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Abstract

In a recent work it was suggested that the discrepancy observed in the perturbation series
behavior of the τ hadronic decay rate determined in the FOPT and CIPT approaches can
be explained from a different infrared sensitivity inherent to both methods, assuming
that the major source of the discrepancy is the asymptotic behavior of the series related
to the gluon condensate renormalon. This implies that the predictions of both methods
may be reconciled in infrared subtracted perturbation theory. In this talk we explore this
implication concretely in the large-β0 approximation, where the perturbation series is
known to all orders, using a renormalon-free scheme for the gluon condensate.
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1 Introduction

Moments of the τ hadronic spectral functions obtained from LEP data [1, 2] can be used for
precise determinations of the strong coupling αs. On the theoretical side, predictions of the
spectral function moments involve the vacuum polarization function Π(p2), where p2 is the
square of the invariant mass entering the quark currents. For massless quarks Π(p2) is known
perturbatively to 5 loops (i.e. O(α4

s )) in full QCD [3–6]. In the large-β0 approximationΠ(p2) is
know to all orders [7,8]. Accounting only for first generation (massless) quarks, the theoretical
moments can be written as [9–12]

AW (s0) =
Nc

2
Sew |Vud |2
�

δtree
W +δ(0)W (s0) +

∑

d≥4

δ
(d)
W (s0) +δ

(DVs)
W (s0)
�

, (1)

where Nc = 3, Sew stands for electroweak corrections (which we do not consider further), Vud is
a CKM matrix element and s0 is the upper bound of the spectral function integration. The term
δtree

W is the tree-level contribution and δ(0)W (s0) stands for the higher order perturbative QCD

corrections. The terms δ(d)W (s0) contains power-suppressed (∼ Λd
QCD/s

d/2
0 ) non-perturbative

corrections obtained in the operator product expansion (OPE) [13]. The series in d involves
vacuum matrix elements of low-energy QCD operators of increasing dimension (convention-
ally called condensates) multiplied by perturbative Wilson coefficients. The leading dimension
d = 4 term is related to the gluon condensate 〈0|αsG

µνGµν|0〉, which also appears in the OPE
of other observables. The condensates cannot be computed from first principles and are de-
termined together with αs in simultaneous fits based on several spectral function moments.
Finally, δ(DVs)

W (s0) are the duality-violation corrections that go beyond the OPE [14] and are re-
lated to residual resonance contributions. They can be important phenomenologically, partic-
ularly for smaller choices of s0 and for specific weight functions, but they will not be discussed
further in this talk.

Using the 5-loop results [3–6] a number of αs extractions have been carried out [1,11,12,
15–17] and the world average of Ref. [18] now quotes a precision of about 5% for αs(m2

τ)
(corresponding to an uncertainty of 1.5% for αs(m2

Z)). This uncertainty is dominated by the

theoretical uncertainty assigned to δ(0)W (s0) and involves a significant contribution related to

the difference of two methods to calculate the perturbation series of δ(0)W (s0) [18].
The QCD corrections in δ(0)W (s0) and the OPE corrections in δ(d)W (s0) can be obtained from

the invariant mass contour integral (x ≡ s/s0)

δ
(0)
W (s0) +
∑

d≥4

δ
(d)
W (s0) =

1
2πi

�
Cs

ds
s

W ( s
s0
)D(s) =

1
2πi

�
Cx

dx
x

W (x)D(xs0) , (2)

where D(s) is the Adler function which is related to the vacuum polarization through the re-
lation 1

4π2 (1 + D(s)) ≡ − s dΠ(s)
ds . The Adler function D(s) has a perturbative contribution,

