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Abstract

Considering spin degrees of freedom incorporated in the conformal generators, we in-
troduce an intrinsic momentum operator 7,,, which is feasible for the Bhabha wave equa-
tion. If a physical state 1}, for spin s is annihilated by the 7, the degree of 1 ,},, deg vy,
should equal twice the spin degrees of freedom, 2(2s + 1) for a massive particle, where
the multiplicity 2 indicates the chirality. The relation deg,, = 2(2s + 1) holds in the
representation Rs(s,s), irreducible representation of the Lorentz group in five dimen-
sions.
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1 Introduction

Conformal symmetry [1] has many applications in string theory and critical phenomena in
condensed matter and statistical physics. For a scalar field, the conformal generators are com-
posed of dilatation D, momentum P,, special conformal K,,, and angular momentum L. For
a multicomponent field ¢, where spin degrees of freedom is incorporated as L, = L, + 5.,
the D and K|, are generalized as D — D + A and K, — K, + x,, while the P, in an ordinary
context [1], remains unchanged as P, — P,. The unchangeability of P, may be because &
transforms as a scalar under spacetime translation. If we assume that ®(x) — ¢'(x’) = &(x)
under x — x’ = x + a, that is, & (x) = ®(x —a) = e “P®(x), we find it unnecessary to in-
troduce an intrinsic momentum operator 7, as P, — P, + m,. Even if we admit the scalar
property of ®(x) under x — x + a, we can introduce 7, in such a way that the m, may
annihilate physical states.

This paper aims to introduce such an intrinsic momentum operator 7, to find that 7,
can realize for a matrix structure in parafermion-based Dirac-like equations, such as spin-1
Kemmer equation [2], and more generally, Bhabha equation [3]. In Sec. 2, we give some
preliminaries concerning the conformal algebra, together with its Casimir operator. In Secs. 3-

5, we deal with the 7, in the case of spin %, 1, %, respectively. We devote Sec. 6 to the summary.

u

u
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2 Preliminaries

We begin with the commutation relations between the intrinsic conformal generators A, 7,
Ky and s,,, corresponding to D, P,, K, and Ly, respectively. If the intrinsic conformal
generators satisfy the same commutation relations as ordinary conformal generators, we can
write the non-vanishing commutation relations as

[A, TCM] = in,u,, [A, Ku] = _iK,u,, [Ku: ﬂ:v] = Zi(guvA_Suv): (D
[T[pz S,uv] = i(gp,u,ﬂ:v_gpvﬂu): [Kp: Suv] = i(gpqu_gvau): (2
[S,uw Spa] = i(gvps,ua + &uoSvp — upSve — gvasup) > 3)

while the vanishing commutation relations are given by

(A, syy] =7y, my] =[xy, ©,] =0. 4

It should be remarked that (1)-(4) are invariant under the scaling of 7, and x,, and also under
the substitution between 7, and x, as

(A, 7Ty, Ky Spy) = (A, ATy, AN, 500), (5)

(A’ n,u,; K[J,J Suv) - (_A’ K'L,LJ nu; Suv): (6)

where A € C\ {0}, and use has been made of s,,, = —s,,, in (6). Note that (5) represents the
“chiral” transformation g — g’ = e%2ge %2 (g € {A, 05 KpysSyy}), where A = elf,

To check the irreducibility of the representation for the conformal group, it may be avail-
able to obtain the Casimir operator C. Note that although the C is invariant under (5) due
to the chiral transformation, the invariance of C under (6) is somewhat naive. For simplic-
ity, we consider (3 + 1) spacetime dimensions, where the conformal algebra is isomorphic to
50(4,2) [1]. In this case, the order of C is given by 2, 3,4, as in the case of s0(6) [4]. Explicitly,
we have C = C,, C3,C,4 (the index i in C; represents the order) as [5]

1 1
Cy = ESWSW + E{K“, '} — A2, Cy = etP? (Asw +{Ky nv})spa ,
1 1 b1,
C4: Ejuvj‘uv_i{j[(,“; jp }_Ej 5 (7)

. 1
where J*7, \71?,\7#, and J are given by J*” = e""P? (Aspg + E{Kp, ’ITU}), jK“’ =e""PK,5,0,

Ty = e""Pom,s,, and J = €'P%,, 5,5, with €#”P7 the totally anti-symmetric Levi-Civita
tensor (€°1?2 = 1), and {A, B} = AB + BA. It confirms that all the C’s are invariant under (5).
If the e*”PY remains invariant under (6), the C;’s transform as (C,, C3 C4) — (Cy, —C3, C4).
However, the invariance of e“”P9 under (6) is not so trivial, which will be discussed at the end
of the next section and afterward.

