved charges associated to
local symmetries in general relativity that we briefly addressed in Subsection 5.1.2 have a long
history going back to the ground-breaking work of A. Einstein [219], e.g. see [220] for the
early history and [22,158,185,221-225] as well as references therein for more recent work. In
particular, it has been pointed out in the nineties by R. Wald and his collaborators [63-65] that
the conserved charges in field theories with local symmetries can be derived in a systematic
way by using the covariant space approach: we will discuss this construction in a more general
setting in Subsection 7.6 and in Subsection 7.8 along with alternative procedures. The case of
Yang-Mills theories will then also be addressed in some detail.

5.5 On space-times with boundary

The case of a space-time manifold with a boundary will be discussed towards the end of the
next section since it naturally fits into the set-up of the variational bicomplex. A different
approach to it will be presented in Subsection 7.8 for the case of diffeomorphism invariant La-
grangian field theories. Here, we only note that the relationship between the Poisson bracket
(associated to the symplectic form on covariant phase space) and the Peierls bracket was ex-
tended to the case of manifolds with a boundary by the authors of reference [182].

6 Approach of variational bicomplex

At the end of the Seventies, the variational bicomplex was introduced independently by
I. M. Gel'fand and his collaborators [67] (in his program of making topological invariants
local) as well as by A. M. Vinogradov [68], W. M. Tulczyjew [69] and E Takens [70] in their
study of the inverse problem of the calculus of variations. It has been elaborated in partic-
ular by I. M. Anderson [226] and applied to the study of PDE’s [31] and to the perturbative
quantization of field theory, e.g. see [74] and references therein. It may be viewed as a mod-
ern geometrical setting for the theory of differential equations and thereby also for classical
field theory [71,74,157]. The notion of variational bicomplex (dealing with differential forms
on an infinite jet bundle) is closely related to the multisymplectic formulation of field theory
(dealing with differential forms on a 1-jet bundle and on its affine dual). In fact, it yields an
elegant and powerful reformulation of the latter approach. Accordingly we will introduce it
here in terms of the notation and notions that we already considered for multisymplectic ge-
ometry and we will illustrate its physical application by virtue of classical mechanics and field
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theory [73]. As a matter of fact, the approach to field theory based on the variational bicom-
plex represents a mathematical framework which encompasses and unifies to some extend all
covariant approaches that we have discussed so far including the covariant phase space for-
mulation. It allows in particular for a quite general characterization of the symmetries that
appear for ordinary or partial differential equations and in particular for those of Lagrangian
or Hamiltonian field theory. We will outline this characterization of symmetries while relating
our presentation to the examples discussed in the previous sections.

6.1 Definition

The starting point is a given system of differential equations (field equations) on a base man-
ifold which we again assume to be given by Minkowski space-time M = R" parametrized by
x = (x#) = (x%xL,...,x"). The dependent variables are fields x — ¢(x) = (¢(x))ac,...
solving the field equations under consideration. From the mathematical point of view, a field
is viewed as a section s : M — E of a bundle E over M, e.g. the trivial bundle E = M x U,
i.e. s(x) = (x,p(x)) with ¢(x) € U. Instead of the 1-jet bundle JE over M, we now consider
the infinite jet bundle J°°E whose sections 7 °°s are obtained by infinite prolongation of the
sections s of E according to'?

(T%°5)(x) = (x, p(x), 9,9(x),8,0,(x),... ). (173)

Thus, J °°E is parametrized by local coordinates

(4=qop 9y qp---),  with ¢=(q%), qu=(q)), 9 =(g0,)---»

and
3(’0a azgoa
a—  .a a — a — — @
" =¢(x), g, =7 200, ¢, =SS ()=q,,,... (174)
Here, the g-variables qj are labeled by an index a and an unordered multi-indexJ = (uy, ..., Ux)

with k > 0 and with the convention that qg = q“. Even if the given field equations are only of
finite order (e.g. of order 2 as it is typically the case in field theory), the consideration of an
arbitrarily high order of derivatives is useful for the exploration of general properties of the
dynamical system like symmetries and conservation laws (which may depend on higher order
derivatives) or of the existence of a Lagrangian (inverse problem of variational calculus).

The algebra Q°(J°°E) of differential forms on J°°E is generated (by means of sums and
wedge products) by the 1-forms {dx"} together with the basis of so-called contact 1-forms
(whose pullback from J°°E to M vanishes),

a — a__ 44U a — a__ ,a %
0% =dq qudx R Qu_dqu qwdx yen (175)

By definition, a (k,1)-form a on J*°E (denoted as a € Qk! = QkI(J*®E)) is a (k + [)-form
a on J°°E which is a finite sum of terms of the form

f[q]dx“l/\~--/\dx“k/\6f11/\m/\OJ‘il. (176)

Here, f[q] denotes a smooth real-valued function of the variables x,q,q(1}, ..., qx} for some
K € N. The fact that f depends on x and only finitely many variables q,qﬁ, q;‘W, ... (cor-
responding to the values of a field and its derivatives at the same space-time point) means
that a (k, [)-form is actually a local form in the sense of local field theory; e.g. a (n,0)-form

125trictly speaking, (7 °°s)(x) is defined as an equivalence class, two local sections in E being considered to be
equivalent at x if all of their derivatives agree at x.
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Ld"x € Q™ (with d"x =dx°Adx!'A---Adx"! and £ depending on x,q% and q5,) describes
a first order Lagrangian £ of a local field theory. This locality property of (k, l)-forms is also
crucial for the validity of various mathematical results to be discussed below and it should be
kept in mind.

The exterior derivative of a function f[q] is given by

0 )
df = dx*— +dg* s
f (x 5o T4 3q§)f

with summation over all indices u,a and multi-indices® J. If we reexpress the differential d
in terms of the contact forms (175), we have

dy = dx"3, : QM — @ L,

d=dy+d,, | with el o g 177)

and

) a « 0
8M @—Fqua—qaﬁ'quvaqﬁﬁ'

Here, J,f represents the total derivative of f[q] with respect to x": it involves the partial

derivative % (that measures the explicit dependence of f on x*) and the derivatives with re-

spect to the variables q¢, qz, ... which reflect the x-dependence coming from the x-dependence

of fields p® and their derivatives,'# see equations (173)-(174). This total derivative determines

the so-called horizontal differential d, = dx" 3, (acting on the total space of the jet bundle J*°E
over M) which differs from the exterior differential d = dx“a‘% that acts on forms on the base
space M and does not involve any field dependence. The so-called vertical differential

d d d d

+0] +eo=dyqt ——+dyq =
2q® “8qﬁ v dq® vy 8‘1ﬁ

d, = 0° . (178)

amounts to an infinitesimal field variation. The exterior derivatives d;, and d, are nilpotent
and anticommute with each other in accordance with d? = 0. Thus, the collection (or, more
precisely, direct sum) of spaces QX! endowed with the differentials dy, and d,, defines a double
complex which is referred to as the variational bicomplex (Q’”(J *®E),d;, dv) for the fibre
bundle E over M, see Figure 6.

The terminology ‘variational’ refers to the fact that d,a = d,q¢ g—;,‘l + dqu % +--- repre-
m

sents the variation of the form a € Q%!(J°°E) induced by the field variation g% ~» ¢ + d,q°.
Since the so-defined bicomplex is only determined by the field content (total space E over
M), it is also referred to as the free variational bicomplex. In Section 6.4 below, we will con-
sider the variational bicomplex (Q”’(Roo ), dy, dv) obtained by reducing the bundle J°°E to
the subbundle R*° describing the solutions of given field equations, i.e. the bicomplex associ-
ated to a dynamical system. For the description of local symmetries it may also be convenient
to introduce antifields carrying a ghost-number (as in the Batalin-Vilkovisky approach to the
quantization of gauge field theories): this leads to the extension of the variational bicomplex
to a tricomplex, see Subsection 7.6.2.

BFor J = (uy,..., U ), the derivative 8/ dqj is always understood to be the symmetrized derivative so as to avoid
combinatorial factors, e.g. the appendices of references [154,157].

4Here, we have adopted the notation which is standard in physics: in the mathematics literature, the total
derivative with respect to x* is usually denoted by D, and the partial derivative by J,.
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dy dy dy dy

0 Q0.2 dn Ql2 dn dn Qn-1.2 A Qn2 dn 0
d, d, dy dy

0 Qo1 dn QlLl dn - A Qr-11 0 qQnl dn 0
dy dy dy dy

0 R Q0.0 A QLo A e dn Q10 A Qo A 0

Figure 6: Variational bicomplex (Q”'(J E), dy, dv).

We note that in the case of a trivial fibre bundle R" x RN — R" over space-time R", both
the horizontal and the vertical sequences of the variational bicomplex are exact (except for
the bottom and top horizontal degree, see next paragraph), i.e. one can apply the Poincaré
lemma for each space and either dy, or d,. Below we will repeatedly use this fundamental
result (going back to I. M. Anderson, L. Dickey, E Takens, T. Tsujishita [227], W. M. Tulczyjew
and A. M. Vinogradov) and refer to the literature [228] for further results on the cohomology,
e.g. for non-trivial fibre bundles and/or an enlarged bicomplex.

We remark that for the calculus with differential forms, it is important to know the action
of the exterior derivative on the monomials dx* and 6;':

dn(dx") =0=d,(dx"),  dnOf =dx"A6f,,

d,0; =0. (179)
(Algebraic) Poincaré lemma: In view of its importance for field theory, we spell out the
Poincaré lemma for the horizontal complex which is also referred to as the ‘algebraic Poincaré
lemma’ [229, 230] following R. Stora. In this respect, we first recall the ordinary Poincaré
lemma (see Appendix A) which concerns the de Rham complex (Q‘(R”), d= dx“a‘%) on the
base manifold M = R": for the k-th cohomology group H*(d, Q*(R™)) (i.e. the quotient Z*/B¥
of the vector space Z¥ of closed k-forms on R" by the vector space BX of exact k-forms on R"),
we have:

de Rham cohomology groups on R": Hk(d, Q'(R”)) = 515 R, for 0<k<n. (180)

Thus, the cohomology groups are trivial for k > 1 (i.e. closed k-forms on R" are exact) and
the closed O-forms (i.e. smooth functions f : R" — R with df = 0) are real constants. The
proof of this lemma requires to show that, for any closed k-form a on R" (with k > 1), one
can find a (k — 1)-form 8 on R" such a = df3. Such a (k — 1)-form can be obtained from a
by applying a so-called contracting homotopy operator I, i.e. = I(a), see equation (A.19)
of Appendix A.5.
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The algebraic Poincaré lemma [229,230] concerns the horizontal differential acting on
forms defined on the bundle E over M = R" and states that

R, fork=0,
H*(dy, Q°(E)) =4 o0, for0<k<n, (181)
{[al}, fork=n.

Here [a] represents an equivalence class of top forms, i.e. a € Q"(E), the equivalence of forms
being defined by
a~a+d,j, with j € Q" (E).

The proof proceeds again by the consideration of a contracting homotopy operator which
generalizes the one introduced for the de Rham complex, see equation (273) below.

Interpretation and relationship with traditional notation: A comprehensive presentation
of the Lagrangian and (in particular) the Hamiltonian formulation of classical dynamical sys-
tems (including gauge symmetries and thus constraints) for a finite or an infinite number of
degrees of freedom, as well as of the quantization of these systems, has been given in refer-
ence [23]. Following loosely this classic work and using the language of jet bundles, a nice
concise introduction to classical Lagrangian field theories (notably gauge field theories) and
to their perturbative quantization has recently been presented by G. Barnich [74]. Since the
corresponding notations are more familiar for physicists, we relate the ones that we introduced
above to the latter ones.
The total derivative with respect to x* of a function

x = f(x,9%x),3,0%x),...),
is given by g, = a‘% + 0, 5‘97 + -+ where % reflects the explicit x-dependence of the
function f. The horizontal differential writes as in Eqn. (177), i.e. dy, = dx“au.

An infinitesimal transformation of a section x — s(x) = (x, go(x)) is described by

(xt, 0(x)) = (x™, " (x")) = (x* + e E*(x), 9 (x) + €9 (x)),
with € € R infinitesimal. It corresponds to a vector field on the bundle E given by

o ., 0

= .u_+ _
v=a OxH 2qe

>

where a* and b“ correspond to the values of, respectively, £* and of ¢ at x. At first order in
€, we have

P x+e&) =" (x) = x) +ey(x), @ (x+e&) =" (x)+eE 0% x),
henceforth the variation of the field ¢ takes the form
€5op (X) = 5¢ () = () —(x),  with Sqp* =1p*—E*G,0".

Thus, the variation 6,¢“ of the field ¢ involves both an intrinsic term 2)* and a drag term
involving the derivative of the field [74]. The value of 6, at the point x (i.e. b®— a“ql‘i)
is referred to [31, 74] as the characteristic (representative) of the infinitesimal transformation
of fields (or of the vector field v). In terms of fibre bundle coordinates (x*,g?) and of differ-
entials, the last equation corresponds to the infinitesimal field variation as considered above
(see equations (175),(177)):

d,q* =dq* — q“i dx*=0° (contact 1-form).
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In summary, we have the following relation between the infinitesimal field variations in tradi-
tional notation and in the variational bicomplex approach:

6o (x) =9 () =& () (0 Nx)  «—  dyq" =dq®—q,dx"=0".

6.2 Lagrangians and Euler-Lagrange equations

Generalities: Suppose the field equations are the Euler-Lagrange equations following from a
first order Lagrangian n-form £ d"x € Q™°. In the setting described above, the Euler-Lagrange
equations read 0 = £(L d"x) where the Euler-Lagrange operator £ = T d, is defined in terms
of the so-called interior Euler operator Z which acts on the (n, 1)-form a = d,(£ d"x) according
to

Z(a) =60 I:ia/aqaa— au(ia/aqﬁa) + auav(ia/aqﬁva) Fe ] , (182)

where the operator iy denotes the interior product with the vector field X on J*°E. With £
depending only on x, q%, qﬁ, we thus obtain

E(LA"x)=E,(L) 0% Ad"x, with | E (L) = oL _ 9, 9L , 0% =d,q".
aq® aq;

(183)

If the Lagrangian L is of higher order, then E,(£) involves higher order terms of obvious form.

By way of example, we consider M = R" and L[q] = %n‘“’qﬁqi - m; q“q“® correspond-
ing to N free scalar fields ¢ of equal mass m. Then, we have the Euler-Lagrange equation
0 = E,(£) = —(q," + m?q?), i.e. (upon pull-back to M) the free Klein-Gordon equation
0=(d%g, + m?)p?(x).

For a Lorentzian manifold (M, (g,,)), explicit expressions of the Lagrangian n-form can be
defined by using the Hodge star operator » which is recalled in Appendix A. For instance, for a
free massless scalar field ¢ or for the Maxwell potential 1-form A=A, dx* (with field strength
F = dA), the pull-back of the Lagrangian n-form to M is given by

3do Axdp =3 (8" ¢9)(3,¢) +/Igld"x,

(184)
5 F A+F =—3 F*"F,, /|gld"x .

(T8 (Ld"x) = {

The appearance of the factor 1/|g| (with g = det(gy,)) in the volume element can be avoided
by the choice of appropriate coordinates [120]. (The latter choice of coordinates is convenient
if one wants to use the standard form of the De Donder-Weyl equations for the canonical
formulation of field theory [120].)

Let us mention a quite useful property [73,226] of the interior Euler operator Z which will
be repeatedly used in the sequel:

I(dya)=0, for aeQ™ Y (1>1). (185)

Ambiguities: For a given first order Lagrangian n-form £ d"x € Q™°, an equivalent first order
Lagrangian n-form £’ d"x € Q™0 is given by

L' d"x =Ld"x +dpA, with AeQ™ 10, (186)
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Here, A = A“[q]d”_lx“ with d"‘lxM = iaud"x and A"[q] is a function of x and g only.
Indeed, we have

duA = (dpA*) A" Px, = (0,AM)d"x with gt = IA 4 g 9N
hiy — \Uh u — Yy > w - 2 xk qu 8qa 5
hence dy A represents a divergence term depending at most on x, g%, qz ; moreover, the Euler-
Lagrange operator £ annihilates dy A since £(dyA) = Zd,(dyA) = —Zdy(d,A) = 0 by virtue of
relation (185) applied to a = d,A € Q" 11,

6.3 Application to classical mechanics (and relation with multisymplectic ap-
proach)

For n = 1, the multisymplectic approach to field theory corresponds to the symplectic descrip-
tion of time-dependent mechanics (i.e. of non-autonomous systems) on the doubly extended
phase space parametrized by (t,q%, p,, E) and a Hamiltonian flow involving the extra variables
t and E, see Appendix C, equations (C.26)-(C.30). The latter approach is also referred to as
the “autonomization trick” [73]. The extension of ordinary phase space can be avoided as
follows [73] by considering the variational bicomplex.

For the sake of notational simplicity, we choose a system with one degree of freedom, the
coordinate and momentum of the particle being denoted by Q(t) and P(t), respectively, and
the Hamiltonian function by H(Q, P, t). According to Table 1, we consider the trivial vector
bundle E = M x U = R x R? over the time axis R, the fibre R? belng parametrlzed by the phase
space coordinates (q“),=1 2 = (Q(t), P(t)). We now have 5,Q = (81‘ +Q 3G +P a -)Q=0Q
and similarly 3,P = P. The contact 1-forms 6% are given by ' = dQ—Qdt and 92 dP—Pd t.
Let us presently define the generalized symplectic form w € %2 on J°°E as the following d,-
closed (0, 2)-form:

symplectic form on J*°E: w= Z d,q* Adyq® =d,QAd,P. (187)

a<b

By virtue of the definition of the vertical derivative d,, we have

_=(ea§§l) A (6° a‘D) (dQ—38,Qdt) A(dP—3,Pdt)

=dQAdP+[(5,Q)dP —(8,P)dQ] Adt.

For the solutions of the

0H 0H
Hamiltonian equations of motion 2,.Q = 3p° P = —% , (188)
we thus have
w=d,QAd,P=dQAdP+dH Adt, (189)

i.e. the expression of the symplectic 2-form on doubly extended phase space. Thus, the split-
ting of the exterior derivative on the variational bicomplex into horizontal and vertical parts
allows us to give a symplectic description of time-dependent mechanical systems which avoids
the extension of phase space. Moreover [73], in this approach the Hamiltonian flow takes the
simple coordinate free expression

dpw =0, on solutions (of the Hamiltonian equations) . (190)
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This can be seen as follows. By substituting the explicit expression (187) of w into (190) and
using the fact that dy, and d,, anticommute, we obtain

0= dyw = (dd,Q) A d,P —d,Q A (dpd,P) = —d,[ duQ Ad,P +d,Q AdyP |.

eqll

According to the Poincaré lemma (applied to d,-closed forms), there exists a (1,0)-form S=Hdt
such that we have (on solutions of the Hamiltonian equations)

—dyQAd,P—d,QAdyP =d,S=d,HAdt.
From d,Q = (6,Q)dt and d,P = (8,P)dt, we infer that
[(6,Q)d,P—(8,P)d, Q] Adt =d,H Adt,

i.e. H only depends on Q, P,t and we have the Hamiltonian equations of motion (188). Con-
versely, by starting from the set of equations (188) and reversing the previous line of arguments
one deduces the validity of (190).

6.4 Field theory: Relation with covariant phase space

In Subsection 6.5 we will generalize the previous line of arguments from classical mechanics
to field theory. Presently, we relate the covariant phase space formulation of field theory to
the variational bicomplex approach.

General expressions: The first variational formula (82) for Lagrangian field theory admits
the following global formulation in terms of the variational bicomplex [71,226]. Suppose the
fields are sections of a fibre bundle E over the n-dimensional space-time manifold M and sup-
pose we are given a Lagrangian n-form £d"x € Q™°. Then, one can prove (using techniques
of global analysis) that there exists a form j € Q" ! such that we have the

global first variational formula : d,(Ld"x)=E(Ld"x)+dyj . (191)

(As a matter of fact, the field variation 6 ¢“ appearing in (82) can be included into the last
relation by contracting the relation with a vertical vector field X = 6 ¢ 5aqa on E prolongated
to J°E.) The fact that j € Q" ! means that j represents a (n — 1)-form with respect to the
horizontal degree (i.e. the dual of a 1-form j, dx* for n-dimensional space-time) and a 1-form
with respect to the vertical degree (which reflects the linear dependence on the monomials 6 ¢
in the local expressions (82),(83)).

By construction, the so-called [59]

universal current (for £) J=—d,j, (192)

is a d,-closed (n — 1, 2)-form. The authors of [71] refer to j as the variational 1-form and to
J as the local symplectic form which appears to be a quite pertinent terminology.

In order to compare with the results obtained within the covariant phase space approach,
we consider a first order Lagrangian n-form £d"x. By explicitly evaluating d,(£d"x) and
comparing with the general relation (191) and with (183), we obtain the following explicit
expressions [1, 72 ] for the variational 1-form j and for the local symplectic form J:

oL
aqy,

o’L ., 8L
3qadqb © | aqadqh
4% 9q q%9q8

j=—ar 09 Ad" J=—0°A[ o2 Adx

e

(193)
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These expressions correspond precisely to those obtained in Section 5.1 for the symplectic
potential and the (pre-)symplectic current density, see equations (83) and (84), respectively.
(We note that the global signs depend on the conventions, e.g. our definition of d”_lxu.)

Ambiguities: The equations of motion are not modified if one adds to the Lagrangian n-
form a term dyA with A = A¥[q]d" 'x, € Q"0 (where A¥[q] is a function of x and ¢°
only), see Eqn. (186). The induced changes of the forms j and J are easily determined:

L'd'x=Ld"x+dyA, j=j—d,A, J=J, with AeQ™ 10, (194)

These transformations correspond to the expressions discussed in covariant phase space, see
equation (94).

If one considers first order Lagrangian n-forms £ d"x and makes the additional assumption
that the variational 1-form j is “linear over functions” f € C°°(M), then this 1-form is uniquely
defined [71] and locally given by expression (193). Yet, in general the variational 1-form
j as defined by relation (191) is only determined up to a dy-exact term [63, 64, 71]. The
modification j ~ j/ = j + dy ¥ (with & € Q">!) and the relation d,(d,®) = —dy,(d, ) lead
toJ' = —d,j’ = J +dyf3 with B = d,0. Such a change of j and J is notably induced by
adding a trivial term dy A to the Lagrangian n-form. Indeed, if we write the variational 1-form
j associated (by virtue of (191)) to the Lagrangian n-form £d"x as j 4n, then relation (191)
applied to £Ld"x = dy A reads

dy(dyA) = E(dyA) + dpjg, A -

From d,(dyA) = —dy(d,A) and E(d,A) = 0, it then follows that dy(jg, o +dyA) = 0. By virtue
of Poincaré’s lemma for the variational bicomplex we thus have the following result [180]:

Jaa = —dyA+dpPy, for some 7, € Q" 31, (195)

As a matter of fact, we already encountered these contributions to the form j (or rather to
its pullback on a (n — 1)-dimensional hypersurface X C M) in the case of general relativity in
Eqn. (138). The term d,#, (representing a superpotential term, see equations (240)-(241)
below) is known as corner term and an explicit expression for ¢, will be given in Eqn. (277)
below. For the corresponding local symplectic form, i.e. Jg o = —d,j4, A, We thereby obtain
the expression

thl\ = dhﬁ/\ , Wlth ﬁ/\ = dvﬁA (S Qn—2,2 . (196)

As we will see below (cf. Eqn. (201)), the (pre-)symplectic 2-form Q on the space of solu-
tions s of the Euler-Lagrange equations is defined as an integral of the local symplectic 2-form
J € Q" 12 over a (n — 1)-dimensional submanifold ¥ ¢ M. This integral does not depend on
the choice of the variational 1-form j if ¥ is boundaryless. Yet, for hypersurfaces & with a non-
trivial boundary 9%, the modification (196) of J generally changes the 2-form Qg (unless the
fields satisfy appropriate boundary conditions on d%), see Subsection 7.7 and Subsection 7.8
which address corner terms.

If 3% is an unbounded hypersurface, then the integral 4532 ... can be interpreted [64,65] as

a limit of 565 -+ where the compact region K C X approaches all of ¥ in a suitable manner:

jg ---Elimf (197)
ax k=% Jak

This definition makes sense if the limit exists and is independent of the choice of the compact
region K and of the manner that it approaches .
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M

Figure 7: Subbundle R° of J°°E associated to field equations.

Going on-shell: Now suppose the Euler-Lagrange equation £(L£d"x) = 0 associated to the
Lagrangian L represents a system of PDE’s satisfying the hypotheses of the Cauchy-Kowalewski
theorem, e.g. of order 2. In this case, the solutions of the equations of motion are sections
of a subbundle R of the 2-jet bundle J2E. Moreover, one can then restrict the infinite jet
bundle J°°E to the infinite prolongation R°° of R obtained by differentiating the system of
equations defining R. Thus, one can consider the variational bicomplex (Q°*°*(R°°),d,,d,)
of the differential equations R, see Figure 7.

In particular, we can now pull back the first variational formula (191) from J°°E to R*°
(i.e. impose the equations of motion) which yields

d,(Ld"x)=dyj, on R, (198)

with j € QT L(R).
On R°, the local symplectic form (192) is dy,-closed on the solutions of the field equations
by virtue of dy,(d,j) = —d,(d,Jj) and of relation (198):

Structural conservation law : dyJ =0, on R*. (199)

As we already noted, the form j € Q" b1(R°°) of the variational bicomplex approach corre-
sponds to the symplectic potential current density (j*) given by Eqn. (83) while J corresponds
to the (pre-)symplectic current density (J*) which is given by (84) and satisfies the structural
conservation law J,J" = 0 (on-shell), see Eqn. (89). This correspondence is also consistent
with the interpretation of d, as the infinitesimal field variation. Quite generally, the forms
a € Q149 with q > 0 satisfying d, @ = 0 on solutions of the field equations are referred to as
higher degree or form-valued conserved currents [72,226], the case ¢ = 0 corresponding to the
usual instance of conserved currents.
The tangent bundle of R°° C J°°E can be identified with the set of vertical vector fields

0 ol
+90,X*——+0,0,X"
aqa w aqﬁ w VX aqﬁv

X =Xx¢

+-, (200)

where (7 °°s)*X“ satisfies the Jacobi equations (i.e. the linearized Euler-Lagrange equations),
see equations (37)-(38).

Following the work of G. Zuckerman [59], we now consider a (n—1)-dimensional subman-
ifold ¥ ¢ M which is compact and oriented. The canonical 1-form ® on R*>° c J°°E and the
associated (pre-)symplectic 2-form ©Q on R°° are defined in analogy to (155) and (158) in terms
of the form j € Q" H1(R°°) and of the form J = —d,j € Q" 12(R°), respectively: in terms
of vertical vector fields X, Y on R°°, one introduces (at any solution s of the Euler-Lagrange
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equations) the

Canonical 1-form on R : e,(X)= f (T%°s)*(ixj),
%

(Pre-) symplectic 2-form on R*° : Q,X,Y)= f (T°s) (iyixJ). (201)
5

One then has [59] the results

Q=-do, dQ=0, (202)

and the 2-form Q does not depend on the manifold = which is chosen for its definition.'®

The fact that the previous results hold on R°° means that they hold on-shell, i.e. the field
equations are taken into account [59, 72]. These results correspond to those found in the
seventies [3,4] in the framework of multisymplectic geometry (see Eqn. (158) and the next
subsection) and those found by E. Witten [58] (and by C. Crnkovic [152]) in their study of
different classes of models, see Section 6.6. The subtle question whether Q actually repre-
sents a symplectic form, i.e. is non-degenerate, will be addressed in Section 6.6 following a
discussion of local symmetries of the field equations.

To conclude, we note that the Poincaré lemma still applies to the differential d,, of the
bicomplex (Q"'(T\’,Oo), dp, dv) associated to the field equations, i.e. to the columns of this
bicomplex. However, it does not apply to the differential d;, (by contrast to the case of the
free variational bicomplex). The non-trivial cohomology groups of the differential d; acting
on Q**(R ) are referred to as characteristic cohomology groups: they can be related to the so-
called Koszul-Tate differential (see Appendix B.3) and we will see in Section 7 that they provide
important information on the solutions of the field equations. In particular, they describe non-
trivial conservation laws in field theory, see equations (245)-(246) and (270) below.

6.5 Field theory: Relation with multisymplectic approach

The field theoretical generalization of the considerations in Section 6.3 on mechanics as for-
mulated on the variational bicomplex is tantamount to considering the base manifold M = R"
and a multisymplectic dynamical system on J°°E with E = R" x R¥. More precisely, following
references [73,160], we consider a Lagrangian multisymplectic system of PDE’s, i.e. we assume
that the system of PDE’s represents the Euler-Lagrangian equation £(L£d"x) = 0 following
from a

Lagrangian n-form Ld"x = pt(x,q;)dpq® A d”_lxu —Hd"x, (203)

on J°°E. (Note that this expression corresponds to the Poincaré-Cartan n-form on ordinary
multiphase space, see Eqn. (12). It is tantamount to the basic relationship £ = p& qz —H,
see Eqn. (3).) In this setting, it is natural to introduce a symplectic 2-form d,q% A d,p4 for
each space-time coordinate x* (in analogy to the symplectic 2-form (187) for mechanical
systems). One then gathers all of these forms in the so-called multisymplectic (n + 1)-form on
J°E, i.e. the following d,-closed (n —1,2)-form:

multisymplectic form on J°°E : w=d,q" Ad,p' A d”_lxu . (204)

15For a noncompact hypersurface ¥, the convergence of the integral (201) is ensured by evaluating £, only on
vector fields X,Y with compact support in spatial directions or with sufficient decay properties at spatial infin-
ity [71].
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The generalization of the calculation (187)-(189) to field theory, which now relies on the De
Donder-Weyl equations qz = %’%, 9 ph = —gflﬁ , yields

w=d,q* Ad,p A d”‘lxM =dq" Adph A d”_lxu +dHAd"x = wy,

i.e. we have the “dynamical” multisymplectic (n + 1)-form (13) on multiphase space, but the
present approach does not rely on an extension of phase space.