D̂(s), and a series of OPE corrections (∼ (Λ2
QCD/(−s))2,3,...) involving the condensates already

mentioned above. The weight function W (x), defined in terms of the integration over the
Adler function, is a polynomial in x which (together with the choice of s0) specifies the mo-
ment considered. The contour integration path Cs (Cx) starts/ends at s = s0 ± i0 (x = 1± i0)
and traverses the complex s-plane, crossing the Euclidean axis half way through, with suffi-
cient distance from the origin such that the strong coupling stays in the perturbative regime.
Through analyticity this path is related to an associated integration along the real positive
s-axis over the experimental spectral function data with support from the pion threshold up
to s0 [12]. Frequently a circular path with |s| = s0 (|x | = 1) is considered, but it may be
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deformed arbitrarily as long as it stays in the region where the strong coupling remains per-
turbative. The integration along such a contour path with sufficient distance from the origin
ensures that the OPE series in δ(d)W (s0) can be employed to parametrize non-perturbative cor-
rections. The duality violation corrections account for non-perturbative corrections that are
beyond the validity of the power expansion description of the OPE corrections and are par-
ticularly important for smaller values of s0 and for specific weight function choices [14]. For
Wτ(x) = (1− x)3(1+ x) = 1− 2x + 2x3 − x4 and s0 = m2

τ the moment AWτ(m
2
τ) agrees with

the normalized total hadronic τ decay rate Rτ = Γ (τ−→ hadronsντ(γ))/Γ (τ−→ e−ν̄eντ(γ)).
The two widely employed methods to calculate the perturbation series δ(0)W (s0) are Fixed

Order Perturbation Theory (FOPT) and Contour Improved Perturbation Theory (CIPT). The
CIPT approach is based on the perturbative series for the Adler function of the form1

D̂(s) =
∞
∑

n=1

c̄n an(−x) =
∞
∑

n=1

c̄n

�

αs(−s)β0

4π

�n

, (3)

with real-valued coefficients c̄n (which agree with those of the real-valued Euclidean Adler
function for s = −s0) and complex-valued powers of the strong coupling.2 One carries out
the contour integration over powers of the complex-valued strong coupling αs(−s). The CIPT
series arises from truncating the sum in Eq. (3). The FOPT approach consists of expanding
the series (3) in powers of αs(s0), so that the complex phases appear exclusively in powers
of ln(−s/s0) within the coefficients of the power series in αs(m2

τ). For the FOPT moments,
the series arises from truncating the sum in powers of αs(s0), so that the powers of the strong
coupling can be factored out of the contour integration for each series term. The CIPT approach
differs from FOPT in that it resums the powers of ln(−s/s0) to all orders along the integration
path [10, 19]. It should also be noted that while the two expansions are related to a simple
change of renormalization scheme for αs at the level of the underlying Adler functions, the
resulting CIPT and FOPT moment perturbation series do not have this property, since the CIPT
moment series coefficients involve non-trivial integrals over powers of αs(−s).

A major contribution to the theory error in αs determinations from the moments AW (s0)
is that FOPT and CIPT calculations of δ(0)W (s0) for moments with good perturbative conver-
gence such as the total hadronic τ decay rate3 yield systematic numerical differences that
do not seem to be covered by the conventional perturbative uncertainty estimates related to
renormalization scale variations. Since CIPT in general leads to smaller δ(0)W (s0) than FOPT,
extractions of αs based on CIPT generally arrive at larger values than those based on FOPT.

2 Motivation and basic idea of this talk

In the recent work of Ref. [21] (see also the review [22]) it was suggested that the different
behavior of the FOPT and CIPT spectral function moment series may be related to a differ-
ent infrared (IR) sensitivity inherent to the FOPT and CIPT methods. It was shown that the
asymptotic (i.e. non-convergent) character of the Adler functions’s perturbation series due to

1We use the MS scheme for αs where the 1-loop RGE has the form dαs(s0)
d ln s0

= − αs(s0)2β0
4π with β0 = 11− 2n f /3,

and we furthermore define a(−x) ≡ αs(−s)β0
4π = αs(−xs0)β0

4π and a0 ≡ a(1) = β0 αs(s0)
4π . This implies da0

d ln s0
= −a2

0. We
also take n f = 3 for our numerical analysis.

2The common way to calculate the c̄n coefficients is to use dimensional regularization and the MS scheme for
αs in the limit of vanishing IR cutoff.