3 Spin %

This section deals with the Dirac equation, which describes a spin-% particle. In this case,
the spin operator s,,, which satisfies (3), can be written using the gamma matrix y, as
Suy = i%[y“, rv], where {y,, rv,} = 2g,,1. The next thing is to obtain 7, from the first
equality in (2) and [7,, 7,] = 0. Considering that [y, s,,] = i(g,uY» — §p»Yu)> ONE may
suspect that 7, may be given by 7, = Ay, (4 € C), which, however, would not be appropri-
ate due to [m,, 7,] # 0. This conclusion is not the end of the story. For an even spacetime
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dimension, there is a matrix ys such that )/3 =1 and {ys, v,} = 0. Under the existence of
¥s, the choice of 7, = A(y, +vs7,) satisfies the first equality in (2) and [7,, 7,] =0. Ina
similar way, we obtain k, = A/(y,, £ ysy,) from the second equality in (2) and [« , x,] = 0.
The relation between A and A’, along with the remaining generator A, can be derived from
(1). To summarize, we have

1, 1+ys 1 (1F7s
A:ﬂ:EIYS’ TEIJ:M( 5 )YM’ KM:M( 5

where the multiplier M € C \ {0} corresponds to A in (5). Note that the substitution (6) can
be interpreted as y5 — —ys. Note also that [A, s,,,] = 0.

The fundamental property of 7, (or ;) is the nilpotence of order two. Let alf = (1£ys)y,-
Then it follows that

i

)Y,u’ S,uv:4[Y,u: Yyl (8)

=0=a_a, . )
To be more exact, we can show that

{a:P1=O, {a;PZZZPﬂ/;“

Z - (10)
a“P2=0, a“P1=2P2)/M,

where P; = %(IL +ys5) and P, = %(]l — vs5) represent the projection operators such that
P, + P, = 1 and P;P; = 6;;P;. In the Dirac theory, it is well known that P, and P, are
employed in the chiral decomposition. In this sense, (10) can be derived without recognizing
the concept of the intrinsic momentum operator 7,,; the existence of 7, will play a substantial
role in higher spin states.

Now we give some properties concerning the Casimir operators C;’s in (7). First, we discuss
the invariance of C; under (6). Recalling that the substitution (6) corresponds to y5 — —7s,
and that y5 = —%ie“”poyuyv}fpya, we find that y5 — —v5 implies that e*”P9 — —e#”P? In
this sense, C5 remains invariant under (6). Next, we obtain the relation between C, and Cj.
Note that J"” can be rewritten as 3Ae"”%s ,,, which leads to 7,,,J"” = 9s,,s"". In a similar
way, we have {Jk ,, jP“} =—9{x,, m"} and %Jz = 9AZ2. Thus we obtain C, = 9C,. Anyway,
there is no such operator (except a scalar multiple of identity 1) that is commutative with all
the y,s, so that the C;’s are given by a multiple of identity 1 as (C, C3, C4) = %(1, 22, 32)1.

4 Spin1

This section deals with relativistically invariant wave equations for spin s = 1. For the sake of
simplicity, spacetime dimension d is restricted to (3 + 1). We summarize the wave functions
for a free massive particle in Table 1, to find that the 7, is allowed for the KDP equation
but not for the Proca and the WSG equations. This is because the n X n matrix 7, such that
(75, suy] =1(8pumy — &pvT,) is allowed for n = 10, but not for n = 4, 6. In what follows, we
concentrate on the KDP equation, where the s satisfy the trilinear relations

BuBvBp + BpBoBy = 8uvBp +&pwBy (1, v,p €{0,1,2,3}). 1D
Note that 3; (i = 1,2,3) can be identified with the non-relativistic spin-1 operator s; in the
sense that the s;’s satisfy s;s;s; +s¢5;8; = 6;jk + O;S;-
For n = 10, it is known that [2] there is a matrix w (= f5) which is given by extending
(11) to those for u, v, p € {0,1,2,3,5} with g5, = g,5 = 85, Explicitly, we have

, {{wz, Buy =B, {ﬁuwb’ﬁb’vwﬁu =0,

w’=w (12)
wﬂuwzo) wﬁuﬂv""ﬂvﬂuw:guvw-
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Table 1: Lorentz invariant wave equations for s = 1 and d = 3 + 1. For the Proca
equation, the upperscript in ¢ = (A0, AL A% A%) represents the Lorentz vector com-
ponent, and A, represents the generator of the Lorentz transformation. For the
WSG equation, s; (i = 1,2,3) is given by the (3 x 3) representation matrix for the
non-relativistic spin-1 operator.

