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Abstract
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approach to String Theory is pedagogically introduced in the framework of the bosonic
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No time,
No space,
Another race of vibrations.
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Foreword and acknowledgments

These lecture notes are not supposed to be a substitution for the textbooks and reviews
that are available in the literature. In fact, they are heavily based on them. However
during the course I follow a somewhat non-standard path and these notes can be useful
to find the discussed material at the right place.

These notes have been originally written by F. Marino and B. Valsesia who followed
the first edition of the course in 2020. The manuscript became quickly rather useful to
the other students in the subsequent years. After some further editing, the notes have
now reached a more-or-less stable state. That doesn’t mean however that typos have been
completely eliminated or that they cannot be further improved and/or enriched. We thank
in advance anyone who will point us extra typos, possible issues or just suggestions.

The level of the lectures is set for undergraduate students with knowledge of basic
Quantum Field Theory and General Relativity. The notes can also be appropriate for a
basic PhD course on String Theory, in case of no previous exposure to the subject. No
knowledge of Supersymmetry is required.

November 2023, C. Maccaferri
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1 Introduction

1.1 The heritage of the past millenium

Last century has been characterized by an impressive advance in the understanding of the
physical world. We have understood how Nature is organized at very small scales, following
the rules of Quantum Mechanics. We have also understood how it is organized at very large
scales, according to the elegant description of General Relativity. A lot of experiments, espe-
cially concerning high energy physics in accelerators, confirmed our vision of the quantum
world to an astonishing precision. However more and more confusion emerged from astro-
physical observations, to the point that we finally realized that what we have understood so
well is only a tiny part inside a very mysterious Universe.

• The celebrated Standard Model of Particle Physics (the most precise theory we have
at our disposal to describe the microscopic world) can only describe about 5% of the
matter/energy which is present in the Universe. A mysterious 20% should be incarnated
by the so-called dark matter. This is thought of as an exotic form of particle matter which
is very weakly interacting with photons (and so it is invisible) but which contributes to
the energy momentum tensor and thus couples to gravity. Without dark matter, galaxies
would not rotate in the way we observe and the structure of the large-scale universe
would be different. But what is dark matter? How is it related to the standard model
matter and to the real nature of gravity? No one knows.

• Our universe is expanding and the expansion is accelerating. Something is constantly
pushing our universe apart. How is this possible? General Relativity tells us that this
is what happens when there is a positive cosmological constant in Einstein equations.
Although this cosmological constant is expected to be vey small, it still provides the
remaining 75% of the energy balance. Even more mysteriously than dark matter, this
elusive form of energy is invoked with the name of dark energy. Since dark energy is at
the end of the day a positive cosmological constant, it should be produced as a vacuum
energy of some of the fields which describe the evolution of the universe at large scale.
Which fields? How are they related to the Standard model fields? No one knows.

• We have finally observed black holes, also thanks to the impressive success in the de-
tection of gravitational waves. We are essentially sure that giant black holes live at the
center of every galaxy. Smaller, stellar-like black holes are everywhere in the universe.
What is their physics? Are they really “black” or they can eventually give back something
of what they have absorbed? Despite a lot of research and speculations, again no one
knows.

This is empirical evidence that the Standard Model plus General Relativity cannot be the end
of the story.

How can we fill the gap?
Many theoretical physicists believe that the main reason why we don’t understand the

above issues (and in fact many others) is that our knowledge of the basic laws of Nature is not
complete and we are missing something fundamental. This belief comes from the fact that,
at a fundamental theoretical level, there is a big hole in our model of the universe. Indeed
it turns out that Quantum Field Theory and General Relativity, the two pillars that are at the
basis of everything we know, are not compatible with one another! To understand what is the
story of this incompatibility let us sketchily review the salient features of the quantum theory
and of gravity.

1
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1.1.1 Quantum field theory

Quantum Field Theory (QFT) is the paradigm we use to describe fundamental interactions at
the microscopic scale. Most of the QFT’s we are interested in have a definition in terms of a
path integral which allows to compute correlation functions of operators {Oi(φ)} as

〈O1 · · ·On〉 ∼
∫

DφO1(φ) · · ·On(φ) e
i
ħh S(φ) . (1.1)

Assuming that the action is of the standard form

S(φ) =

∫

dD x
�

1
2
φKφ − V (φ,∂ φ)

�

, (1.2)

one is usually interested in perturbative computations. This means that we consider the the-
ory of (small) fluctuations around the saddle point φ = 0. The leading contribution from the
saddle point is the tree-level part of the amplitude. Higher terms in the saddle point expan-
sion account for loop corrections. This procedure gives a power series expansion in ħh which
is called perturbation theory and it is given by the sum of all the Feynman diagrams. The
obtained contributions are generically divergent but, if the original action is renormalizable
(i.e. if it possible to absorb the divergences into a finite number of counter-terms), one finally
obtains finite numbers for the scattering amplitudes, which can be tested against experiments
in colliders. This is what happens for the Standard Model of particles which describes in this
way the physical phenomena associated with electromagnetic, weak and strong forces. This
description is very accurate when ħh → 0+, where the quantum couplings are small and be-
comes however less predictive outside of this limit. The reason is that an amplitude is not in
general an analytic function of ħh and the power series expansion is often only an asymptotic
expansion with zero radius of convergence. This typically happens because, as ħh grows, the
path integral starts to be sensible to other classical solutionsφ∗ of the (euclidean) action SE(φ)
which contribute at order ∼ e−

1
ħh SE(φ∗). Notice that this quantity is evidently not vanishing, yet

it has a vanishing power series expansion in ħh → 0+. Therefore this contribution is invisible
in perturbation theory. These effects are called non-perturbative contributions, the paradig-
matic example being the so-called instantons. Although they are negligible at weak coupling,
they are however important at strong coupling, for example to understand confinement of the
strong interaction at low energy. It is fair to say that while we understand very well the per-
turbative structure of QFT (weak coupling), the non perturbative strong coupling aspects are
still rather elusive. In conclusion, given the fact that we typically have weak coupling at high
energy (asymptotic freedom), we understand well the UV behaviour of QFT but we still have
rather poor understanding of the infrared (IR) region. However we believe (as the numerous
lattice simulations have confirmed) that the path integral is giving a complete definition of
QFT, we are just unable to calculate it without resorting to perturbation theory.

1.1.2 General relativity

The fourth fundamental force of Nature, gravity, is described by a classical field theory, General
Relativity, encoded in the Einstein-Hilbert action

SEH(gµν)∼
1
κ2

∫

d4 x
p

−g (R(g)−Λ) . (1.3)

The quantity κ∼
p

GNewton is the gravitational coupling and simple dimensional analysis tells
us that it has dimension of length (in natural units ħhc = 1), which means that gravity is ex-
pected to become strong at very short distances. This expectation is however not really testable

2
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because at short distances we should treat gravity quantum mechanically and we cannot, be-
cause General Relativity is not renormalizable. This is expected for a theory having a dimen-
sionful coupling constant κ of negative mass dimension. Indeed in this case renormalization
typically requires an infinite number of counter-terms of increasing dimension, with the conse-
quent complete loss of predictiveness. A way out would be UV finiteness of the theory without
renormalization. It turns out that pure GR (with no matter) is finite at one-loop but diverges
starting from two loops. Therefore renormalization is needed and infinite counter-terms are
generated in the process. Let us elaborate a bit more on why we need infinite counter-terms.
Counter-terms are naturally organized in a power-series expansion in κ. Since κ has dimen-
sion of an inverse mass, a generic counter-term will be ∼ κnO(4+n), which is an irrelevant1

operator of mass dimension ∆ = 4+ n. Since there is no upper bound to the dimensions of
irrelevant operators, this means that, to absorb the divergences, we will have to switch on in-
finite counter-terms allowed by general coordinate invariance. These counter-tems are higher
derivatives of the curvature tensor(s) and its powers ∼ κm+2p−4∂ m[R]p and we would need
infinite experiments to fix them. This means that the theory is non-renormalizable. As a mat-
ter of fact, this is not a peculiarity of gravity but it is common to all theories with a negative
dimension coupling constant by analogous arguments.

The dimensionful coupling constant and the consequent need of infinite counter-terms is
indeed reminiscent of the Fermi theory of weak interactions which is not renormalizable but
it is the low-energy effective field theory of the (renormalizable) SU(2) gauge theory of weak
interactions, obtained by integrating out the SU(2) massive gauge bosons. If we follow this
analogy we are then lead to consider the possibility that GR might be an effective field theory
where some fundamental microscopic degrees of freedom have been integrated out leaving
the graviton as the low energy degree of freedom. As we will see, this is precisely the picture
that is suggested by string theory.

To summarize, the problem with GR is in a sense opposite to the problem with QFT. In
GR we understand very well the infrared (classical gravity) but we are in trouble with the
ultraviolet (quantum gravity).

1.1.3 The Planck scale

What is the scale at which classical GR is expected to fail in describing gravity? When gravity
becomes quantum mechanical? We can have a simple estimate from dimensional analysis. If
we associate to Relativistic Quantum Mechanics the constants of Nature c and ħh and to General
Relativity c and G, we see that we can construct a fundamental length, mass and time called
Planck units

lPlanck =

√

√Għh
c3
∼ 10−35m , (1.4)

mPlanck =

√

√ħhc
G
∼ 1019Gev ∼ 10−8K g , (1.5)

tPlanck =

√

√Għh
c5
∼ 10−44s . (1.6)

1If a theory is defined in D space-time dimensions, an irrelevant operator has mass dimension ∆ > D. A
marginal operator has dimension ∆ = D and a relevant operator has dimension ∆ < D. Irrelevant operators are
not important at low energy but become important at high energy and, in an effective field theory understanding,
are generated by integrating out high energy degrees of freedom.
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The Planck mass, in particular, can be defined as the mass of a particle whose Compton wave-
lenght λc is the same as its Schwarzschild radius rs. To be precise, remembering that

λc(m) =
2πħh

c
1
m

, (1.7)

rs(m) =
2G
c2

m , (1.8)

the Planck mass is defined by the relation

rs(mPlanck) =
1
π
λc(mPlanck) . (1.9)

This is essentially saying that the wavelength of a photon that can detect the particle is the
same as the event horizon of the particle itself! If the mass of the particle were higher, the black
hole associated to the particle would eat the photon completely. In length terms this means
that it is not possible to resolve distances smaller than the Planck length lPlanck ∼ λc(mPlanck)
because the needed energy would create a black hole whose horizon is larger than the distance
we want to probe! This is an important lesson that we get by trying to combine the rules of
quantum mechanics with the existence of event-horizons. From QM we know that to resolve
smaller and smaller distances we need higher and higher energy. However there is a limit to
the energy that can be stored in a region of space: if too much mass-energy is concentrated
in a too small region this will collapse gravitationally, forming a black hole! This discussion
is certainly rather heuristic but it points to the fact that in any quantum theory of gravity we
expect to have a minimal distance beyond which space-time itself breaks down. The existence
of a minimal length also suggests that in a full quantum gravity theory there should not be UV
divergences whatsoever because there is a natural cut-off given by the Planck scale. This is
precisely realized in string theory, as we will see in detail.

1.2 String theory: A first look

The basic idea of string theory is that the fundamental degrees of freedom are extended objects:
one-dimensional relativistic strings. The size of strings is the only scale of the theory which is
called α′ and has the dimension of length squared. The size of the string is set to be of the
order of the Planck length

α′ ∼ l2
Planck , (1.10)

but the precise relation is a consequence of the strings dynamics and of the string coupling
constant (a quantity which will be introduced later on in the course). However we have to
specify a little better what we mean by ‘size’: since we want a relativistic theory we cannot set
a fixed length, as this would not be invariant under Lorentz transformations. What is constant
is the tension of the string, which can be considered as the mass per unit length

Tstring =
1

2πα′
. (1.11)

If we perform a Lorentz boost the length of the string can change but its tension remains
constant (just like the invariant mass of a relativistic particle). This has the funny consequence
that by stretching the string the energy grows linearly and not quadratically as it would be for
a non-relativistic rubber band. Incidentally (but not that much incidentally after all) this is
precisely the behaviour of QCD flux tubes between quarks in the confinement regime. This is
not a curious coincidence but it is related to the fact that relativistic strings are indeed a good
description of strong interactions in the strong coupling phase. This is also one of the line

4
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(a) (b)

(c)

Figure 1.1: A free closed string, a closed string emitted by a D-brane and open strings
attached to a single or multiple D-branes.

of reasoning that can bring to the celebrated AdS/CFT correspondence which essentially says
that some QCD-like gauge theories (the ‘CFT’ side of the duality), when they are in a strong
coupling phase, can have a dual description in terms of strings (the ‘AdS’ side of the duality).

Strings can close on themselves to form a loop (closed strings) or they can have endpoints
(open strings). Closed strings are sort of universal objects which can freely propagate in space-
time, just like particles (see fig. 1.11.1(a)). Open strings, on the other hand, need some more
structure to be identified. In particular, contrary to the closed string, the endpoints of an
open string are two preferred points whose position in space-time will generically be on some
hypersurface (which in some case can coincide with space-time itself) (see fig. 1.11.1(c)).
These surfaces are known as D-branes and are one of the most important ingredients of string
theory. As we will see D-branes are genuine dynamical objects which can fluctuate and interact
in space-time. In fact, the most correct way of thinking at open strings is in terms of fluctuation
modes of D-branes. D-branes interact with closed strings. In fact D-branes are the sources of
closed strings in the same way as usual matter is the source of the gravitational field (see fig.
1.11.1(b)).

To better understand this point we need to zoom a bit on the internal dynamics of a string.
Being an extended object a string will be first of all characterized by its center of mass which
will behave as an elementary particle. The mass and the spin of this elementary particle de-
pend on the vibrational mode of the string. Indeed thanks to its tension the string vibrates
relativistically. Vibrations naturally organize themselves into harmonics and, as we will see,

5
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each harmonic gives rise to a state with definite mass and spin. In particular, calling N ∈ Z
the vibrational mode, the mass of the state will be of the form

α′m2 ∼ N − 1 , (1.12)

where ‘1’ is a zero-point energy whose precise value will be determined by quantum consis-
tency and which depends on whether we are considering bosonic strings (as we are doing now)
or superstrings, for which the zero point energy will be different. But these are unimportant
details for the time being. At the same time, the spin of the state will also be determined by
the vibrational mode in a way that roughly goes as

s ∼ 2N , closed string, (1.13)

s ∼ N , open string. (1.14)

We see that for the first harmonic N = 1 we get a massless particle whose spin is two for
the closed string and one for the open string. Now, it can be shown that a massless spin two
particle can only be the graviton: there are no consistent interactions for a spin two massless
particle other than general relativity (with possibly higher derivative corrections) where the
graviton hµν appears as the fluctuation of the metric tensor around flat Minkowski metric:

gµν = ηµν + hµν . (1.15)

Therefore we have to conclude that a theory of closed strings necessarily includes gravity!
The nice thing about this is that, as we will see in detail, strings interact consistently in a full
quantum setting and since gravity is part of the closed string spectrum, string theory naturally
provides a setting in which gravity is treated quantum mechanically, without encountering the
problems we had in trying to quantize general relativity. String theory, beside other things,
provides a theory of quantum gravity.

But gravity is not the only thing we get. Looking at the open string spectrum we also
encounter massless spin-one particles. These are the needed Lorentz representations to de-
scribe the gauge bosons of Yang-Mills theories and indeed we will see that open strings (or
more correctly D-branes) are responsible for the emergence of gauge theories from string the-
ory. Therefore in string theory Yang-Mills theories and gravity are unified in a fully quantum
mechanical way.

We have said before that in a theory of quantum gravity we expect UV divergences to
be tamed by the natural cutoff provided by the Planck mass. How is this realized in string
theory? It is not possible here to give a complete account of the absence of UV divergences
but the following example will give you the taste of what happens in a high energy string
scattering.

Consider a φ3 theory where the interaction potential is given by V (φ) = g
∫

dD x φ3(x).
This theory is obviously UV divergent, the simplest divergent diagram being the one-loop tad-
pole (see fig. 1.2) consisting of a cubic vertex where two legs are connected by a propagator
and the third leg is the emitted particle from the unstable quantum vacuum

A∼ g

∫

dDp
1

p2 +m2
= divergent. (1.16)

To get an (although incomplete) idea of what happens in string theory one should think of
substituting the potential as

V (φ)→ V (φ̃) , (1.17)

where
φ̃ = eα

′□φ→ e−α
′p2
φ(p) , (1.18)

6
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φ
p

Figure 1.2: The tadpole diagram of the φ3 theory.

φ̃
p

Figure 1.3: The tadpole diagram of the deformed φ̃3 theory.

and at the end we switched to momentum space. This deformation essentially dresses the
interacting field with a gaussian form factor which describes a spreading of the interaction at
a size ∼

p
α′ (see fig. 1.3). This simulates the fact that strings, being extended objects, cannot

interact at a point. Now the same tadpole diagram will become

A∼ g

∫

dDp
e−2α′p2

p2 +m2
= convergent, (1.19)

where we are assuming we are doing a Wick rotation to euclidean momentum to ensure con-
vergence thanks to the gaussian factor. We see that the fact that the interaction is diffused at
the string scale α′ guarantees that UV divergences will always be absent, because the expo-
nential suppression will always be stronger than any power coming from the loops.

During the lectures we will have a more refined understanding of how UV divergences are
avoided (or reinterpreted as IR divergences), but this simple example should give the right
intuition of what is happening at high energies: string theory is very soft, much softer than
any standard field theory.

What we have described up to now (bosonic string theory) seems very promising for a
possible ultimate theory unifying QFT and GR. There are however a couple of unsatisfactory
issues which tells us that bosonic string theory is not enough.

• The theory is unstable. If you look at the mass formula (1.12), it appears that for N = 0
the corresponding state is a tachyon. In QFT a tachyon is a sign which is telling us that we
are quantizing the theory around an unstable vacuum. The search for a stable vacuum
is far from obvious, especially for what concerns the fate of the closed string tachyon.

• It turns out that the spins we are able to create with the bosonic string are all inte-
ger (1.13), (1.14) and therefore we can only describe spacetime bosons. But we need
fermions to describe nature.

• Quantum consistency of the theory is subtle and it fixes the dimension of space-time to
be 26. This is clearly very far from our 4 dimensional space-time.

As we will see in the last part of the lectures, the first two points are solved by upgrading to
the so-called superstring which is at the moment the best available model for unification. In
the superstring the dimension of space-time will be fixed to 10 by quantum consistency. This is
still rather far from our 4 but, either through compactification or by means of various D-branes
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configurations one can easily get effective 4D field theories which are qualitatively very close
to the standard model. Getting exactly the standard model is an active area of research and,
as of now, it has not yet been accomplished.

There is indeed a multitude of ways we can obtain a low energy effective field theory from
a unique superstring theory in 10 D, which suggests that our “low energy” physics may be in
a sense accidental, just like it is accidental that our planet is at the right distance from the sun
to guarantee life. In other words, our experimented physics may be just one of the possible
billions of ways string theory has broken down at low energy. This sometimes leads to spec-
ulations which inevitably have a sort of philosophical taste. This however should not distract
us too much. On the other hand there is perhaps a lesson to be learnt about the difficulty of
reproducing exactly the standard model which has to do with the fact that we still don’t under-
stand the real non-perturbative structure of string theory. Without this understanding it is not
really possible to make solid low energy predictions. The understanding of string theory is still
an on-going endeavour which will have to be continued by the next generations of physicists
in the years to come!

1.3 Overview of the course

These lectures are rather long and extended, probably too much for a 48 hours undergraduate
course. We have tried to explain everything by only assuming some knowledge of perturbative
QFT (including renormalization) and a bit of GR. But this requires time and constant effort to
fill the gaps. We hope we have reached the goal at least partially and students will find them
useful.

The notes are organized as follows.
In chapter 2 we study the relativistic particle and develop the tools that will be later used

for the string, in particular BRST quantization.
In chapter 3 we introduce the bosonic string in the oscillator formalism and we explore

the spectrum of closed and open strings. In particular we introduce D-branes as boundary
conditions for open strings. We go through the BRST quantization of the Polyakov path integral
and we introduce the (b, c) reparametrization ghosts, the BRST charge and its cohomology.
At last we introduce light-cone quantization as a way to capture the gauge invariant content
of BRST, at the price of loosing Lorentz covariance.

In chapter 4 we give an account of two dimensional conformal field theory, which is the
worldsheet theory we get after gauge fixing the Polyakov path integral. We also give some
notion of boundary conformal field theory, to properly describe open strings and D-branes.
We end up describing the general bulk-boundary correlation functions and relate them to
interactions between open and closed strings in presence of D-branes.

Chapter 5 deals with string perturbation theory. After discussing the topological expansion
of the Polyakov path integral we discuss in some detail tree level closed and open string ampli-
tudes, where all the CFT machinery developed in the previous chapter can be used. Then we
discuss the non-linear sigma model and the emergence of Einstein equations, together with
the full non-linear field equations for the massless closed string states. We continue by giving
a quick look at loop amplitudes and to the concept of moduli space. As an example we dis-
cuss the closed string one-loop vacuum amplitude and we introduce modular invariance. We
also discuss the open string one-loop vacuum amplitude. We carefully go through the analysis
of open string UV divergences and reinterpret them as IR divergences associated to Riemann
surface degeneration in the closed string channel. We then follow Polchinski original compu-
tation to see that D-branes are sources for closed strings and we estimate the tension of the
D-branes.
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In chapter 6 we finally introduce the superstring and its superconformal two-dimensional
field theory with Neveu-Schwarz and Ramond sectors. We derive the superconformal con-
straints and we obtain the spectrum of physical fluctuations. By explicit computation in light-
cone gauge we verify that the torus partition function is not modular invariant as it stands but
needs the GSO projections. In this way, out of an inconsistent model, we get four consistent
truncations: Type IIA-B and Type 0A-B. The Type 0 theories only contain spacetime bosons
and are still plagued by the tachyon. On the other hand the two Type II theories are stable
(no tachyons) and contains bosons and fermions. We discuss their spectrum and find out
that there is a perfect match, at every mass level, between bosonic and fermionic degrees of
freedom. This is the sign of spacetime supersymmetry. In the set of the bosonic degrees of free-
dom we will encounter several massless fields in the form of differential p-forms (the so-called
Ramond-Ramond forms). We will understand them as generalized electro-magnetic potentials
that couple to D-branes just like the photon couples to electric particles. This will complete
our pictures of D-branes which will finally be understood as extended dynamical objects with
a mass (sourcing the gravitational field) and a charge (sourcing the Ramond-Ramond fields).
In parallel we will also have a look at D-branes from the perspective of open superstring. Fi-
nally we will briefly mention the existence of the Type I theory and the two Heterotic theories.
However we won’t have time to do more than just mentioning them, to get the final picture of
five distinct superstring theories.

In chapter 7 we will give an overview of string dualities. We will start with T-duality, which
will be fully discussed at level of the worldsheet. We will then discuss the strong coupling
behaviour of Type IIB and Type IIA which will bring us to (respectively) S-duality and M-
Theory. We will finally see how the five superstring theories are all connected by perturbative
and non-perturbative dualities, leaving us with a unique theory, whose fundamental structure
and principles are however still rather mysterious.

1.4 Small guide through the literature

The material of these notes is taken for a large part from the classical String Theory books, to
which the student is directed for a complete list of references. Students are highly encouraged
to go through these books and not to be satisfied by these notes alone. An important source of
material is the book by Blumenhagen, Lüst and Theisen [1], which is a modern and complete
resource on the subject. The books by Polchinski [2, 3] are also highly recommended for
the very insightful explanations, although they are updated up to 1997 or so, just before the
AdS/C F T correspondence. Anyway they are perfectly appropriate (although a bit advanced at
first reading) for these lectures, which cover a subset of the two books. We have also used the
classical books by Green, Schwarz and Witten [4,5]. These books however have been published
in the 80’s where some crucial elements (most notably D-branes) were still to be ‘discovered’.
As far as two dimensional conformal field theory is concerned, the classical reference for a self-
contained introduction is the ‘yellow book’ by Di Francesco, Mathieu and Sénéchal [7]. The
classical article by Friedan, Martinec and Shenker [6] is effectively a standard and pedagogical
‘textbook’ for the RNS formulation of the superstring. The lecture notes by David Tong [8] have
also been a useful ingredient in the preparation of this course and students are encouraged to
read them. For students who would like to be introduced to the world of string theory in a
remarkable pedagogical way, which does not assume preexisting knowledge of QFT and GR we
recommend the book by Zwiebach [9]. Other classical and useful resources on string theory
are [10] and [11].

9

https://scipost.org
https://scipost.org/SciPostPhysLectNotes.90


SciPost Phys. Lect. Notes 90 (2025)

2 Free relativistic particle
The construction of a dynamical theory for a relativistic string is rather different from what
one is used to in particle theory. For this reason, before attacking the string, we will discuss
something which should be well known: a free relativistic particle. But we will do this using
the same tools that we will later apply to the string.

2.1 Old covariant quantization

2.1.1 Classical aspects

A relativistic particle can be described by a one-dimensional field theory where the space-time
coordinates are interpreted as D Lorentz scalars Xµ, labeled by the Lorentz indices
µ = 0,1, . . . , D − 1, and depending only on the time parameter τ. The dynamics of these
fields is encoded in the world-line action2

S′ = −m

∫

dτ
p

−Ẋ 2 = −m

∫

dτ

√

√

−ηµν
dXµ

dτ
dX ν

dτ
, (2.1)

which is proportional to the arc-length of the space-time trajectory. This action is clearly in-
variant under time reparametrization τ→ τ̃= τ+θ (τ), as it is easy to prove by insisting that
X transforms as a scalar in one dimension:

X̃µ(τ̃) = Xµ(τ) ⇒
dXµ

dτ
=

dτ̃
dτ

dX̃µ

dτ̃
, (2.2)

S[X̃µ(τ̃)] = −m

∫

dτ̃

Ç

− ˙̃X
2
= −m

∫

dτ
dτ̃
dτ

√

√

√

−
�

dτ
dτ̃

�2

Ẋ 2 = S[Xµ(τ)] . (2.3)

This one-parameter diffeomorphism invariance is a gauge symmetry of the action. Related to
this, the canonically conjugated momenta

Pµ =
∂L
∂ Ẋµ

=
mẊµ
p

−Ẋ 2
, (2.4)

are identically constrained to obey

PµPµ +m2 = 0 . (2.5)

Notice that, from a space-time perspective, this constraint is nothing but the mass shell con-
dition for a free particle of mass m. An additional fact is that the associated Hamiltonian is
identically vanishing:

H = PµẊµ −L= 0 . (2.6)

The fact that the canonical conjugated momenta are constrained, together with the vanish-
ing of the Hamiltonian makes the quantization procedure (although not impossible) rather
intricate. Moreover if we look at the action (2.1) as a one-dimensional field theory, we don’t
recognize (because of the square root) a standard kinetic term for the scalar fields Xµ(τ).

To solve all of these problems at once we introduce a new classically equivalent action
which contains a new one-dimensional field e(τ) in addition to the scalar fields Xµ:

S[X , e] =
1
2

∫

dτ

�

Ẋ 2

e
− em2

�

. (2.7)

2We always use the metric signature (−,+, . . . ,+).
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The new field e(τ) is the “ein-bein”.3 In this trivial 1-dimensional case we can write e =
p

−gττ
and rewrite the action S[Xµ, e] as

S[Xµ, gττ] = −
1
2

∫

dτ
p

−g
�

gττẊµẊµ +m2
�

, (2.8)

namely the action of D scalar fields on a one dimensional manifold whose metric gττ is con-
sidered as a dynamical field. We have also used the trivial 1-dimensional identification

gττ =
1

gττ
, g = detg = gττ . (2.9)

This action describes D free scalar fields Xµ covariantly coupled to a one-dimensional metric
gττ and is therefore obviously invariant under τ-reparametrizations (which are just the one-
dimensional diffeomorphisms). Using the general formula for the change of a field φ under
an infinitesimal reparametrization τ̃= τ+ θ (τ)

φ̃(τ̃) = φ(τ) +δφ(τ) + φ̇(τ)δτ≡ φ̃(τ) + φ̇(τ)θ (τ) , (2.10)

and the fact that the einbein transforms as a 1-form

ẽ(τ̃)dτ̃= e(τ)dτ , (2.11)

we can write the complete set of gauge transformations (1-dimensional diffeos) as

δe = −
d(eθ )

dτ
, (2.12a)

δXµ = −θ Ẋ (τ) , (2.12b)

δτ= θ (τ) . (2.12c)

It is easy to verify that (2.7) is invariant under this set of transformations.

Exercise 2.1.1

Check eqs. (2.12a), (2.12b) and (2.12c).

Exercise 2.1.2

Verify that (2.7) is invariant under the transformations (2.12a), (2.12b) and (2.12c).

If we now evaluate the equations of motion (EOM) for e and Xµ we obtain

δS
δe
= 0 ⇒ Ẋ 2 + e2m2 = 0 , (2.13a)

δS
δXµ

= 0 ⇒
d

dτ
Ẋµ

e
= 0 , (2.13b)

so that replacing (2.13a) in (2.7) we obtain the starting action S′ (2.1), which proves the
equivalence of the two actions. Moreover from equation (2.13a) we recover exactly the con-
straint (2.5) over the momentum Pµ = Ẋµ/e. The constraint (2.5), giving rise to the physical
mass-shell condition, is now realized as the equation of motion for the ein-bein e.

3A D-dimensional (pseudo-) Riemannian manifold which is locally Minkowski has a metric gµν which can be
written gµν = ea

µ
ηabeb

ν
, where ea

µ
are the components of D one-forms ea = ea

µ
d xµ (with a = 0, · · · , D − 1)) which

are usually called vielbeins.
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2.1.2 Quantization

We may now proceed to the first quantization method, equivalent to the Gupta-Bleuer method
in QED, that we will refer to as old covariant quantization (OCQ). The first step to implement
this method is to consider e as a gauge parameter which has to be fixed. We will thus set e to
a f iducial value:

e = ê = 1 (fiducial value). (2.14)

We may convince ourselves that this fiducial value can be achieved, starting from any e(τ), by
a reparametrization (2.12a):

δe = −∂τ(θ e) = 1− e . (2.15)

Explicitly:

θ (τ) = −
1
e

�

(τ−τ0)−
∫ τ

τ0

dτ′e(τ′)

�

. (2.16)

Exercise 2.1.3

Check eq. (2.16).

The gauge fixed action is given by simply setting e = 1 in (2.7) and reads

Sgauge-fixed(X ) = S(X , e)
�

�

�

e=1
=

1
2

∫

dτ
�

Ẋ 2 −m2
�

. (2.17)

If we vary this action with respect to X we get

Ẍµ = 0 . (2.18)

This equation describes a generic geodesic motion in flat space-time but there is no informa-
tion at all about the mass-shell of the particle! In other words, if we consider the canonical
momentum

Pµ = Ẋµ , (2.19)

it seems we have lost the mass-shell P2 + m2 = 0. What has happened? The ‘sin’ we have
committed has been to fix e = 1 and then to forget the equation of motion for e. The missing
equation is given by (2.13a) with e→ 1:

Ẋ 2 +m2 = 0 ↔ P2 +m2 = 0 . (2.20)

Notice that this cannot be obtained anymore by varying the gauge-fixed action (2.17) but we
have to carry it as an additional constraint on the space of solutions to (2.18).

Now, armed with this understanding, we can quantize the theory. We follow canonical
quantization which means that we impose equal-time canonical commutation relations on the
space of solutions of (2.18). The generic solution to (2.18) is given by

Xµ(τ) = xµ + pµτ , (2.21a)

Pµ(τ) = Ẋµ = pµ . (2.21b)

In the quantum world the solutions X and P (not the generic configurations of X and P not
solving the X-eom!) become canonically conjugated operators with respect to the equal time
commutator4

[X̂µ(τ), P̂ν(τ)] = i(ħh)ηµν , (2.22)

4From now on we will set ħh= c = 1.
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which explicitly means
[ x̂µ, p̂ν] = iηµν . (2.23)

This is an Heisenberg algebra which is realized in a Hilbert space of momentum eigenstates:

p̂µ|0, p〉= pµ|0, p〉 , (2.24)

〈0, p|0, p′〉= δd(p− p′) . (2.25)

The generic state in this space is

|Ψ〉=
∫

dd pψ(p)|0, p〉 . (2.26)

The coefficient ψ(p) (or equivalently its Fourier transform ψ̃(x) =
∫

dpψ(p)eip·x) is a scalar
field in space-time, not subject to any equation of motion. Therefore the obtained Hilbert
space contains the most generic off-shell configurations for a scalar field in space time. The
requirement of physicality (mass-shell condition) comes from the missing equation of motion
of the ein-bein e. Classically the equation is simply p2+m2 = 0. In the quantum world we have
to impose that the operator p̂2+m2 vanishes when inserted between physical states |0, p〉(phys)

(phys)〈0, p′|(p̂2 +m2)|0, p〉(phys) = 0 (Physical state condition). (2.27)

Thus a state will be physical if and only if

�

p̂2 +m2
�

|phys〉= 0 . (2.28)

If we now use the Fourier transform to change basis to the position eigenvectors, we get

ψ(p) =

∫

dd x ψ̃(x)e−ip·x . (2.29)

Then the physical condition is translated to

(□−m2)ψ̃(x) = 0 , (2.30)

so we find that the wave function must satisfy the Klein-Gordon equation.

2.2 BRST quantization

The old covariant quantization we have gone through in the last section is perfectly fine for the
particle but, as we will see, it falls somehow short for the string in determining unambiguosly
the critical dimension and the correct physical spectrum. To see these two crucial things neatly
emerge, we need to consider the BRST quantization (or the related light-cone quantization).
In this preliminary section we are going to review the BRST formalism. This is the ‘correct’
method to quantize theories having gauge symmetries controlled by a Lie algebra structure.
As we will see this is sufficient for both the particle and the string.
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To describe the BRST quantization we consider a general action S[φi] for a set of fields
φi .

5 This action is equipped with a gauge symmetry (redundancy) given by the following fields
transformations:

δφi = ξ
aδaφi , (2.33)

where ξa are the gauge parameters associated to the algebra generators δa which we will
assume to satisfy the properties of a Lie algebra:

[δa,δb] = fab
cδc . (2.34)

We define the (Minkowskian) path integral

Z =

∫

Dφi

Vol(G)
eiS[φi] , (2.35)

which is naturally normalized by the volume of the gauge group. It is clear that this last quo-
tient is necessary to avoid the field overcounting due to the gauge redundancy. Indeed, if we
integrate over all the possible field configurations we will also consider the states that just
differ by a gauge transformation and therefore have identical action contribution. Given the
fact that the gauge equivalent states are infinite this produces a divergence in the path inte-
gral, proportional to the volume of the gauge group. However this divergence is not physical
because gauge equivalent states are physically equivalent and we must implement a gauge
fixing procedure to explicitly factorize and simplify away the group volume. The gauge fixing
can be implemented in the case of a Lie Group using the Faddeev-Popov method (FP).

Let us consider a gauge fixing condition FA(φi) = 0 6 that defines the gauge nonequivalent
states φ̂i | FA(φ̂i) = 0. By definition it is possible then to describe every other state in the
field space using the φ̂i gauge orbits, and in particular we can reparametrize the fields φi as
φi = φ̂

ξ
i with the condition that under infinitesimal gauge transformation the parametrization

behaves as φ̂ξi ∼ φ̂i + ξaδaφ̂i .
The first step to implement FP is to manipulate the trivial functional identity described as

a functional integral over the (functional) gauge group, namely
∫

Dξaδ(ξa) = 1 , (2.36)

using the well known property of the Dirac delta δ( f (x))| f ′(x0)| = δ(x − x0) (where x0 is a
simple zero of f (x)), and generalizing it to the functional integral

∫

Dξaδ(ξa) =

∫

Dξadet

�

δFA(φξi )

δξa

�

ξ=0

δ(FA(φξi )) = 1 . (2.37)

5In our notation the indices will be used to denote every parameter of the field φ, both continuous (like the
space-time coordinates) and discrete. The saturation of two indices must be interpreted as an integration in the
continuous case and as a summation in the discrete case:

φiϕ
i =

∑

i

φiϕi , (2.31)

φaϕ
a =

∫

daφ(a)ϕ(a) . (2.32)

As an example, in the free particle case φi = (X µ(τ), e(τ)) so that the i index represents τ, µ and also distinguishes
between X and e.

6Lowercase and uppercase Latin letters will be used to identify respectively the gauge group and the gauge
fixing functions indices.
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Using this resolution of the identity we can then rewrite 2.35 as

Z =

∫

Dφi

Vol(G)
eiS[φi]

∫

Dξadet

�

δFA(φξi )

δξa

�

ξ=0

δ(FA(φξi )) . (2.38)

We can use the gauge invariance of the action and of the measure to transform the field as
φi → φ

ξ
i in the action and in the measure so that we can then globally rename φξi → φi so

that the full integrand is ξ independent and we can then factorize the integral over ξa as

Z =

∫

Dξa

∫

Dφi

Vol(G)
eiS[φi] det

�

δFA(φξi )

δξa

�

ξ=0

δ(FA(φi)) . (2.39)

By definition Vol(G) =
∫

Dξa and the factorized integral simplifies away with the denominator,
leaving a normalized path integral with the integrand explicitly defined to constrain the fields
over the surface F(φi) = 0 which imposes the gauge fixing condition. The new two factors
in the path integral can be further manipulated and included in the exponential using the
following two properties:

• The Dirac delta can be rewritten in an exponential form by introducing a new bosonic
auxiliary field BA:

δ(FA(φi)) =

∫

DBA eiBAFA(φ) . (2.40)

• To find an exponential form for the determinant we can recall the properties of the
Berezin integral for Grassmann numbers. Given a square matrix Mαβ we have that

∫

d b1dc1 . . . d bmdcm e−bαMαβ cβ = detM . (2.41)

We recall that a Grassmann number θ is an anticommuting object obeying θ2 = 0. The
Berezin integral is thus defined to be

∫

dθ θ n = δ1,n , (2.42)

∫

dθ1dθ2 θ2θ1 = 1 . (2.43)

In the end we obtain the gauge fixed path integral

Z =

∫

DφiDBADbADca ei
�

S[φi]+BAFA+i bA
δFA
δξa ca

�

, (2.44)

where φi are the original physical fields, BA is an auxiliary bosonic field acting as a Lagrange
multiplier for the gauge fixing condition FA(φ) = 0 and ca, bA are new fermionic fields known
as Fadeev-Popov ghosts divided respectively in ghosts ca and anti-ghosts bA. The resulting
exponent

SFP[φi , BA, ca, bA] = S[φi] + BAFA+ i bA
δFA

δξa
ca , (2.45)

is the gauge fixed action of the theory. Assuming that the gauge fixing condition FA(φ) = 0
fixes the gauge completely, the path integral of this action will now integrate over physically
inequivalent configurations and it is therefore the one that we have to use to compute physical
quantities, for example correlation functions of gauge invariant operators.
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Since we have fixed the gauge we are not supposed to have anymore a gauge symmetry in
the FP action (2.45). But in fact we have now a new global and f ermionic symmetry which
is a remnant of the local gauge symmetry:

δBφi = caδaφ , (2.46a)

δBBA = 0 , (2.46b)

δB bA = iBA , (2.46c)

δBca =
1
2

f a
bcc

bcc . (2.46d)

δB generates the Becchi-Rouet-Stora-Tyutin (BRST) symmetry. We will explicitly check the
invariance of the action in a while, using an elegant quick method. But you may want to check
it directly by hand. Notice that δB relates a boson φ to the a fermion c and it is therefore a
f ermionic symmetry (in this sense it is quite similar to supers ymmet r y with the important
difference that the parameter is a fermion but not a spinor). Notice also that this set of trans-
formations don’t depend on the choice of gauge-fixing FA(φ) (whereas the FP action (2.45)
obvously does). Moreover this symmetry is nilpotent, namely it satisfies

δ2
B = 0 . (2.47)

To prove this we just need to prove that the action of δ2
B is zero on every field, in fact if we take

a generic functional of the fields F[ϕI], where ϕI represents a field in the set {φi , BA, bA, ca}
and |ϕi| its Grassmannality, we obtain

δ2
B F[ϕI] = δ

2
BϕI

δF
δϕI

+ (−1)|ϕI |+1δBϕIδBϕJ
δ2F

δϕJδϕI

=
1
2

�

(−1)|ϕI |+1δBϕIδBϕJ
δ2F

δϕJδϕI
+ (−1)|ϕJ |+1δBϕJδBϕI

δ2F
δϕIδϕJ

�

+δ2
BϕI

δF
δϕI

=
1
2

�

(−1)|ϕI |+1δBϕIδBϕJ
δ2F

δϕJδϕI
+ (−1)|ϕI |δBϕIδBϕJ

δ2F
δϕJδϕI

�

+δ2
BϕI

δF
δϕI

=⇒ δ2
B F[ϕI] = δ

2
BϕI

δF
δϕI

, (2.48)

and in the end δ2
B F[ϕI] = 0 ∀F ⇐⇒ δ2

BϕI = 0. The result of δ2
B on the fields can be proven

to be zero by direct evaluation:

δ2
BBA = δB0= 0 , (2.49)

δ2
B bA = iδBBA = 0 , (2.50)

δ2
Bφi = δB(c

aδaφi) = δBcaδaφi − caδB(δaφi) =
1
2

f a
bcc

bccδaφi − cacbδaδbφi

=
1
2

f a
bcc

bccδaφi −
1
2

�

cacbδaδbφi + cbcaδbδaφi

�

=
1
2

f a
bcc

bccδaφi −
1
2

cacb[δa,δb]φi =
1
2

f a
bcc

bccδaφi −
1
2

f c
abcacbδcφi

= 0 , (2.51)

δ2
Bca =

1
2

f a
bcδB(c

bcc) =
1
2

f a
bcδB(c

b)cc −
1
2

f a
bcc

bδB(c
c)

=
1
4

f a
bc f b

decd cecc −
1
4

f a
bc f c

decbcd ce =
1
4

f a
bc f b

decd cecc −
1
4

f a
cb f b

decccd ce

=
1
2

f a
bc f b

decccd ce =
1
6

f a
b[c f b

de]c
ccd ce

= 0 , (2.52)
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where the last term is zero due to the Jacobi identity. We can now prove that δB is an actual
symmetry of SF P . To do this we first observe that

δB(−i bAFA) = BAFA+ i bAδB FA = BAFA+ i bAδBφi
δFA

δφi

= BAFA+ i bAδaφi
δFA

δφi
ca = BAFA+ i bA

δFA

δξa
ca . (2.53)

This means that the total FP action differs from the initial gauge-invariant action by a δB-
variation. This is sufficient to establish the BRST invariance of the FP lagrangian

δBSF P = δB

�

S[φi] +δB(−i bAFA)
�

= δBS[φi] +δ
2
B(−i bAFA) = caδaS[φi] = 0 , (2.54)

which is zero because the original action is invariant under gauge transformation. Thanks to
the Noether theorem we know then that there exists a conserved fermionic charge QB, the
BRST charge.

In the quantum theory QB will be an operator which will realize the BRST transformations
on other fields/operators via a properly defined adjoint action

δBϕi = i[ϕi ,QB] = i(−1)|ϕ|+1[QB,ϕi] , (2.55)

where [A, B] = AB − (−1)|A||B|BA is the graded commutator and |A| is the grassmanality of A.
Since δ2

B = 0, QB will also be nilpotent7:

0= δ2
Bϕi = [QB, [QB,ϕi]]

=QB(QBϕi − (−1)|ϕi |ϕiQB)− (−1)|ϕi |+1(QBϕi − (−1)|ϕi |ϕiQB)QB

=Q2
Bϕi −ϕiQ

2
B = [Q

2
B,ϕi] ∀ϕi

=⇒ Q2
B = 0 . (2.56)

Since QB is a nilpotent linear operator, it defines a cohomological structure on the fields Hilbert
space H. In particular we can define exact states as |E〉 = QB |Ψ〉, which are automatically
inside the kernel of QB, and closed states which are in the kernel of QB, QB |C〉 = 0 without
necessarily being exact. Given the definition of exact states we can then define an equivalence
relation ∼ in KerQB as

|Ψ〉 ∼ |Ψ〉+QB |Φ〉 , |Ψ〉 ∈ KerQB , (2.57)

which means that two states are equivalent iff they differ by an exact state. The cohomology
of the operator QB is then defined as the quotient

H(QB) = KerQB/ImQB . (2.58)

The existence of the cohomology is the key point of the formalism. Indeed physical states in
the Hilbert space should be identified with the cohomology of QB, as we are now going to
argue. We start by the following consideration: an arbitrary amplitude between two physical
states |i〉= ϕi |0〉, | f 〉= ϕ f |0〉 can be evaluated using the path integral

〈 f |i〉=
∫

Dϕϕ f ϕi eiSGF , (2.59)

7Importantly assuming that there are no anomalies in the process of quantization!
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and it must be invariant under a change of gauge fixing FA→ FA+δFA. This means that

δGF 〈 f |i〉=
∫

Dϕϕ f ϕi ei(SGF+δB(−i bAδFA)) −
∫

Dϕϕ f ϕi eiSGF

=

∫

Dϕϕ f δB(bAδFA)ϕi e−SGF = 〈 f |δB(bAδFA)|i〉

= i〈 f |[bAδFA,QB]|i〉= 0 , (2.60)

and since it must be zero ∀δFA this imposes that QB |i〉 = 〈 f |QB = 0. This means that a state
is physical only if it is closed under the action of QB:

QB |phys〉= 0 . (2.61)

On the other end if we take a closed state that is also exact |E〉 = QB |Λ〉 and we evaluate its
amplitude with a physical state |φ〉, we obtain

〈E|φ〉= 〈Λ|QB |φ〉= 0 , because QB |φ〉= 0 , (2.62)

which means that it is impossible to transit between an exact state and a physical state. This
allow us to conclude that the physical states are identified with the cohomology of QB.

2.3 BRST quantization of the free particle

We can now apply the BRST formalism to the free particle case considering the classical action

S[Xµ, e] =
1
2

∫

dτ

�

Ẋ 2

e
−m2e

�

. (2.63)

The gauge symmetry is represented by the reparametrization invariance τ→ τ+θ (τ), namely
the group of one dimensional diffeomorphisms. The infinitesimal gauge transformations are

δXµ = −θ (τ)∂τXµ , (2.64)

δe = −∂τ (eθ (τ)) . (2.65)

The compact notation we used in the previous section should then be understood as

φi → {Xµ(τ), e(τ)} , (2.66)

ξa→ θ (τ′) . (2.67)

With this understanding we have8

ξaδaXµ(τ)→
∫

dτ′ θ (τ′)δτ′X
µ(τ) = −θ (τ)∂τXµ(τ)

=⇒ δτ′Xµ(τ) = −δ(τ−τ′)∂τXµ(τ) , (2.68)

8The derivative of the Dirac δ is functionally defined by its integral action on a function. In particular:
∫

d x ∂xδ(x − x0) f (x) = lim
h→0

∫

d x
δ(x + h− x0)−δ(x − x0)

h
f (x) = lim

h→0

f (x0 − h)− f (x0)
h

= − f ′(x0) ,

∫

d x ∂x0
δ(x − x0) f (x) = lim

h→0

∫

d x
δ(x − h− x0)−δ(x − x0)

h
f (x) = lim

h→0

f (x0 + h)− f (x0)
h

= f ′(x0) .

In the text we denote δ′(x)≡ ∂xδ(x) which obeys δ′(−x) = −δ′(x).
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ξaδae(τ)→
∫

dτ′ θ (τ′)δτ′e(τ) = −
d(θ e)

dτ
(τ)

=⇒ δτ′e(τ) = δ′(τ′ −τ)e(τ′) , (2.69)

so that we have defined the infinitesimal generators of the group. Now we need to find the
values of the structure constants f a

bc , that can be derived evaluating the action of the com-
mutator [δτ1

,δτ2
] on Xµ(τ):

[δτ1
,δτ2
]Xµ(τ) = [δ(τ−τ1)∂τδ(τ−τ2)−δ(τ−τ2)∂τδ(τ−τ1)]∂τXµ(τ) (2.70)

=

∫

dτ3 f τ3
τ1τ2

δτ3
Xµ(τ) ,

=⇒ f τ3
τ1τ2
= δ(τ3 −τ1)δ

′(τ3 −τ2)−δ(τ3 −τ2)δ
′(τ3 −τ1) . (2.71)

Exercise 2.3.1

Obtain the same structure constants by computing [δτ1
,δτ2
]e(τ) and, in doing this,

realize that we can equivalently write

f τ3
τ1τ2
= δ′(τ1 −τ2) (δ(τ1 −τ3) +δ(τ2 −τ3)) . (2.72)

Now we can write down the BRST transformations from the general relations (2.46a),
(2.46b), (2.46c) and (2.46d):

δBXµ = [caδaXµ] =

∫

dτ1 c(τ1)δτ1
Xµ(τ) = −cẊµ , (2.73a)

δBe = [caδae] =

∫

dτ1 c(τ1)δτ1
e(τ) = −

d(ce)
dτ

, (2.73b)

δB b = iB , (2.73c)

δBc =
�

1
2

f a
bcc

bcc
�

=
1
2

∫

dτ1dτ2 f ττ1τ2
c(τ1)c(τ2)

=
1
2

∫

dτ1dτ2

�

δ(τ−τ1)δ
′(τ−τ2)−δ(τ−τ2)δ

′(τ−τ1)
�

c(τ1)c(τ2)

=
1
2
[−cċ + ċc] = −cċ , (2.73d)

which is nilpotent.

Exercise 2.3.2

Check the explicit form of these transformations and check that they are indeed nilpo-
tent. In doing this pay attention to the fact that δ′(x − y) = 1

2(∂x − ∂y)δ(x − y).
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Given the gauge fixing condition F(τ) = e(τ)− 1 = 0→ e = 1 we can then evaluate the
gauge fixed action from the general result (2.45):

SGF = S[Xµ, e] + BAFA+ i bAδaFAca

= S[Xµ, e] +

∫

dτB(τ) (e(τ)− 1) + i

∫

dτ b(τ)caδa (e(τ)− 1)

=

∫

dτ

�

1
2

�

Ẋ 2

e
− em2

�

+ B(e− 1)− i b
d(ce)
dτ

�

=

∫

dτ

�

1
2

�

Ẋ 2

e
− em2

�

+ B(e− 1) + i ḃce

�

. (2.74)

The gauge fixed path integral is then immediately obtained using SGF :

Z =

∫

DXµDeDBDbDc e
i
∫

dτ
h

1
2

�

Ẋ2
e −em2

�

+B(e−1)+i ḃce
i

=

∫

DXµDeDbDc e
i
∫

dτ
h

1
2

�

Ẋ2
e −em2

�

+i ḃce
i

δ(e− 1)

=

∫

DXµDbDc ei
∫

dτ[ 1
2(Ẋ 2−m2)+i ḃc] , (2.75)

where we have integrated out the fields e and B, obtaining the reduced BRST action

SR[X , b, c] =

∫

dτ
�

1
2

�

Ẋ 2 −m2
�

+ i ḃc
�

, (2.76)

where e is fixed to 1 while B is determined using the equation of motion of e:

δSGF

δe

�

�

�

�

e=1
=

�

B + i ḃc −
1
2

�

Ẋ 2

e2
+m2

��

e=1

= B + i ḃc −
1
2

�

Ẋ 2 +m2
�

= 0

=⇒ B =
1
2

�

Ẋ 2 +m2
�

− i ḃc . (2.77)

It is important to notice that the reduced action still contains a residual BRST symmetry given
by

δBXµ = −cẊµ , (2.78a)

δBc = −cċ , (2.78b)

δB b = −iB = i
�

1
2

�

Ẋ 2 +m2
�

− i ḃc
�

, (2.78c)

which is also nilpotent. However since we have used the e and B-eoms, this transformation
leaves the action invariant and is nilpotent only when all the remaining eoms are imposed:

δS
δb
= ċ = 0 =⇒ c(τ) = c0 , (2.79a)

δS
δc
= ḃ = 0 =⇒ b(τ) = b0 , (2.79b)

δS
δXµ

= Ẍµ = 0 =⇒ Xµ(τ) = xµ + pµτ . (2.79c)
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Exercise 2.3.3

1) Check that the reduced BRST transformations leaves the action (2.76) invariant,
using the eoms.
2) Check that the reduced BRST transformations are nilpotent, using the eoms.

To have a nilpotent BRST symmetry only realized when the fields are on-shell is not a
problem for us because, to quantize the theory, we work on the space of solutions. We thus
proceed to canonical quantization of the reduced BRST action (2.76).

To do so we evaluate the conjugate momenta

Pµ(τ) =
∂L
∂ Ẋµ

= Ẋµ = pµ , (2.80a)

Pc(τ) =
∂L
∂ ċ
= −i b = −i b0 , (2.80b)

Pb(τ) =
∂L
∂ ḃ
= −ic = −ic0 , (2.80c)

that are realized on the Hilbert space H as the usual self-adjoint operators satisfying the canon-
ical commutation relations

[Xµ(τ), Pν(τ)] = [x
µ, pν] = iδµν , (2.81a)

[c, b] = [c0, b0] = 1 , (2.81b)

with

x† = x , P† = P , c†
0 = c0 , b†

0 = b0 . (2.82)

Notice that canonical commutation relations for the fermionic fields (b, c) do not contain the
i, because the anti-commutator of hermitian objects is already hermitian (the same happens
when quantizing the Dirac lagrangian). Since ghost and matter fields obviously commute, the
Hilbert space can be decomposed in the tensor product of two disjoint spaces H = HMatter ⊗
HGhosts =HM ⊗HG that can be studied separately.

• HM = Span{|0, p〉}, which is the matter Hilbert space of the old covariant quantization
which we have already studied.

• HG which is spanned by acting b0 and c0 operators on a vacuum |↓〉, which is defined
by b0 |↓〉 = 0. We can define the state |↑〉 ≡ c0 |↓〉. Because of the nilpotency of c0 we
also get

c0 |↑〉= c2
0 |↓〉= 0 , (2.83)

and we see that the vectors {|↓〉 , |↑〉} are the only possible linearly independent states
in HG . This means that the ghost sector of the Hilbert space is two-dimensional and
spanned by |↓〉 , |↑〉, HG = Span{|↓〉 , |↑〉}. These states satisfy the orthonormality condi-
tions

〈↑|↑〉= 〈↓|↓〉= 0 , 〈↓|↑〉= 〈↑|↓〉= 1 . (2.84)

In particular the only non-vanishing inner product is given by

〈↓ |c0| ↓〉= 〈↑ |b0| ↑〉= 1 . (2.85)

In the end we obtain that the entire Hilbert space can be spanned by the set of vectors {|0, p〉⊗
|↓〉 , |0, p〉 ⊗ |↑〉}= {|↓, p〉 , |↑, p〉}.
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We must now understand what are the on-shell states of the theory by studying the co-
homology of the the BRST charge QB. The form of QB can be obtained through the Noether
theorem as the conserved charge associated with the global BRST symmetry, and it results to
be QB =

1
2 c0(p2 +m2), satisfying the following commutation relations:9

[QB, c0] = [QB, pµ] = 0 , [QB, b0] =
1
2
(p2 +m2) . (2.86)

The physical states must be in the cohomology of QB so that at first we must impose

0= 2QB |↓, p〉= (p2 +m2) |↑, p〉 → p2 +m2 = 0 , (2.87)

0= 2QB |↑, p〉= c2
0(p

2 +m2) |↓, p〉 → identically zero. (2.88)

Therefore the kernel of QB can be written as

KerQB = Span {|↑, p〉} ∪ Span
§

|↓, p〉
�

�

�

p2+m2=0

ª

. (2.89)

At the same time it is important to exclude all the exact states in the kernel of Q to isolate
the cohomology. To do so it is more practical to define #c and #b as the ghost and anti-ghost
number operators which respectively count the number of c and b present in each state. The
total ghost number will then be defined as #= #c −#b = c0 b0 that acts on the states giving

# |↓, p〉= 0 , # |↑, p〉= 1 . (2.90)

It is obvious then that if there exists a state |Λ〉 | |↓, p〉=QB |Λ〉 its ghost number must be

# |↓, p〉= # (QB |Λ〉) = #QB +# |Λ〉 → 0= 1+# |Λ〉 → # |Λ〉= −1 , (2.91)

but in the free particle Hilbert space there is not such state with negative ghost number, because
the vacuum state is annihilated by the anti-ghost b0. It turns out then that all the closed states
at ghost number zero |↓, p〉 are inside the cohomology of Q. On the contrary we known that

2Q |↓, p〉= (p2 +m2) |↑, p〉 , (2.92)

where (p2 +m2) is a c-number that, if non-zero, can be inverted, thus allowing us to find the
trivializing vector of |↑, p〉:

|↑, p〉=Q
2

p2 +m2
|↓, p〉 , (p2 +m2 ̸= 0) . (2.93)

It turns out in the end that all the |↑, p〉 states are not-exact if and only if p2+m2 = 0 and the
total cohomology of the BRST charge is given by

H(QB) = {|↓, p〉 ⊕ |↑, p〉}p2+m2=0 . (2.94)

If we then consider the most generic field at ghost number zero, namely

|ψ〉=
∫

dDpψ(p) |↓, p〉 , (2.95)

the physicality condition is equivalent to

Q |ψ〉= 0 → (p2 +m2)ψ(p) = 0 . (2.96)

9One can easily check that, on the equations of motion, we have δBφ = i[φ,QB], for φ = (X µ, c, b).
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This is the same result we found using the old covariant quantization, where we have already
observed that if we change ψ(p) to position space, using the Fourier transform, we get that
the “wave function” in position space satisfies the Klein-Gordon equation

(□−m2)ψ̃(x) = 0 . (2.97)

We can ask what is the role of the states at ghost number 1 (build on |↑〉), where the coho-
mology of Q is isomorphic to the one at ghost number 0 (build on |↓〉). The role of this sector
is to provide the full Hilbert space (and hence the cohomology) with a non-degenerate inner
product, since ghost number zero states would have identically vanishing inner product with
themselves because of (2.84).

Having a non-degenerate inner product is very important: a consequence of this is that the
equation Q |ψ〉 = 0 can be obtained as a proper equation of motion by extremizing an action
principle of the form

S[ψ] =
1
2
〈ψ|Q |ψ〉 , (2.98)

which is in this case equivalent to

S[ψ] =
1
2

∫

dd p1dd p2 〈↓, p1|Q |↓, p2〉ψ†(p1)ψ(p2)

=
1
2

∫

dd p1dd p2ψ
†(p1) 〈↓, p1|↑, p2〉 (p2

2 +m2)ψ(p2)

=
1
2

∫

dd pψ†(p)(p2 +m2)ψ(p)

=
1
2

∫

dd xψ†(x)(−□+m2)ψ(x) . (2.99)

Notice indeed that this is a genuine space-time action for a (complex) scalar field! This closes
our long journey which started from the 1-dimensional field theory of the world-line and,
through its BRST quantization, finally lead us to the desired Klein-Gordon action in space-
time. A similar construction is available for the string and goes under the name of String Field
Theory.

2.3.1 Practical tools for building the BRST charge

The construction of the BRST charge for the free particle has been quite long but we can notice
that, at the end of the day, it boiled down to the simple structure

QB ∼ c · (constraint) = c0(p
2 +m2) , (2.100)

where the constraint is p2 +m2 = 0, which is the missing equation of motion for the einbein
e(τ). In fact this structure is more general and it easily generalizes to systems with multiple
(compatible) constraints. As we will see, the string falls nicely inside this scheme.

Let us suppose to have a theory equipped with a series of constraints Fi , expressed as
operators satisfying a Lie Algebra

�

F j ,Fk

�

= γi
jkFi . (2.101)

It turns out that there exists a canonical way to construct the BRST charge directly using the
Lie algebra generators Fi . As a starting point, to every constraint F j we will associate a pair
of ghosts and anti-ghosts c j and b j . The ghosts will obey

[bi , c j] = δ j
i . (2.102)
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Together with the structure constants γi
jk we can then define new Lie algebra generators acting

on the ghost sector as
F̃i = −γi j

kc j bk , (2.103)

which satisfy the following properties:

[F̃i , c l] = −γi j
k[c j bk, c l] = −γi j

kc j[bk, c l] = −γi j
kc jδl

k = −γi j
l c j , (2.104)

[F̃i , bl] = −γi j
k[c j bk, bl] = γil

k bk . (2.105)

Using these two relations we can also prove that F̃i satisfy the same Lie algebra of Fi , namely

[F̃i , F̃ j] = γi j
kF̃k . (2.106)

This can be proven by direct evaluation:

[F̃i , F̃ j] = [F̃i ,−γ jk
l ck bl] = −γ jk

l
�

[F̃i , ck]bl + ck[F̃i , bl]
�

= −γ jk
l
�

−γim
kcm bl + γil

mck bm

�

= γ jk
lγim

kcm bl − γ jk
lγil

mck bm

=
�

γ jk
lγim

k − γ jk
lγ jm

k
�

cm bl

= −γi j
kγkm

l cm bl = γi j
kF̃k , (2.107)

where in the last steps we have used the fact that the structure constants satisfy the Jacobi
identity:

γ jk
lγk

im + γik
lγk

mj + γmk
lγk

ji = 0 . (2.108)

Using the definitions of Fi and F̃i we can finally identify the BRST charge:

Q = c iFi +
1
2

c iF̃i = c iFi −
1
2
γi j

kc ic j bk . (2.109)

If we apply this expression to the ghost fields we obtain

[Q, c l] =
1
2

c i[F̃i , c l] = −
1
2
γi j

l c ic j , (2.110)

[Q, bl] = Fi[c
i , bl] +

1
2

c i[F̃i , bl] +
1
2
[c i , bl]F̃i

= Fl +
1
2
γl i

kc i bk +
1
2
F̃l = Fl + F̃l = F tot

l . (2.111)

Moreover Q is nilpotent:

Q2 =
1
2
[Q,Q] =

1
2

�

c iFi +
1
2

cnF̃n, c jF j +
1
2

cmF̃m

�

=
1
2
[c iFi , c jF j] +

1
4
[c iFi , cmF̃m] +

1
4
[cnF̃n, c jF j] +

1
8
[cnF̃n, cmF̃m]

=
1
2

c ic j[Fi ,F j] +
1
2

cn[F̃n, c i]Fi +
1
8

cncm[F̃n, F̃m]

+
1
8

cn[F̃n, cm]F̃m +
1
8

cm[cn, F̃m]F̃n

=
1
2

c ic jγi j
kFk −

1
2

cnγn j
ic jFi +

1
8

cncmγnm
kF̃k

=
1
8
γnm

kγki
jcncmc i b j = −

1
8
γ[nm

kγi]k
jcncmc i b j = 0 , (2.112)
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where in the last step we have used the Grassmanality of the ghost fields to reconstruct the
Jacobi identity.

In the following we will use this construction to directly obtain the BRST charge of string
theory.

As a final remark, you may be curious to know whether there is some relation between the
(infinite dimensional) structure constants of the gauge group we introduced in (2.34) and the
structure constants of the constraints (2.101). In fact, it turns out that in general the gauge
fixing procedure which gives rise to the BRST charge leaves some unfixed gauge symmetry. In
the case of the particle, for example, these unfixed transformations were constant translations
in τ (as can be readily seen from the gauge fixed matter action (2.17)) which are generated by
the Hamiltonian H = p2+m2. This unfixed generator is then treated as a constraint. This turns
out to be general: the constraints that enter in the BRST charge correspond to the generators
of the gauge transformations which are not fixed by the gauge fixing condition. We will find
this understanding very useful for the string.
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3 Free relativistic string

3.1 Classical string

Let us start by considering a one-dimensional object, namely a string. It can be either open
(parametrized by σ ∈ [0,π]) or closed (parametrized by σ ∈ [0,2π]).
As it moves through the target space (i.e. the spacetime), a string spans a two-dimensional
surface, called worldsheet (WS), that is an open sheet or a closed tube depending on the string
being open or closed (see fig. 3.2).
The worldsheet is described by the embedding coordinates Xµ(τ,σ), where τ is parametrized
time and σ is a parametrization of the string itself

Xµ : (τ,σ) −→ Xµ(τ,σ) ∈ R1,D−1 . (3.1)

Here µ is a Lorentz spacetime index µ = 0, 1, . . . , D − 1 (where D is the dimension of the
Minkowskian target space). Therefore there are D Xµ embedding maps, which will be inter-
preted as D scalar fields in the two dimensions spanned by (τ,σ).

Notice that, in the case of a closed string, the embedding maps have the periodicity condi-
tion Xµ(τ,σ+ 2π) = Xµ(τ,σ).

3.1.1 Nambu-Goto and Polyakov actions

The dynamics of a string can be described by the Nambu-Goto action:

SNG[X ] = −T

∫

WS

dA , (3.2)

where T is the string tension and dA is the volume form on the worldsheet. The string’s tension
T is canonically written as

T =
1

2πα′
, (3.3)

where [α′] = L2 gives the string scale.
Let us now write {τ,σ} = σα (with α = 0,1) and let us denote with Gαβ the induced

metric on the worldsheet (where α,β are worldsheet indices):

Gαβ = ηµν
∂ Xµ

∂ σα
∂ X ν

∂ σβ
=

�

Gττ Gτσ
Gστ Gσσ

�

, (3.4)

G = det
�

Gαβ
�

= GττGσσ − (Gτσ)
2 . (3.5)

σ = 0

σ = πσ

(a) Open string.

σ ∈ [0,2π]

σ

(b) Closed string.

Figure 3.1: Parametrized open and closed strings.
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σ

τ

(a) Open string worldsheet.

σ
τ

(b) Closed string worldsheet.

Figure 3.2: Worldsheet of open and closed strings.

This allows to explicitly write the volume form as

dA=
p
−G d2σ . (3.6)

The Nambu-Goto action can then be rewritten as

SNG[X ] = −T

∫

WS

d2σ
p
−G = −T

∫

WS

d2σ

r

−Ẋ 2 (X ′)2 +
�

Ẋ · X ′
�2

, (3.7)

where we used the convention

· ≡
∂

∂ τ
, ′ ≡

∂

∂ σ
. (3.8)

As prescribed by the principle of least action, a classical solution of the EOM is a minimal area
surface, the higher dimensional generalization of a geodesic. Moreover, SNG is invariant under
reparametrization of σ. Just as with the particle, this action is not the best starting point for
quantization.

To ease the process of quantization, we can write a classically equivalent action which ex-
plicitly contains a d ynamical metric tensor in 2 dimensions hαβ(τ,σ). This gives the Polyakov
action10

SP[X , h] = −
1

4πα′

∫

WS

d2σ
p

−hhαβ∂αXµ∂βX νηµν , (3.9)

where h= det
�

hαβ
�

.

3.1.2 Equations of motion

Let us first variate SP with respect to h:

δhSP = −
1

4πα′

∫

WS

d2σ
�

δh

�p

−h
�

hαβ∂αXµ∂βX νηµν +
p

−hδh

�

hαβ
�

∂αXµ∂βX νηµν
�

= −
1

4πα′

∫

WS

d2σ
p

−hδhhαβ
�

−
1
2

hαβ∂γX
µ∂ γXµ + ∂αXµ∂βXµ

�

=
1

4π

∫

WS

d2σ
p

−hδhhαβTαβ , (3.10)

10This action was originally written down independently by Deser-Zumino and by Brink-Di Vecchia, but it was
used as a path integral by Polyakov.
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where we used

hαβhαβ = 2 , (3.11)

δh

�

hαβhαβ
�

= 0= δh

�

hαβ
�

hαβ + hαβδh

�

hαβ
�

=⇒ δh

�

hαβ
�

hαβ = −hαβδh

�

hαβ
�

, (3.12)

δhh= δh(det
�

hαβ
�

) = δh

�

eTr{log(hαβ)}
�

= det
�

hαβ
�

Tr
�

δh(log
�

hαβ
�

)
	

= det
�

hαβ
�

Tr

¨

δh(hαβ)

det
�

hαβ
�

«

= hhαβδh(hαβ)

= −hhαβδh(h
αβ) , (3.13)

and where we defined the stress-energy tensor Tαβ as

α′Tαβ =
1
2

hαβ∂γX
µ∂ γXµ − ∂αXµ∂βXµ

=
1
2

hαβhγδGγδ − Gαβ . (3.14)

Therefore, if we ask for δhSP = 0, we find the h-EOM

Tαβ = 0 . (3.15)

This equation implies that

Gαβ =
�

1
2

hγδGγδ

�

hαβ , (3.16)

meaning that the induced metric Gαβ is proportional to the free metric hαβ through the scale
parameter 1

2hγδGγδ. Using the h-EOM (3.15) we then get

hαβ =
�

1
2

hγδGγδ

�−1

Gαβ

=⇒ h=
�

1
2

hγδGγδ

�−2

det
�

Gαβ
�

=
�

1
2

hγδGγδ

�−2

G

=⇒
p

−h=
�

1
2

hαβGαβ

�−1p
−G . (3.17)

Therefore, thanks to h-EOM (3.15), we can see that Polyakov and Nambu-Goto actions are the
same:

SP = −
1

4πα′

∫

WS

d2σ
p
−G

�

1
2

hγδGγδ

�−1

hαβGαβ

= −
1

2πα′

∫

WS

d2σ
p
−G

= SNG . (3.18)

Moreover, recalling the definition (3.14), we can see that

α′Tαα = −(∂ X · ∂ X ) +
1
2

hαα(∂ X · ∂ X )

= −(∂ X · ∂ X ) +
1
2

2(∂ X · ∂ X ) = 0 . (3.19)
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WS σ

τ

nβ

tβ
∂ (WS)

Figure 3.3: The normal and the tangent vector with respect to the boundary ∂ (WS)
of the open string worldsheet.