As for mechanics (see Eqn. (190)), we have the following general result for the multisym-
plectic form given by (204): the relation

dpw=0, on solutions of the field equations, (205)

is tantamount to the existence of a Lagrangian of the form (203) which yields these field equations.
Indeed, by virtue of the Poincaré lemma, the relation d,w = 0 for the form w € Q"2 given
by (204) implies that there (locally) exists a form 6 € Q" L1 such that

w=—d,0. (206)
The fact that the differentials d,, and d;, anticommute now implies that
d,d, 0 =—dpd, 0 =dy,w=0, on solutions.

Since dy,0 is d,-closed (on solutions), we again apply the Poincaré lemma to infer the (local)
existence of a n-form £d"x € Q™° such that

d,6 =d,(Ld"x), on solutions. (207)

The n-form £d"x actually represents a Lagrangian for the system of PDE’s under considera-
tion since application of the interior Euler operator Z defined by Eqn. (182) and enjoying the
property (185), yields

ELd"'x)=Zd,(Ld"x)=Z(d,0)=0, on solutions,

i.e. the Euler-Lagrange equation. According to (204) and (206), we presently have the fol-
lowing explicit expression for the form 6 € Q" 11

0 =ph(x,q))dyq* Ad" " x,, . (208)

This expression (involving the vertical differential) corresponds to the kinematical multicanon-
ical n-form (10). As for mechanics, the consideration of the variational bicomplex avoids the
extension of multiphase space by an energy-type variable and it allows for the simple coordinate
free expression (205) for the Hamiltonian flow.
We note that relation (207) coincides with equation (198) and that (206) coincides
with (192), i.e.
On R : je— 0, J e— w.

In fact, (208) and (204) represent explicit expressions for the forms j and J encountered in
the previous subsection: by virtue of p}; = g qﬁa , these expressions precisely correspond to those
encountered in Eqn. (193) (for our choice OF a first order Lagrangian).

We refer to the work [73] for a discussion of conservation laws (the so-called multimo-
mentum map) in this geometric set-up of field theory. It turns out that this approach to PDE’s
not only provides new mathematical insights, but also allows for the derivation of novel pre-
dictions concerning various dynamical systems of physical interest, e.g. in fluid mechanics,
see references [73,160].
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6.6 Symmetries and gauge field theories

We only discuss variational symmetries (i.e. symmetries of the action) as well as local (gauge)
symmetries and we refer to the literature [31, 74] for a comprehensive treatment of sym-
metries and their consequences. We note that in the literature the notation of Lagrangians or
Lagrangian densities is far from uniform, e.g. see references [17,22,154] for different choices.
We assume that on a space-time manifold (M, (g,,)), the Lagrangian L has the expression VgL
which is often denoted by L in the literature, e.g. [154,158]. For the sake of clarity, we recall
(cf. text after Eqn. (176)) that the notation f[q] means that f is a smooth real-valued function
of x,q,qy;---,qy, ..., for some K €N.

(Global) variational symmetries and Noether’s first theorem: Suppose we are given a
(first order) Lagrangian n-form £d"x € Q™°. By definition [72], a (global) variational sym-
metry of the Lagrangian £ d"x is a so-called evolutionary vector field X¢ aaqa with characteristic

X?[q] and prolongation on J°°E given by

1%} d
+0,X* —+3,9,X"
dqe aq;

X=X +..-,
aqﬁv

(209)

for which there exists a form K € Q" 10 (depending in general on X, i.e. on the local functions
X% such that

iXdV(‘C dnx) = dhK . (210)

We note that the variation of the field variables under X is given by
6xq* =X(q")=X", (211)
and that the variation 6y commutes with the total derivative J,:
[8,,5x1=0. (212)

From K = k*[q] d"_lxu, it follows that d,K = (9,k")d"x. Evaluation of the left-hand side
of (210) yields ixd,(£Ld"x) = (6xL)d"x, hence relation (210) is equivalent to the

quasi-invariance of L : 6xL=0,k", | with oxL=X" oL +9,X¢ oL

—. 213

We can rewrite 6y L by using the Euler-Lagrange derivative E,(L£) given by (183) as well as
the Leibniz rule:

oL oL oL
OxL=X?—+9, X" — =X"E g, x¢ .

Substitution of this expression into (213) leads to the relation

0=E(OX"+8,7%, | with | gv=2E
aq;,

X —kM. (214)

This result is nothing but Noether’s first theorem which states that a symmetry of the action
S= f y £d"x implies a local conservation law ¢, J* = 0 for the solutions of the equations of
motion E,(L£) =0.
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Example 1 (Geometric transformations): By way of example, we consider M = R" and
space-time translations parametrized by constant vectors (¢*) € R", i.e. a rigid geometric
transformation. Then 6xq® =X¢ = s“ql‘i and 9,X = s“qﬁ ,» which yields

oL oL oL
5xL=¢" (qﬁ aqc T 3%1) = ¢’ (%5—@) :

If £ does not explicitly depend on x (i.e. aa—é = 0 for all u), then 6xL = e"g,L = 9,(e"L),

ie. OxL = ﬁuk“ with k¥ = ¢* L. By virtue of Noether’s first theorem (214) we now have the
following local conservation law:

0
On-shell: SMT‘“’ =0, with T+, = 8q£ﬂ q,—064 L. (215)
u

Here, T"" is the familiar expression for the canonical energy-momentum tensor as written on
the jet bundle. If £ explicitly depends on x, then the relations above imply the

oL
ox,

balance equation: 0,T" =— (216)

We note that the conserved current density J" given by (214) and thereby the canon-
ical energy-momentum tensor (215) involve the canonical momentum vector field d.£/3d qz
appearing in the De Donder-Weyl formulation of dynamics, cf. equations (2)-(3).

We also remark that there exist other derivations of Noether’s first theorem. One of them
is based on a variation of the region U of space-time in which the fields are defined, e.g.
see [231] and in particular [232] for a pedagogical account. If the infinitesimal variations are
considered to be generic rather than symmetry variations of an invariant action functional,
then this approach to Noether’s first theorem amounts to an application of the Weiss variational
principle [233] (see reference [234]): this principle, which allows for variations of end-points
in classical mechanics and for variations of the space-time domain in field theory, provides an
alternative derivation of field equations. It has recently been applied to vary and interpret the
gravitational action including the GHY term [234].

Example 2 (Internal transformations): For later reference, we consider a simple example
for a rigid internal symmetry, i.e. a symmetry transformation which acts in the space of fields,
but not on space-time coordinates. In Gell-Mann’s model of free quarks in R*, one has the
triplet ¢ = (¢%),=1,2,3 of quarks u,d, c. Each of the quark fields ¢ represents a Dirac spinor
field for which the adjoint is denoted by p@ = (¢%)'y°. In this respect, we recall that the
Dirac matrices y* are 4 x 4 matrices satisfying the Clifford algebra relation associated to the
Minkowski metric, i.e. {y,,y,} = 2n,, 1 where {-,-} denotes the anticommutator of matrices.
The Lagrangian density describing the dynamics of free massless quarks reads'®

L=ipy"d,p. (217)

This Lagrangian is invariant under the global gauge transformations ¢ ~» ¢’ = Up with
U € SU(3)fiayor- In terms of a basis {T,},—1_g of the Lie algebra su(3) with T = T, and

[T, T,)=ifr Ty, for r,se{1,...,8},

16In this example, we use the standard physics notation for fields rather than the notation ql‘i =(0,9%)(x) of the
variational bicomplex approach. We do not spell out the tensor product symbols, e.g. in the product ¢ ® y*.
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we have U = e/ Tr with real parameters f”. Thus, the infinitesimal symmetry transforma-
tions of fields write

5x 9" =X, (¢ =—i(T,¢) =—i(T,)P¢" =X,  for re{l,...,8}, a€{1,2,3},
(218)

and the corresponding Noether currents (214) have the form

T =@y T, ¢, for re{1,...,8}. (219)

Local (gauge) symmetries: A local symmetry of the Lagrangian £ d"x is a variational sym-
metry X depending on local functions f"[q], i.e. [31,74]

L=k, and  8pq"=QU)=QU)=QT QUGS+ (220)

The latter relation means that the variation 6 q“ depends linearly on the functions f" and
their derivatives. Following P Bergmann [235], the coefficients Q?,Q?“ ,... are also referred
to as descriptors (of the symmetry transformation). E.g. for the gauge potentials A, of elec-
tromagnetism, we have 6¢A,, = J,f and for the YM potentials AL of non-Abelian gauge field
theory, we have 6 fAL =g f+Hif’ stASM ftwhere f = f"T, represents a Lie algebra-valued func-
tion. In general relativity, the action of the diffeomorphisms generated by a vector £ = £+9,

on the metric tensor field (g,,) is given by 6 g,,, = (ng)w =&P 0, 8uvt 8upvEX +85+9,E".
Thus, for many field theories of physical interest, one has at most first order derivatives of the
parameters f " in expansion (220). (As a matter of fact, the expression (220) of Q7 is equivalent

to the one that we considered in our discussion of the Peierls bracket, see equations (49)-(50).)

Symplectic 2-form in gauge field theories: From the discussion after Eqn. (109) we recall
that a presymplectic 2-form Q is (weakly) degenerate if it admits a non-trivial kernel, i.e. if
there are non-trivial vector fields V for which i, = 0. For covariant phase space Z, we noted
that such vector fields do exist in gauge field theories where they correspond to the gauge
orbits in Z. Furthermore, we saw that by factoring out the gauge group G from Z following
equations (105)-(106), i.e.

where w:Z—7Z

Zohys=Z2/G, and Q=71"Q phys »

phys »

one can get rid of the kernel of 2 and thereby obtain a symplectic form Qs on the quotient
space Zppy. This procedure works for all field theoretic models which have been investi-
gated [59,60,152,236].

Quite generally, for any Lagrangian field theory formulated in terms of the variational
bicomplex, one expects [72] that the presymplectic 2-form 2 is only degenerate if the La-
grangian n-form admits some non-trivial local symmetries and that the latter span the kernel
of Q. (Then, a non-degenerate 2-form €2}, can be obtained by factoring out the group of

local symmetries from the bundle R°°, i.e.

Rohys =R/G, and Q=7'Q where 7: R —R

phys > phys »

7 denoting the projection map.) However, a general proof of this statement and a proper
mathematical characterization of the quotient space R°°/G appear to be missing — see how-
ever [237] for some recent work concerning these issues.
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6.7 On space-times with boundary

The present subsection is based on references [66,238] (see also [122,182] for related earlier
work).

A mathematical tool to deal with differential forms on a smooth manifold M along with the
differential forms on its boundary d M has been introduced by R. Bott and L. Tu and dubbed
the relative de Rham complex [239]. Recently an extension of this framework to the variational
bicomplex (which is referred to as the relative variational bicomplex) has been put forward by
the authors of reference [66]. (We note that other applications of the relative de Rham complex
have been considered in the context of covariant phase space [149].) This generalization is
devised in such a way that it also allows us to take into account the boundary terms which are
added to action functionals (e.g. to the Einstein-Hilbert action for the gravitational field) in
order to obtain a well-defined action principle [16,17]. In the following, we will outline these
mathematical notions and illustrate the general set-up by considering a scalar field which is
subject to different boundary conditions.

6.7.1 Relative de Rham complex

The definition given by Bott and Tu [239] is quite general since it applies to a generic pair
(M,N) of manifolds which are related by a smooth map. In view of the application that
we have in mind, namely a manifold M with a boundary d M, we focus on a pair (M,N)
of manifolds where the manifold N € d M is of codimension 1 (with respect to M) and on the
inclusion map'” 1 : N < M. The set of relative k-forms on (M, N) is then given by

ok(M,N) = Qf(m) @ QFT(N), for k€{0,...,n=dimM}, (221)

and the differential d : QX(M,N) — Q**1(M,N) is defined for (a, ) € QX(M,N) by

d(a,B)=(da,i*a—dp) (222)

(where da and d 3 involve the exterior derivatives on M and N, respectively). The so-defined
operator d is nilpotent so that relative cohomology groups can be defined. In this respect we
note that d (a,3) = 0 is tantamount to saying that the form a on M is closed and that the
form 1*a on N is exact.

The authors of reference [66] specified various geometric operations for the relative de
Rham complex like the exterior product of relative forms as well as the interior product and
Lie derivative of relative k-forms with respect to vector fields on M. Here, we only note the
following points. For an n-dimensional manifold M and N C d M, the integral of a relative
n-form (a, ) € Q"(M, N) over the pair (M, N) is defined by

J (a,ﬂ)EJ a—f B. (223)
(M,N) M N

The boundary d(M, N) of the pair (M, N) is given by

I(M,N)=(dM\N,oN), (224)

and its inclusion map (induced by the inclusion: : dM — M isdenoted by1: d(M,N) — (M, N).
Stokes theorem then generalizes to

J Q(a,ﬁ)zf *(a, B), for (a, )€ Q" (M,N). (225)
(M,N) 9(M,N)

17Here, we adapt some of the notations of references [66,238] so as to be consistent with our previous notation.
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6.7.2 Scalar fields on a globally hyperbolic manifold with boundary

A globally hyperbolic manifold (M, g) with boundary d M (see reference [146] for the math-
ematical aspects) is homeomorphic to R x 3 where % denotes a Cauchy hypersurface with
boundary d%. Thus, the boundary of M is given by the “lateral boundary” o, M, i.e.
JM =R x dX¥ = J;M. In the following, we consider the dynamics of a real scalar field ¢
onM,i.e. ¢ € C®(M)=Q°M). Quite generally, the quantities on d M are denoted by a bar;
for instance, the field ¢ on dM is defined by pulling back ¢ from M to dM by the inclusion
mapt:JdM — M, i.e.

QM) — Q°%(OM)
¢ —'p=¢o1=¢.

The volume n-form 4/|g|d"x on M is denoted by vol;,; and similarly the induced volume form
on the boundary d M is denoted by volg,,.
We assume that the

bulk action Sy = J L= f Lvoly,
M M

is supplemented by a

boundary action Som = J L.
oM

By way of example, we consider

L= 8" (V,9)(V,$)-V($), i=37 Fvolay, (226)

where V : R — R represents a mass/self-interaction function and f : dM — R a smooth
function which allows us to encode different boundary conditions for the field ¢. The total
action functional (for a real scalar field ¢ coupled to the gravitational field described by the
fixed metric (g,,)) thus reads

S[d)]zf (L,Z)zf L—J {=Sy—Syu- (227)
(M,oM) M oM

Let us recall the first variational formula on M, i.e. Eqn. (191): with the notation 6 = d,
and d j,; = dyj, this relation writes as follows for the bulk:

SL=EL)+djy. (228)

By imposing the condition that 1*j), is decomposable over the lateral boundary of M, we have
another relation for the boundary (recall Eqn. (222) for the definition of the differential on
aM)

SU—1jyy =bASP—djyy. (229)

For our example (226), the variational formula (228) takes the following expression (involving
the vector field V = V#g, with V¥ = 6¢ V*¢ as well as the operator 0 = g""V,V,),

SL=—[0¢ +V'(¢)]5¢voly +djy, (230)
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with

jm =iyvoly = /gl VFd"x, = /1gl (VH9) 5 d"x,,.

The variational relation (229) then yields

b=—{1"(Vad)—f¢ |volay,  Jom =0, (231)

where n = (n*) denotes an outward pointing unit normal vector field on the lateral boundary
oM.

The covariant phase space on (M,dM), i.e. the space of solutions of the field equations
resulting from the total action functional (227) is presently determined by the conditions
E(L)=0=b(¢), i.e. by virtue of equations (230)-(231),

0¢ =-V'(¢), (Vap)=f¢.

For f # 0, the latter relation represents Robin (i.e. mixed) boundary conditions for ¢ on dM.
For the choice f = 0, this relation defines Neumann boundary conditions.

The Dirichlet boundary condition ¢ = 0 can be implemented by starting from ¢ = 0 and
¢ = 0, ie. fields ¢ on M which vanish on dM. The equations of motion of ¢ and the
symplectic potential j,; on the bulk are then the same as above and there are no boundary
terms (i.e. the quantities £, j,,; and b vanish identically).

For a discussion of the symplectic form and of symmetries as well as the treatment of other
field theoretic models (Yang-Mills, Chern-Simons, gravity,...) within the presented framework
we refer to the work [66,195,238] (see also [19] and references therein). Yet, we note that
this approach and the involved interpretation of boundary variations (as equations of motion)
differ from the view-point adopted in various other works, see footnote 6 of reference [174]
for the case of general relativity. Another approach to boundaries along with the investigation
of corners and related corner terms will be addressed in Subsection 7.8 below.

7 Noether’s theorems, conserved currents, forms and charges in
gauge field theories

Gauge field (-type) theories like Maxwell’s theory of electrodynamics, non-Abelian Yang-Mills
theories or Einstein’s general relativity are characterized by local symmetries (invariance of the
action under gauge transformations or diffeomorphisms). Natural questions which arise in this
context are the ones whether and how these local symmetries may acquire an observable
status, i.e. the issue of the definition and derivation of conserved local and integral quantities
associated to the local invariances. This subject is obviously related to Noether’s theorems and
over the last decades it has been an impetus for formulating these theorems in a more general
manner and to look for several generalizations thereof.

The following presentation relies on the work of the Brussels’ school (M. Henneaux, G. Bar-
nich and their collaborators, see references [23, 74,154, 229, 230, 240] as well as references
therein for earlier contributions, especially [31]). In Subsection 7.1.1, we consider the basic
example of free Maxwell theory to conclude that the Noether current associated to gauge invari-
ance vanishes on-shell up to a superpotential term. In Subsection 7.1.2, we point out that the
associated charge represents a surface (flux) integral over the superpotential, the existence and
properties of this integral depending on the properties of fields and symmetry parameters of
the underlying theory. The general definition and construction of these so-called lower de-
gree conservation laws in gauge field theories are then outlined in the subsequent sections
where we again make contact with the (pre-)symplectic current density encountered in the
approaches of covariant phase space and of the variational bicomplex. More precisely, for
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non-linear gauge field type theories like YM-theories or general relativity, generic field config-
urations do not have any exact symmetries in general: in this case, the decomposition of the
gauge field (A,) or metric field (g,,,) with respect to a given background (Au) or (g,,) leads
to the study of the linearized theory (around these background fields) or to the exploration of
asymptotic fields and symmetries. In all of these cases, the definition of charges in terms
of surface integrals as well as their properties are related to the symmetries of the linearized
theory [154, 157, 241]. Different approaches to these topics and the relationships between
them are briefly surveyed in Subsection 7.6.

In this context, it is worthwhile recalling that the notion of asymptotic fields is an important
one in classical and quantum field theory, e.g. for the description of scattering phenomena and
their interpretation in terms of elementary particles. The underlying idea is that the non-linear
interaction of fields in Minkowski space-time R" is localized in a bounded region V c R*! of
space and that the fields outside the region V can be approximated arbitrarily well (though
in a prescribed manner) by almost free fields (background field theory), e.g. see [242] and
references therein. For this instance where the interacting field theory admits a reasonable
linearization (with respect to background fields), one can associate well-defined conserved
charges to the solutions of the interacting theory, these solutions differing arbitrarily little
from the solutions of the background theory outside the interaction region: each of these so-
called asymptotic charges is given by an integral over a surface that lies outside the interaction
region V and their presence thereby depends on the existence of a well-defined linearization
(admitting symmetries) of the full theory. The first asymptotic conservation laws which have
been constructed in this spirit are the ADM charges in general relativity in asymptotically flat
space-time [175], the analogous Abbott-Deser charges in asymptotically anti-de Sitter space-
times [243] as well as the color charges in YM-theory [244].

Concerning the symmetries, we note that the local symmetries (local gauge symmetry or
diffeomorphism invariance in gravity) concern the so-called bulk of space-time whereas the
associated charges have to do with the boundary: in gravity, the latter charges become the con-
served charges associated to Poincaré invariance (energy-momentum and angular momentum)
or to the (larger) BMS symmetry [245]. We note that a similar distinction can be made [197]
for a particle for which the world line is reparametrization invariant (gauge symmetry) and
the ends (i.e. the boundary) correspond to vertices in the interacting theory: at the latter, the
energy-momentum conservation law (related to Poincaré symmetry) and the associated phys-
ical conservation laws have to be taken into account. The ongoing interests in field theory
include the physical significance of symmetries and conservation laws as well as the relation-
ship with infrared problems in quantum field theory and with memory effects, e.g. see the
monograph [225] as well as the recent works [246-248] for detailed discussions of symme-
tries.

In this section, we will use Dirac’s notation F ~ 0 (“F vanishes weakly” or “F vanishes
on-shell”) for local functions F which vanish on the so-called stationary surface R (where
0= ; (fa =9, ; (fa =.--). Moreover, we will mostly use the traditional notation of field theory
rather than the corresponding notation introduced for the variational bicomplex in Subsec-
tion 6.1: the dictionary between both notations has been outlined in Subsection 6.1 and Sub-
section 6.6.

7.1 Motivation (Pedestrian approach)
7.1.1 Gauge symmetry and associated Noether current

Consider a pure gauge theory like free Maxwell theory in n-dimensional Minkowski space-time

M = R". The corresponding action functional S[A] = —‘1‘ fM d"x F'"F,, yields the Euler-

Lagrange derivative ;TS = 0,F"™. The Lagrangian and thereby the action are invariant under
U
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the local gauge transformation 6 (A, = 9, f where x — f(x) is a smooth real-valued function.
Before determining the conserved current associated to the local gauge invariance of the
action, we make the following observations (based on reference [154]). The product

oS
6A

A, =(8,F"™),f, (232)

which occurs in Noether’s first theorem can be rewritten by applying the Leibniz rule to the
derivative J,:

5
22 504, = (,F")3,f = 3,[(3,F™) f | —(3,8,F™) f
SA o v . u[ \& uy >
H — 55 =0
Ay
, 5 oy 88, _ 88
1.e. 5_%5fA“ = 8“5?, with S“ —Suv ﬁ) = 5_14‘“]( = (avFVH)f . (233)

Here, the identity J,d,F™ = 0 follows from the antisymmetry of the Faraday tensor and
actually represents Noether’s identity au(;Ti) = 0 (see Eqn. (51)) following from the local
gauge invariance of the action functional by virtue of Noether’s second theorem. The current
S¥ represents a linear combination of Euler-Lagrange derivatives and thus vanishes on-shell.

Alternatively, we can rewrite the product (232) by applying the Leibniz rule to the deriva-
tive J,:

58
= Oy =(OF)3,f = 8, F™a,f |- (F™3,8,f),
- =
i o5 5¢A, =3, j h ji'=F"0 23
ie. sA OfAu = u Js > wit Js f - (234)
u

By subtracting the current densities appearing in equations (233),(234), we obtain

—S¢ =F"0,f — 0,F™ f = 3,k{" with k"= fF".
——

i R

=—0,Fhv
Here, the current density 8vkjf ¥ represents a so-called superpotential term, the antisymmetric
tensor (k;‘ ") being referred to as a superpotential: due to the antisymmetry of k“”, the diver-

gence au(avkj; ¥) vanishes identically, i.e. such a current is identically (off-shell) conserved.
In summary, we have the relation [154]

S U
jif= s ok (235)
~0 superpot. term

Finally, we apply Noether’s first theorem (see equations (213)-(214)) to the gauge invariance
of Maxwell’s Lagrangian £ “as if we were dealing with a global symmetry transformation”:

oL

5S
0=56,L=—
f 3(9,A,)

5, o¢A, +3Jf, w1thjf

5;A, =—F""d,f = (236)

— ]Jlj .
By virtue of (235), we conclude that the Noether current (jf“ ) associated to a local gauge sym-
metry vanishes on-shell up to a superpotential term (which is conserved identically). From the

point of view of Noether’s first theorem, a current (associated to a variational symmetry) which
is on-shell a superpotential term is considered to be a trivial current. Accordingly, a non-trivial
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gauge symmetry of an action (as well as a trivial one, i.e. a linear combination of equations
of motion and/or of their derivatives) is to be viewed as a trivial (global) symmetry from the
point of view of Noether’s first theorem. These notions will be formalized mathematically
in Subsection 7.2 by defining equivalence relations for both symmetries and currents and by
formulating Noether’s first theorem in a general form.

We note that the line of arguments presented above for Maxwell’s theory generalizes to
a generic gauge theory in a space-time of dimension n > 2 and to possibly field-dependent
gauge parameters x — f(x) [154,249].

7.1.2 Definition of the conserved charge associated to gauge symmetry

Maxwell theory: As we just noted, the local gauge invariance of the Lagrangian gives rise
to a current (7, f“ ) which represents on-shell a superpotential term, i.e. on-shell we have

J f“ = 8vk}}“ with k}‘ V= —k}}“ . (For the case of Maxwell’s theory, we found the explicit ex-

pression kjf ¥ = fFM”) The superpotential kjf ¥ determining the current 7, f“ depends on the
arbitrary gauge parameter f and is thus arbitrary itself. Yet, the charge contained in V c R3
(for a four dimensional space-time) can be expressed as a surface integral over the superpo-
tential (k}o),

Q= J d*x TP = f d’x ok = § kP ds?, (237)
\% v S=0V

and one can attribute a well-defined mathematical and physical meaning to this integral for
certain field theories (isolation of specific superpotentials): the existence and properties of the
flux integral (237) depend on the properties of the integrand (i.e. the assumptions made for fields
and symmetry parameters) in the vicinity of the surface S = dV. E.g. for Maxwell’s theory in
R*, we have

QEJ d?’xjfozf d3x al(fFlo):J d?’xai(fFOi)=§ fFOi dSl :§ fEIg),
14 v 4 S=0V S=0V
(238)

where E denotes the electric field strength. In this example, trivial gauge transformations, i.e.
0~ 67A, = 0,f correspond to a constant parameter f = ¢ and the integral (238) then yields

= ﬁ . . . . . .
a charge q = %Q = sz oy E - dS: this flux integral coincides with the usual expression for the
electric charge in electrodynamics.

Non-Abelian gauge field theories (and general relativity): In non-Abelian gauge theories
like YM (Yang-Mills) theory, the infinitesimal gauge transformation 6¢A, = D, f is field de-
pendent (for non-trivial gauge parameters, i.e. for f # 0). Similarly, in general relativity,
the transformation law of the metric tensor field (g,,) under diffeomorphisms generated by
a vector field & = &9, i.e. 6¢8,, = V,&, +V,&, depends on the metric field. Generic
gauge field configurations (A,) or metrics (g,,) do not admit any symmetries and thereby
the relations 6;A, = 0 and 6¢g,,, = 0 do not admit non-trivial solutions. The situation is
different if a background field (A, or g,,) is given which admits symmetries. In this case, the
theory may be linearized around the background field configuration or asymptotic symmetries
may be explored if the fields A, (or g,,) tend to AM (or g,,) in an asymptotic region, e.g. for
|X | = oo. In these cases, conserved flux integrals that are analogous to the ones of Maxwell’s
theory may be introduced as has been pointed out by L. E Abbott and S. Deser [243, 244]
(see also [154,157] for the underlying general construction and for references to the earlier
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literature which includes in particular the work of ADM [175] on general relativity): we will
address these issues at the end of Subsection 7.4 and in Subsection 7.5.

The gauge parameters f such that 6¢A, vanishes on-shell are referred to as global re-
ducibility parameters or as (gauge) Killing vectors in reference to general relativity where the
corresponding relation 0 ~ 6,g,,, = V&, + V, &, for the metric field (g,,) describes Killing
vector fields & = £3,. Likewise the gauge parameters f such that 57A, vanishes (on-shell)
asymptotically are referred to as asymptotic reducibility parameters [154]. As a matter of fact,
by using general cohomological methods, the authors of references [ 154,229] have established
a generalized version of Noether’s first theorem (which we will spell out in more detail in Subsec-
tion 7.4): this result states that in n > 2 space-time dimensions, there is a 1-1-correspondence
between (global) reducibility parameters and (n — 2)-forms'® k = k[“v](d”_zx)w which are
closed on-shell (e.g. for n = 4 we have gpawap k,, ~ 0), but not exact (i.e. there is no (n—3)-
form [ such that k ~ dl). This result admits an analog for the case of asymptotic reducibility
parameters and asymptotically conserved (n — 2)-forms. The surface charges are then given
in terms of the superpotential k*”! (cohomological approach of Barnich and Brandt [154]).
For a given gauge field-type theory like YM-theory or general relativity, the superpotential can
be (and has also been) constructed by other methods, in particular from the (pre-)symplectic
potential that we discussed in the approaches of covariant phase space and of the variational
bicomplex, see Subsection 7.6 below.

7.2 Noether’s first theorem

The two fundamental theorems that E. Noether established in her celebrated article of 1918
[250] have been generalized during the last decades, e.g. see the monograph [251] for an his-
torical account of these accomplishments. In the following, we will outline the generalizations
of Noether’s first theorem [74,154,252].

Consider a continuous infinitesimal symmetry transformation of the field, i.e. (cf. (220))

6rq" =QRUf ) =Qf T+ QG f T+,

where the functions x — f"(x) parametrize a local gauge symmetry. For global symmetry
transformations (see equations (209),(211)), one introduces the following equivalence relation

oS oS
XU~ X9 4+ 0YFT) + Mlbal Z2 g (pploMalwlg 22 ) 4 ... 239
Q.(f") 5q° u( ”5qb) (239)

gauge transf. ~
e.o.m. symmetry transf.

Here, the coefficients M[?? are local functions of the fields: the corresponding terms in the
previous relation vanish on-shell. The equivalence class of X¢ is denoted by [X“].

For the (on-shell) conserved current densities, one introduces the following equivalence
relation (which amounts to identify conserved currents differing by trivial currents'?)

o, [vu] w
j *+ 9,k + . (240)

~

superpot. term ~0

Here, the antisymmetric tensor field k!l is a local function of the fields that is twice differ-
entiable whence the identity 3H(8vk[”“]) = 0. For two equivalent currents ( jf ) and ( jg ), we
thus have 3,j;' ~ d,j5.

18Here and in the following, we use the standard notation kI*"] = %(k‘” — k") for the antisymmetrization.