Name Equation Degree of v Suv um
Proca (O + m?)A* = 94(3 - A) 4 Ay NA
1
L= = XS
WSG[6,7]  (O+7,,8"0" ) = 2m24) 6 {501 1739% NA
Sij =1® Ei]‘ksk
KDP [2,8,9] (iB 0" +m)yp =0 10 ilBu, By] v

Then the intrinsic conformal generators are given by

A=+iw, m,=M(B,+[w,B,]), KH=$(/3M:F[0),[5M]), Sy =1y, By].  (13)

Note that (13) reduces to (8) under (ﬁu’ w) — %(yu, vs). It is not so difficult to obtain from
(11) and (12) the nilpotence of T, as

ottt — O — =y y—
auavap—O—auavap, (14)

where a;: := B, £ [w, B,]. To be more exact, we have the following relations:

{azpl :0, {aZP2=2P1/3M, {ata;P:;ZZPlA‘uv, (15)

a;P3 :0, OL;P2=2P3[5N, a;a;Pl :2P3AMV’
where A, = {f,,,8,} — g,»1, and P; represents a projection operators as P, = %w(w +1),
P,=1—w? and P; = %w(w—]l), so that 2?21 P; =1 and P;P; = 6;;P;. Notice that in (15),
the lower relations can derive from the corresponding upper ones through the substitution
w — —w. Notice further that A, anticommutes with w, that is

{A,,, w}=0. (16)

uv>

The relation (16) leads to [A‘L, w?]= 0. Note that A“H and w are Lorentz invariant in the sense

that [s4, A’L] =0=[sqp, w]. This relation implies that A‘L can be written as A‘L = Zz

i

i=0 Ci @

(c; € C), where c; (i > 3) is not necessary due to w? = w. Here we have assumed that there is
no Lorentz invariant other than 1, w, and w?. In this case, we find that ¢y + ¢, = 0 = ¢; from
{A",, w} = 0 by (16), and that ¢, = 2 from {,, BuB"} = 5B, by (11) and {B,, w?} =B, by

(12). Eventually, we have
ﬂuﬁ“z P, +21. a7

Actually, the relation (17) holds in the ten-dimensional representation [2] for (11) and (12),
which corresponds to the adjoint representation of the Lorentz group in five dimensions (for
the adjoint representation, we have (g) = 10 Lorentz group generators). For later conve-
nience, we rewrite %sws‘” using P, as

1
Esws“” =41—P,, (18)

where we have used (17), together with P22 =P,.
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As was mentioned in Sec. 1, the 7, should annihilate the physical state. To check the
validity, we show that the rank of P, (or equivalently, the trace of P;) for k = 1,3 equals
the spin degrees of freedom. In the ten-dimensional representation, the eigenvalues of w are
given by 1,0,—1 appearing 3, 4, 3 times, respectively. Thus, we obtain

Rank(P1)=Rank(P3)=3, Rank(P2)=4.

This result is quite reasonable because the number “3” equals the spin degree of freedom for
a massive particle for s = 1. To confirm the validity, we calculate the 3-dimensional spin
magnitude (3)2 = 3122 +5232 +5312- Let |¢;h> = P1|¢), hp;h) = P3|¢), and |¢un> = lelp); in
which we have ath/);h) = 0. Recalling that (s)? (= %sws“”) =21— %Pz by (18), and that
P;P; = 6;;P;, we obtain (s)zlz/);th) =s(s+ 1)|1,b§h) (s = 1) and (s)?[¢y,) = %I?,bun). These
relations indicate that |1,b§h) represents the spin-1 state, while |v,,) does not. Bearing these
findings in mind, we can regard Iz/);th) and [¢,,) as physical and unphysical states, respectively.

Finally, we give some properties of the Casimir operator C. As in the case of s = %, the
invariance of C5 under (6) is guaranteed by the statement that (v —» —w) = ("7 — —e""P?)
by w = —}‘e“”p"ﬁuﬁv[jp B [10,11]. After a somewhat tedious calculation, we can write
the C;’s in (7) as (C,,C3,C4) = (9,48,144)1, which confirms the irreducibility of the ten-
dimensional representation.

