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Abstract

We present a non-perturbative computation of inclusive rates of semileptonic decays of
heavy mesons from lattice QCD simulations. The calculation is based on the extrac-
tion of smeared spectral functions obtained from four-point Euclidean correlation func-
tions computed on configuration ensembles of the JLQCD and ETM collaborations. We
compare our results for the inclusive decay rates with analytical predictions from the
operator-product expansion, finding a good agreement for the calculation of the inclu-
sive decay rate. This opens the path to the theoretical determination of the magnitude of
the Cabibbo-Kobayashi-Maskawa matrix element Vcb to a level of precision competitive
with the present experimental uncertainty.
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1 Introduction

Flavour physics remains an important avenue to access new physics that might exist beyond
the Standard Model (SM), and in recent years the growing number of anomalies and ten-
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sions between SM predictions and experimental results in this sector has generated mount-
ing excitement in the particle-physics community. One of the longest-standing tensions is
the ≃ 3σ discrepancy between exclusive and inclusive determinations of the magnitude of
Vcb, the Cabibbo-Kobayashi-Maskawa (CKM) matrix element [1–4]. The exclusive determi-
nation of |Vcb| requires non-perturbative form factors, which are typically computed in lattice
QCD (LQCD), which has been very successful in providing precise and systematically improv-
able calculations [5]. Until recently, the LQCD approach was restricted to the study of ex-
clusive semileptonic decays, while theoretical predictions for inclusive decays relied on the
operator product expansion (OPE) [6, 7]. In the past few years, however, new methods have
been proposed, allowing a complete first-principle study of inclusive semileptonic decays using
LQCD [8,9].

In this contribution, we discuss our recent lattice QCD study of inclusive semileptonic
decays of Bs mesons [10]. In particular, the main focus of the analysis carried out in ref. [10]
consists in the application of the spectral function reconstruction to the four-point correlators
extracted from the lattice. In the analysis, the method proposed in [11] is applied for the first
time to the computation of inclusive decay rates and related observables. We also compare
the LQCD results with those obtained from the OPE, thereby testing the quark-hadron duality
upon which the analytical approach is based.

2 Theoretical framework

Our determination of inclusive decay rates is based on the framework proposed in ref. [9].
The differential decay rate of the inclusive semileptonic decay of a Bs meson to charmed final
states X c and a pair of massless leptons lν̄ is defined as

dΓ
dq2dq0dEℓ

=
G2

F |Vcb|2

8π3
LµνW

µν , (1)

where Lµν is the leptonic tensor and Wµν is the hadronic tensor. The latter can be decomposed
into Lorentz-invariant structure functions Z (l)(ω,q2), and after integrating over the lepton
energy El the differential decay rate can be rewritten as

dΓ
dq2

=
G2

F |Vcb|2

24π3|q |

2
∑

l=0

�
Æ

q2
�2−l

Z (l)
�

q2
�

, (2)

whereω is the energy of the final meson state in the rest frame of the Bs meson and Z (l)(q2) is
the integral over phase space of the structure functions Z (l)(ω,q2) regulated by the integration
kernel Θl(ωmax −ω):

Z (l)(q2) =

∫ ∞

0

dωΘl(ωmax −ω)Z (l)
�

ω,q2
�

. (3)

The integration kernel Θl is defined in terms of a step-function θ (ωmax−ω) and a kinematical
factor: Θl = (ωmax −ω)lθ (ωmax −ω). Equation (3) is one of the key equations of this work
since it is essential in computing the inclusive differential decay rate defined in eq. (2). The
main goal of this work is to compute this quantity from lattice QCD simulations.