3This refers to spectral function moments for which W (x) does not have a quadratic term x2. For these moments
the gluon condensate OPE correction is strongly suppressed and the perturbation series is much better behaved
than for spectral function moments which contain such a quadratic term [20]. We elaborate more on this in Sec. 5.
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infrared (IR) renormalons [23, 24] leads to a systematic and computable disparity in the be-
havior of the CIPT and FOPT moment series at intermediate orders where an asymptotic value
is approached. This disparity, called the asymptotic separation, can be computed analytically
for any weight function and for any s0. Under the assumption that the bulk of the 5-loop QCD
corrections to the Adler function is governed by the asymptotic behavior associated to the
gluon condensate renormalon, the asymptotic separation may explain the difference between
the CIPT and FOPT QCD calculations of δ(0)W (s0).

In this talk we will not repeat any of the arguments made in Refs. [21,22]. We start from
their suggestion that the previously mentioned CIPT-FOPT disparity is of IR origin, and we
explore whether this may be used to reconcile the CIPT and FOPT approaches. The final aim
we have in mind is that, eventually, the discrepancy between both methods simply does not
arise. Substantially more details will be presented in Ref. [25]. Concretely, we start (i) from
the assumption that the disparity between the CIPT and FOPT series is of IR origin and (ii) from
the well-known fact that the OPE corrections do not only provide non-perturbative corrections
but, at the same time, should also compensate order-by-order for the asymptotically increasing
behavior of the QCD corrections in the Adler function and in δ(0)W (s0) [23,24,26–28]. Property
(ii) is tied to the common approach that the coefficients c̄n in Eq. (3) are calculated in the limit
of vanishing IR cutoff. Here we explore the idea that it should be possible to eliminate the
CIPT-FOPT disparity when the IR sensitivity is removed from the perturbative calculation.

As we show in this talk, this can be achieved by using a new scheme for the condensate
matrix elements which ensures that their compensating order-by-order asymptotic behavior is
made explicit and can be reabsorbed into the series for the Adler function and for δ(0)W (s0). We
call this an IR-subtracted scheme for the condensates in contrast to the unsubtracted original
scheme, which we frequently call MS for brevity. Note that this does not affect the renormal-
ization scheme for αs, which remains MS at all times.

If constructed properly, the convergence properties of the perturbative series in the IR-
subtracted condensate scheme is improved and the condensate corrections are relieved from
performing duty (ii). Similar scheme changes are already well established for heavy quark
masses when employing so-called short-distance mass schemes in order to remove the asymp-
totic behavior of the pole mass renormalon [29–32] or the hadronization gap in soft functions
for dijet event shapes [33]. In practice, care is usually only taken for the subtraction of the
leading IR sensitivity, which for heavy quark masses and the dijet soft function is linear, i.e.
O(ΛQCD). For the spectral function moments the leading IR sensitivity is quartic, i.e. O(Λ4

QCD),
and associated with the gluon condensate. Following a similar line of reasoning, we therefore
only take care of the dominant quartic IR sensitivity. Using the large-β0 approximation, where
the perturbation series is known to all orders [7,8], we show that this can indeed be achieved
through a scheme change of the gluon condensate that is constructed from the Euclidean Adler
function for which an issue similar to the CIPT-FOPT discrepancy does not arise. We demon-
strate that in this IR subtracted scheme for the gluon condensate, the discrepancy between the
CIPT and FOPT calculations for δ(0)W (s0) at intermediate orders is indeed much alleviated for
the total hadronic τ decay. The new IR-subtracted scheme for the gluon condensate has the
additional benefit that spectral function moments which behave badly in IR-sensitive MS con-
densate schemes (and which have been argued to be unsuitable for αs determinations [20])
become substantially better behaved. We conclude with a remark on the generalization of our
findings to full QCD, i.e. beyond the large-β0 approximation.
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3 The Adler function and its OPE in the large-β0 approximation

We start by reviewing the form and structure of the perturbation series and the OPE corrections
for the Adler function in the large-β0 approximation. The terms of its perturbative series in
the MS renormalization scheme for αs are known to all orders and conveniently encoded in
the Borel function [8]