5 Spin ;

In this section, we consider the (3 + 1)-dimensional Minkowski space, as in the case of s = 1.
Although the Rarita-Schwinger equation is well known as a relativistic invariant wave equation
fors = %, the intrinsic momentum operator is not allowed, as in the case of the Proca equation.
Instead, we adopt a Dirac-like wave equation for parafermion of order 3, namely (massive)
Bhabha wave equation [3] (see Table 2).
Extending the polynomial relations among the non-relativistic spin operatorss;’s (i=1,2,3)
to those among s,’s (u =0, 1,2,3) in a relativistically covariant way, we obtain
{susvsa +SaSvSu + &uaSy = SuSaSy T 535aSy + &uvSa (19)

0= (S,usvsasﬁ - %{Suzsv}gaﬁ + 19_6guvgaﬁ) + (perm' of u,v,Q, ﬂ) .

It may be convenient to rewrite the first relation of (19) as [s,, [sy, $4]]1 = guvS¢ — &uaSy»- Note

that %y“ satisfies both relations in (19). This implies that there should exist a polynomial rela-
tion such that p(sg,s;,55,53) = 0 with P(50,51,52:33)|5u_>%m # 0. However, we neglect, for the
time being, such a polynomial relation because it is not irrelevant to the following discussion.
Suppose that there exists an operator ss which satisfies (19) for u, v, a, f € {0,1,2, 3,5}, with

Table 2: Lorentz invariant wave equations for s = % For the Rarita equation, 1

is composed of four Dirac spinors as ¢ := (VYg,Y1,¥5,Y3), where the subscript
represents the Lorentz vector component, so that A (= {A,,}) : ¥ = " acts as

W) = A4,

Name Equation Degree of ) Sy T,
Rarita-Schwinger  (e"""“ysy,0, + mgh? )y, =0 4x%x4 Ayy+ }‘[yu, Yy,] NA
Bhabha (is, 0" +mn)p =0 20 ifsy, s,] v
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gsu = &us = Os,. Then the intrinsic conformal generators are given, as is analogous to the

case of s = %, 1, by

. 1 .
A=:tls5> n,u:M(s,u:t[SSJ s,u]) ’ KM = M(SH:F[SS’ SM]) > Suvzl[s,uzsv]' (20)

Note that the first equality in (19), together with the existence of ss, is sufficient for (20); the
second equality in (19) is not necessary for (20). Recalling that the first relation in (19) is
satisfied for s, — %y“ (s= %) and fors, — B, (s = 1), we find it natural that the relation (20)
is the same form as (8) and (13). For later convenience, we obtain some operators which
anti-commute with ss. Such operators are exemplified as

{85: AM} =0= {55) Apvu + (perm' Ofp: v, ‘U/)} ’ (21)

— _3 — _7
where A, = $55u5 ~ 35> and Apvu_ =SpSySu " 38pwSus ‘ N .
The projection operators P;’s (i = 1, 2, 3,4) can be written using the minimum polynomial

f () with respect to s5 as P; = Jﬁj;(_si)]]ll , Where f(x) = l_lle(x—ki), with A; = %, Ay = %,

Ag = —%, Ay = —%. Let s: :=s, +[ss, 5, ]. Then it follows that (see Appendix A)

4
{S;Pl == 0, {S;PZ == 2P1XM 5 {SIS:L— P3 = ZPIXV,LL B {S;S;};SZP4 == §P1XPVM 5
p v u

S;P4=O, S;P3=2P4Xu, 5;5;P2=2P4Xv“,

where X, X,,, and X,,,,, are given by

X[L:s[_L7 XV[_L:{SV: S;,L}_ngy,]lﬁ XpVH:[Ypr,J’_(Perm' Ofp) V,M):I,

. _ 3
with s = 5 and Y,

1 1 3
= 5,5y, — 8pv(8Su + 55555,85) — Apyy — 3854, (s = 3). The rela-
tions (22) lead to s)s7s

; =0= s;s;s;s;Pi (i =1,2,3,4), from which, together wirh

g
Z?:l P; = 1, we obtain the nilpotence of sj (of order 4) as
+ _ _ —_ = = —
o =0=s s s s_. (23)
Note that by (21), not only have we the anti-commutativity

{va‘u’ 55} = O:

but also the anti-commutativities {y,, ys} = 0 and (16) can be rewritten using X, and X,,, as

1
X2, rsh=0={x, w}, 24)

1
where X !(f) and X %}, more generally, X E;B represents the corresponding X,,, for a given spin

(3) .
s. For example, we have Y3, = %ypyvy“— %gp »Yu> and Yé% = By ByBu—&p By by replacing
(sp,s,,,s“;s) inY,,, with %(yp, Ty Y 1) and (B, B, By; 1), respectively. Note further that we
have the following vanishing relations:
(3) _X(%)

X =Xpw

— 1 —
=0, x{) =0,

which, in vew of (22), are due to the relations (9) and (14), respectively.