Therefore, thanks to the fact that we are in two dimensions, we find that the stress-energy
tensor is traceless:

Tαα = 0 . (3.20)

Let us now vary SP with respect to X :

δX SP = −
1

2πα′

∫

WS

d2σ
p

−h hαβ∂αδX Xµ∂βXµ

IBP
=

1
2πα′

∫

WS

d2σ
�

δX Xµ∂α
�p

−h hαβ∂βXµ
�

− ∂α
�p

−h hαβδX Xµ∂βXµ
��

, (3.21)

where in the last step we performed an integration by parts (IBP).
If we then ask for δX SP = 0, the resulting X -EOMs are

¨

∂α
�p
−hhαβ∂βXµ

�

= 0 ,
�p
−hhαβδX Xµ∂βXµ

�

∂ (WS) = 0 ,
(3.22)

where ∂ (WS) is the worldsheet boundary, which is only present in the case of open strings.
We shall now briefly focus on open strings. Since

∫

WS

d2σ =

∫ π

0

dσ

∫ +∞

−∞
dτ , (3.23)

we can write the boundary term (3.22) as

∫ +∞

−∞
dτ

∫ π

0

dσ∂σ
�

δXµ
p

−hhσβ∂βXµ
�

=

∫ +∞

−∞
dτ
p

−h hσβ
�

δXµ∂βXµ
�σ=π

σ=0
= 0 , (3.24)

where hσβ is a vector, being σ a fixed index.
Let us call n the vector normal to ∂ (WS) and t the vector tangent to ∂ (WS) (see fig. 3.3)

nβ = hσβ , (3.25)

tβ = hτβ , (3.26)

tβnβ = δστ = 0 . (3.27)
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Then we end up with the following X -EOMs

(

∂α
�p
−hhαβ∂βXµ

�

= 0 (WS bulk eq.),

δXµ
�

nα∂αXµ
�

�

�

�

∂ (WS)
= 0 (WS boundary eq.),

(3.28)

where the worldsheet boundary equation is for open strings only.

3.1.3 Internal symmetries

The Polyakov action SP[h, X ] is invariant under the following local transformations:

• diffeomorphisms, namely reparametrizations of the type σ′ = σ′(σ) acting as follows:

¨

X ′(σ′) = X (σ) ,
∂ σ′γ

∂ σα
∂ σ′δ

∂ σβ
h′
γδ
(σ′) = hαβ(σ) .

(3.29)

• Weyl symmetries, namely metric rescalings that do not affect the X field:

h′αβ(σ) = e2ω(σ)hαβ(σ) . (3.30)

The diff-symmetry is obvious from general covariance. Let us instead check the Weyl symmetry.
We have that

(hαβ)′ = e−2ω(σ)hαβ(σ) , (3.31)

h′ = det
�

h′αβ
�

= e4ω(σ)h =⇒
p

−h′ = e2ω(σ)
p

−h , (3.32)

and hence
p

−h′h
′αβ =

p

−hhαβ . (3.33)

Therefore we found that, being
p
−hhαβ Weyl invariant, such a transformation is a symmetry

for SP, as claimed before.
Moreover, if we write

h′αβ = e2ωhαβ = (1+ 2ω+O(ω2))hαβ , (3.34)

we can express the infinitesimal Weyl transformation as

δωhαβ = 2ωhαβ , (3.35)

and then we can write

δωSP∝
∫

WS

d2σ
p

−hδωhαβTαβ = 0

=⇒ hαβTαβ = Tαα = 0 . (3.36)

The energy-momentum tensor is traceless as a consequence of Weyl invariance.
Besides the above gauge symmetries there is also a global Poincaré symmetry in D dimen-

sions
¨

X
′µ = Λµ νX ν + aν ,

h′
αβ
= hαβ .

(3.37)
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3.2 Old covariant quantization

We now want to quantize the free relativistic string. To do this we have to gauge fix the
Weyl+Diff gauge redundancy we have just described. This can be done by introducing the
convenient conformal gauge fixing, corresponding to the choice of a fiducial metric

ĥαβ = e−φηαβ , (3.38)

ĥαβ = eφηαβ , (3.39)

where φ = φ(σ) is a worldsheet dependent scale factor. In this gauge we have that
Æ

−ĥ= e−φ
p

−η= e−φ , (3.40)

and therefore
ĥαβ

Æ

−ĥ= ηαβ . (3.41)

Notice that φ decouples11 from the object ĥαβ
p

−ĥ. Therefore the gauge fixed action is

S[ĥ, X̂ ] = −
1

4πα′

∫

WS

d2σηαβ∂αXµ∂βXµ . (3.42)

It is now convenient to change to the lightcone coordinates

σ± = τ±σ . (3.43)

They allow us to write the integration measure as

d2σ =
1
2

dσ+dσ− , (3.44)

and

τ=
σ+ +σ−

2
, σ =

σ+ −σ−

2
. (3.45)

We can thus write

η++ = η−− = 0 , η++ = η−− = 0 , (3.46a)

η+− = η−+ = −
1
2

, η+− = η−+ = −2 , (3.46b)

namely

η=

�

0 −1
2

−1
2 0

�

, η−1 =

�

0 −2
−2 0

�

. (3.47)

Using these coordinates, the action reads

S =
1

2πα′

∫

WS

dσ+dσ− ∂+Xµ∂−Xµ . (3.48)

We may now pause for a moment and observe that, even after the gauge fixing, this action
exibits a residual gauge freedom under conformal diffeomorphisms, defined as

σ
′+ = f (σ+) = f + , (3.49a)

σ
′− = g(σ−) = g− . (3.49b)

11At the quantum level it can be shown that this holds only for D = 26.
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Under such a transformation, the metric tensor is changed by a scale factor:

−dσ
′−dσ

′+ = − (∂+ f+∂−g−) d f +d g− . (3.50)

Therefore the metric can be recast to its original form using a Weyl transformation. This
residual gauge symmetry os called conformal invariance and it will be central in the following
developments.

The X -EOMs in the conformal gauge read

(

∂+∂−Xµ(σ+,σ−) = 0 (WS bulk eq.),

δXµ∂σXµ
�

�

�

σ=0,π
= 0 (WS boundary eq.).

(3.51)

At the same time it is important to consider the energy momentum tensor (which is set to zero
by the missing equation of motion for the metric, which is no more obtainable by varying the
gauge-fixed action).

Using the convention

Tαβ =
4π
p
−h

δS
δhαβ

=
1

2α′
hαβ∂γX

µ∂ γXµ −
1
α′
∂αXµ∂βXµ , (3.52)

we have

T++ = −
1
α′

�

∂+Xµ∂+Xµ
�

, (3.53a)

T−− = −
1
α′

�

∂−Xµ∂−Xµ
�

, (3.53b)

α′T+− = α
′T−+ = −∂+Xµ∂−Xµ +

1
2

2 (∂+Xµ∂−Xµ) = 0 . (3.53c)

Notice that that (upon use of the X -eoms) the energy momentum tensor is conserved:

∂ αTαβ = 0 ⇐⇒

¨

∂+T−− = 0 ,

∂−T++ = 0 .
(3.54)

This implies that
¨

T++ = T++(σ+) ,
T−− = T−−(σ−) .

(3.55)

We are now ready to quantize the string in the “old” manner, namely through old covariant
quantization (OCQ).

3.2.1 OCQ for the closed string

3.2.1.1 Classical solution

Let us focus first on the closed string case. The EOM will be the bulk equation

∂+∂−Xµ(σ+,σ−) = 0 . (3.56)

This is a wave equation in two dimensions, whose generic solution is

Xµ(σ+,σ−) = XµL (σ
+) + XµR (σ

−) , (3.57)
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where XµL is the left-moving wave, while XµR is the right-moving one.
Recalling that the solution has to be periodic in σ → σ + 2π (namely

Xµ(τ,σ+ 2π) = Xµ(τ,σ)) we can write it as

XµL (σ
+) =

1
2

�

Xµ0 + cµ
�

+
α′

2
Pµσ+ + i

√

√α′

2

∑

n̸=0

α
µ
n

n
e−inσ+ , (3.58a)

XµR (σ
−) =

1
2

�

Xµ0 − cµ
�

+
α′

2
Pµσ− + i

√

√α′

2

∑

n̸=0

α̃
µ
n

n
e−inσ− , (3.58b)

where cµ is a zero-mode freedom which disappears in the sum X L + XR to which we are ulti-
mately interested.

Hence the generic solution reads as follows:

Xµ(σ+,σ−) = Xµ0 +α
′Pµτ+ i

√

√α′

2

∑

n̸=0

1
n

�

αµn e−inσ+ + α̃µn e−inσ−
�

. (3.59)

This is the classical closed string solution. It resembles what we already found for the free
particle12 (2.21a), being α′Pµτ the term containing the information on the center of mass
(as we will see shortly, Pµ is indeed the momentum of the center of mass). Moreover, the

string solution has the additional term i
q

α′

2

∑

n ̸=0
1
n

�

α
µ
n e−inσ+ + α̃µn e−inσ−

�

, which describes
the internal oscillatory dynamics of the string. The i is needed in order to implement the Xµ

reality condition:

Xµ = (Xµ)∗ ⇐⇒
(∼)
α −n = (

(∼)
α n)

∗ . (3.60)

Let us now evaluate the momentum density

Pµ(τ,σ) =
∂L
∂ Ẋµ

=
1

2πα′
Ẋµ

=
Pµ

2π
+

1

2π
p

2α′

∑

n̸=0

�

αµn e−in(τ+σ) + α̃µn e−in(τ−σ)� , (3.61)

where we used the X -EOM. If we integrate this density over the string extension

∫ 2π

0

dσPµ = Pµ , (3.62)

we see that indeed Pµ is the momentum of the center of mass.

3.2.1.2 Quantization

In canonical quantization we now have to impose the equal time commutation relation

�

Xµ(τ,σ),Pν(τ,σ′)
�

= iηµνδ(σ−σ′) , (3.63)

12Here, for the string, we take the worldsheet time τ to be a-dimensional, while for the particle we were implicitly
assuming that τ had dimensions of (space-time) time2.
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on the solutions (3.59), (3.61). At the level of oscillators this means

�

αµn ,ανm
�

=
�

α̃µn , α̃νm
�

= nηµνδn+m, 0 ,
�

αµn , α̃νm
�

= 0 ,
�

Xµ0 , Pν
�

= iηµν .

(3.64a)

(3.64b)

(3.64c)

Exercise 3.2.1

Prove this statement, using the formula δ(σ) =
∑

n∈Z
einσ

2π .

If we define

aµn =
1
p

n
αµn , for n> 0 , (3.65)

aµ†
n =

1
p

n
α
µ
−n , for n> 0 , (3.66)

we then have
�

aµn , aν†
m

�

= ηµνδm, n . (3.67)

These are therefore infinitely many harmonic oscillators. The vacuum is defined as

αn |0〉= 0 , 〈0|α−n = 0 , ∀n> 0 , (3.68)

with the reality condition
�

αµn
�†
= αµ−n . (3.69)

Taking into account also the center-of-mass Heisenberg algebra
�

Xµ0 , Pν
�

= iηµν, the Hilbert
space will thus be generated by the vacuum at definite momentum |0, P〉, on which oscillators
act. The generic basis element will thus be

α
µ1
−n1

. . .αµk
−nk
α̃
ν1
−m1

. . . α̃νk
−mk
|0, P〉 . (3.70)

Thanks to the oscillators, such a state can be in any (possibly reducible) Lorentz representation
({µ1, . . . ,µk}{ν1, . . . ,νk}) of integer spin. The momentum is also not constrained in any way.
This is the most general off-shell state we can write down. Next, to find the physical states,
we have to impose the constraints which are the missing equation for the metric, resulting in
the vanishing of the energy-momentum tensor.

3.2.1.3 Physical constraints and Virasoro algebra

Now we have to implement the missing equation of motion for h as constraints:

T++ = −
1
α′
∂+Xµ∂+Xµ = T++(σ

+) , (3.71)

T−− = −
1
α′
∂−Xµ∂−Xµ = T−−(σ

−) . (3.72)

Expanding them in harmonics

¨

T++(σ+) = −
∑

n∈Z Lne−inσ+ ,

T−−(σ−) = −
∑

n∈Z
eLne−inσ− ,

(3.73)
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we obtain the classical expressions of the so-called Virasoro operators

Ln =
1
2

∑

k∈Z
α
µ

n−kα
ν
kηµν , eLn =

1
2

∑

k∈Z
α̃
µ

n−kα̃
ν
kηµν , (3.74)

where the zero-mode is defined as

α
µ
0 = α̃

µ
0 =

√

√α′

2
Pµ (closed string). (3.75)

Exercise 3.2.2

Obtain explicitly the Virasoro operators.

We have now to interepret the above classical expressions as operators. In doing so we have
to pay attention that the oscillators αµn are not always commuting and therefore the previous
classical expressions may be ambiguous. In fact closer inspection reveals that only L0 suffers
from a possible ambiguity:

Ln̸=0 =
1
2

∑

k∈Z
αn−k ·αk (non ambiguos), (3.76)

L0 ∼
1
2

∑

k∈Z
α−k ·αk (ambiguous!), (3.77)

because
�

α
µ

n−k,ανk
�

= 0 , (3.78a)
�

α
µ

−k,ανk
�

̸= 0 . (3.78b)

A natural possibility to consider is the oscillator normal ordering : · · · :, where creation opera-
tors are placed to the left and annihilation operators to the right:

:L0:=
1
2

∑

k∈Z
:α−k ·αk:=

1
2
α2

0 +
∑

k≥0

α−k ·αk ≡ L̂0 . (3.79)

Since any different ordering convention will result in a constant shift in L0, for the time being
we leave this constant free and fix it a later stage from consistency. This brings to the physical
state constraint

¨�

L̂0 − a
�

|phys〉= 0 ,
�

êL0 − ã
�

|phys〉= 0 .
(3.80)

From now on, if not needed, we will not explicitly write the ·̂ on quantum operators, as well
as the normal ordering. Moreover, in the following we will always focus on Ln, since the story
for the eLn is the same.

Before discussing how to impose the constraints related to the Ln̸=0’s, it is important to
study their operator algebra. We may start by observing that

�

Ln,αµm
�

= −mαµn+m . (3.81)
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Exercise 3.2.3

Prove eq. (3.81).

We can then evaluate

[Ln, Lm] =
1
2

∑

k∈Z
[Ln, :αm−k ·αk:]

=
1
2

�

∑

k≥0

[Ln,αm−k ·αk] +
∑

k<0

[Ln,αk ·αm−k]

�

=
1
2

�

∑

k≥0

{(k−m)αn+m−k ·αk − kαm−k ·αn+k}

+
∑

k<0

{−kαn+k ·αm−k + (k−m)αk ·αn+m−k}

�

. (3.82)

Let us now choose n> 0 for convenience and set n+ k = q in the second and third terms. We
then have

[Ln, Lm] =
1
2

 

∑

k≥0

(k−m)αn+m−k ·αk +
∑

q≥n

(n− q)αn+m−q ·αq

+
∑

q≤n−1

(n− q)αq ·αn+m−q +
∑

k<0

(k−m)αk ·αn+m−k

!

=
1
2

�

∑

k≥0

(n−m)αn+m−k ·αk +
n−1
∑

k=0

(k− n)αn+m−k ·αk

+
∑

k≤−1

(n−m)αk ·αn+m−k +
n−1
∑

k=0

(n− k)αk ·αn+m−k

�

. (3.83)

Moreover we can write
n−1
∑

k=0

(n− k)αk ·αn+m−k =
n−1
∑

k=0

(n− k)
�

αn+m−k ·αk −
�

α
µ

n+m−k,ανk
�

ηµν
�

=
n−1
∑

k=0

(n− k)
�

αn+m−k ·αk − (−k)ηµνδn+m, 0ηµν
�

=
n−1
∑

k=0

(n− k)
�

αn+m−k ·αk + kdδn+m, 0

�

, (3.84)

where d is the target space dimension. Therefore we have

[Ln, Lm] =
1
2

�

∑

k∈Z
(n−m)αn+m−k ·αk +

n−1
∑

k=0

(n− k)k Dδn+m, 0

�

= (n−m)Ln+m +
1
2

D
n−1
∑

k=0

(n− k)kδn+m, 0 . (3.85)

If we now evaluate the finite sum
n−1
∑

k=0

(n− k)k =
1
6

n(n2 − 1) , (3.86)
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we find the quantum algebra staisfied by the constraints

[Ln, Lm] = (n−m)Ln+m +
D
12

n(n2 − 1)δn+m, 0 , (3.87)

which is the famous Virasoro algebra with cent ral char ge c = D. The term

c
12

n(n2 − 1)δn+m, 0

is called a central extension and, as we have seen, is a (two-dimensional) quantum effect.
We immediately notice that the central extension vanishes when n ̸= −m.
Moreover, it vanishes also when n = −1, 0,+1, which means that L−1, L0, L1 do not have

the central extension. They obey the nice SL(2,C) algebra

[L0, L1] = −L1 , [L0, L−1] = +L−1 , [L1, L−1] = 2L0 , (3.88)

also known as the Gliozzi algebra (who ‘re-discovered’ it in the early days of string theory)
or the small conformal algebra. We recall that SL(2,C) can be put in (almost) one-to-one
correspondence with the group of global conformal transformations of the Riemann sphere

f (z) =
αz + β
γz +δ

, (3.89)

whose coefficients matrix has unit determinant:

det

�

α β

γ δ

�

= 1 . (3.90)

As we will see, this is no coincidence and it will be better understood when we will study the
underlying conformal field theory (CFT) on the worldsheet.

Let us now consider the zero-momentum vacuum:

|0, P〉
�

�

�

P=0
= |0〉 . (3.91)

We have that

Pµ |0〉= 0 , (3.92a)

α
µ
0 |0〉= 0 , (3.92b)

α̃
µ
0 |0〉= 0 . (3.92c)

Notice that the normal ordering : · · · : we introduced earlier is well-adapted to |0〉, even for the
α0 oscillator which obviously commutes with everything. We then have

L+1 |0〉= 0 ,

L0 |0〉= 0 ,

L−1 |0〉= 0 ,

(3.93a)

(3.93b)

(3.93c)

since

L+1 |0〉=
1
2

∑

k∈Z
α1−k ·αk |0〉=











0 , for k > 0, since αk annihilates |0〉 ,
0 , for k < 0, since α1−k annihilates |0〉 ,
0 , for k = 0, since α0

�

�

P=0 = 0 ,

(3.94)
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L0 |0〉=
1
2

∑

k∈Z
α−k ·αk =

 

1
2
(α0)

2 +
1
2

∑

k ̸=0

α−k ·αk

!

|0〉

=

�

α′P2

4

�

�

�

P=0
+
∑

k>0

α−k ·αk

�

|0〉

= 0 , (3.95)

L−1 |0〉=
1
2

∑

k∈Z
α−1−k ·αk |0〉=











0 , for k > 0, since α−1−k annihilates |0〉 ,
0 , for k < 0, since αk annihilates |0〉 ,
0 , for k = 0, since α0

�

�

P=0 = 0 .

(3.96)

This means that |0〉 is invariant under the action of SL(2,C) and therefore it is called SL(2,C)-
invariant vacuum. From the point of view of the zero-momentum vacuum |0〉, the states |0, P〉
are not vacua, but rather excited states obtained by injecting momentum P into |0〉 by means
of a plane wave operator:

eiP·X̂0 |0〉= |0, P〉 . (3.97)

We have indeed

P̂µeiP·X̂0 |0〉= 0+
�

P̂µ, eiP·X̂0
�

|0〉

= iPν
�

P̂µ, X̂ ν0
�

eiP·X̂0 |0〉

= iPν(−iηµν)eiP·X̂0 |0〉

= PµeiP·X̂0 |0〉 . (3.98)

Therefore |0〉 is the true unique vacuum of our matter Hilbert space.
Now we are ready to impose the remaining Virasoro constraints in addition to (3.80).

When n ̸= 0, we would be tempted to define the physical states |phys〉 as

Ln |phys〉 ?
= 0 , ∀n ̸= 0 . (3.99)

However, because of the Virasoro algebra, this way of imposing the constraints would result
in

〈phys| [Ln, Lm] |phys’〉= 0

= 〈phys|
�

(n−m)Ln+m +
D
12

n(n2 − 1)δn+m, 0

�

|phys’〉 , (3.100)

which would imply
〈phys|phys’〉= 0 . (3.101)

Since this is clearly not acceptable, we take the weaker constraint

〈phys| Ln |phys’〉= 0 , ∀n ̸= 0 , (3.102)

which implies (recalling that L†
n = L−n)

Ln |phys〉= 0 , 〈phys| L−n = 0 , ∀n> 0 . (3.103)

The same holds for eLn.
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On the other hand, if we consider n= 0, the physical constraint we have to consider is the
one that we already wrote in (3.80), namely

(L0 − a) |phys〉= 0 , (3.104)

where we recalled that L†
0 = L0. We will see that, for a proper critical value of a (and of D,

the space-time dimensions), these constraints will give rise to a consistent physical spectrum
of excitations with well-defined interactions. However to fully understand the mathematical
reason behind these critical values we will need the BRST quantization.

3.2.1.4 Two anticipations from BRST quantization

At this point it is worth noticing that the quantum system we are studying has two unfixed
quantities: the spacetime dimension D and the normal ordering constant a. Although it is
possible to examine how the string spectrum changes as we vary these two parameters, the
BRST quantization method we will analyze later fixes these two numbers uniquely. Without
entering yet in the details of the BRST quantization of the string it is worth anticipating the
two main outcomes of this process.

1. As for the particle and the more general example discussed in 2.3.1 we will have a BRST
operator QB which acts on an Hilbert space which is the tensor product of the Hilbert
space we are considering now (the matter Hilbert space) and the ghost Hilbert space.
Because of normal ordering subtleties the nilpotency of QB will not be guaranteed, but
we will have

Q2
B = 0 ↔ D = 26 . (3.105)

2. In this matter-ghost Hilbert space we can search for physical states by analyzing the
kernel of QB in a subspace of the form |Ψ〉 = |ψ〉matter ⊗ |↓〉ghost, where |↓〉ghost is a
stringy analog of the corresponding ghost vacuum for the particle (2.83). We will then
find

QB |Ψ〉= 0 ⇒

¨

Ln |ψ〉
matter = 0 , ∀n> 0 ,

(L0 − 1) |ψ〉matter = 0 .
(3.106)

Which are the OCQ constraints we have been discussing above, but with the precise
choice a = 1.

3.2.1.5 Physical, spurious and null states

Continuing with our OCQ framework, it is useful to introduce some definitions.

• A physical state |phys〉 is a state that satisfies the physical conditions

Ln |phys〉= 0 , ∀n> 0 , (3.107a)

(L0 − a) |phys〉= 0 . (3.107b)

• A spurious state |χ〉 is a state generated by negatively-moded Virasoros L−n acting an a
generic state |χn〉):

|χ〉=
∑

n>0

L−n |χn〉 . (3.108)

Such a state has zero inner product with any physical state:

〈χ|phys〉= 0 . (3.109)
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• A null state |null〉 is a state that is both physical and spurious:

|null〉=
∑

n>0

L−n |χn〉 , (3.110a)

Ln |null〉= 0 , ∀n> 0 , (3.110b)

(L0 − a) |null〉= 0 . (3.110c)

A null state has zero inner product with other null states and with physical states:



null
�

�null′
�

= 0 , 〈null|phys〉= 0 . (3.111)

This suggests to define an equivalence relation inside the space of physical states, stating the
fact that the inner product between physical states does not change if we add null states to
the physical states:

|phys〉 ∼ |phys〉+ |null〉 . (3.112)

As we will see, the freedom of adding null states to physical states will be perceived in the
target space as an (on-shell) space-time gauge invariance.

3.2.1.6 Physical spectrum of the closed string

Let us now define the level operator

(∼)
N =

∑

k>0

(∼)
α −k ·

(∼)
α k . (3.113)

This operator counts the level of oscillator excitation, by assigning to each oscillator α−n a
level n. For example we have

N
�

α
µ
−1

�2 �
αν−2

�3 |0, P〉= 8
�

α
µ
−1

�2 �
αν−2

�3 |0, P〉 , (3.114a)

N
�

α
µ
−3

� �

αν−2

�

|0, P〉= 5
�

α
µ
−3

� �

αν−2

�

|0, P〉 . (3.114b)

We can then write (see eq. (3.95))

(∼)
L 0 =

α′P2

4
+
(∼)
N . (3.115)

We will study the Hilbert space by decomposing it in eigenspaces of (N , eN) with fixed level.
This is useful because these eigenspaces are finite dimensional (compared to the infinite di-
mensionality of the full Hilbert space).

Before we move forward with the analysis of the spectrum, it is useful to rewrite the (L0, L̃0)
constraints as

�

L0 + eL0

�

|0, P〉=
�

α′P2

2
+ N + eN

�

|0, P〉

=

�

−
α′m2

2
+ N + eN

�

|0, P〉= 2a |0, P〉 , (3.116a)

�

L0 − eL0

�

|0, P〉=
�

N − eN
�

|0, P〉= 0 , (3.116b)
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where we assumed a = ã (remember that a = ã = 1). If we have a generic state |N , eN〉 of
level (N , eN), the constraint (3.116b) reads as the level matching condition:

N = eN . (3.117)

It simply establishes that a physical state has to contain the same oscillator level on both sides.
Therefore, instead of (N , eN), we will simply use N to denote the level of the state of interest.

On the other hand, using the mass-shell condition p2 = −m2 the constraint (3.116a) reads

−
α′m2

2
+ 2N = 2a , (3.118)

and hence, using (3.117), it gives the mass-shell of the state |N , N〉:

α′m2 = 4(N − a) . (3.119)

We can now move on and analyze the first levels.

■ Level N = 0
We start from N = 0, i.e. by |0, P〉. We have that

(∼)
L n |0, P〉= 0 , ∀n> 0 , (3.120a)
(∼)
L 0 |0, P〉=

�

α′P2

4
+ 0

�

|0, P〉= a |0, P〉 . (3.120b)

The mass-shell condition (p2 = −m2) together with the second constraint (i.e. (3.120b)) gives

−
α′m2

4
= a =⇒ m2 = −

4a
α′

. (3.121)

If a > 0, the (0,0) state has m2 < 0, namely it is a tachyon. Since, at the end of the day a = 1,
we definitely have a tachyon in the spectrum. This is not a good news because it is saying that
we are quantizing the theory around an unstable vacuum. The question whether is there a new
stable vacuum in the tachyon potential (just like the stable symmetry-breaking vacuum of the
Higgs field of the Standard Model) is as of today an open question and a great mystery. Our
(pedagogical) strategy in the sequel will be to ignore this tachyon problem and use this model
to learn as much as we can in this simple bosonic setting. Later on we will perform a similar
analysis for the (more complicated) super-string model where the tachyon will not be there
and where genuine space-time fermions will arise in the spectrum. But for the time being we
continue with the bosonic string.

■ Level N = 1
At the level N = 1 the only possible state is

α
µ
−1α̃

ν
−1 |0, P〉 , (3.122)

whose mass is α′m2 = 4(1 − a). This state has two Lorentz indices of undefined symmetry,
therefore it is a reducible representation of the Lorentz group. If we saturate them with a
spacetime polarization (depending on the momentum), we get

Gµν(P)α
µ
−1α̃

ν
−1 |0, P〉 . (3.123)
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The tensor Gµν can be split into three Lorentz irreducible representations

Gµν = hµν + Bµν +Φηµν , (3.124)

defined as follows:






























hµν = G(µν) −
1
D
ηµνG ρ

ρ
︸ ︷︷ ︸

remove the trace

, symmetric traceless,

Bµν = G[µν] , anti-symmetric,

Φ=
1
d

G ρ
ρ

︸ ︷︷ ︸

trace

, scalar.

(3.125)

The most generic state can be written integrating over the momentum:

|ψ〉=
∫

dd P Gµν(P)α
µ
−1α̃

ν
−1 |0, P〉 . (3.126)

If we now consider the n ̸= 0 Virasoro constraints (see eq. (3.103)), we have that only L1 gives
a non-trivial contribution, while Ln≥2α

µ
−1α̃

ν
−1 |0, P〉= 0. We find indeed

L1Gµνα
µ
−1α̃

ν
−1 |0, P〉= 0

∝ Gµν(α
ρ
0α

σ
1 )ηρσα

µ
−1α̃

ν
−1 |0, P〉

= GρνPρα̃ν−1 |0, P〉 . (3.127)

Therefore L1 and eL1 impose (respectively)
¨

PµGµν = 0 ,

GµνPν = 0 .
(3.128)

On the other hand, the mass-shell constraint (3.119) says that

α′m2 = 4(1− a) , (3.129)

which means that for a < 1 we have massive states, for a = 1 we have massless states and
for a > 1 we have tachyons (that are now tensors, and not scalars, as in the (0,0) case). Let’s
analyze the situation in detail.

• We may start considering the a > 1 case, where the states are tachyons. Since P2 > 0,
Pµ is a space-like vector and therefore there is a certain reference frame where it can be
written as Pµ = (0, P⃗). Moreover, the condition PµGµν = 0 implies that we can take an
acceptable Gµν = δµ0ξν. We can then consider the state

|state〉= ξνα0
−1α̃

ν
−1 |0, P〉 , (3.130)

which is physical if
α′P2

4
= a− 1> 0 . (3.131)

In addition, GµνPν = 0 also implies that ξ = (ξ0, ξ⃗), with P⃗ · ξ⃗ = 0. We have thus a
physical state. Now we can compute its norm, finding

|| |state〉 ||2 = η00(ξ · ξ)δ(P + P ′)< 0 . (3.132)

Therefore for a > 1 there exist negative-norm states, which are inconsistent with the
basic axioms of quantum mechanics. Therefore we must have a ≤ 1.
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• Let us now consider the a = 1 case, where m2 = 0 and therefore

P2 = 0 . (3.133)

In this sector we have physical zero-norm states. If we indeed consider the polarization

Gµν∗ = Pµξν + vµPν , (3.134)

with P · ξ= 0 and v · P = 0, the state is physical and we also have
�

�

�

�Gµν∗ α
µ
−1α̃

ν
−1 |0, P〉

�

�

�

�

2 ∼ P2 = 0 . (3.135)

This is a physical state having vanishing norm, but it is spurious too because

Pµξναµ−1α̃
ν
−1 |0, P〉 ∝ L−1(ξ · α̃−1) |0, P〉 , (3.136a)

vµPναµ−1α̃
ν
−1 |0, P〉 ∝ (v ·α−1)eL−1 |0, P〉 . (3.136b)

We hence found a null state, giving an equivalence relation on the physical states’ space:

|phys〉 ∼ |phys〉+ |null〉 , (3.137)

Gµν ∼ Gµν + Pµξν + vµPν (3.138)
�

with P · ξ= 0 , v · P = 0 , P2 = 0
�

.

We have that (3.138) is a gauge transformation of the polarization tensor Gµν. If we
then split it into its three components (see (3.125)), we can write

hµν ∼ hµν + P(µθν) , (3.139)

Bµν ∼ Bµν + P[µΛν] , (3.140)

Φ∼ Φ , (3.141)

where we defined

θµ =
ξµ + vµ

2
, Λµ =

ξµ − vµ
2

. (3.142)

We then find the following states.

– The graviton hµν with its gauge transformation (see eq. 3.139) and with its physical
conditions











P2hµν = 0 ,

Pµhµν = 0 ,

hµ
µ = 0 ,

(3.143)

which imply (and in fact are equivalent to) the linearized Einstein equations in
momentum space:13

P2 hµν − PρP(µhν)ρ − PµPν hρρ = 0 . (3.144)
13Similarly, the photon’s EOMs are

□Aµ − ∂µ(∂ · A) = 0 ↔ P2Aµ − Pµ(P · A) = 0 .

Since Aµ and Pµ are in general two vectors pointing in different directions (an Aµ proportional to Pµ would be
gauge trivial), the above equation is equivalent to

¨

P2 = 0 ,

P · A= 0 .

43

https://scipost.org
https://scipost.org/SciPostPhysLectNotes.90


SciPost Phys. Lect. Notes 90 (2025)

– The Kalb-Ramond field Bµν, which is a 2-form

B = Bµνd xµ ∧ d xν . (3.145)

It comes with its own gauge transformation (see eq. 3.140) and its physical condi-
tions are

¨

P2Bµν = 0 ,

PµBµν = 0 ,
(3.146)

which are equivalent to the EOMs of a 2-form which are briefly described as follows.
We first define the field-strength

H = dB = ∂[µBνρ]d xµ ∧ d xν ∧ d xρ

= Hµνρd xµ ∧ d xν ∧ d xρ . (3.147)

In complete analogy with the 1-form Maxwell field Aµ and its field-strenght
Fµν = ∂[µAν], the action functional for the 2-form field B is given by14

S ∼
∫

dD x HµνρHµνρ ∼
∫

H ∧ ∗H , (3.148)

¨

∗d ∗H = 0 → □Bµν + ∂ ρ∂[µBν]ρ = 0 ,

dH = 0 (Bianchi identities, no condition on B).
(3.149)

– The dilaton Φ, which is a gauge invariant (see eq. 3.141) scalar field which should
obey the physical state condition

P2Φ(P) = 0 . (3.150)

• Let us finally consider the a < 1 case. Here we have massive representations of the
Lorentz group and therefore we do not find negative-norm physical states. In principle
this would be acceptable. However, as already anticipated, the BRST quantization fixes
a = 1 unambiguosly. Since, as we will see, we eventually need the BRST model to
describe strings interactions, we will not consider this possibility further.

We hence found that the closed string spectrum at the (1,1) level is physically acceptable for
a ≤ 1. At the critical value a = 1 there are zero-norm states, corresponding to the gauge
symmetries. From a purely OCQ perspective a = ã = 1 is required to have a properly defined
graviton (plus dilaton and Kalb-Ramond) with their own gauge transformations, associated
to null states. While, at this stage, this is still not sufficient to fix a = 1 by consistency it is
however an indication that the correct choice a = 1 is associated with the appearance of null
states in the spectrum.

■ The Kalb-Ramond field and the fundamental string charge
The fact that we have found a massless two-form in the closed string spectrum is deeply related
to the one-dimensional nature of the string. We all know that when we have a charged particle
of charge q, there is a minimal coupling between the particle world-line and the gauge field
Aµ which feels the charge q:

q

∫

W L
A= q

∫

dτẊµ(τ)Aµ(X ) . (3.151)

14Recall that in flat D-dimensional Minkowski space, the Hodge dual of a p-form Ap = Aµ1 ···µp
d xµ1 ∧· · ·∧d xµp , is

the (D− p)-form ∗Ap = Aµ1 ···µpεµ1 ···µd
d xµp+1 ∧· · ·∧d xµD . This operation needs a spacetime metric, since the indices

of A are raised.
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At the same time the charge q is detectable by computing the flux of the electric field E ∼ ∗F
over a sphere surrounding the particle:

q ∼
∫

SD−2

∗F (2), (3.152)

where ∗ is the Hodge dual (which, in 4 dimensions, exchanges
−→
E with

−→
B ). This is Gauss

theorem, appropriately generalized for a particle in D space-time dimensions.
In the same way we can consider the Kalb-Ramond 2-form to minimally couple to the string

itself via

−
1

4πα′

∫

WS
B = −

1
4πα′

∫

WS
d2σεαβ∂αXµ∂βX ν Bµ(X ) , (3.153)

and the fundamental string charge is then given by the flux of H = dB through a spatial
Sd−3-sphere encircling the string

String charge∼
∫

Sd−3

∗H(3) . (3.154)

■ Higher levels
Having fixed a = 1, at higher levels we find massive representations of the Lorentz group
with, in general, spin higher than 2. The structure of these massive modes is quite complicated,
especially for the closed string and it would not be so illuminating to discuss them in detail. We
will analyze some of this massive states when we will study the easier open string spectrum.
Here we would like to take the opportunity to learn that, just as the search for null states
at level 1 selected a = 1, the search for null states at level 2 will instead select the critical
dimension D = 26.

In order to see this, let us consider

|χ2〉=
�

2L−2 + 3L2
−1

�

︸ ︷︷ ︸

left
excitation

�

θ̃−2

�

︸ ︷︷ ︸

right
excitation

|0, P〉 , (3.155)

where θ̃−2 is a generic operator made up of right oscillators α̃ (adding up to eN = 2).
Setting a = ã = 1, we will assume that θ̃−2 has been chosen so that the L̃n Virasoro

constraints are already satisfied:

(eL0 − 1)θ̃−2 |0, P〉= 0 , (3.156a)

eL1θ̃−2 |0, P〉= 0 , (3.156b)

eL2θ̃−2 |0, P〉= 0 . (3.156c)

Notice that, thanks to the Virasoro algebra, it is enough to impose L̃1 = L̃2 = 0 to guarantee
that L̃n>0 = 0.

Exercise 3.2.4

Prove this.

Now we would like to check whether this spurious state is also physical, i.e. it is null.
Explicit calculation shows that

(L0 − 1) |χ2〉=
�

α′P2

4
+ 1

�

|χ2〉= 0→ m2 =
4
α′

, (3.157a)

L1 |χ2〉= 0 , (3.157b)

L2 |χ2〉 ∝ (D− 26)θ̃−2 |0, P〉 . (3.157c)
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Exercise 3.2.5

Show this.

Moreover, one can show that
|| |χ〉 ||2∝ (26− D) . (3.158)

Therefore the norm is zero for D = 26, precisely when the state is null, as expected.
It can be shown that when a = 1 and D = 26 there is a proliferation of similar null states

which, as previously argued, define equivalence relations between physical states. This is the
so-called critical string theory and these null states are the hallmark of the BRST cohomology
of the string which will be indeed consistently realized only for a = 1 and D = 26.

To better appreciate the structure of level-two null states you can amuse yourself with the
following exercise.

Exercise 3.2.6

In the left moving sector, consider the level two state

|Ψ〉=
�

α−1 ·α−1 + c2α0 ·α−2 + 2c3(α0 ·α−1)
2
�

|0, P〉 . (3.159)

Determine c2 and c3 in such a way that the state is physical (for arbitrary value of the
normal ordering constant a). For the physical values of c2 and c3 show that the norm
of the state is given by

〈Ψ |Ψ〉=
2(D− 1)[2(a− 2)(8a− 21) + (2a− 3)D]

(9− 4a)2
〈0, P |0, P〉 . (3.160)

Therefore (assuming D > 1) we have that

〈Ψ |Ψ〉 ≥ 0 → D ≤
2(2− a)(21− 8a)

3− 2a
. (3.161)

3.2.2 OCQ for the open string

3.2.2.1 Classical solution and quantization

Let us now focus on the open string case. As we have seen, the EOMs are (3.51)
(

∂+∂−Xµ(σ+,σ−) = 0 (WS bulk eq.),

δXµ∂σXµ
�

�

�

σ=0,π
= 0 (WS boundary eq.).

(3.162)

The open string’s endpoints (corresponding to σ = 0 and σ = π) are characterized by their
boundary conditions (BC) which, in this case, can be Neumann or Dirichlet.15

• The Neumann (N) boundary condition is

∂σXµ
�

�

�

endpoint
= 0 , (3.163)

which preserves Poincaré symmetry. It correspond to the statement that there is no
momentum transfer along a certain direction µ in spacetime.

15In a more generic string background there can be many different, equally consistent, boundary conditions.
Neumann and Dirichlet are the only possible boundary conditions for a single scalar field X i in a non-compact
space.
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• The Dirichlet (D) boundary condition is

δXµ
�

�

�

endpoint
= 0 , (3.164)

which breaks translational symmetry, since it corresponds to the statement that the end-
point is fixed at a certain point along the direction µ in spacetime.

N-N string
Let us first consider an open string having Neumann boundary conditions on both its endpoints
along a certain direction µ. We may then write the solution (in the Neumann direction µ) as
we did for the closed string, namely by splitting it into its left and right-moving parts, using
lightcone coordinates:

Xµ(σ+,σ−) = XµL (σ
+) + XµR (σ

−) . (3.165)

We then define the auxiliary quantity

X̂µ(τ,σ) =

¨

Xµ(τ,σ) , if σ ∈ (0,π) ,
Xµ(τ, 2π−σ) , if σ ∈ (π, 2π) ,

(3.166)

and naturally extend it by 2π-periodicity:

X̂µ(τ, 2π+σ) = X̂µ(τ,σ) . (3.167)

In addition, by construction, X̂ also satisfies

X̂ (τ,σ) = X̂ (τ,−σ) . (3.168)

Notice that X̂µ is analogous to the closed string solution. However the additional invariance
σ→−σ implies that this time we have only a set of oscillators

αµn = α̃
µ
n ,

and the full solution then reads

XµNN (σ
+,σ−) = Xµ0 +α

′Pµτ+ i

√

√α′

2

∑

n̸=0

1
n
αµn

�

e−inσ+ + e−inσ−
�

. (3.169)

Exercise 3.2.7

Show that for such a solution the Neumann boundary condition ∂σXµ
�

�

σ=0,π = 0 holds.

This time the Hilbert space will be acted by a single set of oscillators
�

αµn ,ανm
�

= nηµνδn+m, 0 , (3.170)

in addition with the center of mass Heisenberg algebra

[Xµ0 , Pν] = iηµν . (3.171)

The generic state will hence be
α
µ1
−n1

. . .αµk
−nk
|0, P〉 . (3.172)
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In analogy with the closed string, the physical open string states can be defined by imple-
menting the Virasoro constraints, using the quantum operators

Ln̸=0 =
1
2

∑

k∈Z
αn−k ·αk , (3.173a)

L0 =
1
2

∑

k∈Z
:α−k ·αk:=

1
2
(α0)

2 + N = α′P2 + N , (3.173b)

where in this case, for the NN open string, we define the zero-mode oscillator as

α
µ
0 =
p

2α′Pµ (open NN string). (3.174)

D-D string
Let us now consider an open string having Dirichlet boundary conditions on both its endpoints
along a certain direction i. Since δX i

�

�

σ=0,π = 0, we can fix

X i(σ = 0) = x i , X i(σ = π) = x i . (3.175)

Therefore the solution (in the Dirichlet direction i) can be written as

X i(τ,σ) = x i + Y i(τ,σ) , (3.176)

where Y i(τ,σ) is the oscillatory part and obeys

Y i(τ,σ)
�

�

�

σ=0,π
= 0 , (3.177)

so that δYi

�

�

σ=0,π = 0. We then define

Ŷ i(τ,σ) =

¨

Y i(τ,σ) , if σ ∈ (0,π) ,
−Y i(τ, 2π−σ) , if σ ∈ (π, 2π) ,

(3.178)

and extend it by 2π-periodicity. This time Ŷ is odd under σ→−σ:

Ŷ i(τ,−σ) = Ŷ i(τ, 2π−σ) = −Ŷ i(τ,σ) . (3.179)

Therefore the solution for the oscillatory part can be written as a closed string with αn = −α̃n:

Y i(σ+,σ−) = i

√

√α′

2

∑

n̸=0

1
n
αi

n

�

e−inσ+ − e−inσ−
�

, (3.180)

and the complete solution reads as

X i
DD(τ,σ) = x i + i

√

√α′

2

∑

n̸=0

1
n
αi

n

�

e−inσ+ − e−inσ−
�

. (3.181)

The term α′Pµτ (containing the momentum of the center of mass) is absent, since τ would
violate the anti-symmetric property of the solution X i(τ,σ) under σ→−σ. Therefore, when
the open string’s endpoints are fixed, the center of mass does not move.
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N-D string
Let us finally consider an open string having Neumann boundary condition on one endpoint
and Dirichlet boundary condition on the other one, along a certain direction µ:

∂σXµ
�

�

�

σ=0
= 0 , Xµ(τ,σ)

�

�

�

σ=π
= xµ . (3.182)

The solution can be written using half-integer moded oscillators as

XµN D(τ,σ) = xµ + i

√

√α′

2

∑

r∈Z+ 1
2

1
r
αµr

�

e−irσ+ + e−irσ−
�

. (3.183)

It has no momentum Pµ since one endpoint is fixed by the Dirichlet condition and hence the
center of mass cannot have definite momentum.

Analogously, if we exchange the N and D conditions for σ = 0 and σ = π we find

XµDN (τ,σ) = Xµ0 + i

√

√α′

2

∑

r∈Z+ 1
2

1
r
αµr

�

e−irσ+ − e−irσ−
�

. (3.184)

Therefore the exchange N ←→ D translates into a change of sign of the anti-holomorphic
sector (i.e. the right-moving part).

Exercise 3.2.8

Prove this last statement.

We can then define (for n ∈ Z)

Ln =
1
2

∑

r∈Z+ 1
2

:αn−r ·αr : , (3.185)

together with the commutators
�

αµr ,ανs
�

= rηµνδr+s, 0 , (3.186a)

[Ln, Lm] = (n−m)Ln+m +
1

12
n(n2 − 1)δn+m, 0 . (3.186b)

These operators will act on a vacuum |0〉N D as

αr |0〉N D = 0 , ∀r ∈ Z+
1
2

, r ≥
1
2

. (3.187)

Before we go on it is useful to analyze the stress-energy tensor and its relation with the
boundary conditions of the open string:

T±±(σ
±) = −

∑

n∈Z
Lne−inσ± . (3.188)

If we notice that

∂+XNN (σ
+) = ∂−XNN (σ

−)
�

�

�

σ=0,π
, (3.189a)

∂+XDD(σ
+) = −∂−XDD(σ

−)
�

�

�

σ=0,π
, (3.189b)

49

https://scipost.org
https://scipost.org/SciPostPhysLectNotes.90


SciPost Phys. Lect. Notes 90 (2025)

we realize that for N-N and for D-D the stress energy tensor satisfies

T++(σ
+) = T−−(σ

−)
�

�

�

σ=0,π
. (3.190)

This is an example of a gluing condition. Notice that, independently on the boundary conditions
for X , T has always the same boundary conditions. Similarly, for N-D open strings it easy to
see that

∂+XN D(σ
+) = ∂−XN D(σ

−)
�

�

�

σ=0
, (3.191a)

∂+XN D(σ
+) = −∂−XN D(σ

−)
�

�

�

σ=π
. (3.191b)

Nevertheless, T has always the same boundary condition (3.190).

Exercise 3.2.9

Prove eqs. (3.191).

3.2.2.2 Mixed boundary conditions and D(p)-branes

Let us now consider an open string whose endpoints have:

• Neumann BC along µ= 0, 1, . . . , p.

• Dirichlet BC along i = p+ 1, . . . , D− 1 (where D is the spacetime dimension).

These endpoints can therefore move only in the p+1 Neumann directions, since they are fixed
in the (D − p − 1) Dirichlet directions. This means that we have a sub-manifold R1,p of the
spacetime R1,d−1 where the endpoints can move around (see fig. 3.4). Such a sub-manifold is
called a Dirichlet brane, more precisely a D(p)-brane. Notice in particular that if the open string
has N-N endpoints in every direction, the D(p)-brane is identified with the whole spacetime.

The existence of a D(p)-brane breaks the invariance of the closed string theory under
translations. As in a spontaneously symmetry breaking vacuum we then expect that Gold-
stone bosons arise, describing the displacement of the brane along the directions where the
translational invariance is broken.

As the D(p)-brane moves in spacetime, it spans a p+ 1-dimensional surface, called world-
volume (see fig. 3.5).

3.2.2.3 Single D(p)-brane spectrum

Let us consider a generic state made up of Neumann oscillators αµn and Dirichlet oscillators
αi

n acting on the vacuum |0, P〉, where the spacetime momentum Pµ lies on the D(p)-brane,
since along Dirichlet directions we have no momentum (see fig. 3.5). The zero mode Virasoro
operator is in this case

L0 = α
′P2 + N (NN) + N (DD) = α′P2 + N (tot). (3.192)

This turns into the mass formula
α′m2 = N (tot) − a . (3.193)

We can now analyze the first energy levels of the spectrum.
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D(p)-brane: R1,p

Spacetime: R1,D−1

Figure 3.4: A D(p)-brane embedded in the target space R1,D−1.

D(p)-brane

Pµ

(p+ 1) worldvolume

Figure 3.5: The trajectory of the D(p)-brane in the spacetime spans the worldvolume.
The p-dimensional momentum Pµ lies on the D(p)-brane, since along Dirichlet di-
rections we have no momentum.

■ Level N = 0
At the level N = 0 we have

t(P) |0, P〉 , (3.194)

where t(P) is the spacetime polarization of the state. Its mass is given by

α′m2 = −a . (3.195)

If we then take
a = 1 , (3.196)

this N = 0 state corresponds to a tachyon (whose spacetime polarization is t(P)) which is four
times lighter than the closed tachyon (see eq. 3.121):

m2 = −
1
α′

. (3.197)
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■ Level N = 1
At the level N = 1 we have to take one oscillator α−1, that can excite the vacuum along a
Neumann or a Dirichlet direction. If we saturate the free indices with a spacetime polarization,
we have

�

Aµ(P)α
µ
−1 +φi(P)α

i
−1

�

|0, P〉 , (3.198)

where

• Aµ(P) is a p+ 1-dimensional vector of SO(1, p).

• φi(P) are D − p − 1 scalars, assembled in the vector representation of SO(D − p − 1),
which appears to be a global internal symmetry if we are sitting on the D(p)-brane.

Therefore the existence of the D(p)-brane breaks the spacetime Lorentz symmetry as follows:

SO(1, d − 1) −→ SO(1, p)
︸ ︷︷ ︸

Lorentz on
the D(p)-brane

× SO(d − p− 1)
︸ ︷︷ ︸

rotations in the
Dirichlet directions

. (3.199)

If we then consider the mass, we have that L0 − a = 0 =⇒ α′m2 = 1 − a, which for a = 1
translates into

m= 0 . (3.200)

Therefore we found a massless gauge vector Aµ and D−p−1 massless scalarsφi . These scalars
are the Goldstone bosons in the directions where the translational symmetry has been broken
by the D(p)-brane. By Goldstone theorem they should be massless and therefore the choice
a = 1 we first pushed in (3.196) is in this case necessary.

These φi can be seen as the coordinates describing the motion of the D(p)-brane in the
transverse directions, where it is embedded. Collectively, they can be seen as a map
{φ i} : R1,p −→ RD−p−1 taking a point x in the worldvolume of the D(p)-brane and saying
where it lays in the transverse space, namely in the Dirichlet directions. When φ i = 0 (i.e. the
scalar fields have zero vev), the D(p)-brane is not deformed.

If we now consider the Virasoro constraints L1 = 0 and L0 = 1, we find the EOMs for the
massless gauge field (Maxwell’s equations) and for the massless scalars (massless Klein-Gordon
equation):

¨

PµAµ(P) = 0 ,

P2Aµ(P) = 0 ,
(3.201)

P2φ i(P) = 0 . (3.202)

The equivalence relation (3.112) for the gauge field Aµ reads as the gauge invariance

Aµ(P)∼ Aµ(P) +λ(P)Pµ −→ Aµ(x)∼ Aµ(x) + i∂µλ(x) , (3.203)

where λ(P)Pµ |0, P〉 ∼ L−1 |0, P〉 is a null state, since P2 = 0.
Again, at higher level, we find massive states, as described in the following exercise.

Exercise 3.2.10

Consider a D(25)-brane (Neumann conditions on all spacetime directions). Consider
the most generic open string state at level N = 2

�

ξµα
µ
−2 + θµνα

µ
−1α

ν
−1

�

|0, P〉 , (3.204)

and determine its physical conditions. Show that it is consistent to set ξµ = 0 without
loosing physical degrees of freedom and that in total we have a spin 2 massive particle
(traceless symmetric rank two tensor).
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D(p)1 D(p)2

12

21

11 22

yy2y1

Figure 3.6: The D(p)− D(p) system.

3.2.2.4 Multiple D(p)-branes spectrum

Let us now consider a D-brane system made up of two D(p)-branes (D(p)1 and D(p)2) paral-
lel along a common Dirichlet direction y (see fig. 3.6). They are both characterized by their
Dirichlet moduli yi , which are the precise values of the Dirichlet BC for the open strings at-
tached to the D(p)i-brane.

As already discussed in subsection 3.2.2.3, the spectrum (at the N = 0,1 energy levels) on
the two branes separately contains one tachyon (having m2 = − 1

α′ ), one massless gauge field
and d − p − 1 massless scalars. These are the states produced by strings that start and end
on the same D(p)-brane. On the other hand, the strings that are stretched between the two
D(p)-branes generate different states. They have the same BC along all the Dirichlet directions
except for y , where the Dirichlet modulus changes at the two endpoints.

Let us first focus on the string that starts on the D(p)1-brane and ends on the D(p)2-brane.
Recalling eq. (3.176), we can write its solution as Y (12)(τ,σ). It is defined by

∂+∂−Y (12)(τ,σ) = 0 (wave equation), (3.205a)

Y (12)(τ,σ = 0) = y1 (BC), (3.205b)

Y (12)(τ,σ = π) = y2 (BC). (3.205c)

The solution can be written as

Y (12)(σ+,σ−) =
�

1−
σ

π

�

y1 +
σ

π
y2 + i

√

√α′

2

∑

n̸=0

1
n
α(12)

n

�

e−inσ+ − e−inσ−
�

, (3.206)

and it is useful to write (with ∆y = y2 − y1 being the distance between the two branes)

�

1−
σ

π

�

y1 +
σ

π
y2 = y1 +

∆y
2π
(σ+ −σ−) . (3.207)

If we define the zero-mode oscillator as

α
(12)
0 =

∆y
2π

√

√ 2
α′

, (3.208)
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we can evaluate

∂+Y (12)(σ+,σ−) =
∆y
2π
+

√

√α′

2

∑

n̸=0

α(12)
n e−inσ+ =

√

√α′

2

∑

n∈Z
α(12)

n e−inσ+ , (3.209a)

∂−Y (12)(σ+,σ−) = −
∆y
2π
−

√

√α′

2

∑

n̸=0

α(12)
n e−inσ− =

√

√α′

2

∑

n∈Z
α(12)

n e−inσ+ . (3.209b)

We can then build the stress-energy tensor in the y direction (in the other directions the Dirich-
let conditions are the same for both the endpoints of the stretched string) as follows:

T (y)±± = −
1
α′
∂±Y ∂±Y . (3.210)

We are now ready to study the spectrum of these stretched strings. The mass formula
(setting a = 1) is

α′m2 = −1+ N (tot) +
1
2

�

∆y
2π

�2 2
α′
= −1+ N (tot) +

�

∆y

2π
p
α′

�2

. (3.211)

As ∆y increases, m2 grows. Therefore the energy of the stretched string increases with the
separation of the two D-branes.

■ Level N = 0
At the level N = 0 we have a scalar particle

t(12)(P) |0, P〉 , (3.212)

whose mass is given by

α′m2 = −1+
�

∆y

2π
p
α′

�2

. (3.213)

Therefore, if the two D(p)-branes are at a distance ∆y such that

−1+
�

∆y

2π
p
α′

�2

≥ 0 , (3.214)

the tachyon is not a tachyon anymore.

■ Level N = 1
At the level N = 1 we have

�

W (12)
µ (P)αµ−1 +φ

(12)
i αi

−1

�

|0, P〉 , (3.215)

whose mass is given by

α′m2 =
�

∆y

2π
p
α′

�2

. (3.216)

Therefore we have a massive vector W (12)
µ and D − p − 1 massive scalars φ(12)

i . If we now
consider the Virasoro constraints L1 = 0 and L0 = 1, we find the EOMs for the massive vector
field (Proca’s equations) and for the massive scalars (massive Klein-Gordon equations):

(

PµW (12)
µ (P) = 0 ,

�

α′P2 +
�

∆y
2π
p
α′

�2�

W (12)
µ = 0 ,

(3.217)

�

α′P2 +
�

∆y

2π
p
α′

�2
�

φ
(12)
i (P) = 0 . (3.218)
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The L1 constraint is subtle for i = y (the direction along which we have displaced the D(p)-
branes). It is not difficult to see that

L1φ
(12)
y (P)αy

−1 |0, P〉= φ(12)
y (αy

0α
y
1 )α

y
−1 |0, P〉 ∼ (∆y)φ(12)

y (P) |0, P〉 ̸= 0 . (3.219)

Therefore if ∆y ̸= 0 the field φ(12)
y (P) is not physical and thus disappears from the spectrum.

Everything we said so far for the (12) string (stretched between the D(p)1 and the D(p)2-
brane) holds in the same way for the (21) string (stretched between the D(p)2 and the D(p)1-
brane).

The generic field in such a D(p)−D(p) system can be represented as a 2×2 matrix: on the
diagonal we insert the strings having their endpoints both on the same D(p)-brane (namely
the (11) and the (22) strings), while off the diagonal we locate the strings stretched between
the two branes (namely the (12) and the (21) strings). The scalar fields’ matrix is (for∆y ̸= 0)







φ
(11)
i ̸=y φ

(12)
i ̸=y

φ
(21)
i ̸=y φ

(22)
i ̸=y






,





φ(11)
y 0

0 φ(22)
y



 , (∆y ̸= 0) . (3.220)

Notice that there are not the φ(12)
y and φ(21)

y fluctuations as they cannot be physical when
∆y ̸= 0. The vector fields’ matrix is

�

A(11)
µ W (12)

µ

W (21)
µ A(22)

µ

�

. (3.221)

These matrices are called Chan-Paton matrices. Focusing on the latter, we can recall eq. (3.216)
and notice that, when the two D(p)-branes are coincident (namely ∆y = 0), all the vector
fields are massless. This means that

U(1)× U(1)
︸ ︷︷ ︸

Aµ massless
Wµ massive

∆y=0
−−−−→ U(2)

︸︷︷︸

Aµ massless
Wµ massless

. (3.222)

Notice that in the ∆y → 0 limit the number of degrees of freedom is conserved: at finite
separation we have two massive vector fields (d − 1 degrees of freedom) which at vanishing
separation become two massless vector fields (d − 2 degrees of freedom). However in the
same limit the two scalars φ12

y and φ21
y become physical as the L1 constraint is now identically

satisfied. Therefore a Higgs-like mechanism takes place by separating the two D-branes: the
gauge symmetry U(2) is broken to U(1)× U(1) and two Goldstone modes (φ12

y and φ21
y ) are

‘eaten’ by the broken gauge fields that acquire mass. This is all very nice and consistent!
If we have M coincident D(p)-branes, then we get M2 massless gauge bosons giving rise

to a non-Abelian U(M) gauge theory. This is not fully justified from the spectrum, but we
will verify later that these massless vectors will indeed interact precisely as in a non-Abelian
Yang-Mills theory.

3.3 BRST quantization of the string

It is now time to introduce the BRST formalism. We will follow the steps as in section 2.2 and
we start by defining the Polyakov path integral as

Z =
1

VolG

∫

DXµDhαβ eiS[X ,h] , (3.223)
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where S[h, X ] is the already introduced Polyakov action

S[h, X ] = −
1

4πα′

∫

WS

d2σ
p

−hhαβ ∂αXµ∂βXµ . (3.224)

To simplify out the volume of the gauge group we must fix the gauge symmetries, which are
generated by the following two infinitesimal transformations:

1. Diffeomorphisms: δDXµ = ξρ∂ρXµ , δDhαβ =∇αξβ +∇βξα .

2. Weyl transformations: δWhαβ =ωhαβ ,

where we have defined the infinitesimal group parameters ξρ(σ,τ), ω(σ,τ), and the covari-
ant derivative

∇αξβ = ∂α − Γ
γ

αβ
ξγ , (3.225)

with the Christoffel symbols

Γ
γ

αβ
=

1
2

hγσ
�

∂αhσβ + ∂βhσα − ∂σhαβ
�

. (3.226)

The idea to fix these gauge redundancies is to fix the metric to a fiducial value. To do this
we will assume that any metric h can be obtained by making a gauge transformation to the
fiducial metric ĥ. I.e. we will assume that

h= ĥg ,

for some gauge transformation g. In particular the fiducial value h= ĥ corresponds to g = 1.
This essentially means that we consider all degrees of freedom of the metric to be pure gauge.
To be precise, this is true if the worldsheet has the topology of a sphere (or a disk). But
on a generic surface this is true only locally and indeed we will see that there are in general
metric moduli which cannot be changed by diffeomorphisms. When this happens the functional
integration over the metric will not completely cancel against the volume of the gauge group
but it will leave out a finite dimensional integral on the metric moduli. While this is a major
ingredient for the construction of strings’ amplitudes, it is not going to affect the construction
of the BRST charge and the spectrum so we will postpone this (however important) subtlety for
later on. That said, our gauge fixing condition will be represented by the functional condition

F(h) = h− ĥ= 0 → h= ĥ . (3.227)

We can now write the identity

1=

∫

Dhδ(h− ĥ) =

∫

Dĥg δ(ĥg − ĥ) =

∫

Dg δ(ĥg − ĥ)det
δĥg

δg

�

�

�

�

g=1
, (3.228)

where g represents the gauge group element chosen to parametrize the gauge orbit of ĥg so
that ĥ1 = ĥ. Using this resolution of the identity in 3.223 we can factorize the gauge volume
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and obtain the gauge fixed Polyakov path integral

Z =
1

VolG

∫

DXDhDg δ(ĥg − ĥ)det
δĥg

δg

�

�

�

�

g=1
eiS[X ,h]

=
1

VolG

∫

DXDĥgDg δ(ĥg − ĥ)det
δĥg

δg

�

�

�

�

g=1
eiS[X ,ĥg]

=
1

VolG

∫

DX gDĥgDg δ(ĥg − ĥ)det
δĥg

δg

�

�

�

�

g=1
eiS[X g ,ĥg]

=
1

VolG

∫

DX gDĥgDg δ(ĥg − ĥ)det
δĥg

δg

�

�

�

�

g=1
eiS[X ,ĥ]

=
1

VolG

∫

DXDg det
δĥg

δg

�

�

�

�

g=1
eiS[X ,ĥ]

=

∫

DX det
δĥg

δg

�

�

�

�

g=1
eiS[X ,ĥ] , (3.229)

where in the second line we have written h as ĥg , in the third line we have changed the dummy
integration variable X to X g , in the fourth line we have used the gauge invariance of the action,
in the fifth line we have used the gauge invariance of the measure DX and we have eliminated
the delta function. Finally in the last line we have simplified the volume of the gauge group
with

∫

Dg thanks to the gauge invariance of the determinant.
By formally rewriting the determinant as a Berezin integral (Fadeev-Popov trick) we obtain

the FP action

det
δhg

δg

�

�

�

�

g=1
=

∫

DbαβDλDcρ exp

�

1
4π

∫

d2σ
Æ

−ĥ bαβ
δhαβ

δg x

�

�

�

�

g=1
c x

�

, (3.230)

where we have defined c x = (λ, cρ) with λ and cρ respectively defined as the ghost fields
related to the Weyl and the diffeos generators. It is usual to explicitly write the variation of
the metric as

δtothαβ = δDhαβ +δWhαβ =ωhαβ +∇αξβ +∇βξα = Ωhαβ + 2(P1ξ)αβ , (3.231)

where we have defined
Ω≡ω+∇ · ξ , (3.232)

and

(P1ξ)αβ ≡
1
2

�

∇αξβ +∇βξα − hαβ∇ · ξ
�

, (3.233)

which is a map from vector fields (one index up) to traceless quadratic differentials (two lower
symmetric indices with vanishing trace). With these definitions we can easily write down the
ghost lagrangian by substituting the gauge parameters (ω, ξα) with the corresponding Weyl
and Diff ghosts (λ, cα) in δhαβ and then contracting with the antighost bαβ :

∫

d2σ
Æ

−ĥ bαβ
δhαβ

δg x

�

�

�

�

g=1
c x =

∫

d2σ
Æ

−ĥ bαβ

�

ĥαβ
�

λ+
1
2
∇ · c

�

+ (2P1c)αβ
�

. (3.234)

Using this result we can integrate out the ghost λ in the path integral which imposes that
bαβ ĥαβ = 0:

Z =

∫

DXµDbαβDcρ ei(S[X ,ĥ]− i
4π

∫

d2σ
p
−hbαβ (2P1c)αβ )) , (3.235)
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where bαβ is now traceless. With this last condition we obtain the complete gauge fixed path
integral:

ZPol[X
µ, bαβ , cρ] =

∫

DXµDbαβDcρ e
i
�

S[X ,ĥ]− i
4π

∫

d2σ
p
−ĥbαβ (∇αcβ+∇β cα)

�

. (3.236)

We have found the explicit form of the ghost action to be

SGH = −
i

4π

∫

d2σ
Æ

−ĥbαβ(∇αcβ +∇β cα) = −
i

2π

∫

D2σ
Æ

−ĥbαβ∇αcβ , (3.237)

where in the second step we have considered that bαβ is a symmetric tensor, since it only
appears contracted with δhαβ = δhβα.

It is interesting to notice that the ghost sector of the metric is still Weyl invariant. If we
consider the transformation h→ e−ωh we obtain

iS′GH =
1

2π

∫

d2σ
p

−he−ωeωhαβ bβδ∇′αcδ (3.238)

=
1

2π

∫

d2σ
p

−hhαβ bβδ
�

∂αcδ + Γ δασ
′
cσ
�

= −SGH −
1

4π

∫

d2σ
p

−hhαβ bβδ
�

hδα∂σω+ hδσ∂αω− hασ∂
δω
�

cσ

= iSGH −
1

4π

∫

d2σ
p

−hbαα∂σωcσ

︸ ︷︷ ︸

=0 because bαα=0

−
1

4π

∫

d2σ
p

−h
�

bαδcα∂
δω− bαδcδ∂αω

�

︸ ︷︷ ︸

=0 after index redefinition

,

so that S′GH = SGH.
Thanks to this property we can choose the fiducial metric to be ĥαβ = e−ωηαβ with an

arbitrary ω and reduce the complete action to

S = −
1

4πα′

∫

d2σ∂αXµ∂ αXµ −
i

2π

∫

d2σ bαβ∂
αcβ . (3.239)

This action is already written as the reduced BRST action, associated to the reduced BRST
transformation needed to evaluate the BRST charge. To find the action of δB over all the
fields we must, as seen in section 2.2, evaluate the equations of motion of the metric to find
the equations of motion of the Lagrange multiplier Bαβ appearing in the anti-ghost BRST
transformation δB bαβ = iBαβ . To do so we must consider the extended BRST action

SBRST = −
1

4πα′

∫

d2σ
p

−hhαβ∂αXµ∂βXµ −
i

2π

∫

d2σ
p

−hbαβ∇αcβ

−
1

4π

∫

d2σ
p

−hBαβ(h
αβ − ĥαβ) , (3.240)

and evaluate
4π
p
−h

δSBRST

δhαβ
= −Bαβ + T M

αβ + T GH
αβ , (3.241)

where T M is the matter stress-energy tensor defined in (3.14), while T GH is the ghost stress
energy tensor that we will now explicitly evaluate. To do so we consider action (3.237) and
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we evaluate the variation:

δhSGH = −
i

2π

∫

d2σ

�

−
1
2

p

−hhρσδhρσhµαbµβ∇αcβ +
p

−hδhµαbµβ∇αcβ (3.242)

+
p

−hδhµαbµβδΓ
β
αγc

γ

�

.