¥For n = 1, i.e. for classical mechanics, the current (j*) has a single component j° to be interpreted as a charge:
in this case, the equivalence relation also involves an additional real constant reflecting the fact that charges
differing by such a constant are to be identified in mechanics.
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In this respect we recall that, in the language of differential forms (see Appendix A), a
current density (j*) corresponds to an (n—1)-form j = j* d”_lxu and an antisymmetric tensor
field (k[*]) corresponds to an (n — 2)-form k = A (d”_zx)m. For a dy-closed (n — 1)-form
j one has the equivalence

dpyj=0 < 9,j" =0,

and for an dy-exact (n — 1)-form j one has
j=dpk < j*=-3,kl".

With t = t# d"_lx“, the equivalence relation (240) then reads

j~j + dgk + t . (241)
N , —~—
superpot. term ~0

The equivalence class of j will be denoted by [j]. We will now use these notions to spell out
generalized formulations of Noether’s first theorem.

7.2.1 Complete form of Noether’s first theorem

Complete form of Noether’s first theorem: Consider a local field theory which is defined
on a space-time manifold of dimension n > 2 and whose dynamics is described by an action
functional S[¢]. Suppose this action admits continuous global symmetries and possibly, in ad-
dition, local symmetries. Then there is a one-to-one correspondence between non-trivial Noether
(global variational) symmetries and non-trivial Noether (on-shell conserved) currents:

[X°] «— [j]. (242)

The correspondence [X?] — [j] is realized by (214), i.e.

u_ 9L
Xa — ]‘u:a—q;iXa—k;, for 6)(;6:8“]{;. (243)
Here, the first term of j*, i.e.
i, £y= 2L o= 9L 5 g0, (244)
8qﬁ aqﬁ

coincides with the symplectic potential (83), viz. the components of the variational 1-
form (193).

We note that a local gauge symmetry represents the trivial class [X?] = [0] of global symme-
tries and corresponds to the trivial class [ j] = [0] of Noether currents, see equations (235)-(236).

Outline of proof: The proof [31,229] of the given version of Noether’s first theorem consists
of determining the so-called characteristic cohomology group (associated with the stationary
surface) in form degree n—1, i.e. the (n — 1)-th cohomology group of the exterior space-time
differential d;, pulled back to the space of solutions of the field equations: this group is denoted
by

H"(dy, 2°(5)). (245)

where Q°(S) = Q°(R o ) represents the space of differential forms pull-backed to the stationary
surface S, (i.e. solutions of the equations of motion). This means that, for the (n — 1)-forms
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j € [j] with [j] € H”_l(dh, Q'(S)), one does not simply consider d,j = 0 and j ~ j + dpk
(as for the standard cohomology groups), but one rather considers d;, j ~ 0 and identifies the
(n—1)-forms j according to relation (241). For the characteristic cohomology group (245),
one has the general result

H'(dy, 2°(8)) = H'(dy5), (246)

i.e. it is equivalent to the (n—1)-th cohomology group of d;, modulo the Koszul-Tate differential
0, this differential (discussed in Appendix B.3) depending on the action and on its symmetries,
see references [23, 74, 229, 240] for the details.

7.2.2 Full form of Noether’s first theorem

The vector space of equivalence classes [X?] of non-trivial global symmetries as well as the
vector space of equivalence classes [j] of non-trivial conserved currents can be endowed with
Lie brackets which are preserved by the correspondence (242). Thus, there is a Lie algebra
homomorphism between inequivalent variational symmetries and inequivalent conserved cur-
rents. To present this so-called full form of Noether’s first theorem [240] (also referred to as
Noether representation theorem [249]), we first introduce the different brackets.

Consider the commutator of two evolutionary vector fields X;,X, as defined by (209),
(211): from the fundamental property [, 6x] = 0, it follows that

[EXI’ 5X2:| = 5[X1’X2]L , with [X]"XZ]E = 5X1X§ - 5X2X§l . (247)

Thus, the vector space of evolutionary vector fields endowed with this bracket represents an
infinite dimensional Lie algebra. The commutator (247) is also qualified as the Lie bracket of
characteristics [157].

Now suppose the evolutionary vector fields X;,X, represent global symmetries for a field
theory described by a Lagrangian L, i.e. 6x, £ = 8Hk;1 and 6y, L = (’}Hkgz. Then, we have

8, x,0, £ = [8x,50x, £ = 8x, (0uk )—(1 > 2) = g,KY,,  where kY, = &x, ki — 6,k

and where we again used the relation [J,,0x] = 0. Accordingly, the vector space of global
symmetries of a given field theory represents an (infinite dimensional) Lie subalgebra of the
Lie algebra of evolutionary vector fields. It can be shown [154] that the bracket of global
symmetries induces a well-defined bracket on the vector space of equivalence classes of these
symmetries:

[[Xﬂ;[Xz]]z = [[lexz]gl (248)

For the Noether currents jy , jx, associated to global symmetries X, X, by virtue of (243),
one can introduce the so-called Dickey bracket [253] defined by

1

{ix,» Jx,}p = 6x,Jx, = —0Ox,Jx, = §(5X1jx2 - 5X2jX1)- (249)

By applying the variation 6y, to the local conservation law (214) written in terms of differential
forms, i.e. dyjx, = —E,(£)X3 d"x, and by taking into account the relation [J,,, 5x ] = 0 as well
as Oy, % ~ 0, one finds that [74, 249]

{x,»Jx,bp = Jix,.x,, + trivial current. (250)
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The trivial current can be eliminated by going over to equivalence classes of currents: thereby
we obtain a Lie bracket on the cohomology groups H"*(dy, 2°(S)), i.e. on the vector space
of non-trivial conserved currents:

(U, Ui 8 =[5 (B = B )] = L0806, %) . (251)

Here, w”(X;,X,) denotes the contraction of the local symplectic form (see equations (84)
and (244)), i.e. of " = dV(Va“ (dvq“,ﬁ)), with the evolutionary vector fields X;,X, (see
references [74,154]).

From (249)-(251) we infer that

{Ux 1 Ut = | i, |- 252)

Together with the correspondence (242), this result represents [240] the

Full form of Noether’s first theorem: We have a Lie algebra homomorphism between the Lie
algebra of non-trivial global symmetries (endowed with the Lie bracket (248)) and the Lie algebra
of non-trivial Noether currents (endowed with the Dickey bracket (251)).

We refer to the work [240] for the correspondence (isomorphism in the case of non-
degenerate Lagrangian field theories) between the Dickey bracket of conserved currents
and the standard Hamiltonian Poisson bracket of conserved charges as well as the Batalin-
Vilkovisky anti-bracket for the local BRST cohomology classes. The first of these correspon-
dences is illustrated by the following example.

Example: Let us consider the free massless quark model in R4, see equations (217)-(219).
For the evolutionary vector fields X,,X, (with r,s € {1,...,8}) determined by (218), it then
follows from (247) that

[XrJXs ]L = _frstXt > (253)

where f,, are the structure constants of the Lie algebra su(3). For the corresponding conserved
currents (219), the Dickey bracket (249) is given by

(x> Jx, }p = —frstix, - (254)

Obviously, relations (253),(254) reflect the Lie algebra homomorphism which is the subject of
the full form of Noether’s first theorem.

.....

form
(a6, %), 0} (6,5)} =—i8ap 8P 6(%~F),  for a,b€{1,2,3}, a,fe(l,....4}.

This implies that the Noether charges associated to the conserved currents (219), i.e. expres-

sions
Qr EJ dngg :f d3X (PTTr(p:
R3 R3

{QraQs} :frst Q;. (255)

The latter equation reflects the homomorphism between the algebra of inequivalent conserved
charges (endowed with the Poisson bracket) and the algebra of inequivalent conserved cur-
rents (equipped with the Dickey bracket), two conserved charges being identified if they coincide
on-shell.

satisfy the relation
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7.3 Noether identities and Noether’s second theorem

The following considerations provide the general underpinning for the results that we ob-
tained in Subsection 7.1.1 for the particular case of gauge invariance of Maxwell’s theory. Our
presentation is based on references [74, 249].

7.3.1 Noether identities

Suppose we have a local symmetry of a Lagrangian L(y,Jd,¢) as described by Eqn. (220),
i.e. we have 6L = &‘uk“ for the variation of £ induced by the local symmetry transformation
orp® =Q%(f). By using 6¢(J,¢) = J,(0¢¢) and the Leibniz rule for J,, we find that

aL oL ( oL

oL oL
0E= 35052 Fa,p) O ) = [3@ W)](Sf +3[a(a )5”] (250)

o3

i=d
©

i.e. the “first variational formula” (82):
oL
2(3,)

o

n . U _
59 +8ij , with jf =

5o —kj . (257)

(For Maxwell’s theory, this is our result (236) with k“ = 0.) If we consider the general form

of 67y as given by (220), i.e. 679 = Q(f) = Q‘rl(f )= Qi+ Q 0,f" (assuming for
simplicity that there are no higher derivatives of f" in this transformation law), then we obtain
another expression for 5 ¢ g_s (using again the Leibniz rule for J,):

]

68 6S 6S 68
- = agr aM au
5f(’0 6(P [Qrf +Q f i|5(Pa f |: l’580a (QT’ 5¢a)i|+a“|:5 a
(258)

— (%) =s!

Here, (Q‘;)T denotes the adjoint operator (with respect to the L?-inner product) of the differen-
tial operator Q} acting on smooth functions.2® (For Maxwell’s theory, equation (258) coincides
with the first line of Eqn. (233).)

Combination of equations (257) and (258) now leads to the equality

+f 6S

i — U ok
@) (&pa) =—9,(J} +5}). (259)
If we apply the Euler- Lagrange derivative with respect to the arbitrary functions f" (i.e. the
derivative 2 57 fr = a‘? — u( 70 f ))) to this relation, then the right-hand side yields a vanishing
result since the equations of motion are trivial for a total derivative.

Summary: For an action functional S[ ] which is invariant under local symmetry trans-

formations 6¢¢® = Q7(f"), we have the so-called

Noether identities : =(Q,)' ( 0S ) = (Q‘rl)"' (;Sa) , | forallr. (260)
14

If r takes m values, then these relations represent m identities relating the functional deriva-
tives 6S/5¢?,...,85/5¢N: they show that the equations of motion are not all independent in
a theory admitting local symmetries. These identities hold off-shell and are trivially satisfied for
the solutions of the equations of motion. They reflect the fact that if ¢ is a solution of the equa-
tions of motion, then the symmetry transformed solution ¢’ is another solution involving m
arbitrary functions.

2By definition, we have (y%,Q%(f")) = f d"x P QA(f) = (@)Y, f7).
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7.3.2 Noether’s second theorem

By substituting the Noether identities (260) into (258) we obtain the following general result.

Noether’s second theorem: For an action functional S[¢] which is invariant under local
symmetry transformations 6 ¢ = Q7(f") = Q7 f" + QW d,f", we have

L85 e 85 N S
5f(p 5—(pa—3HSf, with Sf :Sr 5_(pa’f :5_W1Qr f ~0. (261)

For the solutions of the equations of motion, we thus have a representative (S%) of the
conserved Noether current which vanishes weakly. (For Maxwell’s theory, equation (261) co-
incides with (233).)

It is instructive (and useful for the sequel) to spell out the explicit expressions that one
obtains for the basic examples. In each case the descriptors QT and Q™ of local symmetry
transformations can simply be read of from the transformation laws and the current (S}‘ ) is

a 6S
Spa*

conveniently determined by evaluating 6 ¢

Example of Maxwell theory: As we already mentioned, this is the particular case discussed
in Subsection 7.1.1, see equations (232)-(233):

Symmetry transformation of fields A, : o0¢A,=0,f,
Noether identities : 0,0,F*" =0,
Current (Sj‘f) : Sj‘f =(3,F"™)f.

Example of YM-theory: With the notation f = f"T, for the Lie algebra valued symmetry
parameters, we have:

Symmetry transformation of fields AL : 0] fAL =(Duf) =0,f +iglAu f1,
Noether identities : D,D,F*" =0,
Current (SJ’f) : ij =Tr [(DVFV“)f] .

Example of general relativity with a cosmological constant: In the presence of a cosmo-
logical constant A, the action (55) for the metric field g = (g,,,) becomes

Sgravl8] = if d"x 4/|gl(R—2A), with k¥ =8nG. (262)
M

Variation with respect to the metric field yields the cosmological Einstein tensor G-

5S Y 1
gav __ VIgl G",  with G"=R" — - g""R+Agh”. (263)
08uy 2K 2

The action Sg,,[g] is invariant under diffeomorphisms of the space-time manifold M which
are given at the infinitesimal level by 6:g,, = V,&, + V, &, where £ = &9, is the vector
field generating the diffeomorphisms. By using the symmetry of the tensor (G- "), the Leibniz
rule and the metricity condition V, g,, = 0, we have

88grav __ V/Igl ( Vgl

Vgl
558,y e = o 2(V,E,)G" =9, —TivGﬁ‘”)vLTévVuGﬁ”- (264)

uv R ,

=V,Gh
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To summarize [157]:

Symmetry transformation of fields g,,, : 0e8ur=Vu&,+V,E,,
Noether identities : v,G" =0,
Current (S‘g) : Sg 2—@ £,GM.

The case of Einstein-Maxwell theory is discussed in reference [254]. In view of the particu-
lar form of the Noether identities in the previous examples, these relations are occasionally
referred to as generalized Bianchi identities.

Relationship with Dirac’s approach to constrained dynamical systems : For concreteness,
we focus on free Maxwell theory in four space-time dimensions. Integration of the conserved
Noether current density Sj‘f = (9,F"™)f over a three-dimensional space-like hypersurface ¥ to
be chosen as the hypersurface t = constant (see Eqn. (91)) yields the expression

G =— J 45,5 = J d3xs;>=—J d3x (8,F™)f . (265)
b3 R3 R3

Partial integration and substitution of F*° = n” (canonical momentum associated to the gauge
field A,) leads to the result

Gp = —j dZIHS}‘ :f d3x m¥(3,f). (266)
b R3

This quantity represents the generator of Lagrangian gauge transformations in the Hamiltonian
formulation of Maxwell theory (within Dirac’s approach to constrained Hamiltonian systems),
e.g. see [43] and references therein:

5fA“E{AM,Gf}=aHf, SfHHE{ﬁu,Gf}ZO.

Superpotentials associated to a local symmetry : Substitution of the Noether identi-

ties (260) into relation (259) yields the local conservation law a“(j)‘j — S)’f ) = 0 (with
jj‘f = —jf“, cf. Eqn. (236)) or dn(jy —S;) = O for the (n — 1)-forms j; = j}‘d"‘lxu
Sy = SJ’f d”_lxu. The algebraic Poincaré lemma (181) thus implies the existence of a (n — 2)-

form k¢ = k)[c“v](d”_zx)w such that

and

Jf =S¢ +dnks (267)

(In the particular case of Maxwell’s theory, this is our equation (235)). This relation states that
the conserved current ( jj‘f ) associated to a local symmetry vanishes weakly up to a superpotential
term and is thus trivial in the sense of Noether’s first theorem (as we already noted above in
that context).

The corresponding (on-shell) conserved charge is obtained by integration over a (n — 1)-
dimensional space-like hypersurface ¥ with boundary d% and by applying Stokes theorem:

z Z\N’O'/ z on

Sometimes one also says that X has codimension 1 and that d% has codimension 2.
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In summary, in a pure gauge theory where one does not have any non-trivial global sym-
metries, one obtains on-shell a surface charge by integration of the current (j Js *) over a Cauchy

surface X:

Q= J it lx, ~ f K (dm2x),,,. (269)
% ox

The existence and properties of this flux integral (which may be viewed as a “lower degree
conservation law”) is determined by the properties of the tensor field (kJE“ 1’]) (which is a local
function of the fields and symmetry parameters) in the vicinity of the hypersurface d%. This
flux integral provides an appropriate notion of conserved charge in field theories with local sym-
metries like YM-theories or general relativity. Yet, this charge is arbitrary due to the fact that
the superpotential kJEM ] depending on the arbitrary functions f is arbitrary. Thus, one has
to make more precise the relationship between the symmetry parameters f and the (n — 2)-
forms k; (next subsection) and in particular to isolate specific parameters f so as to define the
charges (269): an appropriate choice is given by the Killing vector fields associated to as fixed
background gauge field, see next subsections.

Converse of Noether’s second theorem and derivation of symmetry transformations:
Before proceeding further, we note that Eqn. (258), i.e.

v 5o = 1@ (5 )+ 2!

can be read and applied the other way around. More precisely, suppose we can find some
differential operators (Q‘rl)"' (with QI(f") = Q¥f" + Qi 0,f") which annihilate the equa-
tion of motion functions %, i.e. the Noether identities (260) are satisfied. The contrac-

tion of (QG)T(

o
o ;;a =9, S ¥': from this expression (which vanishes by virtue of the Noether identities) one

) with arbitrary functions x — f"(x) can then be rewritten under the form

can read of the local symmetry transformations 6 ¢“ leaving the action functional S invariant
as well as the associated (weakly vanishing) Noether current (SJﬁL ). This line of reasoning has
been used by the authors of reference [255] to determine some novel local symmetries of the
first order action functional describing gravity as well as of some related action functionals
(Holst action and non-minimal coupling of matter fields to gravity) that we outlined at the
end of Subsection 5.1.2 above.

Here, we simply illustrate the line of arguments with the example of Maxwell’s theory
described by the equation of motion function 3,F". Application of g, yields the Noether
identity 9,0, F ™ = 0 by virtue of the antisymmetry of F"*. By applying the Leibniz rule to J,,,
the product of 9,0, F*” with an arbitrary function x — f(x) can be rewritten as follows:

0S

£ 8,8,F* = —f 8,8,F™ = (3,f) 8,F " —3,(f 3,F™) = 5fAM5—AM

w
— 3,8 IE

_ o8 _ s

T 6A  0A
Thus one recovers the local gauge transformation of A, from the obvious Noether identity for
the dynamical system under consideration.
7.4 Conserved forms of lower degree and corresponding Noether theorem
7.4.1 Generalized form of Noether’s first theorem
In view of relation (268), the non-trivial conservation laws for forms of lower form degree are

determined by the characteristic cohomology group in degree n—2: for the latter, one has a result
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of the form Eqn. (246), i.e.

H'2(dy, 2°(5)) = H™2(dy]5). (270)

For n > 3, the calculation of the cohomology group H"2(d,,|5) leads [ 74] to the determination
of physically distinct (global) reducibility parameters which we have mentioned at the end
of Subsection 7.1.2, i.e. equivalence classes [f"] of local gauge parameters: the equivalence
relation is defined by

fi~fT+ 7, where Q‘r‘(fr)mo. 271)

~0

Here, Q7 (f") ~ 0 means that all gauge variations Q7 (f") of the fields ¢“ vanish weakly. (These
gauge transformations which leave the solutions of the equations of motion invariant are also
qualified as “ineffective gauge transformations” [154].) The upshot of this line of arguments is
known as the

Generalized form of Noether’s first theorem: Consider a local field theory which is defined
on a space-time manifold of dimension n > 3 and whose dynamics is described by an action
functional S[¢]. Suppose this action admits continuous global symmetries and possibly, in
addition, local symmetries. Then there is a one-to-one correspondence between non-trivial global
reducibility parameters (i.e. gauge parameters " # 0 such that Q7(f") ~ 0 for all fields ¢ on
M) and (n— 2)-forms k # 0 which are dy-closed on-shell (dyk ~ 0), but not dy-exact:

[f] — [k], with Q*(f")~0, and dyk~0. (272)

Here, the correspondence [f"] — [k] is given by the so-called [158,249] Barnich-Brandt
procedure [154,254] which yields representatives k; associated to global reducibility param-
eters (f") which are constructed from the Euler-Lagrange derivatives of the Lagrangian de-
scribing the dynamics of the theory. To formulate the latter correspondence, we first introduce
a convenient mathematical device (see [254] for references to the related mathematical and
physical literature).

7.4.2 Contracting homotopy operators

As in the case of the ordinary Poincaré lemma for the differential d = dx* % acting on
Q°(R"), a form f satisfying dy3 = a can be obtained from the dy,-closed (n — 1)-form a by
applying the (contracting) homotopy operator [31,226] which generalizes the one of the de
Rham complex (Q°(R"),d), see Eqn. (A.19) of Appendix A.5 for the definition of the latter.
Explicit expressions for the homotopy operators and applications thereof are discussed for
instance in appendix A of reference [157] and in [249]. In the following, we summarize the
notions that we will need in the sequel.

General expression: Consider an infinitesimal field variation 6,5¢p“ = Q® or (in terms of
the variational bicomplex notation (178)) d,q® = Q% € Q%!. The contracting homotopy
operator of the horizontal bicomplex (with respect to the characteristic Q) has been intro-
duced by I. M. Anderson [226] and is used for instance in the proof of the algebraic Poincaré
lemma [74,154,249]: one defines the map

Ik . Qk,l SN Qk—l,l-‘rl
Q -

k
a — IQa,
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by
p+1 13} ( Jda )
fa=» —————3, -3, |Q° , (273)
Q pZZO n—k+p+1 " “P[ 5(,031."%1) d(dx")
e 1 5 [ 2 2 5 [ 2
a a
fa= a + 3,/ Q° +
Q¥ n—k+1Q 5npg(8(dx”)) n—k+2 “[Q 5<pﬁv(3(dx"))]
Here, ¢ = 0,99, SOZV = 0,0,¢", ... Furthermore, the derivatives 55— represent (higher
Ml ‘Up v

order) Euler-Lagrange operators: the action of the latter on functions F depending at most on
second order derivatives of fields is given by

§F  OF OF OF §F  OF OF 5F oF

:——a aa 5 = —23v — ) = )
5pa dypa agou ETR a, Spd el a¢4, dog, dwg,
(274)

d
where 7/ 3<p represents the symmetrized derivative, i.e. az“ﬁ 1 56, b(sh 6” + 6”5“ ).

Application 1 (Derivation of (pre-)symplectic potential): As a simple application [157],
we consider the action of I” on a first order Lagrangian n-form £d"x € Q"% from

ggg;ﬁ; =iy (d"x)=d"" Ix, and (274) we conclude that

oL

32,09 d"_lxM = jHe; 6] d"_lxM =jlp;60] eV b, (275)
W

I§¢(£d"x) =5

Here, we recognize the (pre-)symplectic potential, see equation (193).

Application 2 (Corner term): An explicit expression for the corner term ¥, € Q" 2! ap-
pearing in the (pre-) symplectic potential (195) is given by

By = —Ig;lA, with A=A*[q]d"'x, e Q" 1. (276)

Indeed, from this expression and (275), i.e. jogny = Igw (L£d"x), as well as the properties of
the homotopy operators, it follows that

Jagr = dnOx =I5 dnA +dpI3 TA = SA.

More precisely, the relative signs appearing in relation (195) are obtained by choosing signs
according to jogny, = —Ig(p (L£d"x) and

_ p+1 5 ( oA )
Oy =I5 A= Z [590 sor @ )| 277)

With 55755 ( d 5y = g, s this result coincides with the one given in appendix A of the first of refer-
ences [180].
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Application 3 (Derivation of superpotential): Asa second example [154,157], we consider
the action of I g_l on a dy-closed current form J; € Q" 10: the operator (273) is defined so as
to ensure that cch ¢ = 0 implies that

with

superpotential ke[p;00]=1 g;lJ ¢ € Q2 279

this form being defined up to an dy,-exact (n—2)-form. More specifically, for J Jﬁ* :ij = ;;a QST
(see Eqn. (261)) and a first order Lagrangian, the definition (273) yields a simple expression for

the superpotential (279):

kilossol= Lope 2 (2% (280)
FLPOPI=20% Sea\adxm )

The expressions (279)-(280) depend on the fields § ¢ of linearized field theory. An expres-
sion depending on the fields of the full interacting theory can be obtained [249,254 | by integrating
the form (279) along a path y in the space R, (of solutions of the field equations) which goes
from a given field configuration ¢ satisfying J¢[¢] = 0 to a generic solution ¢:

Kf[cp]zf kelp;6¢]. (281)
Y

By using dpJ; = 0 and the properties of the operators I k we then have

dpKs[ o] =J dpks =f (thZ;;l +1g¢dh)‘]f =Jelo]l—Jelo]l=Jsle],

:§Jf =0

in accordance with Eqn. (278). Due to the fact that the (n—2)-form (281) generically depends
on the path which interpolates between the solutions ¢ and ¢ of the field equations [254],
the (n — 2)-form (279) is considered to be more fundamental [249].

Since kf[p;00] € Q" 21 is a 1-form in field space, its integral over a closed (n — 2)-
dimensional surface 0. (typically a sphere), §Q[5¢] = 5632 k¢[p; 6p]yields asurface charge
1-form: the properties and algebra of these surface charges are investigated in detail in refer-
ence [157]. Here, we only note that they are dy-closed on-shell and that they do not depend
on the homology class of the closed surface 9.

Homotopy contraction with respect to gauge parameters: In the context of gauge field
type theories, one also needs the contracting homotopy operator of the horizontal bicomplex
with respect to gauge parameters f = (f") (e.g. with respect to a diffeomorphism generating
vector field & = £+9,,): it is [157,249] a map

Ik .kl ., k-1l
f ?

whose expression has the same structure as (273):

p+1 5 ( da )
fa=) —2—~ 5 ...0 r ) 282
I Zn—k+p+1 “l “p[f 5F)y \O(dx") (282)

p=0
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It enjoys the characteristic property

I}<+1dh + th} =1.

For later reference, we consider its application to the (pre-)symplectic potential (275): for
the case where the gauge parameters are given by a vector field £ = £"J, (acting on the fields
¢ by virtue of the Lie derivative, 6:¢“ = Ly ¢“), we obtain the

Noether-Wald surface charge form : Q:lp]l=—-U g_l e;Lew] € Q20 (283)

We will come back to this expression in Subsection 7.6 (Eqn. (306) below).

7.4.3 Barnich-Brandt procedure

Cohomological determination of superpotentials and of surface charges: By contracting
the reducibility identity 6;p“ = Q7(f") ~ 0 (characterizing the global reducibility parameters

f7) with 55;1 , we get (see Eqn. (261))

oS oS
~ a — u : U — qua r
O~6fg0 6('051 _aMSf’ with Sf _Sr (5(‘0(1;]( ) (284)
By spelling out the equation of motion term on the right-hand side of relation Q7(f") ~ 0, one
finds that equation (284) can be written as a divergence identity [154]:

6S &S
u : U ol wuba
aqu =0, with Jp =S +M (_é'(,ob’&pa)' (285)
Since 9,J }L = 0 is equivalent to the relation dpJ; = 0 for the (n — 1)-form J; = J )‘f d"_lxu
and since the cohomology of the differential d,, is trivial in degree n—1 for n > 2 (due to the

algebraic Poincaré lemma (181)), there exists a (n — 2)-form k; = kj[c“ v](d”_zx)m such that
J¢ = dyky, i.e. such that

[vu] _ o o
8,k =t ~ 0. (286)

Now suppose that the non-trivial gauge transformations 6 ;0 =Q%(f")=Q%f " +Q*9,f " +...
contain only field independent operators. If the functional derivatives 65 /6p? are linear and
homogenous in the fields, then the reducibility identity Q?(f") = 0 holds off-shell (for which

case we put a bar on f" following [154]) and the expression (285) for J j: reduces to J J’f = SJ’; .

If, furthermore, S}f contains a most second order derivatives of the fields, then the expres-

sion (279) for the superpotential k; given by the homotopy contraction of J  reduces to a
simple formula which provides an explicit realization of the correspondence (272):

w u
~ — k[”‘u]_l aﬁ_ﬁ_ z a_— pia an —( —> ) (287)
4 v

This expression is determined by the Lagrangian and by the on-shell vanishing Noether current
S}f . Accordingly, the associated surface charges do not depend on total divergences that might

be added to the Lagrangian or to the Noether current [157].
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Example of Maxwell’s theory: All assumptions made before equation (287) are satisfied
for Maxwell’s theory in R" (which represents a linear gauge theory). The general solution

of 0 = 677, = auf_ is given by f = & = const. For J}f = SJ’;.‘ = (8,F"™)f = (8,F"™)¢

(see Eqn. (233)) we presently have J Jﬁ‘ = 3vkj[gw I with a superpotential kj[;’“ 1= gpm (in agree-

ment with the general expression (287)). For the associated conserved surface charge in R*
we thus obtain the result (237)-(238) which represents (upon division by ¢ or derivation with
respect to ¢) the usual expression for the electric charge in electrodynamics.

Examples of YM-theory and of gravity: For Yang-Mills theory with a non-Abelian struc-
ture group and for general relativity (which represent non-linear gauge theories), the identity
Q%(f") = 0 defining exact Killing vectors (or exact reducibility parameters) (f") reads

0=D,f =08,f +ig[A, f], with f=f'T,,

and
0=(Lgg)uy=V,u&,+V,E,, with £ =¢&49,,

respectively. Since these equations have to hold for arbitrary gauge fields (A,) and metrics
(8u»), the only solutions are the trivial ones fr =0 and E* = 0 [74]. These results reflect
the fact that generic gauge field configurations in YM-theories or generic geometries in curved
space-time do not admit any symmetries. This obstacle for the definition of surface charges
can be overcome in the case where a background field configuration having symmetries is given
and in the case where the theory is linearized around this configuration (next paragraph) or
where the linearized theory describes the full theory asymptotically in the vicinity of some
boundary (next subsection): in the latter case, one deals with the corresponding asymptotic
symmetries in a general way.

Examples of linearized YM-theory and gravity: For YM-theory on R" with n > 3, sup-
pose we are given a background field configuration (Au) with which the gauge fields A,, co-
incide for [X| — oo, i.e. the deviation a, = A, — A, tends to zero for [X| — oo. Upon
linearization of the theory around this background field, we then have [74] the gauge variation
ora, = l_)uf = a_uf +ig [Au,f] which is independent of a,,. For a flat background, i.e. Fuv =0,
the solution of D, f = 0 and the associated surface charges (“color charges”) will be derived
below, see equation (301).

Similarly, in general relativity, the linearization of the metric field around a given geometric
background (§,,,), i-e. &,y = &,y + hy, (where h,, vanishes asymptotically) leads to the local
symmetry transformation 5¢h,, = (Lzg),, which does not depend on h,,,. For a flat back-
ground g, = 7,,,, the Killing vector fields & = £, (i.e. solutions of 0=(L¢g),,=3,&, + 9,&,)
are those generating Poincaré transformations, i.e. £#(x) = a* + ¢"”x,, with constant real pa-
rameters a* and e*” = —e”": the associated surface charges yield the famous ADM charges of
linearized gravity [74,154,176].