B[D̂](u) =
128
3β0

e5u/3

2− u

∞
∑

k=2

(−1)k k
[k2 − (1− u)2]2

(4)

= 128
3β0

e5u/3
¦

3
16(2−u) +

∞
∑

p=3

�

d2(p)
(p−u)2 −

d1(p)
p−u

�

−
−∞
∑

p=−1

�

d2(p)
(u−p)2 +

d1(p)
u−p

�©

,

with d2(p) =
(−1)p

4(p−1)(p−2) and d1(p) =
(−1)p(3−2p)

4(p−1)2(p−2)2 . The coefficients c̄n of the Adler function’s
perturbation series in powers of αs(−s) shown in Eq. (3) can be recovered from the Taylor
expansion

�

B[D̂](u)
�

Taylor
=
∞
∑

n=1

un−1

Γ (n)
c̄n , (5)

and the term-by-term inverse Borel transform

D̂(s) =

∫ ∞

0

du
�

B[D̂](u)
�

Taylor
e−

u
a(−x) , (6)

which leads to the correspondence un−1⇔ Γ (n) an. The coefficients of the series in powers of
αs(s0) can be obtained via expansion using the relation a(−x) = a0

1+a0 ln(−x) at the level of the
Adler function series, or directly from Eq. (6) rewriting it in the form

D̂(s) =

∫ ∞

0

du
�

B[D̂](u) e−u ln(−x)
�

Taylor
e−

u
a0 , (7)

and carrying out the Taylor expansion of B[D̂](u)e−u ln(−x). We stress that here we only discuss
convenient ways to write down the perturbation series of the Adler function D̂(s) for the renor-
malization scales µ2 = −s or µ2 = s0 in αs. We do not consider Eqs. (6) or (7) in the context
of the Borel sum, i.e. concerning an integration over the full function in Eqs. (4) (which has
poles along the real u-axis). This is signified by the subscript “Taylor”.

The poles in the full Borel function B[D̂](u) at u = p for positive values of p, which are
of IR origin, are known as IR renormalons and encode the equal-sign factorial grow of the c̄n
coefficients caused by IR momentum behavior of the loop diagrams of the vacuum polarization.
A single pole term of the form 1

p−u corresponds to a contribution in the c̄n coefficients of the

form Γ (n)/pn, and a double pole term of the form 1
(p−u)2 corresponds to a contribution in

the c̄n coefficients of the form Γ (n+1)/pn+1. So, renormalons with small values of p typically
dominate over those with larger p values, unless the normalization (or residues) of certain pole
terms are strongly suppressed.4 These renormalon poles encode the asymptotic character of
the perturbation series of the Adler function associated to its sensitivity to small IR momenta.

4 Infrared subtracted gluon condensate scheme

To set up the construction of the new IR-subtracted scheme for the gluon condensate, let
us first talk about the Euclidean Adler function D(−s0) and its OPE. There is a one-to-one

4This type of suppression does not happen in the large-β0 approximation.
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correspondence between each IR renormalon pole, its divergent contribution to the series
coefficients c̄n and a particular term in the series for the OPE corrections, which in the large-
β0 approximation can be expressed in the form

D̂OPE(−s0) =
1

s2
0

〈Ō4,0〉+
∞
∑

p=3

1

sp
0

�

〈Ō2p,0〉+ (a0)
−1〈Ō2p,−1〉
�

. (8)

We note that we employ a renormalization group invariant scheme for the OPE corrections,
where only the hard scale s0 appears explicitly in the Wilson coefficient and the dependence
on the low-energy scale is absorbed into the condensate. Since one parametrically counts
〈Ō2p,i〉 ∼ Λ

2p
QCD, higher p terms in the OPE series are formally power-suppressed as long as

s0≫ Λ2
QCD. In the large-β0 approximation single poles at u = p are related to the dimension-

2p condensates 〈Ō2p,0〉 and double poles to the dimension-2p condensates 〈Ō2p,−1〉:

〈Ō2p,0〉

sp
0

⇔
1

(p− u)
⇔
∑

n=1

Γ (n)
pn

an
0 , and

〈Ō2p,−1〉

sp
0

⇔
1

(p− u)2
⇔
∑

n=1

Γ (n+ 1)
pn+1

an
0 . (9)

So the dominant gluon condensate 〈Ō4,0〉 = 〈0|αsG
µνGµν|0〉 is associated to the simple pole

at u = 2 in Eq. (4). In the MS scheme, the gluon condensate does not only contain a non-
perturbative correction, but in addition has, order by order in n, to compensate for the con-
tribution 8e10/3

β0

Γ (n)
2n contained in the series coefficient c̄n which increases factorially with n.