The variation of the Christoffel symbol as a function of the variation of the metric tensor can
be written in the well known form

δΓ βαγ =
1
2

hβλ
�

∇γδhλα +∇αδhλγ −∇λδhαγ
�

, (3.243)

which can be expressed with respect to the variation of the inverse metric tensor using the
property

hαβhβγ = δγα→ δhαβhβγ + hαβδhβγ = 0 =⇒ δhαβ = −hαδhβγδhδγ , (3.244)

so that

δΓ βαγ = −
1
2

hβγ
�

hλµhαν∇γδhµν + hλµhγν∇αδhµν + hαµhγν∇λδhµν
�

. (3.245)

Using this equation, the third term in (3.242) becomes

δhµαbµβδΓ
β
αγc

γ =−
1
2

hραhβλhλµhανbρβ cγ∇γδhµν (3.246)

−
1
2

hραhβλhλµhγνbρβ cγ∇αδhµν

+
1
2

hραhβλhαµhγνbρβ cγ∇λδhµν ,

that can be further simplified using the Leibniz rule and ignoring all the boundary terms to
obtain

δhµαbµβδΓ
β
αγc

γ =
1
2
δhµν

�

∇γ(bµνcγ +∇α(bαµcν)−∇λ(bλµcν)
�

+ boundary terms

=
1
2
δhµν∇γ(bµνcγ) + boundary terms.

Using this result, we then rewrite the ghost action variation as

δhSGH = −
i

2π

∫

d2σ
p

−hδhµν
�

1
2
∇γ(bµνcγ) + bµβ∇νcβ −

1
2

hµνbαβ∇αcβ
�

= −
i

4π

∫

d2σ
p

−hδhµν
�

∇γ(bµνcγ) + bµβ∇ν + bνβ∇µcβ − hµνbαβ∇αcβ
�

= −
i

4π

∫

d2σ
p

−h
�

δhµνbµν∇γcγ +δhµν∇γbµνcγ
�

−
i

4π

∫

d2σ
p

−hδhµν
�

bµβ∇νcβ + bνβ∇µcβ − hµνbαβ∇αcβ
�

. (3.247)

The term δhµνbµν∇γcγ is identically zero because δhµνbµν = δ(hµνbµν) = δbαα = 0 and in
the end we find

δhSGH = −
i

4π

∫

d2σ
p

−hδhµν
�

∇γbµνcγ + bµβ∇νcβ + bνβ∇µcβ − hµνbαβ∇αcβ
�

, (3.248)
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so that the symmetric ghost stress energy tensor becomes

T GH
αβ =

4π
p
−h

δS
δhαβ

= −i
�

∇γbαβ cγ + bαγ∇β cγ + bβγ∇αcγ − hαβ bδγ∇δcγ
�

. (3.249)

If we impose the metric to be 2-dimensional flat Minkowski, we finally get the following value
of the Lagrange multiplier:

Bαβ =
�

T M
αβ − i

�

∂γbαβ cγ + bαγ∂β cγ + bβγ∂αcγ −ηαβ bγ
δ
∂γ cδ

�

�

. (3.250)

To make contact with the old covariant quantization we choose the worldsheet light-cone
coordinates. This means that the trace-less condition of the anti-ghost field becomes

bαα = η
αβ bαβ = η

+−b+− +η
−+b−+ = −4b−+ = −4b+− = 0 , (3.251)

so that the only non zero anti-ghost terms are b++ and b−−, associated with the ghost c+ and
c−. In this set of coordinates the reduced BRST transformations can be written as

δBXµ = c+∂+Xµ + c−∂−Xµ , (3.252a)

δBc± = c±∂±c± , (3.252b)

δB b±± = i
�

−
1
α′
∂±Xµ∂±Xµ − i(2b±±∂±c± + ∂±b±±c±)

�

. (3.252c)

3.3.1 Canonical quantization

The action in the conformal gauge becomes

S =
1

2πα′

∫

dσ+dσ−∂+Xµ∂−Xµ −
i

2π

∫

dσ+dσ−(b++∂−c+ + b−−∂+c−) , (3.253)

with associated equations of motion:

∂+∂−Xµ = 0 , (3.254)

∂+c− = ∂−c+ = ∂+b− = ∂−b+ = 0 . (3.255)

In the reduced BRST formalism the BRST transformation is a nilpotent symmetry of the action
only when all the equations of motion are solved simultaneously. This is not a restriction
because the canonical quantization is done on the space of solutions. Solving the equations
of motion we find again the same matter fields of the old covariant quantization while for the
ghost fields we find

c+ = c(σ+) , c− = c̃(σ−) , (3.256)

b+ = b(σ+) , b− = b̃(σ−) . (3.257)

Using the 2π-periodicity of the string we can expand these fields using a Fourier series:

c(σ+) =
∑

n∈Z
cn e−inσ+ , c̃(σ−) =

∑

n∈Z
c̃n e−inσ− , (3.258)

b(σ+) =
∑

n∈Z
bn e−inσ+ , b̃(σ−) =

∑

n∈Z
b̃n e−inσ− , (3.259)

with the reality conditions b+n = b−n, b̃+n = b̃−n, c+n = c−n and c̃+n = c̃−n. Because of the graded
commutator relations (with b being the canonically conjugated momentum of c)

[b(τ,σ), c(τ,σ′)] = [b̃(τ,σ), c̃(τ,σ′)] = 2πδ(σ−σ′) , (3.260)
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the expansion coefficients must also satisfy

[bn, cm] = δn+m , [b̃n, c̃m] = δn+m , (3.261)

[cn, cm] = 0 , [b̃n, b̃m] = 0 . (3.262)

It is easy to check that these relations actually reconstruct eq. (3.260):

[b(τ,σ), c(τ,σ′)] =
∑

n,m

[bn, cm]e
−i(nσ+mσ′) =

∑

n∈Z
e−in(σ−σ′) = 2πδ(σ−σ′) . (3.263)

We can now analyze the structure of the Hilbert space as already did for the free particle,
namely we divide the total Hilbert space in matter and ghost sector:

Htot =Hmatter ⊗Hghost =Hm ⊗Hgh . (3.264)

The natural way we can build the ghost sector is to consider ghost creation and annihilation
operators on a ground state |↓〉 annihilated by bn, cn, n> 0:

bn |↓〉= cn |↓〉= 0 , 〈↓| b−n = 〈↓| c−n = 0 , for n> 0 . (3.265)

If n= 0 then c0 |↓〉= |↑〉, b0 |↓〉= 0 with the following normalization:

〈↓|↑〉= 〈↓| c0 |↓〉= 1 , (3.266a)

〈↑|↑〉= 〈↓|↓〉= 0 . (3.266b)

The general ghost state will then be

b−n1
. . . b−nN

c−m1
. . . c−mM

|↓〉 , ni > 0 , m j ≥ 0 . (3.267)

3.3.2 SL(2,C) invariant vacuum and the ghost Virasoro algebra

The construction we have just carried out can be reformulated with a more suitable definition
of the vacuum state. In particular we can then define a new vacuum state |0〉 so that

cn |0〉= 0 , ∀n≥ 2 , (3.268a)

bm |0〉= 0 , ∀m≥ −1 . (3.268b)

Why is this a better choice of vacuum state? We can understand this by evaluating the form of
the stress-energy tensor of the ghost sector using the definitions (3.258), (3.259) of c and b:

T (gh)
++ = i(2∂+c+b++ + c+∂+b++)

= i
∑

n,m∈Z
2(−in)cn bme−i(n+m)σ+ + i

∑

n,m∈Z
(−im)cn bme−i(n+m)σ+

=
∑

n,m∈Z
(2n+m)cn bme−i(n+m)σ+ = −

∑

n,k∈Z
(n+ k)bk−ncne−ikσ+

= −
∑

k∈Z

�∑

n∈Z
(k− n)bk+nc−n

�

e−ikσ+ =
∑

k∈Z
L(gh)

k e−ikσ+ . (3.269)

We have defined the ghost sector Virasoro’s L(gh)
k :

L(gh)
k =

∑

n∈Z
(n− k)bk+nc−n (classical). (3.270)
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In the quantum theory we normal order them on the new vacuum state |0〉:

L(gh)
k =

∑

n∈Z
(n− k) : bk+nc−n : (quantum). (3.271)

We will now prove that these operators satisfy the Virasoro algebra with central charge
c = −26. At first we evaluate two fundamental commutation relations:

[L(gh)
n , bm] =

∑

k≤−2

(n− k)[bn+kc−k, bm]−
∑

k≥−1

(n− k)[c−k bn+k, bm]

=
∑

k≤−2

(n− k)bn+k[c−k, bm] +
∑

k≥−1

(n− k)[c−k, bm]bn+k = (n−m)bn+m , (3.272a)

[L(gh)
n , cm] =

∑

k≤−2

(n− k)[bn+kc−k, cm]−
∑

k≥−1

(n− k)[c−k bn+k, cm]

= −
∑

k≤−2

(n− k)c−kδn+m+k,0 = −(2n+m)cn+m . (3.272b)

Thanks to these we then obtain

[L(gh)
n , L(gh)

m ] =
∑

k≤−2

(m− k)[L(gh)
n , bm+kc−k]−

∑

k≥−1

(m− k)[L(gh)
n , c−k bm+k]

=
∑

k≤−2

(m− k)(n−m− k)bn+m+kc−k −
∑

k≤−2

(m− k)(2n− k)bm+kcn−k

+
∑

k≥−1

(m− k)(2n− k)cn−k bm+k −
∑

k≥−1

(m− k)(n−m− k)c−k bn+m+k

=
∑

k≤−2

(m− k)(n−m− k)bn+m+kc−k −
∑

q≤−n−2

(m− n− q)(n− q)bm+n+qc−q

+
∑

q≥−n−1

(n− q)(m− n− q)c−q bn+m+k −
∑

k≥−1

(m− k)(n−m− k)c−k bn+m+k

=
∑

q≤−n−2

[(m− q)(n−m− q)− (n− q)(m− n− q)]
︸ ︷︷ ︸

(n−m)(n+m−q)

bq+m+nc−q

−
∑

q≥−1

[(m− q)(n−m− q)− (n− q)(m− n− q)] c−q bq+m+n

+
−2
∑

q=−n−1

(m− q)(n−m− q)bq+m+nc−q +
−2
∑

q=−n−1

(m− q)(n−m− q)c−q bq+m+n
︸ ︷︷ ︸

In this range this is not normal ordered

=
∑

−1≤q≤−n−2

(n−m)(n+m− q) : bq+m+nc−q : +
−2
∑

q≤−n−1

(n− q)(m− n− q)δn+m

+
−2
∑

q=−n−1

[(m− q)(n−m− q)− (n− q)(m− n− q)] bq+m+nc−q

= (n−m)
∑

q∈Z
(n+m− q) : bq+m+nc−q : −δm+n

−2
∑

q=−n−1

(n− q)(2n+ q)

= (n−m)L(gh)
m+n −

13
6
(n3 − n)δn+m ,

which gives rise to

[L(gh)
n , L(gh)

m ] = (n−m)L(gh)
m+n +

−26
12
(n3 − n)δn+m . (3.273)
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Here we find the same type of central extension c
12(n

3 − n)δn+m that we got in the matter
sector, but this time the central charge has a specific universal value

cghost = −26 . (3.274)

It is easy now to verify that Lgh
0,±1 |0〉= 0, namely the vacuum state is annhiliated by the three

Virasoros satisfying the SL(2,C) algebra. This means that from the point of view of the ghost
sector the new vacuum state is SL(2,C) invariant. In reality because the same property is
shared with the matter Virasoros this new vacuum state is globally SL(2,C) invariant. For this
reason |0〉 is known as the SL(2,C) invariant vacuum state.

We can now try to understand the link between the new and old vacuum state. It is easy
to understand that we can easily identify

|↓〉= c1 |0〉 , (3.275)

because c1 |0〉 shares all the requested properties with |↓〉. Namely we can verify that

cn |↓〉= cnc1 |0〉= 0 , ∀n> 0 , (3.276a)

c0 |↓〉= c0c1 |0〉 ̸= 0 =⇒ |↑〉= c0c1 |0〉 , (3.276b)

bn |↓〉= bnc1 |0〉= 0 , ∀n≥ 0 , (3.276c)

〈↑|↑〉= 〈↓| c2
0 |↓〉= 0 , (3.276d)

〈↓|↓〉= 〈↓| [b0, c0] |↓〉= 0 , (3.276e)

〈↓|↑〉= 〈0| c−1c0c1 |0〉= 1 . (3.276f)

In general we will find it convenient to use the following four vacuum states

|0〉 , |↓〉= c1 |0〉 , |↑〉= c0c1 |0〉 ,
�

�0̂
�

= c−1c0c1 |0〉 . (3.277)

All these states can be characterized using the ghost number operator, defined as:

Jgh = −
∑

k≥2

b−kck +
∑

k≥−1

c−k bk , (3.278)

which counts a −1 for every anti-ghost operator bn and a +1 for every ghost operator cn in the
state. With this definition we have that

Jgh |0〉= 0 , Jgh |↓〉= |↓〉 , Jgh |↑〉= 2 |↑〉 , Jgh

�

�0̂
�

= 3
�

�0̂
�

. (3.279)

Any other states will be written as a linear combination of
�

�{ni}, {m j}
�

= c−n1
. . . c−nk

b−m1
. . . b−mq

|0〉 , (3.280)

Jgh

�

�{ni}, {m j}
�

= (k− q)
�

�{ni}, {m j}
�

, for ni ≥ −1 , m j ≥ 2 . (3.281)

3.3.3 BRST charge and critical dimension

We are now ready to construct the BRST charge of the string. Considering the general con-
struction for a set of constraints, in this case we have

Ln ∼ 0 , L̃m ∼ 0 . (3.282)

The constraints satisfy, upon quantization, the (matter) Virasoro algebra:

[Ln, Lm] = (n−m)Ln+m +
D
12

n(n2 − 1)δn+m . (3.283)

63

https://scipost.org
https://scipost.org/SciPostPhysLectNotes.90


SciPost Phys. Lect. Notes 90 (2025)

Following the standard construction in section 2.3.1 we identify Fi = Ln and the structure
constants of the algebra with

f k
nm = δk,n+m(n−m) . (3.284)

Using (2.103) we obtain

F̃i = − f k
i j c

j bk = −
∑

j,k

(i − j)δk,i+ jc
j bk , (3.285)

where [bk, c j] = δk
j . To change these to our natural ghost operators we must redefine c i → c−i

and bi → bi so that [bk, c j] = δk+ j , and the ghost generator becomes

F̃i = −
∑

j,k

(i − j)δk,i+ jc− j bk = −
∑

j,k

(i − j)c− j bi+ j =
∑

j

(i − j)bi+ jc− j = Lgh
i . (3.286)

Considering the normal ordering on the invariant vacuum, F̃i = Lgh
i . Using (2.109) the BRST

charge then becomes

Q = c iFi +
1
2

c iF̃i =
∑

n∈Z

�

c−n L(m)n +
1
2

: c−n L(gh)
n :

�

, (3.287)

where we have already considered the normal ordering in the quantum case.
Alternatively, this BRST charge can be constructed as the Noether charge associated to the

BRST transformations (3.252a), such that δB = i[·,QB].
Defining now the total Virasoro operators as L(tot)

n = L(m)n + L(gh)
n obeying the total Virasoro

algebra as

[L(tot)
n , L(tot)

m ] = (n−m)L(tot)
n+m +

D− 26
12

n(n2 − 1)δn+m , (3.288)

it is possible to prove that this BRST charge satisfies

Q2 =
1
2
[Q,Q] =

1
2

∑

n,m

�

[L(tot)
n , L(tot)

m ]− (n−m)L(tot)
n+m

�

c−nc−m = 0 , (3.289)

which means that the BRST charge is nilpotent if and only if D = 26. This calculation is rather
tedious but in principle straightforward once normal ordering subtleties are correctly taken
into account. It is also possible to simply and elegantly prove that Q2 = 0⇒ D = 26.

Proof
Using the property

[Q, bn] = F tot
n = L(tot)

n , (3.290)

we can prove that [Q, L(tot)
n ] = 0:

[Q, L(tot)
n ] = [Q, [Q, bn]] = [[Q,Q], bn]− [Q, [Q, bn]]→ 2[Q, L(tot)

n ] = [Q2, bn] = 0 . (3.291)

If we consider this identity in the commutation relation of two total Virasoros we get

[L(tot)
n , L(tot)

m ] = [L(tot)
n , [Q, bm]] = [[L

(tot)
n ,Q], bm] + [Q, [L(tot)

n , bm]] (3.292)

= [Q, [L(gh)
n , bm]] = (n−m)[Q, bn+m] = (n−m)L(tot)

n+m , (3.293)

which means that ctot = 0 that is D = 26.
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3.3.4 String spectrum from the BRST charge

In this section we will describe the physical cohomology in (say) the left moving sector. An
analogous mirror story can be repeated for the right-moving sector. The left-moving results
will directly apply to the open string spectrum, modulo possible boundary details which will
not be important in this section. As we saw the total BRST Hilbert space can be decomposed
into the direct product of matter and ghost sector H =Hm ⊗Hgh:

• Hm→ [αµn ,ανm] = η
µνnδn+m , [X̂µ, P̂ν] = iηµν ,

• Hgh→ [bn, cm] = δn+m .

Inside this total space we can define four ‘vacua’ with definite momentum:

|0, P〉= eiX̂ ·P |0〉 , (3.294a)

|↓, P〉= eiX̂ ·P |↓〉= eiX̂ ·P c1 |0〉 , (3.294b)

|↑, P〉= eiX̂ ·P |↑〉= eiX̂ ·P c0c1 |0〉 , (3.294c)
�

�0̂, P
�

= eiX̂ ·P
�

�0̂
�

= eiX̂ ·P c−1c0c1 |0〉 . (3.294d)

The normalization is chosen so that



0, P ′
�

� c−1c0c1 |0, P〉= δ(P − P ′) . (3.295)

This setting is similar to the configuration we have found in the case of the free particle where
the global space was spanned by |↓, P〉 ⊕ |↑, P〉. However here in the string case we have
also all possible positive and negative ghost numbers and in particular two additional ghost
vacua (|0〉 and

�

�0̂
�

) that are useful. All the other states in the string Hilbert space H are then
obtained applying different oscillators to these vacuums. Of course it is up to us to choose
which vacuum to use, because all vacua are obtainable from one another by using the ghost
zero modes (c−1, c0, c1) and (b−1, b0, b1).

On H there is a nilpotent BRST charge which acts as an operator:16

Q =
∑

n∈Z

�

cn L−n +
1
2

: cn L(gh)
−n :

�

, (3.296)

with : · : the normal ordering with respect to |0〉 and Ln and L(gh)
n the matter and ghost Vira-

soros:

Ln =
1
2

∑

k∈Z
: αn−kαk : , L(gh)

n =
∑

k∈Z
(n− k) : bn+kc−k : , (3.297)

[Ln, Lm] = (n−m)Ln+m +
D
12
(n3 − n)δn+m , (3.298)

[L(gh)
n , L(gh)

m ] = (n−m)L(gh)
n+m +

−26
12
(n3 − n)δn+m . (3.299)

We are now ready to obtain the physical states |phys〉 ∈H analyzing the cohomology of Q. We
start with #gh < 0 and we only state the following result.

Theorem
Every closed state at negative ghost number is also exact, namely there is no cohomology for
#gh < 0. The same is true for #gh > 3.

Therefore the cohomology is concentrated at ghost number 0,1,2,3.

16We omit the matter symbol on matter Virasoro operators from now on.
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■ #g h = 0
The fundamental state at this ghost number is the zero-momentum vacuum state. It is easy
to prove that Q |0〉 = 0 given the normal ordering of Q, but we now must see if |0〉 is exact,
namely if ∃ |Λ〉 | Q |Λ〉= |0〉. If we define the total level N tot = L(tot)

0 − 1
2α

2
0 we have

[Q, N (tot)] = [Q, L(tot)
0 ]−

1
2
[Q,α2

0] = 0 , (3.300)

which means that the BRST charge does not modify the level of a state. Using this result we
can conclude that |Λ〉 must be at zero level and with ghost number −1. The only state with
this property would be |Λ〉 = b0 |0〉 which is, however, identically zero from the definition of
the vacuum state. This means that ∄ |Λ〉 and |0〉 is in the cohomology.

It can be shown that |0〉 is the only element of the cohomology at ghost number zero.

■ #g h = 1
At the ghost number 1 we will search the cohomology in the subclass of states
|ψ〉 = c1 |φm〉 = |φm〉 ⊗ |↓〉 where |φm〉 represents a generic matter state. These states obey
the so-called Siegel gauge condition b0 |ψ〉= 0.17 If we apply Q to this state we obtain

Q |ψ〉=Qc1 |φm〉= [Q, c1] |φm〉 − c1Q |φm〉 . (3.301)

This can be further manipulated using the property

[Q, cn] = −
∑

m∈Z
(m+ 2n)c−mcn+m , (3.302)

so that

[Q, c1] |φm〉= −|φm〉 ⊗
∑

m∈Z
(m+ 2)c−mc1+m |0〉gh

= −|φm〉 ⊗ (. . .− c3c−2 + c1c0 + 2c0c1 + 3c−1c2 + . . .) |0〉gh

= −|φm〉 ⊗ (−c1c0) |0〉gh = c1c0 |φm〉 . (3.303)

Thanks to this result we obtain

Q |ψ〉= c1c0 |φm〉 − c1

∑

n∈Z
cn L−n |φm〉

= c1



c0 + . . .− c2 L−2
︸ ︷︷ ︸

All zero over |φm〉

−c1 L−1 − c0 L0 −
∑

n≥1

c−n Ln



 |φm〉

= (L0 − 1)c0c1 |φm〉+
∑

n≥1

c−n Ln c1 |φm〉= 0 , (3.304)

which is zero if and only if
(L0 − 1) |φm〉= 0 , (3.305)

and
Ln |φm〉= 0 , ∀n≥ 1 , (3.306)

which are the same physicality conditions we have obtained in the old covariant quantization.
Therefore the BRST quantization implies the OCQ constraints with a = 1. The (L(m)0 −1) should

17A consequence of this gauge condition is that the cohomology can be systematically searched for in the kernel
of Ltot

0 since b0 |ψ〉=Q |ψ〉= 0 implies [Q, b0] |ψ〉= Ltot
0 |ψ〉= 0.
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be thought of L(tot)
0 = L(m)0 + L(gh)

0 where L(gh)
0 = −1 when it acts on c1 |0〉= |↓〉. Therefore the

cohomology of QB is properly contained in the kernel of L(tot)
0 .

In the old covariant quantization we have also defined the null states as those vectors
satisfying

(L0 − 1) |null〉= 0 , Ln≥1 |null〉= 0 , |null〉=
∑

n≥1

L−n |χn〉 . (3.307)

OCQ null states correspond to BRST exact states. To see this consider the example of the open
string gauge field in the BRST approach:

|ψ〉= Aµ(P)α
µ
−1c1 |0, P〉 . (3.308)

We can add to it an exact state of the form

Qλ(P) |0, P〉=
∑

n∈Z
c−n Ln |0, P〉= λ(P)( . . .+ c2 L−2

︸ ︷︷ ︸

Identically zero

+c1 L−1 + c0 L0 + . . .
︸ ︷︷ ︸

zero when P2=0

) |0, P〉

= λ(P)c1 L−1 |0, P〉 ∼ Pµλ(P)α
µ
−1c1 |0, P〉 . (3.309)

We have already observed in (3.203) that when P2 = 0 then L−1 |0, P〉 is a null state. Notice
that this exact state still obeys the gauge condition b0 = 0 which therefore does not fix the
gauge completely, inside the cohomology.18

In general we have the property

c1 |null〉=Q |Λ〉 . (3.310)

In the end we can write the identifications

|φm〉 −→ c1 |φm〉= |ψ〉 , (3.311a)

|phys〉 −→Q |ψ〉= 0 , (3.311b)

|null〉 −→ c1 |null〉=Q |Λ〉 , (3.311c)

and map the entire old covariant quantization in the ghost number one sector obeying the
Siegel gauge condition b0 |ψ〉= 0. It is also true, although we don’t give a proof, that there is
nothing else in the cohomology at ghost number one, only the (non null) OCQ physical states.

As an additional remark we can also notice that the parameter a we have previously fixed
to 1 is nothing but (minus) the eigenvalue of the state c1 |0〉 under the action of L(gh)

0 .

■ #g h = 2
Since at ghost number one we have restricted to states whose ghost content was entirely given
by |↓〉= c1 |0〉, we can consider states at ghost number two of the form

|ψ̂〉= c0c1 |φm〉= |φm〉 ⊗ |↑〉 ,

and apply the BRST charge to obtain

Q|ψ̂〉= [Q, c0c1]
︸ ︷︷ ︸

=0

|φm〉+ c0c1Q |φm〉

= c0c1(. . .+ c1 L−1 + c0 L0 +
∑

n≥1

c−n Ln) |φm〉= 0

=⇒ Ln |φm〉= 0 , ∀n≥ 1 . (3.312)

18This is analogous to Lorentz gauge ∂µAµ = 0 which is preserved by δAµ = ∂µλ with □λ= 0.
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Notice that this time we do not find the mass-shell condition (L0− 1) |φm〉= 0. This situation
is similar to what we have already encountered in the free particle model, where all the states
|P,↑〉 where in the kernel of Q, without any restriction on P. In that case the mass-shell con-
dition was the only constraint on the particle state and it was recovered for |P,↑〉 by studying
the non-exactness condition. We must do the same for the string states in

ker(Q)
�

�

�

gh=2
=
�

|ψ̂∗〉= c0c1

�

�φ∗m
�	

Ln≥1|φ∗m〉=0 . (3.313)

We proceed by considering the states at ghost number one |ψ∗〉 = c1

�

�φ∗m
�

with
Ln

�

�φ∗m
�

= 0 , ∀n≥ 1 but not on-shell.
By definition we have the following identity:

b0|ψ̂∗〉= c1

�

�φ∗m
�

= |ψ∗〉 . (3.314)

We can use it to obtain

Q |ψ∗〉=Qb0|ψ̂∗〉= [Q, b0]|ψ̂∗〉 − b0Q|ψ̂∗〉
︸ ︷︷ ︸

=0

= L(tot)
0 |ψ̂∗〉 . (3.315)

We now have two different possibilities.

1. If L(tot)
0 |ψ̂∗〉 ̸= 0 then, if we suppose to work on eigenstates of L(tot)

0 we can write

|ψ̂∗〉=
1

L(tot)
0

Q |ψ∗〉=Q

�

1

L(tot)
0

|ψ∗〉

�

=Q

�

b0

L(tot)
0

�

�ψ̂∗
�

�

, (3.316)

and |ψ̂∗〉 is exact, with b0

L(tot)
0

|ψ̂∗〉 as trivializing state.

2. If L(tot)
0 |ψ̂∗〉 = 0 then we have that the states are closed and not exact. Explicitly this

means that

0= L(tot)
0 |ψ̂∗〉= L(tot)

0 c0c1

�

�φ∗m
�

= (L0 + L(gh)
0 )c0c1

�

�φ∗m
�

= c0c1(L0 − 1)
�

�φ∗m
�

, (3.317)

and we again obtain that for the states to be physical they must also satisfy the mass-shell
condition.

■ #g h = 3
In the ghost number 3 sector we focus on the state

�

�0̂
�

conjugate to the vacuum state |0〉 to
prove that it is actually in the cohomology. At first we must prove Q

�

�0̂
�

= 0:

Q
�

�0̂
�

=
∑

k∈Z
(k− 2)c−kck−1c0c1 |0〉

︸ ︷︷ ︸

=0 for the properties of cl |0〉

−c−1Qc0c1 |0〉= c−1Q2c1 |0〉= 0 . (3.318)

At the same time it must also not be exact but this is immediate since we known that



0
�

�0̂
�

= 〈0| c−1c0c1 |0〉= 1 , (3.319)

which would not hold if
�

�0̂
�

=Q |Λ〉 because



0
�

�0̂
�

= 〈0|Q |Λ〉= 0.
All these states we have encountered in the cohomology have the property of having a

positive definite scalar product as enunciated by the no ghost theorem.
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No ghost theorem
If we define

�

�φOCQ
i

�

⊗ |↓〉= |ψi〉 at #gh = 1 , (3.320)
�

�φOCQ
i

�

⊗ |↑〉= |ψ̂i〉 at #gh = 2 , (3.321)

satisfying (Ln −δn,0)
�

�φOCQ
i

�

= 0 for n≥ 0, then

〈ψi| ψ̂ j〉= Gi j , (3.322)

is positive semi-definite and become positive definite if we quotient-out the null states, or
equivalently if we stay in the cohomology.

Therefore, in the cohomology, we only find positive norm states, which are consistent with
Quantum Mechanics.

3.3.5 The (open) string field theory action

In the case of the free particle (2.98), once we had a well defined BRST charge and a non-
degenerate inner product, it was possible to define a space-time action for the dynamical fields
of the theory. Let us now focus on the open string on a D25 brane for concreteness. As we
have seen, the physical states can be searched in the ghost number one sector of the Hilbert
space. We thus select the dynamical string field to be |Ψ〉 with #gh |Ψ〉 = 1, with a general
expression

|Ψ〉=
∫

d26P
�

t(P)c1eiX̂ ·P |0〉+ Aµ(P)c1α
µ
−1eiX̂ ·P |0〉+ iB(P)c0eiX̂ ·P |0〉+ . . .

�

. (3.323)

This state is physical if it satisfies
Q |Ψ〉= 0 . (3.324)

This is the equation of motion that extremizes the free Open String Field Theory action:

S[Ψ] =
1
2
〈Ψ|Q |Ψ〉 . (3.325)

This action has also a local (off-shell) gauge symmetry

|Ψ〉 ∼ |Ψ〉+Q |Λ〉 , (3.326)

which generalizes the cohomological structure of the physical open string spectrum.

Exercise 3.3.1

Verify that given

|Ψ〉=
∫

d26P t(P) c1 |0, P〉 , t ∈ R , (3.327)

the free string field action is equal to a scalar field action:

S[t] =
α′

2

∫

d26P t(P2 +m2)t , with m2 = −
1
α′

. (3.328)

Also verify that if we consider:

|Ψ〉=
∫

d26P
�

Aµ(P)c1α
µ
−1 + iB(P)c0

�

|0, P〉 , Aµ, B ∈ R , (3.329)
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we get the action of a U(1) vector field coupled to an auxiliary field B. Integrate
out B and recover the covariant action of electromagnetism ∼

∫

FµνFµν, where
Fµν = ∂µAν − ∂νAµ.

The free action can be modified to include interactions, thanks to the addition of a ‘simple’
cubic vertex (the so-called Witten vertex)

S[Ψ] =
1
2
〈Ψ,QΨ〉+

1
3
〈Ψ,Ψ,Ψ〉 . (3.330)

With interactions turned one, the possibility of considering off-shell states allows us to move
away from the perturbative vacuum of the theory, which is unstable due to the tachyon, to
search for a stable vacuum if it exists. The presence of this true vacuum state has been conjec-
tured by Ashoke Sen in 1999 and later analytically discovered by Martin Schnabl in 2005. It
describes a configuration in which an initial unstable D-brane has decayed to nothing, leaving
behind only pure spacetime and closed string radiation.

What about closed strings? One can try to proceed analogously to the open string case,
taking the closed string field |Ψc〉 to be at total ghost number 2. However the natural expression
〈Ψc| (QB + Q̄B) |Ψc〉 is identically vanishing because it does not soak up the total ghost number
six of the bracket. The way to resolve this problem is to constrain the off-shell space of closed
string fields by asking for the (generalized) level matching conditions

(b0 − b̄0) |Ψc〉= 0 , (3.331a)

(L0 − L̄0) |Ψc〉= 0 . (3.331b)

In this restricted space there is a non-degenerate inner product given by

〈Ψ1,Ψ2〉 ≡
1
2
〈Ψ1| (c0 − c̄0) |Ψ2〉 . (3.332)

With this inner product, calling Qtot = (QB + Q̄B), one can write down a consistent free action
for closed string fields as

S[Ψc] =
1
2
〈Ψc ,QtotΨc〉 . (3.333)

As for the open string field theory this free theory too can be deformed by adding interactions.
However this time a cubic vertex is not sufficient to reproduce closed string amplitudes. It turns
out that infinite interaction vertices are needed and these vertices are organized in a structure
which is called L∞-algebra. As of today, this non-polynomial action is so complicated that it
is not possible to ascertain whether there is a stable closed string tachyon vacuum, similar to
the open string one.19

3.4 Lightcone quantization

At the classical level, choosing the conformal gauge and using worldsheet lightcone coordi-
nates (3.43), we wrote (see eq. (3.48))

S[X ] =
1

2πα′

∫

WS

d2σ∂+Xµ∂−Xµ . (3.334)

19The interested student can find a detailed pedagogical introduction to String Field Theory in the recent
book by H. Erbin, “String Field Theory: A Modern Introduction,” Lect. Notes Phys. 980 (2021), 1-421 2021,
[arXiv:2301.01686 [hep-th]].
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As already noticed, this action is still invariant under the conformal diffeomorphisms (see eq.
(3.49))

σ+ −→ f+(σ
+) , (3.335a)

σ− −→ f−(σ
−) , (3.335b)

which reflect on

XµL (σ
+) −→ XµL ( f+(σ

+)) , (3.336a)

XµR (σ
−) −→ XµR ( f−(σ

−)) . (3.336b)

This is a residual gauge redundancy and the Virasoro operators Ln are precisely the generators
of this residual gauge symmetry, as we will see in detail in the next chapter.

3.4.1 Quantization

In the previous chapter we have imposed the Virasoro constraints by using the BRST charge.
Now we would like to do something easier: impose the constraints directly on the space of
solutions for X and then quantize the constrained set of solutions. In order to do so we go to
lightcone coordinates in space-time

X± =
1
p

2

�

X 0 ± X D−1
�

. (3.337)

Correspondingly we divide the spacetime directions into

µ=
�

+ , −
︸ ︷︷ ︸

0,D−1
(lightcone)

, i
︸︷︷︸

1,...,D−2

�

, (3.338)

where i = 1, . . . , D − 2 are the transverse euclidean directions, while +,− are the lightcone
directions.

The idea of the lightcone quantization is then to fix the functional dependence of X+ on
σ± to be of the form

X+L (σ
+) =

x+0 + c+0
2

+
α′

2
P+σ+ , X+R (σ

−) =
x+0 − c+0

2
+
α′

2
P+σ− , (3.339a)

so that

X+ = x+0 +α
′P+τ . (3.340)

This fixing is equivalent to stating that all the non-zero vibrational modes of the string along
the + direction are set to zero:

α+n̸=0 = 0 . (3.341)

After this choice for X+ we are no more free to perform the conformal transformations (3.336a)
because X+ would not remain in the form (3.340).20 If we perform a conformal transforma-
tion, we would reintroduce an oscillator dependence, by simply Fourier expanding f±(σ±).
Therefore we learn that α+ oscillators are not physical but are just a redundancy.

20In fact we are still free to perform constant translations in (σ+,σ−) as we will discuss shortly.
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The classical (i.e. before canonical quantization) Virasoro constraints are now given by
(recalling eq. (3.341))

Ln =
1
2

∑

k∈Z

�

−2α−n−kα
+
k +α

i
n−kα

i
k

�

= −α−nα
+
0 +

1
2

∑

k∈Z
αi

n−kα
i
k . (3.342)

The idea now is to impose the Ln̸=0 = 0 constraints already at the classical level. This allows
then to express the α−n oscillators in terms of the transverse oscillators

α−n =
1

2α+0

∑

k∈Z
αi

n−kα
i
k . (3.343)

In this game L0 is treated differently: L0 (and L̃0) generate constant translations in the σ+,σ−

surface and these transformations don’t change the generic form of X+ because they don’t
introduce α+n oscillators and they don’t change the momentum P+. Therefore this will remain
as a gauge redundancy which should be imposed on states after canonical quantization. This
is in fact completely analogous to the particle and the associated (gauge) invariance of the
gauge fixed world-line under constant translations in τ.

There are only D − 2 oscillators left, since α+n̸=0 = 0 and α−n has been written in terms of

αi
n. Therefore when we quantize we write

�

αi
n,α j

m

�

= nδi jδn+m, 0 , i, j = 1, . . . , D− 2 . (3.344)

Inside this transverse Hilbert space we find states of the type

α
i1
−n1

. . .αik
−nk
|0, P〉 . (3.345)

On these states the only constraint to be imposed is L0 (and L̃0), whose classical expression is
given by

L0 =
1
2
(α0)

2 +
1
2

∑

k ̸=0

αi
−kα

i
k . (3.346)

As usual we define the quantum mechanical operator to be normal ordered

L0 =
1
2
(α0)

2 +
∑

k≥1

αi
−kα

i
k (quantum), (3.347)

and then define the lightcone (lc) level operator as

N (lc) =
∑

k≥1

αi
−kα

i
k . (3.348)

The quantum mass-shell constraint (to be imposed on the states) will thus be

L0 − a =
1
2
(α0)

2 + N (lc) − a = 0 , (3.349)

where, following our usual arguments, a is a to-be-determined normal ordering constant.

3.4.2 Spectrum

We will now analyze the spectrum of open strings on a D25-brane. The story for closed strings
is analogous after the usual doubling of degrees of freedom. Going level by level we obtain
what follows.
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■ Level N(lc) = 0
At the level N (lc) = 0 we have the tachyon

t(P) |0, P〉 . (3.350)

Since we are considering an open string on a D(25)-brane we have α0 =
p

2α′P and therefore
the constraint L0 − a = 0 turns into

α′m2 = −a . (3.351)

■ Level N(lc) = 1
At the level N (lc) = 1 the generic state is

Ai(P)α
i
−1 |0, P〉 , (3.352)

where Ai(P) is a vector field in the vector irrep of SO(D − 2), (since i = 1, . . . , D − 2 are the
only directions where we have oscillators). The constraint L0 − a = 0 turns into

α′m2 = 1− a . (3.353)

This state is evidently a space-time vector which however has only D− 2 degrees of freedom.
It is well known from quantum field theory that if a spacetime vector has only D− 2 physical
degrees of freedom (per space-time point) then it should be massless. In this case there are
indeed D − 2 physical polarizations which rotate according to SO(D − 2), the little Lorentz
group of a light-like (i.e. massless) momentum P. Thus this state at N (lc) = 1 should be
massless

α′m2 = 0 , (3.354)

and this fixes
a = 1 , (3.355)

exactly as in BRST (although for quite different conceptual reasons!).

■ Level N(lc) = 2
At the level N (lc) = 2 the generic state is

�

ξiα
i
−2 + ξi jα

i
−1α

j
−1

�

|0, P〉 , (3.356)

with (setting a = 1 as we have just learned)

α′m2 = 1 . (3.357)

We have that

• ξi is in the vector representation of SO(D− 2), having D− 2 independent components.
Using the Young tableaux notation, it can be written as ( )SO(D−2).

• ξi j is in the symmetric representation of SO(D−2), having 1
2(D−1)(D−2) independent

components. Using the Young tableaux notation, it can be written as ( )SO(D−2) (this
is still not an irrep of SO(D− 2) because the trace is not vanishing).

In total these two representations add up to provide the symmetric traceless representation of
SO(D− 1) (the little group of a time-like (i.e. massive) momentum P) that we have found in
OCQ:

( + traceful)SO(D−2) = (
traceless)SO(D−1) , (3.358)

as we can easily check by matching the degrees of freedom

(D− 2) +
1
2
(D− 2)(D− 1) =

1
2

D(D− 1)− 1 . (3.359)

Therefore massive particles (irrepses of SO(D−1)) are reconstructed by irrepses of SO(D−2),
which is the only space-time symmetry which is manifest in the lightcone.
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3.4.3 Zero point energy and renormalization

When you studied the harmonic oscillator in quantum mechanics you started with a Hamilto-
nian

Ĥ =
1
2

�

P̂2 +ω2 x̂2
�

=
�

a†a+ aa†
�

= a†a+
1
2

, (3.360)

which naturally produced the famous 1/2 as a vacuum energy. You did not introduce a normal-
ordering constant to be later fixed by consistency. You may wonder why we didn’t do a similar
reasoning for the oscillators of the string. A posteriori, the reason is that not all strings oscilla-
tors are physical and the correct vacuum energy should be the one generated by only physical
oscillators. In the lightcone we are precisely handling only physical oscillators and therefore it
should be possible to obtain the vacuum energy by normal ordering the classical Hamiltonian
(which is L0). Doing this literally we find

L0 =
1
2
(α0)

2 +
1
2

∑

k ̸=0

αi
−kα

i
k

=
1
2
(α0)

2 +
∑

k≥1

αi
−kα

i
k +

1
2

∑

k≥1

�

αi
−k,αi

k

�

=
1
2
(α0)

2 +
∑

k≥1

αi
−kα

i
k +

1
2
(D− 2)

∑

k≥1

k = Lquantum
0 − a . (3.361)

In doing this we find a divergent normal ordering constant

a = −
1
2
(D− 2)

∑

k≥1

k =∞ . (3.362)

This is expected because (for each transverse direction i = 1, · · · , D − 2) we have infinite
oscillators, each one contributing − k

2 to a. Luckily this divergence can be easily regularized
and renormalized by standard QFT methods in two dimensions. First of all we regulate the
divergence in the Hamiltonian by introducing a regulator ε→ 0 in the following way:

∞
∑

k=1

k −→
∞
∑

k=1

ke−εk = −
1
2

1
1− coshε

=
1
ε2
−

1
12
+
ε2

240
+O(ε4)

ε→0
=

1
ε2
−

1
12

. (3.363)

We can then implement the renormalization inserting inside the lightcone action a constant
local counterterm r

ε2 , a cosmological constant

S =
1

2πα′

∫

WS

d2σ
�

∂+X i∂−X i +
r
ε2

�

, (3.364)

where the constant r can be chosen in such a way that the new Hamiltonian is now finite for
ε→ 0. Effectively this means that we drop the divergent 1

ε2 contribution from the sum (3.363)
and we write

�∞
∑

k=1

k

�

renorm

= −
1

12
. (3.365)
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We can obtain the same result observing that, recalling ζ(s) =
∑∞

k=1
1
ks the Riemann ζ function,

the divergent sum can be interpreted as a non convergent representation of the ζ function
evaluated at −1:

∞
∑

k=1

k→ ζ(−1) = −
1
12

. (3.366)

Therefore, either as two-dimensional quantum-field theorists or as believers in the truth of
analytic continuation (the two attitudes luckily give the same result!), we have got rid of the
infinite zero point energy and we have found

a(renorm) = −
D− 2

2

�

−
1
12

�

=
D− 2

24
. (3.367)

But since we previously fixed a = 1, the dimension of the target space is fixed to D = 26, which
is exactly what we found in BRST quantization. All seems consistent and it’s not a coincidence,
as we will see shortly.

3.4.4 Physical states and the partition function

We have seen that the string gives rise to an enormous proliferation of higher-spin massive
states. How many physical states we find at every given mass level? Either in OCQ and in
BRST this would require to solve the Virasoro constraints and then to carefully find out the
null states (or the exact states) to subtract them. In the lightcone, on the other hand, we only
have physical oscillators and we can easily count the degeneracy of each mass level. Let us
therefore count the states we get by acting with oscillators on the zero momentum vacuum:

α
i1
−k1

. . .αin
−kn
|0〉 . (3.368)

This can be done by considering the partition function

Tr
¦

qLD=24
0

©

=

�

∑

s

〈s|qLD=1
0 |s〉

�24

, (3.369)

where s = {n1, n2, . . . , nk, . . . } (being nk the occupation number of the k-th oscillator) and



s
�

�s′
�

= δs, s′ . (3.370)

Moreover we have used the trivial fact that each transverse direction contributes equally to
the partition function. By explicit computation we have

Tr
¦

qLD=1
0

©

=
∞
∑

n1,...,n∞=0

〈{ni}|qL0 |{ni}〉

=
∞
∑

n1,...,n∞=0

qn1+2n2+...+knk+...

=
∞
∑

n1=0

qn1

∞
∑

n2=0

(q2)n2 · · ·
∞
∑

nk=0

(qk)nk · · ·

=
1

1− q
1

1− q2
· · ·

1
1− qk

· · ·

=
∞
∏

k=1

1
1− qk

, (3.371)
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where
∑∞

n=0 qkn is the partition function of an harmonic oscillators having q = ekβ .
This all works in one spatial dimension. If we have D− 2 spatial euclidean directions, we

get

Tr
�

qL0
	

=

�∞
∏

k=1

1
1− qk

�D−2

= P(q) , (3.372)

which counts the number of states we have at each level. If we expand it for small q and
choose D = 26, we find

P(q) q→0
= 1+ 24q+ 324q2 + . . . (3.373)

This means:

• at N = 0 we have 1 state (d.o.f. of the tachyon),

• at N = 1 we have 24 states (d.o.f. of the photon),

• at N = 2 we have 324 states (d.o.f. of a massive traceless tensor: the massive little group
is SO(D− 1 = 25) and thus we have 1

225(25+ 1)− 1 = 324 d.o.f., where the −1 comes
from the trace removal),

• and so on.

An asymptotic analysis on the growth of the number of states with the level N gives

#states(N)∼
1
p

2
N−

27
4 exp

�

4π
p

N
�

, (3.374)

and keeping only the leading contribution

log#states ∼ 4π
p

N ∼ 4πα′E , (3.375)

where we have used that (ignoring the momentum) the energy is given by the mass and there-
fore by the level

E ∼ m=

√

√N − 1
α′

∼

√

√N
α′

. (3.376)

To this huge degeneracy (which as we see only depends on the energy of the states) we can
associate a microcanonical entropy

Smicro(E) = K log #states(E) = K 4πα′ E , (3.377)

where K is Boltzmann constant. The fact that the entropy is linear with the energy (for high
energy) means that the temperature

1
KT
=

1
K
∂ S
∂ E
= 4πα′ , (3.378)

is constant, it does not change as we change the energy of the system! This constant temper-
ature is called Hagedorn temperature:

KTH ≡
1

4πα′
. (3.379)

A constant temperature is a feature of a system whose (log of the) number of degrees of
freedom is proportional to the energy itself so that an increase in energy brings to an increase
of states rather than an increase in temperature.

This behaviour is typical of a phase transition and suggests that at high energies string
theory will enter a new phase.21

21In hadronic physics, where Hagedorn temperature was originally defined, this is the de-confinement phase
transitions, where QCD flux tubes (the effective strings) disintegrate and quarks and gluons can finally exist as
individual particles.
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3.4.5 Lightcone vs BRST

Both lightcone and BRST quantization methods fixed

¨

a = 1 ,

D = 26 .
(3.380)

To have a glimpse that this is not a coincidence let us write

Ltot
0 = L(matter)

0 + L(ghost)
0 =

1
2
(α0)

2 + N (matter) + N (ghost) , (3.381)

with

N (matter) =
1
2

∑

k ̸=0

α−k ·αk = N (±) + N⊥ , (3.382a)

N (ghost) =
∑

k∈Z
kb−kck . (3.382b)

In BRST quantization, physical states are at gh = 1 and are built on the vacuum |↓〉 = c1 |0〉.
Let us then play the previous game and normal order the total Hamiltonian L0 on the |↓〉
vacuum to obtain the corresponding zero-point energy. Let’s then consider the classical level
operators for the ghosts and for the lightcone directions:

N (ghost) =
∑

k∈Z
kb−kck =

∑

k≥1

(b−kck − bkc−k) =
∑

k≥1

(b−kck + c−k bk)−
∑

k≥1

k , (3.383)

N (±) =
1
2

∑

k ̸=0

α
µ̄

−kα
ν̄
kηµ̄ν̄ =

∑

k≥1

α
µ̄

−kα
ν̄
kηµ̄ν̄ +

1
2
η
µ̄
µ̄

∑

k≥1

k

=
∑

k≥1

α
µ̄

−kα
ν̄
kηµ̄ν̄ +

∑

k≥1

k . (3.384)

We then realize that ghosts’ zero point energy cancels out the lightcone zero-point energy:

BRST=matter+ ghosts= (��LC+ transverse) +����ghosts. (3.385)

Then we are only left with the normal-ordering constant for the transverse direction which we
discussed in the previous subsection.

Therefore the idea is that the lightcone represents the gauge invariant content of the BRST
system of the string. It can be shown (but we will not do it) that in the Polyakov path integral
the integration over the ghosts precisely cancels with the integration over the non-zero mode
part of the two lightcone directions, leaving us with a path integral over the transverse direc-
tions, where there is no more local gauge redundancy (remember that constant worldsheet
translations are not fixed in the approach we are considering)

∫

����DbDc�����DX+DX−DX i (· · · )eSBRST[X±,X i ,b,c] =

∫

DX id x+0 d x−0 (· · · )e
SLC[x±0 ,X i] . (3.386)

The price for this is the loss of Lorentz covariance and, to a more technical level, a major diffi-
culty in developing string perturbation theory. We will now restore the full Lorentz invariance
and conformal symmetry but will keep in mind the lightcone for future use.
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4 Conformal field theory on the worldsheet

4.1 CFT and string theory

We have seen in the previous chapter that our gauge fixing of the Polyakov path integral relies
on the choice of a fiducial metric

hαβ = ĥαβ . (4.1)

As we have already anticipated, however, this gauge condition does not fix the gauge group
completely. The reason is that we can consider the so-called conformal diffeomorphisms whose
effect is to change the metric by a scale factor. Infinitesimally this means

δconf-diffĥαβ =∇αξβ +∇βξα = −2ω(σ)ĥαβ . (4.2)

A vector field satisfying (locally) this equation is called a (local) conformal Killing vector and
the equation it satisfies is called conformal Killing equation. This variation of the metric can
now be compensated by a Weyl transformation (recall the definition eq. (3.30)) such that

δWeylĥαβ = 2ω(σ)ĥαβ , (4.3)

so that in total we have
�

δconf diff +δWeyl

�

ĥαβ = 0 . (4.4)

This means that there is a residual gauge symmetry that does not change the fiducial metric.
Therefore the gauge fixing is not complete. The Virasoro constraints, implemented by the BRST
charge, have precisely the role of taking care of these extra gauge symmetries. Understanding
in detail the nature and the consequences of these unfixed gauge symmetries is the main
subject of this chapter.

To start with, let us give a useful analogy for the particle. In the free particle we fixed e = 1
and we ended up with

S =

∫

dτ
1
2

�

Ẋ 2 −m2
�

. (4.5)

This action is clearly no more invariant under reparametrizations, but still has a residual in-
variance under a subgroup of reparametrizations given by the constant translations

τ −→ τ+δτ , with δτ= const, (4.6)

which is a complicated way of saying that the Lagrangian is τ-independent. If the lagrangian
is independent of time, the Hamiltonian Ĥ is conserved and it generates time translations
in the state space. But if time translations are a residual redundancy then physical configu-
rations should not change under such a transformation. Then, for a physical configuration,
the Hamiltonian is not just conserved but it is vanishing. This is why we have to impose the
condition

Ĥ |state〉=
�

P̂2 +m2
�

|state〉= 0 . (4.7)

For the string the analogue of the time translations are the conformal diffeomorphisms and the
analogue of the Hamiltonian constraint are the Virasoro constraints which are the generators
of the conformal transformations.

If we choose the usual flat fiducial metric in worldsheet lightcone coordinates

ĥαβ =

�

0 −1
2

−1
2 0

�

, (4.8)
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meaning that h+− = h−+ = −
1
2 and h++ = h−− = 0 the conformal Killing equations read as

follows:

∂+ξ+ = ∂+ξ
− = 0 , (4.9a)

∂−ξ− = ∂−ξ
+ = 0 , (4.9b)

with ω∼ ∂+ξ++ ∂−ξ−. This means that the residual diffeomorphisms are generated by holo-
morphic vector fields (ξ+(σ+),ξ−(σ−)).

Let us now consider the corresponding “matter+ghost” string action in worldsheet light-
cone coordinates (3.43):

S[X , b, c] =
1

2πα′

∫

WS

d2σ± ∂+Xµ∂−Xµ −
i

2π

∫

WS

d2σ±
�

b++∂−c+ + b−−∂+c−
�

, (4.10)

and Wick-rotate the Minkowskian time coordinate τ to an Euclidean coordinate t:

τ→−i t . (4.11)

Accordingly we define

τ+σ→−i t +σ = −i(t + iσ)≡ −iw , (4.12a)

τ−σ→−i t −σ = −i(t − iσ)≡ −iw̄ , (4.12b)

where w= t + iσ is the Euclidean version of σ+, while w̄= t − iσ is the euclidean version of
σ−. The action (4.10) now reads as

S[X , b, c] =
1

2πα′

∫

WS

d2w∂ Xµ∂̄ Xµ +
1

2π

∫

WS

d2w
�

b∂̄ c + b̄∂ c̄
�

, (4.13)

where d2w= dwdw̄ and we have denoted

∂ = ∂w , ∂̄ = ∂w̄ , (4.14a)

b = bww , b̄ = bw̄w̄ , (4.14b)

c = cw , c̄ = cw̄ . (4.14c)

This action is invariant under

w −→ f (w) , such that ∂̄ f = 0 , (4.15a)

w̄ −→ f̄ (w̄) , such that ∂ f̄ = 0 . (4.15b)

These conditions on f and f̄ are precisely the Cauchy-Riemann equations. Therefore the Wick-
rotated action S[X , b, c] is invariant under holomorphic change of coordinates, also known as
conformal transformations. The fields transform as follows.

• The X field has no w-indices and hence does not transform under conformal maps:

X (w)
f
−→ X ( f (w)) . (4.16)

This means that X is a scalar under conformal transformations.
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• The b field has two lower w-indices and hence, under a conformal map, f (w) = z trans-
forms as a quadratic differential:

bww(dw)2 = bzz(dz)2 =⇒ b(w) =
�

dz
dw

�2

b(z) . (4.17)

Therefore, if we write f ′(w) = ∂ f (w)
∂ w = ∂ z

∂ w , we have that

b(w)
f
−→

�

f ′(w)
�2

b ( f (w)) . (4.18)

This means that b is a primary field of weight 2.

• The c field has one upper w-index and hence under conformal map f (w) = z transforms
as a vector field:

cw∂w = cz∂z =⇒ c(w) =
�

dz
dw

�−1

c(z) . (4.19)

This means

c(w)
f
−→

�

f ′(w)
�−1

c ( f (w)) , (4.20)

so that c is a primary field of weight −1.

4.1.1 From the cylinder to the complex plane

The coordinates w = t + iσ describe an infinite cylinder of circumference 2π, because σ ∼
σ+ 2π. As shown in fig. 4.1 , it can be represented as a portion of the w complex plane. This
portion can be mapped to the whole C through the exponential map

z = ew . (4.21)

We notice that

z = 0 −→ t = −∞ , (4.22a)

z =∞ −→ t = +∞ , (4.22b)

|z|= 1 −→ t = 0 . (4.22c)

Moreover equal time surfaces (t = const) are mapped to circles of constant radius in the
complex z-plane. Therefore, time-translations t → t + a are mapped to dilatations z → zea.
For this reason the dilatations generator on the z-plane can be seen as the Hamiltonian of the
system (which generates time shifts).

There are some special fields which have a simple transformation rule in going from the
cylinder to the complex plane:

φcyl(w, w̄) =
�

dz
dw

�h� dz̄
dw̄

�h̄

φC(z, z̄) . (4.23)

Such fields are called primary fields of conformal weight (h, h̄). We have that

• X is a primary field of weight (0, 0).22

22To be precise, X is a primary of weight zero from the point of view of its conformal transformation. However,
as we will see, its 2-point function differs from the standard 2-point functions of primary fields (which is always
power-law in the distance) and it is in fact logarithmic.
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w

τ

2πi

Wick rotation: t = −iτ

z

Future

Future

Future

Past

Past

Present
|z|= 1

z = ew

iσ

t

Im(z)

Re(z)

σPast

Figure 4.1: The cylinder-like worldsheet of a closed string can be mapped to an infi-
nite strip of height 2πi on the Euclidean plane of coordinate w after a Wick rotation
of the time coordinate. With the exponential function it can then be mapped to the
whole complex plane of coordinate z, where the (t = 0) slice of the WS corresponds
to the unitary circle |z| = 1 (marked in red): the past (t < 0, marked in blue) lies
inside such a circle, while the future (t > 0) fills the external region.
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• ∂ X is a primary field of weight (1,0), while ∂̄ X is a primary field of weight (0, 1).

• b is a primary field of weight (2, 0), while b̄ is a primary field of weight (0, 2).

• c is a primary field of weight (−1,0), while c̄ is a primary field of weight (0,−1).

Notice that inside the string action (4.13) we only have terms of weight (1, 1).
Assuming for the being that (h, h̄) are integer, let us now consider the holomorphic part

φ(h)(w) of a primary field φ(h,h̄)(w, w̄) of weight (h, h̄) and write (using z = ew)

φ
(h)
cyl (w) =

∑

n∈Z
φne−nw =

∑

n∈Z
φn(z(w))

−n =
∑

n∈Z
φn z−n , (4.24)

φ
(h)
C (z) =

�

dw
dz

�h

φ
(h)
cyl (w) =

�

d log z
dz

�h

φ
(h)
cyl (w) = z−h

∑

n∈Z
φn z−n . (4.25)

Therefore the expansion of an holomorphic primary field of weight h in the complex plane is
given by

φ
(h)
C (z) =

∑

n∈Z
φnz−n−h . (4.26)

A way to memorize this is to assign to z−n−h the natural weight n+h and to φn the weight −n
so that we obtain that φ(h)C has weight h. The modes φn can be written as

φn =

∮

0

dz
2πi

zn+h−1φ(h)(z) , (4.27)

and they are therefore non-local operators, since they are circular integrals around zero (see
fig. 4.2).

Exercise 4.1.1

Use the residue theorem to show that (4.26) is the inverse of (4.27), and viceversa.

The primary fields we will be interested in can be expanded as follows:

jµ(z)≡ i

√

√ 2
α′
∂ Xµ =

∑

n∈Z
αµnz−n−1 ,

b(z) =
∑

n∈Z
bnz−n−2 ,

c(z) =
∑

n∈Z
cnz−n+1 .

(4.28a)

(4.28b)

(4.28c)

So we see that, in a sense, these primary fields can be considered as a way to package all the
oscillators we have encountered so far, inside holomorphic operators.

Let’s have a look at the conformal group nearby the identity and let us thus consider an
infinitesimal conformal transformation

z′(z) = z + ε(z) , (4.29)

where ε(z) is an analytic function of z in a region around the origin.
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0

φ(z)

Figure 4.2: The modes φn are integrals of φ(z) on a closed path around zero.

Under such a map, a primary field φ(h)(z) is transformed as

φ(h)(z) −→ φ
′(h)(z′) =

�

dz
dz′

�h

φ(h)(z) . (4.30)

In particular, since dz
dz′ = (1+ ∂ ε(z))

−1, we have

φ
′(h)(z′) = φ

′(h) (z + ε(z)) = (1+ ∂ ε(z))−hφ(h)(z)

= (1− h∂ ε(z))φ(h)(z) . (4.31)

This means that, if we translate z up to O(ε2), we get23

φ
′(h)(z) = (1− h∂ ε(z))φ(z − ε(z))

= (1− h∂ ε(z)) (φ(z)− ε(z)∂ φ(z))

= φ(z)− h∂ ε(z)φ(z)− ε(z)∂ φ(z) +O(ε2)

= φ(z)− (ε∂ φ(z) + h(∂ ε)φ(z)) +O(ε2)

= φ(z) +δεφ(z) +O(ε2) , (4.32)

where we defined

δεφ(z) = − (ε∂ φ(z) + h(∂ ε)φ(z)) . (4.33)

Since ε(z) is naturally the component of the vector field ε(z)∂z , we can expand it as a h= −1
object

ε(z) =
∑

n∈Z
εnz−n+1 . (4.34)

In the same way we can expand the vector field ε(z)∂z , namely

δε(z) = ε(z)∂z =
∑

n∈Z
εnz−n+1∂z = −

∑

n∈Z
εnl−n , (4.35)

where {ln} is a basis of linearly independent vector fields defined as

ln = −zn+1∂z , (4.36)

and satisfying the algebra

[ln, lm] = (n−m)ln+m . (4.37)

23Alternatively we can use the universal formula φ′(z′) = φ(z) +δφ(z) + ∂ φ(z)δz, when z′ = z +δz.
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Exercise 4.1.2

Prove eq. (4.37).

Moreover, using the definition (4.35), one can show that
�

δε1
,δε2

�

= δ
ε1

↔
∂ ε2

. (4.38)

Exercise 4.1.3

Prove eq. (4.38).

Given these definitions for an infinitesimal conformal transformation, we can write the finite
transformation as

f (z) = eε(z)∂z z . (4.39)

4.1.2 Radial ordering and equal radius commutator

In quantum field theory we use to evaluate correlation functions of time-ordered fields, namely
〈0| T

�

φ1(w1)φ2(w2)
�

|0〉. Using the cylinder coordinates w = t + iσ, the usual definition of
the time ordering T[. . . ] is

T
�

φ1(w1)φ2(w2)
�

=

¨

φ1(w1)φ2(w2) , if Re(w1)> Re(w2) ,
φ2(w2)φ1(w1) , if Re(w1)< Re(w2) .

(4.40)

On the other hand, if we change coordinates with the exponential map (4.21), time ordering
turns into radial ordering. Indeed, as already said above, equal time surfaces (t = const) are
mapped to circles of constant radius (see in fig. 4.1 how slices of the worldsheet are mapped
to concentric rings in the z plane). The radial ordering definition is

R
�

φ1(z1)φ2(z2)
�

=

¨

φ1(z1)φ2(z2) , if |z1|> |z2| ,
φ2(z2)φ1(z1) , if |z1|< |z2| .

(4.41)

If we are dealing with fermions, the radial ordering gains a minus sign, which produces the
correct grassmanality.

Given these definitions, the commutator at equal times turns into the commutator at equal
radii:

[φ1(z1),φ2(z2)]
�

�

�

|z1|=|z2|
= lim
ϵ→0+

§

φ1(z1)φ2(z2)
�

�

�

|z1|=|z2|+ϵ
−φ2(z2)φ1(z1)

�

�

�

|z1|=|z2|−ϵ

ª

. (4.42)

4.1.3 Energy-momentum tensor

In any CFT there must be an operator which generates the conformal transformations. This
is the energy momentum tensor. We have already encountered it for the CFT of free boson
Xµ and the b, c ghosts. As we have seen in all of those examples, it is a traceless (recall eq.
(3.20)) rank two symmetric tensor whose components are

¨

Tzz = T (z) ,
Tz̄z̄ = T (z̄) .

(4.43)
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0

φ(z)

εT (z̃)

=

φ(z)

εT (z̃)
0

Figure 4.3: The integration paths involved in the evaluation of δεφ(z).

Given its geometrical analogy to a symmetric quadratic differential, it makes sense to Taylor-
expand it as a h= 2 field:

T (z) =
∑

n∈Z
Lnz−n−2 . (4.44)

We then define the infinite conserved charges

Tε =

∮

0

dz
2πi

ε(z)T (z) . (4.45)

Now we insist that the infinitesimal conformal transformation generated by a vector field ε(z)
acting on a given field φ(z) should be obtained through an adjoint action of the generator Tε:

δεφ(z) = − [Tε,φ(z)] . (4.46)

Recalling now eq. (4.45) and eq. (4.42), we can finally calculate the infinitesimal transforma-
tion of a field φ(z):

δεφ(z) = −
�∮

0

dz̃
2πi

ε(z̃)T (z̃),φ(z)

�

= −

��

∮

|z̃|>|z|

dz̃
2πi
−
∮

|z̃|<|z|

dz̃
2πi

�

ε(z̃)T (z̃)φ(z)

�

= −
∮

z

dz̃
2πi

ε(z̃)T (z̃)φ(z) , (4.47)

where, as shown in fig. 4.3, in the second line we have that ε(z̃)T (z̃) encircles zero on two paths
with two opposite orientation, with the field φ(z) trapped inside. By contour deformation this
is then equivalent to ε(z̃)T (z̃) circling around φ(z).

We therefore found that the infinitesimal transformation δε of a field φ(z) can be found by
integrating T around it, weighed with ε. Thus, in order to understand how φ(z) transforms,
we need to know the behaviour of T nearby it, since this is the only contribution to the contour
integral. Such an information is contained in the Operator Product Expansion (OPE), which
is the topic we will discuss next.

4.1.4 Operator product expansion

Let us take two fields φi(zi) and φ j(z j). Then it is possible to write their product as a series
expansion of an infinite number of local fields:

φi(zi)φ j(z j) =
∑

k

Ci j
k(zi − z j)φk(z j) , (4.48)
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where Ci j
k(z1−z2) are the so-called structure functions. This series is commonly called operator

product expansion (OPE).
If we consider fields having a definite weight, their OPE can be further specified as

φ
(hi)
i (zi)φ

(h j)
j (z j) =

∑

k

Ci j
kφ
(hk)
k (z j)

1

(zi − z j)
hi+h j−hk

, (4.49)

where Ci j
k are now called structure constants. The OPE can be performed in any QFT, but in

a CFT this power series expansion has infinite radius of convergence, because a finite radius
would result in a scale, which would break conformal invariance.

We now want to determine the OPE of a primary field φ(h)(z)with the stress-energy tensor
T . We can parametrize our ignorance by writing

T (z̃)φ(h)(z) =
∑

k≥1

[Tφ]k(z)
(z̃ − z)k

+ regular terms (k < 1) , (4.50)

where [Tφ]k(z) are unknown operators. Recalling eq. (4.33), we have that

δεφ(z) = −
∮

z

dz̃
2πi

ε(z̃)T (z̃)φ(z)
must
= − (ε∂ φ(z) + h(∂ ε)φ(z)) . (4.51)

Using (4.50) and evaluating the residues we can easily see that

• ε(∂ φ) fixes the single pole:

k = 1 =⇒ [Tφ]1(z) = ∂ φ(z) , (4.52)

• h(∂ ε)φ fixes the double pole:

k = 2 =⇒ [Tφ]2(z) = hφ(z) , (4.53)

• then we have no higher poles:

k > 2 =⇒ [Tφ]k>2(z) = 0 . (4.54)

Therefore the final result is

T (z̃)φ(h)(z) =
hφ(z)
(z̃ − z)2

+
∂ φ(z)
(z̃ − z)

+ (regular terms). (4.55)

This OPE can be seen as an alternative definition of a primary field of weight h.
We now want to evaluate the OPE T (z1)T (z2). We shall recall eqs. (4.38) and (4.46) and

then determine the T T OPE in such a way as to enforce

[δε1
,δε2
]φ(0) = δε1

δε2
φ(0)−δε2

δε1
φ(0)

= [Tε1
, [Tε2

,φ(0)]]− [Tε2
, [Tε1

,φ(0)]]

=

∮

0

dz2

2πi

∮

z2

dz1

2πi
ε1(z1)ε2(z2)T (z1)T (z2)φ(0) (4.56)

= δ
ε1

↔
∂ ε2
φ(0)

= −
∮

0

dz2

2πi
(ε1∂ ε2(z2)− ε2∂ ε1(z2)) T (z2)φ(0)
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z1

φ(0)

z2

−

z2

φ(0)

z1

=

z1

φ(0)

z2

δε1
δε2
φ(0) δε2

δε1
φ(0)

Figure 4.4: Representation of the operation
�

δε1
δε2
−δε2

δε1

�

φ(0) inside equation
(4.56).

(the third step is graphically represented in fig. 4.4).
We can then parametrize our ignorance by writing the generic OPE

T (z1)T (z2) =
∑

k≥1

[T T]k(z2)
(z1 − z2)k

+ regular terms (k < 1) , (4.57)

that has to reproduce eq. (4.56). Evaluating the contour integral around z2 in the third line
of eq. (4.56) we get

∑

k≥1

∮

0

dz2

2πi
ε2(z2)

∂ k−1ε1(z2)
(k− 1)!

[T T]k(z2)φ(0)
must
= −

∮

0

dz2

2πi
(ε1∂ ε2(z2)− ε2∂ ε1(z2)) T (z2)φ(0) . (4.58)

We then proceed as follows.

• At k = 1 we must have a weight three operator, which is naturally ∂ T

[T T]1 = α∂ T . (4.59)

Now we integrate by part in the contour integral
∮

0

dz2

2πi
ε2ε1α∂ T (z2)φ(0)

IBP
= −α

∮

0

dz2

2πi
∂ (ε2ε1)T (z2)φ(0) , (4.60)

where there are obviously no boundary terms, since we are integrating on a cycle.

• At k = 2 we must have a weight two operator and the obvious choice is T itself

[T T]2 = βT . (4.61)

This gives

β

∮

0

dz2

2πi
ε2∂ (ε1)T (z2)φ(0) . (4.62)

• At k = 3 we would have a weight 1 operator, but there is no such operator in the game.
Therefore we set

[T T]3 = 0 . (4.63)

• At k = 4 the possible operator should have vanishing weight. It can be the identity
operator which, just like T , is present in any CFT. It can appear with a generic coefficient
that we cannot fix unless we focus on a concrete CFT:

[T T]4 = constant≡
c
2

. (4.64)
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The contribution of this term is vanishing

c
2

∮

0

dz2

2πi
1
6
ε2∂

3ε1(z2)φ(0) = 0 , (4.65)

because ε(z) is holomorphic at the origin. Therefore this quartic pole in the T T OPE is
compatible with [δε1

,δε2
] = δ

ε1

↔
∂ ε2

for any value of the central charge c.