7.5 Asymptotic symmetries and asymptotically conserved forms

Generalities: Suppose some background fields ¢ are given and that the deviation ¢ *=p*—@*
of fields ¢ from these background fields is small (but not necessarily zero) in a prescribed
manner in the asymptotic region: For the latter region, one can consider spatial infinity or
the boundary of a finite domain like the horizon of a black hole, e.g. see [154] and the re-
view [249] for various examples. (For spatial infinity and a radial variable r, one typically
assumes an asymptotic behavior of the form ¢¢ — O(1/r™a) for some number m, that may
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depend on the field under consideration. Analogous assumptions are made for the asymp-
totic symmetry parameters. In the following we will not spell out these technical details for
which we refer to the cited references.) Upon making appropriate general assumptions on the
boundary conditions that hold in the asymptotic region, the linearized theory describes the full
theory asymptotically in the vicinity of the boundary.

Within this general setting, G. Barnich and E Brandt [154] have extended the correspon-
dence (272) (which is the subject of the generalized form of Noether’s first theorem) to the
case of asymptotic symmetries and asymptotically conserved (n — 2)-forms (see also refer-
ences [155,157]). The asymptotic symmetry parameters f are defined to be field independent
gauge parameters f" for which & quba vanishes asymptotically in a prescribed manner. In this

case, the superpotential 7(}[;»” ] associated to the parameters f is still given by relation (287),
but with the fields ¢ replaced by their deviation ¢“ from the background and with S}f [e]
replaced by its linearized expression sj’;f [¢; @] (see example below), i.e. we have the corre-
spondence [154]

n u

£ 7.[vu] 1 a asf 2 a 1 a an

S k=50 ea T3P 5970 e ~ W) (288)
v Av

Summary: The asymptotic symmetry parameters f represent Killing vector fields associated
to a fixed background gauge field and the (n — 2)-form lzf is associated to the free theory
obtained by linearization of the full interacting theory around the given background. By con-
struction, IEJEW ] depends linearly on the deviations 6 9@ = ¢ — p® = ¢ (which are small in the

asymptotic region) and on their derivatives up to a finite order (as well as on a finite number of
derivatives of the background fields ¢). As pointed out in reference [254], the integration
of l~<f along a path y in the space of solutions of field equations (see Eqn. (281)) allows us
to get, under suitable assumptions, a (n — 2)-form Kf[ap] depending on the fields ¢ of the full
interacting theory.

Example of non-Abelian YM-theories: For YM-theory in R" with n > 3, we can deter-
mine [154,244] conserved local and integral quantities associated to symmetries of a background
gauge field which satisfies the vacuum YM equations. The conserved quantities are constructed
from the gauge Killing vectors of the background gauge field and the conserved charges can
be expressed as flux integrals having the same form as those encountered in electrodynamics.

To construct all of these quantities, we start by considering the gauge field configuration
(A*) produced by a source (j*) which is bounded in space, i.e. (j*) vanishes outside of a finite
volume. The YM equation reads D, F*” = j” and implies D, j” = 0. Now the gauge field A, is
decomposed as

|X|—00

A=A t+ay, with a,(t,X) — 0. (289)
Here, Au is viewed as a background field corresponding to the source j =0, i.e.
0=D,F"" = 8,F" +ig[A, F*"],  with F,,= 08,4, — 8,4, +ig[A,4,].  (290)

The deviation a, =A,, _Au is small for |[X¥| — oo, but it is not assumed to be small otherwise.
For a detailed treatment of the decaying properties of fields and parameters, we refer to the
work [154]. Here, we only note that (289) means that the fields a,, vanish on the spatial (n—2)-
sphere at infinity, 9R" ! = limy_, o Sg: instead of the whole space R" ! one can consider more

92


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.77

SCIl SciPost Phys. Lect. Notes 77 (2023)

generally an (n—1)-dimensional domain ¥ ¢ R*"! and assume in equation (289) that the fields

a, vanish for ¥ € 0.

A short calculation shows that we have the expansion

Fyy=Fu+ fuy+iglay,a,], with f,,=D,a,—D,a (291)

-
The computation that we made for free Maxwell theory in Eqn. (233) can be generalized to
the present setting of YM-theory:

6S
Tr [(6fAH) 57[A]] =Tr[(D,f)D,F"™] =8, Tt[f D,F™]|-Tr[f (D,D,F"™)].  (292)
= s}‘[A] =0
From D, F" = 0 it follows that D,F*" = D, f " +ig [a,, F**] plus terms which are quadratic
or of higher order in a,. Thus, the linearized expression of S}f [A]=Tr [ fD,F "“] is given by

s}f[a;A]ZTr[f (va"“+ig[av,l:"“’“])]. (293)

Now assume that there are asymptotic symmetries of the gauge field, i.e. that there exist in-
finitesimal gauge transformations parametrized by one or several independent g-valued fields
x = f(x)=f%x)T, € g with

0=56:A,=D,f, for pe{0,1,...,n—1}. (294)

In other words, there exist g-valued fields f which are covariantly constant with respect to
the background field Au- The matrices f (i.e. gauge parameters) are referred to as gauge
Killing vectors [244,256] or as asymptotic reducibility parameters [154]. (In YM-theories and
in general relativity on space-times of dimension n > 3, they are field-independent and satisfy
an off-shell condition [74,154].)

We note that D, f = 0 and the general identity [D,,, D, ]f = ig[F,,,f] imply the integra-
bility conditions [F,,,
[F v f1=0 and the cyclicity of the trace it follows that the second term in expression (293)
vanishes. The relation Du f = 0 and the fact that the trace is a gauge singlet then imply that
the current (293) represents a superpotential term:

f1= 0 for the system of differential equations Du f = 0. From relation

sf=a k) with E;”“]zTr(ffW). (295)

vF

e

(This result for I?%W ] can also [154] be obtained from the general relation (288).)

As a matter of fact, the property D, f = 0 and the relation f ** = D”a* —D*a” can be used
to rewrite the superpotential in terms of a*:

12}&”“] =9 A — P A = with | A* =Tr(fa"). (296)

This expression for 7" in terms of .A* has the same form as the field strength tensor in electro-
dynamics (i.e. Abelian gauge theory) where (.A") represents the electromagnetic potentials.

~ - e -
In particular, we have Fy; = Tr (f fo;) = &, with £ = —grad A° — 3, A.
To the conserved current (sf’f ) we can associate an “electric charge”, e.g. for n = 4, we have

the flux integral over the 2-sphere at infinity, RS,

szf d3xs9=J d3xaiTr(ffi°)=j€ dsiTe(f f19), (297)
R3 f R3 OR3
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or

- —> . - —_— 0 -
Qf= £-ds, with | £ =—grad A” — 3, A. (298)
JR3

Here, the final result (298) for the conserved charge has the same form as the one in electro-
dynamics, see equation (238), but we may presently have several charges Q 7 namely one for

each asymptotic symmetry, i.e. gauge Killing vector f of the background field A.

Particular case of an asymptotically flat connection: In relation with the structure group
G of the theory we use the notation n for the dimension of the Lie group G and the symbol
G for the (infinite-dimensional) group of gauge transformations x — U(x) € G. Furthermore,
______ n, denotes a basis of the Lie algebra g of G and f,. the corresponding structure
constants, i.e. [Ty, Ty] = ifp. Te.
A particularly important example of background fields in YM-theory is the one where the
background field strength vanishes (case of an asymptotically flat connection),

F,,=0, ie 3UEGIA, =—§ ua,U". (299)
The “gauge Killing equation” Du f = 0 can then be solved [154, 244] by multiplying it from
the left by U™! and from the right by U and by using (299):

0=U"'(D,f)U=3,U " fU).

Thus, U™! f U = ¢“T, with some constants ¢* and thereby we obtain ng; gauge Killing vectors
(one for each group generator T,):

Vx€R" 1 fiy(x)=U)T,U(x) eg. (300)

In the present case, the gauge Killing vectors define a representation of the underlying Lie
algebra,

[Jz(a)JJz(b)] = ifabc f(c) s

o — = — -
and we have ng charges Qj, = §8R3 &) - dS with &, = —gradA?a) — 0, A(q) where
.Aéla) = Tr(f(a)a“).

|X| |00

Using Fm =0and a,(t,X) —> 0, we conclude from (291) that F,, = f,,, for |X| — oco.
By substituting the latter result and expression (300) into (297) we conclude that the ng
conserved charges (“color charges”) are given, for n = 4, by

Qf(a) =§ dSiTr[U(x)TaU_l(x)FiO(x)], for ae{1,...,ng}, (301)
IR3

with U such that (299) holds. The Poisson bracket for the charges (301) again reflects the
underlying Lie algebra, {Q Fay? Q 7 b)} = fupc Q o and these charges generate gauge transforma-
tions [154].

The charges Q fo vanish if the components of the field strength tensor decrease faster than
1/r? at spatial infinity (for n = 4): this is the case of instanton configurations due to the
fact that they have a finite action [154]. The electric charge of the so-called Julia-Zee dyon
is discussed in reference [244]. We note that one can also define magnetic charges which are
non-zero for non-Abelian monopole-type configurations [244], see also reference [257].
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Example of general relativity (with or without a cosmological constant): The defini-
tion and construction of conserved charges in general relativity and the exploration of its
asymptotic structure has a long history going back to Einstein’s work, e.g. see the recent
monograph [22]. The interest in this subject has been revived in the sixties with the work of
BMS [245] and in more recent years with the discovery of its connection with the so-called
soft theorems (related to the infrared structure of quantized gauge theories) and memory ef-
fects related in particular to gravitational waves and the black hole information paradox, e.g.
see [158,225, 249, 258] for reviews of different aspects. Here, we only mention that G. Bar-
nich and E Brandt [154] also applied their cohomological procedure (described above for
YM-theories) to asymptotically flat and non-flat space-time manifolds while relating the re-
sulting expressions to earlier results (see also [158] and [249] for reviews of this approach).
The case of asymptotically flat space-times is of particular interest in that it allows us to make
sense of the important notion of an isolated system in curved space [259,260].

The starting point of the approach of Barnich and Brandt is to decompose the metric (g,,,)
into a background metric (g,,,) and a deviation (h,,,) from the latter which is asymptotically
small:

Euv = g,uv + hpw .

The conserved charges are then constructed from the Killing vector fields of the background
metric (§,,) (these vector fields parametrizing the asymptotic symmetries). More precisely,

application of (288) to the Noether current S’g = —@ '3 VG: " determined in Eqgn. (264)

yields [154, 249] the following superpotential associated to Killing vector fields & = éuau
of the background metric (g,):

VIl

ll[g”vl[g;h] EVVHh+ EXV ROV 4+ E VI ROH (302)

+ %(hv”i“ +hOVGEY +hOVHE ) — (U v)].

Here, h = h*, and the indices are lowered by (g,,,) and raised with (g"”). By integrating the
(n—2)-form ké[g; h = 6g] along a path in solution space (see Eqn. (281)) one finds [254] the
Komar integrand (encountered in equation (145) of the covariant phase space approach) plus
an extra term which is linear in EX.

Concerning the choice of the background metric, let us mention an important class of
examples involving a cosmological constant. A spherically symmetric matter distribution (of
mass M in Newtonian gravity) produces on its outside a gravitational field which is described
by the so-called Schwarzschild-de Sitter metric [261]: in terms of spherical coordinates (i.e.
(r, 0, ¢) for n =4), we have

2MG A 2MG A ,\!
dszz(l———§ 2) dtz—(l———grz) dr?—r?dq, (303)
r r

with dQ = d62 +sin20 dy? for n = 4). This metric represents a solution of the vacuum
cosmological Einstein equations G~ = 0 (or equivalently Ry, = % Ag,,). For A =0, the
metric (303) represents the Schwarzschild solution describing an asymptotically flat space-time
with spherical symmetry. For M — 0 or for large values of r, the metric (303) reduces to the
de Sitter metric

-1
ds? —(1—%r2) dtz—(l—%rz) dr? —r2dQ. (304)
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For A > 0, one speaks about the de Sitter space and for A < 0 about the anti-de Sitter (AdS)
space. These spaces generalize Minkowski space (as a basic solution of the vacuum Einstein
equations) to the case where A # 0: in the latter instance, the space-time is no longer asymp-
totically flat. (Anti-) de Sitter space-time has received a lot of attention during the last decades,
in particular in cosmology involving a cosmological constant [262] and in relationship with
string theory (notably the AdS/CFT correspondence [263]).

7.6 Different constructions of lower degree conservation laws

In the following, we survey different methods and their interrelationships. For a chronological
presentation and further references to the original literature, we refer to [222] and to the
preamble of the memoir [241].

7.6.1 Cohomological methods 1: Barnich-Brandt and Wald-Iyer

Barnich-Brandt procedure: This cohomological approach that we described in the previous
section is quite general and applies to field theories with internal and/or geometric symmetries
like YM-theories or general relativity. The resulting conserved charges are referred to as the
Barnich-Brandt charges [158]: their explicit expression has been determined for instance for
electrodynamics, YM-theories and general relativity [154].

Wald-Iyer procedure: This cohomological method [63-65] which is based on the covariant
phase space approach does not apply to arbitrary gauge theories, but only to diffeomorphism
invariant theories like general relativity. Thus, the gauge parameters f" are given by the
components " of a vector field & = £, which is assumed to act on the fields ¢ by virtue
of the Lie derivative, i.e. 0:p® = Lzp?, e.g. 5:9% = &19, ¢ for scalar fields ¢®. Our
presentation is based on [249], see also references [157,158].

The starting point is the first variational formula (82) written in terms of differential forms
(see (191) with (183)): for an arbitrary variation of the Lagrangian n-form £d"x we have?!

58S
6(Ld"x) =056 5p

- dh] >

where the (pre-)symplectic potential form j[¢; 5] € Q" 1! is given by (275), i.e. application
of the contracting homotopy operator I3 = to Ld"x. The (pre-)symplectic current J* = &
(see equations (84)-(89) and (192)-(193)) is then given by the

(pre-)symplectic current form : J[@;80;6p]1=08jl@;8¢;6p] e Qv 12, (305)

For asymptotic symmetries generated by a vector field &, one uses the contracting homo-
topy (282) to define (see Eqn. (283)) the

Noether-Wald surface charge form : Q:lpl= —(Ig_1 ;s Leyp] € Q20 (306)

Now consider general relativity as described by the Einstein-Hilbert action functional®?
Slg] = %IM d"x +/|gR with x = 87G (see Eqn. (262)). For this theory we already de-

21We recall from (178) that the vertical differential d, represents an infinitesimal field variation. For convenience,
we changed the global (conventional) sign of j.

**For simplicity, we will write S[¢] and j[g;h] for the functional dependence on the fields g, and h
distinction with g = det(g,,,) and h = det(h,,,) being clear from the context.

the

uvs
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termined the symplectic potential j in our discussion of covariant phase space, see equa-
tions (122),(142): from

j[g;h]=g(

V, R —VPR)d" Xy, (307)
one finds [249] that the Noether-Wald surface charge form (306) writes??

Q:lg] = ‘/E(v% (20, = & ‘/E

(VHEY =V EM) (A" 2x), - (308)

This expression obviously agrees with the Komar integrand which also results from the line of
arguments followed in the covariant phase space approach, see equations (144)-(145).

The so-called Iyer-Wald (n— 2)-superpotential form associated to asymptotic symmetries in
a diffeomorphism invariant field theory is now defined by the following expression [154,249]:

Iyer-Wald (n — 2)-superpotential form : kéw =—6Qs t+igj € Q2t (309)

or, more explicitly,
ki [@; 801 =—8Qelpl+izjlw; 6]

Here, i;j is the interior product of the form j € Q11 with respect to the vector field £ and
6 denotes the variation of forms induced by the field variations 6 ¢®. The (n — 2)-form (309)
is defined up to a dy-exact term?* and it involves an extra term Qs¢ if the asymptotic Killing
vector fields & depend on the fields. For general relativity (possibly including a cosmological
constant), the expressions (307)-(309) lead to [249]

KV [g;h] =~ 'lgl [£9V,hTY —EFV R+ £,V RHE + - hvVg“ WV, E4 ] (d"2x),,,.
(310)
Comparison of expressions: The relationship between the superpotentials k28 of Barnich-

Brandt and kéw of Iyer-Wald has been addressed in references [154,157,249]. In this respect
one introduces the form [157,249]

1 1
Elg;69;8p]=—2 51 = =5 I3, 15, (Ld"x) € Q"2

Up to an dy -exact (n — 2)-form, one then has the relation

ki [9; 601~ kEP[9;60]+Elp; 595 Lep].

E.g. for general relativity where kgB and kéw are given by (302) and (310), respectively, one
has
Vgl
Elg;6g;6g] ==, =585 A5g”"(d" XD >
hence

VIgl o (-
E[g;58;Leg] =5 1 [VHE, + V5 £"] 687 (d" 2y

ZWe will come back to this quantity in equation (350) below. As noted by R. Wald [63], it has been introduced
earlier by W. Simon [264] who referred to it as the “gravitational field strength”.

24*Another ambiguity results from the freedom to add a term d, a to the (pre-)symplectic potential as discussed
after Eqn. (194).
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We note that the latter expression (introduced in reference [154]) vanishes for Killing vec-
tor fields £"9,, as well as for some particular gauge choices for the metric field (g,,), e.g.
see reference [249]. The relationships with the covariant phase expressions of B. Julia and
S. Silva [205] is discussed in appendix A of [157]. The case of spatially bounded regions was
addressed in particular by the authors of reference [265], see also [266,267]. For the alge-
bra of charges (in particular in the presence of gravitational radiation) we refer to [268] (see
also [242]).

7.6.2 Cohomological methods 2: Antifield formalism

An alternative algebraic approach to the determination of lower-dimensional conservation
laws in gauge field-type theories was recently discussed in reference [242]. It relies on the
descent equations appearing in the extension of the variational bicomplex [240,269] which is
brought about the introduction of antifields into gauge field theories in view of their quanti-
zation along the lines of the Batalin-Vilkovisky (BV) formalism.

Summary of antifield formalism: We recall that the BV approach [23,74,270-274] amounts
to a symplectic-type reformulation and generalization of the usual BRST quantization proce-
dure [275, 276] for which the interplay between Lagrangian symmetries and equations of
motion plays a central role. In the following, we outline some of its basic points for the case of
an irreducible gauge theory [23] while taking pure YM-theory in four-dimensional Minkowski
space-time as an explicit example. Thus, we consider a compact matrix Lie group G and an
anti-Hermitian basis (T,) of the associated Lie algebra g satisfying

[T, Ts1 = frse T Tr (T, T,) = 6.

The basic fields (¢*) are presently given by the components of the connection 1-formA= A, dx*
with A, (x) = AL(x)Tr. The associated curvature 2-form reads F=dA+ § [A,A]= % F,dxPAdx”
with F,(x) = Fp, ()T, and g denoting the coupling constant of YM-theory. The action func-

tional (cf. Eqn. (184))

1 1
Sinv[A]E—J Tr(F/\*F)z——f d*xTr(FH'F,,),
2 )y 4y,

is invariant under local gauge transformations which are given at the infinitesimal level by
6A=Df =df + g[A, f] where x — f(x) = f"(x)T, denotes a smooth Lie algebra-valued
function.

In the BRST approach to the quantization of gauge field theories, the symmetry parameter
f is turned into a so-called Faddeev-Popov ghost field ¢ of ghost-number one. For any Lie
algebra-valued p-form of ghost number g € Z, i.e. ag € QZZ,(M ,9), the total degree is defined
by .

af=p+g.

This Z-grading induces a Z,-grading or Grassmann parity

grading(alg) = (—1)‘15 .

The commutator [a, 8] of two Lie algebra-valued forms a, 8 is now supposed to be graded,
i.e.

[a,fl=aAB—(—1D)*BAa.
Finally, the BRST transformations of A and c¢ are defined by

1
sA=—Dc, sc:—zg[c,c], (311)
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hence sA, = D,c by virtue of dc = dx"9,c = —(J,c)dx". The so-defined BRST operator
s is assumed to anticommute with the exterior derivative d (i.e. their graded commutator
[s,d] = sd + ds vanishes) and it acts on the algebra of fields as a graded derivation which
increases the ghost-number by one. Its nilpotency, i.e. s?> = 0, reflects the closure of the
gauge algebra. Since the action of the s-operator on A amounts to an infinitesimal gauge
transformation (with symmetry parameter replaced by ghost field), it leaves the action S;,,[A]
invariant. In summary, the first transformation law in (311) describes the local symmetries
of the action S;,,[A] and the second one reflects the non-trivial (non-Abelian) structure of the
gauge algebra.

The gauge fixing procedure (which is considered for obtaining a well-defined propagator
for the gauge field) [276] leads to the addition of the Faddeev-Popov ghost term

f d*xTr(¢Dc) = —J d*x Tr(¢sA),
M M

to the s-invariant action S;,,[A]. The BV formalism in n-dimensional space-time now consist
of associating a so-called antifield ®* to each field ® € {A,c} (i.e. to the basic field ¢ = A
as well as to the ghost field ¢) such that Tr(®*s®) represents a n-form of ghost-number zero.
Thus, if ® is a p-form with ghost-number g, i.e. gh(®) = g, then ®* is a (n — p)-form with
gh(®*) =—(g + 1). In particular, for YM-theory in four dimensions we have

A€ (M, 9), ce(M,9),

A € Q® (M,g), C*=c*dxA---Adx® € QY (M, 9).
Accordingly, A* corresponds (by Hodge duality) to a g-valued vector field (AZ) of ghost-number
—1 and C* to the g-valued function c* of ghost-number —2. For gauge field-type theories with

closed algebras involving structure constants (like YM-theories) or field-independent structure
operators (like general relativity), the so-called

minimal action S[®,d*] = S, [A] + ZJ Tr(®*s®) = J d*x L, (312)
® JM M

i.e. for YM-theories
L=Tr ——1 FMYF,  +A* D*c + c* _£ [c,c] (313)
4 uv u 2 > >

is a solution of the (non-linear) Slavnov-Taylor identity or

58 88
5d* 5

1
BV master equation 0= > [IS,S]= Z J (314)
® JM

Here, the BV bracket (or antibracket) of two functionals X, Y of the variables &, ®* (viewed as

differential forms on M) is the graded bracket defined as follows in n dimensions:2°

o5 6X 6Y cii 5.1, 0X 8Y
BV bracket [X,Y]= f [(—1)“’ (=1 2 —] .| 315)
; u 5+ 5@ 5 5+

25All of our functional derivatives are left derivatives [272], but we note that the BV bracket is traditionally
expressed in terms of both left and right derivatives which implies the presence of other sign factors.
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We remark that the grading of the functional derivative % is given by (—1))Z +#+1 whence the
last equality in Eqn. (314). From (315) we deduce in particular that (&, ®*) can be viewed as
a conjugate pair with respect to the BV bracket:

[&*(x), 8] = (=¥ 5(x —y). (316)

The BV bracket (X,Y) — [[X, Y]] on the graded vector space of functionals (®,®*) — F[®, d*]
(graded by the ghost-number) represents a graded Poisson structure of degree one, i.e. we have
the homogeneity or

grading property gh([X,Y]]=gh(X)+gh(Y)+1,

as well as the properties of R-bilinearity, graded antisymmetry, graded Jacobi identity and
graded derivation (Leibniz) rule.

From (315) we can also infer that the “linearized Slavnov-Taylor operator” Sg associated to
the minimal action S, i.e. the infinitesimal canonical transformation induced by S and the BV
bracket,

Ss =[S, 1, (317)

acts on fields and antifields (in four dimensions) by the

. _ 0S5 « 0S8 _
BRST transformations Sg® = o s®, Ssd* = 50 - sP™. (318)

Here, the last equality of the first relation follows from the expression (312) of the minimal
action S whereas the last equality in the second relation amounts to the extension of the BRST
operator s from fields (as defined by Eqn. (311)) to antifields. The operator Sg raises the ghost-
number by one unit, it is nilpotent and it leaves the minimal action S invariant. (The nilpotency
of Sg readily follows from the graded Jacobi identity satisfied by the BV bracket and from the
BV master equation (314).) If all antifields are set to zero (along with their s-variations), then
S[®,®*] reduces to S;,,[A] and we recover the initial BRST transformations (311) together
with the equation of motion of the basic field A.

The ghosts and antifields are incorporated into the variational bicomplex formulation by
extending the double complex (2*°*(J *°E), d,, d,) to the

variational tricomplex (Q:’°, dy, d,, 5Q) ) (319)

Here, Q7 is a short-hand notation for QJ°*(J°°E) where the field space E is now assumed to
be Z-graded by the ghost-number. The operator 5, represents a further differential (anticom-
muting with both d,, and d,) to be identified with the BRST operator [240, 242, 269] which
increases the ghost-number by one unit.

The BV bracket is a (non-degenerate) graded Poisson bracket and thus corresponds to a
graded symplectic form

QEJ w, (320)
M

where the local form w € Qflz has the expression (cf. Eqn. (316))

w= Y Tr[6&A5&*]. (321)
o]
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For four-dimensional YM-theory, we obtain (with C = ¢)

w=Tr[6ANSA*+6CASC*], (322)
ie.
w=dd*x,  with & =Tr[6A* ASAT +6c ASc*], gh(d)=-1. (323)

We note [ 248] that, from a geometric point of view, the fields ¢ and antifields ®* can be viewed,
respectively, as base and fibre coordinates of the odd cotangent bundle T*[—1]E: here, £ de-
notes the graded (by the ghost-number) vector space of fields x — ®(x) € E on space-time and
—1 represents the shift g ~» —(g + 1) of ghost-number which occurs upon passage from fields
to antifields. With this geometric interpretation, the two-form (320) defined by Eqn. (321)
represents the canonical shifted symplectic structure on T*[—1]€E.

Application of antifield formalism: We will now make contact with the local symplectic
formJ =J* d3xM encountered in the covariant phase space approach. Application of the first
variational formula (82) to the minimal Lagrangian (313) yields

6L~ 0,j", with j* =Tr[—F*"6A, +A*6c], (324)

hence

JH=—5j* =Tr[6A, AGF ™+ 6c A GA™]. (325)

The fact that this expression extends the one obtained for YM-theory without antifields (see
(97)) is due to the “boundary condition” L£(®,d* = 0) = L;,,(A). Equivalently [242,269], the
symplectic current density (J*) can be extracted from the graded symplectic structure (323)
corresponding to the BV bracket by application of the BRST differential 5,: with (318) we
have

0qA, =Dc, Oqc = —% [c,c], (326)
0S8 oS
§A™ = @ =D, F™ —g[A™,c], Soc* = 5= DMA’L +g[c*,cl,

and a short calculation leads to the result

Sqd =—3,J", with JH =Tr[SA, ASF"™ +6c ASA™], gh(J*)=0,
SoJt==0,J",  with J™=Tr[6cASF™], gh(J™")=1,
(SQJWL == 0 .

These expressions can also be written in terms of differential forms [242] by starting from the
4-form (322):

Sow=dpwi,  with w;=Tr[SAAG+F+5CASA 1€,
5Q(O1 :dha)z, Wlth C()ZzT]_’[EC/\5*F]GQ§’2,

Thus, we have descent equations (analogous to the Stora-Zumino descent equations in the
BRST quantization of gauge field theories [276]) and the local symplectic form w, of the co-
variant phase space approach (extended with antifields) represents the first descendant of the
local symplectic form w corresponding to the BV bracket.
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To recover the color charges of YM-theory [242], one makes an expansion of the minimal
Lagrangian £ and of the BRST operator 6, with respect to the coupling constant g viewed as
a deformation parameter of the free (Abelian) field theory: we have

. 1 ouvo * o
L=Lo+gLly+8Ly,  with Lo=Tr[— 2F Fu +AL31C] (Fu= 3,4, —0,A,),
(328)
and
o YU
= ww_ (65 ) —
Q=Qp+gQ;+ 82Q2 ) with 6Q°A“ a“c ’ 6Q0A (5Au )0 HWE
5Q0C:0, 5Q0C*23MA;Z.

(329)

Thus, £, describes a collection (AL) of free Abelian gauge fields. The Lagrangian L, is invariant
under the

shift symmetry oc=¢€f, (330)

where e denotes a constant parameter of ghost-number one and f € g does not depend on
space-time coordinates. By virtue of Noether’s first theorem, we thus have a

conserved current density jJ =Tr (fA’;), gh (j‘f) =-1, 8“ij ~0,

where the local conservation law holds thanks to the equation of motion following from L.
The free BRST-variation of the current density (jJ ) yields a

with j{u = Tr(flgw), gh(j{u) =0.
(331)

descendant current density: 5Q0jp{ =0"J {u ,

The latter is again conserved by virtue of the free equation of motion (i.e. ”j{u ~ 0) and it
is invariant under the free BRST differential Q, (which acts on fields and antifields according
to Eqn. (329)). Since its ghost-number vanishes, the integral

of E§ ds' 7}, =§ dS'Tr (f Fio). (332)
S S

can be interpreted [242] as the color charge enclosed by the surface S = 8V with V c R3.
Clearly it has the structure that we encountered in Eqn. (297) for the case of a vanishing
background field. The algebra of these charges is investigated in reference [242] which also
applies the outlined approach to general relativity as well as unimodular gravity.

To conclude we note that, for an n-dimensional space-time manifold M with boundary
dM, the local symplectic form w € Qilz given by (321) can be integrated over the manifold
M (see Eqn. (320)) and that its descendant w; € 93—1,2 can be integrated over the (codimen-
sion 1) boundary d M. In fact, Q; = 9§a w @1 represents the canonical symplectic form on the
space of boundary fields [248]. More generally, the second descendant w, € erl—z,z can be
integrated over a (codimension 2) corner K (i.e. the boundary of boundary components) and
so on for large values of n. As a matter of fact, the Hamiltonian version of the BV approach
to field theories which is known as the BFV (Batalin-Fradkin-Vilkovisky) formalism is naturally
associated to the boundary of M (if M has such a boundary) and the descent equations encoun-

tered above play an important role in the BV-BFV construction in that they relate the BV data
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(associated with the bulk) to the BFV data associated to the boundary and, more generally,
they relate the strata (submanifolds) of codimensions k and k + 1, see [248] and references
therein, notably [121]. As a matter of fact, the authors of reference [248] investigate in detail
the case of a complex matter field which is minimally coupled to an Abelian gauge field (i.e.
scalar electrodynamics) and they extend the BV-BFV construction to non-compact manifolds
and appropriate asymptotic conditions for fields. In this context, the symmetries and more
precisely the fall-off properties of gauge parameters also have to be dealt with with care.