This feature eventually disrupts the phenomenological use of the OPE series at high orders
of perturbation theory. In most practical applications of the OPE (when the OPE corrections
are still smaller than the perturbation theory terms) this is ignored with the assumption that
the known QCD corrections are not at a sufficient high order so that this issue would need to
be accounted for. This issue does, however, not arise using a properly designed IR-subtracted
scheme for the gluon condensate. Note that in full QCD, the OPE terms have a more compli-
cated structure: the Wilson coefficients have higher order perturbative corrections and there
are many more operators beyond the dimension-4 gluon condensate term which mix trough
non-trivial anomalous dimensions. Furthermore, the renormalons in the Borel function also
give rise to cuts rather than only poles.

By imposing that the compensating contribution of the gluon condensate is made explicit
and that the gluon condensate correction in the IR subtracted scheme still has the form shown
in Eq. (8), we can now write down the relation between the original order-dependent MS
gluon condensate 〈0|αsG

µνGµν|0〉MS,(n) and a new IR-subtracted and order-independent gluon
condensate 〈0|αsG

µνGµν|0〉(s0):

〈0|αsG
µνGµν|0〉MS,(n) = 〈0|αsG

µνGµν|0〉(s0) − s2
0

n
∑

i=1

8e10/3

2i β0
Γ (i) ai

0 . (10)

The purpose of this IR-subtracted gluon condensate is to reshuffle the series on the RHS back
into the perturbative series for the Euclidean Adler function D̂(−s0) so that it can explicitly
eliminate the effects of the gluon condensate renormalon from the original unsubtracted series.
At this point, in a second step, we use the universality of the IR-subtracted gluon condensate in
Eq. (10), and also employ it for the OPE of the complex-valued Adler function D(s). Note that

here the reshuffling involves an overall factor
s2
0

s2 =
1
x2 since the gluon condensate correction

for the (non-Euclidean) Adler function D̂(s), which has the standard form

D̂OPE(s) =
1
s2
〈Ō4,0〉+

∞
∑

p=3

1
(−s)p
�

〈Ō2p,0〉+ (a0)
−1〈Ō2p,−1〉
�

, (11)
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involves a factor 1/s2 rather than the factor 1/s2
0 shown in Eq. (8) for the Euclidean Adler

function. To ensure that the renormalon is properly cancelled, it is mandatory to consistently
use exactly the same renormalization scale for the αs expansion in the original unsubtracted series
and the subtraction series generated by the scheme change relation (10), and to truncate their
sum coherently at the same order n.

The IR-subtracted gluon condensate 〈0|αsG
µνGµν|0〉(s0) we have defined at this point de-

pends on the scale s0. This is because the subtraction series depends on s0, while the original
MS condensate 〈0|αsG

µνGµν|0〉MS,(n) is formally scale-independent. This is in complete anal-
ogy to the definition of short-distance heavy quark mass schemes which all carry an explicit or
implicit scale-dependence in contrast to the pole mass, which is formally scale-invariant but
order-dependent and ambiguous due to the pole mass renormalon, see e.g. [34,35].