After a proper fixing of α and β , we get the final result, which is

T (z1)T (z2) =
c
2

1
(z1 − z2)4

+
2T (z2)
(z1 − z2)2

+
∂ T (z2)
(z1 − z2)

+ (regular terms). (4.66)

Exercise 4.1.4

Show that the correct fixing produces α= 1 and β = 2, as written in (4.66).

4.1.5 Virasoro algebra

As said above (see eq. (4.44)), the stress-energy tensor decomposes in terms of Virasoro oper-
ators Ln which can be written as

Ln =

∮

0

dz
2πi

zn+1T (z) . (4.67)

Their algebra is easily obtained by using the T T OPE in the contour integral

[Ln, Lm] =

∮

0

dz̃
2πi

∮

z̃

dz
2πi

z̃m+1zn+1T (z̃)T (z)

= (n−m)Ln+m +
c

12
n(n2 − 1)δn+m, 0 , (4.68)

which is the Virasoro algebra.

Exercise 4.1.5

Prove eq. (4.68).

If we now consider a primary field (with integer weigth h) φ(h)(z) =
∑

n∈Zφnz−n−h, we
can evaluate

�

Ln,φ(h)(z)
�

= zn (z∂ + (n+ 1)h)φ(n)(z) , (4.69)

[Ln,φm] = (n(h− 1)−m)φn+m . (4.70)

Exercise 4.1.6

Prove eq. (4.69) and eq. (4.70).
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Moreover we have that

δεT (z) = − [Tε, T (z)]

= −
c

12
∂ 3ε(z)− 2(∂ ε)T (z)− ε∂ T (z) . (4.71)

Due to the anomalous term c
12∂

3ε(z), the stress-energy tensor T is not a primary field.

Exercise 4.1.7

Prove eq. (4.71).

4.1.6 SL(2,C) subgroup

There are infinitesimal transformations ε∗(z) such that ∂ 3ε∗(z) = 0, namely

ε∗(z) = α+ βz + γz2 . (4.72)

These infinitesimal transformation are generated by L−1, L0, L1, i.e. by SL(2,C):

L−1 −→ −
d
dz

(generates translations), (4.73a)

L0 −→ −z
d
dz

(generates dilatations), (4.73b)

L1 −→ −z2 d
dz

(generates special conformal transformations). (4.73c)

These transformations can be made finite by exponentiating the genereators

e−AL−1 : z −→ z + A , (4.74a)

e−BL0 : z −→ eBz , (4.74b)

e−C L1 : z −→
z

1+ Cz
. (4.74c)

Their composition generates the generic transformation f of SL(2,C):

f (z) =
Az + B
Cz + D

. (4.75)

Moreover it is useful to notice that a special conformal transformation can be obtained by
composing an inversion (I) with a translation (T ) and then with an inversion again (namely
I ◦ T ◦ I):

z
I
−→

1
z

T
−→

1
z
+ C

I
−→

1
1
z + C

=
z

1+ Cz
. (4.76)

When a field φ(z) is primary under such a SL(2,C) transformation, it is called quasi-primary.
Hence T is a quasi-primary field.

4.1.7 Hilbert space

The vacuum of our CFT |0〉 is universally defined in such a way that

lim
z→0

T (z) |0〉= well defined. (4.77)
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Decomposing the stress-energy tensor in terms of Ln operators we have

lim
z→0

T (z) |0〉= lim
z→0

∑

n∈Z
Lnz−n−2 |0〉= well defined . (4.78)

In order to be well-defined in z→ 0, singular terms should be absent. This statement fixes the
annihilating operators as follows:

Ln |0〉= 0 , ∀n≥ −1 . (4.79)

Since L−n = L†
n, we have that

〈0| Ln = 0 , ∀n≤ 1 . (4.80a)

This vacuum |0〉 is therefore annihilated from the left and from the right by (L−1, L0, L1):

L−1, L0, L1 |0〉= 0 ,

〈0| L−1, L0, L1 = 0 .

(4.81a)

(4.81b)

This means that |0〉 is the SL(2,C)-invariant vacuum.
Given the vacuum, the rest of the Hilbert space can be built by acting on |0〉 with fields

placed in z = 0, namely φ(0) |0〉. If φ is a primary field φ(h) of integer weigth h ∈ Z we have
that the limit

lim
z→0
φ(h)(z) |0〉= lim

z→0

∑

n∈Z
φnz−n−h |0〉 , (4.82)

must be well defined. This implies

φn |0〉= 0 , ∀n≥ −h+ 1 ,

〈0|φn = 0 , ∀n≤ h− 1 .

(4.83a)

(4.83b)

4.1.7.1 State-operator correspondence

Given a local operator φ(z) (i.e. a field on the worldsheet), it can be evaluated in z = 0 and
then applied to the SL(2,C)-invariant vacuum |0〉, thus identifying the state |φ〉 = φ(0) |0〉.
This is commonly called state-operator correspondence:

φ(z) ←→ |φ〉= φ(0) |0〉 . (4.84)

If we then consider a primary field φ(h)(z), we can write its state-operator correspondence as

φ(h)(z) ←→
�

�φ(h)
�

= φ(h)(0) |0〉= φ−h |0〉 . (4.85)

We can also notice that the n-th derivative of a primary field φ(h)(z) increases its weight of n:

φ(h)(0) |0〉= φ−h |0〉 , (4.86a)

∂ φ(h)(0) |0〉= φ−h−1 |0〉 , (4.86b)
1
2
∂ 2φ(h)(0) |0〉= φ−h−2 |0〉 , (4.86c)

...
1
n!
∂ nφ(h)(0) |0〉= φ−h−n |0〉 . (4.86d)
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Moreover it is useful to remember that

L0φn |0〉= −nφn |0〉 . (4.87)

Finally, we can take a field φ inserted at z = 0 and translate it to a generic z through the
adjoint action of the linear operator that generates translations (see eq. (4.74a)):

φ(z) = ezL−1φ(0)e−zL−1 . (4.88)

We therefore get

ezL−1 |φ〉= ezL−1φ(0) |0〉= ezL−1φ(0)e−zL−1 ezL−1 |0〉

= φ(z)ezL−1 |0〉= φ(z) |0〉 , (4.89)

where we have used that the vacuum is annihilated by L−1. This gives a concrete way to
extract the operator φ(z) from the state |φ〉 and complete the proof of the operator-state
correspondence.

4.1.7.2 BPZ conjugation

The BPZ conjugation is a map such that BPZ : |·〉 −→ 〈·|. We are used to the hermitian
conjugation, but the BPZ conjugation is slightly different, since it works as follows:

BPZ : φ(h)(z) −→ I ◦φ(h)(z) , (4.90)

recalling that f ◦φ(h)(z) = φ
′(h)(z) =

�

f ′(z)
�h
φ(h) ( f (z)) and where we have introduced the

inversion map

I(z) = −1
z

, (4.91)

which maps 0 to∞ and viceversa. Therefore we have that

BPZ ( |φ〉 ) = 〈0|I ◦φ(0) = 〈0|φ
�

−
1
z

�

1
z2h

�

�

�

z=0
. (4.92)

This allows us to take a primary field φ(h) and write
�

�φ(h)
�

= φ−h |0〉 =⇒ BPZ
� 


φ(h)
�

�

�

= 〈0|φh(−1)2h , (4.93)

and also
BPZ (φn) = (−1)n−hφ−n . (4.94)

Exercise 4.1.8

Prove eq. (4.93) and eq. (4.94).

Given these definitions, we can also introduce the BPZ scalar product:

〈φ1,φ2〉= 〈φ1|φ2〉= 〈φ1(∞)φ2(0)〉= 〈I ◦φ1(0)φ2(0)〉 . (4.95)

As a final remark, the simultaneous presence of BPZ and hermitian conjugation defines a reality
condition:

( |φ〉 )† = 〈φ|= BPZ( |φ〉 ) ⇐⇒ |φ〉 is real, (4.96a)

( |φ〉 )† = −〈φ|= −BPZ( |φ〉 ) ⇐⇒ |φ〉 is imaginary. (4.96b)

Some examples are

• α−1 |0〉= i
q

2
α′ ∂ X (0) |0〉 is real.

• c1 |0〉 is real.

• c0 |0〉 is imaginary.
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φ(h)(z)

f

f (Σ)Σ

f ◦φ(h)(z)

Figure 4.5: Conformal transformation, under the action of the map f , of a piece of
worldsheet Σ, where a field φ(h)(z) is defined.

4.1.7.3 Active conformal transformation

Let us recall the action of a conformal transformation f (z) over operators (graphically repre-
sented in fig. 4.5)

f ◦φ(h)(z) =
�

f ′(z)
�h
φ(h) ( f (z)) . (4.97)

We can write it (thanks to the state-operator correspondence) as a linear transformation acting
on the states of the Hilbert space. Thus, let us express the adjoint action of the transformation
on the field φ(z) as

f ◦φ(z) = U fφ(z)U
−1
f , (4.98)

where we used the definition
U f = e

∑

n∈Z vn L−n , (4.99)

where
v(z) =

∑

n∈Z
vnzn+1 , (4.100)

is the vector field (that we previously called ε(z)) generating the finite transformation

ev(z)∂z z = f (z) . (4.101)

4.1.8 Primary states and descendants

A primary state φ(h)(z) has the properties

L0

�

�φ(h)
�

= h
�

�φ(h)
�

,

Ln>0

�

�φ(h)
�

= 0 .

(4.102a)

(4.102b)

For h= 1 these are the OCQ Virasoro constraints. We thus see that physical states are primaries
of h= 1.

Exercise 4.1.9

Prove eq. (4.102a) and eq. (4.102b).

This is like the Cartan decomposition of an algebra: given the Cartan generators (maximal
set of mutually commuting generators), we can define primary states that are annihilated by
half of the remaining operators (in this case lowering operators). Moreover, the action of
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the remaining raising operators generates the descendant states from the primary states, thus
creating a complete irreducible representation.

In our case we only have one Cartan generator, namely L0, and primary fields are the states
with minimal weight in the representation. The lowering (or annihilation) operators are Ln>0,
while the raising (or creation) operators are Ln<0. In this case the descendants are obtained
by acting with Virasoro raising operators on a primary state:

L−k1
· · · L−kn−1

L−kn

�

�φ(h)
�

, ki > 0 ∀i . (4.103)

We then have that

L0

�

L−k1
· · · L−kn

�

�φ(h)
��

=

�

h+
∑

i

ki

�

�

L−k1
· · · L−kn

�

�φ(h)
��

. (4.104)

We thus see that for every primary state we can build an infinite tower of descendants with
increasing conformal weights. This infinite tower is called Verma module.

We can rephrase the terminology we have used to classify states in the OCQ, which is now
reinterpreted as the CFT of the Xµ(z, z̄) fields.

• A physical state is a primary state of conformal weight 1.

• A spurious state is a descendant of some primary.

• A null state is a descendant that is also a primary. In generic CFT’s we are particularly
interested in null states of any given possible conformal weight and not just weight=1.

The study of null states is a very important subject in CFT and it opens the door to the so-called
minimal models. These are CFT’s characterized by having only a finite number of primary fields
in their spectrum (once the spectrum is quotiented-out by the mull states). They are strongly
interacting two-dimensional QFT’s that can be fully solved by simply exploiting the power of
conformal symmetry. Although this is a very important subject in CFT, it is not needed in this
first exposition of string theory and so we direct the interested student to the classical yellow
book Conformal Field Theory by Di Francesco, Mathieu and Sénéchal.

4.1.9 Correlation functions

Let us now consider the n-point correlation function

〈φ1(z1) · · ·φn(zn)〉= 〈0|R [φ1(z1) · · ·φn(zn)] |0〉 , (4.105)

which is the same as a Green function of n fields in quantum field theory (from now on the
radial ordering R[. . . ] will not be explicitly written anymore).

Recalling the fact that, given a SL(2,C) transformation f , |0〉 is SL(2,C)-invariant (i.e.
〈0|U−1

f = 〈0| and U f |0〉 = |0〉), we can easily see that every possible correlation function is
invariant under the action of such a conformal transformation f ∈ SL(2,C):

〈φ1(z1) · · ·φn(zn)〉= 〈0|φ1(z1) · · ·φn(zn) |0〉

= 〈0|U−1
f U fφ1(z1)U

−1
f U f · · ·U−1

f U fφn(zn)U
−1
f U f |0〉

= 〈0|U fφ1(z1)U
−1
f U f · · ·U−1

f U fφn(zn)U
−1
f |0〉

= 〈0| f ◦φ1(z1) · · · f ◦φn(zn) |0〉 . (4.106)

We may now focus on the simple cases of 1, 2 and 3-point functions.
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4.1.9.1 1-point functions

Let us consider a primary state φ(h)(z) and evaluate

〈φ(h)(z)〉= 〈φ(h)(0)〉=



0
�

�φ(h)
�

, (4.107)

where the first step has been performed thanks to translational invariance of correlation func-
tions (see eq. (4.106)), while the second step is the application of the state-operator corre-
spondence. If we now insert an L0 operator, obtaining 〈0| L0

�

�φ(h)
�

, if we let it act on the left
it gives 0, while on the right it gives h




0
�

�φ(h)
�

. Therefore we can write

〈φ(h)(z)〉= Aδh, 0 , (4.108)

where A is a number. In generic unitary CFT’s there won’t be dimension zero operators except
the identity, however, as we will see, in the ghost conformal field theory (which is not unitary),
we will have a weight zero operator with non vanishing one-point function.

4.1.9.2 2-point functions

Let us now consider the 2-point correlation function 〈φi(zi)φ j(z j)〉. Let us write the conformal
transformation f such that zi → Λ→∞ and z j → 0, namely

f (ξ) =
Λ

(zi − z j)
(ξ− z j) . (4.109)

Therefore we have that

〈 f ◦φi(zi) f ◦φ j(z j)〉 =
�

Λ

(zi − z j)

�hi+h j

〈φi(Λ)φ j(0)〉

=

�

Λ

(zi − z j)

�hi+h j

〈φi(Λ)φ j(0)〉 ·
Λ−2hi

Λ−2hi
︸ ︷︷ ︸

for Λ→∞ it is the
BPZ scalar product

Λ→∞
=




φi

�

�φ j

�

�

1
(zi − z j)

�hi+h j

lim
Λ→∞

Λh j−hi . (4.110)

Therefore, since this correlation function has to be finite, the only possibility is that hi = h j ,
which implies that limΛ→∞Λ

h j−hi = 1. We can then write the correct result as

〈φi(zi)φ j(z j)〉=
Gi j

(zi − z j)2h
δhi , h j

, (4.111)

where
Gi j =




φi

�

�φ j

�

. (4.112)

4.1.9.3 3-point functions

Let us finally consider the 3-point correlation function 〈φ(hi)
i (zi)φ

(h j)
j (z j)φ

(hk)
k (zk)〉. Let us

write the conformal transformation f such that zi →∞, z j → 1 and zk→ 0, namely

f (ξ) =
(z j − zi)

(z j − zk)
(ξ− zk)
(ξ− zi)

, (4.113)
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which is completely fixed. One can show that

〈φ(hi)
i (zi)φ

(h j)
j (z j)φ

(hk)
k (zk)〉=

Ci jk

(zi − z j)
hi+h j−hk(z j − zk)

−hi+h j+hk(zi − zk)
hi−h j+hk

, (4.114)

where
Ci jk = 〈φi|φ j(1) |φk〉= 〈I ◦φi(0)φ j(1)φk(0)〉 . (4.115)

Exercise 4.1.10

Prove eq. (4.114).

Higher point correlation functions are also constrained by SL(2,C) but not completely fixed.

4.2 Closed string CFT

As we saw in the previous chapter, the worldsheet of a closed string is a cylindrical surface
embedded in the targepoint. We can therefore study the physics of the closed string by a
proper two-dimensional CFT built on the WS (of coordinate w), which can be mapped on the
complex plane through the function z = ew (see fig. 4.1). We can split the matter and the
ghost sectors and study the matter X -CFT and the ghost (b, c)-CFT separately.

4.2.1 Matter X -CFT

4.2.1.1 Fields and OPEs

The scalar field Xµ is made of D free bosons living on the worldsheet and its indices µ =
0, 1, . . . , D − 1 are global Lorentz indices. Its action on the complex plane is given by (recall
eq. (4.10))

Smatter =
1

2πα′

∫

WS

d2z ∂ X (z, z̄) · ∂̄ X (z, z̄) , (4.116)

where, as usual, we defined ∂ = ∂z and ∂̄ = ∂z̄ .
Its EOM (being in the closed string case, recall eq. (3.56)) are

∂ ∂̄ Xµ = 0 . (4.117)

Therefore in these complex coordinates we can write

Xµ(z, z̄) = Xµ(z) + Xµ(z̄) , (4.118)

with

Xµ(z) =
Xµ0 + cµ

2
− i
α′

2
Pµ log z + i

√

√α′

2

∑

n̸=0

1
n
αµnz−n , (4.119a)

Xµ(z̄) =
Xµ0 − cµ

2
− i
α′

2
Pµ log z̄ + i

√

√α′

2

∑

n̸=0

1
n
αµn z̄−n , (4.119b)

where, as usual, Xµ(z) is the holomorphic part of Xµ(z, z̄), while Xµ(z̄) is its anti-holomorphic
part. In the center of mass momentum term we now have a logarithmic dependence on z
because w= log z.
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Given these fields, we then define the current operator (recall eq. (4.28a))

jµ(z) = i

√

√ 2
α′
∂ Xµ(z) =

∑

n∈Z
αµnz−n−1 ,

j̄µ(z̄) = i

√

√ 2
α′
∂̄ Xµ(z̄) =

∑

n∈Z
α̃µn z̄−n−1 .

(4.120a)

(4.120b)

As we will see, it is a primary field of weight 1.
If we focus on its holomorphic part (namely on jµ(z)) along a specific direction (i.e. omit-

ting the Lorentz index), we can evaluate the 2-point function:

〈 j(z1) j(z2)〉=
∑

n,m∈Z
z−n−1

1 z−m−1
2 〈0|αnαm |0〉=

∑

n≥0

nz−n−1
1 zn−1

2

=
1

z1z2

∑

n≥0

n
�

z2

z1

�n

=
1

z1z2

z2
z1

�

1− z2
z1

�2

=
1

(z1 − z2)2
, (4.121)

where we choosed |z1| > |z2| for the radial ordering and recalled that for the closed string
α0 =

p

α′/2P.
If we then consider D free bosons (one for each direction of the target space), we get

〈 jµ(z1) j
ν(z2)〉=

ηµν

(z1 − z2)2
. (4.122)

Let us now evaluate the OPE j(z1) j(z2) using the oscillator algebra. We can consider

αn =

∮

0

dz
2πi

zn j(z) , (4.123)

and

[αn,αm] = nδn+m, 0 =

∮

0

dz1

2πi

∮

z1

dz2

2πi
zn

1zm
2 j(z1) j(z2) . (4.124)

We can parametrize the short-distance behaviour as

j(z1) j(z2) =
A

(z1 − z2)2
+

B
(z1 − z2)

+ (regular terms). (4.125)

It can be shown that, in order to find the oscillator algebra (4.124), we have to fix A= 1 and
B = 0. Therefore the final result is

j(z1) j(z2) =
1

(z1 − z2)2
+ (regular terms). (4.126)
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Exercise 4.2.1

Prove that we have to fix A= 1 and B = 0 inside (4.125) in order to find the oscillator
algebra (4.124).

We shall now introduce a useful notation. Given the OPE A(z1)B(z2), we can divide it into
its singular part (also called contraction), denoted as

A(z1)B(z2) , (4.127)

and its regular part, denoted as
:A(z1)B(z2): . (4.128)

This : · · · : is called normal-ordered product and, on the SL(2,C)-invariant vacuum, it is the
same as the oscillator normal ordering we have introduced in previous chapters.

From (4.126) we have that

j(z1) j(z2) =
1

(z1 − z2)2
, (4.129)

and therefore

∂ X (z1)∂ X (z2) = −
α′

2
1

(z1 − z2)2
,

∂ X (z1)X (z2) = −
α′

2
1

(z1 − z2)
,

X (z1)X (z2) = −
α′

2
log(z1 − z2) .

(4.130a)

(4.130b)

(4.130c)

We observe that the scalar field Xµ has a logarithmic OPE, which is not what we found for
primary fields. This means that Xµ is not a primary field but, on the other hand, a logarithmic
field of weight zero.

The matter stress-energy tensor is given by

T (m)(z) = −
1
α′

:∂ X∂ X : (z) =
1
2

: j j: (z) , (4.131)

where we defined

:AB: (z1) = lim
z2→z1

�

A(z1)B(z2)− A(z1)B(z2)
�

=

∮

z1

dz2

2πi
A(z1)B(z2)
(z1 − z2)

. (4.132)

We may then evaluate the singular term of the OPE T (m)(z1)T (m)(z2) using Wick theorem,
which tells us to take all possible contractions and then to normal-order the non-contracted
fields; the multiplicity in front of every contraction comes from the fact that some contractions
can be taken in multiple ways. The result is the following:

T (m)(z1)T
(m)(z2) =

1
4

�

: j j: (z1) : j j: (z2)
�

=
1
4

�

2
1

(z1 − z2)2
1

(z1 − z2)2
+ 4

1
(z1 − z2)2

: j(z1) j(z2):
�
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=
1
2

1
(z1 − z2)4

+
1

(z1 − z2)2
:
�

j(z2) + (z1 − z2)∂ j(z2) + . . .
�

j(z2):

=
1
2

1
(z1 − z2)4

+
2T (m)(z2)
(z1 − z2)2

+
:(∂ j) j: (z2)
(z1 − z2)

=
1
2

1
(z1 − z2)4

+
2T (m)(z2)
(z1 − z2)2

+
∂ T (m)(z2)
(z1 − z2)

, (4.133)

where, inside the normal ordering, we expanded j(z1) around z = z2 using a Taylor expansion
up to O

�

(z1 − z2)2
�

(further terms would have given non singular contributions).
Moreover, recalling eq. (4.66), we see that this calculation has fixed the central charge to

be

c = 1 . (4.134)

The final OPE is hence

T (m)(z1)T
(m)(z2) =

1
2

1
(z1 − z2)4

+
2T (m)(z2)
(z1 − z2)2

+
∂ T (m)(z2)
(z1 − z2)

+ (regular terms). (4.135)

We can also evaluate

T (m)(z1) j(z2) =
1
2

: j j: (z1) j(z2)

=
1
2

2 j(z1)
1

(z1 − z2)2

=
j(z2) + (z1 − z2)∂ j(z2) + . . .

(z1 − z2)2

=
j(z2)

(z1 − z2)2
+
∂ j(z2)
(z1 − z2)

. (4.136)

The final OPE between T (m) and j is hence

T (m)(z1) j(z2) =
j(z2)

(z1 − z2)2
+
∂ j(z2)
(z1 − z2)

+ (regular terms). (4.137)

This means that j is a primary field of weight 1 (recalling eq. (4.55) as a definition of a primary
field).

If we now want to create, starting from the SL(2,C)-invariant vacuum, a definite-
momentum vacuum |0, P〉, we have to introduce the operator

VP(z, z̄) = :eiP·X : (z, z̄)

= :eiP·X L : (z) :eiP·XR: (z̄)

= VP(z)V P(z̄) . (4.138)

It is factorized into its holomorphic and anti-holomorphic component. The normal ordering
of a plane wave :eiP·X : (z) has to be understood as the power series

:eiP·X : (z) =
∞
∑

n=0

(iP)n

n!
:X n: (z) , (4.139)
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where

:X n: (z) = X n −
n

︷ ︸︸ ︷

X X · · ·X . (4.140)

We can now evaluate

j(z1)X (z2) = i

√

√ 2
α′
∂ X (z1)X (z2)

= i

√

√ 2
α′

�

−
α′

2

�

1
z1 − z2

= −i

√

√α′

2
1

z1 − z2
, (4.141)

then

j(z1) :X n: (z2) = n j(z1)X (z2) :X n−1: (z2)

= −in

√

√α′

2
1

z1 − z2
:X n−1: (z2) , (4.142)

and finally

j(z1) :eiP·X : (z2) =
∞
∑

n=0

(iP)n

n!

�

−in

√

√α′

2
1

z1 − z2

�

:X n−1: (z2)

=
P
q

α′

2

z1 − z2

∞
∑

n=1

(iP)n−1

(n− 1)!
:X n−1: (z2)

=
P
q

α′

2

z1 − z2
:eiP·X : (z2) . (4.143)

To summarize

j(z1)X (z2) = −i

√

√α′

2
1

z1 − z2
+ (regular terms),

j(z1) :X n: (z2) = −in

√

√α′

2
1

z1 − z2
:X n−1: (z2) + (regular terms),

j(z1) :eiP·X : (z2) =
P
q

α′

2

z1 − z2
:eiP·X : (z2) + (regular terms).

(4.144a)

(4.144b)

(4.144c)

Via the operator/state correspondence we can write

|0, P〉= :eiP·X : (z, z̄)
�

�

�

z=z̄=0
|0〉 , (4.145)

which is the same as what we did previously

|0, P〉= eiP·X̂0 |0〉 , (4.146)

since our free boson X (z, z̄) is

X (z, z̄) = X̂0 + i P̂ log |z|2 + oscillators. (4.147)
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Finally we have that

T (m)(z1) :eiP·X : (z2) =
α′P2

4 :eiP·X : (z2)

(z1 − z2)2
+
∂ :eiP·X : (z2)
(z1 − z2)

+ (regular terms). (4.148)

Therefore the plane wave :eiP·X : (z) is a primary field of weight α
′P2

4 .

Exercise 4.2.2

Prove eq. (4.148).

4.2.1.2 Vertex operators

Through the state-operator correspondence, we define a vertex operator (VO) as the wolrdsheet
field operator associated to a physical state. For closed strings, a vertex operator is a primary
field of weight (1,1). Let’s now proceed to analyze, in this new language of CFT, the first
physical states.

■ Level N = 0
At the level N = 0 in the matter sector we have the tachyon, whose vertex operator is given by

t(P) :eiP·X : (z, z̄) , (4.149)

which has to satisfy the weight one condition

h=
α′P2

4
= 1 , (4.150)

in order to be a weight 1 field. On the other hand, speaking about the primariness, the plane
wave is always a primary field and hence no further condition on the momentum P is needed.

■ Level N = 1
At the level N = 1 in the matter sector we have the massless state

Gµν(P)α
µ
−1α̃

ν
−1 |0, P〉 . (4.151)

The corresponding vertex operator is

Gµν(P) : jµ j̄νeiP·X : (z, z̄) , (4.152)

its scaling dimension is (1, 1) if
α′P2 = 0 , (4.153)

since jµ and j̄ν already give the correct (1, 1) weight. However, due to the normal ordering,
it is not guaranteed that it is a primary. To ascertain this we compute the OPE with T (z).
Restricting to the holomorphic sector, we have that

T (m)(z1) : jµeiP·X : (z, z̄)Gµν(P)

=

q

α′

2 PµGµν
(z1 − z2)3

:eiP·X : (z2)

+

 

α′P2

4 + 1

(z1 − z2)2
+

∂z2

(z1 − z2)

!

: jµeiP·X : (z2)Gµν

+ (regular terms). (4.154)
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So we get a primary if the coefficient of the cubic pole vanishes. Altogether we recover the
physicality conditiions

¨

α′P2

4 + 1= 1 ⇐⇒ P2 = 0 ,

PµGµν = 0 .
(4.155)

If we look at the anti-holomorphic part, we get the additional physical condition

GµνPν = 0 . (4.156)

These are the same physical conditions we found in (3.128) and (3.133).

Exercise 4.2.3

Prove eq. (4.154).

If we think a little about it (comparing what we found now with (3.128)), we realize that
the first term inside (4.154) corresponds to the L1 constraint, as it is expected from our general
discussion.

4.2.1.3 Correlation functions

Let us now consider correlation functions of currents. By Wick theorem we easily get that

〈 jµ(z1)〉= 0 ,

〈 jµ(z1) j
ν(z2)〉=

ηµν

(z1 − z2)2
,

〈 jµ(z1) j
ν(z2) j

ρ(z3)〉= 0 ,

〈 jµ(z1) j
ν(z2) j

ρ(z3) j
σ(z4)〉=

ηµνηρσ

(z1 − z2)2(z3 − z4)2

+
ηµρηνσ

(z1 − z3)2(z2 − z4)2

+
ηµσηνρ

(z1 − z4)2(z2 − z3)2
.

(4.157a)

(4.157b)

(4.157c)

(4.157d)

The 1-point function vanishes because h( j) = 1 (recall eq. (4.108)). The 3-point function
vanishes because, whichever contraction we try to take, we are always left with a vanishing 1-
point function. In general the correlation function of an odd number of j’s is always vanishing.

Let us now consider correlation functions of plane waves. Since we are allowed to split
the VO into its holomorphic and anti-holomorphic parts, the correlation function factorizes

〈VP1
(z1, z̄1) · · ·VPn

(zn, z̄n)〉= 〈VP1
(z1) · · ·VPn

(zn)〉 · 〈V P1
(z̄1) · · ·V Pn

(z̄n)〉 , (4.158)

we can focus on the holomorphic sector and write

〈VP1
(z1) · · ·VPn

(zn)〉= 〈
n
∏

k=1

:eiPk·X (zk):〉

=
∏

k<l

(zk − zl)
α′
2 Pk·Pl ·δ

� n
∑

k=1

Pk

�

. (4.159)
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This holds because

:eiPk·X : (zk) :eiPl ·X : (zl) = e
iPk · X (zk)iPl · X (zl)

:eiPk·X (zk)e
iPl ·X (zl):

= e
α′
2 Pk·Pl log(zk−zl ) :eiPk·X (zk)e

iPl ·X (zl):

= (zk − zl)
α′
2 Pk·Pl :eiPk·X (zk)e

iPl ·X (zl): . (4.160)

The Dirac delta conserving the total momentum inside (4.159) comes from the fact that, given
the conserved charge jµ0 inside jµ(z), namely

jµ0 =

∮

0

dz
2πi

jµ(z) = αµ0 =

√

√ 2
α′

Pµ , (4.161)

we can insert it inside the correlation function (4.159). Since it annihilates the vacuum, we
have that

〈 j0
�

VP1
(z1) · · ·VPn

(zn)
�

〉= 〈0| j0
�

VP1
(z1) · · ·VPn

(zn)
�

|0〉= 0

= 〈
∮

z1···zn

dz
2πi

jµ(z)
�

VP1
(z1) · · ·VPn

(zn)
�

〉

=

� n
∑

k=1

Pk

��√

√α′

2

�n

〈VP1
(z1) · · ·VPn

(zn)〉 , (4.162)

where we used

jµ0 VPk
(zk) =

∮

zk

dz
2πi

jµ(z)eiPk·X (zk)

=

∮

zk

dz
2πi

jµ(z)eiPk·X (zk)

=

∮

zk

dz
2πi

√

√α′

2
Pµ

(z − zk)
VPk
(zk)

=

√

√α′

2
PµVPk

(zk) . (4.163)

Therefore eq. (4.162) implies that
n
∑

k=1

Pk = 0 , (4.164)

namely the total momentum is conserved inside the n-point correlation function.

4.2.2 Ghost (b, c)-CFT

4.2.2.1 Fields and OPEs

The ghost action in the complex plane is given by (recall eq. (4.10))

Sghost =
1

2π

∫

WS

d2z
�

b∂̄ c + b̄∂ c̄
�

. (4.165)

As we said before (see eq. (4.28b)), the b ghost has weight 2 (holomorphic quadratic differ-
ential) and can be written as

¨

b(z) =
∑

n∈Z bnz−n−2 ,

bn =
∮

0
dz

2πi z
n+1 b(z) ,

(4.166)
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while the c ghost has weight −1 (holomorphic vector field) and can be written as (recall eq.
(4.28c))

¨

c(z) =
∑

n∈Z cnz−n+1 ,

cn =
∮

0
dz

2πi z
n−2c(z) .

(4.167)

The ghosts’ modes algebra reads as

[bn, cm] = δn+m, 0 , (4.168)

and the corresponding OPE is

b(z1)c(z2) =
1

(z1 − z2)
+ (regular terms). (4.169)

The ghost stress-energy tensor is defined as

T (gh)(z) = −
�

2 :b(∂ c): + :(∂ b)c:
�

(z) , (4.170)

and satisfies

T (gh)(z1)b(z2) =
2b(z2)
(z1 − z2)2

+
∂ b(z2)
(z1 − z2)

+ (regular terms),

T (gh)(z1)c(z2) = −
c(z2)

(z1 − z2)2
+
∂ c(z2)
(z1 − z2)

+ (regular terms).

(4.171a)

(4.171b)

Exercise 4.2.4

Prove eq. (4.171a) and eq. (4.171b).

Moreover we have that

b(z1)b(z2) = 0 , (4.172a)

c(z1)c(z2) = 0 . (4.172b)

All in all we have that

T (gh)(z1)T
(gh)(z2) =

−26
2

(z1 − z2)4
+

2T (gh)(z2)
(z1 − z2)2

+
∂ T (gh)(z2)
(z1 − z2)

+ (regular terms). (4.173)

Exercise 4.2.5

Prove eq. (4.173). (Pay attention to the fact that b and c are Grassmann odd!)

We then define the ghost current as

j(gh)(z) = − :bc: (z) =
∑

n∈Z
j(gh)
n z−n−1 , (4.174)
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which obviously has weight h( j(gh)) = 1. Although its scaling dimension is 1, it is not a primary

T (gh)(z1) j
(gh)(z2) =

−3
(z1 − z2)3

+
j(gh)(z2)
(z1 − z2)2

+
∂ j(gh)(z2)
(z1 − z2)

+ (regular terms). (4.175)

Finally, we define the ghost number operator as

N(gh) =

∮

0

dz
2πi

j(gh)(z) , (4.176)

which is such that
�

N(gh), c(z)
�

= c(z) , (4.177a)
�

N(gh), b(z)
�

= −b(z) . (4.177b)

Hence b has ghost number gh= −1 and c has ghost number gh= 1.

4.2.2.2 Ghosts primaries

If we evaluate the OPE with T (gh) of the states

c(z) , b(z) , (4.178a)

c(∂ c)(z) , b(∂ b)(z) , (4.178b)
1
2

c(∂ c)(∂ 2c)(z) ,
1
2

b(∂ b)(∂ 2 b)(z) , (4.178c)

we realize that they are all primary fields. In general in a CFT the ∂ of a primary is not a
primary because the ∂ converts the double pole into a triple pole in the OPE with T . But in
the ghost-CFT one can see that the terms producing the non-primary structure vanish since
they are multiplied by b2, (∂ b)2, . . . (or, analogously, for c2, (∂ c)2, . . . ), which are vanishing
because of their grassmanality.

If we now recall that we have four c-ghost vacua, we can associate them with primary
fields:

|0〉 ←→ 1 (h= 0) , (4.179a)

c1 |0〉 ←→ c(z) (h= −1) , (4.179b)

c0c1 |0〉 ←→ (∂ c)c(z) (h= −1) , (4.179c)

c−1c0c1 |0〉 ←→
1
2
(∂ 2c)(∂ c)c(z) (h= 0) . (4.179d)

We have



0
�

�0̂
�

= 〈0| c−1c0c1 |0〉= 1 ←→
1
2
〈c(∂ c)(∂ 2c)(z)〉= 1 . (4.180)

We hence found a non-vanishing 1-point function of a vanishing weight field which is not the
identity.
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4.2.2.3 Three-ghost correlation function

Given what we said above, we have for a three ghost correlation function the only contribution
of a c-ghost comes from the first terms on its modes expansion:

c(z) = c−1z2 + c0z + c1 . (4.181)

One can hence evaluate

〈c(z1)c(z2)c(z3)〉= −det





1 1 1
z1 z2 z3
z2

1 z2
2 z2

3



= −(z1 − z2)(z2 − z3)(z1 − z3) . (4.182)

Exercise 4.2.6

Prove eq. (4.182).

4.2.3 BRST and CFT

Let us first recall from BRST quantization the definition of the BRST charge

QB =
∑

n∈Z
c−n L(m)

n +
1
2

:c−n L(gh)
n :

=

∮

0

dz
2πi

�

cT (m)(z) +
1
2

:cT (gh): (z)
�

=

∮

0

dz
2πi

ejB(z) . (4.183)

We can think to the matter sector (m) as a generic CFT of central charge c = 26, which cancels
the ghost sector (gh) central charge. Moreover, we wrote ejB(z) because the true current is

jB(z) = cT (m)(z) +
1
2

:cT (gh): (z) +
3
2
∂ 2c(z) , (4.184)

which is a weight 1 primary field, with respect to the total stress-energy tensor

T (tot)(z) = T (m)(z) + T (gh)(z) . (4.185)

The additional term 3
2∂

2c(z) is needed for the primariness of jB(z), but in the definition of QB
it is irrelevant, being a total derivative which gives no contribution to the integral.

Given these definitions, one can show that

[QB, Xµ(z)] =

∮

z

dz̃
2πi

jB(z̃)X
µ(z) = c∂ Xµ(z) , (4.186)

and also
[QB, c(z)] = c∂ c(z) , (4.187)

that, thanks to the state-operator correspondence, is equivalent to

QBc1 |0〉= c1c0 |0〉 . (4.188)

Moreover one can show that
Q2

B = 0 , (4.189)
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whenever cm = −cgh = 26, namely when the matter central charge cancels the ghost central
charge.

We also have that
�

QB, jgh(z)
�

= − jB(z) , (4.190)

which, thanks to the state-operator correspondence, is equivalent to
�

Ngh,QB

�

=QB . (4.191)

Therefore jB generates QB as a zero mode, but jB is also QB-exact. Its primitive is the ghost
current jgh. Notice that while jgh is non primary, jB is primary.

Exercise 4.2.7

Prove eq. (4.186).

Exercise 4.2.8

Prove eq. (4.187).

Exercise 4.2.9

Prove eq. (4.189). Use the fact that

Q2
B =

∮

0

dz̃
2πi

∮

z̃

dz
2πi

jB(z) jB(z̃) , (4.192)

and that

jB(z) jB(z̃) = . . .+
c(m) − 26

12
1

(z − z̃)

�

∂ 3c · c
�

(z̃) + . . . (4.193)

Exercise 4.2.10

Prove eq. (4.190).

We are now ready to analyze the cohomology. Using the state-operator correspondence
we can write

|0〉 ←→ 1 (gh= 0) , (4.194a)

c1V
(m)
h=1 |0〉 ←→ cV(m)

h=1(z) (gh= 1) , (4.194b)

c0c1V
(m)
h=1 |0〉 ←→ c(∂ c)V(m)

h=1(z) (gh= 2) , (4.194c)

c−1c0c1 |0〉 ←→
1
2

c(∂ c)(∂ 2c)(z) (gh= 3) , (4.194d)

where V(m)
h=1 is a physical matter operator of weight h= 1.

One can also show that

�

QB,V(m)
h=1(z)

�

= ∂
�

cV(m)
h=1

�

(z) . (4.195)
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Exercise 4.2.11

Prove eq. (4.195).

This tells us that there are two ways for a state to be killed by QB:

1. a local operator cV(m)
h=1(z),

2. a non-local integrated operator
∫

dzV(m)
h=1(z) = V

(m).

Then the physical condition (i.e. the BRST charge annihilates the physical state) can be ex-
pressed in two possible ways:

1.
�

QB, cV(m)
h=1(z)

�

= 0,

2.
�

QB,V (m)
�

=
∫

dz ∂
�

cV(m)
h=1

�

(z)
Stokes
= 0 (within boundary terms).

We now want to write the complete closed string vertex operator, taking both the holomorphic
and the anti-holomorphic part and also making explicit the momentum operator

1. The non-integrated VO is

cc̄V(z, z̄) =

∫

dd P Φi j(P) :cVi c̄V je
iP·X : (z, z̄) , (4.196)

where Φi j(P) is the spacetime polarization and Vi is a chiral field of weight hi (and
similarly for V̄ j). The polarization Φi j(P) has to satisfy appropriate conditions to make
: Vi eiP·X : a primary. It has gh= (1, 1) and is an overall primary of weight h= (0,0) if

α′P2/4+ hi − 1= α′P2/4+ h j − 1= 0 . (4.197)

2. The integrated VO is instead

∫

dzdz̄V(z, z̄) =

∫

dzdz̄

∫

dd P Φi j(P) :ViV je
iP·X : (z, z̄) . (4.198)

The worldsheet integration
∫

dzdz̄ effectively lowers the total weight to h = (0, 0) and
therefore we again have a conformal invariant operator, but this time a non-local one.

4.3 Open string CFT

4.3.1 Boundary conformal field theory

So far we considered a theory defined on a cylinder with coordinate w that we mapped to the
complex plane through the conformal map z = ew. Such a construction was suitable for closed
strings. When we have to deal with open strings we have some differences: the worldsheet is
a now strip and under the conformal transformation z = ew it is mapped to the upper part of
the complex plane (see fig. 4.6). We will refer to it as the upper half plane (UHP).

Therefore, after the transformation, the CFT is defined on a surface having as a boundary
the real axis, where z = z̄. This is an example of a boundary conformal field theory, (BCFT).
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The presence of a boundary breaks the full conformal group to the subgroup that leaves
the boundary invariant. This means for a given f such that

z −→ f (z) , (4.199a)

z̄ −→ f̄ (z̄) , (4.199b)

when we are on the boundary z = z̄ we have to require that

f (z) = f̄ (z̄) , for z = z̄ , (4.200)

so that f is real
f (z) =

∑

n

fnzn , with fn = f̄n ⇐⇒ fn ∈ R . (4.201)

Conformal transformations are generated by the stress-energy tensor and, on the Riemann
sphere, we had that T (z) generates the transformation f (z), while T (z̄) generates f̄ (z̄). On
the UHP we have f (z) = f̄ (z̄) for z = z̄, and therefore we have to require that

T (z) = T (z̄) , for z = z̄ . (4.202)

If we then recall the usual expansion (4.44) of the stress-energy tensor in terms of Virasoro
operators, namely

T (z) =
∑

n∈Z
Lnz−n−2 , (4.203a)

T (z̄) =
∑

n∈Z
L̃nz̄−n−2 , (4.203b)

we realize that the condition (4.202) implies

Ln = L̃n , (4.204)

which means that we have only one Virasoro algebra.
Just like the Riemann sphere is preserved by the SL(2,C) subgroup of projective transfor-

mations, analogously for the UHP we have the group SL(2,R):

f (z) =
Az + B
Cz + D

, with A, B, C , D ∈ R , (AD− BC) ̸= 0 . (4.205)

It is the largest possible group of transformations which sends the UHP to itself in a one-to-one
way.

4.3.1.1 Bulk fields and doubling trick

Consider a generic field φ(z, z̄) living in the bulk. If we apply to it an infinitesimal conformal
transformation (recalling eq. (4.46)), we have that

δ(ε,ε̄)φ(z, z̄) = −
�

[Tε,φ(z, z̄)] +
�

T ε̄,φ(z, z̄)
��

= −
∮

z

dz̃
2πi

ε(z̃)T (z̃)φ(z, z̄)−
∮

z̄

d ¯̃z
2πi

ε(¯̃z)T (¯̃z)φ(z, z̄)

= −
∮

z

dz̃
2πi

ε(z̃) T (z̃)φ(z, z̄)−
∮

z̄

d ¯̃z
2πi

ε(¯̃z) T (¯̃z)φ(z, z̄) , (4.206)
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w

τ

πi

Wick rotation: t = −iτ

z

Future

Future

Future

Past

z = ew

iσ

t

Im(z)

Re(z)

σPast

Future

Past
Present
|z|= 1

Figure 4.6: The worldsheet of an open string, after a Wick rotation of the time co-
ordinate, can be studied as an infinite strip of height πi on the Euclidean plane of
coordinate w. With the exponential function it can then be mapped to the upper half
of the complex plane with coordinate z, where the (t = 0) slice of the WS corre-
sponds to the unit semi-circle |z| = 1 (marked in red): the past (t < 0, marked in
blue) lies inside such a semi-circle, while the future (t > 0) fills the external region.
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(z, z̄)

(a) The UHP.

z

z∗

(b) The whole (purely holomorphic) com-
plex plane.

Figure 4.7: On the left we have the UHP, whose points have a (z, z̄) dependence. On
the right we have the whole complex plane, having a holomorphic dependence on z
and z∗.

z = z̄ (z, z̄) z = z̄

UHP C

z

z̄

z

z∗

=
doubling

trick

Figure 4.8: The doubling trick.

where the contours of anti-holomorphic coordinates are clockwise (while contours of holo-
morphic currents, as usual, counter-clockwise). This is the same formula we would get in
absence of a boundary, except that now ε(z) = ε̄(z̄) at z = z̄ and analogously for T .

In order to proceed in the calculation, we can use the so-called doubling trick: instead
of considering the UHP whose points have a (z, z̄) dependence (see fig. 4.74.7(a)), we can
consider the whole complex plane C with a purely holomorphic dependence on z and z∗,
being z∗ the complex conjugate of z (see fig. 4.74.7(b)).
As shown in fig. 4.8, this procedure “unfolds” the UHP, which has a double dependence on (z
and z̄) to the whole complex plane, through the boundary z = z̄.
With the doubling trick, everything becomes holomorphic (see fig. 4.9).
Therefore we can carry on our calculation as follows:

δ(ε,ε̄)φ(z, z̄) = −
∮

z

dz̃
2πi

ε(z̃) T (z̃)φ(z, z̄)+

∮

z̄

d ¯̃z
2πi

ε(¯̃z) T (¯̃z)φ(z, z̄)

= −
∮

z

dz̃
2πi

ε(z̃) T (z̃)φ(z, z∗)−
∮

z∗

dz̃
2πi

ε(z̃) T (z̃)φ(z, z∗)

= −
∮

z,z∗

dz̃
2πi

ε(z̃)TC(z̃)φ(z, z∗) , (4.207)

where in the last step we deformed the integration path as shown in fig. 4.10.
We have also defined

TC(z̃) =

¨

TUHP(z̃) , for Im(z̃)> 0 (above the boundary),

T UHP(¯̃z) , for Im(z̃)< 0 (below the boundary).
(4.208)

This construction agrees with the boundary conditions (4.202). Notice also that the bulk field
φ(z, z̄) is reinterpreted as a bilocal holomorphic field φ(z, z∗). We will see in the following ex-
plicit examples that this interpretation depends on the boundary conditions and that the same
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z

doubling
trick

z

z̄

z∗
doubling

trick

Figure 4.9: The doubling trick makes everything holomorphic.

z

z∗

z

z∗

z

z∗

Figure 4.10: Deformation of the integration path performed in the last step of equa-
tion (4.207). The vertical axis of the complex plane is not shown for convenience.

bulk field will in general map to different bilocal holomorphic fields depending on the bound-
ary conditions (i.e. the kind of D-brane).

4.3.2 Matter X -BCFT

We are now ready to study the matter X -CFT. The action of the X field on the complex plane
is given by (recall eq. (4.10))

Smatter =
1

2πα′

∫

WS

d2z ∂ X (z, z̄) · ∂̄ X (z, z̄) , (4.209)

where, as usual, we defined ∂ = ∂z and ∂̄ = ∂z̄ .
Its EOM, being in the open string case, are (3.162). Moreover, in these complex coordinates

we can write

Xµ(z, z̄) = XµL (z) + XµR (z̄) , (4.210)

where the two chiral fields XµL (z) and XµR (z̄) are

XµL (z) =
Xµ0
2
+ cµ/2− iα′

Pµ

2
log z + i

√

√α′

2

∑

n ̸=0

1
n
αµnz−n , (4.211a)

XµR (z̄) =
Xµ0
2
− cµ/2− iα′

Pµ

2
log z̄ + i

√

√α′

2

∑

n ̸=0

1
n
αµn z̄−n , (4.211b)
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where the two fields have only half of the total momentum of the center of mass. The stress-
energy tensor of this theory is

T (z) = −
1
α′

:∂ X · ∂ X : . (4.212)

On the other hand, if we are interested in the current, we may recall that

∂ Xµ(z, z̄) primary of h= (1,0) =⇒ current jµ(z) , (4.213a)

∂̄ Xµ(z, z̄) primary of h= (0,1) =⇒ current j̄µ(z̄) . (4.213b)

Depending on the BC, the current will glue in different ways on the boundary:

• Neumann BC along the µ direction: jµ(z) = j̄µ(z̄) on the boundary z = z̄,

• Dirichlet BC along the i direction: j i(z) = − j̄ i(z̄) on the boundary z = z̄.

Hence the boundary is labelled by its BC (N or D). More in general, we can write the gluing
condition on the boundary for the current as

jµ(z) = Ω( j)A j̄µ(z̄) , for z = z̄ , (4.214)

with

ΩA =

¨

+1 , for A= Neumann ,

−1 , for A= Dirichlet ,
(4.215)

which is called gluing map.
This reasoning applies in the same way to the X field. Remembering the decomposition

(4.210) of Xµ(z, z̄) into the chiral fields XµL (z) and XµR (z̄), we have that

XµL (z) = Ω
(X )
A XµR (z̄) , for z = z̄ , (4.216)

where the gluing map is again (4.215). Thus, using the doubling trick the gluing condition
becomes

X (N)
L (z) −→ X (z) , X (N)

R (z̄) −→ X (z∗) , (4.217a)

X (D)
L (z) −→ X (z) , X (D)

R (z̄) −→ −X (z∗) . (4.217b)

As said, we know that on the boundary the Virasoro algebra is preserved (thanks to the BC
(4.202)). Moreover, in the matter X -BCFT there is also an additional symmetry, namely the
oscillator algebra, encapsulated by the current algebra, which comes in two copies (one for jµ

and one for j̄µ):

jµ(z1) jµ(z2) =
1

(z1 − z2)2
osc
−→

�

αµn ,αµm
�

= nδn+m, 0 , (4.218a)

j̄µ(z̄1) j̄µ(z̄2) =
1

(z̄1 − z̄2)2
osc
−→

�

α̃µn , α̃µm
�

= nδn+m, 0 , (4.218b)

This symmetry is preserved by the gluing condition (4.214) on the boundary, for which we
have (4.215)

Ω
( j)
A = ±1 =⇒

�

Ω
( j)
A

�2
= 1 . (4.219)
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This result is consistent with the gluing of the stress-energy tensor:
¨

T = 1
2 : j · j:

T = 1
2 : j̄ · j̄:

=⇒
�

Ω
( j)
A

�2
= 1 . (4.220)

Using the doubling trick, we can define (analogously to (4.208))

jµC(z) =

¨

jµUHP(z) , for Im(z)> 0 (above the boundary),

Ω
( j)
A j̄µUHP(z̄) , for Im(z)< 0 (below the boundary),

(4.221)

which is continuous at the boundary.

In a similar way, starting from the chiral fields V(h)i, UHP
(z) and V(h̄)i, UHP

(z̄), we can define

V(h)i,C(z) =

(

V(h)i, UHP
(z) , for Im(z)> 0 (above the boundary),

�

Ω
(V)
A

� j

i
V(h̄)j, UHP

(z̄) , for Im(z)< 0 (under the boundary),
(4.222)

where the gluing map is now a matrix Ω which should preserve the V-V OPE, since we con-
sidered the general case where V(h)i, UHP

(z) is a family of operators. If we now consider a bulk
field

φ(z, z̄) = φi jV i(z)V j(z̄) , (4.223)

in the presence of a boundary it will become

φ(z, z∗) = φi j

�

Ω
(V)
A

� j

k
V i(z)Vk(z∗) . (4.224)

For example we can consider the local (non-holomorphic) operator

Φ(z, z̄) = j(z) · j̄(z̄) −→ α−1 · α̃−1 |0〉 , (4.225)

defining a closed string state. If we place it on the complex plane C using the doubling trick,
it will become a bi-local (completely holomorphic) operator that, depending on the BC, can
be written as

Φ(N)(z, z∗) = j(z)Ω( j)N j(z∗) = j(z) j(z∗) , (4.226a)

Φ(D)(z, z∗) = j(z)Ω( j)D j(z∗) = − j(z) j(z∗) . (4.226b)

This is the mechanism that enables closed strings to distinguish different D(p)-branes (see
exercise 4.3.1).

4.3.2.1 Correlation functions of bulk fields

We may first focus on the 1-point functions of a generic field φ(h,h̄)(z, z̄). It does not vanish a
priori because, due to the boundary, the theory has a scale, namely the distance y = 1

2 |z − z̄|
of the field from the boundary itself (see fig. 4.11). We then have

〈φ(h,h̄)(z, z̄)〉(a) =
C (a)
φ

|z − z̄|2h
δh,h̄ . (4.227)

Moving on towards 2-point function, let us then analyze in detail the bulk correlator of
two X fields.
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φ(h,h̄)(z, z̄)

y

Figure 4.11: A generic field φ(h,h̄)(z, z̄) at a distance y = 1
2 |z− z̄| from the boundary.

Recalling eq. (4.210) and (4.130c), we can write

〈X (z1, z̄1) · X (z2, z̄2)〉= 〈X L(z1) · X L(z2)〉+ 〈XR(z̄1) · XR(z̄2)〉

= −
α′

2
(log(z1 − z2) + log(z̄1 − z̄2))

= −
α′

2
log

�

|z1 − z2|2
�

. (4.228)

In the last step we had to merge the left and right contributions in order to get a single-valued
function (and not a multi-valued one, which would be non-local).

We can then consider the same correlation function but on the UHP having Neumann BC.
Using the doubling trick and recalling eq. (4.217), we can write

〈X (z1, z̄1) · X (z2, z̄2)〉(N)
UHP
= 〈
�

X (z1) + X (z∗1)
�

·
�

X (z2) + X (z∗2)
�

〉

= 〈X (z1) · X (z2)〉+ 〈X (z1) · X (z∗2)〉
+ 〈X (z∗1) · X (z2)〉+ 〈X (z∗1) · X (z

∗
2)〉

= −
α′

2
log

�

|z1 − z2|2
�

−
α′

2

�

log
�

z1 − z∗2
�

+ log
�

z∗1 − z2

�

�

= −
α′

2

�

log
�

|z1 − z2|2
�

+ log
�

|z1 − z̄2|2
�

�

. (4.229)

On the other hand, in the Dirichlet case we can write

〈X (z1, z̄1) · X (z2, z̄2)〉(D)
UHP
= −

α′

2

�

log
�

|z1 − z2|2
�

− log
�

|z1 − z̄2|2
�

�

. (4.230)

Finally, we can consider the 1-point function. We have that

〈∂ X · ∂̄ X (z, z̄)〉(N)
UHP
= +

α′

2
1

|z − z̄|2
, (4.231a)

〈∂ X · ∂̄ X (z, z̄)〉(D)
UHP
= −

α′

2
1

|z − z̄|2
, (4.231b)

which is consistent with (4.227).

Exercise 4.3.1

Prove eq. (4.231).

4.3.2.2 Plane wave operators

Let us now discuss plane waves operators. We already saw (eq. (4.138)) that the bulk plane
wave can be written as

:eiP·X : (z, z̄) = :eiP·X L : (z) :eiP·XR: (z̄) . (4.232)
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XX0

α′

Figure 4.12: A D(p)-brane is seen by closed strings as a localized gaussian in the
coordinates space, centered in X = X0 and having width of order

p
α
′.

On the boundary z = z̄, recalling eq. (4.211) and the gluing condition (4.216) for the X field,
we realize that the plane wave becomes

• Neumann: :eiP·X : (z, z̄) = eiP·X L (z)eiP·X L (z∗) ,

• Dirichlet: :eiP·X : (z, z̄) = eiP·X L (z)e−iP·X L (z∗) .

We can then study the 1-point function of such a plane wave as we change the BC. This roughly
models the interaction of a closed string with a a D(p)-brane. In the Neumann case we have
that

〈:eiP·X : (z, z̄)〉(N)
UHP
= 〈eiP·X L (z)eiP·X L (z∗)〉= 0 , (4.233)

since the total momentum of the plane wave cannot be conserved (unless P = 0).
On the other hand, in the Dirichlet case (recalling eq. (4.159)) we have that

〈:eiP·X : (z, z̄)〉(D)
UHP
= 〈eiP·X L (z)e−iP·X L (z̄)〉

= (z − z̄)−α
′P2
δ(0)

∝ |z − z̄|−α
′P2
= e−α

′∆P2
, (4.234)

where ∆ = log |z − z̄|. In the momentum space, the result we found is a gaussian of width
1
α′∆ . If we then perform a Fourier transform we obtain e−X 2/(α′∆), which is a gaussian in the
coordinates space, centered in X = 0 and of width α′∆, namely having the width of the string.
This suggests that the closed string ‘sees’ the D(p)-brane as a localized object at the string
scale.

If we now want to consider the more general case where a D(p)-brane is centered in a
generic X0, we can recall the definition of XDD (eq. (3.181)). Then, in the momentum space
we have

〈:eiP·X : (z, z̄)〉(D), X0
UHP ∝ eiP·X0 e−α

′∆P2
, (4.235)
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φ(h)(z)

Figure 4.13: A boundary field is defined as a purely holomorphic field laid on the
real axis z = z̄.

while in the coordinates space we have (see fig. 4.12)

∫

dPeiP·X0 e−α
′∆P2

∝ e−
(X−X0)

2

α′∆ . (4.236)

4.3.2.3 Boundary fields

So far we discussed fields living in the bulk of the UHP, namely away from the boundary. But
as a bulk field φ(h,h̄)(z, z̄) approaches the boundary (i.e. z → z̄), it generates a singularity, as
we immediately notice from the 1-point function (4.227). Using the doubling trick we can
write

φ(h)(z, z̄) =
∑

i, j

φi, jV
(h)
i (z)V

(h)
j (z̄) =

∑

i, j

φi, j

V(h)i (z)

Ωk
jV
(h)
k (z

∗)

. (4.237)

Therefore
V(h)i (z)V

(h)
k (z

∗)∝
∑

p

(z − z∗)k [ViVk]p (0) , (4.238)

and hence, on the boundary, the two chiral operators V(h)i (z) and V(h)i (z
∗) collide. This tells us

that a bulk field that lands on the boundary is the same as two chiral fields crashing on each
other.

We thus need a new object, called boundary field, which is a field living on the real axis
z = z̄. It can be thought of as a purely chiral field laid down on the boundary from the bulk
(see fig. 4.13):

φ
(h)
A (x) = lim

z→x
φ(h)(z) , (4.239)

where A is the label that identifies the boundary condition and x is the coordinate on the real
axis. In this way there is no anti-holomorphic counterpart and therefore no collision at the
boundary.

Let us now define (see fig. 4.14)

∂x = ∂∥ , (4.240a)

∂y = ∂⊥ . (4.240b)

Then we can write

∂ = ∂x − i∂y , (4.241a)

∂̄ = ∂x + i∂y . (4.241b)
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y

x
∂ y

∂ x

Figure 4.14: In the UHP we can call x the boundary coordinate and y the vertical
bulk coordinate. Then we can define the basis vectors to be ∂ x and ∂ y .

We can now consider the free boson along the µ direction with Neumann BC and recall
the current gluing condition:

∂ Xµ(z) = ∂̄ Xµ(z̄) , for z = z̄ . (4.242)

Using the notation (4.241), we write

(∂ − ∂̄ )Xµ(z)
�

�

�

z=z̄
= −2i∂y Xµ(z)

= 0 . (4.243)

Therefore we can express the Neumann boundary condition as

∂⊥Xµ(z) = 0 . (4.244)

This is exactly what we first wrote in (3.163). Moreover, if we want to build the associated
boundary field, we can write

∂ Xµ(x) =
�

∂⊥ + ∂∥
�

Xµ(z)
�

�

�

z→x

= ∂∥X
µ(x)

= ∂x Xµ(x) . (4.245)

On the other hand, the Dirichlet boundary condition for the current

∂ Xµ(z) = −∂̄ Xµ(z̄)
�

�

�

z=z̄
(4.246)

can be written as
∂∥X

µ(z) = 0 , (4.247)

and the associated boundary field is

∂ Xµ(x) =
�

∂⊥ + ∂∥
�

Xµ(z)
�

�

�

z→x

= ∂⊥Xµ(x)

= ∂y Xµ(x) . (4.248)

We hence obtained all the boundary fields related to the bosonic current ∂ X .
Let us then consider the bulk plane wave

:eiP·X : (z, z̄) = :eiP·X L : (z) :eiP·XR: (z̄) . (4.249)

117

https://scipost.org
https://scipost.org/SciPostPhysLectNotes.90


SciPost Phys. Lect. Notes 90 (2025)

We can build a boundary plane wave only if we have Neumann BC, where the momentum is
a conserved quantity24

:e2iP·X L : (z)
�

�

�

z→x
= :e2iP·X L : (x) . (4.250)

We may now recall (see eq. (4.211)) that the chiral field XµL has only half of the total momen-
tum of the center of mass (since XµR holds the other half). Therefore, in order to have a state
with momentum P on the boundary, we have to define

Xµ (open)(x) = 2XµL (z)
�

�

�

z→x
, (4.251)

which is yet another occurrence of what we have already discussed in the oscillator formalism

α
(open)
0 = 2α(closed)

0 = α(closed)
0 + α̃(closed)

0 . (4.252)

Using eq. (4.211) we can then write

Xµ(open)(x) = Xµ0 − iα′Pµ log(x) + i

√

√α′

2

∑

n̸=0

1
n
αµn x−n . (4.253)

Given this definition we can finally write the boundary plane wave as

:eiP·X(open): (x) = :e2iP·X L : (z)
�

�

�

z→x
, (4.254)

whose conformal weight is

h= 4
α′P2

4
= α′P2 . (4.255)

We are hence saying that
L(open)

0 = L(closed, L sector)
0 = α′P2 . (4.256)

To sum up: we have learned that the chiral field XµL on its own is non-local, since (recall
eq. (4.130c)) it gives rise to non single-valued correlation functions

〈X L(z1) · X L(z2)〉= −
α′

2
log(z1 − z2) . (4.257)

However, we have two possibilities to construct a local operator.

• We can merge together the L and R sectors, finding correlation functions whose be-
haviour is described by an absolute value, which is single-valued. This generates a closed
string state, namely an holomorphic+anti-holomorphic bulk field.

• We can put the chiral bulk field XµL on the boundary, where the real numbers structure
generates a natural ordering which removes ambiguities. This generates an open string
state, namely a boundary field.

If we then want to give a picture of the Hilbert space of a BCFT, we can divide it into two
sectors:

24We will see in a while that it is not meaningless at all to take a chiral plane wave and put it on a boundary
with Dirichlet boundary conditions: this will result in an insertion of a boundary operator that changes the value
of the modulus of the Dirichlet condition. In general if we take a generic chiral field and put it on the boundary
we get a boundary condition changing operator/field.
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x2 x1<

Figure 4.15: The boundary ordering in the 2-point function case.

• bulk Hilbert space, whose states are given by bulk fields (inserted at the origin of the
complex plane) acting on the SL(2,C)-invariant vacuum:

φ(z, z̄)
�

�

�

z=z̄=0
|0〉SL(2,C) =

φ(z, z̄)
�

�

z=z̄=0
, (4.258)

• boundary Hilbert space, whose states are given by boundary fields (applied at the origin
of the UHP) acting on the SL(2,R)-invariant vacuum:

φ(x)
�

�

�

x=0
|0〉SL(2,R) =

φ(x)
�

�

x=0
. (4.259)

4.3.2.4 Correlation functions of boundary fields

Let us first consider the generic 1-point function of a boundary field, which is given by

〈φ(h)(x)〉UHP = Aδh, 0 . (4.260)

On the other hand, the generic 2-point function is given by

〈φ(h1)
1 (x1)φ

(h2)
2 (x2)〉UHP =

C
(x1 − x2)2h1

δh1, h2 , (4.261)

where x1 > x2, otherwise the correlator has no meaning. The ordering on the boundary is
indeed uniquely determined by the real numbers ordering (see fig. 4.15), and boundary fields
cannot overstep one another.

This means that 〈φ(h1)
1 (x1)φ

(h2)
2 (x2)〉 is different than 〈φ(h2)

2 (x1)φ
(h1)
1 (x2)〉, although in

some cases they can coincide.
Finally, the generic 3-point function is

〈φ(h1)
1 (x1)φ

(h2)
2 (x2)φ

(h3)
3 (x3)〉UHP =

C123

(x1 − x2)h1+h2−h3(x2 − x3)−h1+h2+h3(x1 − x3)h1−h2+h3
.

(4.262)
We can indeed map











x1 −→ Λ −→ ∞ ,

x2 −→ 1 ,

x3 −→ 0 ,

(4.263)

using the SL(2,R) transformation f and then write

〈φ(h1)
1 (x1)φ

(h2)
2 (x2)φ

(h3)
3 (x3)〉UHP

= 〈 f ◦φ(h1)
1 (x1) f ◦φ

(h2)
2 (x2) f ◦φ

(h3)
3 (x3)〉UHP
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=
�

f ′(x1)
�h1
�

f ′(x2)
�h2
�

f ′(x3)
�h3 〈φ(h1)

1 (Λ)φ(h2)
2 (1)φ(h3)

3 (0)〉UHP

·Λ
2h1

Λ2h1
=

1
Λ2h1

�

f ′(x1)
�h1
�

f ′(x2)
�h2
�

f ′(x3)
�h3 〈I ◦φ(h1)

1

�

−
1
Λ

�

φ
(h2)
2 (1)φ(h3)

3 (0)〉UHP

Λ→∞
=

C123

(x1 − x2)h1+h2−h3(x2 − x3)−h1+h2+h3(x1 − x3)h1−h2+h3
, (4.264)

where we defined

C123 = 〈I ◦φ
(h1)
1 (−

1
Λ
)φ(h2)

2 (1)φ(h3)
3 (0)〉UHP . (4.265)

We can also evaluate the n-point function of plane waves:

〈eiP1·X (x1) · · · eiPn·X (xn)〉(N)
UHP

= 〈e2iP1·X L (z1) · · · e2iPn·X L (zn)〉
�

�

�

zi→x i

=
∏

k<l

e〈2iPk·X L(zk)2iPl ·X L(zl )〉
�

�

�

zi→x i

·δ

� n
∑

k=1

Pk

�

=
∏

k<l

e−4Pk·Pl 〈X L(zk)X L(zl )〉
�

�

�

zi→x i

·δ

� n
∑

k=1

Pk

�

=
∏

k<l

e4Pk·Pl
α′
2 log(zk−zl )

�

�

�

zi→x i

·δ

� n
∑

k=1

Pk

�

=
∏

k<l

(xk − x l)e
2α′Pk·Pl ·δ

� n
∑

k=1

Pk

�

. (4.266)

Notice that thanks to the boundary ordering, given by
∏

k<l the quantities (xk − x l)e2α′Pk·Pl

have no phase ambiguities.

4.3.2.5 Boundary fields and D(p)-branes

Given the D(p)− D(p) branes system shown in fig. 3.6, we can write its Chan-Paton as
�

|AA〉 |AB〉
|BA〉 |BB〉

�

, (4.267)

where

|AA〉= φ(AA)(x = 0) |0〉=
φ(AA)(0)A A

, (4.268a)

|AB〉= φ(AB)(x = 0) |0〉=
φ(AB)(0)A B

, (4.268b)

|BA〉= φ(BA)(x = 0) |0〉=
φ(BA)(0)B A

, (4.268c)

|BB〉= φ(BB)(x = 0) |0〉=
φ(BB)(0)B B

. (4.268d)
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i j
A B= C D

=
k

A D

Figure 4.16: The boundary operator algebra.

N D

∂ X (z)

φND(0)∂∥X (x) ∂⊥X (x)

Figure 4.17: The action of the boundary changing field φ(ND)(0) on the operator
∂ X (z).

These φ(AB) and φ(BA) are called boundary condition changing operators, since they change the
BC. They obey the boundary operator algebra:

φ(AB)
i (x)φ(CD)

j (y)∼ δBC
∑

k

CABD
i jk φ

(AD)
k (y) , (4.269)

where the lower indices give the Virasoro representation of the considered field. Notice that
the product φ(AB)

i (x)φ(CD)
j (y) vanishes unless B= C (see fig. 4.16). This is thus analogous to

matrix multiplication.
Let us consider, for example, the field φ(ND)(0), which changes the BC from Neumann to
Dirichlet. If we have ∂ X (z) in the bulk and we place it on the boundary, we realize that, if
we place it before or after the boundary condition changing operator, it turns into a different
boundary field (see fig. 4.17).