7.6.3 Abbott-Deser approach

For non-Abelian YM-theory in flat space-time, the starting point of L. E Abbott and S. Deser
[244] is based on the decomposition A, = Au + a, of the YM field A, see equations (289)-
(291). The relationship between the cohomological method of Barnich and Brandt (that we
considered after equation (291)) and the approach of Abbott and Deser is established by intro-
ducing an effective current density jgff in the decomposition of the YM equation D, F*” = j”:

Duf*” +iglay, F*1=j%,  with o =" —(D,F*)y.

Here, (D, F"”)y only involves terms which are non-linear (quadratic or of higher order) in
the deviation a, = A, _Au- The conserved “source current” Vf” [a;A] = Te(f je“ff) (where

fe)=Fe)T . € g denotes asymptotic reducibility parameters) can then be rewritten as

vh=—a k" with kUM =T (Ffm),
f f f
see equations (295)-(296).

Thus, as emphasized in reference [154], the approaches of Abbott-Deser and of Barnich-
Brandt are closely related. Indeed, the first starts from effective sources from which super-
potentials are derived whereas the second concentrates right away on the superpotentials:
thereby it allows for a more direct construction and control of the resulting surface charges.
Besides considering YM-theories, Abbott and Deser also constructed conserved charges in gen-
eral relativity for asymptotically anti-de Sitter space-times [243] (actually this was their initial
concern and investigation). In the sequel, the procedure was also applied to YM-theory in
curved space-time [277] as well as to higher curvature gravity theories [278].

7.6.4 Hamiltonian formulation

As discussed in references [154,157], the surface charges Q¢ = 5552 kj[c“ V](d"_zx)w (associated
to asymptotic symmetries) constructed by the procedure of Barnich and Brandt can be directly
related to the ones obtained from the (non-manifestly covariant) Hamiltonian approach. For
the comparison with the Hamiltonian expressions one considers the first order (i.e. Hamilto-
nian) form of the action functional associated to the Lagrangian. We note that surface charges
have originally been introduced in the canonical framework for general relativity on asymp-
totically flat space-times in the work of ADM [175] and that the systematic construction of
asymptotic conservation laws in this setting has been addressed thereafter in reference [279]
(see also [280] and [281,282] for the general theory and algebra of charges).

7.6.5 Other approaches

As we already mentioned in Subsection 5.4, the derivation of differential or integral expres-
sions for conserved quantities in field theories with local symmetries dates back to the early
days of general relativity. In addition to the reviews listed in Subsection 5.4, we mention the
overviews given in references [241, 256, 283]. Besides the approaches discussed so far we
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quote a few other ones here that have been considered in the Lagrangian framework: the
so-called energy-momentum pseudo-tensors (the best known one being the one of Landau and
Lifschitz [284]), the Komar integral [ 184] that we encountered in equations (145) and (308),
the Lagrangian Noether method [206, 285-288] quasi-local methods [12, 64, 185, 289] which
have been initiated by R. Penrose [290] and in the work of J. D. Brown and J. W. York [291]
and which amount to define quantities with respect to a bounded region of space-time, con-
formal methods (exploring the asymptotic structure of space-time at infinity while adding
a suitable conformal boundary to physical space-time) which are based on the pioneering
work of BMS [245] and of R. Penrose [292] (see also [12, 259, 293-297] as well as the re-
views [158,223,298,2991]), the spinorial definition of energy [12,300-302], notions of energy
related to radiation (like the one of the Bondi mass), approaches based on Hamilton-Jacobi
analysis, the so-called dressing field method [303],...

7.6.6 On the relationship between the different methods and results

S. Hollands, A. Ishibashi and D. Marolf [304] compared different methods that apply to AdS
space-times. We also mentioned a certain number of comparisons and we will indicate some
others for the specific case of gravity in the next subsection, in particular [180,194]. However,
as pointed out for instance in reference [305] a systematic and more complete comparison of
methods and the corresponding results is currently lacking.

7.7 Gravitational (or diffeomorphism) charges following Wald et al.

In this subsection (which is based on the work of R. Wald and his collaborators [60]- [65])
we discuss the derivation of conserved charges associated to diffeomorphism invariance in terms
of the symplectic potential form on covariant phase space. Accordingly we adopt some of the
notation of reference [65] (which is nowadays used in most of the related literature) while
considering the recently given geometric reformulation of this work [181,216].

Moreover, we will point out the close relationship of some of these considerations with
various results presented earlier in these notes, in particular with those of C. Crnkovic [166]
which we outlined in equations (141)-(148).

Over the last twenty years, the investigations of R. Wald and his collaborators have been
further elaborated and generalized in different respects by numerous authors, e.g. see [19,
154,157,174,180-182,268,306-311] and references therein. We will mention some of this
work towards the end of this section and in the subsequent ones.

Notation and general framework: We start from an n-dimensional space-time manifold
(M, g) admitting a foliation by space-like hypersurfaces, e.g. a globally hyperbolic space-time.
Following R. Wald and A. Zoupas [65] we consider a collection of fields ¢ = (¢?) which
consists of the metric field and possibly some other tensor fields on M. By F we denote
the space of fields ¢ satisfying some given asymptotic conditions, e.g. asymptotic flatness of
the metric and vanishing of the matter fields at spatial infinity (or at null infinity) in general
relativity. As a general rule, the decay rates of fields at infinity are assumed to be strong enough
to ensure that the considered integrals exist. The covariant phase space F is then given by the
fields ¢ € F which solve the field equations determined by a given Lagrangian n-form L.

The covariant derivative of tensor fields with respect to the Levi-Civita connection is written
as V|, and we again assume for simplicity that L is of first order. We note that for a set of fields
p? described by a Lagrangian density £, the Euler-Lagrange equations locally read [186]

oL oL
V“(a(vuw))_aw =0
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Differential forms on M (like the Lagrangian n-form L) are denoted by boldface letters.

We presently write d for the horizontal differential dy, and 6 for the vertical differential d,.
More precisely (cf. Appendix A), for a smooth function (0-form) on the space-time manifold
M,

f' M — R
x =(x") — f(x), (333)
the exterior derivative d is defined by df = dx*4,f, i.e. df|, € T{M (cotangent space of
M at x). For a vector field £ = £"9,, on M, we have &|, € T, M (tangent space of M at x).
By definition, the interior product iz (with respect to &) acts on differential forms on M as a

graded derivation lowering the form degree by one, its action on a 0-form f and on the 1-form
dx* being given by

irf =0, irdxt = &M, hence i:df =&"9,f.
The Lie derivative Ly (with respect to &) acts on differential forms on M as a derivation by
virtue of Cartan’s “magic formula”
Le =[ig,d] = izd +dig, hence Lyf =izdf =&"3,f.
The generalization of these notions to the (infinite-dimensional) field space F proceeds as

follows, cf. Appendix D.2 and Section 5.1 or references [216,312]. For a smooth functional
(0-form) on F,

F:F—R
¢ =(9") — Fle], (334
the differential (field variation) & is defined by 6F = fM d"x 6¢p%(x) 555%), ie. OF|,€ T:;}'.

Since we are presently concerned with diffeomorphism invariant theories on M and since
diffeomorphisms on M are generated by vector fields £ on M, we have to deal with the induced
action of & on fields and forms as described by the vector field X 3 (associated to £). This vector
field writes X; = fM d"xXg(go(x)) % and we have X§|<p € T,F. The interior product
Iy, = I (with respect to the vector field X;) acts on differential forms on F as a graded
derivation of degree —1, its action on a O-form F and on the 1-form d¢¢ being defined by

OF
IgFEO, Ig(S(,OaEXg((p):5g(Pa, hence I£5F:JMan5£(pa(X’) 6@“(}() :5£F
(335)
The Lie derivative Ly, (with respect to X;) acts on differential forms on F by
LX€E[I§,5]EI§6+5I§, hence LX€F2155F=55F, (336)

for O-forms F on F.
All of the linear operators that we just introduced act on (k,[)-forms a on the infinite
jet-bundle J°°(E) (a section s : M — E of the field bundle E over M being given by
s(x) = (x, p(x))) and we write a € Q%! see Subsection 6.1. Thus, we have for instance

dx* € Q10 5p* € Q%! Le Q™0 and
d: Qk,l —_ Qk-ﬂ-l,l’ lg . Qk,l —_ Qk—l,l’

5kl — QR+ I s QF — QM1 (337)

Following the conventions which are used in most of the literature based on the seminal work
of Wald et al., we assume that the operators d,is,... acting on space-time commute with
the operators 6,1, ... acting on field space (which is consistent with the fact that the local
forms a are characterized by a bidegree (k, ) on which the different operators act separately,
see Eqn. (337)).
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Symplectic potential current and symplectic 2-form: A generic field variation ¢ ~» ¢+
induces the following variation of L (first variational formula), cf. Eqn. (82) and equations
(191), (193):

SL=E,5p+d6, (338)
with
oL
0=0(p;6p)= ———60*Ad" 1x,,. (339)

As we already pointed out in Section 6.4, the definition of the symplectic potential current
form @ € Q"L is only determined by the first variational formula up to the addition of an
exact form. This ambiguity can be, and will be fixed for now [174,181], by considering the
customary expression (339) for 8 (which is obtained by using the Leibniz rule to evaluate 6L):
this expression also results from the Lagrangian n-form L by application of the contracting
homotopy operator of the variational bicomplex (see Eqn. (275)) and it is referred to as the
‘bare’ choice.
The field variation of the (n — 1)-form 0 defines?® the

symplectic current (n — 1)-form w = 60:| w(p;0,9,050)=08,:0(p;020)—650(p;61p).
(340)

We adopt the convention that
S NEP" =50 @59" — 59" @59 =519 529" — 529" 516",

where the indices 1,2 label the position of the field differentials.?’” Thereby, the expres-
sion (193) for the current components w" (which are dual to the components of the (n —1)-
form w [62]) reads as follows [60]:

2°L
923(V,pb)
N 2°L
(V,9a)a(V,eP)

(93 819,8,9) = [610% 650" —55096,9"] (341)

[(Vv51¢a) Sao¢p" —(Vv5290a)51%0b] .

From the definitions (338) and (340) of § and w it follows that dw = d50 = 5(d@) ~ 6°L =0,
i.e. w satisfies the

structural conservation law : dw~0, (342)

or, equivalently [62], the covariant conservation law V,w" =~ 0 (cf. Eqn. (199)). Integration
of the (n — 1)-form w € Q" 12 over a space-like (n — 1)-dimensional hypersurface = without
boundary yields the (pre-)symplectic 2-form 2 on field space F (and thereby on covariant phase
space F by reduction, cf. equations (105) and (106)); its functional dependence on the field
variations is presently denoted by square brackets:

QLyp;619,05¢] =f wH(p,61p;0290)dE,. (343)
N

26Cf. action of the exterior derivative on a 1-form defined on M: d(a,dx”) = % (9,a,—0,a,)dx* Adx".
%70One may also view [60] the variations 5, ¢® and &, as derivatives of a smooth two-parameter family of field
configurations ¢%(A;, A,) with respect to A, and A,, respectively: 6,¢% =3¢ /IA,, 5,0° =3¢/ A,.
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In this context, one assumes that the fields (and their variations) satisfy asymptotic fall-off
conditions which are sufficiently strong to ensure that the integral (343) exists and that it
does not depend on the slice . (by virtue of the argumentation in equation (93)).

Although > does not have a boundary, one can assign a sense to the integral faz ... by

viewing it as a limit of fﬁaK"' where the compact region K C X approaches all of X} in a
suitable manner [64,65], see equation Eqn. (197) above. (For instance, for an asymptotically
flat four-dimensional space-time, the integral fﬁaz ... can then be viewed as the limit of fa Kt

where the radius R of the 2-sphere dKy tends to infinity.) In the sequel, the integrals fﬁaz .
are to be interpreted in this sense along with the provisos attached this definition.

Noether current associated to diffeomorphism invariance: Diffeomorphisms on the
space-time manifold M are generated by vector fields which are locally given by £ = £/9,,. The
latter act on the tensor fields ¢ by the Lie derivative with respect to &, i.e. 6z¢ = Lg ¢ for the
infinitesimal variation of fields ¢. For a diffeomorphism invariant field theory, the Lagrangian
n-form L is covariant with respect to diffeomorphisms on M and thereby it also varies with the
Lie derivative Ly = [iz,d] under infinitesimal transformations. Since L represents a form of
top degree on the space-time manifold M, we have

Let us now apply the interior product I (defined by (335)) to the relation (338) for L.
From L € Q™0 it follows that we have I £(6L) = 6¢L. Thus, equation (338) yields the following
result for the

variation of L under diffeomorphisms : 6eL=E,Lsp+ d(1:0), (345)
with
I:0 = 0(p; Lep) = _OL Lep®d" 'x, € Q10 (346)
(V99 g

Here, the last expression (resulting from expression (339) for the symplectic potential current
form 8 € Q1Y) is again referred to as the ‘bare’ choice for 8 (p; L £¢). In the sequel, we will
systematically use the writing 6 for 6(¢;5¢) and I:0 for 6(yp; Lg ).

In conclusion, the

Noether current (n — 1)-form: Je=1:0 —icL (347)

(which is associated to the vector field & on M), is conserved for all solutions of the field
equations since
dJ: = dI:0 —d(irL) 2" 1,0 —5.1.°2 —E L. ~ 0. (348)
Thus, J¢ € Q19 represents a closed (n—1)-form on covariant phase space F. It is associated
to the local symmetry given by diffeomorphism invariance described by the vector field &.
Since the (n—1)-form [J; is closed for fields ¢ € F, it is locally exact by Poincaré’s lemma,

i.e. locally there exists a (n —2)-form Q; € Q" 20 such that J. ¢ = dQg for the solutions of the
field equations, i.e.
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As a matter of fact, one can show [64] that

More precisely, the relations C,, ~ 0 correspond to the constraint equations which follow from
the diffeomorphism invariance of the theory (cf. equations (233),(235) and (265),(266) for
the current associated to the local gauge invariance in free Maxwell theory on Minkowski
space-time).

The quantity Q; is referred to [63] as Noether charge (n—2)-form®® (or as Noether-Wald sur-
face charge form) and its integral over a closed (n — 2)-dimensional hypersurface S as Noether
charge of S relative to £. A general expression for the charge form Q¢ in a diffeomorphism invari-
ant theory (described by a Lagrangian n-form which may depend on higher order derivatives)
has been determined by V. Iyer and R. Wald [64]. For general relativity (as described by the
Einstein-Hilbert Lagrangian), an explicit expression for Q; was given (and further discussed)
in equation (308) above.

Variation of Noether current and gravitational Noether charge or Hamiltonian: On a
finite dimensional manifold M which is endowed with a symplectic 2-form w, there is a corre-
spondence between smooth functions H € C°°(M) and symplectic vector fields X € X(M), i.e.
vector fields X on M which leave the symplectic form w invariant, viz. 0 = Lyw = d(ixw).
This correspondence H — X finds its expression in the relation iyw = dH (where iy denotes
the interior product with X), see Eqn. (C.16) and the related discussion in Appendix C.4. The
function H : M — R is referred to as Hamiltonian or canonical generator for the infinitesi-
mal transformations on M given by the vector field X. The generalization of this result to
the covariant phase space F (of a field theory) viewed as an infinite-dimensional symplectic
manifold endowed with a symplectic 2-form 2 has the form

IxQ=6H.

Here, § acts as an exterior differential on H € C®°(F) (i.e. it is the field variation of the
functional H) and X represents a vector field on . In the following, we will recover [60,63,64]
this relation from the results of the previous paragraphs for the case of a vector field Xz which
is associated to infinitesimal diffeomorphisms & on the space-time manifold M.

As in equation (338), we start with a generic field variation ¢ ~ ¢ + ¢ off an arbitrary
solution ¢ of the field equations. The latter variation does not act on diffeomorphisms (i.e.
6& = 0) and by virtue of Eqn. (338) and L= igd + dig we have

6(izL) = iz(0L) ~i:d0 = Lz0 —diz 6 .
Henceforth, the variation of the Noether current form (347) reads
0Jr~61:0 —Lg0 +diz6.
From relation (340) it thus follows that we have the general result [63]
0T~ w(p;8¢,Lep)+di0, (351)

or, equivalently,

w(p;6p,Lrp)~ 6T —di0. (352)

28As noted by the authors of reference [182], this terminology for Q; is somewhat misleading since this quan-
tity is not conserved and does not directly generate symmetry transformations: these authors rather suggest the
terminology “Noether potential”.
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Let us now consider a globally hyperbolic space-time which is asymptotically flat and inte-
grate relation (352) over a Cauchy hypersurface X which has a single asymptotic region:

J w((p;&p,Lgap)Nf 5j§—f diz 0. (353)
by b3 b3

On the left hand side of this relation we have the contraction of the symplectic 2-form Q on F
with the vector field X generating diffeomorphisms in field space:

I:Q[;619,0,¢] =f w(p;019,Lep). (354)
=

By virtue of Eqn. (350) we can write 6 Jr ~ 6dQ; = d6Q¢, hence

f5jg=f 5Qg=5f Q:, (355)
= o% ax

for field variations vanishing on-shell, i.e. satisfying the linearized equations of motion.

Next suppose that we can find a (n—1)-form B such that the functional B = f oy, LeB satisfies
0B = f oy Le0. Then, we can conclude from the previous equations that we have the following
general result (for the solutions of the field equations):

%

hence

ax
Relation (356) represents the generalization to covariant phase space (F, ) of the relation
(C.16) between a Hamiltonian H (on phase space) and the corresponding Hamiltonian vector
field Xz (which describes the evolution of the dynamical system on phase space that is gen-
erated by &). The Hamiltonian functional Hy : 7 — R (satisfying 6H; = Q) is said to be
canonically conjugate to the vector field & on the slice % [65].

More specifically, the result (356) shows that (if it exists) the Hamiltonian H 3 associated
to a diffeomorphism invariant Lagrangian theory of gravity (i.e. the Hamiltonian describing
the evolution determined by a diffeomorphism generating vector field &) represents on-shell
a surface term (cf. the analogous result (269) for the charge associated to the local gauge
invariance in a gauge field theory). This introduction of the Hamiltonian represents a natural
definition for a conserved quantity which is associated to & at “time” X. In the particular case of
a closed universe (i.e. compact Cauchy hypersurfaces %), the so-defined Hamiltonian vanishes
for the solutions of the field equations.

For B=0, we have 6H; =6 f »Je for the solutions of the field equations, i.e. the Noether
current Jr may be viewed as the Hamiltonian density Hg (i.e. as the canonical generator of
symmetry transformations 6¢). This instance (which is familiar from Noether’s theorem in
Minkowski space-time) occurs if fs i@ =0, i.e. for infinitesimal diffeomorphisms which are
tangent to the corner S = 9% (viz. for £ € TS), cf. Figure 8 below for the geometric set-up [65,
174]. For infinitesimal diffeomorphisms £ & TS, the mathematical situation and its physical
interpretation are fairly different [65,174]. The diffeomorphisms then move the corners which
may be viewed as a sensitivity with respect degrees of freedom that could enter or escape the
causal domain of the hypersurface . This instance corresponds to an open physical system and
is relevant for the investigation of gravitational radiation as well as the study of entanglement
and quantum gravity, e.g. see [180,216-218,268,307-309,313-316] and references therein.
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Example of general relativity: By choosing appropriately the asymptotic conditions on the
fields as well as the (n—1)-form B in an asymptotically flat region such that all surface integrals
exist, the Hamiltonian (356) represents (for the solutions of the field equations) the canonical
energy associated to an asymptotic flat region if £ describes an asymptotic time translation.

More specifically, let us now consider general relativity in a space-time which is asymptot-
ically flat at spatial infinity. The form B can presently be chosen [64] in such a way that the
canonical energy that we just defined coincides with the familiar ADM energy: the asymptotic
time translation is then part of the asymptotic Poincaré group.

As a matter of fact, we have already encountered the covariant phase space relation
1:Q = 6H along with explicit expressions for Q2 and H in our discussion (based on the inves-
tigations of C. Crnkovic [166]) of the translational invariance of pure YM theory in Minkowski
space (cf. Eqn. (99) and equations (114)-(116)) and in our discussion of the diffeomorphism
invariance of the Einstein-Hilbert action in general relativity (cf. equations (141)-(144) which
use the notation " instead of £"). For the latter case, the expressions for Q and for the Ko-
mar energy faz Q; coincide with those given in reference [64]; furthermore, the addition of

a surface term (analogous to faz izB) to the Komar energy was also considered by Crnkovic
in order to recover the ADM energy. The canonical momentum and angular momentum in an
asymptotic flat region can be discussed along the same lines [64].

First law of black hole mechanics: For diffeomorphisms which leave the fields invariant
(i.e. Lgy = 0), the left hand side of equation (353) vanishes. Its right hand side can be
rewritten using Stokes’ theorem and Eqn. (355). In summary, for fields ¢ € F such that d¢
solves the linearized field equations and such that L:p = 0, we have

(6Q:—i:0)=0, (358)
ax
where the Noether charge form Q; depends on & by virtue of the relation J; ~ dQ;. From
equation (358) one can deduce [63, 64] under fairly general assumptions the so-called first
law of black hole mechanics (e.g. see references [17,317] for a review of these laws), i.e.

X 55=66—0u6J. (359)
27

Here, £ denotes the canonical energy and J the canonical angular momentum mentioned above;
furthermore, k represents the surface gravity and Qy the angular velocity of the black hole
horizon while S denotes its entropy related to its area A by the area law S = }‘A.

Equivalence of Noether current and energy-momentum current for matter fields: Re-
lation (348) allows us to readily show [64] that the Noether current 7 associated to diffeo-
morphism invariance is equivalent to the conserved current density jg = TH#”&, that we en-
countered in our discussion of the Peierls bracket for a scalar field coupled to gravity, see equa-
tions (68) and (76). To do so, we consider a collection of tensor fields ¢ = ((gm,), 1) where
(gu») represents a non-dynamical (background) metric and 1 some tensorial matter fields
(e.g. scalar and/or gauge fields). The EMT (T"") of the matter fields is defined by Eqn. (58),
i.e. (with the volume n-form vol = \/E d"x)

9 55M[¢: gpw] dn

T*vol =
vo 52

x=-2(E,)", (360)
wy

where Sy[1), §,,,,] denotes the diffeomorphism invariant action functional for the matter fields
1) coupled to the background metric (g,,)-
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Now consider the Noether current (n — 1)-form (347) which is associated to the diffeo-
morphism invariant action Sy,. For the solutions of the matter field equations E;, = 0, rela-
tion (348) (i.e. djg =—E, Leyp) reads

dTe =—(E,)" " Legyy- (361)
With Lgg,, =V, &, +V, &, and relation (360) we get

dJ: = T""(V,&,)vol = V (THE,)vol —(V,TH") &, vol
= d(ijgvol) —(v,T*") g, vol, (362)

where jz = jg d,, and where we used the relations

: W e _ : 1 :
lj§V01=\/|g|]gdn 1xu, dx” Ad" 1xuz5ﬁdnx, Vng:maM(Vlgljg)‘

Equation (362), i.e.
d(J: — ijgvol) =—(v,T") &, vol,

states that its right hand side is an exact n-form for any vector field &: this can only hold if
Vv, T"" =0, ie. if the EMT (T"") is covariantly conserved for all solutions of the matter field
equations. For these solutions, application of the Poincaré lemma then implies that the closed
(n—1)-form

Je—1;,vol= (‘75“ —jg) \/Ed”_lxu ,

is an exact (n — 1)-form, i.e. represents a superpotential term.
In summary, the Noether current (j; ) associated to the diffeomorphism invariant action of a

matter field coupled to a non-dynamical metric field coincides with the EMT-current j‘g =THE,
of this matter field up to a superpotential term and an equation of motion term (cf. Eqn. (240)
for the equivalence of conserved currents). As discussed after equation (68), the EMT-current
Vgl jg is conserved if & represents a Killing vector field of the background metric, i.e. if
Lgg,y = 0. In this case, we also have dJ; = 0 for the solutions of the matter field equations
by virtue of relation (361).

Further examples, extensions and generalizations: Instead of a space-time which is
asymptotically flat at spatial infinity, one can consider general relativity in a space-time which
is asymptotically flat at null infinity. This instance was addressed within the covariant phase
space approach to diffeomorphism invariant Lagrangian field theories (outlined above) by
R. Wald and A. Zoupas [65]. The mathematical complications which arise in this setting are
related to each other: at null infinity the symplectic current in vacuum general relativity can
be radiated away (i.e. null asymptotic flatness corresponds to radiative or “leaky” boundary
conditions), a Hamiltonian generating the given asymptotic symmetry does not exist and the
“conserved charges” associated to the asymptotic symmetry are actually not conserved in gen-
eral.

In the sequel, the latter investigations have been further generalized in different direc-
tions, e.g. see reference [181]. First [268,310], for the case where one has field-dependent
diffeomorphisms (i.e. 6& # 0) and where one has field-dependent quantities with anomalous
transformation laws meaning that they not transform simply with the Lie derivative under dif-
feomorphisms. (The latter instance occurs for example in the presence of fixed background
structures which are inert under diffeomorphisms.) And second [306,311], to more general
boundaries and boundary conditions, notably null hypersurfaces at finite distance or non-
expanding horizons.
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All of these investigations take into account (or make explicit use) of the ambiguities in
the choice of the Lagrangian n-form L and of the symplectic potential current form 6. As we
already discussed (in particular in equations (128)-(131)), a boundary term d£ has eventually
to be added to L (notably to the Einstein-Hilbert Lagrangian L) in order to have a well-defined
action principle for given boundary conditions. Thus, we encounter the

cohomological ambiguities : L~ L+dY, 0~0+06Y+da (363)

(cf. equations (194)-(195)), where the term da is annihilated by the differential d in the
defining relation (338) for the symplectic potential current form 6 associated to L. Since
Le Q™ and 0 € Q" !, we have Y € Q" 10 and @ € Q" *!. The transformation (363) of 6
implies that the associated symplectic current form «w = 660 changes according to

www+dda), (364)

where the last term represents an identically conserved contribution to ().
Under the transformations (363), the Noether current form 7, g=1 50 — 1L associated to
the pair (L, @) changes as follows:
—_————— —~— ~——
= j‘: = 5EY = dlga

With 7 ~ dQ; and —izdY = —L;Y +di; Y we thus have J: ~» d(Q¢ +i:Y +I:a). Henceforth,
the Noether charge form Q; transforms according to

In the next subsection, we will discuss how the ambiguities (363)-(365) and in particular the
one for the charges can be related to, and fixed by, physical considerations while providing
some explicit examples.

7.8 Boundaries and corners (and associated charges)
7.8.1 Generalities

For concreteness we consider a four-dimensional space-time manifold M. We suppose that
this manifold is foliated by space-like hypersurfaces %, e.g. hypersurfaces t = constant. If
the hypersurface %, is given by a ball, then its boundary S, = 9%, represents a 2-sphere
r = R = constant (with a finite value of R in the case of a spatially bounded region X,). One
may consider different hypersurfaces %, %/ having the same boundary S,, see Figure 8.

In this context, the set S, (which has codimension 2) is referred to as a corner: it is the
boundary of boundary components of M. The collection of all corners makes up the (poten-
tially asymptotic) boundary of M which has codimension 1 and whose interior is referred to
as the bulk of space-time.

7.8.2 Construction of Noether charges following Wald and Zoupas

General procedure: In Subsection 5.1.2, we already noted that, for a given space-time,
one is not necessarily interested in the explicit expression of the symplectic current (n — 1)-
form o, but only in its flux through a given (n — 1)-dimensional hypersurface [62]. This flux
only requires the knowledge of the components of the current (w") which are normal to the
hypersurface or, equivalently, the evaluation of the pullback (restriction) of the (n — 1)-form
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S, =3%, =035,

Figure 8: Definition of corners, boundary and bulk of space-time.

w to the hypersurface. Following reference [181], we denote the pullback of 8 € Q" "! and
of w € Q" 12 to the hypersurface by 6 and w, respectively.

In reference [65], R. Wald and A. Zoupas put forward the idea that, given a generic dif-
feomorphism invariant Lagrangian theory of gravity and a very general class of asymptotic
conditions “at infinity”, the ambiguity (365) in the definition of the charges Qy should be
fixed by specifying under which physical requirements the charges are to be conserved. This
idea can be implemented [64, 65,181, 182,318] by going over from the initial symplectic po-
tential @ (given by the bare choice or by any other choice) to a symplectic potential such that
its pullback 6’ to the lateral boundary B (which is attached to space-time) vanishes in the sub-
space of phase space which corresponds to the considered physical requirements (boundary
conditions), i.e.

0'£o0. (366)
The physical requirement may for instance be given by a choice of conservative boundary

conditions or of stationarity conditions. More precisely, for a given Lagrangian form L, one
decomposes the pullback 0 of 8 to B (notably by application of the Leibniz rule) according to

g=0'—5£+d1?. (367)

Here, the new potential 8’ corresponds to the Lagrangian L’ = L + d¢ (which yields the same
equations of motion as L) and @’ is required to be of the form p 5q (i.e. 8% of the form 7} 5 %)
for some choice (g, p) of polarization of phase space into “position” coordinates g and canonical
momenta p. The boundary Lagrangian d{ is the one to be added to the initial Lagrangian L in
order to have a well-defined variational principle for the given boundary conditions. According
to the freedom (363), the new symplectic potential is equivalent to the initial one.

The expression of £ is not uniquely defined by condition (367) since this relation is invari-
ant under the following transformations:

corner ambiguity : £,9) »» (£L+dc,0+6c), with ce Q™20 (368)
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Indeed, we have 6(de) = d(&¢) (and by virtue of d(dc) = O the shift £ +dc also leaves invariant
L' =L+ d¢). Thus, for a given representative 6, one can only find a unique expression for &
(the so-called “corner symplectic potential for £”) once a choice for both 8’ and £ has been
made.?’