Now we discuss whether or not physical states can be given by Py|y) (k = 1,4) by cal-
culating the rank of P,. In the Bhabha theory [3] for s = %, we have two irreducible rep-
resentations R5(%, %) and R5(%, %), where R;(s,$) represents the spin-s Lorentz group repre-

sentation in five dimensions. Let S := {s;,$5,53,is0}. For Rs(g, %), the eigenvalues of x € S
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are %, %,—%,—% appearing 4, 6, 6,4 times, respectively; while for R5(%, %), the eigenvalues of

x €8 are %, %,—%,—% appearing 2, 6, 6, 2 times, respectively. If s5 realizes, the eigenvalues of

sg are identical with those of x € S, so that

32 33
Rank (P;) = Rank(P,) = {4 (RS (3’ %)) ’ Rank (P,) = Rank(P3) = {2 EiS(? %B ’
222 s{3,3)) -

Thus we obtain in the representation RS(%, %), the relation Rank (P;) = Rank(P,) = 4, the
spin degrees of freedom for a spin-% massive particle.

The analogous relation holds for a general spin s. Note that by a fundamental property
of the projector, we have Rank(P;) = N;, where N; represents the number of the eigen-
value (s + 1 —1i) of s5. Note also that in the representaion Rs(s,5) (§ = s,s —1,...), the
maximum and minimum eigenvalues of sg [that is, s and (—s), respectively] occur (25 + 1)
times [3]. Considering these two remarks, we obtain in the representation Rs(s, s), the relation
Rank (P;) = Rank (P4, ) = 2s+1, the spin degrees of freedom. To confirm that |1,b;h) =P, |y)
and |1/);h) = Py.1]Y), in which we have sjl@,b;h) = 0, can be regarded as physical states, we

should further show (s)zli,b:h) =s(s+ 1)|1,b§h), which, however, will be discussed elsewhere.

6 Conclusion

We have found that the intrinsic momentum operator 7, = s;,s;, which we do not introduce

in the ordinary conformal group, is feasible for the Bhabha wave equation, provided that ss,

corresponding to %Ys (s= %) and w (s = 1), exists. For a general spin s, we can write the intrin-

sic conformal generators as the same relations as (20) and those where s; — (—s5), satisfying

the invariance under (5) and (6). The fundamental property of 7, is the nilpotence of order

(2s+1). To be more exact, let P;’s (i =1, 2,...,2s+ 1) be the projection operators concerning

thess asP; = ,ﬁsfs(—s—i{-]}p where f(x) = ]_[12:;1 x—2A;), A; =s+1—1i. Then we have the same
(3)

hierarchical relation as (22), where X >, Xlglv), ... anti-commute with ys, w,..., respectively.

As long as the wave function transforms as a scalar under the spacetime translation, either s;“
ors, should annihilate a physical state, so that the relation Rank(P;) =2s+1 (k =1,2s+1) is
required for a massive particle. Fortunately, this relation holds in the representation Rs5(s,s),
irreducible representation of the Lorentz group in five dimensions.
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A Derivation of (22)

It is not so difficult to obtain X,, and X, by rewriting s;’ P, and s:js;r P in such a way that s
is located as leftward as possible. However, this procedure is not practical for the calculation

of X,,, because X, hinges on s5 so that we may not represent X,,,, uniquely due to some
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relations between s5 and s,,’s. In this sense, it would be better to adopt another approach. We
start with the following relation:

siPa=2X,P,  (X,=s,). (A.1)

Keeping the form of (A.1) without rearranging ss leftward, and applying s; to both sides of
(A.1) from the left, then we find it rather simple to obtain

3
‘S-:/_S:;P4=2XW,LP4 (lel:{sv:' S'u}_s]]_, SZE),

where we have used [s7, s5,] = [s,, 5, ]+g,,5s, together with the relation ssP4 = —sP,. Further
application of s;; leads to the relation

4
s;s:s;P4 = 3X,,,P4 (Xpw =Y,y + (perm. of p, v, w),

where Y, =5,5,5, — &,,(55, + %sssuss). A similar calculation yields s s7's Py = %Xp wP1-
Recalling that {ss, X,,,,,} = 0 by (21) and noticing that P; «> P, under the substitution

s5 — —sg, we finally get the last relation in (22).
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