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Abstract

Along this paper, we analyze the entanglement properties of symmetric multi-quDits
systems in a special type of states created from the generalization to U(D) of the usual
spin coherent states. By means of parity operators, we define what we call multicom-
ponent Schrödinger cat states as parity adapted coherent states. Introducing the tool of
information diagrams, i.e. representations of pairs of entropy measures, we analyze the
correlation structure of this type of states and their M-wise reduced density matrices.
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1 Introduction

Information diagrams, simple representations based on a pair of entropic measures, are a help-
ful tool that can be used to analyze the correlation structure and mixture of a given quantum
density matrix, and consequently the entanglement when applied to M-wise reduced density
matrices.

On previous papers [1], we applied them to characterize the entanglement of parity
adapted U(D)-spin coherent states (CSs) or DCATs. This work extends this analysis, comput-
ing information diagrams for the generalization to different parities of the purely even DCAT

already studied.
To achieve this, we first review the concept of information diagrams in Section 2, then

we define the generalization of DCAT using parity operators in Section 3, and eventually we
combine both concepts to compute the information diagrams of the M -wise reduced density
matrix (RDM) of these kind of states in Section 4.
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2 Information diagrams and entropic measures

First, we will review the concept of information diagrams and its main properties. We will
limit our scope since most details have already been given in [1] (and references therein).

Given a valid probability density function (PDF), we can compute the value of two different
measures of information or entropy and plot a 2D point whose coordinates are those values.
Information diagrams are the structure generated by this type of entropic representations when
all valid PDF (or a subset thereof) are represented.

This idea can be generalized to quantum density matrices if we recall that their eigenvalues
can be interpreted as probabilities, thus allowing the definition of a discrete PDF (for finite
Hilbert spaces) that we can use to build up the information diagrams. In addition, if we select
the two entropy measures as the normalized von Neumann S and linear entropies L, we can
directly compute them for a given density matrix ρ as:

S(ρ) = −Trρ logd ρ , L(ρ) = d
d − 1

�

1− Trρ2
�

, (1)

where d is the dimension of the Hilbert space associated with our quantum system.
As defined, these entropic measures are normalized, i.e., their value is 0 for pure states and

1 for maximally mixed states, and therefore we can ensure that the set of points (L(ρ),S(ρ))
generated by all valid density matrices ρ is a bounded set; however, it does not completely
fill the entire unit square. The boundaries can be computed by means of variational methods
as the search of curves with maximal or minimal von Neunman entropy given a fixed value of
the linear entropy and a density matrix rank k. This allows the subdivion of the set into d − 2
rank-dependent subregions. This makes possible the classification of density matrices within
each subregion by the minimum rank they have. Details about the explicit meaning of these
curves and their parametrization can be found on [1].

In Figure 1, we plotted the basic structure of an information diagram for quantum density
matrices with d = 5. The global boundaries (in black) are the global extremal curves that
enclose the entire set of allowed local points, within there are extremal curves (in grey) that
give information about matrix ranks. The bottom-most curve represent all density matrices
with rank k = 2, while each extremal curve moving upwards for increasingly higher ranks
k = 3, ..., d set the minimum rank allowed on the whole area above it. Matrices with rank
k = 1, i.e. pure states, are all located at the origin. It is also interesting to note that a density
matrix located at the intersection point of the k-extremal curve with the global boundaries has
k identical eigenvalues and d − k zeros as it has maximal von Neumann entropy for its rank.

This rank based structure allows us to obtain an intuition about the level of entanglement
and mixture of a family of density matrices. It is well-known [2] that density matrices which do
not lie at the origin nor to the right of the NEMSs (Not Entangled Mixed States) Linear entropy1

threshold (in dashed gray), all present entanglement. However, information diagrams do not
give direct information about the absolute level of entanglement of a given density matrix.2

With all of this in mind, we will use information diagrams of RDMs to study the entan-
glement of what we call parity adapted coherent states of SU(D) or DCATs, a generalization
of “Schrödinger cat states”. In this case, information diagrams do provide useful information
about entanglement and, in particular, the rank of the RDM is an entanglement monotone [3].

1A similar behaviour can be seen in the von Neumann Entropy.
2But if the system is divided in two parts and one of the parts is traced out, the location in the information

diagram of the resulting RDM provides a good indicator of the level of entanglement of the original density matrix.
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Figure 1: Information diagram for d = 5. Each region overlap with the ones below it.

3 Parity adapted U(D) CSs in symmetric multi-quDit systems

We shall introduce here the definition of parity adapted U(D)-spin coherent states (DCATs) in
symmetric multi-quDit system. Before that, establishing the required mathematical tools is
necessary.