For the case where # = 0 or where @ = &7 (so that ¥ can be absorbed in the term 6¢
in equation (367)), the procedure of Wald and Zoupas (WZ) is tantamount [65,181,182] to
defining a

(boundary-) improved Noether charge : Q?’Z =Q: +igl, (369)

where £ corresponds to the boundary Lagrangian df which is chosen on physical grounds
(compare expression (369) with Eqn. (365) which exhibits the freedom in choosing Qs). This
amounts to a modification of equation (356) that must be satisfied by (the variation of) a
Hamiltonian Hy, i.e. of expression (357). More precisely, it comes up to adding [65] a “cor-

rection term” f o igf to He.

Examples: As a first example, we consider vacuum general relativity with the Dirichlet
boundary conditions (128) on the lateral boundary B corresponding to the Gibbons-Hawking-
York boundary Lagrangian £ given by the action (129). The decomposition (367) then coin-

cides with the expansion (138), i.e. 8’ = e’ Shy, and the boundary conditions & Suv 5o

imply 6’ 5o (cf. Eqn. (366)), whence o’ 5 0. This means that the symplectic current form
is preserved between the initial and final space-like hypersurfaces, i.e. the system is conser-
vative (closed system or no leakage of symplectic flux by gravitational radiation, see refer-
ences [181,205,241,315]). In the present case, the allowed diffeomorphisms preserve the
boundary conditions on B and do not not move the boundary (corners) [174]. In particular,
for orthogonal corners, the corner potential # can be chosen to vanish [181]. The (boundary-
) improved Noether charges presently yield [64, 181, 182] the so-called Brown-York formulas
at finite distance. The latter provide the ADM charges at spatial infinity. (We note that the
Brown-York formulas can also be obtained by considering the so-called Weiss variation of the
action functional which involves a variation of the space-time domain [234], cf. our discussion
after Eqn. (216).)

As a second example, we mention vacuum general relativity in a space-time which is
asymptotically flat at future null infinity. The procedure of Wald and Zoupas then yields [65,
181,319] the conserved quantities (associated to infinitesimal BMS generators £#) found ear-
lier by T. Dray and M. Streubel [320] using a quite different approach.

The cases of non-vanishing corner terms and of anomalous transformation laws have been
addressed in particular in references [180-182]. We refer to the works [65,174,180-182,268]
(and references therein) for the detailed results and technicalities, in particular for the exis-
tence and conservation of gravitational charges as well as for their construction and algebra.

7.8.3 Corner degrees of freedom and “corner proposal”

For vacuum general relativity in the metric formulation as described by the Einstein-Hilbert
Lagrangian (cf. equations (133) and (137)),

Sex = SGr + SEH/GR (370)

29We note [181] that Eqn. (367) is also invariant if one adds an exact form df to 9, but such terms are discarded
if one assumes that the corner hypersurfaces S (having dimension n —2) are compact (e.g. 2-spheres for n = 4)

sothat [ dBp=§, . p=0.
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we saw that the boundary/corner term Sgy /g yields an extra contribution 6 gy /g to the sym-
plectic potential 6 ;5 associated to the GR (ADM-) Lagrangian Ly, cf. equations (136),(138)
and (367). The corresponding symplectic form wgy,gr = 60 grr/gr may be viewed as reflecting
the fact that the corner involves some extra degrees of freedom as compared to those appearing
in the canonical (ADM) formulation of general relativity as defined by the Einstein-Hilbert
Lagrangian (see also the discussion after Eqn. (357) above): these degrees of freedom come
along with extra symmetries and charges, and thereby allow us to “covariantize” the canoni-
cal formulation in some way [180]. Over the last two decades, the symmetries and surface
charges in gravity have been investigated within different approaches and compared to each
other, e.g. see references [174,180-182,194]. More specifically, the contribution of charges
coming from the bulk (bounded or unbounded spatial regions ¥:) and/or from their boundary
0% (corners) have been determined and the imprint of the different terms appearing in the
Lagrangian (cosmological, Holst and topological terms mentioned in Subsection 5.1.2) have
been discussed. It turns out that different formulations of gravity which are equivalent in the
bulk (in that they all yield Einstein’s field equations in the bulk) involve different corner terms
(symplectic potential, symplectic current,...) and thus lead to different corner symmetries and
charges [174,180,182].

The authors of reference [ 180] emphasized that the symmetry algebra of gravity associated
to a corner (“corner symmetry algebra”) represents an universal component of any boundary
symmetry algebra in the sense that it is independent of the choice of the boundary conditions.
Henceforth, it may be expected to play a fundamental role for the theory, in particular for its
quantization (see references [19,321] for a recent assessment of the so-called corner proposal).

8 Concluding remarks

In these notes, we have focused for simplicity on first order Lagrangians which are typically
encountered in physical applications. We note that the case of higher order Lagrangians has
also been addressed for some of the approaches that we described, e.g. see references [154,
161,180,322].

As indicated in the introductory overview and described in more detail in the main body
of the notes, the variational bicomplex represents a general and versatile framework for clas-
sical field theory. Within this framework, we have discussed a few classes of symmetries as
well as their consequences (conservation laws). The variational bicomplex indeed represents
the appropriate setting for the formulation of partial differential equations and for the inves-
tigation of their symmetries, e.g. see [31,226,253]. More generally, it may serve as a solid
mathematical basis for the perturbative quantization of field theories, e.g. see [50, 74, 145]
and references therein.

Throughout our notes, we recalled and put forward various relationships between the
different covariant approaches to the canonical formulation of classical field theories and be-
tween some of the results obtained within these formulations. A further exploration of these
relationships should not only be worthwhile on its own interest, but may also contribute to a
better understanding of some aspects of classical and quantum field theory as well as to the
derivation of some novel results.
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A Some mathematical notions

Since differential forms and various operations thereon (like inner product with vector fields,
pullback or integration) are frequently used in the main body of the text, we provide a short
summary of the relevant points in this appendix. Some useful general references for these
topics are [118,133,323]; excellent presentations which are oriented towards applications in
physics (and in particular field theory) can be found in references [ 169, 324].

A.1 Differentials forms

Differentials forms: Having in mind space-time, we consider a smooth real n-dimensional
manifold M parametrized by local coordinates (x"),—g 1,. n—1- The exterior differential df of
a smooth function f : M — R has the local expression df = J,f dx". We assign the form-
degree 0 to a function and the form-degree 1 to the monomials dx*. Thus, the differential
df is a particular 1-form and a generic 1-form a = a,dx" represents a covariant vector field
(ay(x)) on M.

For the basic 1-forms dx", we consider the exterior (Grassmann) product, i.e.
dx" Adx” = —dx” A dx". Moreover, we extend the action of the differential d = dx"J,
to 1-forms by

1
B=d(a,dx”)=0,a,dx" Adx” = 5 Buydx" Adx?, with B,,=9J,a,—0d,a,=—f,,.

Henceforth, the 2-form f3 represents a (particular) antisymmetric covariant tensor field of rank
2 on M. Quite generally, the consideration of differential forms ensures an index free notation
for antisymmetric covariant tensor fields on M.

For a = df, we conclude from the previous relation that d?f = d(df) = 0 by virtue of
the Schwarz lemma, i.e. the differential d is nilpotent. This differential acts on the exterior
product of forms a, § according to the

graded derivation rule : d(anp)=danp+(—=1)48%Adp.

The previous definitions lead to the algebra of differential forms (i.e. antisymmetric, co-
variant tensor fields) on M: Q*(M) = &,¢,Q" (M) where we have, QP(M) = 0 for p < 0 (by
definition) and for p > 0O:

1
a=—

' dex“l/\---/\dx“l’, for a € QP(M). (A1)
p!

Ay

We note that QP (M) = 0 for p > n due to the

graded symmetry of the exterior product : a AP =(—1)des)degPlg A o
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(which includes as a particular case the relation dx* A dx” = —dx” A dx").

In summary, the vector space Q°*(M) = &,,02°(M) endowed with the exterior product
represents an associative, graded commutative algebra. On this graded algebra, the differ-
ential d acts as a graded derivation of order 1, i.e. d increases the form degree by one unit,
d : Q°(M) — Q"1 (M); moreover, we have d? = 0. By restricting the coefficients of forms to a
submanifold N of M, one obtains the algebra of forms on N.

A form a is said to closed if da = 0 and it is said to be exact if a = df3 for some form f.
The nilpotency of the differential d implies that an exact form is closed. The Poincaré lemma
states that the converse is true for p-forms with p > 1 on a simply connected manifold M, i.e.
da = 0 on M implies that there exists a form  on M with a = df. (For p = 0, all constant
O-forms a, i.e. constant real-valued functions, are d-closed, but not d-exact.) In particular,
the Poincaré lemma holds locally on any manifold. It can be proven by introducing a so-called
contracting homotopy operator, see Section A.5 below.

Hodge dual: On an n-dimensional (pseudo-)Riemannian manifold (M, (g,,)), the Hodge
star operator * maps a p-form (as locally given by (A.1)) to a (n— p)-form, the Hodge dual  a
being defined by [324]

1 1

i dx*t Ao AdxHr where @ ==
p!

—_—— Mn—p+1---Un
a= a arnr .
(n p)| Hye-Mn—p Hyee-Mn—p

Hy.--Un
(A.2)

Here, the Levi-Civita tensor ¢ is normalized by &;...,,—1) = 1 with respect to flat (i.e. tangent
space) indices, hence with respect to curved space indices we have [17]

€u1=0,...,u,=(n—1) = V | | (A.3)

It then follows that *(xa) = (—1)?(""P) o for the p-form a.

A.2 Integration of differentials forms

Integration of differentials forms: The graded symmetry of the exterior product implies
that dx#1 A--- Adxtn = —gh1HndxO A - Adx""! where £°1(""1) = _1. A generic n-form on
M thus writes fdx° A--- Adx™! (with some function f) and its integral on M is defined by

ffdxo/\-u/\dx"_lzf fd'x.
M M

Stokes theorem: Differential forms provide the appropriate volume forms for the integrals,
e.g. see references [17,154]. With applications to gravity in mind, we consider here a gen-
eral n-dimensional Lorentzian manifold, i.e. a real smooth n-dimensional manifold M which
is equipped with a metric tensor field (g,,(x)) of signature (+,—,---,—): Minkowski space
with standard coordinates (x°,%) then represents the particular case where M = R" and
guv = My, hence |g| = |det(g,,)| = 1. The manifold M is always assumed to be orientable,
the orientation being given by the natural order (x°, x!,...,x™ ).

Let 0 < p < n. For a (n — p)-dimensional submanifold of the n-dimensional Lorentzian
manifold M, the volume (n — p)-form is defined by>°

1

- [ Bn
DT—p)! sm...undx P+ A - - AdxHn (A4

(dn_px)u1~~up =

30We note that this form may be related by a lowering of indices to the Hodge-dual of the p-from dx*1 A- - -Adx*»
and that the conventions for the normalizations depend on the reference that is considered.
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where the Levi-Civita tensor ¢ is normalized with respect to curved space indices by (A.3).
For p = 0, we recover the usual Riemannian volume element

(d”x) = %8“1...% dx" A~ AdxPn = 4/|gldx® A Adx"E. (A.5)

The latter allows us to integrate a scalar field ¢:

J‘ (an)(P:f dxo/\.../\dx”_l\/E(pEf dnx\/E(P-
M M M

(Of course, for the existence of this integral, the manifold M has to be compact or the field ¢
has to have an appropriate asymptotic behavior, e.g. to have compact support.)
For p =1 and a vector field (J#), we have the (n — 1)-form
-1 — n
(dn X)HJ‘M = m;]”&'““z...“n dxt2 Ao Adxtn, (A.6)
Its integral over the (n—1)-dimensional space-like hypersurface & C M given by x° = constant
writes

QEJ (dn_lx)u‘]“:f dxl---dx" 1 /lgljozf dxl-"dx”_ljo, with jOE«/IglJO-
s b z
(A.7)

In Minkowski space (M =R", g,,,, = 7,,,), this integral represents the total charge if (J*) is the
current density.
The covariant divergence of the vector field (J*), i.e. V ,J"" = ﬁ 0,(V/glJ"), is a scalar
g

field and can therefore be integrated over the manifold M with the volume form (A.5). Now
suppose that M is a manifold with boundary d M (the latter representing the empty set if M
is boundaryless). Then we can apply the general Stokes’ theorem (i.e. f ydw= 565 y @ fora
(n—1)-form w on M) and obtain

J d"x /gl Vv, Jh = (d"x) J*. (A.8)
M oM a

This is the covariant form of the Gauss-Ostrogradski theorem which corresponds to n = 3,
- — .
M=V cR®and (g,,)=1: [,d*xdivi =§, dS-J, where dS; = 5 &dx/ Adx*.
For a current superpotential B*” = —B”" | i.e. an antisymmetric tensor field on M, we can
consider the (n— 2)-form

1

(dn_ZX)MVBPW = mB“vé‘ dxMs Ao AdaxcHn, (A.9)

U3y

Then application of the general Stokes’ theorem to a (n—1)-dimensional hypersurface =, _; cM
with boundary d%,_; yields

J (d"'x), v, B = §; (d"?2x),,B"". (A.10)
Zn—l azn—l

For n = 3 and a surface £, = S, this result represents the ordinary Stokes’ theorem as applied
to the vector field B with components B; = % el-jkBjk: fs d_S> .TotB = 5655 E - B. In Minkowski
space R", the charge Q associated to a current (j*) given by a superpotential, i.e. j* = 9,B*”
with B¥” = —B™"| is given by the integral (A.10): this integral vanishes if B*” decreases fast
enough on the boundary d%,_; or if 9%,_; is the empty set.

118


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.77

SCIl SciPost Phys. Lect. Notes 77 (2023)

A.3 Vector fields

Vector fields: A vector field X on M admits the local expression X = X*J, where the co-
efficients X*(x) are to be viewed as the components of a contravariant vector field. The Lie
bracket [X,Y ] of two vector fields X and Y on M is again a vector field on M with components

[X,Y*=X"3,Y*—Y"3,X". (A.11)

Interior product and Lie derivative of forms: Given a vector field X = X*J, on M, the
interior product (or contraction) iy : Q*(M) — Q*~}(M) of differential forms on M with the
vector field X is the graded derivation of order —1 defined by

ixf =0, forO-forms f, ix(dx*)=Xx" (hence iy(a,dx")=X"a,) . (A.12)

If we view p-forms a(x,dx) as quantities depending on x* and dx", then we can write [74,
249] the interior product iy as

iy =XH 9
X% 3(dxr)’

for X =Xx"g,,

where 9/3(dx") acts as an antiderivation.

The Lie derivative Ly : Q*(M) — Q°(M) of forms with respect to the vector field X = X",
on M is the derivation (i.e. graded derivation of order 0) which is defined by virtue of Cartan’s
‘magic formula’ as the graded commutator of the graded derivations iy and d:

LX E[lx,d]:lxd+dlx. (A.13)

For O-forms f, we thus have Ly = ix(df) = X"4,f, i.e. the derivative of the function f in
the direction of the vector field X. The operators d, iy and Ly satisfy the graded commutation
relations

[d,d]=0, [ix,iy]=0, [ix,d]=Lx, [Lx,d]=0, [Lx,iy]=1xy]- (A.14)

For a smooth map f : M — N between two smooth manifolds M and N, the tangent map
(or differential) Tf of f is a linear map between the tangent bundles TM and TN which can
be defined in terms of local coordinates (x*) of M and (y') of N by

Tf:TM — TN

xta, — | (e =x 2L 4, (A1)

Thus, the map Tf is represented in local coordinates by the Jacobian matrix of the map
x — y = f(x). It has the fundamental properties

T(fog)=TfoTg, T(idy) =id )y, .

For a diffeomorphism f : M — N, the tangent map T f is also referred to as push-forward map
and denoted by f,. Relation (A.15) then amounts to the usual change of variables formula for
vector fields.
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A.4 Mapping of differential forms

A smooth map f : M — N between two smooth manifolds M and N induces a so-called
pullback map f* : Q*(N) — Q°*(M) of differential forms on N to differential forms on M. The
latter map is a linear map. In more detail, for a O-form g : N — R on N, its pullback to M is
the function gof : M —» R, i.e. f*g=go f. Fora l-form a on N, its pullback f*a to M is a
1-form which acts on a vector field X on M by virtue of

(FraX) = a(TF(X), (A.16)

where Tf : TM — TN denotes the tangent map of f, see Eqn. (A.15). In terms of local
coordinates (x*) of M and (y') of N, we thus have

f*: T*N — T*M

i
gi’u dxh | (A.17)

al-dyi _ f*(aid)’i) =Aa;

Definition (A.16) readily extends to arbitrary p-forms on N by viewing the latter as multilinear
maps acting on vector fields, e.g. see equations (C.35)-(C.36) below.

If f : M — N is the inclusion map, then the pullback map is the restriction of forms from
N to M. If f : M — N represents a diffeomorphism, then the pullback of differential forms
locally amounts to the change of variables formula for covariant tensor fields (involving the
Jacobian matrix of the map x — y = f(x)).

The pullback map enjoys several important properties. In particular, it preserves exterior
products and it commutes with the exterior derivative d (“naturality of d”):

fflanp)=franf*p,  fda)=d(f"a). (A.18)

A.5 Poincaré lemma on R" and de Rham homotopy operator

To prove the Poincaré lemma on R" (or on a star-shaped open subset of R"), one considers
an arbitrary closed p-form a (with p > 1) on R" and obtains a (p — 1)-form 8 with a = df}
by applying a contracting homotopy operator to a, i.e. a method going back to the work of
J. A. Schouten and his collaborators [31, 74, 325,326]. More precisely, one introduces the

contraction (inner product (A.12)) p = iy of forms by the scaling vector field V = x“a‘% on

R™: we have p(dx*) =i, (dx") = x* and thereby we can write p = x“%. For the p-form
a = a(x,dx), the so-called contracting homotopy operator (or chain homotopy) of the de Rham
complex (Q'(R"), d=dx" a_) is now defined by

I xH

(A.19)

1
I(a) EJO % (pa)(lx,?tdx), with p = xu&‘(dx“) ,

and for p-forms «a satisfying da = 0, we then have a = df with = I(a).

B Differentials in field space: Horizontal, vertical, BRST, Koszul-
Tate, BV

In this appendix, we present a synthetic introduction to various differentials which are con-
sidered in the space of fields over Minkowski space-time M = R". For this space denoted by
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E we assume a trivial product structure, i.e. E = M x RN where RV labels a collection of
N real-valued fields x — ¢(x) = (p?(x))g=1,. n: from the mathematical point of view, E is
to be interpreted as a fibre bundle over M and the fields as smooth sections in this bundle,
see Figure 1 of Section 3. With first order Lagrangian densities in mind, we also consider the
1-jet bundle J'E =JE = M x RN x R™ over M which includes the nN first order derivatives
x — (8,$%)(x), see again Figure 1. In various field theoretical investigations (like the study
of symmetries and conservation laws), one encounters derivatives of fields of arbitrary high
order and thus it is adequate to consider the infinite jet bundle J°°E (see Subsection 6.1 and
references given there for technical details).

B.1 Horizontal differential

A horizontal k-form a on J®E (i.e. a € Q0 = Q%0(J°°E) in terms of the notation of Subsec-
tion 6.1), has the expression

a= Z e LT AXHT A A d (B.1)

0y <---<ur<n—1

where the coefficients am---uk[‘P] are (smooth) local functions of the fields, i.e. they only
depend on x, the field ¢ and its partial derivatives (at the same space-time point) up to some
finite order. The horizontal differential d,, on Qk0 (cf. Eqn. (177)) is now defined by

dh . Qk,o N Qk+1’0
Jda da da

a — dhazdx“auazdx“(ﬁ+8N<paa—w+3uﬁvtpam+...) . (B.2)

Since the linear operator d,, is nilpotent, we have a (cohomology) complex Q*° = @ ,Q*°
(which is referred to as the horigontal complex [74]) as well as the associated cohomology
groups H*(dy,) which are given by the algebraic Poincaré lemma, see Eqn. (181).

On the jet bundle J°°E we may also introduce the differential in “field direction” which is
referred to as the vertical differential d,, see Subsection 6.1.

B.2 BRST differential

With gauge field theories in mind, we will not discuss here the vertical differential d,, describ-
ing generic field variations, but rather introduce the BRST differential s which is associated to
local symmetry transformations of fields. The infinitesimal form of these transformations is ad-
dressed is various places of the main text (in particular in equations (49)-(51)), in relationship
with Egn. (220) and in Subsection 7.3-Subsection 7.6): for the fields ¢ = (¢%), we consider
the local transformation law (parametrized by smooth real-valued functions x — f"(x))

5rp% = QUF) = QU = QT +Qa,f, (B.3)

where we limit ourselves to first order derivatives of the parameters f' since this case covers
the standard physical applications like YM (Yang-Mills) theory and general relativity.

For instance, for pure YM-theory (with a structure group given by a compact matrix Lie
group G), we have the YM potential x — A,,(x) = AL(x)Tr (where the anti-Hermitian matrices
T, represent a basis of the Lie algebra Lie G associated to the Lie group G) and a local gauge
transformation then has the expression

6pAy=Dyf =0,f +[Ayf1,  with fO)=F"()T,. (B.4)
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The commutator of two such transformations with parameters f; and f,, respectively, again
represents such a transformation with a parameter which is the Lie commutator of f; and f,,
ie.

|:5f1’ 5f2:| = 5[f1:f2] : (B-S)

Thus, in YM-theory, the set {f : M — LieG} of infinitesimal gauge transformations, en-
dowed with the Lie commutator, represents an (infinite-dimensional) Lie algebra which is
referred to as the gauge symmetry algebra [74]. It was realized by BRS(T) [275] and put for-
ward in particular by R. Stora [327] that one can associate a differential graded algebra to
the gauge symmetry algebra (see also [328]). To do so, one replaces the gauge parameters
x — f(x) = (f"(x)) by fields x — c(x) = (c"(x)) to which one assigns a (Faddeev-Popov)
ghost-number +1 (and accordingly refers to them as ghost fields), the basic fields A, having a
vanishing ghost-number. This means that the field space E is also extended by these variables
and thereby becomes graded (by the ghost-number). The local gauge transformation (B.4)
then turns into the so-called BRST transformation sA, = D,,c where the linear operator s is re-
ferred to as BRST differential. The s-variation of the ghost field c is defined so as to reflect the
structure (B.5) of the gauge symmetry algebra, the commutator of Lie algebra-valued fields
now becoming a graded commutator, e.g. [c,c] = cc —(=1) tcc = cc + co):

=D,c

1
5 = —— , . B6
" " sC 2 [c,c] (B.6)

The operator s is assumed to commute with the derivation J,,. In summary, the BRST differential
(as defined on the generators of the field algebra by Eqn. (B.6)) increases the ghost-number
by one unit and it is nilpotent.

The line of arguments that we just presented for pure YM-theories generalizes straightfor-
wardly to more general field theories with local symmetries, e.g. see references [23, 74,230,
276].

B.3 Koszul-Tate differential

Suppose we have a gauge field-type theory described by an action functional S[ ] which is
invariant under some local symmetry transformations (B.3). By virtue of Noether’s second
theorem (see Subsection 7.3), the invariance of the action functional S[¢] under non-trivial
gauge symmetries (B.3) is equivalent to the validity of non-trivial

6S . 8S
Noether identities : 0=(Q,) (—) =(Q)' (—) , forallr. (B.7)
% o

(These relations represent identities relating the functional derivatives 6S/5¢?,...,55/5¢"N

and reflect the fact that the equations of motion are not all independent in a theory admitting
local symmetries.) E.g. for pure YM-theory, the action functional

S[A] = —% J d"x Te(F*"F,,), with F,,=0,A,—3d,A, +[ALA,], (B.8)
Rn

yields the equations of motion D, F" = 0 and relations (B.3),(B.4),(B.7) thereby lead to the
Noether identities

1 1
0=DyDyF™ = = [Dy, Dy JF™ = == [F, F*'1, (B.9)

which are trivially satisfied.
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As was pointed out by J. Fisch and M. Henneaux [329] (following earlier work of J. Stash-
eff and collaborators [330]) an algebraic tool for dealing with the dynamlcs of gauge field-type
theories (i.e. encoding information related to the equations of motion 5 w“ = 0) is given by
the so-called Koszul-Tate differential [331] which is associated to the gauge symmetry trans-
formations (B.3) or equivalently to the Noether identities (B.7). In the case of an irreducible
gauge field theory (like pure YM-theory considered in equations (B.4)-(B.6)), one associates
so-called antifields to the fields as follows. To the collection of basic fields ¢ = (¢?), one
associates a collection of antifields ¢* = (¢7): to the latter and to their derivatives, one as-
sociates an antifield number +1, the basic fields ¢ and their derivatives having a vanishing
antifield number. Furthermore, to each non-trivial Noether identity (B.7) (or equivalently to
each non-trivial gauge symmetry transformation (B.3) parametrized by ") one associates an
antifield c, this field and its derivatives having antifield number 2. In other words, to the fields

® = (p,c) = (") (where the ghost fields ¢" may be thought of as labeling infinitesimal sym-
metry transformations or Noether identities) one associates antifields ®* = (¢*,c*) = (¢}, c).
This procedure amounts to an extension of the field space E by antifields, the space E thereby
becoming graded (by the antifield number p € Z). We denote the set of k-forms of antifield
number p on the extended field space by le“O. The so-called

Koszul-Tate differential : o : Q'O — (B.10)

pl’

is a linear operator that lowers the antifield number by one unit. The action of 6 on the gener-
ators of the field algebra is defined by 6 x* =0 = 6(dx*) and

5S _.
L N TR L CORCHE (B.11)

The assumption that [6, 3, ] = 0 is tantamount to saying that the graded commutator of 6 and
dy, vanishes. We obviously have 6(5¢“) =0=6(6¢;) and

5(5¢") = (QY (597) = (@Y ( 5; )— 0,

where the last equality holds by virtue of the Noether identities (B.7). Thus, the Koszul-Tate
operator is nilpotent and represents a differential on the complex Q° = ®peZQ;’O- Since it
lowers the degree (antifield number) of forms by one unit rather than increasing the degree
(as it is the case for the operators dy, and s, it represents a homology operator rather than a
cohomology operator. The differential 6 provides an algebraic control of expressions related
to the equations of motion and thereby it appears in the classification of conservation laws in
field theory [23,74,230], see Subsection 7.2 (in particular Eqn. (246)).

For later reference, we spell out the §-variations (B.11) for pure YM-theory as described
by the action (B.8) and the Noether identities (B.9):

5A,=0,  8A,=DF,,  &c*=DAT. (B.12)

B.4 BV differential

The BV formalism [23, 74,270-274] represents a symplectic-type formulation and generaliza-
tion of the BRST formalism in that it introduces a graded bracket [[-, -]J] with respect to which
fields ® and antifields ®* define pairs of conjugate variables, i.e. [®(x), ®*(y)]] = £6(x—y).
In the sequel, we provide an outline of this formalism which differs from the one given in Sub-
section 7.6.2. More precisely, we put forward here the fact that the BV differential represents
(for an irreducible gauge field theory) the sum of the differentials s and 6 introduced above
(the s-invariant action functional being extended to the so-called minimal action).
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General setting: For concreteness, we again focus on the example of pure YM-theory as de-
scribed by the action functional (B.8) which is invariant under the local symmetry transforma-
tions (B.4)-(B.5), the latter giving rise the BRST algebra (B.6) and the Noether identities (B.9)
while the combination of the action and its local symmetries yields the §-variations (B.12).
Thus, the starting point is the set ® of basic fields and ghost fields as well as the corresponding
antifields:

Fields: (@) =®=(4A,0), with A, =A'T,, c¢=c'T,, (B.13)
Antifields : (@) =" = (A%, ), with A" = AT, =T

As noted above, the antifields A* and c¢* have antifield numbers 1 and 2, respectively, while
the fields * have antifield number zero. In the conception of a symplectic formulation one
not only introduces conjugate variables (i.e. presently the antifields), but one also extends the
initial action by means of these variables: to the s-invariant action functional, we add a linear
coupling of the s-variations of the fields ®* to the corresponding antifields ®*, thus giving rise
the so-called minimal action:

S[p] Smin[<I>,<I>*]ES[Lp]+J d”x<I>j';s<I>A. (B.14)
M

For YM-theories, this expression takes the form

S[A] ~» Sin[®,®*] = S[A]+ J d"x Tr (A’LSA“ +c*sc), (B.15)
M

with sA and sc given by Eqn. (B.6). The requirement that the minimal action has ghost-number

zero, i.e. gh(Sy;,) = 0, entails that we have gh (AZ) =—1 and gh(c*) =—-2.

Combing the differentials s and 6 : Since the s-operator acts on the basic fields like a
gauge transformation (with the parameters f” replaced by the ghost fields c"), it is natural
to extend its action to the Lie algebra-valued fields A’L and c¢* by requiring them to transform
with the adjoint representation under gauge transformations, i.e. we consider s-variations
sAL = —[c,A’;] and sc* = —[c,c*]. Since the field A, is invariant under 6-variations, it is also
natural to assume that this holds as well for the field c. Altogether, we then have the variations

sA, =Dyc, 0A, =0,
1
sc=—=[c,c], 6c=0,
2 (B.16)
* * * _ 1Y
sA, =—[c, A}l 6A;, =D’F,,,
sc* =—[c,c*], 6c* = D“AZ,

and the relations 0 = s% = 6% =[5, §].
We presently assume that the algebra generated by the fields $* and antifields ®), is graded
by the ghost-number and we define the

BV operator: 0g=s+6. (B.17)

This operator is then nilpotent and acts on the complex Q2° as a differential which raises the
ghost-number by one unit. Moreover, it can be checked that this operator leaves the minimal
action (B.15) invariant, i.e. 6Snin[®,®*] = 0. By construction, the so-defined BV differential
describes both the gauge symmetry algebra and the dynamics that this algebra leaves invariant.
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It relies on the introduction of ghost fields and of antifields (for all fields) as well as on the
extension of the gauge invariant action S to the associated minimal action (as appropriate for
a symplectic-type formulation). The BV operator represents an extension of the BRST operator to
antifields (and thus to the antifield dependent action S,;,): upon setting to zero all antifields
together with their 6,-variations, one recovers the gauge invariant action S[¢] and the s-
variations of the fields ®* (together with the equations of motion of the basic fields ¢?), see
equations (B.14) and (B.16).