3 Lattice computation

The first step to compute the inclusive differential decay rate consists in evaluating the appro-
priate Euclidean correlation functions on the lattice. While lattice QCD calculations accessing
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only the ground state of a particle require only two- and three-point correlators, in ref. [9] it
was shown that four-point functions allow one to access the full spectrum of charmed final
states. The explicit form of the four-point correlation function in Euclidean time, with two
electroweak currents sandwiched between Bs meson states, is

Cµν(tsnk, t2, t1, tsrc;q) =

∫

d3 x eiq ·x T 〈0| φ̃B(0; tsnk)J
†
µ(x ; t2)Jν(0; t1)φ̃

†
B(0; tsrc) |0〉 . (4)

In our analysis we focus on the contribution to the correlator between t1 and t2, in which
multi-particle states propagate, and write a linear combination of the Euclidean correlator in
terms of the associated hadronic-tensor components as

G(l)(aτ;q) =

∫ ∞

0

dωZ (l)(ω,q2)e−ωaτ , (5)

where we expressed the Euclidean time in units of the lattice spacing (denoted by a) as aτ.
The two ensembles of lattice gauge-field configurations that we used in this work, gen-

erated by the JLQCD collaboration [12, 13] and by the ETM collaboration [14–19] rely on
different types of discretization for the fermionic fields, but neither of them can accommodate
a relativistic b quark with its physical mass. As a consequence, our results are obtained with a
Bs meson that is lighter than in nature. For further details about the ensembles, see ref. [10]
and the references therein.

4 Kernel reconstruction

To relate the correlation functions extracted from the lattice with the differential decay rate
in eq. (3), one has to extract the associated spectral functions. This is an ill-posed inverse
problem, which has to be tackled with appropriate numerical methods. In this work we use two
methods, one based on Chebyshev polynomials [20], which we applied to the data obtained
from the JLQCD ensemble, and another one based on the variant of the Backus-Gilbert method
proposed in ref. [11], which we used for the correlators extracted from the ETM configurations.
The starting point of both methods is that any smooth function f (ω) can be approximated
numerically by a series of polynomials

f (ω) =
∞
∑

τ

gτe−aωτ , (6)

so that eq. (5) can be rewritten as

∞
∑

τ

gτG(l)(aτ;q) =

∫ ∞

0

dωZ (l)(ω;q2) f (ω) . (7)

The term on the r.h.s. of this equation is analogous to the expression in eq. (3), provided one
substitutes the kernel Θl(ωmax −ω) with f (ω). This substitution cannot be done straightfor-
wardly, since the kernel Θl(ωmax −ω) is defined in terms of a step-function and therefore is
not a smooth function. However, the substitution can be done with a smeared version of the
step-function, θσ, which yields a smooth kernel Θl

σ(ωmax −ω) that can then be written in
terms of polynomials

Θl
σ(ωmax −ω) = (ωmax −ω)lθσ(ωmax −ω) = ml

Bs

∞
∑

τ

gτ(ωmax ;σ)e−aωτ , (8)
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which finally enables one to write eq. (3) in terms of products of Euclidean correlation func-
tions extracted from lattice QCD and coefficients of the smeared kernel:

Z (l)σ (q
2) =

∞
∑

τ

gτ(ωmax ;σ)G(l)(aτ;q) . (9)

It is important to remark that eq. (9) describes a quantity defined in terms of a smeared ker-
nel, which cannot be used to compute the physical decay rate. To extract the physical decay
rate, one has to take the σ → 0 extrapolation at the end of the calculations. The smearing
procedure is not simply a numerical trick, it also has a meaning at the formal level. Indeed,
hadronic spectral densities, and therefore also the structure functions Z (l)(ω,q2), when they
are computed in a finite volume such as in lattice simulations, have a discrete energy spectrum.
Hence, to make the correct connection between Z (l)σ and the corresponding physical quantity
one has to take the infinite-volume limit first and only then the σ→ 0 limit:

Z (l)(q2) = lim
σ→0

�

lim
V→∞

�

∫ ∞

0

dωZ (l)(ω,q2)Θl
σ(ωmax −ω)

= lim
σ→0

�

lim
V→∞

�

ml
Bs

∞
∑

τ

gτG(l)(aτ;q) . (10)

However, due to the exploratory nature of this work, we restricted our analysis only to one
physical volume for each configuration ensemble, so that a V → ∞ extrapolation was not
possible. This choice can be justified by the fact that our present statistical uncertainties are
likely larger than finite-volume effects; we plan to investigate these effects more thoroughly
in future work with simulations in multiple volumes.