We consider a system of N identical indistinguishable particles, each of which has D pos-
sible states or levels, e.g., N D-level identical atoms. Thus, we can define the creation (anni-
hilation) operator for each level: {a†

i }
D−1
i=0 ({ai}D−1

i=0 ). Note that we denote the ground level as
i = 0. As usual, these operators create (destroy) a particle on the i-th level |i〉.

In its fully symmetric representation, the collective U(D)-spin operators can be expressed
as bilinear products of creation and annihilation operators, that is Si j = a†

i a j , 0 ≤ i, j ≤ D− 1
(Schwinger representation).

Note that the diagonal operators Sii correspond to the number operator of the i-th level,
while off-diagonal operators Si j (i ̸= j) are tunneling operators that move a particle from the
j-th level | j〉 to the i-th level |i〉.

As this is the fully symmetric representation of U(D), the associated space can be em-
bedded into the Fock space H(N)F of dimension d =

�N+D−1
N

�

, with a Bose-Einstein-Fock ba-

sis
¦

|n⃗〉 ∈H(N)F

�

�∥n⃗∥1 = N ,



n⃗
�

�n⃗′
�

= δn⃗,n⃗′
©

. Within this space, we pay special attention to the
U(D)-spin coherent states (or DSCSs for short), which can be expressed as a multinomial form
(see [1]) in terms of the {a†

i }
D−1
i=0 operators acting on the Fock vacuum.

However, for the sake of simplicity, we will use a more elementary (although equivalent)
construction for DSCSs. Firstly, we define the one-particle state: |z〉(1) = 1p

1+|z|2

�

|0〉+
∑D−1

i=1 zi |i〉
�

,

labeled with complex points z = (z1, ..., zD−1) ∈ ℂD−1 without the coefficient z0 = 1 (this
election just represents the explicit choice of an specific local chart on the complex projective
manifold defined by the normalized quantum states). The norm |z| is defined in terms of
the scalar product z′ · z =

∑D−1
i=1 z̄′izi . The N particles U(D)-spin coherent states are simply

defined as:

|z〉(N) =
N
⊗

i=1

|z〉(1)i , (2)

where the superscript denotes number of particles, and the subscript represents the tag of
each particle own space. It is obvious they are symmetric and that they do not present any
entanglement as they are separable (tensor product states or TPS).
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In addition, it is important to note that, in general, DSCSs are not orthogonal since their

overlap is given by (N)



z′
�

�z
�

(N) =
�

1+z′·zp
(1+|z′|2)(1+|z|2)

�N

. This means that, even though they do

not form a basis, they are an overcomplete continuous set of states that spans the entire space
H(N)F , i.e., they form a frame [4].

These non-entangled states can be combined to form highly entangled states by means of
parity operators. These parity operators can be defined as Π j = exp

�

iπS j j

	

, j = 0, ..., D − 1
with i2 = −1 being the imaginary unit. They measure the parity of the number of particles
in the j-th level of a specific state. Note that Πi = Π−1

i . These operators generate the parity
group of symmetric quDits systems ℤ2 × D...×ℤ2 = ℤD

2 . However, as the number of particles
N is fixed, Π0 · ... ·ΠD−1 = (−1)N impose a constrain on the total parity (−1)N , allowing us to
discard one copy of ℤ2 and its corresponding parity operator. In particular, we select the one
corresponding to the ground level (in correspondence with the choice z0 = 1).

Parity operators act upon CSs such that they change the sign of the corresponding z com-
ponents,

Πi |z〉
(N) = Πi |z1, ...., zi , ...., zD−1〉

(N) = |z1, ....,−zi , ...., zD−1〉
(N) . (3)

We define the following parity operators: Π
b j

j = exp
�

iπb jS j j

	

and Π𝕓 = Πb1
1 Π

b2
2 · ... ·Π

bD−1
D−1 ,

where 𝕓 = (b1, b2, ..., bD−1) ∈ {0, 1}D−1 is a binary string of length D− 1 that labels elements
of the parity group ℤD−1

2 . They allow us to define the definite parity subspace projectors as
the Fourier transform in the ℤD−2

2 group,

Π𝕔 = 21−D
∑

𝕓∈{0,1}D−1

(−1)𝕓·𝕔Π𝕓 , (4)

where 𝕔= [c1, c2, ..., cD−1] ∈ {0, 1}D−1 is the parity of the subspace that this projector projects
to. They can be used to project states to a defined parity 𝕔 subspace, thus allowing us to define
the 𝕔-parity adapted CSs states or 𝕔-parity DCAT as:

|DCAT𝕔(z)〉
(N) =

1

N (N)
𝕔 (z)

Π𝕔 |z〉
(N) =

21−D

N𝕔(z)

∑

𝕓∈{0,1}D−1

(−1)𝕓·𝕔
�

�z𝕓
�(N)