Still, the s0-dependence of the IR-subtracted gluon condensate defined in Eq. (10) is
not very convenient, and we therefore take one additional step to obtain a scale-invariant
IR-subtracted gluon condensate. What we need is a closed function that has the same s0-
dependence as the subtraction series. Interestingly, such a function can be obtained from the
inverse Borel transform of the subtraction series when using the gluon condensate pole term
from Eq. (4):

c0(s0, a0) ≡ s2
0

8e10/3

β0
PV

∫ ∞

0

du
2− u

e−
u

a0 = −s2
0

8e10/3

β0
Γ

�

0,−
2
a0

�

e−
2

a0 . (12)

The integral is not unique due to the pole, and we have picked the principal value prescription,
which is the common definition used for the Borel sum of the Euclidean Adler function. The
prescription itself is, however, not the essential point since we can as a matter of principle add
any additional constant. The relevant issue is that the derivative of c0(s0, a0) with respect to
s0 agrees with the derivative of the subtraction series summed to infinity:

d c0(s0, a0)
d ln(s0)

=
d

d ln(s0)

�

s2
0

∞
∑

i=1

8e10/3

2iβ0
Γ (i) ai

0

�

= 2 s2
0 e10/3
�

αs(s0)
π

�

. (13)

That the derivative of the subtraction series reduces to a single term is not accidental, but a
general feature of pure renormalon series in the large-β0 approximation which are multiplied
by the renormalization scale of the strong coupling raised to the power that matches the di-
mension of the associated condensate [36–39]. What matters for us is that the s0-derivative
of the (diverging) subtraction series is an extremely fast converging series (which here even
reduces to a single term), so that we can use c0(s0, a0) to write

〈0|αsG
µνGµν|0〉(s0) = 〈0|αsG

µνGµν|0〉RS+ c0(s0, a0) , (14)

where 〈0|αsG
µνGµν|0〉RS defines our final IR-subtracted and scale-invariant gluon condensate.

We note again that neither the exact form of the subtraction series nor the function c0(s0, a0)
are unique. The subtraction series merely needs to have the same asymptotic large-n behavior
as the one shown in Eq. (10) but may have additional convergent contributions; the function
c0(s0, a0) has just been introduced for convenience. So 〈0|αsG

µνGµν|0〉RS defines a particular
scheme. Such a scheme-dependence is a general feature of renormalon subtraction schemes.
Since our scheme is based on concrete and explicit expressions it can be converted to potential
other schemes in a controlled and reliable manner.

We note that Eq. (14) implies the relation

〈0|αsG
µνGµν|0〉(s0)− 〈0|αsG

µνGµν|0〉(s′0) = c0(s0, a0)− c0(s
′
0, a′0) , (15)

with a′0 =≡
αs(s′0)β0

4Pi . This is compatible with Eq. (10) since the difference of the subtraction
series for s0 and s′0 indeed sums up to c0(s0, a0)− c0(s′0, a′0). To carry out the sum properly, it is
(again) mandatory to expand the resulting series with a common renormalization scale in αs.
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It is now straightforward to derive the Borel function for the perturbation series of the
IR-subtracted and complex-valued Adler function D̂(s) in the form analogous to Eqs. (6) and
(7) by parametrizing the subtraction series generated by Eq. (10) back into a Borel function
and taking care that the subtraction series is expanded in αs having the same renormalization
scale as the original unsubtracted series. The function c0(s0, a0), which is conceptually part of
the gluon condensate OPE correction, can – for practical applications – be added back to the
perturbative Adler function as well. We treat it like a tree-level contribution that is not supposed
to be expanded any more in powers of the strong coupling. The results have the form

D̂s0
(s) =

c0(s0, a0)
s2

+

∫ ∞

0

du
�

B[D̂](u)−
eu ln(−x)

x2

e10/3

β0

8
2− u

�

Taylor
e−

u
a(−x) , (16)

D̂s0
(s) =

c0(s0, a0)
s2

+

∫ ∞

0

du
�

B[D̂](u) e−u ln(−x) −
1
x2

e10/3

β0

8
2− u

�

Taylor
e−

u
a0 , (17)

where the subscript s0 indicates that the expressions refer to the perturbation series for the
Adler function in our renormalon-free and scale-invariant scheme for the gluon condensate.5

That the gluon condensate renormalon is eliminated in the subtracted series is manifest from
the fact that pole at u= 2 is cancelled inside the brackets of Eqs. (16) and (17).