Let us now consider two parallel D(p)-branes separated along a common Dirichlet direction
y at a distance ∆y , as shown in fig. 4.18. Since the stretched strings have a BC that on the
first D(p)-brane is given by X0 = 0 while on the second D(p)-brane is given by X0 =∆y , there
is a change of boundary condition. We can call ∆(x) the operator responsible for that.

∆y

∆(0)
D D

X0 = 0 X0 =∆y

Figure 4.18: Two parallel D(p)-branes separated along a common Dirichlet direction
y at a distance∆y , also shown in the BCFT language through the boundary changing
operator ∆(x) applied in the origin.
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We shall then study the N = 0 level. Recalling eq. (3.194) and (3.212), we have that the
Chan-Paton reads as

��

�φ11
� �

�φ12
�

�

�φ21
� �

�φ22
�

�

, (4.270)

where the tachyon starting and ending on the same D(p)-brane is
�

�φ11
�

= t(P)eiP·X (0) |0〉= t(P) |0, P〉 (4.271)

(the same holds for
�

�φ22
�

), while the stretched tachyon is

�

�φ12
�

= t(P)eiP·X∆(0) |0〉= t(P) |0, P〉1,2 (4.272)

(the same holds for
�

�φ21
�

). The field ∆(x) inserted in the origin is the boundary condition
changing operator, which shifts the Dirichlet modulus from 0 (first D(p)-brane) to∆y (second
D(p)-brane). It can be written as a plane wave in the Dirichlet direction y , along which the
two branes are separated:

∆(x) = ei
∆y
πα′ X

y
L (x) . (4.273)

Moreover we have that

T (z)∆(x) =
� ∆y

2π
p
α′

�2
∆(x)
(z − x)2

+
∂∆(x)
(z − x)

+ (regular terms). (4.274)

The stretched tachyon conformal weight is now h = α′P2 +
�

∆y

2π
p
α′

�2
= 1, which means

α′m2 =
�

∆y

2π
p
α′

�2
− 1, exactly as we found previously using oscillators.

4.3.3 Ghost (b, c)-BCFT and BRST

We can finally briefly build the boundary CFT in the ghost sector. Recalling that
[QB, b(z)] = T (z) and remembering the gluing condition (4.202) for the stress-energy ten-
sor, we can write the gluing condition for the b-ghost as

b(z) = b̄(z̄) , for z = z̄ . (4.275)

Moreover, since we have (see eq. (4.169)) that

b(z1)c(z2) =
1

(z1 − z2)
+ (regular terms), (4.276a)

b̄(z̄1)c̄(z̄2) =
1

(z̄1 − z̄2)
+ (regular terms), (4.276b)

we can write the gluing condition for the c-ghost as

c(z) = c̄(z̄) , for z = z̄ . (4.277)

The BRST charge is thus

QB =
∑

n∈Z
cn L(m)
−n +

1
2

:cn L(gh)
−n : , (4.278)

and
QB = Q̄B . (4.279)
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4.3.4 Open string physical states

Following the usual logic, open string physical states are elements of the gh=1 open string
cohomology, which can be written as

cV(x) , (4.280)

where V is a matter boundary primary of weight one. This is the non integrated vertex operator.
Taking advantage of the fact that [Q,V(x)] = ∂ (cV)(x), we can also construct the integrated
vertex operator as

∫

R
V(x) , (4.281)

which, just like the closed string case, is BRST invariant up to possible boundary terms which
are vanishing in the case of generic amplitudes.

4.4 Open-closed correlation functions

We now want to give a general idea of which are the possible string interactions. The three
fundamental interactions are the following.

• CCC: it is the product of two 3-point functions (holomorphic×anti-holomorphic) and is
conformally equivalent (∼) to the Riemann sphere with 3 punctures (i.e. insertions of
closed string vertex operators), which can also be seen as the the complex plane with 3
fields inserted.

Ý
Ý

Im

Re

Figure 4.19: CCC correlation function.

• OOO: it is an holomorphic 3-point function and is conformally equivalent to the disk with
3 punctures on the boundary, which can also be seen as the UHP with 3 fields inserted
on the real axes.

Ý Ý

Re

Figure 4.20: OOO correlation function.

• CO: it is an holomorphic 3-point function, where C is bilocal (holomorphic+anti-
holomorphic) and is conformally equivalent to the disk with a puncture in the bulk and
a puncture on the boundary, which can also be seen as the UHP with one field inserted
in the bulk and one on the real axes.
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Ý
Ý

Re

Figure 4.21: CO correlation function.

Given these fundamental ingredients, we can build the following four categories of correlation
functions.

• Closed strings only
If we write the generic closed string operator as

φi(zi , z̄i) =
∑

ki ,li

(Φi)ki li Vki
(zi)V li (z̄i) , (4.282)

the generic purely bulk (no boundary) correlation function is given by (see fig. 4.22)

〈φ1(z1, z̄1) · · ·φn(zn, z̄n)〉=
n
∏

i=1

 

∑

ki ,li

(Φi)ki li

!

〈
n
∏

i=1

Vki
(zi)〉 · 〈

n
∏

i=1

V li (z̄i)〉 . (4.283)

• Closed strings with D(p)-brane
If we use the doubling trick to write the generic closed operator as

φi(zi , z̄i) =
∑

ki ,li

(Φi)ki li ΩiVki
(zi)Vli (z

∗
i ) , (4.284)

where Ωi is the gluing map, the generic purely bulk with boundary correlation function is
given by (see fig. 4.23)

〈φ1(z1, z̄1) · · ·φn(zn, z̄n)〉(A)
UHP
=

n
∏

i=1

 

∑

ki ,li

(Φi)ki li Ωi

!

〈
n
∏

i=1

Vki
(zi)Vli (z

∗
i )〉 , (4.285)

where A is the boundary condition. The correlation function, thanks to the doubling trick, is
completely holomorphic, but it is now a 2n-point function.

• Open strings only
If we write the generic boundary field as

ψi(x i) = ΨiVi(x i) , (4.286)

where Ψi is a matrix and Vi(x i) is a boundary vertex operator, the generic purely boundary
(no bulk) correlation function is given by (see fig. 4.24)

〈ψ1(x1) · · ·ψn(xn)〉(A)
UHP
= Tr

¨ n
∏

i=1

Ψi

«

〈
n
∏

i=1

Vi(x i)〉 . (4.287)

• Open strings and closed strings
If we consider a process involving open strings and closed strings, the generic mixed (bulk
with boundary) correlation function is given by (see fig. 4.25)

〈ψ1(x1) · · ·ψn(xn)φ1(z1, z̄1) · · ·φn(zn, z̄n)〉

= Tr

¨ n
∏

i=1

Ψi

« n
∏

i=1

 

∑

ki ,li

(Φi)ki li Ωi

!

〈
n
∏

i=1

Vi(x i)
n
∏

i=1

Vki
(zi)Vli (z

∗
i )〉 . (4.288)
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Ý Ý

Φ1 φ1

Im

Re
φ2

φ3

φn

Φ2

Φ3

Φn

Φ1

Φ2

Φ3

Φn

Figure 4.22: A generic correlation function of n closed strings.

Ý Ý

Φ1

Φ2

Φ3

Φn

φ1

Re

φ2
φ3

φn

Φ2

Φ3

Φn

Φ1

Figure 4.23: A generic correlation function of n closed strings with a D(p)-brane.

Ý Ý

Ψ1

Ψ2

Ψn
ψ1

Re
ψ2 ψn

Ψ2

Ψn

Ψ1

Figure 4.24: A generic correlation function of n open strings.

Ý Ý

Φ1

Φ2

Φ3

Φm

φ1

Re

φ2
φ3

φm

Φ2

Φ3

Φm

Φ1
ψ1 ψn

Ψ1

Ψn

Ψn

Ψ1

Figure 4.25: A generic correlation function of n open strings and m closed strings.
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Blob

V in
1

V in
2

V in
n

Vout
m

Vout
1

|in〉 |out〉

Figure 5.1: Closed strings scattering.

5 String perturbation theory

5.1 Closed strings amplitudes

We are now ready to compute simple string scattering amplitudes. At first it is necessary to
fix the string background that typically will force us to work in a BCFT due to the presence of
D-branes.

We can start with the simplest case, namely no D-branes in the background, just closed
strings. Scattering amplitudes are C-numbers giving the probability of transition from an |in〉
state to an |out〉 state (see fig. 5.1).

Since string theory is constructed from a 2d field theory with Diff ×Weyl gauge symmetry,
its scattering amplitudes will be naturally associated to correlation functions of gauge invari-
ant operators in the 2d theory. The correlation functions will be evaluated using the Polyakov
path integral, with insertions of gauge invariant operators. What gauge invariant insertions
can produce the string physical states? We already know the answer from the previous chap-
ter, where we saw that the vertex operators V are gauge invariant by construction and they
represent the physical string states. Then the typical n-strings amplitude will have the form

A (1, . . . , n) =

∫ DhαβDXµ

Vol (G)
V1 · · ·Vn e−S[h,x] . (5.1)

Notice that we are now using an Euclidean path integral in two dimensions, because we have
Wick rotated the worldsheet theory to have a standard CFT description. The most natural
choice for these Vi falls back to the integrated vertex operators which in covariant language
(before fixing conformal gauge) can be written as

Vi =

∫

d2σ
p

hVi(σ) , (5.2)

which are diff-invariant a priori being integrated over the entire worldsheet. As we will see
shortly, we will have to sharpen this intuition.

A key aspect in all of this discussion is represented by the metric integral Dh. Previously,
when we were only interested in the BRST structure of the free string, we were implicilty work-
ing on a worldsheet with the topology of a sphere. On a more general ground we have now to
understand the integral over metrics to also include all possible two-dimensional topologies.
This is indeed the prescription of the path integral: to some over all possible paths (in this case
surfaces) connecting the initial and the final configurations, described by the vertex operators
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g=0
(sphere)

g=1
(torus)

g=2
(2-torus)

g=3
(3-torus)

. . .

Figure 5.2: The surfaces classification in term of the genus g.

S1 S2

S1#S2

Figure 5.3: The connected sum of two surfaces S1 and S2 is a new surface S1#S2 ob-
tained by deleting a disk from S1 and S2 and gluing together the remaining boundary
circles.

Vi . It is therefore more appropriate to explicitly write
∫

Dhαβ =
∑

g∈Top

∫

Dh(g)
αβ

, (5.3)

where h(g)
αβ

is the generic metric (to be integrated over) on the worldsheet with topology g. To
fully grasp the meaning of this summation we can now use a powerful result of low dimen-
sional topology, the classification theorem of closed surfaces, which states that the topology of all
orientable surfaces without boundary is classified by the genus g, i.e. the number of “handles”
(see fig. 5.2).

In other words, a closed surface without boundary and genus g is homeomorphic to a
connected sum (see fig. 5.3) of g-torii. If g = 0, the surface is homeomorphic to a sphere.

To better account these multiple worldsheet topologies, let us remind that on any d-
dimensional Riemannian manifold it is possible to add to the action a purely metric term,
namely the (euclidean) Einstein-Hilbert action:

SEH =
1

2dπ

∫

dd x
p

h R(d) . (5.4)

Here the metric can be interpreted as a dynamical local field with a number of massless prop-
agating degrees of freedom (gravitons) equal to

#d.o.f.=
d(d − 3)

2
, d ≥ 3 . (5.5)
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∼

Figure 5.4: The torus and an homeomorphic polyhedron.

It is clear then that for d ≤ 3 we do not get any local degrees of freedom. In particular in d = 2
the above action becomes a topological invariant. The Gauss-Bonnet theorem states that for a
closed surface without boundary we have

SEH =
1

4π

∫

d2z
p

h R(2) = χ , (5.6)

where χ is the Euler characteristic of the surface. Given a polyhedron we have

χ = Vertices− Edges+ Faces. (5.7)

Therefore for a generic surface S the Euler number can be computed considering any polyhe-
dron homeomorphic to the surface S. It is possible to prove that this computation yields

χ = 2− 2g , (5.8)

with g the genus of S. See fig. 5.4 for the example of the torus and an homeomorphic poly-
hedron. Now, being SEH a topological term, it is also Diff × Weyl invariant and we can freely
add it to the Polyakov action:25

ST [h, X ] = −
1

4πα

∫

d2z
p

−hhαβ∂αXµ∂βXµ +
λ

4π

∫

d2z
p

−hR(2)

︸ ︷︷ ︸

=8π(1−g)

. (5.9)

This addition has an important effect in the path integral, since

Z =
∑

g

e−2λ(1−g)

∫ Dh(g)
αβ

DXµ

Vol(G)
e−SPol[h,X ]

=
∑

g

(eλ)2(g−1)

∫ Dh(g)
αβ

DXµ

Vol(G)
e−SPol[h,X ] . (5.10)

Indeed we see that the summation over all the topologies is transforming into a sort of loop
expansion (see fig. 5.5) in terms of the string coupling constant

gs = eλ,

with a loop counting parameter represented by genus of the Riemann surface. Notice that at
this level it seems that this new constantλ is yet a new free parameter of string theory (together
with α′). On the contrary we will later see that λ is nothing but the expectation value of the
dilaton field φ and that the string dynamics is also fixing its own coupling constant.

25There is a more physical reason to do such a thing and we will explore it later.
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+ · · ·+ +

Figure 5.5: The loop expansion.

∼

Figure 5.6: A sphere with two punctures has the same Euler number of a sphere with
an infinite handle.

What happens now if we insert the vertex operators to compute the n-point amplitude
A(1, . . . , n)? Each vertex insertion appears as a puncture on the worldsheet, which therefore
becomes a punctured Riemann surface. This changes the topology so we expect to see a change
in the Euler characteristic.

To understand if this intuition is correct we take as an example a simple two-point function
on a sphere(g = 0). Intuitively we can think of the two punctures as two semi-infinite tubes.
We can further imagine that these two infinite tubes meet and join at infinity thus forming a
degenerate handle (see fig. 5.6) as this does not change the curvature.

In this configuration the Euler characteristics shifts from χ = 2 to χ = 0. This allows for
an easy generalization: for any Riemann surface with characteristic χ0, the insertion of 2n
punctures will be the same (as far as χ is concerned) as the insertion of n infinite handles.
Therefore the punctured Riemann surface has χ = χ0 − 2n. This implies that for any vertex
operator the Euler characteristic is reduced by 1 and we get the general formula

χ(Σg,n) = 2(1− g)− n , (5.11)

for a surface Σg,n with genus g and n punctures.
The same result can be obtained in a more geometrical way noticing that a puncture z∗ can

be interpreted as a thin hyperbolic spike centered in the puncture and extending to infinity (see
fig. 5.7) which has the geometric effect of shifting the Ricci scalar by a negative delta-function
term so that

χ0 −→ χ = χ0 −
∫

d2z
p

−hδ(2)(z − z∗) = χ0 − 1 , (5.12)

which coincides with the previous result.
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∼

Figure 5.7: A sphere with two punctures is homeomorphic to a sphere with two
infinite spikes centered in the punctures.

The physical effect of what we just said is that any n point function is additionally sup-
pressed by a factor of gn

s with respect the vacuum bubble (0-point amplitude):

A(1, . . . , n) = gn
s

∞
∑

g=0

g2(g−1)
s

∫

DhgDX
Vol(G)

V1 · · ·Vn e−SPol[h,X ]

= gn
s

∞
∑

g=0

g2(g−1)
s 〈〈V1 · · · Vn〉〉

(g) . (5.13)

This is the most general form of closed string scattering amplitude: a correlation function of
gauge invariant operators in a 2d quantum gravity!

5.1.1 Tree level amplitudes

Let’s now analyze the first order of the perturbative series, genus zero. This is the tree-level
contribution. The 〈〈V1 . . .Vn〉〉

(0) is now an integrated correlation function on the complex
plane, which we have studied in detail in the previous chapter

〈〈V1 · · · Vn〉〉
(0) =

∫

DhgDX
Vol(G)

∫

d2z1

p

h · · · d2zn

p

hV1 · · ·Vn e−SPol[h,X ]

=

∫

DXDcDb d2z1 . . . d2zn V1(z1, z̄1) · · ·Vn(zn, z̄n), e−S[X ,b,c]

=

∫

d2z1 · · · d2zn 〈V1(z1, z̄1) · · ·Vn(zn, z̄n)〉
︸ ︷︷ ︸

CFT correlator on C

=A0 , (5.14)

where in the second step we gauge-fixed the metric to hαβ = δαβ .
Now we must be careful because we are integrating over a CFT correlator which is invari-

ant under the action of SL(2,C). This means that inside 〈V1(z1, z̄1) . . .Vn(zn, z̄n)〉 the integral
over n variables will necessarily give a divergent result, proportional to the infinite volume
of SL(2,C). On the other hand it seems that we can just put this amplitude to zero because
〈V1(z1, z̄1) . . .Vn(zn, z̄n)〉 is the correlator of a ghost⊗matter CFT, and because the Vi are all in
the matter sector, in the ghost sector we are left with

〈0|1|0〉= 〈0|0〉= 0 . (5.15)
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We know indeed that the non vanishing correlator is not 〈1〉, but instead
1
2〈∂

2c ∂ c c〉 = 〈c−1 c0 c1〉 = 1 and analogously for the anti-holomorphic sector. We are then
getting a sort of undetermined product

A0 = 0 × ∞ ,

so it is clear that we must be very careful with this computation.
Let us start to better understand where the limit A0 → 0 is coming from by analyzing

explicitly the ghost part of the path integral:
∫

DbD b̄DcDc̄ (1) e−
1

2π

∫

d2z(b∂̄ c+b̄∂ c̄) . (5.16)

At first we notice that the action in the exponential does not depend on the zero modes of c and
c̄, namely the solutions of the equations ∂ c̄ = 0, ∂̄ c = 0 which extend globally on the complex
plane. Focusing on c it is obvious that the zero modes do not depend on the anti-holomorphic
coordinate and in general can be written as a series expansion around 0:

c(0)(z) =
∑

n≤1

cnz−n+1 , (5.17)

where we imposed cn>1 = 0 to assure regularity in 0. However this is not the end of the story,
because for this solution to extend correctly over all the complex plane we must also make sure
that the solution is regualar at infinity. To do so we perform a coordinate change z→−1/z so
that the zero mode transforms as

I ◦ c(0)(z) =
�

1
z2

�−1∑

n≤1

cn(−1)nzn−1 =
∑

n≤1

cn(−1)nzn+1 , (5.18)

which is regular at z = 0 only if cn<−1 = 0. We are thus left with a simple polynomial solution:

c(0)(z) = c1 + c0z + c−1z2 , (5.19)

with c(0) parameterized by just the three zero modes coefficient (c1, c0, c−1). By the fact that
this solution extends globally on C, every other possible field c can then be rewritten in the
form c(z) = c(0)(z)+C(z) with c(0) an arbitrary zero mode, and the integration measure takes
the form Dc = DCDc(0) = DC dc−1dc0dc1. The total path integral measure then generally
factorizes as DcDc̄ = DCDC̄ |dc−1dc0dc1|2 and the origin of the indeterminate value of the
amplitude A0 becomes clear

A0 =

∫

d2z1 · · · d2zn

︸ ︷︷ ︸

=∞

∫

∏

i=0,±1

dcidc̄i

︸ ︷︷ ︸

=0

〈V1 · · ·Vn〉′
︸ ︷︷ ︸

no zero modes

, (5.20)

since the Berezin integral in dci is identically zero given that 〈V1 . . .Vn〉′ is independent of ci .
On these grounds it is clear then that the easiest way to make this integral finite is by

changing the vertex operators inside the correlator. Indeed we know that there are two types
of vertex operators, the integrated and the non-integrated vertex operators, which are given
by cc̄V(z, z̄), and are BRST invariant. Hence if we consider in the amplitude the insertions of
three non-integrated operators the ambiguity will be solved if we write

A0 =

∫

d2z4 · · · d2zn 〈cc̄V1(z1, z̄1) · · · cc̄V3(z3, z̄3)V4(z4, z̄4) · · ·Vn(zn, z̄n)〉 . (5.21)
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The SL(2,C) gauge invariance is now fixed because the three non-integrated vertex operators
are fixing three points on the sphere. Moreover the three ghost insertions saturate the zero
mode integrals giving a non-vanishing result. In particular, thanks to the splitting of the CFT
into ghost and matter sectors, we can separately compute the ghost correlator and obtain

〈cc̄(z1)cc̄(z2)cc̄(z3)〉= 〈0| c−1 c̄−1c0 c̄0c1 c̄1 |0〉
︸ ︷︷ ︸

=1

�

�

�

�

�

�

1 1 1
z1 z2 z3
z2

1 z2
2 z2

3

�

�

�

�

�

�

2

= |z12z13z23|2 , (5.22)

where we used (4.182) and we have fixed the zero mode convention for a non vanishing inner
product as above.

It is interesting to notice that the same result can be obtained by treating the SL(2,C)
invariance in the starting A0 as a gauge invariance to fix using the Faddeev-Popov method. As
a matter of fact, let us consider the initial A0 normalized by the volume of SL(2,C):

A0 =

∫

d2z1 · · · d2zn

Vol(SL(2,C))
〈V1(z1, z̄1) · · ·Vn(zn, z̄n)〉 . (5.23)

We can apply the Faddeev-Popov procedure by fixing three points zi = ẑi , z̄i = ¯̂zi , i = 1, 2,3.
The gauge fixing functions will then be fi(zi) = zi − ẑi , f̄i(zi) = z̄i − ¯̂zi . Therefore, given the
SL(2,C) action

δεz = ε1 + ε2z + ε3z2 , δεz̄ = ε̄1 + ε̄2z̄ + ε̄3z̄2 , (5.24)

the usual resolution of the identity takes the form

1=

∫

|dε1dε2dε3|2|δ(ε1)δ(ε2)δ(ε3)|2 =
∫

[dε]
3
∏

i=1

|δ(zi − ẑi)|2
�

�

�

�

δzi

δε j

�

�

�

�

=

∫

[dε]
3
∏

i=1

|δ(zi − ẑi)|2

�

�

�

�

�

�

1 1 1
ẑ1 ẑ2 ẑ3
ẑ2

1 ẑ2
2 ẑ2

3

�

�

�

�

�

�

2

=

∫

[dε]
3
∏

i=1

|δ(zi − ẑi)|2|z12z13z23|2 , (5.25)

so that

A0 =

�∫

[dε]
1

Vol(SL(2,C))

�

︸ ︷︷ ︸

=1

∫

d2z1 · · · d2zn

3
∏

i=1

|δ(zi − ẑi)|2|z12z13z23|2〈V1 · · ·Vn〉

=

∫

d2z4 · · · d2zn |ẑ12ẑ13ẑ23|2〈V1(ẑ1, ¯̂z1) · · ·V3(ẑ3, ¯̂z3)V4(z4, z̄4) · · ·Vn(zn, z̄n)〉 , (5.26)

which is exactly the result obtained above. The ghost correlator can then be exaclty identified
as the SL(2,C) FP determinant.

Looking at the obtained result, however, it superficially seems that it depends on the posi-
tion of the three points ẑi , i = 1, . . . , 3, which clearly would be inconsistent. We will now prove
that this dependence is just apparent. Let us indeed suppose to take two different points ẑ1, ŵ1
and two amplitudes A0 and A′0 computed respectively in ẑ1 and ŵ1. Then we can consider
the difference of the two amplitudes and notice that this difference has again the form of an
amplitude, but containing the difference of the unintegrated vertex operator evaluated at the
two points:

A0 −A′0→
�

cc̄V(ẑ1, ¯̂z1)− cc̄V(ŵ1, ¯̂w1)
�

. (5.27)

By definition of vertex operator we can write

cc̄V(ẑ1, ¯̂z1)− cc̄V(ŵ1, ¯̂w1) =
∑

i j

Φi j

�

cVi(ẑ1)c̄V j(¯̂z1)− cVi(ŵ1)c̄V j( ¯̂w1)
�

. (5.28)
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Using then eq. (4.195) we obtain:

cVi(ẑ) = cVi(ŵ)−
∫ ŵ

ẑ
dξ [Q,Vi(ξ)] , (5.29a)

c̄V i(¯̂z) = c̄V i(ŵ)−
∫ ¯̂w

¯̂z
dξ̄
�

Q̄,V i(ξ̄)
�

, (5.29b)

which plugged back into (5.28) allows to write
�

cc̄V(ẑ1, ¯̂z1)− cc̄V(ŵ1, ¯̂w1)
�

=
∑

i j

Φi j

�

−

�

Q,

∫ ŵ

ẑ
dξVi(ξ)

�

c̄V j( ¯̂w)− cVi(w̄)



Q̄,

∫ ¯̂w

¯̂z
dξ̄V j(ξ̄)





+



QQ̄,

∫ ŵ

ẑ
dξ

∫ ¯̂w

¯̂z
dξ̄Vi(ξ)V j(ξ̄)





�

=
∑

i j

��

Q, Ai j

�

+
�

Q̄, Bi j

�

+
�

QQ̄, Ci j

�	

, (5.30)

which is BRST-exact. Plugging this back in the complete form of A0 −A′0 we get

A0 −A′0 =
∫

d2z4 · · · d2zn 〈[QB, . . .]V2(ẑ2, ¯̂z2)V3(ẑ3, ¯̂z3)V4 · · ·Vn〉= 0 , (5.31)

because

QBcc̄V(z, z̄) = 0 , (5.32)

QB

∫

dzdz̄V(z, z̄) = 0 (up to boundary terms). (5.33)

For generic external momenta the possible contributions from boundary terms are vanishing
and so everything is ok. Repeating the same steps for z2 and z3 it is immediate to see that the
amplitude does not depend on any of the three coordinates.

5.1.2 Example: Shapiro–Virasoro amplitude

Let’s start with the simpler three-tachyons closed string amplitude. In this case we have to fix
all of the three vertex operators and there is no integration:

A(p1, p2, p3) =gs t1(p1)t2(p2)t3(p3)



cc̄eip1·X (z1, z̄1) cc̄eip2·X (z2, z̄2) cc̄eip3·X (z3, z̄3)
�

=gs t1(p1)t2(p2)t3(p3)δ(p1 + p2 + p3) . (5.34)

Notice that this is a 3-point function of weight-zero primary bulk fields. Therefore it is a
constant and the constant is given by the momentum conserving delta function. The first non
trivial amplitude is the 4-tachyons scattering. In this case we have to fix 3 vertex operators
and we have to integrate the 4th over the whole complex plane:

A(p1, p2, p3, p4) = g2
s t1(p1)t2(p2)t3(p3)t4(p4)

×
∫

d2z



cc̄eip1·X (z1, z̄1) cc̄eip2·X (z2, z̄2) cc̄eip3·X (z3, z̄3)e
ip4·X (z, z̄)

�

. (5.35)
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It is common to choose the fixed positions as z1 = Λ →∞, z2 = 1 and z3 = 0. The ghost
correlator is given by




cc̄(Λ, Λ̄) cc̄(1, 1̄) cc̄(0, 0̄)
�

= |(Λ− 1)Λ|2 ∼ |Λ|4 , (5.36)

while, using (4.159), the matter four-point function gives



eip1·X (Λ, Λ̄) eip2·X (1, 1̄) eip3·X (0, 0̄)eip4·X (z, z̄)
�

= |Λ− 1|α
′p1·p2 |Λ|α

′p1·p3 |Λ− z|α
′p1·p4 |1− z|α

′p2·p4 |z|α
′p3·p4δ(P)

∼ |Λ|α
′p1·(p2+p3+p4)|1− z|α

′p2·p4 |z|α
′p3·p4δ(P)

= |Λ|−α
′p1·p1 |1− z|α

′p2·p4 |z|α
′p3·p4 = |Λ|−4|1− z|α

′p2·p4 |z|α
′p3·p4δ(P) , (5.37)

where we have used momentum conservation P ≡ p1 + p2 + p3 + p3 = 0 and the mass-shell
condition α′p2

i = 4. Putting together matter and ghost, the Λ-dependence cancels and we are
left with the total amplitude

A(p1, p2, p3, p4) =g2
s

4
∏

i=1

t i(pi)δ(P)

∫

d2z |1− z|α
′p2·p4 |z|α

′p3·p4

=g2
s

4
∏

i=1

t i(pi)δ(P)

∫

d2z |1− z|−α
′ t

2−4 |z|−α
′ s

2−4 , (5.38)

where we have defined the Mandelstam invariants

s ≡ −(p1 + p2)
2 = −(p3 + p4)

2 , (5.39)

t ≡ −(p1 + p3)
2 = −(p2 + p4)

2 , (5.40)

u≡ −(p1 + p4)
2 = −(p3 + p2)

2 , (5.41)

which in the present case obey

s+ t + u= 4×
�

−
4
α′

�

. (5.42)

We can now use the relevant integration formula26

∫

d2z |z|2(a−1) |1− z|2(b−1) = 2π
Γ (a)Γ (b)Γ (1− a− b)
Γ (1− a)Γ (1− b)Γ (a+ b)

, (5.43)

to finally write the Shapiro-Virasoro amplitude

A(p1, p2, p3, p4) = 2πg2
s

4
∏

i=1

t i(pi)δ(P)
Γ
�

−α
′s
4 − 1

�

Γ
�

−α
′ t
4 − 1

�

Γ
�

−α
′u
4 − 1

�

Γ
�

α′s
4 + 2

�

Γ
�

α′ t
4 + 2

�

Γ
�

α′u
4 + 2

� . (5.44)

This is an example of an amplitude exhibiting channel duality, which means invariance under
exchange s ↔ t ↔ u. In a usual field theory this would be achieved only after explicitly
adding the three channel contributions (just think of a scalar φ3 theory, for example). Here
instead the amplitude already contains the three channels, without having to explicitly add
them, as we would do with QFT Feynman diagrams. This should not be a surprise, this is
indeed a string amplitude. For generic values of t (and hence of u) we can have a look at
the s-poles of the amplitude. This should give us an indication of the mass of the particles

26See, for example, Tong’s lecture notes for a detailed proof.
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that are exchanged in the s-channel. The analysis is easy: we have just to look at the poles of
Γ
�

−α
′s
4 − 1

�

which, as it is well-known, appear when the argument of the Γ is a non positive
integer. This happens precisely when

α′s = α′m2 = 4(n− 1) , n= 0,1, 2,3, . . . , (5.45)

which is in fact the full mass spectrum of the closed bosonic string! This is why the dual
amplitude cannot come from a usual field theory: it describes the scattering of four scalar
(tachyonic) particles that interact by exchanging an infinite tower of massive particles. This
amplitude could only be reproduced by a field theory with an infinite number of fields!

5.2 Amplitudes involving open strings

Adding open strings in the game means that the worldsheet is a now a manifold with a bound-
ary and the Gauss-Bonnet theorem is modified to

λχ = λ

�

1
4π

∫

M
d2z

p

hR(2) +
1

2π

∫

∂M
ds k

�

, (5.46)

where k is the geodesic curvature of the boundary ∂M , defined as

k =
1
2

tα tβ∇αnβ , (5.47)

where t and n are the tangent and normal (pointing outwards the surface) unit vector to ∂M
respectively and ∇ is the covariant derivative. As an example we can consider a disk with flat
euclidean metric, whose boundary has radius R and it is parameterized as

γ(θ ) = R(cosθ , sinθ ) , t(θ ) = (− sinθ , cosθ ) , n(θ ) = (cosθ , sinθ ) , (5.48)

so that

k =
1
R

. (5.49)

Exercise 5.2.1

Prove eq. (5.49).

Using this we can calculate the Euler characteristic of the disk as

χ =
1

2π

∫

∂M
ds k =

1
2π

∫

∂M

ds
R
=

∫ 2π

0

dθ
2π
= 1 , (5.50)

since in this case the bulk term in χ does not contribute. If we do the same computation for
an annulus we find this time two cancelling contributions (because the normal vectors of the
two boundaries of the annulus are oppositely oriented). In general for a worldsheet of genus
g and b boundaries we have

χ = 2(1− g)− b . (5.51)

Moreover, if we also consider no open and nc closed string insertions we have an additional
change in the value of χ which in the most general case becomes

χ = 2(1− g)− b− nc −
no

2
. (5.52)
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∼

Figure 5.8: A disk with two punctures on the boundary is homeomorphic to a disk
with one more (inner) boundary.

The −1/2 factor in front of the open string number no comes from a similar reasoning as the
one followed to fix to−1 the coefficient in front nc . Let us indeed suppose to add to a boundary
two new boundary punctures. These two can be thought as two infinite spikes coming out from
the boundary and fusing at infinity creating a new inner boundary (see fig. 5.8).

This means that adding 2 boundary punctures changes the value of χ as the insertion of a
new boundary in the worldsheet, namely ∆χ = −1. Because two punctures change the value
of χ by −1, a single puncture will contribute by a factor of −1/2.

Putting all of the above informations together we can then write a complete open-closed
string scattering amplitude:

A(nc , no) = g
nc+

no
2

s

∞
∑

n=0

g2(g−1)
s

∞
∑

b=1

g b
s 〈〈V

c
1 · · ·V

c
nc
Vo

1 · · ·V
o
no
〉〉g,b , (5.53)

where as usual gs = gclosed = eλ. The summation over topologies must now also take care of
the presence of boundaries, so it also runs over b. We can also notice that for every open string
in the amplitude there is an extra factor of g1/2

s which means that the open string coupling
gopen can be seen as the square root of the closed string coupling:

gopen =
p

gclosed . (5.54)

The term 〈〈V c
1 . . .V c

nc
Vo

1 . . .Vo
no
〉〉g,b denotes a correlation function of gauge invariant operators

corresponding to closed and open string punctures, computed on a 2d manifold with genus g
and b boundaries.

The general form of an open-closed amplitude on a Riemann surface with b boundaries
is combinatorially rather cumbersome: indeed the path integral prescribes to sum over all
possible ways of distributing no open string punctures on the available b boundaries and, on
every boundary, to integrate over all possible positions on the boundary, paying attention to
the path-ordering prescription. Every boundary will then give rise to a trace in the Chan-Paton
matrices associated to the open string insertions. In this introductory lectures we will only be
interested in tree-level processes, associated with a disk with boundary and bulk punctures
which is conformally equivalent to the (punctured) UHP. We will thus consider

〈〈V c
1 · · ·V

c
nc
Vo

1 · · ·V
o
no
〉〉g=0,b=1 =

∫

DXDh
Vol(G)

e−SPol[X ,h]

×
∫

R
d x1 · · ·

∫

R
d xno

TrP[Vo
1 (x1) · · ·Vo

no
(xno
)]

×
∫

UHP

d2z1 · · ·
∫

UHP

d2znc
V c

1(z1, z̄1) · · ·V c
nc
(znc

, z̄nc
) . (5.55)
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As already discussed, because the boundary is 1-dimensional we need to take care of the
operator ordering. That is why we have introduced the path ordering operator P defined as

P
�

· · ·Vi(x i) · · ·V j(x j) · · ·
�

=

¨
�

· · ·Vi(x i) · · ·V j(x j) · · ·
�

, x i > x j ,

(−1)ε
�

· · ·V j(x j) · · ·Vi(x i) · · ·
�

, x j < x i ,
(5.56)

where the (−1)ε takes care of the grassmannality of the operators.

5.3 Tree level open string amplitudes

Let us now gauge fix Diff× Weyl and focus on a pure open string scattering at tree level

〈〈Vo
1 · · ·V

o
no
〉〉g=0,b=1 =Tr

∫

DXDcDb

∫

R
d x1 · · · d xno

P
�

Vo
1 (x1) · · ·Vo

no
(xno
)
�

e−S[X ,b,c]

=Tr

∫

R
d x1 · · · d xno

P
¬

Vo
1 (x1) · · ·Vo

no
(xno
)
¶

UHP
, (5.57)

where in the last line we have explicitly written the matter+ghost path integral as a BCFT
correlator. Just as in the closed string case this expression is formally 0×∞, the zero coming
from the unsaturated c zero modes and the infinity coming from the overcounting proportional
to the SL(2,R) volume. To gauge fix this redundancy we need again to introduce three non-
integrated operators with an explicit dependence on the boundary

∫

d x iVo
i (x i)→ cVo

i (x i) , i = 1,2, 3 . (5.58)

However, when fixing these three open strings we have to sum over the two configurations
which are not cyclically equivalent, for example (1, 2,3) + (1, 3,2).27 Thus the tree level am-
plitude takes the form

〈〈Vo
1 · · ·V

o
no
〉〉g=0,b=1 = Tr

∫

R
d x4 · · · d xno

P〈cV1(x1)cV2(x2)cV3(x3)V(x4) · · ·V(xno
)〉

+ Tr

∫

R
d x4 · · · d xno

P〈cV1(x1)cV3(x2)cV2(x3)V(x4) · · ·V(xno
)〉 .

(5.59)

Clearly, just as in the closed string case, the amplitude does not depend on the choice of
(x1, x2, x3). Moreover it does also not depend on which vertex operators we decide to fix.

5.3.1 Three tachyons amplitude

At first we consider the simplest example possible: the scattering of three open string tachyons
in a D(25)-brane background (only Neumann condition) at tree level (g = 0, b = 1). The three
tachyons will have momenta P1, P2, P3 that by construction must satisfy

P1 + P2 + P3 = 0 , α′P2
i = 1 , i = 1, . . . , 3 , (5.60)

and will be created by the simplest matter vertex operator, namely

Vi(x) = t(Pi) :eiPi ·X : (x) . (5.61)

27In the gauge unfixed form, with only integrated open string vertex operators, this sum would have been
implicitly included in the triple integration

∫∞
−∞ d x1 d x2 d x3.
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Figure 5.9: The two possible boundary orderings for three operators.

The amplitude then takes the form

A(1,2, 3) = g
1
2
s

�

〈cV1(x1)cV2(x2)cV3(x3)〉+ 〈cV1(x1)cV3(x2)cV2(x3)〉
�

, (5.62)

where we have summed over the two possible non-equivalent orderings on the boundary of
the disk (see fig. 5.9).

The computation is easy because we know that

〈c(x1)c(x2)c(x3)〉= x12 x13 x23 , (5.63)

〈eiP1·X (x1)e
iP2·X (x2)e

iP3·X (x3)〉= x2α′P1·P2
12 x2α′P1·P3

13 x2α′P2·P3
23 , (5.64)

where we used the definition x i j = x i − x j . Then squaring P1 + P2 + P3 = 0 we get

P2
1 + P2

2 + 2P1 · P2 = P2
3 =⇒ P1 · P2 = −

1
2α′
= Pi · Pj , for i ̸= j , (5.65)

so that the three matter vertices produce a contribution equal to (x12 x13 x23)−1 that perfectly
cancels with the ghost contribution. This gives a result which is independent of the choice of
the three points on the boundary of the disk:

A(1, 2,3) = 2g
1
2
s t(P1)t(P2)t(P3)δ(P1 + P2 + P3) , (5.66)

where the other ordering (giving the same result) has been included.

5.3.2 Veneziano amplitude

A more complex case is represented by the tree-level (g = 0, b = 1) four-open-string-tachyon
amplitude. This amplitude is also known as the Veneziano Amplitude. Explicitly we write

A(1, . . . , 4) = gs

∫ +∞

−∞
d x P〈cV1(x1)cV2(x2)cV3(x3)V4(x)〉

+ gs

∫ +∞

−∞
d x P〈cV1(x1)cV3(x3)cV2(x2)V4(x)〉 . (5.67)
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We start to compute the first of the two integrals. The second will just give the same result in
this simple case. Using the SL(2,R) invariance to fix arbitrarily x1 = Λ→∞, x2 = 1, x3 = 0
the correlators give the following results:

〈c(Λ)c(1)c(0)〉= Λ(Λ− 1) , (5.68)

〈eiP1·X (Λ)eiP2·X (1)eiP3·X (0)eiP4·X (x)〉= (Λ− 1)2α
′P1·P2Λ2α′P1·P3(Λ− x)2α

′P1·P4

× |x |2α
′P3·P4 |1− x |2α

′P2·P4 . (5.69)

Notice that the absolute value is a clever shortcut to right a result which is valid for all possible
positions of x with respect to 0, 1. Since Λ→∞, we take x < Λ without loosing generality.
When Λ→∞ the first three terms of the matter correlator reduce to

Λ2α′(P2+P3+P4)·P1 = Λ−2α′P2
1 = Λ−2 , (5.70)

that we have simplified using the on-shell condition α′P2
i = 1, i = 1, . . . , 4 and the momentum

conservation P1 + P2 + P3 + P4 = 0. Putting everything together we get

〈cV1(Λ)cV2(1)cV3(0)V4(x)〉
�

�

�

�

Λ→∞
=
Λ(Λ− 1)
Λ2

�

�

�

�

Λ→∞
|x |2α

′P3·P4 |1− x |2α
′P2·P4

= |x |2α
′P3·P4 |1− x |2α

′P2·P4 . (5.71)

Now we have to integrate this form over the real line, which splits into three different parts:

∫ +∞

−∞
d x |x |2α

′P3·P4 |1− x |2α
′P2·P4 = I1 + I2 + I3 , (5.72)

with

I1 =

∫ 1

0

d x x2α′P3·P4(1− x)2α
′P2·P4 , (5.73a)

I2 =

∫ ∞

1

d x x2α′P3·P4(x − 1)2α
′P2·P4 , (5.73b)

I3 =

∫ 0

−∞
d x (−x)2α

′P3·P4(1− x)2α
′P2·P4 . (5.73c)

The second and third integrals can be nicely recast in a form similar to I1 by changing the
integration variable and using momentum conservation plus on-shell condition. For I2 we
choose x = 1/y , d x = −d y/y2 so that

I2 = −
∫ 0

1

d y
y2

y−2α′P3·P4

�

1− y
y

�2α′P2·P4

=

∫ 1

0

d y y−2−2α′(P2+P3)·P4(1− y)2α
′P2·P4

=

∫ 1

0

d x x2α′P1·P4(1− y)2α
′P2·P4 . (5.74)
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For I3 on the other hand we define x = y/(y − 1), d x = d y
(1−y)2 so that

I3 = −
∫ 0

1

d y
(1− y)2

�

y
1− y

�2α′P3·P4

(1− y)−2α′P2·P4

=

∫ 1

0

d y y2α′P3·P4(1− y)−2−2α′P4·(P3+P2)

=

∫ 1

0

d x x2α′P3·P4(1− x)2α
′P1·P4 . (5.75)

If we consider the Mandelstam variables:

s = −(P1 + P2)
2 , t = −(P1 + P3)

2 , u= −(P1 + P4)
2 , (5.76)

with

s+ t + u= 4×
�

−
1
α′

�

, α′Pi · Pj = −2−α′si j , (5.77)

where

s12 = s , s13 = t , s14 = u , (5.78)

it is obvious that the final amplitude can then be written as

A(1, . . . , 4) = 2g2
oδ(P1 + P2 + P3 + P4) [I(s, t) + I(t, u) + I(u, s)] , (5.79)

where we have introduced the open string coupling g2
o = gs and the integral function

I(a, b) =

∫ 1

0

d x x−2−α′a(1− x)−2−α′b = B(−1−α′a, −1−α′b) , (5.80)

with B the Euler beta function. The properties of the Beta function are now important to
understand the phenomenology.

1. The property B(x , y) = B(y, x) is another example of channel duality which is a dis-
tinctive feature of strings amplitudes and which is rather unusual for a QFT. In a typical
QFT with a finite number of interacting fields one has to add to the s channel contri-
bution explicit contributions from the t and u channels. This is not the case in string
theory: the channel duality says that, for example, in the s-channel interpretation of
I(s, t) we don’t have to add the t channel since it is already included in the infinite sum
of the s channel poles. Channel duality was postulated in the prehistory of string theory
as a typical property of interactions of hadron resonances organizing themselves into
Regge trajectories. In 1968 Veneziano smartly wrote down his amplitude as the simplest
elementary function having explicit channel duality, without having an underlying un-
derstanding of what kind of theory could give rise to this amplitude. Then a lot of fun
came by analyzing the pole structure of that amplitude and this resulted in the birth of
String Theory.

2. Because the scattering is at tree level, we can represent its s-channel with the diagram in
fig. 5.10. By looking at the s simple poles in the amplitudes we can read-off the mass of
the exchanged particles inside the inner propagator. We can then study the singularities
of I(s, t) writing it in terms of Gamma functions:

I(s, t) =
Γ (−α′s− 1)Γ (−α′ t − 1)
Γ (−α′(s+ t)− 2)

. (5.81)
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Figure 5.10: The s-channel diagram of the Veneziano amplitude.

Since near the poles of the Γ we have

Γ (z) =
(−1)n

n!
1

z + n
, for z ∼ −n ∈ −N , (5.82)

it is clear that I(s, t) has poles for α′s = n− 1 exaclty in correspondence of particles of
mass m2 = 1

α′ (n−1) which is precisely the tower of masses of the open string spectrum.
This means that the amplitude is correctly describing the interaction of the external
states with an infinite tower of massive particles.

3. We can now expand I(s, t) around the s poles to get

I(s, t) =
(−1)n

n!
1

n− 1−α′s
Γ (−1−α′ t)
Γ (−1− n−α′ t)

=
1
n!

1
n− 1−α′s

(α′ t + 1) . . . (α′ t + n+ 1)

t →∞∼
(α′ t)n

s+m2
n

, (5.83)

with α′mn = (n−1). Notice that in the numerator we get a contribution tn which gives us
an information over the spin of the exchanged particle. Indeed for a scattering between
scalars due to the exchange of a particle of spin J the amplitude is of the form

A∼ tJ

s+m2
, s ∼ −m2 , (5.84)

because a typical cubic vertex between two scalars and a spin J field (represented by a
polarization tensor with J fully symmetric Lorentz indices) necessarily brings a power
∼ pJ from the J derivatives which have to contract with the polarization in a cou-

pling that, without further specification, will have a rough form∼ψµ1···µJ [φ
←→
∂ µ1···µJ

φ].
Therefore a quartic amplitude obtained by 2 cubic vertices connected by a propagator
will necessarily have a numerator proportional to∼ p2J ∼ tJ (for large t and close to the
pole s ∼ −m2). This is clearly consistent with what we know from the string spectrum,
where at level n we find particles with spin J = n and lower. The particles with maximal
spin J = n inside the string spectrum formula gives rise to the mass-spin relation

α′m2 = J − 1 , (5.85)

which is the equation of the first Regge trajectory.

At the time of this discovery this was one of the reasons to believe that string theory could
describe hadron interactions. Today we know that the fundamental theory behind hadron
resonances is instead QCD, a more traditional (but not so traditional at that time!) Yang-Mills
theory. At low energy QCD becomes strongly coupled and confines (a physical phenomenon
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whose theoretical mechanism is still rather mysterious) and quarks get bound with antiquarks
by flux tubes which can be well-described by an effective string. Therefore a Yang-Mills Theory
like QCD can have, in its strong-coupling phase, a description in terms of effective strings! This
is yet another astonishing fact about strings which is at the hearth of the celebrated AdS/C F T
correspondence.

5.3.3 Three gluons scattering

Let us now consider a background with N coincident D(25) branes and a three-gluons ampli-
tude. The matter boundary vertex operator is

V(x) = Aµ(P) : jµ eiP·X : (x) , with P2 = 0 , (5.86)

and Aµ(P) an N × N matrix such that PµAµ = 0. Because we are dealing with a tree level
(g = 0, b = 1) three point function the amplitude will be of the same form of (5.62), with an
overall coupling given by g2g−2+b−nc/2

c = g−2+1−3/2
c = g1/2

c = go:

A= go Tr〈cV1(x1)cV2(x2)cV3(x3)〉
︸ ︷︷ ︸

A123

+go Tr〈cV1(x1)cV3(x2)cV2(x3)〉
︸ ︷︷ ︸

A132

, (5.87)

where the trace is now done on the U(N) indices of Aµ(P). Focusing now on the first term
and choosing again x1 = Λ→∞, x2 = 1, x3 = 0 we are left with the following correlator:

A123 = Tr〈cAµ(P1) : jµeiP1·X : (Λ) cAν(P2) : jνeiP2·X : (1) cAρ(P3) : jρeiP3·X : (0)〉

= Λ(Λ− 1)Tr
�

Aµ(P1)Aν(P2)Aρ(P3)
�

〈: jµeiP1·X : (Λ) : jνeiP2·X : (1) : jρeiP3·X : (0)〉 . (5.88)

Now the computation of the matter correlator results to be a little bit more complicated because
we have many ways to contract the operators together. Using the properties of the currents
and the exponential after a tedious but straightforward calculation we are left with

A123 = Tr
�

A(1)µ A
(2)
ν A

(3)
ρ

�

�

Pρ1 η
µν + Pµ2 η

ρν + Pν3 η
ρµ + 2α′Pρ1 Pµ2 Pν3

�

δ(P) , (5.89a)

A132 = Tr
�

A(1)µ A
(3)
ρ A

(2)
ν

�

�

Pν1 η
µρ + Pµ3 η

νρ + Pρ2 η
µν + 2α′Pν1 Pµ3 Pρ2

�

︸ ︷︷ ︸

tµρν132

δ(P) , (5.89b)

where P = P1 + P2 + P3, A(i) = A(i)(Pi). Now we can put them together and rewrite the full
amplitude as

A= goδ(P)Tr
�

A(1)µ A
(3)
ρ A

(2)
ν

�

(tµνρ123 + tµρν132 ) + goδ(P)t
µνρ
123 Tr

�

A(1)µ [A
(2)
ν ,A(3)ρ ]

�

, (5.90)

where we simply added and subtracted δ(P)Tr
�

A(1)µ A
(3)
ρ A

(2)
ν

�

tµνρ123 . Then we can explicitly
compute

tµνρ123 +tµρν132 = −Pµ1
�

ηνρ − 2α′Pν3 Pρ2
�

−Pν2
�

ηµρ − 2α′Pµ3 Pρ2
�

−Pρ3
�

ηµν − 2α′Pµ2 Pν3
�

= 0 , (5.91)

because Pµi Aµ(Pi). So only the commutator term survives and the amplitude takes the form

A= go δ(P)t
µνρ
123 Tr

�

A(1)µ [A
(2)
ν ,A(3)ρ ]

�

. (5.92)

This result is very important. Just looking at the spectrum on N coincident D-branes we were
finding N2 gauge bosons, but we didn’t have any information about their interactions. Now we
know that they interact as in a U(N) Yang-Mills theory! In particular for N = 1 we notice that
the amplitude goes to zero because [A(1),A(2)] = 0. Looking at A we can try to write down
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an effective action that reproduces it. Knowing the free equation of motion derived from the
spectrum and looking at the terms in A which are linear in the momenta, we can write the
effective lagrangian that reproduce them as

Leff ⊃ −
1
4

Tr
�

∂µAν − ∂νAµ
�2 −

1
2

go Tr
�

∂µAν[A
µ, Aν]

�

, (5.93)

which are exactly two of the three terms appearing in the Yang-Mills Lagrangian. To see the
remaining term, the commutator squared Tr

�

[Aµ, Aν][Aµ, Aν]
�

, we should compute the 4-gluon
scattering. This can be done, although not in these introductory lectures, and indeed, after
subtracting the contribution from two previously found cubic vertices connected by the gluon
propagator, one can reproduce the full YM lagrangian

Leff ⊃ −
1
4

Tr
�

FµνFµν
�

, (5.94)

where Fµν = ∂µAν − ∂νAµ + i gYM[Aµ, Aν] and where we identify gYM = go.
On top of this, inside A we also have a new term ∝ α′ P1P2P3 which is reproduced by

a term in the action of the form α′ Tr
�

∂[µAν]∂
[νAρ]∂[ρAσ]

�

ησµ. This term is clearly non-
renormalizable and IR irrelevant and is an example of an α′-correction. If we compute the
string amplitudes up to 6-points, we would explicitly verify that this term contributes to a com-
pletely new non-renormalizable gauge invariant term in the effective Yang-Mills Lagrangian

Leff ⊃ −
1
4

Tr
�

FµνFµν +α′Fµ
νFν

ρFρ
µ
�

+O(α′2) . (5.95)

This is an example of how string theory modifies well-known QFT’s like Yang-Mills by adding
irrelevant deformations controlled by the string scale. This is how the effective action is trying
to tell us that what we are studying is not just a theory of gluons, but it is in fact a (open in
this case) string theory.

5.4 Strings in curved background

In this section we would like to understand how the full Einstein equations are predicted by
String Theory. To do so, let us consider the non-linear sigma model which we get by taking
the Polyakov action and substituting the flat metric ηµν with a generic metric Gµν(X ) on the
target space M :

S[X ] =
1

2πα′

∫

d2z ∂ Xµ∂̄ X νGµν(X ) . (5.96)

If we suppose
Gµν(X ) = ηµν + hµν(X ) , (5.97)

with infinitesimal hµν, then

Sη+h =
1

2πα′

∫

d2z ∂ Xµ∂̄ X νηµν +
1

2πα′

∫

d2z ∂ Xµ∂̄ X νhµν(X )

= Sη +
1

2πα′

∫

d2z Vh(z, z̄) , (5.98)

where we defined the vertex operator of the graviton as

Vh(z, z̄) =

∫

dp hµν(p)∂ Xµ∂̄ X νeip·X (z, z̄) , (5.99)
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using the Fourier transform

hµν(X ) =

∫

dp eip·X hµν(p) . (5.100)

Therefore an infinitesimal deformation of the background metric is obtained by deforming the
original world-sheet action with the integrated vertex operator of the graviton.

Classically the insertion of Vh satisfies conformal invariance. From the quantum point of
view, however, Vh has to be a primary of weight (1,1), which is true if (see eq. (4.155))

¨

P2 = 0 ,

Pµhµν = hµνPν = 0 ,
(5.101)

which imply the linearized Einstein equations. Hence, when we slightly modify the flat metric,
the theory preserves conformal invariance (and thus remains consistent as a string theory) if
the fluctuation satisfies the linearized Einstein equations.

To go further, the full path integral is deformed as follows:

Z =

∫

DX e−S[X ]−
∫

d2zVh(z,z̄) =

∫

DX e−S[X ]e−
∫

d2zVh(z,z̄) , (5.102)

with

e−
∫

d2zVh(z,z̄) = 1−
∫

d2zVh(z, z̄)−
1
2

∫

d2z′
∫

d2zVh(z, z̄)V ′h(z
′, z̄′) + . . . , (5.103)

which is an insertion of a sort of coherent state of gravitons. In this approach, however, it is not
easy to regulate the collisions of the graviton vertex operators, to end up with renormalized
operators. This is in principle possible and it would give non-linear conditions on hµν and
its space-time derivatives to ensure that the renormalized operators remain conformal. If we
could perform this conformal perturbation theory to every order we would then get the full
space-time equations for hµν and we could compare them with Einstein equation. However we
don’t know how to do this in generality. Let us thus follow an alternative route and reconsider
the initial sigma-model (5.96). If we expand Gµν nearby a X0 ∈ M we get

Gµν(X ) = Gµν(X0) + Gµν,ρ(X0)Y
ρ + Gµν,ρσ(X0)Y

ρYσ +O(Y 3) , (5.104)

with Y = X − X0. Then the action reads

S[Y ] =
1

2πα′

∫

d2z
�

∂ Y µ∂̄ Y νGµν(X0) + ∂ Y µ∂̄ Y ν · Y ρGµν,ρ(X0) + . . .
�

, (5.105)

where the first contribution of the sum is the kinetic term, while the others are infinitely many
interactions with Gµν,ρ, . . . serving as coupling constants.

Before the deformations this 2d-QFT was conformal. Now we are deforming it with an∞
number of interactions that in the quantum theory will be renormalized. The theory preserves
its conformal symmetry if the coupling constants are unchanged under the RG flow (and thus
if their β functions vanish). Since in string theory conformal symmetry is a gauge symmetry
and cannot be broken, we are only interested in the fixed points of the RG flow.

To simplify this problem, let us choose a system of geodesic coordinates, which can be
further specialized to Riemann normal coordinates:

Gµν(X ) = Gµν(X0)
︸ ︷︷ ︸

ηµν

−
1
3

Rµρνσ(X − X0)
ρ(X − X0)

σ +O(X 3) . (5.106)
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In a two-dimensional context it is usually convenient to use dimensionless fields, namely
[Y ] =∅. But since [X ] = L we take

Xµ = Xµ0 +
p
α′Y µ . (5.107)

Thus

Gµν(X ) = Gµν(X0)−
1
3
α′RµρνσY ρYσ +O(X 3) . (5.108)

Then the actions reads

S[Y ] =
1

2πα′

∫

d2zα′∂ Y µ∂̄ Y ν
�

ηµν −
1
3
α′RµρνσY ρYσ + . . .

�

. (5.109)

This 2d-QFT has the following Feynman rules:

µ ν

k
FT
−→

ηµν

k2
, (5.110)

µ

ν

ρ

σ

k1

k2 k3

k4

FT
−→

α′

3
Rµρνσ(k1 · k2) , (5.111)

where the dot · is the scalar product in 2 dimensions.
In order to do perturbation theory we have to ask for a small coupling constant:

α′R≪ 1 , (5.112)

which means that the spacetime is curved just a little with respect to the string scale, i.e. the
string is so small that sees the spacetime as if it was flat.

Let us now evaluate the self energy of the scalar Y :

µ ν

q

∝ (k1 · k2)δ(k1 + k2)Rµρν
ρ

∫

d2q
1
q2

. (5.113)

In order to regulate the logarithmic divergence
∫∞

dq/q we can use dimensional regulariza-
tion:

∫

d2q
1
q2
→ µ−ε

∫

d2+εq
q2

∼ µ−ε
∫ ∞

dq qε−1 ∼ µ−ε
1
ε

, (5.114)

where we have introduced the renormalization (mass) scale µ to keep the dimensions of the
amplitude fixed.28 This implies

µ ν

q

∝ µ−ε
Rµν
ε
(k1 · k2)δ(k1 + k2) . (5.115)

28We hope the reader won’t confuse the renormalization scale µ with the Lorentz index µ.
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We can now renormalize the action, absorbing the divergence into a counterterm as follows:

Sren = Sbare +

∫

d2z ∂ Y µ∂̄ Y ν
�

−
α′

3

�

µ−ε
Rµν
ε
=

∫

d2z ∂ Y µ∂̄ Y νGren
µν , (5.116)

with

Gren
µν = Gbare

µν −µ
−εα

′

3
Rµν

1
ε

. (5.117)

The divergence we have found means that there is a nonvanishing β function which is simply
the coefficient in front of the divergence 1

ε :

βµν = µ
∂

∂ µ
Gren
µν

�

�

�

�

ε→0

∝ α′Rµν , (5.118)

namely the β function is the spacetime Ricci tensor. Then if we impose the condition

βµν = 0 , (5.119)

we get

Rµν = 0 , (5.120)

which are the vacuum Einstein equations. Therefore we have established that, at one-loop
order in the world-sheet QFT, conformal invariance implies the Einstein equations!

If we go on with the Riemann normal coordinates expansion, we get

Gµν(X ) = Gµν(X0)−
1
3
α′RµνρσY ρYσ +

8
180
(α′)2RµαβλR λ

νγδY αY βY γY δ +O(Y 5) . (5.121)

At α′2 there is a two-loop self-energy. If we evaluate it we can get the following β function:

βµν∝ α′Rµν + ♯(α
′)2RµρR ρ

ν . (5.122)

Then if we set β = 0 we find the first α′ correction to the Einstein equations.
It is instructive to consider what we have just seen from the point of view of Weyl invari-

ance. Using dimensional regularisation we can write

S[X ] =

∫

d2+εz
p
γγab∂aXµ∂̄bX νGµν(X ) , (5.123)

where γab is the worldsheet metric and the indices a, b = 1, 2 are the worldsheet indices. In
the conformal gauge

γab = e+φδab , (5.124a)

γab = e−φδab , (5.124b)

γ= det (γab) = eTr{logγab} = e−φ Tr{δab} = e−φ(2+2ε) , (5.125)

p
γγab = e−εφδab = (1− εφ)δab . (5.126)

Therefore

S[X ] =

∫

d2+εz (1− εφ)∂ Xµ∂̄ X νGµν(X ) . (5.127)
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If we evaluate the loop contribution and renormalize Gµν, we find

S[X ] =

∫

d2+εz (1− εφ)∂ Xµ∂̄ X ν
�

Gµν −
α′

3ε
Rµν

�

ε→0
=

∫

d2z
�

∂ Xµ∂̄ X νGµν +α
′φRµν∂ Xµ∂̄ X ν −

α′

3ε
Rµν∂ Xµ∂̄ X ν

�

. (5.128)

We can then see that the φ field does not decouple anymore. This results in an anomaly in the
Weyl invariance. Indeed

δwS =
δS
δγab

δwγ
ab = Tab(−wγab) = −wT a

a , (5.129)

which implies
δwS = 0 ⇐⇒ T a

a = 0 . (5.130)

In particular for the action we are considering we have

T ab =
δS
δγab

=
δS

δ
�

e−φδab

� =
δS

δ ((1−φ)δab)
= −

δS
δφ
δab

= −α′Rµν∂ Xµ · ∂̄ X νδab , (5.131)

δwS = −wT a
a = α

′Rµν∂ Xµ · ∂̄ X νwδa
a

∝ wα′Rµν∂ Xµ · ∂̄ X ν . (5.132)

This means that
T a

a = −α
′Rµν∂ Xµ · ∂̄ X ν , (5.133)

and hence
T a

a = 0 ⇐⇒ Rµν = 0 . (5.134)

In other words, Weyl symmetry is non-anomalous if and only if the Einstein equations hold.
Everything we discussed in this section came from the fact that we coupled the graviton

to the worldsheet. But in the closed string spectrum at level N = 1 we found not only the
graviton Gµν, but also the Kalb-Ramond Bµν and the dilaton Φ.

As we saw, inserting Gµν in the non-linear sigma model we get Einstein’s equations; if we
then couple Bµν and Φ as well, we get a generalized sigma model:

S[X ] =
1

2πα′

∫

d2σ
�p
γγab∂aXµ∂̄bX νGµν(X ) + iεab∂aXµ∂̄bX νBµν(X ) +α

′R(2)Φ(X )
�

. (5.135)

The first term is the graviton coupling we discussed above. The second term is the Kalb-
Ramond coupling: being a differential form it is topological, and hence it does not couple to
the WS metric, but to the volume form εab. Finally, the third term is the dilaton coupling: being
a scalar it has no indices and thus couples to R(2), which has no index and is invariant under
diffeomorphisms in d = 2 just like the other objects inside S. The reason why it couples to the
2-dimensional Ricci scalar (and not for example to the identity, which is the 2d cosmological
constant) is (classical) Weyl invariance.
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Evaluating the β functions one finds the classical result

βG
µν = α

′
�

Rµν +∇µ∇νΦ−
1
4

HµρσH ρσ
ν

�

+O((α′)2) , (5.136a)

βB
µν = α

′
�

−
1
2
Φ∇ρHρµν +∇ρΦHρµν

�

+O((α′)2) , (5.136b)

βΦ =
D− 26

6
+α′

�

−
1
2
∇2Φ+∇µΦ∇µΦ−

1
24

HµνρHµνρ
�

+O((α′)2) , (5.136c)

where H is the field strength associated to the Kalb-Ramond form. The (D−26)/6 term in βΦ

is a tadpole which vanishes when D = 26.
We thus coupled gravity to a massless 2-form and to a massless scalar. A specific choice

of Gµν, Bµν and Φ such that all the β functions vanish is called an exact background in string
theory. An example is the following:



















Gµν(X ) = ηµν ,

Bµν(X ) = 0 ,

Φ(X ) = Φ0 ∈ R ,

D = 26 .

(5.137)

The corresponding world-sheet action is

S =
1

2πα′

∫

d2σ
�p
γγab∂aXµ∂̄bXµ +α

′Φ0R(2)
�

=

�

1
2πα′

∫

d2σ
p
γγab∂aXµ∂̄bXµ

�

+Φ0χ , (5.138)

where χ is the Euler characteristics (for simplicity we are assuming no boundary and no open
string deformations).

If we recall that
gs = eλ , (5.139)

we find that the constant dilaton background implies λ = Φ0 = 〈Φ〉, i.e. the vacuum expecta-
tion value of the dilaton:

gs = e〈Φ〉 . (5.140)

This means there is really no free parameter in string theory. The dilaton is responsible, with
its dynamics, of deciding whether string theory is weakly coupled (and thus a perturbative
worldsheet description is possible) or strongly coupled, where the worldsheet fades away and
non-perturbative effects become important.

A simple example where the dilaton plays a slightly more dynamical role is the so-called
non-critical string theory. Consider the following background with a linearly rising dilaton



















Gµν(X ) = ηµν ,

Bµν(X ) = 0 ,

Φ(X ) = Φ0 + vµXµ ,

D ̸= 26 ,

(5.141)

where vµ is a constant vector to be fixed. From the β function (5.136c) we see that we need

vµvµ =
26− D

6α′
. (5.142)
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It can be shown that the β function remains zero to all higher orders in α′ and therefore this
is another exact string theory background. When D < 26 the dilaton gradient vµ is a space-
like vector. This represents a space-like direction along which the dilaton Φ grows linearly.
Since we have just argued that gs ∼ eΦ = eΦ0+v·X the string theory is very strongly coupled for
positive large v · X while it is very weakly coupled for negative values. This also teaches us
that, at the end of the day, we don’t really need D = 26 for a consistent string theory, but only
c = 26. When a linear dilaton background is switched on as in (5.141) it can be shown that
the CFT of the scalar v · X has a central charge c = 26− D + 1 and therefore the full matter
CFT (including the remaining D− 1 free bosons) will still have c = 26.

5.5 One-loop amplitudes

At the beginning of this chapter we wrote down a master formula to compute a generic nc+no
closed-open string amplitude:

A(1, . . . , n) =
∑

g,b

gnc+no/2
s g2(g−1)+b

s 〈〈V1 · · ·Vnc
V1 · · ·Vno

〉〉Σg,b
, (5.143)

〈〈V1 · · ·Vnc
V1 · · ·Vno

〉〉Σg,b
=

∫

Dh(g,b)DX
Vol(G)

V1 · · ·Vnc
V1 · · ·Vno

e−SPol[X ,h(g,b)] . (5.144)

If we focus again for a moment on the tree-level amplitude we know that we have to compute
a CFT correlator on the sphere or the disk, where the metric h is pure gauge and we can
completely fix it to a fiducial value hαβ = ηαβ . However when we are at g > 0 or b > 1
it turns out that the metric has non-trivial degrees of freedom which cannot be changed by
Diff×Weyl gauge transformations. These metric degrees of freedom are finite for any given
topology (g, b) and are called Moduli. The moduli of a Riemann surface are the coordinates of
a finite dimensional space Mg,b which is called Moduli Space. Calling t i (i = 1, · · · , dimMg,b)
the moduli, a fiducial value of the metric will then be a function on the moduli space Mg,b

ĥαβ = ĥαβ(t
i) , (5.145)

and the situation is now that any metric hαβ at a given value of the moduli can be obtained by
doing a Diff×Weyl gauge transformation ζ on a fiducial value

hαβ(t
i) =

�

ĥαβ(t
i)
�ζ

. (5.146)

Given this understanding the functional integral over the metrics still cancels the infinite vol-
ume of the gauge group, but a finite dimensional integral over the moduli space is left

∫

Dh
Vol(G)

=

∫

DgaugehDmodh
Vol(G)

=

∫

Dζ
Vol(G)

dn t i det

�

Dĥ
Dζ

,
∂ ĥ
∂ t

�

=

∫

Mg,b

dn t i det

�

Dĥ
Dζ

,
∂ ĥ
∂ t

�

, (5.147)

where n= dimM. The combined functional determinant can be again exponentiated with the
FP trick and, after some manipulation which we will not discuss (see any book for details), it
gives rise to

det

�

Dĥ
Dζ

,
∂ ĥ
∂ t

�

=

∫

DbDc
dimM
∏

i=1

�

b,∂t i ĥ(t)
�

e−
1

4π (b,2P1c) , (5.148)
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where we have defined for convenience the scalar product between quadratic symmetric dif-
ferentials

(ψ,χ)≡
∫

d2σ
Æ

ĥψαβ ĥαγĥβδ χγδ , (5.149)

and we recall that

(P1c)αβ ≡
1
2

�

∇̂αcβ + ∇̂β cα
�

− ĥαβ ∇̂ · c . (5.150)

Because of the form of the FP action (b, P1c), there are in general ghost zero modes. To start
with, there can be c zero modes associated to globally defined conformal Killing vectors which
are in the Kernel of P1

(P1c)αβ = 0 (Conformal Killing vectors/global c zero modes). (5.151)

However there are also global b zero modes. To see this consider

(b, P1c) =

∫

d2σ
Æ

ĥ bαβ(P1c)αβ =

∫

d2σ
Æ

ĥ (PT
1 b)αcα , (5.152)

where PT
1 sends traceless quadratic differentials to vector fields

(PT
1 δh)α = −2∇̂βδhαβ . (5.153)

The moduli variations of the metric (i.e. the variations that are not gauge transformations) are
precisely defined as the kernel of PT

1 , so that they are orthogonal to the gauge variations of
the metric, with respect to the scalar product (5.149):

PT
1 δh= 0 (Moduli Variations). (5.154)

Then it is clear that to every metric modulus there is an associated b-ghost zero mode which
is defined as

PT
1 b = 0 (Global b zero modes). (5.155)

Just like the c zero modes associated to the CKV, these b zero modes also decouple from the
FP action and they should be inserted in the path integral to have a non-vanishing result. Very
nicely the FP procedure explicitly includes them via the (b,∂i ĥ(t)) in (5.148).