5 Comparison with OPE results

The quantity Z (l)(q) computed from lattice QCD simulations can be used to determine the
differential decay rate according to eq. (2). As the masses of the Bs meson in the lattice QCD
simulations differ slightly between the JLQCD and ETM ensembles, the final results cannot be
compared directly with each other; however, both of them can be compared with the analytic
predictions from the OPE. As shown in figure 1, the agreement between the OPE curve (in
blue) and the lattice data (in red) is very good, for both the JLQCD and the ETM ensembles.

One can then perform the integration over q2 to obtain the inclusive decay rate for the
Bs → X c lν semileptonic decay. The final lattice result obtained using the JLQCD ensemble is
Γ
|Vcb|2
× 1013 = 4.46(21) GeV; the corresponding OPE result Γ

|Vcb|2
× 1013 = 5.7(9) GeV. For the

ETM case, we quote the lattice result as Γ
|Vcb|2
× 1013 = 0.987(60) GeV, while the OPE result

is Γ
|Vcb|2
× 1013 = 1.20(46). This shows that also after the q2 integration the lattice and OPE

results remain compatible within the uncertainties.
In our work we also computed the lepton energy moments and the hadronic mass moments

for which experimental results are already available. However, as in the case of the inclusive
decay rate, we cannot yet compare the lattice results with expermient due to the use of un-
physical masses in our lattice simulations. Instead, we can show the comparison between the
lattice results and the OPE in the same fashion as previously done with the inclusive decay rate.
The final results of the first lepton energy moment are 〈El〉 = 0.650(40) GeV for JLQCD and
〈El〉 = 0.491(15) GeV for ETMC which can be compared with the respective OPE predictions
of 〈El〉= 0.626(36) GeV and 〈El〉= 0.441(43) GeV. The results of the first hadronic mass mo-
ment are 〈M2

X 〉 = 3.75(31) GeV2 for JLQCD and 〈M2
X 〉 = 3.62(14) GeV2 at which corresponds
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Figure 1: Differential q2 spectrum, divided by |q |, in the SM. Comparison of OPE
predictions with lattice QCD results from the JLQCD (top panel) and ETM (bottom
panel) ensembles are shown.

the OPE predictions of 〈M2
X 〉 = 4.22(30) GeV2 and 〈M2

X 〉 = 4.32(56) GeV2. In general, for all
the quantities computed in our study, we find a good agreement between the lattice data and
the OPE curves expecially at low and moderate q2. More details about the moments can be
found in [10].

These findings provide an important and non-trivial test of the method used in this work,
making us optimistic about the possibility of having soon a full lattice QCD computation of
inclusive semileptonic decays, at a level of precision competitive with those from the OPE.
Most importantly, the hope for the future is that full lattice QCD computations will allow to
determine the inclusive value of |Vcb| much more precisely than what is currently possible,
which would then help to clarify the origin of the persisting 3σ tension between inclusive and
exclusive determinations of this quantity. Moreover, a comparison between a complete lattice
QCD calculation and the results from the OPE could allow a test of the quark-hadron duality
on which the analytic method is based: this would be particularly important for inclusive
D-meson decays, as the OPE converges more slowly in calculations of c decays.

6 Conclusions

We presented our recent computation of inclusive decay rates from lattice QCD [10], which
is based on the approach proposed in ref. [9]. As we discussed, our calculation is centred on
the numerical reconstruction of the integration kernel that regulates the integral over phase
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space of the structure functions contributing to the hadronic tensor. We applied two different
methods for the kernel reconstruction, analyzing four-point Euclidean correlation functions
obtained from two different ensembles of lattice QCD configurations (based on different dis-
cretization schemes for the gauge and quark fields, at b-quark masses lighter than in Nature).
The results obtained are all consistent and can be successfully compared with analytic predic-
tions from the OPE approach. This opens the path for systematic ab initio non-perturbative
studies of inclusive decays on the lattice, which hopefully will help solve the |Vcb| puzzle.
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