Alternative approach: The relation ¢ = 55541 (see Eqn. (B.11)) motivates us to define the

action of the BV operator 5, on the generators ¢ and &4 as follows:

5S; 58S,
T;HAH N 5Q<I>A = o S(I)A . (B18)

BV operator: 5,d* =
P Q 50

For pure YM-theory, this definition yields the same variations of fields and antifields as the
expression (B.17) and these results coincide with those encountered in Eqn. (326) where we
introduced the BV differential by starting from the BV bracket (see equations (317)-(318)). In
that context the BV differential is rather denoted by Sg and the corresponding variations are
referred to as BRST transformations.

The case of reducible gauge field theories is addressed for instance in references [23,230].
In this case, the gauge symmetry algebra has a more complicated structure than (B.5) and this
implies that the expression (B.17) of the BV operator then involves some extra contributions
szo sp (where s, increases the antifield number by p); similarly the minimal action (B.14)
(which involves three terms of antifield number zero, one and two, respectively) then also
contains some extra terms having an antifield number which is greater than or equal to 2.

C Poisson brackets and symplectic forms in classical mechanics

Before discussing the geometric formulation of classical field theory in Appendix D, we consider
the corresponding formulation of classical mechanics. In fact, various physical and mathemati-
cal notions are much more familiar within this context and the “continuum limit” of mechanics
formally yields the expressions of field theory. Moreover, the functional analytic complications
related to the infinite number of degrees of freedom of field theory do not have to be dealt
with in mechanics.

While the mathematically minded textbooks on classical mechanics like [57,118,323,332-
334] generally rely on symplectic geometry, we rather start with the Poisson bracket on phase
space which is familiar from physics. For the general mathematical background, we refer in
particular to [118,133].

C.1 Poisson brackets

Poisson brackets: Consider a Lagrangian system in non-relativistic mechanics defined on
a configuration space Q (i.e. a smooth real manifold parametrized by local coordinates
(¢)i=1,..n), the associated momenta being denoted by (p;)i=1.. .- The canonical expres-
sion for the Poisson bracket of any two smooth real-valued functions f, g on phase space M
parametrized by (¢', p;);=1.. . reads as follows:

Canonical expression of Poisson bracket: {f,g}= Z (ﬁ 98 _9f 3_g) .| (C1)
i=1
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Here, the functions f and g may explicitly depend on time as well. With the notation

é = (QI)IZI,...,NZZH = (q1: .. -aqn:pl, cee 3Pn)’ (Cz)

and 9, =2/0 Q!, the expression (C.1) may be rewritten under the following form:

N
Poisson bracket: {f,g}= Z ()6 (3,2), ie. {Q,Q'}y=0". (C.3)
IJ=1

For our choice of canonical (Darboux) coordinates, i.e. phase space coordinates (Q') = (¢, p;)
such that {f, g} takes the form (C.1), we have explicitly

— IJy _ On ]ln
e=(© )_[ 1 o ] (C.4)

The Poisson tensor (@) is antisymmetric and non-degenerate (and constant for the choice of
canonical coordinates).

If one goes over to other local coordinates of the phase space manifold by an invertible
coordinate transformation, then (&, f) transforms like a covariant vector field and (©/) like a
contravariant tensor field.®! Thus, we still have the expression (C.3) for the Poisson bracket,
but with a matrix (©'/) that depends in general on the coordinates (Q'), which is antisymmet-
ric, non-degenerate on M and satisfies the

Poisson-Jacobi identity: o't 3,6’K + cyclic permutations of I,J,K = 0, (C.5)
the latter relation being equivalent to the
Jacobi identity for the Poisson bracket: {f, {g,h}}+{g,{h, f}} +{h,{f,g}} =0. (C.6)

In Eqn. (C.5) and in the sequel, we use the Einstein summation convention over identical
indices. Note that relation (C.5) is trivially satisfied for the choice of canonical coordinates,
i.e. for (C.4).

By definition [118,133], a finite-dimensional symplectic manifold (M NCE )) is a manifold
M of even dimension 2n (for some n with 1 < n < oo) which is endowed with a tensor field
(6) (with I,J € {1,...,2n}) that is antisymmetric, non-degenerate and satisfies the Poisson-
Jacobi identity (C.5). From the point of view of physics, the most important example is the one
that we just considered, i.e. M is the cotangent bundle T*Q associated to the configuration
space manifold Q of a mechanical system, Q having local coordinates (g') and T*Q having
local coordinates (Q!) = (q', p;). For any finite-dimensional symplectic manifold M, the so-
called Darboux theorem states that there exist local coordinates (C.2) (referred to as Darboux
or canonical coordinates) such that the Poisson bracket defined by (C.3) takes the form (C.1).

C.2 Poisson structure

Poisson structure: A symplectic manifold (M NCE )) represents a particular instance of the
more general notion of a Poisson manifold for which the tensor field (©'/) on M may be de-
generate. While a (finite-dimensional) symplectic manifold is necessarily of even dimension
N = 2n, this does not have to be the case for a Poisson manifold. An instructive example
with N = 3 (related to the dynamics of rigid bodies in R®) is given by M = so(3)* = R®

311n the case where phase space is simply a vector space, we can consider invertible linear transformations which
implies that the associated Jacobian is constant.
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(dual of the Lie algebra so(3)): in this case, the phase space M is the vector space R® (with
coordinates Q = (Q! )i=1.23 = (x,y,2)) endowed with the so-called Lie-Poisson structure: For
f, g € C*(R?), the Lie-Poisson bracket is defined (in terms of the Levi-Civita symbol £!/X) by

{f.g}=e"%Q 5, f3,g=Q - [(Vf)x(Vg)], hence {Q,Q'}=¢"%Q*. (7

Thus, the Poisson matrix represents a (non-constant) antisymmetric (3 x 3)-matrix,

0O =z -y
@H=|—= 0 x |, (C.8)
y —>x O

which implies that its determinant necessarily vanishes, i.e. we have a degenerate Poisson
structure. We note that the rank of the matrix (C.8) is not constant on M = R3: it is two
for @ # 0 and zero for Q = 0. The rotationally invariant quantity ||Q||* represents a Casimir
function for the Lie-Poisson bracket i.e. {f,||Q]|?} = 0 for any function f € C®(R>). The level
surfaces of the Casimir function Q — ||Q||® are 2-spheres SI% of radius R > 0 centered at the
origin. The collection of these spheres defines a symplectic foliation of the Poisson mani-
fold (R3,(©!)), i.e. a foliation of the manifold R® by symplectic leaves given by the spheres
S}% with R > 0. (This foliation is singular since dimS}Zz =2 forR > 0 and dimS(z) = 0.) Re-
striction of the degenerate Lie-Poisson bracket to a symplectic leaf SI% with R > 0 yields a
non-degenerate Poisson structure on this leaf. (In terms of spherical coordinates (¢, 8) we
have {6, p} = (Rsin0)~! on Sﬁ.)

A Hamiltonian system on a Poisson manifold (M , (e’ )) is defined by a choice of function
H : M — R (“energy function”) which determines the time evolution of any observable f on
M (i.e. of any smooth function f : M — R) by virtue of the

Hamiltonian equation of motion: f={f,H}. (C.9)

Since there is a one-to-one correspondence between a Poisson tensor field (©/) on M
and a Poisson bracket {-,-} on M, a Poisson manifold may equivalently be defined in terms of
the latter [118,133]: a Poisson manifold is a (not necessarily even-dimensional) smooth real
manifold M for which the associative, commutative algebra C°°(M) of smooth real-valued
functions on M is not only equipped with the ordinary pointwise multiplication of functions,
but also with a so-called Poisson structure, i.e. a Poisson bracket on the vector space C*°(M),

{}:CWM)xC®(M) — C=(M)
(f,8) — {f,g}. (C.10)

By definition, the latter bracket is supposed to have the properties of R-bilinearity, antisym-
metry (also referred to as skew-symmetry or anticommutativity), Jacobi identity (C.6) and

Derivation (or Leibniz) rule : {f,gh}={f,gth+g{f,h}. (C11)

These properties imply that the Poisson bracket has the local expression (C.3) where (6%) is
an antisymmetric tensor field on M which satisfies the Poisson-Jacobi identity (C.5).
The non-degeneracy condition for (©'”) is equivalent to the

Non-degeneracy requirement: {f, g} = 0 for all g € C°°(M) implies that f is constant.
(C.12)

If this requirement is fulfilled, we have a symplectic manifold and the Poisson bracket takes
the form (C.1) in terms of Darboux coordinates: from (C.1) and {f,g} =0 forall g € C*°(M)
it then follows that df/dq' = 0 = 8f/dp; for all i, hence f is constant (on each connected
component of the manifold M).

127


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.77

SCIl SciPost Phys. Lect. Notes 77 (2023)

C.3 Symplectic form

Symplectic form: Consider a symplectic manifold (M NCEE )). Following the sign conven-
tions of reference [133], we set (n!/) = (—©"). The matrix (/) being invertible, the matrix
(n!7) also is and its inverse is denoted by (w;;), i.e. (w;;) = ((—©Y))™L. The properties
of the Poisson tensor field (©%) imply that the covariant tensor field (w;;) defines a closed,
non-degenerate 2-form on phase space, i.e. a so-called

symplectic form: w==w;dQ' AdQ’. (C.13)

N[+~

Here, w;; = —w,; and the matrix (w;;(Q)) is non-degenerate for all Q. Moreover, the closed-
ness property dw = 0 is equivalent to 0 = J;w;x + cyclic permutations of I,J, K, this relation
being equivalent to the Poisson-Jacobi identity (C.5) for (©'). In terms of canonical coordi-
nates (Q') = (¢', p;), we have the following expression (corresponding to the expression (C.1)
for the Poisson bracket on a symplectic manifold):

symplectic form in canonical coordinates: w=dq' Adp;. (C.14)

In physics, one usually starts with a dynamical system whose coordinates (q') parametrize
an n-dimensional configuration space manifold Q and whose dynamics is described by some

Lagrangian L : TQ — R, i.e. a smooth real-valued function on the tangent bundle T Q of O.
92L
aqiag .
can go over to the Hamiltonian function H by the Legendre transform, H = p;q' — L (where

pi = g—qLi): the latter is a well-defined smooth function on the cotangent bundle T*Q which is

If this Lagrangian is non-degenerate (i.e. its Hessian det( ) does not vanish), then one

parametrized by local coordinates (g, p;). On general grounds, the cotangent bundle M = T*Q
is a (2n)-dimensional manifold which is exact symplectic since it is endowed with a symplectic
2-form w which is the exterior derivative of a naturally given and globally defined 1-form 6
on M, the so-called canonical 1-form:3?

symplectic form on M = T*Q: (C.15)

In terms of Darboux coordinates, we have 8 = p;dq'. The dynamical equations then take a
simple geometric expression in terms of the symplectic structure, see next subsection.

While the cotangent bundles are the symplectic manifolds that are of primary interest in
mechanics since they originate from its Lagrangian formulation, there exist symplectic man-
ifolds that are neither cotangent bundles nor exact symplectic, e.g. the unit 2-sphere S? en-
dowed with a volume form w. As a matter of fact, there exist physical systems (like the
spinning massive particle in Minkowski space-time [57]) which do not admit a standard La-
grangian formulation and for which the phase space is neither a cotangent bundle nor exact
symplectic. Yet, (by virtue of the Poincaré lemma) the relation «w = —d6@ holds locally on any
symplectic manifold due to the fact that dw = 0.

For a Poisson manifold with a degenerate Poisson structure we saw in the previous sub-
section that the restriction of the Poisson bracket to a symplectic leaf yields a non-degenerate
Poisson bracket (and thereby a symplectic structure) on this leaf. E.g. for the Lie-Poisson
bracket (C.7) on M = so(3)* = R3, the inherited symplectic structure on the unit sphere is
given by the area form w =sin6d0 Ady.

In view of its importance for constrained Hamiltonian systems in mechanics (as well as
in field theory), we note that a manifold M endowed with a closed 2-form (which is possibly

32Beware of not mixing up the 1-form 6 on M = T*Q and the Poisson matrix (©") = ((—w,,))™" which is
associated to the symplectic 2-form w = —d6.
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degenerate so that M is not necessarily of even dimension) is called a presymplectic manifold,;
the 2-form is then referred to as a presymplectic form. (We note that some authors include in
this definition the requirement that the 2-form «w is of constant rank.)

C.4 Hamiltonian vector fields and Hamiltonian equations

Hamiltonian vector fields and Hamiltonian equations: For a symplectic manifold, the def-
inition of the Poisson bracket and the formulation of the Hamiltonian equations of motion can
be described in geometric terms as follows.

We start from a given smooth function f : M — R (“Hamiltonian”) on the symplectic
manifold (M, w) and associate to it the so-called Hamiltonian vector field X; on M which is
uniquely defined by the relation

iy, =df . (C.16)

Here, iy @ denotes the interior product of the 2-form « with the vector field X; = X ; o: in
terms of local coordinates (Q!) on M, the relation (C.16) reads

XfI CL)IJdQJ:(a]f)dQJ, i.e. XfIO)L]:an. (C.17)

Since the matrix (cw;;) is invertible, it admits an inverse (') = (—©'): multiplication of
relation (C.17) with @’ then yields an explicit expression for the vector field X f associated to

f:
X; =—0"(5,f)0;. (C.18)

From w(X;,X,) = iy, ix, @ = —ly, ix @ = —in(dg) = 0! 9,f 3,g and Eqn. (C.3), we thus
obtain the following expression for the

Poisson bracket on a symplectic manifold (M, w): {f,8} =wXs,X,). (C.19)

For a function H € C°°(M), the associated vector field X;; may therefore also be written
as follows:

Hamiltonian vector field associated to H € C°°(M): Xy =—{H,-}. (C.20)

For a particle (which moves on the configuration space Q and whose dynamics is governed
by the Hamiltonian function H € C*°(M = T*Q)), the trajectories t — (Q'(t)) = (g (¢t),p (1))
in phase space are solutions of the Hamiltonian equations of motion Q! = {Q',H} = —{H,Q'}:
by virtue of (C.20), these equations may be rewritten as

dqQ!

F(t) =xLQ(1)), forI €{1,...,N}. (C.21)

Hamiltonian equations:

This means that the trajectories in phase space are the integral curves of the vector field Xy
associated to the Hamiltonian function H. In terms of canonical coordinates (Q') = (¢%, p;) on
M, one infers from (C.4) that we have the following familiar expressions:

Xy in canonical coordinates: Xy = 9H o _oH O
" - " op;oqt aqiop;
. OH JH
Hamiltonian equations in canonical coordinates: q'= EPYE pi= a0 (C.22)
Di q
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We note that equations (C.18) and (C.20)-(C.21) hold on any Poisson manifold (M, (@”))
with local coordinates (Q) 1=1,..,n and not only on symplectic manifolds. If the Poisson structure
is degenerate, the restriction to the symplectic leaves allows for the introduction of canonical
coordinates (on these leaves) in terms of which one again gets the expressions (C.22).

For later reference, we remark that the Lie bracket (see Eqn. (A.11)) of two Hamiltonian
vector fields is again a Hamiltonian vector field and more precisely we have

Symmetries and conserved quantities: Let us discuss the relationship between continuous
global symmetries and conserved quantities in the symplectic setting by considering the exam-
ple of translation invariance for a particle moving in the configuration space Q@ = R". Under
an infinitesimal translation parametrized by constants ek (with k € {1,...,n}), we have (“lift
of the action of the translation group on the configuration space @ = R" to an action on the
phase space M = T*Q” [118,133])

5q' =¢e*gq' = ¢!, op; =0 (with g, = %).

Thus, the canonical 1-form 6 = p;dq’ is invariant under the vector field v = €3, acting on
phase space M by the Lie derivative L,, i.e. L,q' = ¢' and L, p; = 0. From 0=L,0 =(i,d + di, )0
(where i, denotes the interior product with respect to the vector field v) and w = —d@, it
follows that

i,w=dJ, with | J=1i,0. (C.24)

Since the Lie derivative commutes with the exterior derivative, the symplectic 2-form w is also
invariant under translations, i.e. L,w = 0. For the vector field v = £* 8, describing translations
we have the explicit expression

J=1i,0 =i,(p;dq)) =p;e'. (C.25)

Thus, the function J on phase space represents the momentum of the particle [117,118]. From
the canonical equations of motion ¢' = {q',H}, p; = {p;,H} (involving a given Hamiltonian
function H), it follows that

J=¢'p,=—¢'0H.
In summary, the momentum is conserved in time for a translation invariant Hamiltonian H
(Hamiltonian version of Noether’s first theorem applied to the translation group). In the

setting of symplectic geometry, conserved quantities like the momentum are formulated in
mathematical terms as “momentum maps”, see references [117,118,133] for details.

C.5 Explicitly time-dependent and relativistic systems

Case of explicitly time-dependent Hamiltonians: In some instances (in particular for time-
dependent Hamiltonians) it is convenient to consider time as a dependent variable [1, 334]
and to parametrize trajectories by some real parameter s. (This view-point is natural in the
context of relativistic mechanics, see last paragraph below.) In this case, one considers the
so-called extended configuration space R x Q parametrized by the time coordinate t and the
position coordinates q'. The “doubly extended phase space” P = T*(R x Q) = R% x T*Q is
now parametrized by (t,q’, p;, E) where E corresponds to the energy (canonically conjugate
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variable associated to t). In terms of canonical coordinates, the canonical 1-form 6 and the
associated symplectic 2-form w on P = T*(R x Q) read

0 =p;dq' —Edt, w=—d0 =dq Adp; +dE Adt. (C.26)

The associated Poisson bracket of any two smooth functions f, g on P has the expression

(fgy=2f 08 0f g 0fds 0f0s
83 = 94 ap, op,oq | 9Edt 9t 9E’

which yields {g, p i} = 5;. and {E, t} = 1. The Hamiltonian vector field associated to a function
h on P (with respect to the symplectic form w) writes

dh & dh & dhd ohad
Xp=o—m— oot oo — o

Henceforth, the Hamiltonian equations of motion % = Xy (u) take the form

dq' 0oh dp; dh dt Jdh dE 0Jh
= = 2 —_— = —_— = (C.27)
ds 9p; ds aqt ds 0E ds Jt

Now, suppose we have a dynamical system described by a time-dependent Hamiltonian
function®® #(q, p, t) on ordinary phase space (parametrized by (g, )). For the function

h(q,p,t,E)=H(4,p,t)—E, (C.28)
on P, the evolution equations (C.27) for t and E then reduce to

dt dE O0H
IS =1, a0 (C.29)
The first of these relations implies that t and s differ by a constant which we choose to vanish
for simplicity. Since h does not explicitly depend on s, we have % = 0. Accordingly, we can
restrict ourselves to the submanifold of P where h = 0: on this space, the Hamiltonian H
represents the actual energy E and if H does not explicitly depend on time, then the energy is
conserved by virtue of (C.29).
By pulling back the canonical 1-form 6 to configuration space Q, we obtain the

Lagrangian 1-form : p;dgt —Hdt = (p;¢' —H)dt = Ldt. (C.30)

For a time independent Lagrangian L, we have L, (£dt) = 0 (where L, denotes the Lie deriva-
tive with respect to the vector field J,) and the conserved energy is given by

i5.0| = is(pidq' —Edt)| =—E,

where the bar denotes the restriction to solutions t — (G (t), P (t)) of the Hamiltonian equa-
tions of motion. For further elaboration on (and application of) the extended phase space
approach, we refer to the work [335].

33We use the notation H and £ instead of H and L so as to stress the similarities with field theory.
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Relativistic mechanics: Since this subject does not require any extra work or input, we
briefly show that the expressions that we just introduced also provide the symplectic formula-
tion of relativistic mechanics in Minkowski space. To do so, we consider the natural system of
units where ¢ = 1 and the Minkowski metric (n,,,) = diag(+,—,...,—).

In terms of standard coordinates (x*) = (t,x') = (t, ¥ ) of Minkowski space M = R" and
(p*) = (E, p) of momentum space, the canonical 1-form 6 and the associated symplectic 2-form
w on T*M read

0 =—p,dx*=p-dX—Edt, w=-d0 =dp, Ndx* =dX Adp+dEAdt. | (C.31)

Thus, we have the same expressions as in Eqn. (C.26), The corresponding Poisson brackets are
given by {x* p”} = —n*".

For a free relativistic particle of mass m, we have p' = ymx' (with X' = dx'/dt and
y = (1—%2)""2) and a dynamics determined by the Hamiltonian

H{P)=E=ym=4m2+p2.

The Hamiltonian equations of motion x! = g—?f_, pi = —% then provide the equation of motion
p' = 0 whereas the Lagrangian 1-form takes the well-known expression

Ldt=—p,dxt=(p-X—H)dt =—mV1—x2dt.

C.6 Lagrangians with local symmetries and constrained Hamiltonian systems

In a gauge field theory like electrodynamics, the basic dynamical variables are gauge po-
tentials (A*) and the gauge invariance is at the origin of first class constraints (FCC’s) for
the phase space variables (4", ) with , = 9L/ JA*: we have [23, 43] the constraints
0=7,(4,m) = mand 0 = y,(A, n) = din; = divE satisfying {y;,7,} = 0. Thus, we have
a purely FCC system in the canonical formulation of the theory. With this example in mind,
we will describe the geometric formulation of such a dynamical system in classical mechanics
(based on chapter 2 of reference [23] while using the mathematical tools that we introduced
above). We mostly consider local expressions which actually provide a global description up
to mathematical technicalities on which we do not expand here. The latter have been ad-
dressed in the sixties and seventies by various authors, in particular J.-M. Souriau, G. Hinds,
R. Hermann, J. $niatycki, W. M. Tulczyjew, A. Lichnerowicz, M. J. Gotay,..., e.g. see refer-
ences [336,337] for some more details.

The starting point is a classical dynamical system described by a Lagrangian L(g,§ ) which
gives rise to a Hamiltonian system defined on a phase space manifold (P, w) parametrized by
(QI)Izl,...,N:2n = Q. The symplectic form w is given by (C.13), i.e. we have a closed 2-form
w= % w;; AQ'AdQ’ where the N x N matrix (¢cw;; (Q)) is invertible for all Q. The inverse of this
matrix, which is again denoted by (—©'/(Q)), yields the Poisson bracket {f, g} = ©" 3,f d,g
of real-valued functions on phase space P.

Now suppose the Lagrangian L(4,§) describing the dynamics is singular, i.e.
det(agf;qj) =0, and that this results in the Hamiltonian formulation in a system of

regular, independent FCC'’s: ya(é) =0, fora=1,...,M,

for the phase space coordinates Q!. For such a FCC system, the functions y, form a (generally
field dependent) Lie algebra with the Poisson bracket as Lie bracket:

{revet=foves (C.32)
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where the coefficients f;, may depend on the phase space coordinates Q!. The collection of
these constraints defines the

constraint (hyper-) surface n={QeP| ro(@Q)=0fora=1,...,M}.

Since the constraints are regular and independent, this space represents a (N—M )-dimensional
submanifold of phase space P and is parametrized by local coordinates (y');=1, y—m = ¥, see
Figure 9 below. The hypersurface > may be viewed as the physically accessible portion of phase
space. In the mathematical literature, it is referred to as a co-isotropic submanifold [323] due
to the specific properties of the symplectic form on X that we will now discuss.
Let us denote the inclusion (embedding) map of ¥ into P by
ZI:% — P
y=0N—AF)=Q'GN, (C.33)
where Q! /3 y' # 0 for a proper coordinate system (y') on X. In the following, we use the
short-hand notation 8, = 3/dy"' and 8, = 9/2Q".
The tangent (or differential) map TZ of the map Z : X — P is a linear map between the
tangent bundles TX of X and TP of P (see Eqn. (A.15)):
TZ : T — TP
X =X'0,— (TT)(X) = (X'3,Q")3; . (C.34)
We can apply the pull-back map Z* to the space Q2(P) of 2-forms on P so as to obtain a 2-form
o on X from the symplectic 2-form w on P:
5 Q3(P) — Q%)
w — = induced (pre-) symplectic form on X. (C.35)

More explicitly, we have

0ij=0(3,8) = (T*»)(8, 9)) = & ((TT)(3),(T1)(3)))
= ((3:Q)2,(8,Q7)8;) = (3:Q)(3,Q") ©(31,9)),
~—

=wyy

hence

ody' Ady/, with | 0;;(¥)=(8Q)(5,Q") w1 (Q(F)). (C.36)

Since the exterior derivative d commutes with the pullback map, we have
do =d(Z*w) =7*(dw) = 0 due to the closedness of w. Accordingly, o represents a presym-
plectic form on .

The rank of o, i.e. the rank of the matrix (o;;) which we assume to be constant on X, is at
most N — M. The fact that all constraints are first class actually implies that the rank of o is
N —2M and thereby even-dimensional. In this respect, we consider, for each a € {1,...,M},
the Hamiltonian vector field X, on P which is associated to the function vy, (with respect to the
symplectic form w, see Eqn. (C.18)):

X, =X, EXZ&’J, with X;l’ =0’l(9,v,). (C.37)
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The FCC’s v, and thereby the vector fields X, generate Hamiltonian gauge symmetries: the Lie
derivative of a function f € C°°(P) along the vector field X, reads

Ly, f =X23Jf =0 (37 )@ f)={f.1a} (C.38)

and this expression represents an infinitesimal gauge transformation of f generated by y,
(where we consider the usual postulate that all FCC’s generate Hamiltonian gauge symme-
tries [23]). The vector fields X, are tangent to the gauge orbits on the constraint surface ¥, since

X Vry =X 0,7, =0"1(0,y)(07s) = {Yp7s} =0, onZ.

Moreover, the vector fields X, with a € {1,..., M} are linearly independent at each point of ¥
due to the fact that the FCC’s are regular and independent.

For any vector field Y which is tangent to the hypersurface ~ and for the vector fields
(C.37), we have the skew-product

0(Xe, V) = wp XY = 0,0 (0¢r) Y = (8570) Y/ = (Vy,) Y =0, (C.39)
Thus, the hypersurface X contains the directions X, which are w-orthogonal to it, i.e.
(TS cTx,

where TY: denotes the tangent bundle of & and (TX)* its symplectic complement: This is the
defining property for a co-isotropic submanifold 3 of a symplectic manifold (P, w).
Next, we consider the kernel of the 2-form o which is defined by

ker o = {vector fields X on ¥ |ixyo = 0}, (C.40)

where iyo denotes the interior product of the 2-form o with respect to the vector field X,

see Eqn. (A.12). With X = X'5;, we have

ixo = ix (5 o0y’ ndy' ) =0 (ixdy)dy! =—dy) (X,
2 .
=Xi
ie. _ _
kero = {(X")|o ;X' = 0 for all j} = {null eigenvectors (X)) of (o)}, (C.41)

where null eigenvector means eigenvector associated to the eigenvalue zero. By using equa-
tions (C.36), (C.34) and (C.39), we obtain
0;iX, = Qw1 (3QNX, = (8QN)w;X; = w(Y;,X) =0,  with ¥;=(3,Q")y=1, . n

where Y; represents a tangent vector to %. This means that the tangent vectors X, to the
gauge orbits on X are null eigenvectors of the induced presymplectic form o on % and thereby
represent its kernel.

By virtue of (C.23), the Lie bracket of the vector fields X, X} reads [X,,X,] = —X{y_4,}-
Substitution of (C.32) into this relation yields

J__ywl  _al —_ ol 1J
[Xa:Xb] - _Xfacb Ye © al(facb Yc) =6 (alfacb)Yc + acb e (aIYc),
=—x/

hence
[Xa)Xb]:_ aCch: on .
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<i

Figure 9: Constraint surface ¥ in phase space P, gauge orbits and reduced phase
space I'.

This relation represents the Frobenius integrability condition [338] which ensures that the col-
lection of vector fields X, generates M-dimensional submanifolds of the (N — M )-dimensional
hypersurface %.

In summary, the (N — M)-dimensional presymplectic manifold (3, o) is defined by the M
regular and independent FCC’s y, = 0 and is endowed with the presymplectic form o of rank
N —2M that is induced from the symplectic form «w on N-dimensional phase space (B w). In
the hypersurface %, the constraints y, generate M-dimensional submanifolds which represent
the gauge orbits (for Hamiltonian gauge symmetries) and which coincide with the space of
null eigenvectors of o. This family of submanifolds defines a foliation F, of the presymplectic
manifold (3, o) whose leaves are given by the gauge orbits.

We denote the group of Hamiltonian gauge symmetries by G and we introduce the so-called

reduced phase space: r=x/g, (C.42)

or, equivalently, I' = ¥ /kero. By construction, this space represents the set of leaves of the
foliation F; of ¥ and it has dimension N —2M = 2(n— M). It may be parametrized by some
local coordinates (2%),=1_n—oy = Z such that {z*(¥ ) = const.} represents the gauge orbits
in %, see Figure 9. By introducing M canonical gauge fixing conditions C,(y ) = 0 which are
transversal to the gauge orbits in 2 (so that they select one point on each orbit), the reduced
phase space can also be represented as

r={yex|C(¥)=0fora=1,...,M}. (C.43)

Though the reduced phase space is globally well defined, the latter characterization of I' may
only hold locally due to the Gribov problem (which appears in particular for non-Abelian gauge
field theories and a specific asymptotic behavior of gauge fields) [21,339, 340].
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If we denote the projection map from X onto I' by

n:x —r=x/g
y=0H —2F)=GE"G), (C.44)

then we have the pullback map

IT* : Q*(I) — Q3(%)

Ophys +— | T"Oppys =0 . (C.45)

Here,

N+

O phys = (O-phys)aﬁ dz® A dzﬂ > with O.ij(j;) = (aiza)(ajzﬁ) (Gphys)aﬁ (2(5; )) > (C.46)
represents the uniquely defined 2-form on T" which is determined by the 2-form o on X. This
form is closed due to the closedness of ¢ and it is non-degenerate since the kernel of o has
been discarded upon passage to I' = X /ker 0. Henceforth, we have a symplectic 2-form o py
on the reduced phase space T' which may be viewed as the physical subspace for the constrained
dynamical system under consideration. This symplectic form gives rise to a Poisson bracket
{Zaazﬂ} = (Qphys)aﬁ with (ephys)aﬁ(o-phys)ﬁ5 = 5(1/3‘

In this respect, we recall that for a Hamiltonian system with FCC’s y, = 0 and canonical
gauge fixing conditions C, = 0, the Dirac bracket is defined as follows [23,43]. One collects
the functions y, and C, (the latter being chosen in such a way that det.A # 0 for the (M x M)-
matrix A = ({Cy,13})) into a (2M)-tuple

(Yada=1,.2m = (r1,-->Ym>C1s-- -, Cuyp),

and one introduces the invertible matrix X = (X,5) with X5 = {4, pp}. Since {y,,1p} ~ 0
(where the symbol ~ denotes an equality that holds on the constraint hypersurface %), the
matrices X and X! have the following structure:

o | —a L[ ATBAT | oA
X’“[A| B ] — X “‘[ —(AT 1 o0 ] (47

For any two real-valued functions F, G on phase space P, one now considers the Dirac bracket
associated to the choice (C,),=1,.. y of gauge fixing functions:

Dirac bracket: {F,G}p = {F,G} —{F, o, }(X 1 )Y*B{pg,G}. (C.48)

Let us presently consider observables, i.e. gauge invariant functions: {F,y,} =0 = {G,y,} on
%, for all a. These functions are constant on the gauge orbits of X and, by virtue of (C.47)
and (C.48), we have {F,G};, = {F,G} on X. Thus, the Dirac bracket of observables coincides
with their Poisson bracket as given by (Ophys)aﬂ on reduced phase space.