The cancellation of the gluon condensate renormalon pole entails that the major source of
the disparity between the FOPT and CIPT series for the total hadronic τ decay rate is elimi-
nated, and that both methods will provide compatible descriptions. This is indeed happening,
as we show below. As already mentioned, a valuable benefit of our IR-subtracted and scale-
invariant gluon condensate scheme is that now also spectral function moments with weight
functions containing a quadratic x2 term can be expected to be perturbatively well-behaved
(and therefore more useful for phenomenological analyses). We also mention that our scheme
has the additional nice feature that the subtracted perturbation series for the spectral function
moments are numerically close to the original unsubtracted series at intermediate orders.

5 Brief numerical analysis

We now analyse briefly the behavior of the spectral function moment perturbation se-
ries for the kinematic weight function Wτ(x) = (1 − x)3(1 + x) = 1 − 2x + 2x3 − x4

(which provides predictions for the total hadronic τ decay rate for s0 = m2
τ) and for

W (x) = (1 − x)3 = 1 − 3x + 3x2 − x3, both of which are doubly-pinched (i.e. vanish with
cubic strength) at x = 1. In the following we compare the behavior of the original series and
of the IR-subtracted series which is free of the gluon condensate renormalon. We determine
the CIPT moment series from the perturbation series for D̂s0

(s) in Eq. (16) and FOPT moment
series from Eq. (17).

The kinematic weight function Wτ(x) does not contain a quadratic x2 term. As a conse-
quence, when carrying out the contour integral (2) in the FOPT approach, the subtraction se-
ries and the term c0(s0, a0)/s2 generated through our IR-subtracted gluon condensate scheme
vanish in the same way as the gluon condensate OPE correction vanishes. These facts illus-
trate that all the effects related to the gluon condensate renormalon are eliminated for the
kinematic weight function. This is the reason why weight functions without a quadratic term
lead to more stable predictions [20, 40] (see also footnote 3). As a consequence, the FOPT
perturbation series in the subtracted gluon condensate scheme is the same as in the original
MS gluon condensate scheme. For the CIPT method the contribution from c0(s0, a0)/s2 and

5Even though in our renormalon-free scheme the gluon condensate is constructed to be scale-invariant, the
scheme itself depends on s0.
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Figure 1: FOPT and CIPT spectral function moment series in the large-β0 approxima-
tion for the kinematic weight function Wτ(x) (left panels) and for W (x) = (1− x)3

(right panels). The upper panels show the results when the MS scheme is used
for all condensates, the lower panels are for our renormalon-free gluon condensate
scheme. The red line is the FOPT Borel sum (defined with PV prescription) which
serves mainly as a line of orientation.

the gluon condensate correction are eliminated as well, but the subtraction series terms do not
vanish at any order. This by itself is not a problem, because it is expected to happen from the
way the subtraction scheme has been constructed. The important question is how the subtrac-
tion series behaves at higher orders. If the CIPT moment series had the same IR sensitivity as
the FOPT moment series, the subtraction series would converge to zero.

Let us have a look at the numerical results shown in Fig. 1, where the results for the
FOPT (red) and CIPT (blue) kinematic moment series for s0 = m2

τ are shown in the original
unsubtracted MS gluon condensate scheme (upper left panel) and in the renormalon-free IR-
subtracted scheme (lower left panel) up to order 15. The dots (and connecting lines) refer
to the αs renormalization scale µ2 = m2

τ for FOPT and µ = −s for CIPT and the correspond-
ing bands refer to the scale variations of the form µ2 = ξm2

τ and µ = −ξs, respectively, for
1
2 ≤ ξ ≤ 2. All results have been obtained with αs(m2