, (5)

where z𝕓 := ((−1)b1z1, ...., (−1)bi zi , ...., (−1)bD−1zD−1) and

�

N (N)
𝕔 (z)
�2
= 21−D
∑

𝕓∈{0,1}D−1

(−1)𝕓·𝕔
[1+ z𝕓 · z]N

(1+ |z|2)N
, (6)

is a normalization factor or the norm of the unnormalized DCAT.
As an example, we provide the explicit expression of the 𝕔-parity DCAT state and N𝕔(z) for

D = 2,3 (qubits and qutrits).
For D = 2, there are only two possible levels, and one component of z and parities; thus

z = α and 𝕔 = c. Any one-particle coherent state |z〉(1) := |α〉(1) is written as |α〉(1) = |0〉+α|1〉p
1+|α|2

,

and the corresponding N -particle 2CATc is expressed as

|2CATc(α)〉
(N) =

1

2N (N)
c (α)

�

|α〉(N) + (−1)c |−α〉(N)
�

, (7)

with:

�

N (N)
c (α)
�2
=

1
2
(1+ |α|2)N + (−1)c(1− |α|2)N

(1+ |α|2)N
=

1
2

�

1+ (−1)c
�

1− |α|2

1+ |α|2

�N�

. (8)
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It is easy to check that Πb |2CATc(α)〉
(N) = (−1)c·b |2CATc(α)〉

(N) as it corresponds to its parity. It
is also important to note that, for c = 1, the 2CAT1(0) can only be defined as the limit α→ 0
of the normalized DCAT, since the normalization factor tends to zero as the unnormalized state
itself also does.

For D = 3, there are three possible levels and two component of z and parities; thus
z = (α,β) and 𝕔 = [c1, c2]. A one-particle coherent state |z〉(1) := |α,β〉(1) is written as
|α,β〉(1) = |0〉+α|1〉+β |1〉p

1+|α|2+|β |2
, with the corresponding N -particle 3CAT𝕔 expressed as:

|3CAT𝕔(α,β)〉(N) =
1

4N (N)
𝕔 (α,β)

�

|α,β〉(N) + (−1)c1 |−α,β〉(N)

+ (−1)c2 |α,−β〉(N) + (−1)c1+c2 |−α,−β〉(N)
�

, (9)

with:

�

N (N)
𝕔 (α,β)
�2
=

1
4
+
(−1)c1(1− |α|2 + |β |2)N + (−1)c2(1+ |α|2 − |β |2)N

4(1+ |α|2 + |β |2)N

+
(−1)c1+c2(1− |α|2 − |β |2)N

4(1+ |α|2 + |β |2)N
. (10)

It is easy to check that Π𝕓 |3CAT𝕔(α,β)〉(N) = (−1)𝕔·𝕓 |3CAT𝕔(α,β)〉(N) as it corresponds to the
partial parity of the given pair.

These expressions will be used in Section 4 to compute the eingenvalues of the corre-
sponding M -wise RDM ρ(M)𝕔 (z) = Tr(N−M) [|DCAT𝕔(z)〉 〈DCAT𝕔(z)|], which allows us to analyze
the entanglement structure of the DCATs using information diagrams.

4 Entropic measures of reduced density matrices

As we have seen in Section (2), we can compute von Neumann and linear entropies associated
to any quantum state using the eingenvalues of the corresponding density matrix operator.

This allow us to compute the entropies associated to the M -wise RDM of a DCAT state (i.e.
partial tracing N − M out of the N particles). Using the explicit expression of DCATs in terms
of the Fock basis [1], one can easily compute the RDM taking partial trace. This RDM can be
diagonalized and then its entropy computed [6].

For the sake of simplicity, we will limit ourselves, again, to D = 2,3. As it is not rele-
vant here, we omit the diagonalization and directly provide the eingenvalues of the RDM. We
consider the partial trace of N − M > N/2 particles, leaving M ≤ N/2 on our state (cases
where M > N/2 are symmetric to the case M ≤ N/2 by interchanging M → N − M). This
means that the M -wise RDM is associated with the Fock space H(M)F ̸= H(N)F with dimension
dM =
�M+D−1

M

�

< dN =
�N+D−1

N

�

.
For D = 2, we provide the eingenvalues of the RDM as a vector, and we omit the expression

of eigenvectors, which are not relevant here,

ρ(M)c (α) =





�

LN−M
+ + (−1)c LN−M

−

� �

LM
+ + LM

−

�

2LN
+

�

N (N)
c

�2 ,

�

LN−M
+ − (−1)c LN−M

−

� �

LM
+ − LM

−

�

2LN
+

�

N (N)
c

�2 , 0⃗



 , (11)

where L± := 1 ± |α|2 and 0⃗ is a vector that pads the diagonal with zeros until the required
dimension is reached. In general, we only have two non-zero eingenvalues.
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Figure 2: Information diagrams (upper line) for D = 2, N = 6, 7 and M = 2, 3, and
the corresponding plots (bottom line) of the von Neumann entropy as a function of
the parameter |z|.