Therefore in a generic string amplitude there should be as many b insertions as the dimen-
sion of moduli space. In addition to this (but only for (g = 1, b = 0) and (g = 0, b = 0,1, 2))
there should be c insertions as well, as many as the number of conformal Killing vectors. For
χ < 0 there are no CKV’s, so in practice the only new cases where we have to deal with them
are the torus and the annulus. CKV’s therefore don’t play any role in higher loop amplitudes,
while moduli are the main characters. Indeed the dimension of the moduli space and the
dimension of the CKG are related by the Riemann-Roch Theorem:

dimMg,b − dim CKGg,b = dim KerPT
1 − dimKerP1 = −3χ = 6g + 3b− 6 . (5.156)

These general informations are enough for this introductory course. In order to better
grasp the concept of moduli and the fundamental role they play in strings amplitudes we will
now concretely analyze simple(st) examples at (g = 1, b = 0), the torus and (g = 0, b = 2),
the annulus. We will start from the torus.
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λ1

λ2

Figure 5.11: Here it is represented one of the cells of the Λ lattice. The torus can be
obtained by gluing together the opposite sides of the parallelogram. The red lines
are an example of nontrivial loops on the surface.

5.5.1 Closed string vacuum bubble

A surface of genus one has the topology of a torus. We have then the following theorem.

Theorem:
Every closed surface at genus one can be brought to a flat torus with a metric dzdz̄ with a
local Diff × Weyl transformation, connected to the identity.

A flat torus is defined as a particular quotient of C: given two complex numbers λ1 and
λ2, define the identification

z ∼ z + nλ1 +mλ2 , (5.157)

with n, m ∈ Z. This identification can also be expressed using the defining lattice

Λ= {ξ ∈ C|ξ= nλ1 +mλ2, n, m ∈ Z} , (5.158)

so that the torus is the quotient T2 = C/Λ.
As we can see in figure 5.11, the torus is characterized by two classes of non-contractible

loops (red lines) which are manifestation of the topological non-triviality of this manifold. We
say that the torus is flat because the metric is the same as the one on its universal cover, the
complex plane, i.e. dz ⊗sym dz̄.

It is useful to introduce a new parameter

τ= λ2/λ1 ∈ C , (5.159)

called the modulus of the torus. Without loss of generality we can assume that Im(τ)> 0, since
if it is not we just rename λ1↔ λ2. Notice that τ is invariant by rescaling the coordinates

z→ αz ↔ λ1,2→ αλ1,2 . (5.160)

If we change z → αz, α ∈ C we have that the metric scales as d2z → |α|2d2z which can be
absorbed by a Weyl transformation. From the lattice point of view this rescaling can be seen
as a change of the lattice parameters to Λ → αΛ. This transformation, however, leaves τ
unchanged, so τ looks like the correct quantity to parameterize the space of inequivalent torii,
up to rescalings.
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A relevant property of the lattice Λ is the existence of an automorphism group A acting
on λ1,2 that leaves Λ invariant

Λ′ =

�

λ′1
λ′2

�

=

�

a b
c d

��

λ1
λ2

�

= AΛ , (5.161)

with integer entries a, b, c, d ∈ Z. This means that the same lattice can be obtained by taking
integer linear combinations of (λ1,λ2). However not all linear combinations are allowed, but
only those whose inverse is still an integer linear combination

A−1 =
1

ad − bc

�

d −b
−c a

�

∈ Z . (5.162)

This fixes the value of
det(A) = ad − bc = 1 ,

which defines the group SL(2,Z).
The modulus of the torus is changed by the action of SL(2,Z)with a Möbius transformation

τ′ =
λ′2
λ′1
=

cλ1 + dλ2

aλ1 + bλ2
=

dτ+ c
bτ+ a

. (5.163)

We now notice that due to the rescaling property (5.160) we can always choose α= 2π/λ1
so that (λ1,λ2)→ (2π, 2πτ). This is a standard parametrization of the torus and, as we can
see, is completely fixed by τ.

Can we then say that we get a different torus ∀τ ∈ UHP ? The answer is clearly no, because
we also have to take into account that two moduli τ1,τ2 related by a SL(2,Z) transformation
are describing the same lattice, and thus the same torus. The complete moduli space will then
be

F = UHP/SL(2,Z) , (5.164)

where SL(2,Z) acts as the group of modular transformations (5.163). Let’s characterize this
portion of the UHP. The SL(2,Z) group is generated by two transformations:

Translation T : τ→ τ+ 1 =⇒ T =

�

1 1
0 1

�

, (5.165a)

Inversion S : τ→−
1
τ

=⇒ S =

�

0 −1
1 0

�

, (5.165b)

namely every A∈ SL(2,Z) can be expressed as a chain product of the T and S matrices. This
means that to quotient the UHP we have to look at the action of the generators:

• the equivalence under T gives τ∼ τ+1 so we can just restrict our attention to the band
Reτ ∈ [−1/2, 1/2),

• the equivalence under S makes the interior of the unit disk equivalent to its exterior so
we can just focus on the values |z|> 1.

Under these considerations we see that a fundamental domain (the moduli space of the torus)
is as shown in fig. 5.12.

We are now ready to see how different τ’s are associated to different flat metrics on the
torus. To do this it is convenient to redefine the complex coordinates of the torus as

z = σ1 +τσ2 , (5.166)

z̄ = σ1 + τ̄σ2 . (5.167)
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Figure 5.12: The Moduli space F of the torus. Other equivalent fundamental do-
mains can be obtained by repeated use of the T and S modular transformations on
F .

Notice that by construction the coordinates σ1,2 are periodic:

σ1,2 ∈ (0,2π] . (5.168)

As an example, if τ = i we get the square torus. With this parametrization we can then write
the metric on the torus as

dz ⊗sym dz̄ = (dσ1 +τdσ2)⊗sym (dσ1 + τ̄dσ2) , (5.169)

notice that the τ dependence cannot be washed away by a redefinition of the coordinates
σ1,2 because the needed redefinition would spoil their periodicity. So changing τ results in a
genuine different metric. This is thus a very clear example of a family of fiducial metrics in
one-to-one correspondence with the two dimensional moduli space with coordinates (τ, τ̄).

Let us now analyze the effect of modular transformations on the coordinates (σ1,σ2) of
the torus. Using the action of SL(2,Z) on τ we obtain

z = σ1 +τσ2 −→ σ1 +
aτ+ b
cτ+ d

σ2 =
1

cτ+ d
[(dσ1 + bσ2) +τ(cσ1 + aσ2)]

=
1

cτ+ d
(σ′1 +τσ

′
2) . (5.170)

If we ignore the effect of the overall factor cτ+ d, that is just an unimportant rescaling, we
see that SL(2,Z) acts on (σ1,σ2) linearly as a global transformation

�

σ′1
σ′2

�

≃
�

d b
c a

��

σ1
σ2

�

. (5.171)

Notice that these transformations are not connected to the identity since a, b, c, d ∈ Z and that
the new coordinates have the same 2π-periodicity as σ1,2. These discrete transformations are
called global diffeomorphisms and are part of the gauge group of the worldsheet theory defined
on the torus.

After having identified the moduli space, it can be shown that we can finally turn the
integral over metrics into an integral over the moduli space, i.e.

∫

Dh
Vol(G)

→
∫

F
d2τ [ghosts] . (5.172)
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2πτ

2πRe(τ)

2πIm(τ)

2πIm(τ)

2π

A B ≡ A

λ1 λ2
2πRe(τ)

Figure 5.13: Here is depicted the torus in a standard parametrization. Once the
parallelogram is glued to form the torus, we can see that Im(τ) specifies the length
of the torus, namely the ratio of the two main radii Im(τ) = R1/R2 while Re(τ) the
twist that we have to do on the B cycle before gluing it to the A cycle.

When we reduce the path integral over the metrics into an integral over the moduli space
dτdτ̄, we must also take into account the volume of the conformal Killing group (CKG) of
the torus. This time this is much easier to do than on the sphere, because the volume of the
conformal Killing group is finite. There are only two conformal Killing vectors which are the
generators of translations along the principal cycles

CKGT2 ∼ U(1)× U(1) . (5.173)

Because the two circles have finite length, 2π and 2πIm(τ), we then conclude that the CKG has
finite volume equal to Vol(CKGT2) = 2π× 2πIm(τ) = 4π2Im(τ). The overcounting over the
CKG will then be taken into account by a normalization factor Vol(CKGT2)−1 without the need
to apply the FP method. In doing this, however, we have to add two zero-mode c-insertions
to saturate the otherwise vanishing Berezin integral on c. An arbitrary g = 1 amplitude will
then have the following form:

A=
∫

F

d2τ

4π2Im(τ)
f (τ, τ̄) , (5.174)
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2πIm(τ)

|s〉
�

�s′
�

twist: 2πRe(τ)

σ1

Figure 5.14: State evolution between |s〉 and
�

�s′
�

.

where

f (τ, τ̄) =

∫

DXDcDb [B0B̄0] [C0C̄0]V1 · · ·Vn e−S[X ,b,c] . (5.175)

Here [B0B̄0] are the b-ghost insertions associated with the two moduli (see (5.148)) and
[C0C̄0] are the c-ghosts associated with the two conformal Killing vectors. These insertions
are needed to have a non vanishing Berezin integral in the zero mode sector which, just as in
the g = 0 case, decouples from the b, c action.29

For simplicity we will focus on the vacuum bubble where we get rid of the complication of
all the vertex operators V .
The computation can be further simplified by invoking the already mentioned lightcone reduc-
tion30

f (τ, τ̄) =

∫

DbDcDX+DX−DX i[B0B̄0] [C0C̄0]e
−S[X ,b,c] ∼

∫

Dx±0 DX i e−Slc[x±0 ,X i] , (5.176)

namely the ghosts cancel the oscillator modes of the X± coordinates, and we are left with the
center of mass coordinates x±0 (t) plus the full transverse fields X i(t,σ). This quantity is the
partition function on the torus at modulus τ:

f (τ, τ̄) = 〈 [B0B̄0] [C0C̄0] 〉
(matter+ghosts)
Torusτ

= 〈1 〉(light cone)
Torusτ

, (5.177)

where we have implemented the light-cone reduction at the level of the CFT correlator that
is defined by the path integral. To compute this partition function we will follow an operator
method that will make explicit what is happening on the worldsheet.

The basic intuition is that the path integral is computing the partition function of the c = 24
CFT of the transverse X i (together with the zero modes x±0 ) on the torus of modulus τ. If we
follow what is represented in fig. 5.14, we can suppose to open the torus along the circle of
length 2πImτ. The obtained (twisted) cylinder can be thought of as being obtained from a
state |s〉 with an euclidean time translation 2πIm(τ), generated by the Hamiltonian H and
then a rotation around the cylinder axis of an angle 2πReτ, generated by P, the worldsheet
spatial momentum. The obtained state is then contracted with 〈s| and a complete sum over s
is done (this is the operator way of gluing the two circles). In formulas this means

f (τ, τ̄) =
∑

s

〈s| e−2πiReτ P e−2πIm(τ)H |s〉= Tr
�

e−2πiReτ P e−2πIm(τ)H
�

. (5.178)

29In this case the zero modes of b and c are given by constant holomorphic or anti-holomorphic configurations.
These are indeed the only globally holomorphic configurations on the torus.

30This would not be possible with generic vertex operators inserted.
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Now we have to explicitly write down the form of the P and H operators. We know that on
the cylinder

H =

∫

dσ
2π

Tt t(t,σ) =

∫

dw
2πi

T (w) +

∫

dw̄
2πi

T̄ (w̄) . (5.179)

To express this in terms of known operators we map to the complex plane z = ew, z̄ = ew̄. In
doing this, however, we have to pay attention that the energy-momentum tensor transforms
anomalously under conformal transformations

T (w) = T (z)z2 −
c

24
, T̄ (w̄) = T̄ (z̄)z̄2 −

c
24

. (5.180)

The Hamiltonian then becomes a contour integral on the complex plane:

H =

∮

dz
2πi

1
z

�

T (z)z2 −
c

24

�

+

∮

dz̄
2πi

1
z̄

�

T̄ (z̄)z̄2 −
c

24

�

= L0 + L̄0 −
c

12
. (5.181)

Similarly for the momentum we have

P =

∫

dσ
2π

Ttσ =

∫

dw
2πi

T (w)−
∫

dw̄
2πi

T̄ (w̄)

=

∮

dz
2πi

1
z

�

T (z)z2 −
c

24

�

−
∮

dz̄
2πi

1
z̄

�

T̄ (z̄)z̄2 −
c

24

�

= L0 − L̄0 . (5.182)

Plugging these results in the trace we get

f (τ, τ̄) = Tr
�

qL0−
c

24 q̄ L̄0−
c

24

�

, (5.183)

where we have defined
q = e2πiτ . (5.184)

Now we can compute the trace using the (light-cone) oscillator basis (3.70):

f (τ, τ̄) = |q|−
c

12

∫

d26P

(2π
p
α′)26

∑

s

〈s, P| |q|
α′P2

2 qN q̄N̄ |s, P〉

= |q|−
c

12

∫

d26P

(2π
p
α′)26

|q|
α′P2

2

∑

s

〈s|qN q̄N̄ |s〉
︸ ︷︷ ︸

oscillators sum

= |q|−
c

12

∫

d26P

(2π
p
α′)26

|q|
α′P2

2





∞
∏

k=1,k̄=1

∞
∑

nk ,n̄k̄=0

qknk q̄k̄n̄k̄





24

= |q|−
c

12

∫

d26P

(2π
p
α′)26

|q|
α′P2

2





∞
∏

k=1

1
1− qk

∞
∏

k̄=1

1

1− q̄k̄





24

c = 24
=





∞
∏

k=1

q−
1
24

1− qk

∞
∏

k̄=1

q̄−
1

24

1− q̄k̄





24
∫

d26P

(2π
p
α′)26

|q|
α′P2

2
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=





∞
∏

k=1

q−
1
24

1− qk

∞
∏

k̄=1

q̄−
1

24

1− q̄k̄





24

(Im(τ))−
26
2

=
1

Im(τ)

�

1
p

Im(τ)

1
|η(τ)|2

�24

, (5.185)

where we have identified the Dedekind eta function η(τ) = q
1
24
∏∞

k=1(1− qk), with q = e2πiτ

(see appendix B). In the end we get the following form for the full 1-loop vacuum bubble:

A1−loop
Vacuum =

∫

F

d2τ

(Im(τ))2

�

1
p

Im(τ)

1
|η(τ)|2

�24

. (5.186)

We notice that the measure dµ = dτdτ̄/(Im(τ))2 is already modular invariant. Indeed, if we
choose

τ′ =
aτ+ b
cτ+ d

, τ̄′ =
aτ̄+ b
cτ̄+ d

, A=

�

a b
c d

�

∈ SL(2,Z) , (5.187)

we have

Im(τ′) =
1

|cτ+ d|2
Im ((aτ+ b)(cτ̄+ d))

=
1

|cτ+ d|2
Im (bcτ̄+ adτ)

=
det (A)
|cτ+ d|2

Im(τ) =
Im(τ)
|cτ+ d|2

, (5.188)

dτ′ =
dτa

cτ+ d
−

aτ+ b
(cτ+ d)2

dτc

=
����dττ ac + dτ ad −����dττ ac − dτ bc

(cτ+ d)2

=
det (A)
(cτ+ d)2

dτ=
dτ

(cτ+ d)2
, (5.189)

so that in the total measure the scaling terms cancel leaving the measure unaltered:

dτ′dτ̄′

(Im(τ′))2
=
|cτ+ d|4

(Im(τ))2
dτ

(cτ+ d)2
dτ̄

(cτ̄+ d)2
=

dτdτ̄
(Im(τ))2

. (5.190)

This implies that the function:

f̃ (τ, τ̄) =

�

1
p

Im(τ)

1
|η(τ)|2

�24

, (5.191)

must be invariant under SL(2,Z). In fact it is not difficult to realize that f̃ is precisely the
torus partition function of the c = 24 CFT described by the transverse scalars X i(z, z̄), without
the light-cone zero modes x±(t) (whose contribution has been absorbed into the measure to
make it modular invariant). This CFT partition function must be modular invariant. If this was
not the case, it would entail that equivalent torii would give inequivalent contributions with a
catastrophic anomaly in the global diffeomorphism invariance.

Modular invariance is a very strong constraint on the spectrum of a CFT, which essentially
selects what kind of states can circulate in a string loop. There is no analog of this in a usual
QFT and it is ultimately a purely string effect. It is a rather subtle effect, though, that cannot
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be seen at tree level. In the case of the bosonic string the function f̃ is fully modular invariant
as we will now prove.

First of all consider the following properties of the function η(τ):

η(τ+ 1) = e
iπ
12η(τ) , η

�

−
1
τ

�

=
p

−iτη(τ) . (5.192)

While the first one is easy to prove, the second property requires some more work: a proof is
provided in appendix B. Now using the modular properties we have

f̃ (T (τ)) = f̃ (τ+ 1) =

�

1
p

Im(τ)

1

|e
iπ
12η(τ)|2

�24

= f̃ (τ) . (5.193)

Moreover, using

Im
�

−
1
τ

�

= − Im
�

τ̄

|τ|2

�

=
Im(τ)
|τ|2

, (5.194)

we also get

f̃ (S(τ)) = f̃
�

−
1
τ

�

=

�

|τ|
p

Im(τ)

1

|
p
−iτη(τ)|2

�24

= f̃ (τ) . (5.195)

Because f̃ is invariant under the generators of the modular group, then it is invariant under
the full group. This concludes the proof of the modular invariance of f̃ in the bosonic case.

For the superstring, on the contrary, the modular invariance will not be guaranteed. As we
will see, there are four different ways to truncate the superstring spectrum so that the 1-loop
partition function preserves the modular invariance. This projection procedure is known as
GSO projection (Gliozzi, Scherk, Olive) and the above-mentioned four ways define four types
of string theories: Type IIA and Type IIB with no tachyon, space-time fermions and space-time
supersymmetry, Type 0A and Type 0B with a tachyon and no fermions.

It is often said that the string amplitudes are free of UV divergences. To appreciate it we
can draw a parallel between the 1-loop string vacuum bubble and a point particle vacuum
bubble.

A worldline loop for a free massive particle in D dimensions can be computed by applying
a procedure similar to the operatorial construction done for the closed string vacuum bubble,
with the difference that in this case we are dealing with a 1-dimensional object. This means
that inequivalent loops are fixed by a single length parameter t (the analog of Imτ for the
string) so the form of the amplitude boils down to

App =

∫ ∞

0

d t
Vol(CKG)

∑

s

〈s| e−2πtH |s〉=
∫ ∞

0

d t
Vol(CKG)

Tr
�

e−2πtH
�

=

∫ ∞

0

d t
2πt

∫

dd p
(2π)d

e−2πt(p2+m2) =

∫ ∞

0

d t
2πt

�

1
8π2 t

�
d
2

e−2πtm2
, (5.196)

where we are also taking into account that the volume of the conformal Killing group for the
circle is made up just of translations, so Vol(CKG) = 2πt namely the length of the loop. Thus
t is basically the 1-dimensional modulus of the loop, analogous to Im(τ).

This integral typically diverges in t → 0, which corresponds to the contribution of very
high space time momentum circulating in the loop. This is the expected UV divergence of a
particle QFT. On the other hand, as long as m2 > 0, the integral converges in t →∞ which
corresponds to very low space-time momenta in the loop, the infrared region. Notice that a
vanishing or (even worse) a tachyonic mass would make the integral divergent in the IR. These
are IR divergences.
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2πt

Figure 5.15: A worldline loop for a free massive particle in d dimensions.

2πt

2πt

π π

π

∼
2πt

∼

Figure 5.16: The open string vacuum bubble with its single modulus t.

Let’s compare the UV divergence we get at t → 0 with the closed string case. In this case,
inside the integration region F we have Im(τ) ̸= 0, so that the ultraviolet limit for the closed
string loop is always cut-off. This is a key ingredient that makes the string UV finite. In general
for g = 1 the general structure for an n point amplitude will be

Ag=1(1, . . . , n)

∫

F

d2τ

(Im(τ))2
fn(τ, τ̄) , (5.197)

with fn(τ, τ̄) a modular invariant function that depends on the scattering strings. Because the
UV region is always excluded in the moduli space this amplitude will always be free of UV
divergences.31

5.5.2 Open string vacuum bubble

Let us now analyze 1-loop open string amplitudes. We consider a 1-loop vacuum bubble that
can be described as a cylinder or as an annulus (see fig. 5.16).

It is easy to understand that we have a single modulus t (∼ ratio between the radius and
height of the cylinder) analogous to the one of the free particle, and a single CKG generator
representing the translations along t or the rotations of the cylinder. The amplitude will then
be fully analogous to the particle

A1−loop
Vacuum =

∫ ∞

0

d t
Vol(CKG)

Tr
�

e−2πtH
�lc
=

∫ ∞

0

d t
2πt

Tr
�

e−2πt(L0−
c

24)
�lc

, (5.198)

where, as usual, Tr[· · ·]lc means that we are tracing over transverse oscillators but we do the
full D-dimensional momentum integral. For the open string inside the trace we just have a

31Other divergences could however affect the amplitude. For example divergences associated to the collision of
vertex operators. These possible divergences correspond to infrared divergences in space-time and need proper
treatment as in usual QFT. String field theory provides a systematic approach for these divergences, but this goes
beyond the scope of these introductory lectures.
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Figure 5.17: The open loop can be interpreted as an untwisted closed string of length
π/t propagating between two boundary states |Ba〉 and |Bb〉.

Hamiltonian term because there is no twisting to be considered. We can notice that for t → 0
the cylinder shrinks to zero radius (UV region), while for t → ∞ the cylinder extends to
infinite radius (IR region).

To explicitly compute the trace in (5.198) we fix the background to a single D(p)-brane,
namely p + 1 Neumann directions and D − p − 1 Dirichlet directions (with D = 26). In this
case we have

L0 = α
′P2 + N̂N + N̂D,

where P is the momentum on the p+ 1 Neumann directions. Then we have

A1−loop
Vacuum =

∫ ∞

0

d t
2πt

Tr
�

e−2πtα′p2
e−2πt(N̂N+N̂D)e2πt D−2

24

�

=

∫ ∞

0

d t
2πt

∫

dp+1P
(2π)p+1

e−2πtα′P2
q−

D−2
24

�∞
∏

n=1

1
1− qn

�D−2

∝
∫ ∞

0

d t
2t

�

1
2t

�

p+1
2
�

1
η(i t)

�D−2

. (5.199)

A similar computation can also be done in the case of 2 parallel D(p)-branes separated by a
distance ∆Y . In this case we know that L0 gets shifted as follows

L0 = α
′P2 +

�

∆Y

2π
p
α′

�2

+ N̂N + N̂D , (5.200)

so that the amplitude gets modified by an extra gaussian term:

A1−loop
Vacuum =

∫ ∞

0

d t
(2t)2

�

1
2t

�

p−1
2

e
−2πt

�

∆Y

2π
p
α′

�2
�

1
η(i t)

�D−2

(5.201)

=

∫ ∞

0

d t
(2t)2

TrHab
open

�

e−2πt(L0−
c

24)
�

, (5.202)

where TrHab
open
[· · · ] is computed in the c = 24 BCFT containing only the D−2 directions which

are transverse to the lightcone. As we have already noticed, the only redundancy we have
on the cylinder is given by translations and no other global diffeomorphism, so there is no
constraint from modular invariance. This means that in this case the modulus integral runs
from 0 to ∞ and we are back with an apparent divergent result for t → 0. It seems then
that, just as for the particle, we are getting again a UV divergence. However this open string
UV divergence can be reinterpreted as a closed string IR divergence due to exchange of closed
string tachyons and massless modes. Let’s see how this comes about
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V(0,0)
V(i, ī)

z→ w doubling

∑

k,l ΦklVk(i)V̄l(ī)

∑

k,l ΦklΩ
k
mVk(i)Vm(−i)

Figure 5.18: Step-by-step procedure used to compute the boundary state braket.

Indeed we can suppose to consider an open string loop fixing the boundary conditions
Fa(X (0,τ)) = 0, Fb(X (π,τ)) = 0 and compute

TrHab
open

�

e−2πt(L0−
c

24)
�

=

∫

X (σ,τ+2πt)=X (σ,τ)
Fa(X (0,τ))=0, Fb(X (π,τ))=0

DXDh(t)
Vol(G)

e−S[X ,h(t)] . (5.203)

Then if we follow figure (5.17) we can imagine to use the scaling invariance and apply the
transformation z→ z/t so that the open loop can be interpreted as a closed string propagating
for a worldsheet time π/t between two states, implicitly defined by the boundary conditions a
and b, which we can call |Ba〉 and |Bb〉. Such states are called boundary states and using them
we can write

TrHab
open

�

e−2πt(L0−
c

24)
�

= 〈Bb| e−
π
t (L0+ L̄0−

c
12) |Ba〉 . (5.204)

It is obvious then that the UV limit t → 0 becomes an IR limit (π/t →∞), in the closed inter-
pretation where the closed string propagator becomes infinitely long. The boundary states
introduced above are not part of the usual closed string spectrum, and can be written as
squeezed-like states (∼ eα

†·Ω·α̃†
|0〉SL(2,C)) on the closed string vacuum. We will not be in-

terested in this precise form but we will define them through their BPZ inner product with a
generic closed string state |V〉

〈Ba|V〉 ≡ 〈V(0, 0)〉(a)Disk , ∀V ∈Hclosed , (5.205)

where the apex (a) is there to specify that the correlator on the disk must be computed with
the |Ba〉 boundary condition.

For a primary operator of weight (h, h̄), 〈Ba|V〉 can be explicitly computed using a trans-
formation going from the UHP to the the disk:

z → w=
1+ iz
1− iz

, (5.206)

z̄ → w̄=
1− iz̄
1+ iz̄

. (5.207)

Then using the transformation property of a primary field we get

V(w, w̄) =
�

∂ w
∂ z

�h�∂ w̄
∂ z̄

�h̄

V(z(w), z̄(w̄)) (5.208)

=⇒ 〈V(0, 0)〉(a)Disk = (2i)h(−2i)h̄δh,h̄〈V(i,−i)〉(a)UHP . (5.209)

This can be then computed using the doubling trick (see fig. 5.18).
As an example we can compute the overlap with Dirichlet and Neumann boundary states

in the case of

V(z, z̄) = j(z) j̄(z̄) = −
2
α′
∂ X ∂̄ X . (5.210)
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a b a b

Figure 5.19: Representation of an open string propagating around a loop which, by
the open-closed duality, is equivalent to a closed string propagating between two
sources a and b.

A step by step computation gives




BD,N

�

�V
�

= −
2
α′
〈∂ X (0)∂̄ X (0)〉D,N

Disk

= −
8
α′
〈∂ X (i)∂̄ X (−i)〉D,N

UHP

= −
8
α′

�

±
α′

2
1
(2i)2

�

= ±1 . (5.211)

Going back to (5.204), this a fundamental relation of Boundary Conformal Field Theory, which
deserves to be emphasized:

TrHab
open

�

e−2πt(L0−
c

24)
�

= 〈Bb| e−
π
t (L0+ L̄0−

c
12) |Ba〉 . (5.212)

This states that in any BCFT a 1-loop open string path integral with a, b boundary conditions
is equivalent to a closed string propagating between two boundary states |Ba〉, |Bb〉. This is
known as the Cardy condition and can also be written for the full integrated amplitude as

∫ ∞

0

d t
(2t)2

TrHab
open

�

e−2πt(L0−
c

24)
�

=
1

4π

∫ ∞

0

ds 〈Bb| e−s(L0+ L̄0−
c

12) |Ba〉 , (5.213)

where in the closed string channel we have changed variable to the closed string world-sheet
time s = π

t . This means that a one-loop open string bubble is the same as a closed string tree
level exchange between two sources, represented by the boundary states.

This is the basic mechanism at the hearth of the Open-Closed Duality (OCD) and essentially
says that D-branes are the sources for closed strings, just like electric charges are the sources
for photons. Schematically, a field theory for closed strings in the presence of a D-brane rep-
resented by boundary conditions a will look like

S ∼
�

1
2
〈Φ| K |Φ〉+ 〈Φ|Ba〉

�

, (5.214)

where K represents the kinetic operator, while the second term is a source term given by the
presence of the D-branes, that represent the boundary conditions. This suggests that D-branes
act as sources for the closed string much in the same way as a current sources the electro-
magnetic field:

SEM =

∫

dd x
�

1
4

FµνFµν + AµJµ
�

. (5.215)
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J

a b

J

Φ

Figure 5.20: A closed string propagating between two D-branes which act as sources.

In particular one can focus on the graviton mode of the closed string and realize that the
D-branes interact with each other by exchanging gravitons.

Making a further conceptual step we can see from (5.214) that a D-brane can be under-
stood as a tadpole for the closed string. Therefore the closed string theory will try to cancel
the tadpole by going to a new state which in particular means a new space time metric. This
is just the backreaction of the D-brane on the space-time geometry and it is conceptually not
different from the Coulomb potential emanating from a charge or the black-hole like metric
emanating from a massive source in General Relativity. Proceeding with this line of reasoning
we understand then that, in the approximation where closed string theory becomes general
relativity (with stringy corrections), the back-reaction of a D-brane in space-time should look
like a black-hole solution. In the context of the superstring (where the low-energy limit is fully
meaningful due to the absence of the tachyon instability) these black-hole like solutions are
the so-called p-branes of supergravity. Therefore, depending on whether we choose an open
or closed string perspective, D-branes appear rather differently: they can be thought of as a
gauge theory with stringy corrections (open string perspective) or they can be described as
a deformed background for the closed strings (closed string perspective). This is the basic
idea behind the AdS/CFT correspondence and many other similar phenomena in string theory
which go under the name of open-closed duality. Unfortunately, because of the omnipresent
closed string tachyon, it is not possible to develop this line of reasoning with the critical bosonic
string and we need the superstring, or any other open-closed string theory with a stable vac-
uum.

Let us now analyze explicitly some open string amplitudes, under the assumption that the
lightcone momenta along X 0, X D−1 are integrated out with Neumann conditions and we are
left with a c = 24 CFT. We thus consider the amplitude

A1−loop
Vacuum =

∫ ∞

0

d t
(2t)2

TrBCFT

�

e−2πt(L0−1)
�

=
1

4π

∫ ∞

0

ds 〈Ba| e−s(L0+ L̄0−2) |Bb〉 . (5.216)
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We can now analyze the case of a single D(p)-brane that was already computed as an integral
over t:

A1−loop
Vacuum =

∫ ∞

0

d t
(2t)2

1

(2t)
p−1

2

1
η(i t)24

=
1

4π

∫ ∞

0

ds
� s

2π

�

p−1
2
η
�

−
π

is

�−24

=
1

4π

∫ ∞

0

ds
� s

2π

�

p−1
2
�π

s

�−12
η

�

is
π

�−24

=
1

4π

∫ ∞

0

ds
� s

2π

�

p−25
2
�p

2η
�

is
π

��−24

, (5.217)

where we have used the modular property
p

x η(i x) = η
� i

x

�

. This allows us to identify the
D(p)-brane boundary states bracket as




Bp

�

� e−s(L0+ L̄0−2)
�

�Bp

�

=
� s

2π

�

p−25
2
�p

2η
�

is
π

��−24

. (5.218)

We notice that in the t coordinate the convergence of the amplitude is due to a factor related
to the world-volume of the D-brane, i.e. (

p
2t)p+1. On the contrary for the s coordinate, the

closed string variable, the convergence is controlled by the volume of the transverse coordi-
nate, i.e. (

p
2s)p−25.

The same computation can be also repeated for a system of 2 D(p)-branes separated by a
distance∆Y . The result is the same as for the single D(p)-brane case plus the already discussed
Gaussian factor:




Bp

�

� e−s(L0+ L̄0−2)
�

�

�B∆Y
p

¶

=
� s

2π

�

p−25
2

e−
∆Y 2

2sα′

�p
2η

�

is
π

��−24

. (5.219)

To better understand where this term comes from, we can write the open string one-loop
bubble in the case of a system of multiple D(p)-branes, described by a Chan-Paton factor

�

φaa φab
φba φbb

�

. (5.220)

Thus we have

A1−loop
Vacuum = TrC P

�

e−2πt(L0−
c

24)
�

= TrC P

��

〈aa| 〈ab|
〈ba| 〈bb|

�

qL0−
c

24

�

|aa〉 |ab〉
|ba〉 |bb〉

��

= Traa

�

qL0−
c

24

�

+ Trbb

�

qL0−
c

24

�

+ 2Trab

�

qL0−
c

24

�

= 〈Ba| e−s(L0+ L̄0−
c

12) |Ba〉+ 〈Bb| e−s(L0+ L̄0−
c

12) |Bb〉+ 2 〈Ba| e−s(L0+ L̄0−
c

12) |Bb〉 . (5.221)

We can see that the amplitude splits between self-interaction terms (i.e. (aa), (bb)) and inter-
actions terms between different D-branes (i.e. (ab), (ba)).

5.5.3 Forces between D-branes

It is important to understand the type of divergences we have in the game. To this end
we can consider again the open vacuum bubble between two separated D(p)-branes in the
s parametrization:

A= 1
4π

∫ ∞

0

ds
�

2π
s

�

d⊥
2

e−
∆Y 2

2α′s

�p
2η

�

is
π

��−24

. (5.222)
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a b

Figure 5.21: Closed string degeneration in the s→∞ limit.

We see here that the D-brane separation acts as a natural cutoff of the s→ 0 limit, where the
closed string propagator becomes very short and is thus interpreted as the UV of the closed
string (which in turns corresponds to the IR of the open string because s ∼ 1/t).

Focusing on the s→∞ limit (see fig. 5.21) we can expand the Dedekind eta as follows:

η

�

is
π

�

∼ e2s + 24+ 324 e−2s + . . . (5.223)

As already seen in the lightcone quantization, this is basically an expansion of the form
(#d.o.f. at level N) e2(N−1)s. We recognise the exponential divergence introduced by the
tachyon at level N = 0. The next 24 massless d.o.f. come from the propagation of the gravi-
ton and the dilaton (due to the requirement that the closed string state should have a non-
vanishing disk one-point function, only the diagonal part of the massless vertex operator con-
tributes. In particular the Kalb-Ramond field is not exchanged). Neglecting the tachyonic
mode, that will be absent in superstring, the first relevant order is given by the massless string
states where η= cost= 24, so the amplitude takes the simplified form

A∼ 1
4π

∫ ∞

0

ds
�

2π
s

�

d⊥
2

e−
∆Y 2

2α′s (24) = G(∆Y ) , (5.224)

where we now specify the dependence over ∆Y because we want to underline the interpreta-
tion of the two D(p)-branes as closed strings sources, namely the fact that G(∆Y ) is computing
the source correlator 〈J(0)J(∆Y )〉. To evaluate the integral we substitute t = 1/s so that

G(∆Y ) =
6
π

∫ ∞

0

d t
t2
(2πt)

d⊥
2 e−t ∆Y 2

2α′

= 12(2π)
d⊥
2 −1

∫ ∞

0

d t t
d⊥
2 −2e−t ∆Y 2

2α′ . (5.225)

Then we implement the change of variable x = t ∆Y 2

2α′ and this gives

G(∆Y ) = 12(2π)
d⊥
2 −1

�

2α′

∆Y 2

�

d⊥
2 −1∫ ∞

0

d t x
d⊥
2 −2e−x

= 12
�

4πα′

∆Y 2

�

d⊥
2 −1

Γ

�

d⊥
2
− 1

�

∝
1

∆Y d⊥−2
. (5.226)

Notice that what we have obtained is essentially the Coulomb/Newton potential between two
charges/masses.
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This is indeed the same result that we get in electromagnetism coupled to a current

S =

∫

dd x
�

1
4

FµνFµν − jµAµ
�

, (5.227)

in the presence of pointlike charges q1 and q2 at spatial positions y⃗1 and y⃗2, which means

jµ(x) = j(1)µ (x) + j(2)µ (x) , (5.228)

j(i)µ (x) = qiδµ,0δ
d⊥( x⃗ − y⃗i) = qiδµ,0

∫

dd⊥ k⃗ eik⃗·( x⃗− y⃗i) , i = 1,2 . (5.229)

We can compute the current-current correlation function by standard Feynman rules using the
photon propagator in Lorentz gauge ∼ δ(k1 + k2)

ηµν

k2
1

G(∆x) =



j(1)( y⃗1) j(2)( y⃗2)
�

∼ q1q2

∫

dd⊥ k⃗ eik⃗·∆⃗y 1

k⃗2
, (5.230)

where we have used the fact that the external momenta have only spatial components and we
have absorbed away the infinite volume factor from the time component of the
δ(k1 + k2) in the photon propagator. To compute the momentum integral we first give a
Schwinger representation of the propagator

1

k⃗2
=

∫ ∞

0

ds e−sk⃗2
, (5.231)

and we then perform the gaussian integral in the momenta by completing the square, which
gives

G(∆y)∼ q1q2

∫ ∞

0

ds
1

s
d⊥
2

e−
∆y2

4s . (5.232)

This is fully analogous to (5.224), so we get in the same way

G(∆y)∼
q1q2

|∆y|d⊥−2
, (5.233)

which is the Coulomb potential between two point-like charges.
We can get a similar result in linearized gravity:

S =

∫

dd x
�

−
1
2

hµν∇µνρλhρλ − Tµνh
µν

�

, (5.234)

where

∇µν
ρλ
=
�

δ(µρ δ
ν)
λ
−ηµνηρλ

�

□− 2δ(µ(ρ∂
ν)∂λ) +ηρλ∂

µ∂ ν +ηµν∂ρ∂λ , (5.235)

by fixing the total stress energy tensor to

Tµν(x) = m1η
µ0ην0δ( x⃗ − y⃗1) +m2η

µ0ην0δ( x⃗ − y⃗2) . (5.236)

Then using the graviton propagator in the harmonic gauge we get the Newton potential

V (∆y) = m1m2

∫

dd⊥ p⃗
ei p⃗·∆⃗y

|p⃗|2
∝

m1m2

|∆y|d⊥−2
. (5.237)
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Vh

(a) D-brane interac-
tion, disk insertion.

(b) Kinetic term, 2-
vertex insertion on the
sphere.

(c) Typical interaction
term, 3-vertex inser-
tion on the sphere.

Figure 5.22: Relevant correlators for the graviton effective action at tree level.

Notice that these simple QFT calculations are equally valid if the charges or masses are uni-
formly diffused on p-dimensional hyperplanes with d⊥ transverse directions. In this case, of
course, the charges qi will be substituted by charge densities µi ≡ qi/Volp and the masses mi
by tensions τi ≡ mi/Volp. This is precisely the case of Dp branes we have analyzed.

Coming back to the dilaton-gravity interaction between D(P)-branes (see eq. 5.226) it is
clear that we should be able to interpret the constant factor in front of 1/∆Y d⊥−2 as contain-
ing the product of the two D(P)-brane tensions. This analysis requires a careful comparison
with a dilaton-graviton exchange between two sources and it is done in detail in Polchinski
8.7. We will instead give a more qualitative understanding on the D-brane tension mainly
concentrating on its dependence on the string coupling constant. It is clear that from the
above analysis the D-brane tension should be proportional to the amplitude of a graviton
emission from a disk as this precisely corresponds to the hµνTµν coupling in the effective
action. We can then argue that being τp proportional to this 1-point function we will have

τp ∼ g2(g−1)+b+nc
s = g2−1−1

s = g0
s namely the D-brane tension seems to not depend on the

string coupling constant. However there is a subtlety in this reasoning related to the assign-
ment of the coupling constants in the Polyakov path integral and the assignment of coupling
constants in the effective theory. Let’s analyze this by constructing the tree level graviton ef-
fective action. Because the graviton is a propagating degree of freedom the action will contain
a kinetic term of the form hK̂h related to the insertion of two graviton vertex operators on the
sphere. This first term will then be proportional to g2−2

s = 1 namely it will be independent of
the string coupling. Then we can add interactions starting from a cubic h3 term and going on
with hn terms corresponding to the insertions of n vertex operators on the sphere. In general
all these terms will have a string coupling dependence of the form gn−2

s . If we also include
the coupling of a closed string to the disk that we have just discussed, the obtained action is
of the form

Le f f (h) = T̃µνh
µν + hKh+ gsh

3 + g2
s h4 + . . . (5.238)

However, if we want to identify the real Tµν, we have to match this action with the Einstein-
Hilbert action

LEH ∼
R
g2

s
+ Tµνĥ

µν =
1
g2

s
(ĥKĥ+ ĥ3 + ĥ4 + . . . ) + Tµνĥ

µν , (5.239)

with R= hK̂h+h3+h4+ . . . and with Newton constant (which appears in front of the Einstein-
Hilbert action) identified (modulo dimensionful constants) as GN ∼ g2

s . This means that the
field h in the effective action (5.238) is not normalized in the same way as (5.239) and we
must redefine h→ ĥ/gs so that the actual effective action becomes

Le f f (ĥ) =
1
gs

T̃µνĥ
µν +

1
g2

s

�

ĥKĥ+ ĥ3 + ĥ4 + . . .
�

. (5.240)
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The actual matter coupling will then be proportional to a 1/gs term which implies

τp∝
1
gs

.

This means that D-branes are solitons, i.e. non-perturbative objects which are very heavy at
weak coupling and light at strong coupling.

However, given a field theory with coupling constant g, solitons typically have an energy
that goes like ∼ 1/g2. This is easily understandable by the fact that the fields can always be
rescaled in such a way that an overall factor of 1/g2 appears in front of the action and the fact
that solitons are nothing but classical solutions to the field equations, having thus an action
(and therefore an energy) which goes as 1/g2. For D-branes we find instead 1/gs.

Another puzzle is that in (5.240) we don’t see the D-brane as a classical solution, but as
a source term Tµν. These two puzzles are in fact related and solved in the same way. In
string theory we have two basically independent propagating degrees of freedom: open and
closed strings. While the closed string coupling constant is naturally gclosed = gs the open

string coupling constant is instead gopen = g
1
2
s . A full complete space-time theory should be an

open-closed theory which structurally would look like

Soc(Ψo,Ψc) =
1
gs

�

1
2
〈Ψo| Ko |Ψo〉+ (open string interactions)

�

+
1
g2

s

�

1
2
〈Ψc| Kc |Ψc〉+ (closed string interactions)

�

+
1
gs

�

〈B|Ψc〉+ (open-closed string interactions)
�

, (5.241)

where 〈B| is the boundary state corresponding to the D-brane system where the open strings

Ψo live. Notice that the powers of the string coupling constant are consistent with gopen = g
1
2
s

and gclosed = gs. One should think of this action as a sort of Yang-Mills theory (open strings)
coupled to a sort of gravity (closed strings) where the last line contains the gauge-gravity
couplings, in particular the 〈B|Ψc〉 which is analogous of the YM energy momentum tensor
coupled to the graviton. From this action it is clear what kind of classical solutions would
have an action ∼ 1/gs: they are the solutions of the purely open string theory which is what
one gets by simply setting to zero the closed strings Ψc . Suppose we have such a solution Ψ∗o ,
then obviously its action will depend on gs like the tension of a D-brane

Soc(Ψ
∗
o , Ψc ≡ 0)∼

1
gs

. (5.242)

What is the physical interpretation of this solution? It is a new vacuum for the open string,
therefore it must be a new D-brane. Expanding the open string field around this solution will
have the effect (thanks to open-closed interactions which couple multiple open strings to a
single closed string) of shifting the original boundary state to a new one

Ψo→ Ψ∗o +ϕo, −→ |B〉 → |B∗〉= |B〉+
�

� interactions with Ψ∗o
�

. (5.243)

Therefore it is natural to interpret D-branes as open string solitons. This seems to be at odds
with the common understanding that D-branes can be seen in (super)gravity as classical vac-
uum solutions, without the need of coupling open string matter, just like black-holes in General
Relativity can be found without coupling GR to matter. This is in fact a bit misleading: indeed
while it is true that the metric of a black-hole solves vacuum Einstein equations everywhere
except at the singularity, it is precisely at the singularity (where gravity itself breaks down)
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that the source is hidden. If we had a more complete theory we would indeed see that the
singularity is in fact a source of the gravitational field, just like a point-like charge is a source
of the electromagnetic field (and indeed the electric field diverges at the locus of the charge,
just like the curvature of the BH solution does). For the electric charge we know that this
divergence is resolved by quantum effects, for gravity we simply don’t know how to account
for these quantum effects.

This line of reasoning naturally brings to another question. If D-branes are open string
solitons with a mass ∼ 1/gs = 1/g2

open, why don’t we also have closed string solitons with a

mass ∼ 1/g2
s = 1/g2

closed? Indeed we do! The most famous example (in the superstring) is the
so-called NS(5)-brane. This is a (5+ 1)-dimensional extended object. It could be visualized
as a sort of D(5)-brane, but radically different from it, there are not the usual open strings on
it incarnating the physical fluctuations of the soliton. These are still very mysterious objects
of which we don’t know so much.
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6 Superstring

6.1 Superconformal field theory

The bosonic string we analyzed so far has two problems: it contains no space-time fermions
and it has no stable vacuum (since we always find a tachyon in the spectrum). The superstring
solves both problems at once, as we will see.32

6.1.1 Matter (X;ψ)-SCFT

In the bosonic matter theory we had the worldsheet bosons Xµ(z, z̄) with µ = 0, 1, . . . , d − 1.
Let us now add the primary fields ψµ(z), ψ̄µ(z̄) of weight (1

2 , 0) and (0, 1
2) respectively. As

shown by their conformal weight, they are fields of spin 1
2 and by spin-statistic we take them

to be Grassmann odd.33

The corresponding worldsheet action reads

S =
1

4π

∫

WS

d2z
�

2
α′
∂ Xµ∂̄ Xµ +ψ

µ∂̄ ψµ + ψ̄
µ∂ ψ̄µ

�

, (6.1)

which is a free two-dimensional CFT. Such a theory is defined by the following OPEs:

Xµ(z, z̄)X ν(0, 0) = −
α′

2
ηµν log |z|+ (regular terms),

ψµ(z)ψν(0) = ηµν
1
z
+ (regular terms),

ψ̄µ(z̄)ψ̄ν(0) = ηµν
1
z̄
+ (regular terms).

(6.2a)

(6.2b)

(6.2c)

The matter stress-energy tensor is

T (m)(z) = −
1
α′

:∂ X · ∂ X : −
1
2

:ψ · ∂ψ: ,

T (m)(z̄) = −
1
α′

:∂̄ X · ∂̄ X : −
1
2

:ψ̄ · ∂̄ ψ̄: .

(6.3a)

(6.3b)

One can then show (recall eq. (4.66)) that

T (m)(z1)T
(m)(z2) =

c
2

1
(z1 − z2)4

+
2T (m)(z2)
(z1 − z2)2

+
∂ T (m)(z2)
(z1 − z2)

+ (regular terms), (6.4)

and the same holds for the anti-holomorphic part. The central charge of the theory is

c = cX + cψ = d +
1
2

d =
3
2

d , (6.5)

where we have added up the contributionsfrom the X -CFT and from the ψ-CFT.

32It is not unconceivable that a stable vacuum of bosonic string theory may exist as a classical solution of closed
string field theory. Then the bosonic string could be reconsidered.

33Given a conformal field of weights (h, h̄), its spin is s = h− h̄.
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Exercise 6.1.1

Prove eq. (6.4).

Coming back to the worldsheet action (6.1), we have that it is invariant under two possible
transformations.

• Conformal transformations (∞-dimensional), which at the infinitesimal level read as










δc
εX
µ(z, z̄) = −

�

ε(z)∂ Xµ(z, z̄) + ε̄(z̄)∂̄ Xµ(z, z̄)
�

,

δc
εψ

µ(z) = −
�

ε∂ψµ(z) + 1
2 (∂ ε)ψ

µ(z)
�

,

δc
εψ̄

µ(z̄) = −
�

ε̄∂̄ ψ̄µ(z̄) + 1
2

�

∂̄ ε̄
�

ψ̄µ(z̄)
�

,

(6.6)

where the superscript “c” stands for “conformal” and where ε(z) is a vectorial field that
can be expanded as

ε(z) =
∑

n

εnz−n+1 , (6.7)

namely as a weight −1 field.

• Superconformal transformations (∞-dimensional), which at the infinitesimal level read
as











δsc
η Xµ(z, z̄) =

q

α′

2

�

η(z)ψµ(z) + η̄(z̄)ψ̄µ(z̄)
�

,

δsc
ηψ

µ(z) =
q

2
α′ [−η(z)∂ Xµ(z)] ,

δsc
η ψ̄

µ(z̄) =
q

2
α′

�

−η̄(z̄)∂̄ X̄µ(z̄)
�

,

(6.8)

where the superscript “sc” stands for “superconformal”. We immediately see that these
superconformal transformations create a bridge between the X and the ψ sectors of the
CFT, i.e. between bosonic and fermionic fields. This is possible because of the fermionic
nature of η(z), which can be expanded as

η(z) =
∑

r

ηrz
−r+ 1

2 , (6.9)

namely as a weight −1
2 field.

Let us now check that the action (6.1) is invariant under these superconformal transfor-
mations, as we claimed. If we momentarily set α′ = 1 and if we consider only the holomorphic
part, we get

δsc
η S =

1
2π

∫

WS

d2z
�

1
p

2
∂ (ηψ) · ∂̄ X +

1
p

2
∂ X · ∂̄ (ηψ)

+
1
2

�

−
p

2η∂ X
�

+
1
2
ψ · ¯
∂
�

−
p

2η∂ X
�

�

=
1

2π

∫

WS

d2z
�

2
p

2
∂ (ηψ) · ∂̄ X −

p
2(η∂ X ) · ∂̄ ψ

�

IBP
=

1
2π

∫

WS

d2z
p

2
�

∂ (ηψ) · ∂̄ X +η(∂̄ ∂ X ) ·ψ
�

IBP
=

1
2π

∫

WS

d2z
p

2
�

∂ (ηψ) · ∂̄ X − ∂̄ X · ∂ (ηψ)
�

= 0 . (6.10)
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For the anti-holomorphic sector the reasoning is analogous and the result is the same. We
hence proved that the worldsheet action (6.1) is invariant under superconformal transforma-
tions.

Let us now evaluate
�

δsc
η1

,δsc
η2

�

Xµ =
�

δsc
η1
δsc
η2
−δsc

η2
δsc
η1

�

Xµ

= δsc
η1

�

1
p

2
η2ψ

µ

�

−δsc
η2

�

1
p

2
η1ψ

µ

�

=
1
p

2
η2(−

p
2η1∂ Xµ) +

1
p

2
η1

�

−
p

2η2∂ Xµ
�

= −η2η1∂ Xµ +η1η2∂ Xµ

= 2η1η2∂ Xµ

= δc
2η1η2

Xµ = δc
2η2η1

Xµ , (6.11)
�

δsc
η1

,δsc
η2

�

ψµ =
�

δsc
η1
δsc
η2
−δsc

η2
δsc
η1

�

ψµ

= δsc
η1

�

−
p

2η2∂ Xµ
�

−δsc
η2

�

−
p

2η1∂ Xµ
�

= −
p

2η2∂

�√

√1
2
η1ψ

µ

�

+
p

2η1∂

�√

√1
2
η2ψ

µ

�

= −η2∂ (η1ψ
µ) +η1∂ (η2ψ

µ)

= [−η2∂ η1 − (∂ η2)η1]ψ
µ − 2η2η1∂ψ

µ

= −
�

1
2
∂ (2η2η1)ψ

µ + 2η2η1(∂ψ
µ)
�

= δc
2η2η1

ψµ . (6.12)

We therefore just proved that

�

δsc
η1

,δsc
η2

�

= δc
2η2η1

, (6.13)

which means that the composition of two superconformal transformations generates a con-
formal transformation. In a sense, we can say that superconformal transformations are the
square root of conformal transformations.

As we already know (see eq. (4.45) and eq. (4.46)), conformal transformations are gen-
erated by the Noether charge

Tε(z) =

∮

0

dz
2πi

ε(z)T (m)(z) , (6.14)

such that
δc
εφ(z) = − [Tε,φ(z)] . (6.15)

Analogously, superconformal transformations are generated by the Noether charge

Gη(z) =

∮

0

dz
2πi

η(z)G(m)(z) , (6.16)

such that
δsc
ηφ(z) = −

�

Gη,φ(z)
�

. (6.17)
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The current G(m)(z) is commonly called supercurrent and is defined as

G(m)(z) = i

√

√ 2
α′
ψµ∂ Xµ =ψ · j , (6.18)

where we recalled the definition (4.120a) of the bosonic current jµ.
As we previously saw (see eq. (4.56)), the composition (4.38) of two conformal transfor-

mations generates the correct OPE (4.66) of two stress-energy tensors. Analogously, eq. (6.13)
fixes the contractions

G(m)(z1)G
(m)(z2) =

d
(z1 − z2)3

+
2T (m)(z2)
(z1 − z2)

, (6.19)

T (m)(z1)G
(m)(z2) =

3
2 G(m)(z2)

(z1 − z2)2
+
∂ G(m)(z2)
(z1 − z2)

. (6.20)

To summarize, we can write

T (m)(z1)T
(m)(z2) =

c
2

(z1 − z2)4
+

2T (m)(z2)
(z1 − z2)2

+
∂ T (m)(z2)
(z1 − z2)

+ (reg.),

G(m)(z1)G
(m)(z2) =

2
3 c

(z1 − z2)3
+

2T (m)(z2)
(z1 − z2)

+ (reg.),

T (m)(z1)G
(m)(z2) =

3
2 G(m)(z2)

(z1 − z2)2
+
∂ G(m)(z2)
(z1 − z2)

+ (reg.),

(6.21a)

(6.21b)

(6.21c)

which completely define the superconformal algebra of our (X ;ψ)-SCFT (the same holds for
the anti-holomorphic sector). This is the simplest example of a N = 1 superconformal field
theory. This algebra plays the same role that the Virasoro algebra played in the bosonic string:
it is an algebra of constraints which should be imposed on the states of the theory.

We are now interested in the irreps of such an algebra, namely in the primary fields. As
usual, a primary field φ(h)(z) of weight h is defined by

T (m)(z1)φ
(h)(z2) =

hφ(h)(z2)
(z1 − z2)2

+
∂ φ(h)(z2)
(z1 − z2)

+ (regular terms). (6.22)

Therefore, because of eq. (6.21c), G(m)(z) is a primary field of weight 3
2 .

We can also define superconformal primary fields as follows. If φ(h)(z) is a primary field of
weight h, it is a superconformal primary (of weight h) if

G(m)(z1)φ
(h)(z2) =

ψ(h+
1
2 )(z2)

(z1 − z2)
+ (regular terms). (6.23)

This means that the supercurrent G(m)(z) acts on a superconformal primary field φ(h) and it
generates a superdescendant field ψ(h+

1
2 ).

In the (X ;ψ)-SCFT we explicitly have

G(m)(z1)ψ
µ(z2) = j ·ψ(z1)ψ

µ(z2) =
jµ(z1)
(z1 − z2)

Taylor
=

jµ(z2)
(z1 − z2)

+O(1) , (6.24)
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so that ψ(z) is a superconformal primary field of weight 1
2 . Moreover

G(m)(z1) j
µ(z2) =ψ · j(z1) j

µ(z2) =
ψµ(z1)
(z1 − z2)2

Taylor
=

ψµ(z2)
(z1 − z2)2

+
∂ψµ(z2)
(z1 − z2)

, (6.25)

and hence j(z) is not a superconformal primary field. If we then take into account the Xµ field,
we have that

G(m)(z1)i

√

√ 2
α′

Xµ(z2) =
ψµ(z2)
(z1 − z2)

. (6.26)

Therefore Xµ is (from this point of view) a superconformal primary field. However recall that
it is not really a primary but a logarithmic field (recall eq. (4.130c))). On the other hand, if
we consider a chiral plane wave we get

G(m)(z1) :eiP·X L : (z2) =ψ · j(z1) :eiP·X L : (z2)

=ψµ(z1)iPν jµ(z1)X
ν
L (z2) :eiP·X L : (z2)

=

√

√α′

2
Pµψ

µ :eiP·X L : (z2)
1

(z1 − z2)
. (6.27)

Therefore the plane wave :eiP·X L : is a superconformal primary of weight
�

α′P2

4 , 0
�

.

6.1.2 Worldsheet supersymmetry

As we already know, translations are generated by ∂z = ∂ (or ∂z̄ = ∂̄ ), namely by the adjoint
action of L−1:

[L−1, · ] =
∮

0

dz
2πi

T (m)(z) . (6.28)

Indeed we have

[L−1,φ(z2)] =

∮

0

dz1

2πi
T (m)(z1)φ(z2) = ∂ φ(z2) . (6.29)

We now want to do the same with the supercurrent G(m)(z). We therefore define the holomor-
phic supersymmetry transformation (the anti-holomorphic case is analogous) as

δSUSY =

∮

0

dz
2πi

G(m)(z) . (6.30)

The transformation δSUSY is Grassmann odd, since G(m)(z) is Grassmann odd. If we then recall
that T (m)(z) can be expanded in terms of Virasoro operators Ln (see eq. (4.44)), we can expand
the supercurrent G(m)(z) as

G(m)(z) =
∑

r∈Z+ 1
2

Grz
−r− 3

2 . (6.31)

Thus we have that (with an understood graded commutator)

δSUSY =
�

G− 1
2
, ·
�

. (6.32)
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The action of the supersymmetry on the fields of our (X ;ψ)-SCFT is

δSUSY

�

i

√

√ 2
α′

Xµ(z)

�

=ψµ(z) ,

δSUSY (ψ
µ(z)) = jµ(z) ,

δSUSY ( j
µ(z)) = ∂ψµ(z) .

(6.33a)

(6.33b)

(6.33c)

Two fields connected by a supersymmetry transformations are called superpartners. Moreover,
the supersymmetry is the “square root” of translations:

[δSUSY,δSUSY] = ∂z . (6.34)

Exercise 6.1.2

Prove eq. (6.34).

6.1.3 Ghost (b, c ;β ,γ)-SCFT

As we saw previously, to the matter X -CFT we associate a ghost (b, c)-CFT through the Faddeev-
Popov mechanism. In the same way, when we add the matter ψ-CFT, we have to add by WS
supersymmetry a ghost (β ,γ)-CFT. The complete ghost CFT is given by the action

Sgh =
1

2π

∫

WS

d2z
�

b∂̄ c + b̄∂ c̄ + β∂̄ γ+ β̄∂ γ̄
�

, (6.35)

where

• b is a primary of weight 2 and, being the FP ghost of diff×Weyl symmetry, it is Grassmann
odd, namely a fermion (and hence nilpotent),

• c is a primary of weight −1 and, being the FP ghost of diff×Weyl symmetry, it is Grass-
mann odd, namely a fermion (and hence nilpotent),

• β is a primary of weight 3
2 and, being the FP ghost of a worldsheet fermionic symmetry,

it is Grassmann even, namely a boson,

• γ is a primary of weight −1
2 and, being the FP ghost of a worldsheet fermionic symmetry,

it is Grassmann even, namely a boson.

The OPEs are

b(z1)c(z2) =
1

(z1 − z2)
+ (regular terms),

c(z1)b(z2) =
1

(z1 − z2)
+ (regular terms),

β(z1)γ(z2) = −
1

(z1 − z2)
+ (regular terms),

γ(z1)β(z2) =
1

(z1 − z2)
+ (regular terms).

(6.36a)

(6.36b)

(6.36c)

(6.36d)
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The (holomorphic) stress energy tensor is defined as

T (gh)(z) = T (b,c)(z) + T (β ,γ)(z) , (6.37)

where

T (b,c)(z) = :(∂ b)c: (z)− 2 :∂ (bc): (z) ,

T (β ,γ)(z) = :(∂ β)γ: (z)−
3
2

:∂ (βγ): (z) .

(6.38a)

(6.38b)

Exercise 6.1.3

Using what we said so far, prove that β is a primary of weight 3
2 and that γ is a primary

of weight −1
2 .

Moreover, the leading terms of the OPEs

T (b,c)(z1)T
(b,c)(z2)≈

1
2(−26)

(z1 − z2)4
, (6.39a)

T (β ,γ)(z1)T
(β ,γ)(z2)≈

1
2(11)

(z1 − z2)4
, (6.39b)

tell us that

c(b,c) = −26 , (6.40a)

c(β ,γ) = 11 , (6.40b)

which means that

c(gh) = c(b,c) + c(β ,γ) = −15 . (6.41)

Exercise 6.1.4

Prove eq. (6.39b).

The (b, c ;β ,γ)-SCFT superalgebra is based on the ghost supercurrent

G(gh)(z) = −
1
2
(∂ β)c +

3
2
∂ (β c)− 2bγ , (6.42)

where the normal ordering is not needed since the (b, c) and the (β ,γ) systems do not talk to
each other. One can then show that T (gh) and G(gh) generate a superalgebra of central charge
c(gh) = −15.

If we now put together the matter central charge and the ghost one, we observe that the
total anomaly

c(tot) = c(m) + c(gh) =
3
2

d − 15 , (6.43)

vanishes when
d = 10 . (6.44)

This is the critical dimension of the superstring (for the bosonic string, it was d = 26).
Finally, we can recall that in the bosonic string the T T algebra was interpreted as a con-

straint algebra. The missing EOM for the metric, namely T (m) = 0, was the classical constraint.
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Then BRST quantization added to each constraint a ghost (with an additional term, due to the
non-Abelian nature of the constraints), hence defining the current

jB(z) = cT (m)(z) +
1
2

:cT (gh): (z) . (6.45)

This led to the definition of the BRST charge

QB =

∮

0

dz
2πi

jB(z) , (6.46)

which is nilpotent iff the total central charge of the algebra vanishes:

Q2
B = 0 ⇐⇒ c(m) + c(gh) = 0 . (6.47)

Analogously, in the superstring case we have two sets of classical constraints, given by

T (m) = 0 , (6.48a)

G(m) = 0 , (6.48b)

where the first equation is again the missing EOM for the metric, while the second one (as we
will later argue) is the missing EOM for the superpartner of the metric (the so-called gravitino).
If we then associate the (b, c)-system to T (m) and the (β ,γ)-system to G(m), the BRST current
is constructed as

jB(z) = cT (m)(z) + γG(m)(z) +
1
2

�

:cT (gh): (z)+ :γG(gh): (z)
�

, (6.49)

and the BRST charge is, as usual, the integral of such a current:

QB =

∮

0

dz
2πi

jB(z) . (6.50)

Again we have that
Q2

B = 0 ⇐⇒ c(m) + c(gh) = 0 , (6.51)

which is satisfied at the critical dimension d = 10.
Moreover, one can show that

[QB, b(z)] = T (tot)(z) = T (m)(z) + T (gh)(z) , (6.52a)

[QB,β(z)] = G(tot)(z) = G(m)(z) + G(gh)(z) . (6.52b)

Exercise 6.1.5

Prove eqs. (6.52).

In conclusion, all the fields of our superconformal theory are related by WS supersymmetry

ψµ
�

h=
1
2

�

←→ Xµ (h= 0) , (6.53a)

γ

�

h= −
1
2

�

←→ c (h= −1) , (6.53b)

β

�

h=
3
2

�

←→ b (h= 2) . (6.53c)
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6.2 Closed superstring

6.2.1 Neveu-Schwarz and Ramond sectors

Let us now consider a closed superstring. The worldsheet spinors we introduced (that we will
generically denote as χ, i.e. χ =ψ,β ,γ) can be periodic or anti-periodic along theσ direction:

• periodic: χ(σ+ 2π) = +χ(σ),

• anti-periodic: χ(σ+ 2π) = −χ(σ).

These two conditions are both possible, because the density given by spinor bilinears remains
the same. On the other hand, the anti-periodic condition would not be acceptable in the
bosonic X case, since it would break Lorentz invariance.34

If we now write as usual w= t + iσ, we can define two sectors:

χ(w+ 2πi) =

¨

+χ(w) , Ramond (R) sector,

−χ(w) , Neveu-Schwarz (NS) sector.
(6.54)

Analogously, since the supercurrent is a fermion, we can write

G(w+ 2πi) =

¨

+G(w) (R),

−G(w) (NS).
(6.55)

If we then map the WS cylinder on the complex plane via the exponential map z = ew, recalling
that the conformal weight of ψ is 1

2 we can write

ψ(z)(dz)
1
2 =ψ(w)(dw)

1
2 , (6.56)

and hence

ψ(z) =
�

dz
dw

�
1
2

ψ
�

w(z)
�

=
�

d(ew)
dw

�
1
2

ψ
�

log(z)
�

=
1
p

z
ψ
�

log(z)
�

. (6.57)

Therefore we can write the oscillator expansion of the ψ field in its two possible sectors:

¨

ψ
µ
NS(z) =

∑

r∈Z+ 1
2
ψ
µ
r z−r− 1

2 ,

ψ
µ
R(z) =

∑

n∈Zψ
µ
nz−n− 1

2 .
(6.58)

In the NS sector there are no branch cuts on C (see fig. 6.16.1(a)), since for r ∈ Z + 1
2 the

function z−r− 1
2 is meromorphic (because −r − 1

2 ∈ Z). In the R sector, on the other hand,

there is a branch cut from 0 to∞ (see fig. 6.16.1(b)) because for n ∈ Z the function z−n− 1
2 is

double-valued (since −n− 1
2 ∈ Z+

1
2).

34However this possibility is still considered in string theory in the construction of orbifolds.
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ψNS(z)

1(0)

(a) NS case.

ψR(z)

S(0)

(b) R case.

Figure 6.1: The fermion ψ(z) in the NS and R cases. In the NS plane there are no
branch cuts and in the origin there is the identity field, corresponding to the SL(2, C)
vacuum. On the other hand, in the R case there is a branch cut (marked in red) due
to the spin field inserted in the origin, which defines a new vacuum, the R vacuum.

The presence of the branch cut can be understood as an insertion of a peculiar field in the
origin of the complex plane, which changes the nature of the SL(2, C) vacuum. This field S(0)
is called spin field and its contraction with a fermion ψ behaves as a square root:

ψ(z1)S(z2) =
(· · · )

(z1 − z2)±
1
2

. (6.59)

The OPE of two fermions ψ remains the same in both sectors:

ψ(z1)ψ(z2) =
1

(z1 − z2)
+ (regular terms), (6.60)

but it is realized as two different oscillator algebras

NS)
�

ψµr ,ψνs
�

= ηµνδr+s, 0 , with r, s ∈ Z+
1
2

, (6.61a)

R)
�

ψµn ,ψνm
�

= ηµνδn+m, 0 , with n, m ∈ Z . (6.61b)

The same can be said for (β ,γ) ghosts. We have that
¨

βNS(z) =
∑

r∈Z+ 1
2
βrz

−r− 3
2 ,

βR(z) =
∑

n∈Z βnz−n− 3
2 ,

(6.62a)

¨

γNS(z) =
∑

r∈Z+ 1
2
γrz

−r+ 1
2 ,

γR(z) =
∑

n∈Z γnz−n+ 1
2 ,

(6.62b)

which implies

NS) [βr ,γs] = δr+s, 0 , with r, s ∈ Z+
1
2

, (6.63a)

R) [βn,γm] = δn+m, 0 , with n, m ∈ Z . (6.63b)

Analogously, for the supercurrent we can write
¨

GNS(z) =
∑

r∈Z+ 1
2

Grz
−r− 3

2 ,

GR(z) =
∑

n∈Z Gnz−n− 3
2 ,

(6.64)

which implies

NS) [Gr , Gs] = 2Lr+s +
c

12
(4r2 − 1)δr+s, 0 , with r, s ∈ Z+

1
2

, (6.65a)

R) [Gn, Gm] = 2Ln+m +
c

12
(4n2 − 1)δn+m, 0 , with n, m ∈ Z . (6.65b)
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Therefore the superconformal algebra can be written in terms of oscillators as

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1)δn+m, 0 ,

[Ln, Gr] =
n− 2r

2
Gn+r ,

NS) [Gr , Gs] = 2Lr+s +
c

12
(4r2 − 1)δr+s, 0 , with r, s ∈ Z+

1
2

,

R) [Gr , Gs] = 2Lr+s +
c

12
(4r2 − 1)δr+s, 0 , with r, s ∈ Z ,

(6.66a)

(6.66b)

(6.66c)

(6.66d)

where eq. (6.66b) comes from the fact that G is a primary field.
This algebra is generated by two SCFTs:

• matter (X ;ψ)-SCFT with central charge c(m) = 3
2 d,

• ghost (b, c ;β ,γ)-SCFT with central charge c(gh) = −15.