τ) = 0.34. For the original MS scheme
series (upper left panel) we clearly see the well-known CIPT-FOPT discrepancy: while both
series are compatible at very low orders, at orders 5 to 7 there is a systematic disparity of the
CIPT series being below the FOPT series. (At order 8 and beyond the sign-alternating effects
of UV renormalons begin dominating the series and scale variations increase strongly, so that
considering only IR renormalon effects in discussing the results is not sufficient [41].) In the
IR-subtracted scheme (lower left panel) we see, as already mentioned above, that the results
for the FOPT series is unchanged. On the other hand, the behavior of the CIPT series is signif-
icantly modified. It is now located above the FOPT results and does not anymore undershoot
FOPT. Its description is now more consistent with the FOPT series within the scale variation
uncertainties. Furthermore, the two series approach consistent values before the divergent
behavior sets in. Interestingly, the CIPT series is much faster converging than the FOPT series.
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On the conceptual side, we see that the subtraction series for CIPT clearly does not converge
to zero. Rather, the results indicate that the subtraction series suppresses the discrepancy the
unsubtracted CIPT series had with respect to the FOPT series. This observation corroborates
the statement made in Refs. [21,22] that the CIPT and FOPT perturbation series have different
IR sensitivity. Once a renormalon subtracted scheme for the gluon condensate is employed,
the issue appears to be alleviated. Overall, the results confirm that the CIPT-FOPT discrepancy
in the original unsubtracted scheme is of IR origin, and we also find that using a renormalon-free
gluon condensate scheme visibly leads to CIPT and FOPT predictions that are consistent.

We conclude the analysis by also having a look at the CIPT and FOPT perturbation series for
a spectral function moment based on the weight function W (x) = (1− x)3 = 1−3x+3x2− x3

which contains a quadratic term. For this moment the subtraction series does neither vanish in
CIPT nor in FOPT. In the unsubtracted MS scheme for the gluon condensate (upper right panel)
we observe that the CIPT and FOPT series terms, both, do not at all decrease with order. This
illustrates the bad perturbative behavior of spectral function moments with weight functions
that contain a quadratic term and why such moments are not suitable for phenomenological
analyses. However, using our renormalon-free scheme for the gluon condensate (lower right
panel) the perturbative behavior is visibly improved at least for the FOPT series. This obser-
vation is highly encouraging. It suggests that spectral function moments with weight function
containing a quadratic term may become eligible for precision phenomenological analyses in
renormalon-free condensate schemes. For the CIPT series the scale uncertainties increase so
strongly with order that no conclusion can be drawn. This is related to an enhancement of the
sign-alternating UV renormalon asymptotics that takes place only for the CIPT approach [41].

6 Conclusion

In this talk we have shown in the large-β0 approximation, where all-order results exist, that
the discrepancy between the CIPT and FOPT perturbation series for the total hadronic τ decay
rate, which arises in the standard MS scheme for the OPE matrix elements, does not take place
when a renormalon-free IR-subtracted scheme is used for the gluon condensate. We have
explicitly constructed such a renormalon-free scheme. Using an IR-subtracted scheme for the
gluon condensate is sufficient in large-β0 since the asymptotic series behavior of the Adler
function associated to the gluon condensate dominates the perturbative coefficients already at
intermediate orders. Our results are consistent with the suggestion made in Refs. [21,22] that
the discrepancy between the CIPT and FOPT perturbation series in the standard MS scheme for
the OPE matrix elements is of IR origin, and that different OPE corrections should be employed
for both methods. Our results also imply that both issues can be remedied when renormalon-
free schemes for the condensates are used. We found that using a renormalon-free scheme
for the gluon condensate significantly improves the perturbative behavior of spectral function
moments where the gluon condensate OPE correction is not suppressed, such that they may
become useful for high-precision phenomenological analyses.

We conclude with a remark in which way our findings can be generalized to full QCD. In full
QCD the actual analytical and numerical results are more involved and will of course differ. But
the construction of the IR-subtracted and scale-invariant gluon condensate is straightforward
using the known renormalon calculus, and the conceptual aspects are unchanged. However,
a limitation arises since we do not have precise knowledge on the normalization of the gluon
condensate renormalon singularity in the full QCD analogue of the Borel function in Eq. (4).
Since it is not possible to determine the norm of the singular and non-analytic structure related
to the gluon condensate renormalon from first principles in full QCD (the normalization is of
non-perturbative origin) an IR-safe scheme for the gluon condensate can only be constructed
with additional assumptions. We refer the reader to Ref. [25] for details.
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