In Figure (2), we plotted the von Neumann entropy as a function of the absolute value
of the complex parameter z as well as the associated information diagrams for three pairs of
(N , M) and both possible parities 𝕔= [0], [1].

At z = 0, the 𝕔= [0] RDM presents no entropy, while 𝕔= [1] starts from a high value of the
entropy. As |z| increases, so does the entropy for both cases and any pair (N , M) of particles
until the peak value is reached at |z|= 1. At this point, it can be shown that any derivative of
order < M vanishes. This means that the higher M is, the flatter the peak will be. From this
point, the entropy decreases for both parities with one of them consistently over the other. For
even N , 𝕔= [1] remains at the top while this behaviour reverses if N is odd.

Using the previous information, we can give an interpretation to each corresponding in-
formation diagram. For D = 2, the maximum value of the rank is k = 2 for all M > 1 since all
RDM lie on the bottom-most curve. However, k = 1 is reached for RDM with no entropy and,
therefore, no entanglement (pure states). For even N , only 𝕔 = [0] covers the entire possible
entropy range (entropy is normalized to dimension dM = M for D = 2), while 𝕔 = 1 only
spans a narrow interval of possible values. On the other hand, for odd N ,the entire range is
available for both parities.
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For D = 3, we have:

ρ(M)𝕔 (α,β) =
1

4LN
++ [N𝕔(α,β)]2

(12)

×
�

�

LN−M
++ + (−1)c1 LN−M

−+ + (−1)c2 LN−M
+− + (−1)c1+c2 LN−M

−−

� �

LM
++ + LM

−+ + LM
+− + LM

−−

�

,
�

LN−M
++ − (−1)c1 LN−M

−+ + (−1)c2 LN−M
+− − (−1)c1+c2 LN−M

−−

� �

LM
++ − LM

−+ + LM
+− − LM

−−

�

,
�

LN−M
++ + (−1)c1 LN−M

−+ − (−1)c2 LN−M
+− − (−1)c1+c2 LN−M

−−

� �

LM
++ + LM

−+ − LM
+− − LM

−−

�

,
�

LN−M
++ − (−1)c1 LN−M

−+ − (−1)c2 LN−M
+− + (−1)c1+c2 LN−M

−−

� �

LM
++ − LM

−+ − LM
+− + LM

−−

�

, 0⃗
�

,

where Lσ1σ2
:= 1+σ1|α|2 +σ2|β |2 with σi ∈ {−1,+1}.

Now, in Figure 3, we show a contour plot of the von Neumann entropy as a function of the
point (|α|, |β |), as well as the corresponding information diagram for fixed N = 7 and M = 2
and all relevant parities (the 𝕔 = [1, 0] case is symmetric to 𝕔 = [0,1] with the interchange
α ↔ β). The color scale represent the von Neumann entropy in both contour plots and
information diagrams.

Figure 3: Information diagrams (upper row) for D = 3, N = 7, M = 2, and all
relevant parities, and the corresponding contour plots (bottom row) representation
of the von Neumann entropy as a function of the parameters (|α|, |β |).

For D = 3, the behaviour is similar to D = 2 but the number of possible cases increases
exponentially. For even N , the higher the number of 1’s a parity has, the higher the associ-
ated average entropy is (higher on the information diagram), and the narrower the range is
occupied. For odd N and all parities except 𝕔 = [1,1], the entire possible entropy range is
occupied taking into account the maximum rank available. Each one of the two axis (|α|, |β |)
has an intimate relation with its corresponding parity component. If the parity components
are not equal, an asymmetry between both axis is created as not all directions are equivalent,
decreasing the entropy at points near the axises with corresponding non-zero parity compo-
nent.
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Again, all the properties can be directly visualized on the information diagrams in Figure 3.
Now, the possible ranks scale from k = 1 to k = 4 for any M , and completely even parities
occupy higher areas (with non null measure) on the diagrams.

5 Conclusion

Parity adapted coherent states or DCATs can be physically produced on Kerr materials [5] or
as products of Bose-Einstein condensates and have applications on models such as the Lipkin-
Meshkov-Glick model [1]. Therefore the entanglement structure of this kind of states is of
high interest.

This work is limited in scope but in [6] the ideas seen here are further developed, gener-
alizing the decomposition of the RDM of DCATs into their eigenvectors using Group theoretical
methods and more sophisticated interpretations.
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