D Poisson brackets and symplectic forms in classical field theory

D.1 Passage from classical mechanics to field theory

We are interested in classical field theory on Minkowski space-time M = R" or more generally
on an n-dimensional pseudo-Riemannian manifold (M ,(gw)). The passage from the finite
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number of degrees of freedom of classical mechanics to the infinite number of field theory
proceeds by the replacement

q;(t) =q(t,1) = q(t,X,a) = ¢(t,X,a) = 9*(x),

i.e. the discrete index i € {1,...,n} becomes a continuous index ¥ € R = R"™! possibly
supplemented by a discrete index a € {1,...,m}. Accordingly the summation over the index
i becomes an integration over R together with a summation over the index a. Furthermore,
derivatives with respect to g; or ¢; become functional derivatives, e.g. the momentum which
is canonically conjugate to the field ¢¢ is defined by

5L AL
Spax) 0

ma(x) = (x),  with L[%MEJ dx L(p% 3p®, ),

Rd

where L is the Lagrangian function occurring in the action functional S[¢] = fR dtL.
In the present case, the phase space P is parametrized by the collection of functions

B — I — a
?= (q; )I=1,...,M=2m =% madamr,.m> (D-1)

and therefore represents an infinite-dimensional vector space. As pointed out in equations (8)-
(9), this phase space can equivalently be parametrized in a manifestly covariant manner and
in that approach we have denoted the space by Z in Section 5. We note that by contrast to
the finite-dimensional case, the distinction between even and odd dimensions does not make
sense anymore for an infinite-dimensional space. Yet, one can still distinguish between Poisson
and symplectic structures as in the finite-dimensional setting as we will further discuss below.

From the mathematical point of view, the collection of fields (¢%) represents a section
in a fiber bundle over the space-time manifold M. Since we focus on Minkowski space-time
M = R", we can (and will) avoid this terminology and refer to the literature for the related
notions, e.g. see references [41,42,341]. The underlying ideas are conveyed by the table that
we have given in Section 3.1 to describe the multisymplectic approach to field theory.

D.2 Vector fields and forms on phase space

In Subsection D.10 below, we will shortly elaborate on smooth infinite-dimensional manifolds
P, i.e. manifolds modeled on a real infinite-dimensional vector space E. Here, we consider the
simplest instance, the so-called linear case where P = E. More explicitly, we suppose that the

.....

.....

T3P to P at & is spanned by the derivations &zl—(i’) which act on smooth functionals  — F[& ],

and a vector field X on P admits the expansion X = fRd dixX 55—5. At the point & € P, we
thereby have the derivation

= = 5
Xzi= | dxX (@) ——, D.2
(3] fRd xX(®(x)) 5300) (D.2)

where X = (X1,...,X™) and where ¥ — X!(®(¥)) is a smooth function of ¥ for each
I e{1,..., M}. (For a mathematically rigorous description, we refer for instance to the recent
work [248].)

The basis of TgP = (T3P)* which is dual to the basis of derivations {%} is

1=1,...M

2

given by the infinitesimal variations {§®'(X¥)};=; . . The exterior derivative d = dx" 5
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acting on differential forms on R" can be generalized to the infinite-dimensional vector space
P: we introduce a differential § (satisfying 52 = 0) which acts on forms on P by

(D.3)

5= J dix 6d(x%)
Rd

19)
5B(X)
This definition amounts to the one of the infinitesimal variation of a smooth functional

& — F[®] (i.e. a 0-form on P) induced by the infinitesimal variations §® (% ).
Accordingly, a 1-form on P has the following expression:

lformonP:  agg;= J d¥xd(B())58(%),
R4

where d = (ay,...,ay) and where X — a;(®(%)) is a smooth function of ¥ for each
Ie€{1,..., M}. As in the finite-dimensional case, we obtain

5%m=5J ﬂyw@@»5w@)=J Myj(ﬂxﬁﬂﬂiﬁmwzmawg)
Rd Rd R 69! (X )

1 [ (54BGF) 5GBEN < s o
_ZJRdd xJRdd y( 581(%) 509 (7) )5<I> (X)N6¥ (V). (D.4)

Here and in the following, we assume that the monomials 6®’ represent anticommuting vari-
ables with respect to the exterior product A of forms on P.

The 2-form (D.4) is exact since it is the differential of a 1-form. A generic 2-form 2 on
phase space P writes as follows:

2-form on P: Q=— fdd f ddyQ (<I>)6<I>I(x)/\5<I>J(y) (D.5)

We note that the pairing between a 1-form a and a vector field X on P is given by

-

@,X)= J d¥% a;(BF)NXI(BR)). (D.6)
Rd

(Here, the integral may be viewed as a formal expression for the application of the regular
distribution defined by the functions a; on the test functions X'.)

D.3 Poisson brackets

We start from a Lagrangian field theory with fields ¢ (with a € {1,...,m}) and associated
canonical momenta 7, defined on Minkowski space-time R" = R!*?. For any two smooth
functionals F, G depending on the fields (¢, 7r,), we have the canonical Poisson bracket, de-
fined as follows at fixed time t:

5 F &G 0F 6G
Canonical expression of Poisson bracket: {F,G} = ZJ d9x )
Rd

5@‘1 om, B om, 6p?
(D.7)

This is the field theoretical generalization of expression (C.1) which holds for canonical coor-
dinates (q', p;) in classical mechanics. The expression (C.3) of the Poisson bracket with respect
to general phase space coordinates & = (®');,_; _ 2 Presently writes as follows:

,,,,,

O6F 6G
Poisson bracket: {F,G} = J ddx f dly — @Ifa () ——, | (D.8)
[J=1JRd 5‘1’1( t) 6%/(y,t)

138


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.77

SCIl SciPost Phys. Lect. Notes 77 (2023)

hence

{9'(%,),97(7,0)} = 0 (). (D.9)

As in the finite-dimensional case, the Poisson bracket is antisymmetric (i.e. @f{}.’. must be anti-

symmetric with respect to the pair of indices (¥,I) and (y,J)) and satisfies the Jacobi identity

as well as the Leibniz rule (derivation property). Moreover, for local field theory we assume

that the Poisson brackets are local [342] in the sense that the generalized function Gf?{y (@) is

a linear combination of the delta function 6(X¥ — ¥ ) and its derivatives up to finite order, with

coefficients which depend on the values of the fields ®' and their derivatives at the points ¥, .
The expression (D.7) is recovered from (D.8) by considering (D.1) and

0 6(Xx—y)1
IJ \ _ m m
(@w)_[ SGE)1, o : (D.10)
The non-degeneracy condition is discussed in the next subsection.

D.4 Poisson structure and Hamiltonian systems

The definition of a Poisson structure (or Poisson bracket) which we have given in the finite-
dimensional case (see Eqn. (C.10)) generalizes verbatim to the case of an infinite-dimensional
manifold P, i.e. to the case where the local coordinates on P belong to some real infinite-
dimensional vector space E. We will briefly discuss the latter vector spaces and manifolds
in Subsection D.10. Here, we only note that the mathematical choice for the infinite dimen-
sional space of fields and the subtle notion of locality have quite recently been addressed in a
foundational work (motivated in particular by [11]) in relationship with classical and quantum
field theory [343].

Whatever the choice of the model vector space E, the simplest instance for a manifold P
is the one where P = E, i.e. the manifold P is a real infinite-dimensional vector space: this
case is discussed in some detail in reference [151] for different types of boundary conditions
satisfied by the fields at spatial infinity. For rapidly decreasing fields, the admissible functionals
on P are assumed to be real-analytic. In this respect, it should be stressed that the latter
functionals are not local functionals in general and that the restriction to the subspace of local
functionals is not closed for the point-wise product since the product of two such functionals
is not local: hence the consideration of the Leibniz rule does not make sense if one considers
such a restriction [31].

As in the finite-dimensional case (see Eqn. (C.12)), the Poisson structure on P is said to be
non-degenerate if

{F, G} = 0 for all admissible functionals G on P implies that F is constant. (D.11)

By way of example, on a real infinite-dimensional vector space P, the Poisson bracket (D.7)
is non-degenerate since {F,G} = O for all G implies that 6F/6¢® = 0 = 6F/6m, for all q,
hence F is constant. We note that the infinite-dimensional “matrix” (D.10) corresponding to
this Poisson bracket is invertible.

The definition of Hamiltonian systems also carries over verbatim from a finite-dimensional
Poisson manifold M to an infinite-dimensional space P: the choice of a Hamiltonian function
(i.e. of a functional H on P) again determines the time evolution of all admissible functionals
F according to F = {F,H}. For instance, for a real scalar field ¢ on R" described by the La-
grangian density (95), the canonical Poisson bracket (D.7) yields the same equation of motion
for ¢ as the Lagrangian formulation.
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A more subtle example for an infinite-dimensional Hamiltonian system (withd =1, ¥ = x
and ® = u) is given by the Korteweg-de Vries (KdV) equation &,u = 8X3u + 6ud,u: in this
case, the so-called first Poisson structure [342,344] (also known as Gardner-Zakharov-Faddeev
bracket [345,346)) is given by the Poisson tensor @51{,1}, = 9,6(x — y) (and the Hamiltonian

Hlu]= fR dx [ — % (B u)* + ug]), hence the Poisson bracket reads

{F,G} = J dx 5—F 8x5—G. (D.12)
R ou ~ ou

Indeed, substitution of the given Hamiltonian H[u] into the Hamiltonian equation of motion
u={u,H} =0, %—'Z yields the KdV equation for the field u. In the bracket (D.12), the func-
tionals F and G are assumed to have the property that x — 6F /6u(x) and x — 6G/du(x) are
smooth functions which decay sufficiently fast for |x| — co. Since this excludes the constant
functions which represent the kernel of the operator J,, the so-defined Poisson bracket (D.12)
is non-degenerate. The linear operator J = J, (“Poisson operator”) in (D.12) acting on such
functions is skew-self-adjoint with respect to the L2 inner product (uy,1,);2 = fRdx u1 () uy(x):
this fact represents the infinite-dimensional counterpart of the antisymmetry of the Poisson ma-
trix (©") in Eqn. (C.3). We note that substitution of F[u] = u(x) and G[u] = u(y) into (D.12)
formally yields [151]

(), U0} = 5 (8, = 8)5(x — ).

As a third example, we adapt the Poisson bracket (D.12) to the periodic case [347]: the
consideration of (27)-periodic functions x — u(x) amounts to considering smooth functions
x — u(x) on the unit circle S!, hence the integration in integrals like (D.12) is also limited to
st

{F,G} zf dx 5—Fax5—G. (D.13)

g1 ou "~ ou
The functionals F and G in (D.13) are only assumed to be smooth, hence x — 6F /du(x) and
x — §G/&u(x) are smooth functions on S'. The skew-self-adjointness of the Poisson operator
J = 0, and the antisymmetry of the bracket (D.13) are now ensured by the periodicity (con-
tinuity of functions on S1). The smooth functions on S! include the constant ones, hence the
considered Poisson structure is degenerate. As in the finite-dimensional case (see discussion

after Eqn. (C.7)), a non-degenerate Poisson structure can be obtained by restricting oneself to
functionals defined on the subspace of phase space P given by

S.={ueP=Cc®SH|Iu]= f dx u(x) = ¢ = given real constant}, (D.14)
Sl

e.g. ¢ = 0. On this level surface S, the Poisson bracket is no longer degenerate. As a matter
of fact, one also resorts to this argumentation in the literature for the Poisson bracket (D.12)
if one follows an algebraic approach (e.g. see references [31, 151, 344])), i.e. ignores the
analytic aspects (nature of functional spaces, domains of definition,...) that we have taken
into account above. Indeed, for the functional I[u] = f g dx u(x) (which is also referred to as
the average of u), we have % = 1, hence the Poisson bracket (D.12) of the functional I with
any functional G vanishes. Upon restricting oneself to functionals defined on the subspace S,
of functions x — u(x) belonging to the level surface where I[u] = fR dx u(x) = given real
constant, one then obtains a non-degenerate Poisson structure.
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D.5 Symplectic structure

Following the line of arguments of classical mechanics, we introduce the inverse (Q}i}y (®)) of
the “matrix” (—@f{J7 (®)), i.e.

d IJ Y2 _ <l sr2_ =2
Jdd y@)w Qyp =—0;6(X—%). (D.15)
R
This inverse yields the
1 25 =
symplectic 2-form: Q= 2 f d ddxf d dy Q77 (8) 68/ (X)A 687 (7). (D.16)
R R

Like (@f{y) the “matrix” (Q;?J’}7 ) is antisymmetric in its indices. Moreover, the closedness of £
(i.e. the relation 692 = 0) reflects the Poisson-Jacobi identity for the Poisson bracket (D.8).
Before discussing the non-degeneracy of 2, we consider two examples of symplectic forms.
First, we consider the Poisson bracket (D.7) corresponding to the Poisson “matrix” (D.10).
Substitution of its inverse (which has the same form) and of (D.1) into (D.16) yields the

canonical expression of the symplectic 2-form: Q= f d¥x 5% A om,. (D.17)
Rd

Obviously, this result is the infinite-dimensional generalization of expression (C.14) appearing
in classical mechanics. We will see in Eqn. (D.26) below that the symplectic structure (D.17)
is weakly non-degenerate.

As a second example [118, 345, 346], we consider the Poisson bracket (D.12) that we
introduced for the KdV equation and for which we only considered functionals F having the
property that x — % is a smooth function which tends sufficiently fast to zero for |x| — 0.
The space of these functions does not include the constant functions, hence the Poisson oper-
ator J = 9, acting on this space has a trivial kernel and is thus invertible, its inverse being
given by

(T 7)) = % (J daf(o)—f dof(o)) ) (D.18)

Thereby, the symplectic form associated to the Poisson bracket (D.12) reads

Q= % J de dy du(x) Aduly). (D.19)
R —0o0

This symplectic structure is also weakly non-degenerate, see discussion after Eqn. (D.30) be-
low. A systematic derivation of this symplectic form from multisymplectic geometric is pre-
sented in reference [100].

D.6 Non-degeneracy conditions in infinite dimensions

Let us again consider a real infinite-dimensional vector space P = E. By definition, a weak
symplectic structure on E is given by a skew-symmetric bilinear form Q : E x E — R which is
weakly non-degenerate in the following sense:

weak non-degeneracy: (u,v) =0 for all v € E implies that u = 0. (D.20)

In the case of a Banach space E (i.e. a complete normed vector space), we also assume that
the form Q : E x E — R is continuous.
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We note that the definition (D.20) also makes sense in the case of a finite-dimensional vec-
tor space E: upon choosing a basis {e;};—; _y of E, we then have u = ule; and v =v’e; (with
real numbers u! and v’), henceforth Q(u,v) = u'Q;;v’/ with real constants Q;; = Q(e;, e;):
the weak non-degeneracy condition for Q is now equivalent to the non-degeneracy of the
matrix (€2;;), i.e. the definition which has been considered in the finite-dimensional case. Ac-
cordingly, a weak symplectic structure on a finite-dimensional vector space E is a symplectic
structure in the sense defined before in the context of classical mechanics, see Eqn. (C.13).

To get a better understanding of condition (D.20) in the general case, it is judicious to
reformulate it first in different terms. Let us for the moment being consider the notation

Q(u,v) = (ulv), foru,v €E.,

The bilinearity of (-|-) then implies that the “bra” (in Dirac’s terminology) (u| = (u|-) represents
an element of the dual E* of E:

(u: E — R
v — (ulv). (D.21)

b=b(Q)

Accordingly we can consider the so-called musical homomorphism associated to the bilin-

ear form Q on E,

":E — E¥

u — 'u= (ul, (D.22)

whose linearity again follows from the bilinearity of (-|-). In terms of this notation, the weak
non-degeneracy condition (D.20) for the bilinear form Q is tantamount to saying that

"u(v) =0, for all v € E implies that u = 0.

In other words, "u = 0 implies that u = 0 which is equivalent to saying that the linear map ’ as-
sociated to € is injective. For a finite-dimensional vector space E, it follows from the injectivity
of the linear map ’ and from dimE = dimE* that this map is bijective, i.e. ’ is an isomor-
phism. However, this is not ensured for an infinite-dimensional vector space. If the map is an
isomorphism, then the symplectic structure on E is said to be strongly non-degenerate. How-
ever, for most symplectic structures appearing in infinite-dimensional Hamiltonian systems,
this structure is only weakly non-degenerate. We will discuss several examples in the next
subsection.

We note that for a (finite or infinite-dimensional) manifold P endowed with a closed 2-form
Q, the map (D.22) is given by

. TP — T*P
X — ixQ, (D.23)

where X is a vector field on P and ix P is the 1-form on P obtained by contracting Q2 with X.

D.7 Hamiltonian vector fields and Hamiltonian equations

The considerations that we made for classical mechanics in equations (C.16)-(C.22) carry
over (up to technical subtleties) to the case of classical field theory, i.e. to infinite-dimensional
Hamiltonian systems. For simplicity, we consider the case of a single real scalar field ¢ € C°°(R?)
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and suppose that the associated momentum 7 represents a smooth function on R? with com-
pact support, i.e. € Cg° (RY). Then, we have a well-defined weakly non-degenerate pairing

() CPR) x CP(RY) — R
(7, ¢) — (m, ) EJ dix (%) p(®). (D.24)
Rd

The symplectic 2-form (D.17) (with a =1 and ¢! = @, m; = 1) then represents a weakly non-
degenerate symplectic structure on the phase space E = C°°(R?) x Co” (RY): with the usual
component field notation (¢, 7t;) for the

vector field JRdddx [gol(x) 6( )+n1( )5 G ):| onk, (D.25)

we have

Q:EXE — R

(((Pl’ 1), (P2, 7T2)) —_ Q((‘Ph 1), (@2, sz)) = (79, 1) — (71, P2) ZJ dx (Ttap1 — TT1p2).
R4
(D.26)

Quite generally, one has the following results [348]. The cotangent bundle P = T*Q of
a Banach manifold Q carries a canonical symplectic structure; this structure is strongly non-
degenerate if the manifold Q is modeled on a Banach space E that is reflexive (i.e. (E*)* = E),
otherwise it is only weakly non-degenerate.

On the (linear) weak symplectic manifold (E, ©2) we have (as in the finite-dimensional case,
see Eqn. (C.19)) the following

Poisson bracket on a symplectic manifold (P, £2): {F,G}=QXr,Xs), (D.27)

for smooth functionals F,G on P = E. Here, the Hamiltonian vector field X;; associated to a
smooth functional H on P = E is given as in Eqn. (C.22):

Hamiltonian vector field associated to the functional H: Xy = J d?x
Rd

[5H5 5H5}

(with §H/6m € C*°(RY) and 6H/5p € Cg” (RY)). Substitution of this expression into (D.27)
(with Q given by (D.26) or equivalently by (D.17), i.e. Q= fRd d?x 5 A 5m) then yields

6F 6G ©6F 6G
FGi=| dix (2222 _2°°% D.2
{EG} J;Rd X(&p St om 64,0)’ (D-29)

i.e. the familiar expression (D.7). In practice, one assumes that, for any functional H, the
functional derivatives 6H/&¢ and 6H /&1 are smooth functions which decrease strongly for
|X| — oo so that one can perform partial integrations without generating boundary terms.

We note that the relation (C.16) defining the Hamiltonian vector field in the finite-
dimensional case presently writes iy, @ = O6H and that the Hamiltonian equations
¢! = {®#! H} = —{H,®'} = Xy(®') yield the familiar expression for the time evolution of
(®!) = (¢, m): if we consider the symplectic form Q given by Q = f]Rd d?x 5@ A8 or equiva-
lently by (D.26), we get the

O0H . O0H

Hamiltonian equations: Y= 5_ , M= _6_ . (D.30)
T '
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On a weak symplectic vector space (E, ), the relation {F, G} = O for all admissible func-
tionals G is (by virtue of (D.27)) tantamount to (X, X;) = O for all vector fields X. (Here,
the tangent vectors X to the vector space E represent themselves vectors belonging to E.) Now,
the weak degeneracy of Q implies that X = 0 (for the vector field Xy defined by iy, Q2 = 6F),
i.e. F is constant. Thus, we recover (in the symplectic setting) the non-degeneracy condition
for a Poisson bracket that we introduced in Eqn. (D.11).

As we noted in our discussion of Poisson structures, the Poisson bracket (D.12) introduced
for the KdV equation (for smooth functions x — 6F /6u(x) and x — 6G/du(x) decreasing at
infinity) is non-degenerate and thereby equivalent to a weak symplectic structure, the latter
being explicitly given by (D.19). Similarly, the Poisson bracket (D.13) introduced for the case
of periodic functions x — u(x) is non-degenerate upon restriction to a level surface (D.14)
and thus equivalent to a weak symplectic structure.

D.8 On the Darboux theorem in the infinite-dimensional case

A way to formulate the Darboux theorem on a finite-dimensional symplectic manifold (M, w)
respect to which the symplectic form e is constant, i.e. w = dg’ Adp;, see Subsection C.3. In
1969, A. Weinstein [349] has generalized this theorem to the case of an infinite-dimensional
Banach manifold which is endowed with a strongly non-degenerate symplectic form — see
reference [350] for further discussion. Shortly thereafter, J. Marsden showed (by providing
a counterexample) that the theorem fails to hold in general for the case of a weakly non-
degenerate form [348]. In 1999, D. Bambusi [351] gave necessary and sufficient conditions
for the existence of local Darboux coordinates for a weakly non-degenerate symplectic form
on a Banach manifold which is modeled on a reflexive Banach space. For some related results
we refer to the recent works [352,353].

In summary, in the physically most interesting instance of a weakly non-degenerate symplectic
form, the issue of Darboux charts is non-trivial and fairly technical.

D.9 About the action and the variational principle

The existence of the action functional (defined as an integral over unbounded space-time M,
e.g. Minkowski space-time R™) sensibly depends on the properties of fields and of the La-
grangian density, e.g. see reference [354]. Even if one makes the familiar assumption that
fields fall off rapidly at spatial infinity, the integral over time generally diverges. From the
mathematical point of view, this divergence actually ensures the existence of a non-trivial
symplectic 2-form €, see section 2.2 of reference [71].

Despite this existence problem of the action functional on R", the Euler-Lagrange equations
associated to a Lagrangian density £ may be viewed as well defined stationary points of all
“local action functionals”

Sgle] = J d"x L(x, ¢(x), (9,9)(x)), (D.31)
B

where B C R" are bounded open subsets of R" and where the fields ¢ are assumed to be con-
tinuously differentiable, real-valued functions on B which vanish on the boundary of B [354].
The integral (D.31) can be obtained from S[¢] = f y 4"x L following E. C. G. Stiickelberg by
multiplying £ by a function g € C°°(M) of compact support [343]. Another approach [71]
consists in viewing the variational condition

_ 58

os| _dS
=5g| =

0
de

(o]

%o e=0
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(where € — @, denotes a one-parameter family of fields), as an abusive notation for

dl
J dnx d_(‘Ps)
Rn €

where ¢, does not depend on ¢ outside of a compact set B C R" (or more generally a compact
set B C M for a space-time manifold M). Thus, the derivation of field equations from the
variational principle admits a solid mathematical foundation (by resorting to compact subsets)
despite the divergence problems of the action functional.

=0,
e=0

D.10 On infinite-dimensional vector spaces and manifolds

Classical fields locally parametrize infinite-dimensional manifolds. Thus, the general prop-
erties of these fields determine the class of manifolds to be considered and in particular the
class of infinite-dimensional vector spaces on which these manifolds are to be modeled. The
pragmatic point of view adopted in theoretical physics is to dispense largely with mathematical
rigor in this respect and to assume that fields are given by smooth functions on space-time
while eventually approximating discontinuous or generalized functions in an appropriate way
by sequences of smooth functions [21].

From the mathematical point of view, a smooth real infinite-dimensional manifold is a
manifold P for which the local coordinates belong to some real infinite-dimensional vector
space E. Depending on the type of vector space that is considered, different classes of smooth
infinite-dimensional manifolds can be introduced [145,350,355,356]. A case which has been
studied a lot during the fifties, sixties and seventies [118,350,357] is the one of Banach man-
ifolds where E represents a real infinite-dimensional Banach space, i.e. a real vector space
which is endowed with a norm and which is complete with respect to this norm. We recall
that the Banach space E is said to be reflexive if (E*)* = E. Every finite-dimensional real vec-
tor space endowed with a norm represents a finite-dimensional Banach space. An important
example of a non-reflexive Banach space (that we mentioned in the previous subsection in
relationship with the variational principle) is the space C*(B) of continuously differentiable
functions on a compact subset B C R". A particular class of reflexive Banach spaces is given
by the real Hilbert spaces for which one considers the norm induced by the inner product: as
special cases of the latter one then has the separable Hilbert spaces like L%(R%) which admit a
countably infinite orthornormal basis. Another example for a real separable Hilbert space of
infinite dimension is given by the L2-type Sobolev space which plays an important role in the
theory of partial differential equations [358,359]: for m € N, one considers the space

H™R) = {f € L’(R)|f’, f",...,f™ e L2(R)}, (D.32)

endowed with the inner product® (f, g)yn = >, (f ), g®) ..

Unfortunately, some natural spaces of physical fields are not Banach spaces. For instance
the vector space C°°(R,R) of smooth real-valued functions on R cannot be turned into a
Banach space, i.e. there exists no norm for this space so that all functions (e.g. the exponential
function) have a finite norm and that the space is complete with respect to this norm. Similarly
the vector space D(R) of smooth functions on R with compact support or the Schwartz space
S(R) of smooth strongly decreasing test functions (which spaces play a fundamental role in

34In expression (D.32), the derivatives are to be understood in the distributional sense. Thus, f' € L*(R)
means that there exists a square-integrable function which is denoted by f’ : R — R and defined by the relation
fR dxf'o = —fR dx f ¢’ for all smooth test functions, i.e. ¢ : R — R of compact support, ¢ € D(R) = C;°(R):
this function f” is, if it exists, uniquely defined up to a set of Lesbegue measure zero, i.e. it represents a well de-
fined element of L2(R). We note that the functions belonging to a Sobolev space have some, though not too great
smoothness properties; indeed they can still be rather badly behaved, e.g. be discontinuous and/or unbounded.
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the theory of distributions) do not admit a norm with respect to which they are complete. The
study of spaces of smooth functions led to the introduction of the notion of Fréchet space (i.e. a
topological vector space which is metrizable and complete®> [360]) as well as manifolds which
are modeled on such a vector space. Indeed, differential calculus can be formulated in these
spaces to a large extent, see [356] and references therein. We note that Poisson brackets on a
manifold modeled on such a locally convex vector space have recently been investigated [361].

The various classes of infinite-dimensional manifolds that we just mentioned originated
from the study of specific mathematical or physical problems and were designed to deal with
these applications. While all of these approaches have there interest and have allowed to
establish important mathematical results, a different point of view has been put forward in
the eighties by A. Frolicher and A. Kriegl [362] in their quest for formulating differential
calculus in an infinite-dimensional non-normed vector space, see the monograph [355]
and the review [363]. The underlying idea is to introduce a differential calculus which is as
easy to use as possible and that the applications requiring further assumptions should then be
treated in a setting depending on the specific problem. By definition, a convenient manifold
is a smooth real manifold that is modeled on a so-called convenient vector space E: the latter
is a locally convex topological vector space such that a curve y : R — E is smooth if and
only if A oy is smooth for all continuous linear functionals A on E. For the particular case
of Fréchet spaces like C°°(R), the convenient calculus coincides with the Gateaux approach
to differentiation, but for more general model vector spaces it yields a notion of smooth map
which does not necessarily imply continuity. For the relationship between different definitions
of infinite-dimensional manifolds and notions of smoothness (in particular the Bastiani calculus
which was introduced by Andrée Bastiani in her PhD thesis [364] and which is considered in
works of field theory [11,145]), we refer to [343,356,365,366] and the appendix of [367].

By way of conclusion, we may say that, in dealing with geometric structures on a space of
classical fields in theoretical physics, a minimum of mathematical rigor is required to take into
account physically important aspects like degeneracies. The specification of a rigorous analytic
framework eventually depends on the applications one has in mind and the high degree of techni-
cality involved requires a fair amount of motivation and a well chosen bibliography. Here, we
only mention the introductory textbook [368] which is devoted to calculus in normed vector
spaces and more specifically the recent work [343] addressing physical aspects, in particular
the concept of locality which is fundamental in field theory [11]. In fact, the authors of refer-
ence [11] and [343] argue on physical and mathematical grounds that the choice E = C°°(M)
for the space of classical fields on a space-time manifold M is appropriate for classical field the-
ories and their quantization, and that the Bastiani differentiability (which corresponds to the
definition of functional derivatives in physics) is best adapted for the needs of physics. Since
C°°(M) represents a Fréchet space, the Bastiani differentiability of functionals is equivalent
to the convenient differentiability mentioned above.
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