As already said above, the total SCFT has c(tot) = c(m) + c(gh) = 0 when d = 10.

6.2.2 Neveu-Schwarz and Ramond vacua

Let us then built the vacua of the theory. We will use the following notation

· αµn : oscillators in the X -CFT,

· ψµr : oscillators in the ψNS-CFT,

· ψµn : oscillators in the ψR-CFT.

We then have two possibilities.

• In the NS sector the definite-momentum vacuum |0, P〉NS is such that

αµn |0, P〉NS = 0 , for n≥ 1 , (6.67a)

ψµr |0, P〉NS = 0 , for r ≥
1
2

. (6.67b)

• In the R sector the definite-momentum vacuum |0, P〉R is such that

αµn |0, P〉R = 0 , for n≥ 1 , (6.68a)

ψµn |0, P〉R = 0 , for n≥ 1 . (6.68b)

Let us now recall that
�

ψ
µ
n ,ψνm

�

= ηµνδn+m, 0. This implies that for the zero-modes we
have

�

ψ
µ
0 ,ψν0

�

= ηµν . (6.69)

Therefore, just like b0 and c0, the zero-modeψµ0 is neither a creation nor an annihilation
operator.

Since we have many of these zero-modes, the Ramond vacuum is degenerate. The de-
generacy is labelled by a label α. Then we can write

ψ
µ
0 |α, P〉R = (ψµ)αβ |β , P〉R . (6.70)
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If we now define
Γµ =

p
2ψµ0 , (6.71)

from eq. (6.69) we recognize the Clifford algebra in d dimensions:

[Γµ, Γ ν] = 2ηµν , (6.72)

where obviously the square brackets stand for an anti-commutator, since we are dealing
with fermionic objects (recall that we are using the graded commutator convention).
This means that the Ramond vacuum is the space where gamma matrices (of dimension
d) act, namely the spinor space in d dimensions (see appendix A). Therefore, if we work
in the critical dimension d = 10, theψR sector Ramond vacuum |α〉R is a 10-dimensional
spinor of SO(1, 9), and it can be decomposed in two irreps as

|α〉R = |α〉
︸︷︷︸

16c

⊕ |α̇〉
︸︷︷︸

16s

, (6.73)

where 16c is the positive chirality 16-dimensional irrep, while 16s is the negative chirality
16-dimensional irrep. These two irreps are defined by the action of the chirality matrix
Γ as

Γ |α〉= + |α〉 , (6.74a)

Γ |α̇〉= −|α̇〉 . (6.74b)

Given what we said so far, recalling that the momentum is given by the definite-momentum
vacuum in the X sector, we can write the total matter vacuum in the NS sector as

|0, P〉matter
NS = |0, P〉

︸︷︷︸

X sector

⊗ |0〉NS
︸︷︷︸

ψ sector

= |0, P〉 ⊗ |0〉 , (6.75)

where we wrote |0〉NS = |0〉 since, at the matter level, the NS vacuum in theψ sector is precisely
the SL(2,C)-invariant vacuum.

On the other hand, the total vacuum in the R sector can be written as

|α, P〉matter
R = |0, P〉

︸︷︷︸

X sector

⊗ |α〉R
︸︷︷︸

ψ sector

= |0, P〉 ⊗
�

|α〉 ⊕ |α̇〉
�

. (6.76)

As we anticipated, the R vacuum is obtained by inserting a spin field to the (NS) SL(2,C)-
invariant vacuum:

|
( · )
α 〉= S( · )

α
(0) |0〉 . (6.77)

Therefore the Ramond vacuum is in a sense an excited state of the Neveu-Schwarz vacuum.
This is analogous to what we found previously in the X -BCFT for the vacuum of open strings
satisfying mixed Neumann-Dirichlet boundary conditions.
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6.2.3 Old covariant quantization

6.2.3.1 Constraints

We are now able to write every possible state in the holomorphic matter sector (for the anti-
holomorphic sector everything works in the same way). The most generic state is made up of
a polarization tensor, X oscillators (bosonic sector) andψ oscillators (fermionic sector) acting
on the definite momentum vacuum.

In the NS sector we have

G{µ1···µk}{ν1···νq}(P)
�

α
µ1
−n1
· · ·αµk

−nk

��

ψ
ν1
−r1
· · ·ψνq

−rq

�

|0, P〉NS , (6.78)

which is the most generic Lorentz representation for an integer-spin field, namely for a space-
time boson. Indeed {µ1 . . .µk} and

�

ν1 . . .νq

	

are vectorial Lorentz indices.
On the other hand, in the R sector we have

χα{µ1···µk}{ν1···νq}(P)
�

α
µ1
−n1
· · ·αµk

−nk

��

ψ
ν1
−r1
· · ·ψνq

−rq

�

|α, P〉R , (6.79)

which is the most generic Lorentz representation for a half-integer-spin field, namely for a
spacetime fermion. Indeed α is a spinorial index in d = 10, while {µ1 . . .µk} and

�

ν1 . . .νq

	

are again vectorial Lorentz indices. This means that we finally found fermions in string theory.
But everything is yet to be set on-shell, we still have to impose the physical constraints.

Let us first look at the old covariant quantization. For n ∈ Z and r ∈ Z+ 1
2 , the constraints

are

• in the NS sector:

(L0 − aNS) |phys〉NS = 0 , (6.80a)

Ln>0 |phys〉NS = 0 , (6.80b)

Gr≥ 1
2
|phys〉NS = 0 , (6.80c)

• in the R sector:

(L0 − aR) |phys〉R = 0 , (6.81a)

Ln>0 |phys〉R = 0 , (6.81b)

Gn≥0 |phys〉R = 0 . (6.81c)

If we then incorporate the ghost contribution, from BRST (or lightcone) quantization we have
that (no proof at this stage)

aNS =
1
2

, aR =
5
8

. (6.82)

In order to understand the origin of these values of the normal ordering constant a, we may
recall that, in the bosonic string, a was the conformal weight of the ghost vacuum c1|0〉:

L(tot)
0 = L(m)

0 + L(gh)
0

= L(m)
0 − a

= L(m)
0 − 1

= 0 . (6.83)
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Now, coming back to the superstring, it can be shown that the matter+ghost NS vacuum is
related to the SL(2,C)-invariant vacuum as

c1 |0〉NS = cV(β ,γ)
1
2
(0) |0〉 , (6.84)

where V(β ,γ)
1/2 is a primary operator of weight 1/2 in the (β ,γ)-SCFT, which can be written as

V(β ,γ)
1/2 = e−ϕ (see 6.5.1 for more details on this topic). It is hence clear that aNS = 1/2 is the

weight of the NS vacuum, since the total weight of cV(β ,γ)
1/2 is 1−1/2= −1/2. Therefore in the

NS sector we have that

L(tot)
0 = L(m)

0 + L(gh)
0

= L(m)
0 − aNS

= L(m)
0 −

1
2

= 0 . (6.85)

On the other hand, in the R sector the matter+ghost vacuum can be written as

c1|
( · )
α 〉R = S( · )

α
cV(β ,γ)

3
8
(0) |0〉 , (6.86)

where V(β ,γ)
3/8 is a primary operator of weight 3/8 in the (β ,γ)-SCFT, which can be written as

V(β ,γ)
3/8 = e−ϕ/2 (this field ϕ is the same we encountered in the NS case and it will be explained

in 6.5.1). Therefore in the R sector we have that

L(tot)
0 = L(m)

0 + L(gh)
0

= L(m)
0 − aR

= L(m)
0 +

�

−1+
3
8

�

= L(m)
0 −

5
8

= 0 . (6.87)

Given what we said so far, we can write

NS) Ln =
1
2

∑

k∈Z
αn−k ·αk +

1
4

∑

r∈Z+ 1
2

(2r − n) :ψn−r ·ψr : ,

R) Ln =
1
2

∑

k∈Z
αn−k ·αk +

1
4

∑

k∈Z
(2k− n) :ψn−k ·ψk: +

d
16
δn, 0 .

(6.88a)

(6.88b)

We can notice that the R sector has a shift equal to the spin field weight, namely of d/16
(which in d = 10 is exactly 5/8; see 6.5.1 for more details). It shifts the vacuum from the NS
sector to the R sector.

Moreover we have that the supercurrent is defined as

Gr =
∑

n∈Z
αn ·ψn−r , (6.89)

where r ∈ Z+ 1/2 in the NS case, while r ∈ Z in the R case.
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6.2.3.2 Spectrum

Let us now write

L0 =
1
2
(α0)

2 + N , (6.90)

where αµ0 =
q

α′

2 Pµ is the X -CFT zero-mode (in the closed string case, which is the one we are
studying) and where N is the level operator, defined in d = 10 as

NS) NNS =
1
2

∑

k∈Z
α−k ·αk +

1
4

∑

r∈Z+ 1
2

(2r) :ψ−r ·ψr : , (6.91a)

R) NR =
1
2

∑

k∈Z
α−k ·αk +

1
4

∑

k∈Z
(2k) :ψ−k ·ψk: +

5
8

. (6.91b)

We can then analyze the first levels of the spectrum in the NS sector.

■ Level NNS = 0
At the level NNS = 0 we have the tachyon

t(P) |0, P〉NS , (6.92)

which is lighter then the closed bosonic string tachyon because

L(m)
0 − aNS = L(m)

0 −
1
2
= 0 =⇒

α′P2

4
=

1
2
= aNS =⇒ m2 = −

2
α′

. (6.93)

■ Level NNS =
1
2

At the level NNS = 1/2 the generic state is

ξµ(P)ψ
µ
1
2
|0, P〉NS , (6.94)

which is a massless vector:

m2 =
4
α′

�

1
2
− aNS

�

= 0 . (6.95)

If we look at the supercurrent, we have that

G 1
2
=
∑

n

αn ·ψ 1
2−n , (6.96)

that for n= 0 becomes α0 ·ψ 1
2
. Then the constraint (6.80c) is

G 1
2
= 0 =⇒ α0 · ξ= 0 =⇒ P · ξ= 0 , (6.97)

where (as we usually do for Ln) we used the same notation for the operator G1/2 and its
eigenvalue on the physical state. If we take aNS = 1/2 we find a transverse massless vector
which falls in vector representation of the little group SO(8), which we denote 8V . If we look
at higher levels, we find massive states.

Let us now analyze the first level of the spectrum in the R sector.
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Table 6.1: The first spectrum levels of the holomorphic sector of the closed super-
string.

NS R
NNS = 0: tachyon

NR = 0: 8C ⊕ 8S massless
NNS =

1
2 : 8V massless

■ Level NR = 0
At the level NR = 0 the generic state is

uα(P) |α, P〉R + vα̇(P) |α̇, P〉R , (6.98)

where uα(P) is a left spinor in d = 10, while vα̇(P) is a right spinor in d = 10. We are hence
treating separately the two chirality irreps.

If we look at the supercurrent, we have that

G0 =
∑

n

αn ·ψ−n , (6.99)

on the R vacuum only n= 0 gives contribution

G0 = α0 ·ψ0 =

√

√α′

2
P · Γ

1
p

2
=
p
α′

2
/P , (6.100)

where /P is the Dirac kinetic operator of spacetime fermions.
The constraint (6.80c) reads as (recalling that (/P)2 = P2)

/Pu(P) = 0 =⇒ m2 = 0 , (6.101a)

/Pv(P) = 0 =⇒ m2 = 0 . (6.101b)

We hence found the Dirac equation. As usual this equation reduces by half the spinorial d.o.f.
Therefore the two states uα(P) |α, P〉R and vα̇(P) |α̇, P〉R fall into massless SO(8) spinorial rep-
resentations of dimension 28/2 = 16= 8+ 8:

SO(8) −→ 8C
︸︷︷︸

left

⊕ 8S
︸︷︷︸

right

. (6.102)

If we look at higher levels, we find massive states with half-integer spin.
What we found in the holomorphic sector is summed up in table 6.1. We notice that the

massless part of the spectrum is organized in representations of SO(8).

6.2.4 Lightcone quantization

As with the bosonic string, we can handle directly all the physical states by going to the light-
cone gauge.

6.2.4.1 Constraints

In the bosonic string we fixed the conformal transformations by writing

X+L (z) =
X+0
2
− iα′P+ log z (no oscillators), (6.103)
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and hence

j+(z) = i

√

√ 2
α′
∂ X+(z) =

√

√α′

2
P+

1
z

. (6.104)

In the superstring, however, we also have the ψ sector and superconformal transformations.
If we write in the lightcone direction + the superconformal transformation

δsc
ηψ

+(z) = −iη j+(z) , (6.105)

we can choose to fix
ψ+(z) = 0 . (6.106)

Therefore, in the superstring case, the lightcone gauge is

¨

X+L (z) =
X+0
2 − iα′P+ log z ,

ψ+(z) = 0 .
(6.107)

At the classical level, we can implement the constraints Ln>0 |phys〉NS=0 and Gr≥ 1
2
|phys〉NS=0

in the NS sector (recall eqs. (6.80)), or Ln>0 |phys〉R = 0 and Gn≥0 |phys〉R = 0 in the R sector
(recall eqs. (6.81)). For the time being, we ignored the L0 constraint. We then find that
oscillators in the − direction can be expressed in terms of transverse oscillators as

¨

∂ X−L (z) =
z

2P+
� 2
α′ ∂ X j∂ X j + iψ j∂ψ j

�

,

ψ−(z) = 2z
α′P+ψ

j∂ X L, j ,
(6.108)

where the index j denotes transverse directions. Since we now have transverse oscillators
only, the Hilbert space will be made up of states of the type

NS)
�

α
i1
−n1
· · ·αik

−nk

��

ψ
j1
−r1
· · ·ψ jq

−rq

�

|0, P〉NS , (6.109a)

R)
�

α
i1
−n1
· · ·αik

−nk

��

ψ
j1
−r1
· · ·ψ jq

−rq

�

|
( · )
α , P 〉R , (6.109b)

where, as said above, |α〉 is the 8C spinorial representation of SO(8), while |α̇〉 is the 8S spino-
rial representation.

If we now implement the lightcone L0 constraint, we have that

NS) L(lc)
0 − a(lc)

NS = 0 , (6.110a)

R) L(lc)
0 − a(lc)

R = 0 . (6.110b)

6.2.4.2 Lightcone NS spectrum

Let us now analyze the lightcone NS spectrum up to the massless level.

■ Level N(lc)
NS = 0

At the level N (lc)
NS = 0 we find the tachyon

t(P) |0, P〉NS , (6.111)

having

m2 = −a(lc)
NS

4
α′

. (6.112)
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■ Level N(lc)
NS =

1
2

At the level N (lc)
NS = 1/2 the generic state is

ξi(P)ψ
i
− 1

2
|0, P〉NS , (6.113)

where, again, the index i denotes transverse directions only. The mass-shell is

α′m2

4
=

1
2
− a(lc)

NS . (6.114)

Such a state is a massless vector in the 8V representation of the Lorentz group SO(8), since it
has d − 2 d.o.f. (which are the transverse directions). Therefore it has to be massless, which
implies

a(lc)
NS =

1
2

, (6.115)

which is the same result we found before (see eq. (6.82)).
If we try to directly normal order L0 we have that

L(lc)
0 =

α′P2

4
+ N⊥

=
α′P2

4
+

1
2

∑

k∈Z
αi
−kαk, i +

1
2

∑

r∈Z+ 1
2

rψi
−rψr, i

=
α′P2

4
+
∑

k≥1

�

αi
−kαk, i +

1
2

k(d − 2)
�

+
∑

r≥ 1
2

�

rψi
−rψr, i −

1
2

r(d − 2)
�

=
α′P2

4
+ N̂⊥ +

1
2
(d − 2)

∑

k≥1

k−
1
2
(d − 2)

∑

r≥ 1
2

r

︸ ︷︷ ︸

infinite zero point energies

, (6.116)

where the second step has been performed just like we did in eq. (3.361), with the only differ-
ence that in the ψ case we had to take into account its fermionic nature with a proper minus
sign. Moreover, we denoted as N̂⊥ the level operator in the transverse directions.

In analogy to the renormalization we performed for the bosonic string, we can write more
in general that

∑

k≥ν
k −→

∑

k≥ν
ke−εk =

eεν(ν+ eε(1−ν))
(1− eε)2

ε→0
=

1
ε2
−

1
12
(1− 6ν+ 6ν2) +O(ε) . (6.117)

This infinite sum can be also understood as a non convergent representation of the Hurwitz
zeta-function

ζ(s,ν) =
∞
∑

n=0

(n+ ν)−s , ζ(−1,ν) = −
1

12
(1− 6ν+ 6ν2) . (6.118)

In the X -CFT case we have ν = 1, while in the ψ-CFT case we have ν = 1/2. If we now
renormalize the action inserting a proper counterterm that absorbs the 1/ε2 divergence (as
we did in (3.364)), we can write the renormalized zero point energies as

∑

k≥1

k = −
1
12

,
∑

r≥ 1
2

r =
1

24
. (6.119a)
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Therefore

L(lc)
0 =

α′P2

4
+ N̂⊥ −

d − 2
16

, (6.120)

and the constraint L(lc)
0 − a(lc)

NS = 0 imposes

a(lc)
NS =

d − 2
16

=
1
2
=⇒ d = 10 . (6.121)

6.2.4.3 Lightcone R spectrum

Let us now analyze the lightcone R spectrum up to the massless level.

■ Level N(lc)
R = 0

At the level N (lc)
R = 0 the generic state is the massless 8C + 8S:

uα(P) |α, P〉R + vα̇(P) |α̇, P〉R . (6.122)

We can write

L(lc)
0 =

α′P2

4
+

1
2

∑

k∈Z
αi
−kαk, i +

1
2

∑

n∈Z
nψi
−nψn, i

=
α′P2

4
+ N̂⊥ +

��
�����1

2
(d − 2)

∑

k≥1

k−
�

���
���1

2
(d − 2)

∑

n≥1

n . (6.123)

We notice that zero point energies cancel each other.
The constraint L(lc)

0 − a(lc)
R = 0 imposes

a(lc)
R = 0 . (6.124)

Notice that this is a different value from the one we adopted in the closed superstring OCQ
(see eq. (6.82)).35

6.2.5 The tachyon and the problem with modular invariance

Considering what we said so far for the holomorphic closed superstring spectrum, we can
apply it to the anti-holomorphic sector too in order to find the full closed-string spectrum. The
result is shown in table 6.2.

We notice that the annoying tachyon is still there. But this is not the real problem. It is not
obvious that the theory is consistent at one-loop. In particular the one-loop partition function
must be modular invariant, and this is a constraint on the states inside the spectrum. The full
one-loop path integral in the matter-ghost sector is subject to an analogous lightcone reduction
as in the bosonic string and, in full analogy to the bosonic string, it is given by

Z1-loop =

∫

F

dτdτ̄

(Im(τ))2
Tr⊥

�

(−1)F qL0−
c

24 q̄ L̄0−
c

24

�

, (6.125)

where, since now we have both spacetime bosons and fermions circulating in the loop, we
put a (−1)F where F is the space-time fermion number (not to be confused with the world-
sheet fermion number, which we will introduce later), to account for the standard minus sign
for spacetime fermions circulating in the loop. The measure d2τ/(Imτ)2 is already modular

35The reason is that the lightcone value is computing the full conformal weight of the R vacuum state in the
matter-ghost theory, ∼ c e−ϕ/2Sα |0〉SL(2,C) .
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Table 6.2: The full closed superstring spectrum up to the massless level.

NS−NS R−NS NS−R R−R

L0 − a = 0

L0 − a = 0

m2 = 4
α′

�

NNS −
1
2

�

NNS = N̄NS

m2 = 4
α′NR

NR = N̄NS −
1
2

m2 = 4
α′ N̄R

N̄R = NNS −
1
2

m2 = 4
α′ N̄R

NR = N̄R

N = 0

tachyon:
t(P) |0, P〉

m2 = − 2
α′

NNS =
1
2

NR = 0

massless boson:
8V
︸︷︷︸

bos

⊗ 8V
︸︷︷︸

bos

m2 = 0

massless fermion:
(8C ⊕ 8S)
︸ ︷︷ ︸

ferm

⊗ 8V
︸︷︷︸

bos

m2 = 0

massless fermion:
8V
︸︷︷︸

bos

⊗ (8C ⊕ 8S)
︸ ︷︷ ︸

ferm

m2 = 0

massless boson:
(8C ⊕ 8S)
︸ ︷︷ ︸

ferm

⊗ (8C ⊕ 8S)
︸ ︷︷ ︸

ferm

m2 = 0

invariant and contains as usual the volume of the CKG and the momentum integral in the
lightcone directions d2p±. The remaining trace is over the transverse c = 8+ 4 (X ,ψ) SCFT.

L0 −
c

24
=
�

LX
0 −

8
24

�

+
�

Lψ0 −
4
24

�

. (6.126)

Specializing on the NS or R sector for the 8 transverse ψ’s

NS) Lψ0 NS = NNS , (6.127a)

R) Lψ0 R = NR +
8
16
= NR +

1
2

, (6.127b)

where we have considered that in the R sector all of the states are build on the R vacua |a〉R
which obey

L0 |a〉R =
1
2
|a〉R . (6.128)

Let’s then define

f (τ, τ̄) = Tr⊥
�

(−1)F qL0−
c

24 q̄ L̄0−
c

24

�

(6.129)

= TrX

�

qL0−
1
3 q̄ L̄0−

1
3

��

TrNS

�

qN− 1
6

�

− TrR

�

qN+ 1
3

���

TrNS

�

q̄N̄− 1
6

�

− TrR

�

q̄N̄+ 1
3

��

=

�

1
p

Imτη(τ)η(τ̄)

�8
�

TrNS

�

qN− 1
6

�

− TrR

�

qN+ 1
3

���

TrNS

�

q̄N̄− 1
6

�

− TrR

�

q̄N̄+ 1
3

��

,

where we have calculated the trace over 8 free bosons X i , recalling the Dedekind η function

η(τ) = q
1

24

∞
∏

n=1

(1− qn) , q = e2πiτ . (6.130)
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It is easy to compute the fermionic traces. We start with

TrNS

�

qN− 1
6

�

= q−
1
6





∏

r≥ 1
2

(1+ qr)





8

=





∏∞
n=1(1− qn)

�

1+ qn− 1
2

�2

η(τ)





4

≡
θ3(τ)4

η(τ)4
, (6.131)

where we have defined the first of the θ -functions, θ3(τ). Continuing with the R sector we
have

TrR

�

qN+ 1
3

�

= q−
1
6+

1
2

�

∏

n≥0

(1+ qn)

�8

=

 

q
1
8
∏∞

n=1(1− qn) (1+ qn)2 (1+ q0)2

η(τ)

!4

≡
θ2(τ)4

η(τ)4
, (6.132)

where θ2(τ) has been defined.
To understand the behaviour of these two traces under modular transformations we need

to complete the picture with the remaining two θ functions θ4 and θ1. These two rely on the
definition of the worldsheet fermion number F , which is defined as follows

NS) (−1)F = −e
iπ
∑

r≥ 1
2
ψi
−rψ

i
r ,

R) (−1)F = eiπ
∑

n≥0ψ
i
−nψ

i
n → Γ9 eiπ

∑

n≥1ψ
i
−nψ

i
n .

(6.133a)

(6.133b)

Few explanations: the reason for the minus sign in the NS sector is that |0〉NS secretly contains
a fermionic insertion δ(γ) = e−φ from the ghost (β ,γ) system, over the bosonic SL(2,C)
vacuum |0〉NS = e−φ(0) |0〉SL(2,C).

36 In the Ramond sector instead we have isolated the zero
modes and we have recognized that they are fully captured by the chirality matrix Γ9: this is
clear since every zero-mode fermionic oscillator is a gamma matrix and we can span the whole
zero-mode sector by acting on the conventional vacuum

�

�+1
2 ,+1

2 ,+1
2 ,+1

2

�

with all possible
gamma matrices, each time changing the worldsheet fermion number by one. Let’s see some
relevant example, starting from the holomorphic NS vacuum

(−1)F |0, P〉NS = −|0, P〉NS . (6.134)

So, as anticipated, the (lightcone) NS vacuum is considered to be fermionic. On the first
excited state we have

(−1)Fψi
− 1

2
|0, P〉NS = +ψ

i
− 1

2
|0, P〉NS . (6.135)

On the other hand, in the R sector we have that

(−1)F |α, P〉R = + |α, P〉R , (6.136a)

(−1)F |α̇, P〉R = −|α̇, P〉R . (6.136b)

With this understanding, we can now compute

TrNS

�

(−1)F qN− 1
6

�

=− q−
1
6





∏

r≥ 1
2

(1− qr)





8

= −





∏∞
n=1(1− qn)

�

1− qn− 1
2

�2

η(τ)





4

≡−
θ4(τ)4

η(τ)4
, (6.137)

36As you can see, some residual super-ghost contamination remains even in the lightcone, see section 6.5.1 for
details.
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and

TrR

�

(−1)F qN+ 1
3

�

=q−
1
6+

1
2

�

∏

n≥0

(1− qn)

�8

=

 

q
1
8
∏∞

n=1(1− qn) (1+ qn)2 (1− q0)2

η(τ)

!4

≡
θ1(τ)4

η(τ)4
≡ 0 . (6.138)

This last trace37 is indeed identically zero because of the cancellation (1− q0)2 = (1− 1)2 in
the zero mode sector:

θ1(τ)≡ 0 . (6.139)

Now we are ready to discuss the modular invariance. The modular properties of the θ functions
(together with the η) are given by

θ2(τ+ 1) = ei π4 θ2(τ) , (6.140a)

θ3(τ+ 1) =θ4(τ) , (6.140b)

θ4(τ+ 1) =θ3(τ) , (6.140c)

η(τ+ 1) = ei π12 η(τ) , (6.140d)

and

θ2

�

−
1
τ

�

=(−iτ)
1
2 θ4(τ) , (6.141a)

θ3

�

−
1
τ

�

=(−iτ)
1
2 θ3(τ) , (6.141b)

θ4

�

−
1
τ

�

=(−iτ)
1
2 θ2(τ) , (6.141c)

η

�

−
1
τ

�

=(−iτ)
1
2 η(τ) . (6.141d)

Using these properties it is immediate to see that the full R-NS partition function of the c = 4
ψ sector

Trψ
�

(−1)F qL0−
c

24 q̄ L̄0−
c

24

�

=

�

�

�

�

θ3(τ)4 − θ2(τ)4

η(τ)4

�

�

�

�

2

, (6.142)

is not modular invariant! Luckily this is not a dead-end and there is a way-out, the GSO-
projection (Gliozzi, Sherk, Olive).

6.3 GSO projection

Given the operator (−1)F in the NS and R sector, we can build the projectors

P(R,NS)
± =

1
2

�

1± (−1)F(R,NS)

�

. (6.143)

Notice that in the R sector the two ± choices simply change the selected chirality of the space-
time fermions at every level. Using these projectors in the holomorphic and anti-holomorphic
sector of the ψ CFT it has been understood (and you can easily check) that there are four
possible truncations of the spectrum which are modular invariant.

37The four traces we have computed correspond to the possible periodicities that we can have for a fermion
around the euclidean time circle and the space circle (which gives the already discussed R, NS degeneracy). As-
signing a given periodicity around all possible independent cycles of a Riemann surface means to give a spin
structure. On the torus we have a total of four different spin structures and each of them is giving a trace.

191

https://scipost.org
https://scipost.org/SciPostPhysLectNotes.90


SciPost Phys. Lect. Notes 90 (2025)

• Type IIA or Type IIB.

These are two projections that are done separately on each holomorphic sector

PI IA ≡
�

P(NS)
+ +P(R)

+

� �

P(NS)
+ +P(R)

−
�

, (6.144)

PI IB ≡
�

P(NS)
+ +P(R)

+

� �

P(NS)
+ +P(R)

+

�

. (6.145)

They give rise to the same partition function38

Trψ
�

PI IA(−1)F qL0−
c

24 q̄ L̄0−
c

24

�

= Trψ
�

PI IB(−1)F qL0−
c

24 q̄ L̄0−
c

24

�

=

�

�

�

�

θ3(τ)4 − θ4(τ)4 − θ2(τ)4

η(τ)4

�

�

�

�

2

, (6.146)

which is easily shown to be modular invariant. There is one important fact that we have
to know about this partition function: it is identically vanishing! This is because of Ja-
cobi’s aequatio identica satis abstrusa (friendly referred to as Jacobi’s abstruse identity):

θ3(τ)
4 − θ4(τ)

4 − θ2(τ)
4 = 0 . (6.147)

The physical meaning of this is easy to grasp: we are considering a partition function that
computes the number of bosonic states minus the fermionic states. Since we find zero it
means that we have a perfect pairing of bosonic and fermionic degrees of freedom. This
is the sign of spacetime Supersymmetry. Another related thing, as we will shortly see, is
that the NS-NS tachyon state has been projected out. These are thus the first examples
of stable string theory vacua. Collecting also the X sector (which is already modular
invariant by itself, as we have seen in the bosonic string) we finally have

Z I IA,B
1-loop =

∫

F

dτdτ̄

(Im(τ))2
Tr⊥

�

PI IA,B(−1)F qL0−
1
2 q̄ L̄0−

1
2

�

(6.148)

=

∫

F

dτdτ̄

(Im(τ))2

�

1
p

Imτη(τ)η(τ̄)

�8 �
�

�

�

θ3(τ)4 − θ4(τ)4 − θ2(τ)4

η(τ)4

�

�

�

�

2

= 0 .

Since this loop amplitude is computing the space-time vacuum energy due to the forma-
tion of bubbles, this is saying that there is no space-time cosmological constant that is
generated by vacuum fluctuations. This is again due to the precise microscopic cancel-
lations implied by space-time supersymmetry.

• Type 0A or Type 0B.

The other two possibilities are given by the following projections

P0A ≡P(NS)
+ P(NS)

+ +P(NS)
− P(NS)

− +P(R)
+ P(R)

− +P(R)
− P(R)

+ , (6.149)

P0B ≡P(NS)
+ P(NS)

+ +P(NS)
− P(NS)

− +P(R)
+ P(R)

+ +P(R)
− P(R)

− . (6.150)

One thing is immediately noticed: in this truncation there are only space-time bosons and
fermions have been completely projected out. Second, the tachyon is still there since it is

selected by P(NS)
− P(NS)

− . The two partition functions are again identical (because of θ1 = 0)

Trψ
�

P0A qL0−
c

24 q̄ L̄0−
c

24

�

= Trψ
�

P0B qL0−
c

24 q̄ L̄0−
c

24

�

=
|θ3(τ)|8 + |θ4(τ)|8 + |θ2(τ)|8

|η(τ)|8
, (6.151)

38This is because θ1(τ) ≡ 0 and it is an accident of the fact that we are computing a vacuum amplitude with
no vertex-operator insertions. The generic Type IIA-B loop amplitudes are of course different as they describe
interactions of two different set of states, as we will see shortly.
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and the full loop vacuum amplitude is

Z0A,B
1-loop =

∫

F

dτdτ̄

(Im(τ))2
Tr⊥

�

P0A,B qL0−
1
2 q̄ L̄0−

1
2

�

, (6.152)

=

∫

F

dτdτ̄

(Im(τ))2

�

1
p

Imτη(τ)η(τ̄)

�8 |θ3(τ)|8 + |θ4(τ)|8 + |θ2(τ)|8

|η(τ)|8
.

Both Type 0A and 0B theories are qualitatively similar to the bosonic string: no fermions
and an unstable vacuum signaled by the closed string tachyon. In the sequel we will not
consider them anymore.

6.4 Type II superstring

6.4.1 Closed string

Let us keep studying the Type II closed superstring. Given what we said about the GSO projec-
tion, we now write GSO± to identify the GSO projection in the holomorphic sector and GSO±

to identify the GSO projection in the anti-holomorphic sector. Hence we have that the choice
of the Ramond GSO projection generates two inequivalent theories:

• type IIA, which corresponds to the choice
�

GSO+R , GSO−R
�

,

• type IIB, which corresponds to the choice
�

GSO+R , GSO+R
�

.

Obviously, they both are
�

GSO+NS, GSO+NS

�

in the NS sector, so that the NS − NS tachyon is
removed. We are now going to explicitly see that these two theories have an equal number
of bosonic and fermionic d.o.f. at every mass level, which is an explicit signal of spacetime
supersymmetry.

6.4.1.1 Closed type IIA

If we now analyze the closed type IIA spectrum up to the massless level in the lightcone quan-
tization, we find what follows.

• NS−NS sector
The generic polarization of this sector is a Lorentz representation with two 8V indices which
can be split up into its symmetric part (s), anti-symmetric part (a) and trace:

t i j = δi jΦ+ a[i j] + s(i j) . (6.153)

This can be written as
8V ⊗ 8V = 1⊕ 28a ⊕ 35s , (6.154)

where

· the singlet (1) is the dilaton (spin 0),

· the anti-symmetric part (28a) is the Kalb-Ramond field (spin 1),

· the symmetric part (35s) is the graviton (spin 2).
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• NS−R sector
The generic polarization of this sector has a vector index µ and a spinorial index α̇, namely
χ i
α̇. This can be written as

8V ⊗ 8S = 8C ⊕ 56S , (6.155)

where

· the 8C is the dilatino (spin 1/2, left in spacetime), which is the Γ -trace of χ i
α̇:

ηβ = Γ
i
βα̇χ

i
α̇ , (6.156)

· the 56S is the gravitino (spin 3/2, right in spacetime):

ψi
β̇
= χ i

β̇
−

1
D− 2

Γ i
β̇α
ηα . (6.157)

• R−NS sector
The generic polarization of this sector has a vector index µ and a spinorial index α, namely
χ i
α. This means

8C ⊗ 8V = 8S ⊕ 56C , (6.158)

where

· the 8S is the dilatino (spin 1/2, right in spacetime), which is the Γ -trace of χ i
α:

ηβ̇ = Γ
i
β̇α
χ i
α , (6.159)

· the 56C is the gravitino (spin 3/2, left in spacetime):

ψi
β = χ

i
β −

1
D− 2

Γ i
βα̇ηα̇ . (6.160)

• R−R sector
The generic polarization of this sector has two spinorial indices α, α̇, namely Hαα̇. It can be
expanded in Γ matrices as follows:

Hαα̇ = CiΓ
i
αα̇ + Ci jkΓ

i jk
αα̇ , (6.161)

where we used the definition

Γ i1...in =
1
n!
Γ [i1 · · · Γ in] . (6.162)

The reason why, inside the decomposition (6.161), we did not go further in the differential
forms order will be clarified in 6.4.1.3. In representation notation, this expansion can be
written as

8C ⊗ 8S = 8V ⊕ 56a , (6.163)

where

· the 8V is the massless vector Cµ (spin 1), which is a 1-form whose associated field
strength is F (2) = dC (1), namely

Fµν = ∂[µCν] , (6.164)

· the anti-symmetric 56a is the 3-form Cµνρ whose associated field strength is F (4) = dC (3),
namely

Fµνρσ = ∂[µCνρσ] . (6.165)
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8V

8C

8S

Figure 6.2: The SO(8) algebra Dynkin diagram.

Table 6.3: The massless spectrum of the type IIA closed superstring.

Closed Type IIA

Bosons Fermions

Φ dilaton spin 0 ηα dilatino (left) spin 1/2

Bi j Kalb-Ramond spin 1 ηα̇ dilatino (right) spin 1/2

Gi j graviton spin 2 ψi
β̇

gravitino (left) spin 3/2

Ci 1-form ψi
β

gravitino (right) spin 3/2

Ci jk 3-form

We used the notation C (p) = Ci1...ip d x i1∧· · ·∧d x ip . These differential forms are called Ramond-
Ramond forms and we will investigate them more in 6.4.1.3.

Everything we said so far about SO(8) representations is deeply related to its triality prop-
erty.39

The massless content of the type IIA closed superstring is summarized in table 6.3.
It is the same spectrum we find in type IIA supergravity (SUGRA), a theory invariant under
local supersimmetry which leads to general coordinate invariance (since, as we saw in eq.
(6.34), (SUSY)2 = translation).

Its action is

SIIA =
1

2K2
10

∫

d10 x
p
−G

§

e−2Φ
�

R+ 4 (∂Φ)2 −
1
2
|H(3)|2

�

−
1
2
|F(2)|2 −

1
2
|F(4)|2

ª

+
1

4K2
10

∫

B(2) ∧ dC(3) ∧ dC(3)

+ (fermions couplings)

+ (α′ corrections), (6.167)

39The SO(8) group has a triality property, which means that its vectorial representation and its two spinorial
representations, having the same dimension, are isomorphic. We can write

8i ⊗ 8i = 1⊕ 28⊕ 35 , with i = V, C , S , (6.166a)

8i ⊗ 8 j = 8k ⊕ 56 , with i ̸= j ̸= k . (6.166b)

Such a property is evocative of the explicit Z3-symmetry of the Dynkin diagram of the SO(8) algebra (see fig. 6.2).
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Table 6.4: The massless spectrum of the type IIB closed superstring.

Closed Type IIB

Bosons Fermions

Φ dilaton spin 0 ηα̇ dilatino (right) spin 1/2

Bi j Kalb-Ramond spin 1 η′α̇ dilatino (right) spin 1/2

Gi j graviton spin 2 ψi
β

gravitino (left) spin 3/2

C 0-form spin 0 ψ′i
β

gravitino (left) spin 3/2

Ci j 2-form

Ci jkl 4-form

where

− K10 is the Newton constant in 10 dimensions, which is related to the basic string param-
eters as K10 = 8π7/2α′

2 gs,

−
∫

d10 x
p
−G e−2φR is the Einstein-Hilbert action,

− 4 (∂Φ)2 is the kinetic term for the dilaton,

− H(3) = dB(2) is the kinetic term of the Kalb-Ramond field,

− F(2) = dC(1) and F(4) = dC(3) − dB(2) ∧ C(1) are the kinetic terms for the RR fields,

−
∫

B(2) ∧ dC(3) ∧ dC(3) is a topological term, independent of the metric.

6.4.1.2 Closed type IIB

If we now look at the closed type IIB spectrum up to the massless level in the lightcone quan-
tization, we realize that, mutatis mutandis, is quite similar to the type IIA spectrum. It is
summarized in table 6.4.
It is the same spectrum we find in type IIB supergravity, whose action is

SIIB =
1

2K2
10

∫

d10 x
p
−G

�

e−2Φ
�

R+ 4 (∂Φ)2 −
1
2
|H(3)|2

�

−
1
2
|F(1)|2 −

1
2
|F(3)|2 −

1
2
|F(5)|2

�

+
1

4K2
10

∫

C(4) ∧H(3) ∧ F(3)

+ (fermions couplings)

+ (α′ corrections), (6.168)

where everything has an analogous meaning to what we previously said, and where

F(1) = dC , (6.169a)

F(3) = dC(2) − CdB(2) , (6.169b)

F(5) = dC(4) −
1
2

dC(2) ∧ B(2) +
1
2

B(2) ∧ dC(2) . (6.169c)
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6.4.1.3 Ramond-Ramond potentials

Let us now consider the type IIA case. In the R R sector the generic state can be expanded in
differential forms as

Hαα̇ = CiΓ
i
αα̇ + Ci1...i3Γ

i1...i3
αα̇ + Ci1...i5Γ

i1...i5
αα̇ + Ci1...i7Γ

i1...i7
αα̇ . (6.170)

However, thanks to the Γ duality property

Γ i1...in ∝ ϵi1...in j1... j8−nΓ j1... j8−n
, (6.171)

these differential forms are not independent with respect to each other. Indeed we have that

Ci1...i7 ∝ ϵ
j

i1...i7
C j =⇒ C(7) = ⋆8C(1) , (6.172a)

Ci1...i3 ∝ ϵ
j1... j5

i1...i3
C j1... j5 =⇒ C(3) = ⋆8C(5) , (6.172b)

where ⋆8 is the Hodge duality in 8 dimensions. We call Ramond-Ramond potentials the two
independents forms C(1) and C(3). The other two, C(5) and C(7) are not independent and
therefore they are not needed in the expansion of the bispinor Hαα̇. This is the reason why we
did not write them in eq. (6.161).

Let’s now extend this reasoning from 8 to 10 dimensions. Let’s start recalling the form of
the Ramond vacua as a spinor-values spin-field acting on the conformal vacuum

R) Sα(0) |0〉 , with α ∈ 16C , (6.173a)

R) Sα̇(0) |0〉 , with α̇ ∈ 16S . (6.173b)

The gamma matrices are now 32×32. Moreover, we define C as the charge conjugation matrix,
which realizes a similarity transformation in the Clifford algebra:

C−1 (Γµ)T C = Γµ . (6.174)

The spinors Sα that are involved in the VO defining the Ramond states satisfy the reality con-
dition

S†
αΓ

0 = ST
αC . (6.175)

This means that they are Majorana spinors and hence, while performing the transformation
|Sα〉 −→ 〈Sα|, we do not have to worry about taking the hermitian or the BPZ conjugation.

Let us now write the vertex operator

Fµ1...µp
(P)
�

(S(z))T CΓµ1...µp S̃(z̄)
�

. (6.176)

If we recall the action of the chirality matrix (in D = 10) Γ 11 on the spin fields of Type IIA

(Γ 11S)α = +Sα , (6.177a)

(Γ 11S̃)α̇ = −S̃α̇ , (6.177b)

the fermionic bilinear can be rewritten as

(S)T CΓµ1...µp S̃ = (S)T
�

Γ 11
�T CΓµ1...µp S̃ . (6.178)

Now, using
�

Γ 11, Γµ
	

= 0 and CΓ 11 +
�

Γ 11
�T C = 0, we can write

(Sα)
T CΓµ1...µp S̃β̇ = (Sα)

T �Γ 11
�T CΓµ1...µp S̃β̇

= (−1)p+1 (Sα)
T CΓµ1...µpΓ 11S̃β̇

= (−1)p+1 (Sα)
T CΓµ1...µp

�

−S̃β̇
�

= (−1)p (Sα)
T CΓµ1...µp S̃β̇ . (6.179)
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Therefore p has to be even. This means that in type IIA a p-form Fµ1...µp
can be coupled to

the two holomorphic and anti-holomorphic spin fields of opposite chirlaity only if p = 2n, for
n ∈ N. On the other hand, in lightcone quantization RR potentials had an odd number of
vectorial indices. This strongly suggests that F is the field strenght of the C gauge potentials
we have enxountered in the lightcone.

To establish this, let us now consider, in the R R sector, the state

|state〉= Fµ1...µp
(Sα)

T CΓµ1...µp S̃β̇ eiP·X (0,0) |0〉 . (6.180)

The two super-current constraint give two Dirac operators in the two holomorphic sides

G0 |state〉= 0 =⇒ Pµψ0µ = 0 , (6.181a)

G0 |state〉= 0 =⇒ Pµψ̄0µ = 0 , (6.181b)

namely

G0 |state〉= PµFµ1...µp
(Sα)

T (Γµ)T CΓµ1...µp S̃β̇(0, 0) |0〉

= PµFµ1...µp
(Sα)

T CΓµΓµ1...µp S̃β̇(0, 0) |0〉

= PµFµ1...µp
(Sα)

T C
�

Γ
µ1...µp
µ + pδ[µ1

µ Γ
µ2...µp]

�

S̃β̇(0, 0) |0〉

= 0 , (6.182)

and similarly for G0. Therefore the constraints produce

• the Bianchi identities:
P[µFµ1...µp] = 0 =⇒ dF (p) = 0 , (6.183)

• the generalized propagating Maxwell equations:

PµFµµ1...µp
= 0 =⇒ d ⋆10 F (p) = 0 . (6.184)

Given a field strength F (p), locally there exists a potential C (p−1) such that F (p) = dC (p−1). This
is the reason why we will call them “Ramond-Ramond potentials”.

In the lightcone we have C (1), C (3) and their Hodge-duals C (7), C (5). In D = 10 they
become R-R potentials that we still call C (1), C (3) and C (7), C (5), with their associated field
strength F (2), F (4) and F (8), F (6). In this 10-dimensional case we use the field strengths, which
are gauge invariants. In the lightcone case, on the other hand, we used the potentials C (p−1)

since there we had no gauge symmetry. Moreover

F (6) = ⋆10F (4) , (6.185a)

F (8) = ⋆10F (2) , (6.185b)

where we used the general definition of the Hodge duality in d dimensions:
�

⋆10 F (p)
�

µ1...µd−p
=
p

−g ϵµ1...µd−pν1...νp
Fν1...νp . (6.186)

This is clearly not a topological operation: it can only be performed on Riemaniann manifolds,
namely on metric-equipped manifolds.
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The kinetic term for the field strength is given by Fµ1...µp
Fµ1...µp (just like we used FµνFµν

in electromagnetism). If we couple it to gravity, we get

S =

∫

dd x
p

−g Fµ1...µp
Fµ1...µp

=

∫

dd x
p

−g
�

�F (p)
�

�

2

=

∫

Md

F (p) ∧ ⋆F (p) , (6.187)

where Md is a d-dimensional manifold.

6.4.1.4 Electric-Magnetic duality

In order to understand which is the physical role of Hodge duality, we can look at the electro-
magnetic tensor in d = 4:

Fµν =







0 E1 E2 E3
−E1 0 B3 −B2
−E2 −B3 0 B1
−E3 B2 −B1 0






. (6.188)

Its Hodge-dual is

(⋆F)µν = ϵ
µνρσFρσ = eF

µν =







0 B1 B2 B3
−B1 0 −E3 E2
−B2 E3 0 E1
−B3 −E2 E1 0






. (6.189)

Therefore the action of the Hodge duality is to swap

#»
E −→ #»

B , (6.190a)
#»
B −→ −#»

E . (6.190b)

Moreover we can write

• Maxwell equations:
∂µFµν = 0 , (6.191)

• Bianchi identities:
∂µeF

µν = 0 . (6.192)

There is an explicit symmetry between these two equations. If we then introduce an electro-
magnetic source, Maxwell equations become inhomogeneous and the duality is lost unless we
assume the existence of a magnetic current:

∂µFµν = jνelectr. , (6.193a)

∂µeF
µν = jνmagn. . (6.193b)

These equations are invariant under

F ←→ eF = ⋆F , (6.194a)

jelectr. ←→ jmagn. . (6.194b)
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Let us now suppose we have a magnetic monopole. We may recall that for a common electric
charge qe the Gauss theorem says that

∫

S2

⋆F (2) =

∫

S2

#»
E · d #»s = qe , (6.195)

where S2 is a 2-sphere surrounding qe. Therefore, for a magnetic charge qm the Gauss theorem
says that

∫

S2

F (2) =

∫

S2

#»
B · d #»s = qm . (6.196)

Let us then suppose we have an electric charge qe moving around in the background generated
by the magnetic charge qm. The minimal coupling between qe and the gauge field A(1) (with
dA(1) = F (2)) is given by

∫

γ

A(1) =

∫

dτAµ ẋµ , (6.197)

where τ is the parameter that parametrizes qe ’s trajectory γ. Due to Aharonov-Bohm effect, if
a q-charged particle described by the wave function Ψ(#»x ) takes a tour along a closed trajectory

γ embedded in a gauge field A(1), then Ψ gains a phase eiq
∫

γ
A(1) . Therefore, if qe travels in a

closed loop nearby qm (see fig. 6.3), its wave function transforms as

Ψqe
(#»x ) −→ eiqe

∫

γ
A(1)
Ψqe
(#»x ) . (6.198)

Moreover, referring to fig. 6.3, we have that

γ= ∂ D1 = −∂ D2 . (6.199)

What we just said (together with the assumption that, being far from the magnetic monopole,
we can locally write dA(1) = F (2)) allows us to compute the following:

∫

γ

A(1) =

∫

∂ D1

A(1) =

∫

D1

F (2) , (6.200a)

∫

γ

A(1) =

∫

−∂ D2

A(1) = −
∫

D2

F (2) , (6.200b)

and since D1 + D2 = S2, this all implies that

−
∫

D2

F (2) = −
∫

S2

F (2) +

∫

D1

F (2) . (6.201)

We thus found an ambiguity in the phase. In order to remove this problem we have to
impose

e−iqe
∫

S2 F (2) = e−iqeqm = 1 , (6.202)

where we have used eq. (6.196). Therefore we obtain

qeqm = 2πn , with n ∈ Z , (6.203)

which is called Dirac quantization condition. The smallest electric and magnetic charges that
satisfy such a condition (i.e. for n= 1) are

q̂eq̂m = 2π . (6.204)
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γ

qm

qe

S2

D1

D2

Figure 6.3: The electric charge qe travelling in a closed loop γ around the magnetic
charge qm, radiating flux lines.

6.4.1.5 Electric and magnetic branes

We saw that a 1-form A(1) naturally couples to a worldline, namely to a particle (of charge q),
as follows:

q

∫

γ

A(1) = q

∫

dτAµ ẋµ . (6.205)

Analogously, a 2-form B(2) naturally couples to a worldsheet, namely to a string. This is the
case of the Kalb-Ramond form:

1
2πα′

∫

WS

B(2) =
1

2πα′

∫

WS

d2σ Bµν∂ Xµ∂̄ X ν . (6.206)

This story generalizes for RR fields

• In type IIA theory the R-R potentials are

– C (1), which couples to an object having a 1-dimensional worldvolume and an elec-
tric charge given by the flux of the R-R field, namely to a 0-brane (i.e. a particle),

– its Hodge-dual C (7), which couples to 6-brane,

– C (3), which couples to a 2-brane,

– its Hodge-dual C (5), which couples to 4-brane.

• In type IIB theory the R-R potentials are

– C (0), which couples to a (-1)-brane,

– its Hodge-dual C (8), which couples to 7-brane,

– C (2), which couples to a 1-brane,

– its Hodge-dual C (6), which couples to 5-brane,

– C (4), which couples to a 3-brane and which is self-dual.

Polchinski realized that these are precisely the open string D(p)-branes! We could then say
that the D(p)-brane boundary conditions of the (X ;ψ)-SCFT corresponds to R-R field sources.
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This means that, in superstring theory, D(p)-branes not only have mass and energy, but also a
charge, called R-R charge.

A D(p)-brane can be described through a boundary state |D(p)〉 defined as

〈D(p)|V〉= 〈V(0,0)〉D(p) BC
disk , (6.207)

where V is a generic matter vertex operator. The boundary state of BC= a defined as

〈Ba|V〉=
a

V
= 〈V(0, 0̄)〉(a)disk , (6.208)

is an object analogous to what we introduced in the bosonic string to discuss the Cardy con-
dition (see eq. (5.212)). The reason can be understood as follows:

Tr
�

e−2πtH
	 Cardy
= 〈Ba| e−2πt (H+H̄) |Ba〉= 〈Ba|1e−2πt (H+H̄)1 |Ba〉

=
∑

V ,V ′
〈Ba|V〉 〈V | e−2πt (H+H̄)

�

�V ′
� 


V ′
�

�Ba

�

=
∑

V
|〈V |Ba〉|

2 e−
π
t (hV+hV ) , (6.209)

where hV is the weight of V and where we used a basis where H (and hence L0) is diagonal,
which implies |V〉=

�

�V ′
�

. We decomposed the propagator in all its possible channels:

Tr
�

e−2πtH
	

=
∑

V

|Ba〉

V

|Ba〉

V

e−
π
t (hV+hV )

. (6.210)

We hence realize that 〈Ba|V〉 represents the emission of an asymptotic state 〈V | from the disk
of BC= a (see eq. (6.208)).

If we evaluate the R-R potential on a disk having D(p) BC we find

VRRD(p)

∼ µp , (6.211)

which is the R-R charge of a D(p)-brane.
On the other hand, for the graviton Gµν (whose vertex operator is written as VG) we have

that

VGD(p)

∼ Tp , (6.212)

which is the D(p)-brane tension, namely its mass per volume unit.
This tells us that

〈D(p)|= Tp




NS NS
�

�+µp




R R
�

� , (6.213)

202

https://scipost.org
https://scipost.org/SciPostPhysLectNotes.90


SciPost Phys. Lect. Notes 90 (2025)

where



NS NS
�

� is a state in the NS NS sector, while



R R
�

� is a state in the R R sector.
From a spacetime point of view, the R-R charge of a D(p)-brane is obtained by straightor-

ward generalization of Gauss theorem

µp =

∫

S8−p

⋆F (p+2) =

∫

S8−p

F (8−p) , (6.214)

being S8−p an (8− p)-sphere surrounding the D(p)-brane.
All in all we get the following structure:

F (p+2) Hodge duality
←−−−−−−→ F (8−p)

d

x







d

x







C (p+1) C (7−p)

↓ ↓
couples to a D(p)-brane

which is an extended
object with electric charge

couples to a D(6− p)-brane
which is an extended

object with magnetic charge

µp =

∫

S8−p

F (8−p) µ6−p =

∫

Sp+2

F (p+2)

Polchinski explicitly showed that, if one evaluates separately µp and µ6−p, they are such that
(in appropriate units)

µpµ6−p = 2π . (6.215)

Therefore D(p)-branes have the smallest electric and magnetic charge allowed by Dirac quan-
tization condition: they are the fundamental quanta of RR-charge.

In type IIA the fundamental charged objects are therefore
(

D(0)-brane: 〈D(0)|= T0




NS NS
�

�+µ0




R R
�

� ,

anti-D(0)-brane:
¬

D(0)
�

�

�= T0




NS NS
�

�−µ0




R R
�

� ,
(6.216a)

(

D(2)-brane: 〈D(2)|= T2




NS NS
�

�+µ2




R R
�

� ,

anti-D(2)-brane:
¬

D(2)
�

�

�= T2




NS NS
�

�−µ2




R R
�

� .
(6.216b)

...

If we build a D−D system with a D-brane and a D̄-brane on top of each other, their boundary
states get summed together and the R−R sector cancels out:

¬

D(p)− D(p)
�

�

�= 2Tp




NS NS
�

� , (6.217)

means that the D−D system has a vanishing R-R charge. As we will see, this system is unstable,
just like an electron-positron pair.

We can also build bosonic-like D(p)-branes considering the cases where the corresponding
R-R potential is not present, for example in Type IIA:

〈D(1)|= T1




NS NS
�

� . (6.218)

These D-branes are called non-BPS and are unstable objects, just like bosonic D-branes. In
conclusion, type IIA has R-R charged D(p)-branes for p even and un-charged (bosonic-like)
D(p)-branes for p odd.

On the other hand, type IIB has R-R charged D(p)-branes for p odd and un-charged
(bosonic-like) D(p)-branes for p even.
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6.4.2 D-branes and open superstrings

Let us now talk about open strings, whose physics depend on the D(p)-branes system we are
considering. As we already know, in the open case we have a single holomorphic sector, which
splits into NS and R. We thus have to build a boundary SCFT where the gluing condition will
be

T (z) = T (z̄) , (6.219a)

NS) G(z) = G(z̄) , (6.219b)

R) G(z) =

¨

+G(z̄) , for z = z̄ < 0 ,

−G(z̄) , for z = z̄ > 0 .
(6.219c)

The gluing condition of the supercurrent in the R case comes from the fact that in z = z̄ = 0
there is a spin field which generates a branch cut on the real axis from 0 to∞.

The doubling trick for the stress-energy tensor reads as

TC =

¨

TUHP(z) , for Im(z)> 0 ,

T UHP(z∗) , for Im(z)< 0 .
(6.220)

We now define a label in order to distinguish between NS and R:

ε=

¨

+1 , for NS,

−1 , for R.
(6.221)

Hence we can write the doubling trick for the supercurrent as

G(ε)C (z) =











GUHP(z) , for Im(z)> 0 ,
¨

GUHP(z∗) , for Im(z)> 0 , Re(z)< 0 ,

εGUHP(z∗) , for Im(z)> 0 , Re(z)> 0 .

(6.222)

After a closed path around the origin, we have that

G(ε)C (ze2iπ) = εG(ε)C (z) , (6.223)

since in the R case there is a branch cut from 0 to∞ on the real axis.
The bosonic current jµ(z) has the usual gluing condition

jµ(z) = Ω( j)A j̄µ(z̄) , for z = z̄ , (6.224)

with

Ω
( j)
A =

¨

+1 , for A= Neumann,

−1 , for A= Dirichlet.
(6.225)

If we then recall that
δ
(ε)
SUSYψ

µ (ε)(z) = jµ(z) , (6.226)

we have that the bosonic gluing condition for jµ(z) immediately induces the fermionic gluing
condition for ψµ(z), which are

ψµ (ε)(z) =

¨

Ω
(ψ)
A ψ̄µ (ε)(z̄) , for z = z̄ < 0 ,

εΩ
(ψ)
A ψ̄µ (ε)(z̄) , for z = z̄ > 0 ,

(6.227)

where the gluing map Ω(ψ)A is the same as Ω( j)A .
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A D(p)-brane is a (X ;ψ)-BCFT where

• (Xµ;ψµ) have Ω= +1 (Neumann BC) for µ= 0, 1, . . . , p,

• (X i;ψi) have Ω= −1 (Dirichlet BC) for i = p+ 1, . . . , 9.

These D(p)-branes live in a 10-dimensional spacetime codified by closed superstring of type
IIA or type IIB.

We now want to see what is the effect of GSO projection on the open strings sector. Given
a type IIA/B background, let us consider two boundary states |D(p1)〉 and |D(p2)〉 in the di-
rections transverse to the light-cone. We then use the Cardy condition and write

〈D(p1)| e−
π
t (L0+ L̄0−

c
12 ) |D(p2)〉= TrH12

¦

e−2πt(L0−
c

24 )
©

, (6.228)

where H12 is the Hilbert space of the strings stretched between the D(p1)-brane and the D(p2)-
brane, transverse to the light-cone. In the following we separately study the cases where
p1 = p2 = p.

6.4.2.1 The charged D(p)− D(p) system

Let us consider the D(p)−D(p) branes system, where the two D(p)-branes both have the same
non-zero R-R charge (hence p = 2n in type IIA and p = 2n+ 1 in type IIB). The open strings

�

φ11 φ12
φ21 φ22

�

(6.229)

can have both NS and R sectors. From the Cardy condition it follows that

• in the NS sector the GSO+NS projection leaves the 8V representation and throws away the
tachyon:

• in the R sector the GSO+R projection leaves the 8C representation, while the GSO−R pro-
jection leaves the 8S representation (this is the SO(8) content, which should be ap-
propriately decomposed following the breaking pattern induced by the Dp boundary
conditions).

The double possibility we have in the R sector (namely GSO+R or GSO−R) corresponds to the fact

that we can have positive R-R charge (D(p)−D(p) system) or negative R-R charge (D(p)−D(p)
system). These GSO projections will be denoted as GSO±(+), where the superscript refers to
the R sector, while the parenthesis refers to the NS sector. The GSO we perform on the open
strings are hence

�

φ11 φ12
φ21 φ22

�

−→
�

GSO±(+) GSO±(+)
GSO±(+) GSO±(+)

�

. (6.230)

6.4.2.2 BPS condition

Let us now look at the annulus partition function. We have already seen that in the bulk the
torus partition is identically vanishing which is the sign that there is space-time supersymmetry.
On the boundary, namely for the open string, let us consider a charged D(p)− D(p) system,
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where the two D(p)-branes are parallel to each other and separated along a Dirichlet direction
y , at a distance ∆y . Computing the one-loop vacuum amplitude, one finds

∫ ∞

0

d t
(2t)2

Tr⊥
�

(−1)F
1
2

�

1+ (−1)F
�

e−2πt(L0−
1
2 )
�

=

∫ ∞

0

d t
(2t)2

�

1
2t

�

p−1
2

e−
t(∆y)2

2πα′

�

1
η(i t)

�8
�

θ3
4 − θ4

4 − θ2
4

η4

�

(i t)

=
1

4π

∫ ∞

0

ds
�π

s

�

d⊥
2

e−
(∆y)2

2α′s

�

1
p

2η
� is
π

�

�8 �
θ3

4 − θ4
4 − θ2

4

η4

�

�

is
π

�

=
1

4π

∫ ∞

0

ds 〈D(p)| e−s(L0+ L̄0−
c

12 ) |D(p)〉

= 0 , (6.231)

where we have set t = π
s and used the modular properties for the θ and η functions ((6.140a),

(6.141a)). This quantity is identically vanishing which means that the open string states
stretched between the two identical D-branes have a perfectly balanced boson-fermion de-
generacy. However in the s variable this has another complementary interpretation. We recall
indeed from the bosonic string that the large s behaviour of the integrand is sensible to the
massless closed string states that are exchanged between the two D-branes. A power series
expansion in s→∞ can isolate the contribution from the exchange of massless states:

�

1

η
� is
π

�

�8 �
[θ3

4 − θ4
4]NSNS− [θ2

4]RR

η4

�

�

is
π

�

∼
s→∞

(16NSNS− 16RR) + (0)e
−s + . . . (6.232)

Considering only the massless exchange, in complete analogy with the bosonic string, we find
again the Green function G(∆y)∼ 1/|∆y|d⊥−2:

�

NS
︷︸︸︷

16 −
R

︷︸︸︷

16
︸ ︷︷ ︸

=0
matching of bosonic
and fermionic d.o.f.

�

G(∆y) = 0 . (6.233)

Therefore two charged D(p)-branes at a distance ∆y are attracted by a force coming from
the NS− NS sector (due to the dilaton and the graviton) which is balanced by an equal and
opposite force coming from the R−R sector:

tension
︸ ︷︷ ︸

produces gravitational attraction
between the two D(p)-branes

= R-R charge.
︸ ︷︷ ︸

produces electric repulsion
between the two D(p)-branes

(6.234)

Hence the two D(p)-branes do not interact. In supersimmetry, this is called BPS condition.

6.4.2.3 N = 4 Super Yang-Mills

Let us now consider a stack of N D(3)-branes in type IIB theory, where they are R-R charged
(and have a field-strength F (5)). Given this setting, we have 4 Neumann directions
µ = 0, 1,2, 3 and 6 Dirichlet directions i = 4, . . . , 10: therefore these BC break SO(1,9) into
SO(1,3)⊗ SO(6).
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In order to throw away the tachyon, the GSO projection for open strings will be the fol-
lowing:

Neumann Xµ,ψµ −→

¨

NS) GSO+NS ,

R) GSO+R ,

Dirichlet X i ,ψi −→

¨

NS) GSO+NS ,

R) GSO+R .

The first state in the NS sector is

Aµ(P)ψ
µ
1
2
|0, P〉NS +λi(P)ψ

µ

− 1
2
|0, P〉NS , (6.235)

where A and λ are N × N matrices, since we have a stack of N D(3)-branes. The physical
constraints are

G 1
2
=⇒ P · A= 0 , L0 =⇒ P2 = 0 . (6.236)

Therefore we find N2 gluons (in the adjoint representation of U(N)) and 6N2 transverse scalars
(in the adjoint representation of U(N)).

On the other hand, the first state in the R sector in d = 10, without considering the GSO
projection, is

χα(P) |α, P〉R +χα̇(P) |α̇, P〉R , (6.237)

where α ∈ 16C and α̇ ∈ 16S . When we then perform the GSO projection, the 16S is removed
and we are left with a single chiral spinor in d = 10. In order to understand how α decomposes
in SO(1, 9) broken into SO(1, 3)⊗ SO(6), we write

α=
�

±
1
2

, ±
1
2

, ±
1
2

, ±
1
2

, ±
1
2

�

, (6.238)

and since we are dealing with a left spinor there is an even number of −1/2. Therefore we
can decompose α as

α=
�

±
1
2

, ±
1
2

︸ ︷︷ ︸

a, ȧ

, ±
1
2

, ±
1
2

, ±
1
2

︸ ︷︷ ︸

I , Ī

�

, (6.239)

which gives rise to the two following cases:

• α = (a, I), where a is a Weyl spinor of SO(1, 3) with positive chirality and I is a Weyl
spinor of SO(6) with positive chirality,

• α =
�

ȧ, Ī
�

, where ȧ is a Weyl spinor of SO(1,3) with negative chirality and Ī is a Weyl
spinor of SO(6) with negative chirality.

The two possible representations I = 4C and Ī = 4S of SO(6) can be seen as the fundamental
4 and the anti-fundamental 4̄ representations of SU(4), since the Dynkin diagram of their
algebras are topologically equivalent (see fig. 6.4).
Therefore χα in d = 10 can be written as (χ I

α, χ Ī
α̇), which are massless fermions in the fun-

damental and the anti-fundamental representations of SU(4). They are called gluinos (or
gauginos).

What we found is that in the case of N D(3)-branes in type IIB there is an effective theory
for the fields

Aµ vectors (spin 1),

χ I
α, χ Ī

α̇ gauginos (spin 1/2),

λi scalars (spin 0),
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4C

4S

(a) SO(6).

4 4̄
(b) SU(4).

Figure 6.4: The SO(6) and the SU(4) algebra Dynkin diagram are topologically
equivalent.

which form the vector multiplet for the N = 4 super Yang-Mills theory. The related action is

SSYM
N=4 =

1
gs

∫

d4 x Tr
§

FµνFµν + Dµλ
i Dµλi +

�

λi ,λ j

� �

λi ,λ j
�

+χ Ī /Dχ I +χ I
�

χ Ī ,λi

�

γ
I , Ī
i

ª

+
�

α′ corrections
�

, (6.240)

where the term
�

λi ,λ j

� �

λi ,λ j
�

shows a quartic potential structure for the λ field, while the
γ coefficients are the gamma-matrices of SO(6). Every term of this action can be obtained by
computing open strings amplitudes in the N D(3)-branes system, as we sketched in the bosonic
string example.

Since there is no dimensional parameter inside SSYM
N=4, there is a conformal invariance at

the classical level. Moreover, the β function of this theory vanishes, which means that it also
has a superconformal invariance at the quantum level.

6.4.2.4 The D(p)− D(p) system

Let us consider a D(p) − D(p) branes system, whose total R-R charge is zero. This time the
closed string exchange amplitude (or equivalently the one-loop bubble of the stretched string)
will be

1
4π

∫ ∞

0

ds



D(p)
�

� e−s(L0+ L̄0−
c

12 ) |D(p)〉

=
1

4π

∫ ∞

0

ds
�π

s

�

d⊥
2

e−
(∆y)2

2α′s

�

1
p

2η
� is
π

�

�8 �
θ3

4 − θ4
4 + θ2

4

η4

�

�

is
π

�

=

∫ ∞

0

d t
(2t)2

�

1
2t

�

p−1
2

e−
t(∆y)2

2πα′

�

1
η(i t)

�8
�

θ3
4 + θ4

4 − θ2
4

η4

�

(i t) . (6.241)

The plus sign in front of θ2 is there because this is the contribution from the exchange of
RR fields. Since the the two RR charges are opposite now this contribution is opposite from
the D − D case. After passing to the open string variable t = π/s and using the modular
transformation we have that under t → 1/t

θ2/η↔ θ4/η .
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V (t)

Im(t)

Re(t)

Figure 6.5: The tachyon ‘Mexican hat’ potential for a D-D̄ system. The tip of the
potential, located in t = 0, is the unstable vacuum. The red circle S(t)1 is the manifold
of the minima, where V (t) = 0. We hence have a 1-parameter degeneration of the
stable vacuum.

Therefore this time we find that the GSO projection for the open string is opposite from the
one we used in the DD system. In total, from the Cardy condition, this time we find a different
GSO projection in the off-diagonal sector, describing open strings stretching from the brane
and the anti-brane

�

φ11 φ12
φ21 φ22

�

−→
�

GSO+(+) GSO+(−)
GSO−(−) GSO−(+)

�

. (6.242)

Therefore we have a complex open string tachyon in the off-diagonal sector.
From a closed string point of view, we have already discussed that we have

|D(p)− D(p)〉= 2Tp

�

�NS−NS
�

, (6.243)

and we see that the total R-R charge is zero. On the other hand, from an open string point
of view we see a tachyon, hence an unstable vacuum. Therefore we have two complementary
informations:

vanishing R-R charge ⇐⇒ unstable vacuum.

This essentially means that, since the D(p)− D(p) is not charged, the system is unstable and
it will decay. Such a process can be codified by the dynamics of the open string tachyon t. It
can be shown using string field theory that its effective potential V (t, t̄) (where t ∈ C, since
the Chan-Paton is

�

0 t
t̄ 0

�

) has a Mexican-hat shape (see fig. 6.5).
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(x1, x2)
x2

x1

θx

t
Im(t)

Re(t)

θt

V (t) = 0

Figure 6.6: On the left, we have the (x1, x2) plane where the vortex solution t(x1, x2)
lives: the perturbative vacuum is in the origin, while the point at infinity is the non-
perturbative vacuum (since t acquires vev). On the right, we have the t plane: the red
circle is the minima manifold where V (t) = 0, namely the 1-parameter degeneration
of the stable vacuum, while the origin of the two axis corresponds to the unstable
minimum (see figure 6.5).

Let us now write the tachyon as t = t(xµ) (where xµ are the worldvolume coordinates of the
D(p) − D(p) system, i.e. µ = 0,1, . . . , p). Consider the tachyon equation of motion derived
from the effective potential

□t − V ′(t) = 0 . (6.244)

This equation has several interesting solutions. The simplest is

t = 0 , (6.245)

which corresponds to the initial unstable system. Then we have

t = t∗e
iθ , (6.246)

where V ′(t∗) = 0, minimum of the potential. This is a one-parameter family of solutions
which describe a constant field configuration. This is a stable vacuum where the D-D̄ system
has dissolved into pure closed string radiation, leaving empty space-time, just like an electron
and a positron decay by emitting photons. This is a curious vacuum state for the effective open
string description, since there are no more D-branes in this vacuum, yet the open string field
theory exists. This configuration is called Tachyon Vacuum. A detailed analysis using string
field theory shows that the energy difference V (0)− V (t∗eiθ ) precisely accounts for the total
mass of the initial unstable D− D̄ system.

It is also interesting to mention the so-called vortex solution depending only on two space-
like coordinates x1, x2 ∈

�

x0, x1, . . . , x p
	

, that is to consider t(x1, x2) = t(#»x ). The gauge
fields on the D-branes also play a crucial role, but we will not consider them in our sketchy
argument

These vortex solutions are identified by a topological charge, called winding number. Its
meaning can be grasped as follows. Since the vortex solution has to be normalizable (i.e. the
vortex has a finite energy), t(#»x →∞) has to be in the minimum of the potential. If t∗ is the
radius of the minima manifold (see fig. 6.6), and if we write #»x = |x |eiθx , what we just said
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reads as
lim

#»x→∞
t(#»x ) = lim

|x |→∞
t
�

|x |eiθx
�

= t∗e
iθt , (6.247)

where θx is related to the manifold S(x)1 of the configurations for #»x →∞ in the (x1, x2) plane,

while θt is linked to the manifold S(t)1 of the stable minima in the t plane.
Thus the generic vortex solution is associated to a map

m : S(x)1 −→ S(t)1 , (6.248)

that is classified by the winding number n ∈ Z, which counts how many times S(x)1 winds

around S(t)1 . If the winding is performed clockwise, the winding number is positive, and
negative otherwise. This is a topological charge, since it cannot be changed by continuous
deformations of the map m.

As a consequence of all of this, the vortex solution is labelled by the winding number:
tn(

#»x ). The space profile will describe a concentration of mass-energy near #»x ∼ 0 while for
large #»x the solution will be relaxed at the tachyon vacuum where there are no D-branes.
This solution is therefore describing a charged object which has a world-volume with two
dimensions less than the original D− D̄ system.

Ashoke Sen conjectured that the vortex solution tn(
#»x ) represents n coincident D(p − 2)-

branes located at #»x = 0. Indeed the D(p)−D(p) system has no R-R charge for F (p+2), whereas
a stack of n D(p−2)-branes has a R-R charge of n given by F (p) and, according to the conjecture,
it is exactly the winding number of the tachyonic vortex. A quantitative prediction of this
conjecture is that the vortex energy per volume unit is equal to the tension of n D(p − 2)-
branes. This speculation has been numerically proven in string field theory, but a full analytic
solution is still lacking.

6.5 Bosonization and picture charge (more advanced)

6.5.1 Bosonization

6.5.1.1 Spin field

Let’s consider type II superstring theory. As we said before, we define the Ramond vacuum as
a spin field acting on the SL(2,C)-invariant vacuum:

|α〉R = Sα(0) |0〉 , (6.249a)

|α̇〉R = Sα̇(0) |0〉 . (6.249b)

Let us now recall the contractions for the fermions ψ±I (z) we defined in (A.4):

ψ+I (z1)ψ
−
J (z2) =

δI J

(z1 − z2)
, (6.250)

ψ±I (z1)ψ
±
J (z2) = 0 . (6.251)

We may now consider a logarithmic free chiral boson HI(z), such that

HI(z1)HJ (z2) = −δI J log(z1 − z2) , (6.252)

with a stress-energy tensor given by

TH(z) =
1
2

:∂ H · ∂ H: (z) . (6.253)
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We can employ it to build the plane waves e±iHI (z), which have the following contractions:

e+iHI (z1)e
−iHJ (z2) =

δI J

(z1 − z2)
, (6.254a)

e±iHI (z1)e
±iHJ (z2) = 0 . (6.254b)

We notice that the contractions of these plane waves are the same as the contractions of the
fermionic field ψ±I (z). We can thus perform a field redefinition called bosonization:

ψ±I (z) = e±iHI (z) . (6.255)

This name comes from the fact that we wrote a fermion as a plane wave of a boson.
We can then use this technique to bosonize the spin field as follows:

Sα(z) = ei
∑

I sI HI (z) , (6.256)

where sI is the so-called spinor weight (recall that we are in d = 10):

sI =
§

±
1
2

, ±
1
2

, ±
1
2

, ±
1
2

, ±
1
2

ª

. (6.257)

According to the definition (A.15), the spinor weight of the left spin field Sα will have an even
number of −1/2, whereas the spinor weight of the right spin field Sα̇ will have an odd number
of −1/2.

In d = 10 the spin field is a product of 5 elementary plane-waves e±
i
2 HI , one for each

independent 2-dimensional plane. The weight of e±
i
2 HI can be easily computed to be 1/8.

This means that

h (Sα) = h (Sα̇) =
5
8

. (6.258)

This is the reason why in the definition (6.86) of the Ramond matter+ghost vacuum we took
a ghost part cV(β ,γ)

3/8 having overall ghost weight −5/8: this indeed combines with the matter
weight of the spin field, leaving a weight zero physical state. Now we are going to describe
the βγ operator V(β ,γ)

3/8 .

6.5.1.2 Ghost (β ,γ) system

The β and γ ghosts are (spinorial) bosons and to bosonize them (since they are already
bosonic) we need two decoupled CFTs:

(η,ξ)⊕ϕ , (6.259)

where η and ξ are fermions, while ϕ is a boson. With these ingredients we can redefine β
and γ as

β(z) = e−ϕ∂ ξ(z) ,

γ(z) = ηeϕ(z) .

(6.260a)

(6.260b)

The (η,ξ) system (which is kind of a (b, c) system) is such that

h(η) = 1 , h(ξ) = 0 , (6.261)
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and

ξ(z1)η(z2) =
1

(z1 − z2)
. (6.262)

The stress-energy tensor of this (η,ξ)-CFT is

T (η,ξ)(z) = :(∂ η)ξ: (z)− ∂ (:ηξ:)(z) , (6.263)

and its central charge turns out to be c = −2. Moreover, the normalization is

〈0|ξ0 |0〉= 1 . (6.264)

On the other hand, ϕ is a chiral twisted free boson with logarithmic OPE.

ϕ(z1)ϕ(z2) = − log(z1 − z2) . (6.265)

The stress-energy tensor of this ϕ-CFT is

Tϕ(z) = −
1
2
(∂ ϕ)(∂ ϕ)− ∂ 2ϕ , (6.266)

where ∂ 2ϕ = ∂ [∂ ϕ] is the twist term (here is where the name “twisted boson” comes from).
The central charge turns out to be c = +13.

Therefore the overall {(η,ξ)⊕ϕ}-CFT has a c = −2+ 13 = +11 central charge, which is
the same as the (β ,γ) system.

We can evaluate
h(eqϕ) = −

q
2
(q+ 2) , (6.267)

which means that h= 0 if and only if

eqϕ =

¨

1 −→ q = 0 ,

e−2ϕ −→ q = −2 ,
(6.268)

with
〈1〉= 0 , 〈e−2ϕ〉= 1 ̸= 0 . (6.269)

This fact is called anomalous momentum conservation, and can be explained as follows. If we
define the charge

Qϕ =

∮

0

dz
2πi
(−∂ ϕ) =

∮

0

dz
2πi

jϕ(z) , (6.270)

we have that
�

Qϕ, eqϕ
�

= qeqϕ , (6.271)

and

Tϕ(z1) jϕ(z2) = −
2

(z1 − z2)3
+

jϕ(z2)

(z1 − z2)2
+
∂ jϕ(z2)

(z1 − z2)
+ (regular terms), (6.272)

which means that the current jϕ is not a primary. This has the following effect on BPZ conju-
gation:

Qϕ |0〉= 0
I(z)=− 1

z−−−−−−→ 〈0|
�

Qϕ + 2
�

= 0 , (6.273)
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Table 6.5: The value of the picture charge p for the main fields we are interested in.

Field p

β 0

γ 0

η −1

ξ 1

e−qϕ −q

|0〉NS −1

|α〉R −1
2

which implies that

〈
∏

i

eqiϕ(z1)〉 ≠ 0 ⇐⇒
∑

i

qi = −2 . (6.274)

Thanks to this construction, we can finally write the full expression of the NS and R vacua,
namely

|0〉NS = e−ϕ(0) |0〉 , |
( · )
α 〉R = S( · )

α
e−

ϕ
2 (0) |0〉 , (6.275)

which are essentially what we wrote in (6.84) and (6.86). The NS vacuum has weight 1/2
while the R vacuum has weight 1. After dressing them with a c-ghost we find that the vacua
are respectively −1/2 = −aNS and 0 = −aR, which precisely match the lightcone zero point
energies, as they should.

6.5.2 Picture charge and large Hilbert space

Combining the two CFTs arising from the bosonization of the (β ,γ) system, we can define the
current

jp(z) = :ξη: (z)− ∂ ϕ(z) = :ξη: (z) + jϕ(z) , (6.276)

the related conserved charge is called picture charge p. Its values for the fields we are dealing
with are written in table 6.5

Now we have three anomalous currents which have to be conserved in correlators. The first
is the (b, c) ghost current which fixes the 3 c zero modes (4.180). Then we have anomalous
momentum conservation (6.269) and finally we have the ξ,η current which fixes a ξ. In total
the non-vanishing 1-point function is

〈ξe−2ϕ 1
2
(∂ 2c)(∂ c)c(z)〉chiral

LHS
= 1 . (6.277)

It has p = −1 and gh= 3. The label LHS says that the correlator is computed in the so-called
large Hilbert space. In order to understand what does this mean, we can go back to the field
redefinitions (6.260a) and (6.260b) of β and γ. We notice that they do not use the full Hilbert
space of the {(η,ξ)⊕ϕ}-CFT, because the dependence on ξ is all inside ∂ ξ (in β), where the
zero-mode ξ0 is excluded. Indeed, since ξ is a weight-zero primary, we can write

ξ(z) =
∞
∑

n=0

ξnz−n = ξ0 +
∞
∑

n=1

ξnz−n , (6.278)
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and realize that inside ∂ ξ the zero-mode ξ0 is not present.
We then have to distinguish between

• the small Hilbert space (SHS) where the (β ,γ) system lives and where the zero-mode
ξ0 is not present,

• the large Hilbert space (LHS) where the whole {(η,ξ)⊕ϕ} system lives and where the
zero-mode ξ0 is present.

The LHS is twice as big as the SHS because ∀|state〉 ∈ SHS the LHS contains both |state〉 and
ξ0 |state〉.

String amplitudes and observables will live inside the SHS, since they are build with the
(β ,γ) system. Hence, starting from the LHS, it is useful to know how to come back to the
physical SHS, and this is simply realized as follows:

〈. . . 〉SHS = 〈ξ0(. . . )〉LHS . (6.279)

Moreover, in the SHS the correlator (6.277) reads as

〈e−2ϕ 1
2
(∂ 2c)(∂ c)c(z)〉chiral

SHS
= 1 . (6.280)

It has p = −2 and gh= 3.
Let us now study the structure of the LHS a bit more in detail. We can start by considering

the zero-modes

ξ0 =

∮

0

dz
2πi

1
z
ξ(z) , η0 =

∮

0

dz
2πi

η(z) , (6.281)

which obey

[η0,ξ0] = 1 . (6.282)

Since in the SHS there is no dependence on ξ0, we have that a generic vector in SHS will be
annihilated by

∂

∂ ξ0
= η0 = 0 . (6.283)

Hence we can write
SHS=HS = ker(η0) . (6.284)

If we now also recall the BRST charge

QB =

∮

0

dz
2πi

jB(z) , (6.285)

we realize that in the LHS there are two nilpotent operators

Q2
B = 0 , η2

0 = 0 , (6.286)

which (anti-)commute with each other:

[QB,η0] = 0 . (6.287)
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Moreover, both QB and η0 have empty cohomology:40

[η0,ξ(z)] = 1 ,
�

QB,−cξ∂ ξe−2ϕ(z)
�

= 1 . (6.288)

The operator ξ(z) is called contracting-homotopy operator for η, while −cξ∂ ξe−2ϕ(z) is the
contracting-homotopy operator for QB. Notice in particular that the contracting homotopy
operator for QB explicitly contains ξ, which only exists in the LHS. We thus learned that

• in the LHS neither QB nor η0 have cohomology since they both have a contracting-
homotopy operator;

• in the SHS η0 = 0 (since we are inside its kernel) and ξ0 is not present: QB has no
contracting-homotopy operator and has a non-empty cohomology.

The two contracting homotopy operators we have found allow to construct two interesting
new operators (by interchanging the role of Q and η):

X (z) = [QB,ξ(z)] , (6.289a)

Y(z) =
�

η0,−cξ∂ ξe−2ϕ(z)
�

= c∂ ξe−2ϕ(z) . (6.289b)

It is immediate to see that
¨

[QB,X (z)] = 0 ,

[η0,X (z)] = 0 ,

¨

[QB,Y(z)] = 0 ,

[η0,Y(z)] = 0 ,
(6.290)

and so X ,Y ∈ SHS.
Moreover

• X has picture p = +1 and hence is called picture raising operator,

• Y has picture p = −1 and hence is called picture lowering operator.

These two operators are one the inverse of the other in the OPE sense:

lim
z→0

X (z)Y(0) = 1 . (6.291)

We now define the zero-mode of X as

X0 =

∮

0

dz
2πi

1
z
X . (6.292)

In this way, given a physical state φp of picture p (which, being physical, satisfies QBφp = 0),
we can raise its picture with X0 and the resulting state will still be physical:

X0φp = φp+1 , QBφp+1 = 0 . (6.293)

This means that, for a given physical field, we can build an infinite chain of fields that have a
different picture charge and yet are still physical:

. . .
X
⇄
Y
φp−1

X
⇄
Y
φp

X
⇄
Y
φp+1

X
⇄
Y

. . . (6.294)

We therefore learn that in superstring theory every physical state is infinitely degenerate be-
cause we can take it in any picture we want. While evaluating superstring (tree-level) ampli-
tudes we will have to end up with a total picture of p = −2 (recall eq. (6.280)), and this will
be the criterion to be employed in order to choose at which picture we want to take our fields.

On top of this, we have the Z2 degeneracy due to the two possible vertex operators we can
use, namely integrated or non-integrated.

40Given a nilpotent odd operator d, if there exists another odd operator h such that [d, h] = 1 then, for every
d-closed state ψ, (dψ= 0) we have that ψ= d(h(ψ)), so every closed state is exact and d has no cohomology.
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6.5.3 GSO projection and bosonization

We now want to use what we learned about bosonization to better understand the GSO pro-
jection.

First of all, it is useful to recall the field redefinitions of the fermion ψ and of the β and γ
ghosts:

ψ±I (z) = e±iHI (z) , (6.295a)

β(z) = e−ϕ∂ ξ(z) , (6.295b)

γ(z) = ηeϕ(z) . (6.295c)

We can then write a generic state in the NS or in the R sector as a plane wave with generalized
momenta vI , sI (related to the matter ψ part, where I = 1, . . . , 5 since we are in d = 10) and
v6, s6 (related to the ghost (β ,γ) part):

|NS state〉= eivI HI+v6ϕ , with vI , v6 ∈ Z , (6.296a)

|R state〉= eisI HI+s6ϕ , with sI , s6 ∈ Z+
1
2

. (6.296b)

Since, obviously,

integer+ integer= integer, (6.297a)

integer+ half-integer= half-integer, (6.297b)

half-integer+ half-integer= integer, (6.297c)

we have the general OPEs

|NS state〉 · |NS state〉 ≈ |NS state〉 , (6.298a)

|NS state〉 · |R state〉 ≈ |R state〉 , (6.298b)

|R state〉 · |R state〉 ≈ |NS state〉 . (6.298c)

Using GSO projection we can then split the NS sector and the R sector as follows:

NS −→

¨

GSO+NS , where
∑

I vI + v6 is even,

GSO−NS , where
∑

I vI + v6 is odd,
(6.299a)

R −→

¨

GSO+R , where
∑

I sI + s6 is even,

GSO−R , where
∑

I sI + s6 is odd.
(6.299b)

We immediately see that the GSO+NS sector is closed under OPEs, which means that

GSO+NS ·GSO+NS ≈ GSO+NS . (6.300)

On the other hand, in the R sector we can fix s6 (which is essentially the picture charge, related
to the bosonized ghosts) and the difference between even GSO+R and odd GSO−R reduces to the
chirality of the corresponding spacetime fermion |{sI}〉.

The algebra of these generalized plane waves is

eipI HI+p6ϕ(z1)e
iqI HI+q6ϕ(z2) = (z1 − z2)

−pI qI+p6q6 ei(pI+qI )HI+(p6+q6)ϕ(z2) . (6.301)

If we want to ask for locality in the chiral sector (namely the absence of branch cuts) we have
to take

−pIqI + p6q6 ∈ Z . (6.302)
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But we have that

GSO−NS(z1) ·GSO±R(z2)≈
1

p

z1 − z2
, (6.303a)

GSO−R(z1) ·GSO+R(z2)≈
1

p

z1 − z2
. (6.303b)

Therefore the minimal consistent sectors where fermions are still in the spectrum (as we would
like it to be, since this is the reason we introduced supersimmetry for) are the two following
possibilities:

GSO+NS ⊕GSO+R , GSO+NS ⊕GSO−R . (6.304)

This is the truncation giving rise to Type II A-B and to spacetime SUSY.

6.5.4 D(p)-branes and supersymmetry

Let us consider type IIA theory. Since we have two spin fields of opposite chirality, we can
build the two following fermionic supercharges:

Qα(z) = Sαe−
ϕ
2 (z) , (6.305a)

Qα̇(z) = Sα̇e−
ϕ̄
2 (z̄) . (6.305b)

Using the contractions

Sα(z1)Sβ(z2) =
1
p

2

(Γµ)αβ

(z1 − z2)
3
4

ψµ(z2) , (6.306a)

Sα(z1)Sβ̇(z2) =
Cαβ̇

(z1 − z2)
5
4

+
1
2

ΓµΓν

(z1 − z2)
1
4

:ψµψν: (z2) , (6.306b)

e−
ϕ
2 (z1)e

−ϕ2 (z2) =
1

(z1 − z2)
1
4

e−ϕ(z2) , (6.306c)

we can evaluate

Qα(z1)Qβ(z2) =
1
p

2

(Γµ)αβ
(z1 − z2)

ψµe−ϕ(z2) , (6.307)

where the ϕ term comes from e−ϕ/2e−ϕ/2 = e−ϕ, and hence the total picture charge of the
result is −1/2 − 1/2 = −1. We would have expected something like Qα(z1)Qβ(z2) ≈ Γµ jµ,
but instead of the momentum generator jµ we have found its representative at picture (-1),
namely ψµe−ϕ:

X0(ψ
µe−ϕ) = jµ . (6.308)

We thus learn one important point of the RNS string: Space time supersymmetry is only realized
up to picture changing.

On the other hand, if we want to consider two supercharges of different chirality in the
same holomorphic sector we get

Qα(z1)Qβ̇(z2) =
Cαβ̇

(z1 − z2)
3
2

e−ϕ(z2) +
1
2

ΓµΓν

(z1 − z2)
1
2

:ψµψν: (z2) . (6.309)

It has branch cuts, but we got rid of this bad situation through GSO projection, that forbids
the combination Qα(z1)Qβ̇(z2).
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In general, we have

• type IIA, with Qα and Qβ̇ ,

• type IIB, with Qα and Qβ .

If we now want to study D(p)-branes, we have to give a set of gluing conditions. For the bosonic
currents we already know how to proceed, but the question now is whether it is possible or
not to consistently glue the two chiral parts of the supercharge Q at the boundary.

If we choose type IIB theory, we can write a plausible gluing condition

Qα(z) =P β
α Qβ(z̄) , for z = z̄ , (6.310)

and try to find the gluing map P β
α .

If we take M = ({µ}, {i}) (where {µ} are the Neumann indices and {i} are the Dirichlet
indices), we can write the OPE Qα(z1)Qβ(z2). The left-hand side is simply given by (6.307):

Qα(z1)Qβ(z2) =
1
p

2

(ΓM )αβ
(z1 − z2)

ψM e−ϕ(z2) . (6.311)

The right-hand side can be written using the gluing condition (6.310) and reads as

P γ
α Q̄γ(z̄1)P δ

β Q̄δ(z̄2) =
1
p

2

(ΓM )αβ
(z1 − z2)

Ω
(ψ)M

N ψ̄N e−ϕ̄ . (6.312)

We wrote the usual gluing map (6.225) as a matrix:

ΩM
N =

�

δ
µ
ν 0

0 −δi
j

�

←→ ΩA =

¨

+1 , for A= Neumann,

−1 , for A= Dirichlet.
(6.313)

In this notation, the usual bosonic and fermionic gluing conditions read as
¨

jM (z) = ΩM
N j̄N (z̄) , for z = z̄ ,

ψM (z) = ΩM
N ψ̄

N (z̄) , for z = z̄ .
(6.314)

Therefore, if we want the left-hand side and the right-hand side to be compatible, we have to
impose

P γ
α P

δ
β (ΓN )γδ = (ΓM )αβΩ

N
M , (6.315)

which can be written as
P ΓNC−1P T = ΩM

N ΓMC−1 , (6.316)

where T denotes transposition.
It can then be shown that, for a given D(p)-brane, the relation (6.316) is solved by the

gluing map

P ±p = ±
9
∏

i=p+2

(ΓiΓ ) , (6.317)

being Γ the chirality matrix. Thus we find two solutions. However in type IIB (which is the
setting we chose) P must have indices of the same chirality, namely P = P β

α . Since every
Γ matrix changes the chirality, this implies that p must be odd. Hence we found a consistent
gluing condition for the supercharge only for D(2p− 1)-branes.

On the other hand, if we are in type IIA we have that the gluing condition is

Qα(z) =P β̇
α Qβ̇(z̄) , for z = z̄ , (6.318)
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and the gluing map has indices of opposite chirality (i.e. P =P β̇
α ). This implies that p inside

P ±p is even and hence we have a consistent gluing condition for the supercharge only for
D(2p)-branes.

What we just found teaches us that in type IIA or type IIB we have charged D(p)-branes
preserving half of the spacetime SUSY. The general gluing condition for the supercharge is

Q(z) =PQ(z̄) , for z = z̄ , (6.319)

with

P ±p = ±
9
∏

i=p+2

(ΓiΓ ) . (6.320)

The ± inside P ±p distinguishes between D(p)-branes and D(p)-branes. This fact gives us a
geometrical intuition which can be grasped us follows. Let us recall that the difference between
D(p)-branes and D(p)-branes is the sign of the R-R charge. Its value is related to the integration
on the worldvolumeMp+1 of the p-dimensional D(p)-brane of the corresponding R-R potential
C (p+1). But since C (p+1) is a volume-form for the manifold Mp+1, it defines an orientation:

∫

Mp+1

C (p+1) −→

¨

> 0 ⇒ positive orientation ⇒ D(p)-brane,

< 0 ⇒ negative orientation ⇒ D(p)-brane.

Hence a D(p)-brane is just a D(p)-brane with opposite orientation, and this is consistent with
the ± ambiguity inside P ±p .

We can then talk about preserved SUSY. We have that

• a D(p)-brane preserves Q+PpQ,

• a D(p)-brane preserves Q−PpQ.

They are both 1/2 BPS because they preserve only half of the supersimmetry.
If we have many D(p)-branes (or many D(p)-branes), SUSY is still preserved. On the other

hand, a D(p)−D(p) branes system breaks SUSY completely (in fact the system is unstable with
a tachyon, with consequences discussed in 6.4.2.2).

Finally, let us consider a D(p) − D(q) branes system. Here there is a certain number of
Neumann-Dirichlet (ND) directions, along which a twisting in the boundary conditions occurs.
From what we have just seen we have that

• the D(p)-brane preserves Q+PpQ,

• the D(q)-brane preserves Q+PqQ, which can be written as

Q+PqQ =Q+
�

PpP −1
p

�

PqQ =Q+Pp

�

∏

i∈ND

Γi

�

Q . (6.321)

Therefore the preserved supersymmetry must satisfy

P −1
p PqQ =Q , (6.322)

which requires that the matrix P −1
p Pq has some eigenvalues equal to 1.
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Since (ΓiΓi+1)2 = −1, the matrix ΓiΓi+1 has eigenvalues ±i, which is not good. We thus see
that the only possibility to have the proper eigenvalues is to have a difference between the
number of Neumann directions on the two branes that is 4 or a multiple of 4, namely

p− q = 4n , with n ∈ N . (6.323)

These systems preserve 1/4 of SUSY and therefore are called 1/4 BPS. Different combinations
(for example the D(p)− D(p+ 2) system) break SUSY completely.

6.6 Effective superstring theories

There are 5 superstring theories in 10 dimensions, having space-time supersymmetry. We only
studied the Type II A and Type IIB. There are however 3 more perturbative string theories that
can be constructed. The list of the 5 superstring is as follows

• Type IIA:

– closed and open strings (D-branes) in d = 10;

– 32 supercharges;

– 2 real Weyl spinors (left+right) in d = 10.

• Type IIB:

– closed and open strings (D-branes) in d = 10;

– 32 supercharges;

– 2 real Weyl spinors (left+left) in d = 10.

• Type I:

– Unoriented closed and open strings in d = 10;

– 16 supercharges;

– 32 space-filling D9-branes whose RR charge is annihilated by an orientifold making
the string unoriented.

• Heterotic SO(32):

– closed strings in d = 10.

– 16 supercharges;

– no D-branes

– SO(32) gauge symmetry realized through a self-dual compactification

• Heterotic E8 × E8:

– closed strings in d = 10.

– 16 supercharges;

– no D-branes

– E8 × E8 gauge symmetry realized through a self-dual compactification

We can take a low energy limit of each one of these superstring theories. This will give rise to
an effective theory (+α′ corrections).
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• Type IIA
low energy
−−−−−−−→ Type IIA SUGRA:

– 16S + 16C SUSY;

– effective action given by eq. (6.167);

– related to Type IIB SUGRA by T -duality.

• Type IIB
low energy
−−−−−−−→ Type IIB SUGRA:

– 16C + 16C SUSY;

– effective action given by eq. (6.168);

– related to Type IIA SUGRA by T -duality.

• Type I
low energy
−−−−−−−→ Type I SUGRA:

– 16C SUSY;

– coupled to d = 10 super Yang-Mills with SO(32) gauge group.

• Heterotic SO(32)
low energy
−−−−−−−→ Type I SUGRA:

– 16C SUSY;

– coupled to d = 10 super Yang-Mills with SO(32) gauge group.

• Heterotic E8 × E8
low energy
−−−−−−−→ Type I SUGRA:

– 16C SUSY;

– coupled to d = 10 super Yang-Mills with E8 × E8 gauge group.

Moreover for type I supergravities we have that

gheterotic
s =

1

g type I
s

, (6.324)

which means that the heterotic weak coupling is the same as the type I strong coupling. This
is a duality between a perturbative regime and a non-perturbative regime. As we will see later
on, this is called S-duality. This relation between the heterotic and the type I superstring will
be part of the M-theory picture (see fig. 7.1).
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7 Introduction to string dualities

7.1 Circle compactification and T -Duality

7.1.1 Compactification on a circle

When we perform a compactification on a circle, it means that we shift from a R1,d spacetime
to a M1,d spacetime defined as

M1,d = R1,d−1 ×S1
R , (7.1)

where S1
R is a circle of radius R.

If we call y the coordinate on the circle (and xµ the coordinates on R1,d−1, with µ =
0, 1, . . . , d − 1), we have that the periodicity on S1

R turns into the following condition:

y ∼ y + 2πR . (7.2)

7.1.2 Compactification of a scalar

Let us consider, on the compactified spacetime M1,d , a scalar field φ(xµ, y). If we choose it
to be massless, it will satisfy the massless Klein-Gordon equation

□φ(xµ, y) = 0 , (7.3)

with □= □x + ∂ 2
y . We can Fourier expand the field in harmonics on the circle as

φ(xµ, y) =
∑

n∈Z
φn(x

µ)ein y
R , (7.4)

and the reality of the field φ(xµ, y) turns into the condition

φ∗−n(x
µ) = φn(x

µ) . (7.5)

The EOMs are then

□φ(xµ, y) =
∑

n∈Z

�

□x −
n2

R2

�

φn(x
µ)ein y

R = 0 . (7.6)

The φn(xµ) fields can be seen as∞ scalar fields in R1,d−1 whose EOMs are:
�

□x −
n2

R2

�

φn(x
µ) = 0 . (7.7)

Therefore they have a mass:

m2
n =

n2

R2
. (7.8)

We thus found that we can consider a massless scalar field in the compactified spaceR1,d−1×S1
R

or, equivalently, an infinite tower of massive scalar fields (of increasing mass) living in R1,d−1,
which are called Kaluza-Klein fields.

223

https://scipost.org
https://scipost.org/SciPostPhysLectNotes.90


SciPost Phys. Lect. Notes 90 (2025)

7.1.3 Compactification of a gauge field

The story becomes more interesting when we consider the fate of spacetime fields having a
non-trivial tensor structure. Think for example of an Abelian gauge field AM (xµ, y). Upon
compactification the vector index M will split into (µ, y) and therefore the R1,d−1 observer
will perceive a gauge field Aµ with its KK tower, i.e.

Aµ(x , y) = A0
µ(x) +

∑

n̸=0

An
µ(x)e

iny/R , (7.9)

plus a scalar φ ≡ Ay with again its KK tower, namely

Ay(x , y) = A0
y(x) +

∑

n̸=0

An
y(x)e

iny/R . (7.10)

If we only focus on the KK zero mode n= 0 we can see that the electromagnetism inR1,d−1×S1
R

becomes precisely electromagnetism in R1,d−1 plus the action for a scalar field φ(x)≡ A0
y(x)

−
1
4

∫

dd xd y FMN F MN = −
1
4

∫

dd x
�

FµνFµν + ∂µφ∂
µφ + KK fields

�

. (7.11)

It is not difficult to see that, by the same mechanism, a p-form field AM1···Mp
will give rise to a

p-form field Aµ1···µp
, together with a (p− 1) form field Bµ1···µp−1

≡ Aµ1···µp−1,y .

7.1.4 Compactification of gravity

The circle compactification of General Relativity is even more interesting, although a little bit
more technical. Without entering in the explicit computation let us give the main result. Upon
circle compactification, we can express the total metric tensor gMN in R1,d−1 language as

gMN =

�

gµν − e2φAµAν e2φAµ
e2φAµ e2φ

�

. (7.12)

Then it is a classic result that, in the zero mode KK sector the Einsten-Hilbert action in d + 1
dimension becomes Einsten-Hilbert in d dimension, coupled to electromagnetism and a dilaton
like field φ

∫

dd xd y R(d+1) =

∫

dd x
�

R(d) −
1
4

e2φFµνFµν − 2e−φ□eφ + KK fields
�

. (7.13)

7.1.5 Closed bosonic string

It is now time to see what happens when we compactify string theory on a circle.

7.1.5.1 Momentum and winding

Let us now consider the bosonic string theory. If we perform the compactification (7.1), the
free boson gets split into

• a free boson Xµ(w, w̄) living in R1,d−1 (with µ= 0, 1, . . . , d − 1),

• a free boson Y (w, w̄) living on the circle S1
R .
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In order to implement the periodic constraint (7.2), we set

Y (R)(w, w̄) = Y (w, w̄) + Aσ , (7.14)

where Y is the un-compactified free boson. Then we fix A so that

σ → σ+ 2π =⇒ y → y + 2πRω , (7.15)

where ω ∈ Z is called winding and counts how many times the string wraps around the circle
S1

R . It’s immediate to see that we have to impose

A= Rω . (7.16)

Going to the usual complex coordinates on the complex plane

z = ew , w= t + iσ , (7.17)

and hence

Y (z, z̄) = Y0 −
i
2
α′
�

Py + Rω/α′
�

log z −
i
2
α′
�

Py − Rω/α′
�

log z̄ + (oscillators). (7.18)

The Rω terms are the only parts that make this Y boson different from the usual free bo-
son. Moreover, the center of mass momentum Py along the compactified direction has to be
quantized as

Py =
n
R

, with n ∈ Z . (7.19)

Therefore the final solution is

Y (z, z̄) = Y0 −
i
2
α′
�

n
R
+

Rω
α′

�

log z −
i
2
α′
�

n
R
−

Rω
α′

�

log z̄ + (oscillators), (7.20)

with

• n
R Kaluza-Klein momentum (with n ∈ Z),

• Rω winding (with ω ∈ Z).

It is convenient to split Y (z, z̄) into its left and right-moving parts:

Y (z, z̄) = YL(z) + YR(z̄) , (7.21)
(

YL(z) =
Y0−c

2 − i
2

�

α′ nR + Rω
�

log z + i
q

α′

2

∑

m ̸=0
α

y
m

m z−m ,

YR(z̄) =
Y0+c

2 − i
2

�

α′ nR − Rω
�

log z̄ + i
q

α′

2

∑

m̸=0
α̃

y
m

m z̄−m .
(7.22)

Then we consider the usual U(1) current as
(

j(z) = i
q

2
α′ ∂ YL(z) =

∑

m∈Zα
y
mz−m−1 ,

j̄(z̄) = i
q

2
α′ ∂̄ YR(z̄) =

∑

m∈Z α̃
y
mz̄−m−1 ,

(7.23)

and
(

α
y
0 =

∮

0
dz

2πi j(z) =
q

α′

2

� n
R +

Rω
α′

�

≡
q

α′

2 pL ,

α̃
y
0 =

∮

0
dz̄

2πi j̄(z̄) =
q

α′

2

� n
R −

Rω
α′

�

≡
q

α′

2 pR .
(7.24)

The compactification process does not affect the OPEs, but it only changes the definition of
the zero-modes in the compactified direction.
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We define momentum and winding operators as

P̂ = 1
p

2α′

�

α
y
0 + α̃

y
0

�

, (7.25)

Ŵ =
1
p

2α′

�

α
y
0 − α̃

y
0

�

, (7.26)

where the winding has been normalized to have the same dimensions as the momentum. The
states that carry momentum are called momentum (or Kaluza-Klein) modes and are plane
waves of the type

�

�

�

n
R

E

= ei n
R (YL+YR)(z, z̄) |0〉

�

�

�

z=z̄=0
, (7.27)

with
P̂
�

�

�

n
R

E

=
n
R

�

�

�

n
R

E

. (7.28)

The states that carry winding are called winding modes and are “twisted” plane waves of the
type

�

�

�

�

ωR
α′

·

= ei ωR
α′ (YL−YR)(z, z̄) |0〉

�

�

�

z=z̄=0
, (7.29)

with

Ŵ
�

�

�

�

ωR
α′

·

=
ωR
α′

�

�

�

�

ωR
α′

·

. (7.30)

It is like we had two position operators, i.e. YL + YR and its dual YL − YR



















Y (z, z̄) = YL(z) + YR(z̄)

= Y0 − i α
′

2 P̂ log zz̄ − i α
′

2 Ŵ log z
z̄ + i

q

α′

2

∑

m ̸=0

�

α
y
m

m z−m + α̃
y
m

m z̄−m
�

,
eY (z, z̄) = YL(z)− YR(z̄z)

= C − i α
′

2 Ŵ log zz̄ − i α
′

2 P̂ log z
z̄ + i

q

α′

2

∑

m̸=0

�

α
y
m

m z−m − α̃
y
m

m z̄−m
�

.

(7.31)

Let us now consider a generic state having both momentum and winding. Its vertex oper-
ator can be written as

Vn,ω(z, z̄) = ei n
R Y (z, z̄) · ei Rω

α′
eY (z, z̄)

= ei
�

n
R+

Rω
α′

�

YL (z) · ei
�

n
R−

Rω
α′

�

YR(z̄) . (7.32)

We can then evaluate

�

L0,Vn,ω(z, z̄)
�

=
α′

4

�

n
R
+

Rω
α′

�2

Vn,ω(z, z̄) , (7.33a)

�

L0,Vn,ω(z, z̄)
�

=
α′

4

�

n
R
−

Rω
α′

�2

Vn,ω(z, z̄) . (7.33b)

7.1.5.2 Spectrum

We just saw that the Hilbert space of a compactified free boson Y is the same as the non-
compactified exception made for zero-modes, that carry momentum and winding. The com-
pactification radius R defines a 1-parameter family of string backgrounds, since for every R we
have a different Y -CFT.

If we then want to look at the spectrum of the whole X + Y free boson, we first have to
study the Virasoro constraints, which are the following.
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• The mass-shell is

L0 + L0 =
1
2

�

α2
0 + α̃

2
0

�

+ N + Ñ

= 2

=

�

α′P2

2
+
α′

2

�n
R

�2
+
α′

2

�

Rω
α′

�2
�

+ N + Ñ , (7.34)

where P is the momentum along the non-compactified µ directions. Using the dispersion
relation in the uncompactified directions

α′P2

2
= −

α′m2

2
, (7.35)

we get the mass-shell condition

m2 =
�n

R

�2

︸ ︷︷ ︸

Kaluza-Klein
momentum

+
�

Rω
α′

�2

︸ ︷︷ ︸

winding

+
2(N + Ñ)
α′

︸ ︷︷ ︸

oscillators

−
4
α′
︸︷︷︸

zero point
energy

, (7.36)

with n,ω ∈ Z are momentum and the winding.

• The level matching is

L0 − L0 =
1
2

�

α2
0 − α̃

2
0

�

+ N − Ñ

= 0

=
1
2

�

(αy
0 )

2 − (α̃y
0 )

2
�

+ N − Ñ

=
1
2

�

4
α′

2
n
R

Rω
α′

�

+ N − Ñ

=
1
2
(2nω) + N − Ñ , (7.37)

since only compactified zero-modes give contribution toα2
0−α̃

2
0. Therefore the constraint

is

nω= Ñ − N . (7.38)

Notice that the simultaneous presence of winding and KK momentum in a state results
in an unbalance of the oscillator level.

In the following we analyze the closed bosonic string spectrum at the massless level.

■ Generic radius
For a generic radius R, in order to have a massless state we have to impose n = ω = 0 (and
hence in this case we will not find anything peculiar). If we denote the global spacetime index
as M = (µ, y), we can write the generic massless state as

GMN (P)α
M
−1α̃

N
−1 |0, P〉 . (7.39)

Since the effect of the compactification is

SO(1, d) −→ SO(1, d − 1)
︸ ︷︷ ︸

µ

, (7.40)
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we can split the polarization tensor as

GMN −→











Gµν ,

Gµy , Gyν ,

Gy y .

(7.41)

If we now recall from ( 3.125) that the field content of this state is made of a graviton h, a
Kalb-Ramond B and a dilaton Φ, we have that the compactification effect is the following:

hMN −→ hµν, Aµ = hµy(and Aν = hyν), ϕ = hy y , (7.42a)

BMN −→ Bµν, Bµ = Bµy(and Bν = Byν) , (7.42b)

Φ −→ Φ . (7.42c)

Since Aµ and Bµ are gauge bosons, we find a gauge symmetry U(1)⊗ U(1) of the Yang-Mills
type.

■ Self-dual radius
If we look at the mass formula (7.36) we see that something special happens when

1
R
=

R
α′

. (7.43)

The radius that satisfies this equation is called self-dual radius:

R=
p
α′ . (7.44)

It is the radius such that the compactification scale is the same as the string scale.
At the self-dual radius, the mass-shell becomes

α′m2 = n2 +ω2 + 2(N + Ñ)− 4 . (7.45)

We find new massless states, the simplest of which are the following.

• Scalar massless states with N = Ñ = 0 and
¨

n= ±2 , ω= 0 ,

n= 0 , ω= ±2 .
(7.46)

They are scalars because there are no oscillators and thus there is no Lorentz index.

• We can get extra massless vectors with
¨

n= ±1 , ω= ±1 ,

n= ±1 , ω= ∓1 .
(7.47)

The level matching imposes
¨

1= N − Ñ ,

−1= N − Ñ ,
=⇒

¨

N = 1, Ñ = 0 ,

N = 0, Ñ = 1 .
(7.48)

So the total state will contain an unpaired oscillator. The Y part of the states will be
written as







|±1, ±1〉= e
± 2ip

α′
YL (z) |0〉

�

�

�

z=0
,

|±1, ∓1〉= e
± 2ip

α′
YR(z̄) |0〉

�

�

�

z̄=0
.

(7.49)

We hence have purely holomorphic or purely anti-holomorphic plane waves.
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In total we can build the following massless vectors.

· In the holomorphic sector

A(0)L,µ jµ j̄ y eiP·X (z, z̄) , (7.50a)

A(+)L,µ jµe
2ip
α′

YR eiP·X (z, z̄) , (7.50b)

A(−)L,µ jµe
−2ip
α′

YR eiP·X (z, z̄) . (7.50c)

· In the anti-holomorphic sector

A(0)R,µ j y j̄µeiP·X (z, z̄) , (7.51a)

A(+)R,µe
2ip
α′

YL j̄µeiP·X (z, z̄) , (7.51b)

A(−)R,µe
−2ip
α′

YL j̄µeiP·X (z, z̄) . (7.51c)

For generic values of the radius we only had (7.50a) and (7.51a), and the arising gauge sym-
metry was U(1)⊗U(1). Now that, at the self dual radius, we build 3+3 massless vectors, we
have a gauge symmetry given by SU(2)L ⊗ SU(2)R. This can be understood as follows. If we
define

j0 = j y , (7.52a)

j+ = e
2ip
α′

YL , (7.52b)

j− = e
− 2ip

α′
YL , (7.52c)

and

j1 =
1
p

2

�

j+ + j−
�

=
p

2cos(2Y ) , (7.53a)

j2 =
1
p

2

�

j+ − j−
�

=
p

2sin(2Y ) , (7.53b)

j3 = j0 , (7.53c)

we find the algebra

ja(z1) j
b(z2) =

δab

(z1 − z2)2
+ iϵab

c
jc(z2)
(z1 − z2)

, (7.54)

which has an additional term than the usual OPE (4.126). The structure constant of SU(2)
ϵab

c appears. This is a non-Abelian current algebra called Kac-Moody algebra. This mechanism
of symmetry enhancement is the same that generates the non-Abelian gauge symmetry in the
heterotic string.

7.1.5.3 T -duality

Let us look at the constraints that generate the spectrum

¨

m2 =
� n

R

�2
+
�Rω
α′

�2
+ 2(N+Ñ)

α′ − 4
α′ ,

nω= N − Ñ .
(7.55)
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If we also consider the momentum modes ei n
R Y and the winding modes ei Rω

α′ Ỹ , we realize that
there is a symmetry between momentum and winding:











R −→ α′

R ,

n −→ ω ,

Y −→ Ỹ .

(7.56)

This is called T-duality and its meaning is that the string cannot distinguish between a com-
pactification on the circle S1

R or on the circle S1
α′/R.

In QFT in order to understand which is the compactification radius it is sufficient to mea-
sure the masses of Kaluza-Klein modes (see eq. (7.8)), but strings also have winding modes
and the theory cannot discriminate between the two.

It is also clear why we called “self-dual” the radius R=
p
α′: under T -duality it is mapped

to itself.
As a final remark, we notice that in QFT we could, in principle, compactify on a circle

of radius R = 0. However, in string theory “small” compactifications of R <
p
α′ are dual to

“bigger” ones of R>
p
α′. Thus the inequivalent compactifications can be taken to be the ones

having R >
p
α′, and the string is thus (again) protected from the quantities smaller than the

string scale.

7.1.6 Open bosonic string and D(p)-branes

Under T -duality we have that

Y → Ỹ =⇒

¨

YL → YL ,

YR → −YR .
(7.57)

Let us then take a free compactified boson Y with boundary condition

j y(z) = Ω( j
y ) j̄(z̄) , for z = z̄ , (7.58)

where the gluing map is the usual one (see eq. (6.225)).
Under T -duality the gluing condition turns into

j y(z) = −Ω( j
y ) j̄(z̄) , for z = z̄ . (7.59)

Therefore the effect of T -duality on the boundary conditions is

Neumann
T -duality
←−−−→ Dirichlet. (7.60)

This means that

D(p)-brane wrapping around S1
R

(i.e. S1
R with Neumann BC)

T -duality
←−−−→ D(p− 1)-brane transverse to S1

α′/R ,

D(p)-brane transverse to S1
R

(i.e. S1
R with Dirichlet BC)

T -duality
←−−−→ D(p+ 1)-brane wrapping around S1

α′/R .

7.1.7 Superstring

Let us now consider, for example, a type IIA superstring theory. We may compactify X y = Y
(and hence M = (µ, y) with µ= 0, 1, . . . , 8). Its supersymmetric partner is ψy , with

¨

δSUSY

p

2/α′Y =ψy ,

δSUSYψ
y = j y .

(7.61)
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This implies that under T -duality we have that

YR
T -duality
−−−−−→ −YR =⇒ ψ̄y T -duality

−−−−−→ −ψ̄y , (7.62)

both in NS or R sector. In particular, in the R sector

ψ̄
y
0

T -duality
−−−−−→ −ψ̄y

0 . (7.63)

In the R sector have considered the world-sheet fermion-counting operator

(−1)F̄ = Γ̄11e−iπ
∑

n≥1 ψ̄−n·ψ̄n . (7.64)

Therefore, remembering that ψµ0 ∼ Γ
µ, we have

Γ̄11e−iπ
∑

n≥1 ψ̄−n·ψ̄n
T -duality
−−−−−→ −Γ̄11(−1)−iπ

∑

n≥1 ψ̄−n·ψ̄n . (7.65)

So the net effect of T -duality is to change the chirality chosen by the GSO projection of the
anti-holomorphic R sector. This means that, when compactified, Type-IIA and Type-IIB are, at
the end of the day, the same theory:

type IIA
compactified on S1

R

T -duality
←−−−→

type IIB
compactified on S1

α′/R
. (7.66)

Let us now study how T -duality affects the R-R potentials. Since

XR
9 T -duality
−−−−−→ −XR

9 , (7.67)

T -duality is a parity operation on XR
9 (the anti-holomorphic sector).

Moreover, under parity spinors transform as

S̃α
T -duality
−−−−−→

�

Γ11Γ
9S̃
�

α
, (7.68)

and therefore a fermionic bilinear transforms as

STCΓ j S̃
T -duality
−−−−−→

¨

STCΓ jΓ 9S̃ , for j ̸= 9 ,

STCS̃ , for j = 9 .
(7.69)

Therefore we have that

F (p)STCΓµ1...µ9 S̃
T -duality
−−−−−→

¨

F (p−1) , for 9 ∈ {µ1, . . . ,µ9} ,
F (p+1) , for 9 /∈ {µ1, . . . ,µ9} .

(7.70)

This leads to

type IIA/B type IIB/A

F (p+1) (i.e. Fµ1...µp9)
T -duality
−−−−−→ F (p) (i.e. Fµ1...µp ) ,

F (p−1) (i.e. Fµ1...µp−1)
T -duality
−−−−−→ F (p+1) (i.e. Fµ1...µp−19) .

If we have a D(2p)-brane in type IIA:

D(2p)-brane
T -duality
−−−−−→

(

D(2p− 1)-brane if the D(2p)-brane was
wrapped around S1 ,

D(2p+ 1)-brane if the D(2p)-brane was not
wrapped around S1 .

(7.71)
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Moreover it can be shown that T -duality transforms the dilaton as follows:

e−Φ
T -duality
−−−−−→ e−Φ

′
= e−Φ

R
p
α′

, (7.72)

and hence at the self-dual radius the dilaton is also self-dual.
For the string constant we thus have that

gs = e〈Φ〉
T -duality
−−−−−→ g ′s = gs

p
α′

R
, (7.73)

which tells us that the perturbation theory under T -duality stays the same, up to a constant
factor (given by the compactification radius) that however does not change the topological
series expansion. This means that T -duality is a perturbative duality, which maps perturbative
amplitudes into perturbative amplitudes. As we will see this is the only string duality that is
perturbative on both sides.

T -duality can be extended to more complicated compactification geometries. For example
a rather straightforward generalization is to consider toroidal compactifications. A much less
trivial generalization is to consider compactifications of the ten dimensional superstrings on
the so-called Calabi-Yau manifolds which are six dimensional, and thus give rise to EFT in four
dimensions. Just as a circle of radius R is dual to a circle of radius α′/R, every Calabi-Yau
has a dual and the generalized T -duality between the two compactifications is called Mirror
Simmetry.

7.2 S-duality

The so-called S-duality relates the weak coupling regime (where there is a worldsheet descrip-
tion) and the strong coupling regime (where we cannot perform the perturbative topological
series anymore, and thus we have no worldsheet description).

Let us start from the effective theory of type IIB superstring, i.e. with the type IIB SUGRA,
whose action is (recall eq. (6.168))

SIIB =
1

2K2
10

∫

d10 x
p
−G

§

e−2Φ
�

R+ 4 (∂Φ)2 −
1
2
|H(3)|2

�

+ . . .
ª

. (7.74)

Let us then perform the following field redefinition on the metric:

G(E)MN = e−
1
2ΦG(s)MN , (7.75)

where the E stands for “Einstein frame”, while the s stands for “string frame”. Doing this we
get

SIIB =
1

2K2
10

∫

d10 x
p

−G(E)

(

R−
∂µτ∂

µτ̄

2(Im(τ))2
−

1
2

�

�G(3)
�

�

2

Im(τ)
−

1
4

�

�F(5)
�

�

)

+
1

8iK2
10

∫

1
Im(τ)

G(4) ∧ G(3) ∧ G(3) , (7.76)

where

• τ is a spacetime scalar in d = 10 defined as

τ= C(0) + ie−Φ , (7.77)

with C(0) the R-R potential that couples to the D(−1)-brane and Φ the NS-NS dilaton,
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• G(3) is defined as
G(3) = F(3) − ie−ΦH(3) , (7.78)

where F(3) = dC(2) is the R-R field-strength that couples to the D(1)-string, while
H(3) = dB(2) is the Kalb-Ramond field-strength that couples to the F(1)-string (i.e. the
fundamental string already mentioned above, see eq. (3.154)),

• F(5) = dC(4) is the field-strength that couples to the D(3)-brane.

This effective action SIIB is invariant under SL(2,R) transformations, i.e. maps of the type

τ −→
aτ+ b
cτ+ d

. (7.79)

This is a global field transformation which also comes with the following map:
�

C(2)
B(2)

�

−→
�

a b
c d

��

C(2)
B(2)

�

. (7.80)

If we select the specific map (which we will call S) such that

S : τ −→ −
1
τ

, (7.81)

and if we choose a background where C(0) = 0, recalling that (see eq. 5.140) and that
τ= C(0) + ie−Φ, we can write

S : gs −→
1
gs

. (7.82)

We can now conjecture that this is a symmetry of the full Type IIB String Theory. The first step
is to understand how the other string theory parameter (α′) is transformed by S-duality. This
can be obtained by noting that under the S transformation we have

B2→− C2 , (7.83)

C2→ B2 . (7.84)

Since C2 couples to the D1 brane in the same way as B2 couples to the fundamental F1 string,
this strongly suggests that under S duality a D(1)-brane should turn into a F1-string. Let us
remember that the tension of a D(p)-brane is given by

Tp =
1
gs

�

1
2π

�p
�

α′
�− p+1

2 . (7.85)

We now demand that under S-duality the tension of the D(1)-brane becomes the tension of
the fundamental string

TD(1) =
1

2πgsα′
S

←−−→
1

2πα′
. (7.86)

This is realized if and only if
S : α′ −→ gsα

′ . (7.87)

Let us then see what happens to the other objects of IIB string theory

• If we look at the D(3)-brane we find that it is self-dual:

D(3)
S

←−−→ D(3) , (7.88)
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since

TD(3) =
1

(2π)3 gs(α′)2
S

←−−→
gs

(2π)3(gsα′)2
=

1
(2π)3 gs(α′)2

= TD(3) . (7.89)

This is perfectly consistent with the fact the the 5-form is also self-dual

F(5)
S

←−−→ F(5) . (7.90)

• If we look at the D(5)-brane we have that it is exchanged with the NS(5)-brane,41 namely

D(5)
S

←−−→ NS(5)-brane, (7.91)

since

TD(5) =
1

(2π)5 gs(α′)3
S

←−−→
1

(2π)5 g2
s (α′)3

. (7.92)

The NS(5) brane is the magnetic dual of the fundamental string, just like the D(5) brane
is the magnetic dual of the D(1)-brane. Therefore it makes perfect sense that under S-
duality the D-string is sent to the F -string and the D(5) is sent to the NS(5).

The S-duality conjecture is the answer to the question of how to characterize the strong cou-
pling limit of type IIB superstring. Indeed, when the string coupling constant is not infinites-
imal, string perturbation theory breaks down and we don’t know anymore how to compute
amplitudes. The situation is similar to QCD where, when we go down in energy, the coupling
constant grows and non-perturbative physics enter the game. S-duality is telling us something
quite astonishing: at strong coupling the d.o.f. of string theory reshuffle and reorganize in
such a way as to form the same theory at weak coupling, where perturbation theory is again
valid!

7.3 M-theory

Let us now talk about the strong coupling limit in type IIA superstring. We may start consid-
ering a D(0)-brane, whose tension (and mass) is

TD(0) =
1

gs
p
α′

. (7.93)

The D(0)-branes are R-R charged (under F(2)), they do not decay nor they interact with one
another. Thus we can take a bound state of n ∈ N coincident D(0)-branes, whose tension is

TnD(0) = nTD(0) . (7.94)

The mass2 of this object is

(mnD(0))
2 =

�

n

gs
p
α′

�2

, (7.95)

which resembles the Kaluza-Klein tower:

m2
n =

�n
R

�2
. (7.96)

41The NS(5)-brane is a gravity soliton, i.e. a non-perturbative object. To be more precise, its origin lies in a
(5+1)-dimensional Kalb-Ramond-charged black brane solution of type II SUGRA (where such a black brane is the
higher-dimensional analogue of a charged black hole). Since the Kalb-Ramond field and the graviton constituting
this solution are in the NS-NS sector, we call it NS(5)-brane.
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We immediately see that (7.96) equals (7.95) for

R= gs

p
α′ . (7.97)

This means that looking at the type IIA spectrum we find a Kaluza-Klein tower, which reveals
the presence of a compactified dimension. This calls on the d = 11 SUGRA, whose action is

Sd=11 =
1

2K2
11

∫

d11 x
p
−G

�

R−
1
2

�

�dA(3)
�

�

2
�

+
1

2K2
11

�

−
1
6

�

∫

A(3) ∧ F(4) ∧ F(4) . (7.98)

The type IIA SUGRA is the compactification of the d = 11 SUGRA on a circle:

M11 = R1,9 ×S1
R . (7.99)

We have that
K2

11 = 2πRK2
10 , (7.100)

since
∫

dd X

↓

compactification: Md
︸︷︷︸

X

= R1,d−2
︸ ︷︷ ︸

x

× S1
R

︸︷︷︸

y

↓
∫

dd X =

∫

dd−1 x

∫

d y = 2πR

∫

dd−1 x , (7.101)

and hence

1

K2
d

∫

dd X (· · · )

↓

2πR
K2

d−1

∫

dd−1 x(· · · ) . (7.102)

If we look at the metric in d = 11 we have that

GMN −→











Gµν (µ,ν= 0, 1, . . . , 9) , d = 10 metric in type IIA (NS-NS),

Gµ10→ Cµ , vector in type IIA (R-R),

G10 10→ e2Φ , scalar in type IIA (NS-NS).

Moreover, we have a potential with 3 indices in d = 11:

AMN P −→

¨

Aµνρ (µ,ν,ρ = 0, 1, . . . , 9) , d = 10 3-form in type IIA (R-R),

Aµν10→ Bµν , Kalb-Ramond in type IIA (NS-NS).
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What we are saying is that the strong coupling limit of the type IIA superstring is the UV-
completion of the d = 11 SUGRA:

Weak Coupling Strong Coupling

UV Type IIA Superstring M-theory?

α′→ 0







y

?

x







IR type IIA SUGRA ←−−−−−−−−−−−−−
compactification on S1

d = 11 SUGRA

This M-theory is the hypothetical UV completion of the d = 11 SUGRA (whose coupling con-
stant is the Plank mass in d = 11, i.e. m11), but not much is known about it.
The fact that there is a 3-form, which couples to something that has 2 dimensions, suggests
the existence of a 2-dimensional object that we may call M(2)-brane. It is the fundamental
object of M-theory and its tension should be naturally expressed as

TM(2) =
(m11)

3

(2π)2
. (7.103)

It is possible to show that

K10 =
(4πα′)2

2
p
π

gs , (7.104a)

K2
11 = 2πRK2

10 =
1

4π

�

2π
m11

�2

. (7.104b)

Thus we find that the 11-th dimension is compactified on a circle of radius

R11 = gs

p
α′ , (7.105)

and that the Plank mass in d = 11 is

m11 = g
− 1

3
s

1
p
α′

. (7.106)

These are the two scales of M-theory, which are mapped into the two d.o.f. of string theory,
i.e. α′ and gs:

α′ =
l3
11

R11
, gs =

�

R11

l11

�
3
2

, (7.107)

where l11 = m−1
11 is the Plank length. If we increase the coupling gs, R11 grows and the

compactified dimension unfolds.
Therefore the M(2)-brane tension is

TM(2) =
1

(2π)2
1
gs

1

(α′)
3
2

= TD(2) , (7.108)

which means that the M(2)-brane is a D(2)-brane at strong coupling.
Moreover, in d = 11 with a circle-compactified dimension the M(2)-brane can wrap S1

and for a 10-dimensional observer it will look like a string of tension

TM(2)/S1
= 2πRTM(2) =

1
2πα′

, (7.109)
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which is the tension of the fundamental F(1)-string. Thus from M-theory we obtained the
fundamental objects D(2) and F(1), and also D(0) as the Kaluza-Klein modes of the circle
compactification. However there are still D(4), D(6) and NS(5) missing. We can recover
them as follows.

The M(2)-brane is coupled to the 3-form A(3). If we consider F (4) = dA(3), we can take its
Hodge dual and get

F (7) = ⋆11F (4) = dA(6) . (7.110)

This A(6) form couples to the “magnetic” counterpart of the M(2)-brane, i.e. the M(5)-brane,
whose tension is naturally given by

TM(5) =
m6

11

(2π)5
. (7.111)

This expression is not just natural, but it is dictated by the Dirac quantization condition

TM(2)TM(5) =
2π

2K2
11

, (7.112)

as one can easily check. In string theory variables, the tension of the M(5)-branes becomes
the tension of the NS(5)-brane

TM(5) =
m6

11

(2π)5
=

1
(2π)5

1
g2

s

1
(α′)3

= TNS(5) . (7.113)

Moreover, if we wrap the M(5)-brane on the compactified dimension, we get the D(4)-brane:

TM(5)/S1
= 2πRTM(5) =

1
(2π)4

1
gs

1

(α′)
5
2

= TD(4) . (7.114)

Finally, the D(6)-brane can be recovered as a “Kaluza-Klein monopole”, the magnetic dual of
the KK-momentum modes, which have been identified as the D(0)-branes.

All in all, the only parameter of M-theory is m11, namely the Plank constant. The theory
is therefore inherently strongly coupled and does not have a natural small parameter to do
perturbation theory. When we compactify, the radius can be the small parameter and a pertur-
bative window opens up. This perturbative window is in fact the Type IIA superstring. There
are other ways to connect M-theory with the five superstring theories and this is summarized
in figure 7.1.
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M-Theory

(d = 11)
Supergravity

Type I

Type IIA

Type IIBHeterotic
SO(32)

Heterotic
E8 × E8

T

S Ω

T

Compactification
on S1

S

Figure 7.1: M-theory represented as a (yet unknown) land where some patches are
the known superstring theories (related to each other by the T and S dualities and
the orientifold operation Ω) and the d = 11 supergravity, which under a circle com-
pactification reduces to type IIA superstring.
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A Spinors in d (even) dimensions

Let us consider d directions, where d is even. We can group them in pairs that identify mutually
orthogonal planes:

(0,1), (2,3), . . . , (d − 2, d − 1) . (A.1)

We can label these planes as follows:

I = 0, 1, . . . ,
d
2
− 1= (0, j) , with j = 1, . . . ,

d
2
− 1 . (A.2)

Consider now the Grassmann odd operatorsψµ (with µ= 0,1, . . . , d−1 Lorentz index) which
obey the Clifford algebra

[ψµ,ψν] = ηµν , (A.3)

where as usual [· , ·] is the graded commutator. We now define

ψ±0 ≡
i
p

2

�

ψ0
0 ±ψ

1
0

�

, (A.4a)

ψ±j ≡
1
p

2

�

ψ
2 j
0 ± iψ2 j+1

0

�

. (A.4b)

We then have that
�

ψ+I ,ψ−J
�

= δI , J , (A.5a)
�

ψ±I ,ψ±J
�

= 0 . (A.5b)

Exercise A.1

Prove eqs. (A.5).

Therefore, ∀I we have that ψ+I ,ψ−I generates a two-dimensional space, namely

ψ+ |+1/2〉= 0 , (A.6a)

ψ− |+1/2〉= |−1/2〉 , (A.6b)

ψ− |−1/2〉= 0 , (A.6c)

where the basis {|+1/2〉 , |−1/2〉} generates the two-dimensional space: |+1/2〉 is the highest
weight state and ψ+ is the raising operator, while |−1/2〉 is the lowest weight state and ψ− is
the lowering operator.

Therefore, for a generic even value of d, the representation space of the Clifford algebra
space has a vacuum of the type

|0〉= |+1/2〉 ⊗ |+1/2〉 ⊗ · · · ⊗ |+1/2〉
︸ ︷︷ ︸

d
2 times

= |+1/2,+1/2, . . . ,+1/2
︸ ︷︷ ︸

d
2 times

〉 , (A.7)

and the generic state is

|α〉= |±1/2〉 ⊗ |±1/2〉 ⊗ · · · ⊗ |±1/2〉
︸ ︷︷ ︸

d
2 times

= |±1/2,±1/2, . . . ,±1/2
︸ ︷︷ ︸

d
2 times

〉 . (A.8)

The label α counts how many of these states one can build. In d (even) dimensions we have
that

α= 1, . . . , 2
d
2 . (A.9)
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The state |α〉 is thus a spinor in d = 2n dimensions (for n ∈ N), and its related spinor space
will have dimension 2n.

Let us now consider (recalling eqs. (A.5))
�

ψ+0 ,ψ−0
�

=ψ+0ψ
−
0 +ψ

−
0ψ

+
0 = δ0, 0 = 1 . (A.10)

Hence we can write

−ψ0
0ψ

1
0 =

1
2

�

ψ+0 +ψ
−
0

� �

ψ+0 −ψ
−
0

�

= −
1
2

�

ψ−0ψ
+
0 −ψ

+
0ψ
−
0

�

=ψ+0ψ
−
0 −

1
2

, (A.11a)

−iψ2 j
0 ψ

2 j+1
0 =ψ+j ψ

−
j −

1
2

. (A.11b)

We then define

χI =

¨

−ψ0
0ψ

1
0 , if I = 0 ,

−iψ2 j
0 ψ

2 j+1
0 , if I = j

⇒ χI =ψ
+
I ψ
−
I −

1
2

, (A.12)

and we find that

χI |+1/2〉=ψ+I ψ
−
I −

1
2
|+1/2〉=

�

1−
1
2

�

|+1/2〉=
1
2
|+1/2〉 , (A.13a)

χI |−1/2〉=ψ+I ψ
−
I −

1
2
|−1/2〉=

�

0−
1
2

�

|+1/2〉= −
1
2
|+1/2〉 . (A.13b)

This makes clear why we used the notation {|+1/2〉 , |−1/2〉} for the basis vectors: we labelled
them with their eigenvalues with respect to χI .

We can finally define the chirality matrix (which in d = 4 is commonly called Γ 5) as

Γ = 2n
n−1
∏

I=0

χI = −(−i)n−1Γ 0Γ 1 . . . Γ (2n−2)Γ (2n−1) , (A.14)

where Γµ =
p

2ψµ. If we then define

|α〉= |(even # of − 1/2)〉 , (A.15a)

|α̇〉= |(odd # of − 1/2)〉 , (A.15b)

the action of the chirality matrix Γ on the spinor states is

Γ |α〉= + |α〉 , (A.16a)

Γ |α̇〉= −|α̇〉 . (A.16b)

We will then say that |α〉 has a positive chirality, while |α̇〉 has a negative chirality. They are
two irrepses of SO(1, d − 1). Indeed the Lorentz group acts on spinors through the matrix

Γµν = [Γµ, Γ ν] , (A.17)

and since
[Γµν, Γ ] = 0 , (A.18)

the two chirality representations transform independently of each other under the Lorentz
group SO(1, d − 1).
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B Dedekind η function

During the computation of the closed string 1-loop vacuum bubble we have defined the
Dedekind eta function:

η̃(τ) = q
1
24

∞
∏

l=1

(1− ql) , with q = e2πiτ , |q|< 1 . (B.1)

We will now provide a simple proof of its modular property

η

�

−
1
τ

�

=
p

−iτη(τ) . (B.2)

If we take the logarithm of η(τ) and expand log
�

1− qk
�

in its McLaurin series, convergent in
the domain of η, we get

1
12

iπτ− logη(τ) = −
∞
∑

l=1

log
�

1− ql
�

=
∞
∑

k,l=1

1
k

qlk =
∞
∑

k=1

1
k

1
q−k − 1

. (B.3)

Doing the same computation for η(−1/τ) and using (B.2) we also obtain

−
iπ

12τ
− logη

�

−
1
τ

�

= −
iπ

12τ
−

1
2

log
τ

i
− logη(τ) =

∞
∑

k=1

1
k

1

e
2πik
τ − 1

. (B.4)

Then if we take the difference between (B.3) and (B.4), we see that to prove the modular
property of η it suffices to check that

πi
12

�

τ+
1
τ

�

+
1
2

log
τ

i
=
∞
∑

k=1

1
k

�

1
e−2πikτ − 1

−
1

e2πik/τ − 1

�

. (B.5)

To do so we consider the function g(z) = cot(z) cot(z/τ) and the following meromorphic
family:

fν(z) =
1
z

g(νz) , ν=
�

n+
1
2

�

π (n= 0, 1, . . . ) . (B.6)

The function fnu(z) has simple poles in zk = πk/ν and zτk = ±πkτ/ν with residues

Reszk
( fν) =

1
πk

cot
πk
τ

, Reszτk
( fν) =

1
πk

cotπkτ , (B.7)

for k ∈ Z. In addition there is a third order pole at z = 0 with residue

Res0( fν) = −
1
3

�

τ+
1
τ

�

. (B.8)

Let C be the contour of the rhombus with vertices 1,τ, 1,−τ as shown in fig. B.1.
Then, integrating over C, by the residues theorem we get

πi
12

�

τ+
1
τ

�

+
1
8

∫

C
fν(z)dz =

i
2

n
∑

k=1

1
k
(cotπkτ+ cotπk/τ)

=
n
∑

k=1

1
k

�

1
e−2πikτ − 1

−
1

e2πik/τ − 1

�

. (B.9)

On the other hand, as n→∞ the function g(νz) is uniformly bounded on C and has on the
four sides, excluding the vertices, the limit values 1,−1, 1,−1. Hence

lim
n→∞

∫

C
fν(z)dz =

�

∫ τ

1

−
∫ −1

τ

+

∫ −τ

−1

−
∫ 1

−τ

�

dz
z
= 4 log

τ

i
, (B.10)

which gives the desired result.
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Figure B.1: Plot of fτ(z) for τ = 1/2 + i and n = 1. The white spots represent
the poles of the meromorphic function. For n→∞ the number of poles inside the
contour C goes to infinity.
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