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Abstract

We revisit the radiative corrections to the 1~ — n~n%»_(y) decays using Resonance
Chiral Theory for the structure-dependent part. This channel is the most important one
to understand the hadronic vacuum polarization piece of the muon g-2, which dominates
the uncertainty of its data-driven prediction in the Standard Model. Using our results, the
discrepancy between theory and experiment for this observable is reduced to ~ 2.20.
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1 Introduction

The combination of the first measurement from the new muon g-2 experiment at FNAL [1]
with the final average from the muon g-2 measurements at BNL [2] yields

aEXP =116592061(41) x 10711, 1)
The Muon g-2 Theory Initiative quotes [3]

a;jM =116591810(43) x 107}, 2)
as the Standard Model prediction for au,1 which deviates 4.2¢ from aEXp . However, the
very precise lattice evaluation of the (leading order) hadronic vacuum polarization contri-
bution to the muon g-2 (a;IVE L0y by the BMW Coll. reduces this difference to only 1.60 [39].
While this result is corroborated or refuted by another lattice calculation with commensu-
rate accuracy (see Aida El-Khadra and Gilberto Colangelo, these proceedings), it is timely to

reexamine the dominant contribution to aEVE LO using hadronic tau decay data (instead of

1This result is based on Refs. [4-38].
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o(ete” — hadrons), as in [3]). We will present here our results [40], for an updated evalua-
tion of the radiative corrections needed for such purpose and our value of a;NE O based on tau
data (see also Ref. [41]). Our study extends Refs. [42,43], which first used Resonance Chiral
Theory (Ry T) [44,45] in this setting,? by going one order further in the chiral expansion.

In section 2 we introduce aVB™XO, In section 3 we summarize the computation of the
radiative corrections to di-pion tau decays and in section 4 we present our results. Finally, we
conclude in section 5.

2 Hadronic vacuum polarization

Based on analyticity and unitarity, loop integrals containing HVP insertions in photon propaga-
tors can be expressed as dispersive integrals over the cross-section of a virtual photon decaying
into hadrons

2 * Kk
aEVP’ Lo — %f ds%R(s), 3

2
ma

where R(s) = o(e"e~ — hadrons(y))/o(ete™ — utu™)|o and K(s) is a kernel function behav-
ing as ~ 1/s, which enhances the weight of the low-energy contributions. Indeed, about 73%
of these (and 58% of their uncertainty) comes from the 7w+ 7~ (y) final states for 4mfE <s<0.8
GeV?, in which we will focus here. Use of hadronic tau decay data in aEVP’ LO requires to ac-

count for isosping-breaking (IB) corrections. At LO in them [42]

K,(s)dI'(t~ = n n°v;) Rpp(s)

tom ot _
olete > m (W= 0 g e @
where s = (p,, + p.)?, and
FSR(s) B2 () F ™ (5)
Rig(s) = oRE) e 280 Ty 25
Gem(s) Brro(8) £ (s)
2
a
Ky(s)= y,
B G2|Vyal*M? s\ 2s

FSR stands for final-state radiation, the ratio of 8 functions corresponds to the slightly differ-
ent phase space (PS) for n%*, and that of the form factors accounts for p~, ... or p°/w, ...
resonances exchanged in the charged/neutral channel. Ggy; includes the long-distance (real
and virtual) radiative corrections and Sgy the universal short-distance ones. K collect the
remaining differing factors between these processes. mm upper/lower indices will be omitted
in what follows.

For years, evaluations of aEVR Lo using tau data [29,42,43,48-53] for the 77t cut have been
closer to the world average for aﬁXp than those employing eTe™ data. We must also note that
the p° — y mixing was proposed [54] to bring both sets of data into agreement (although the
o meson was treated as an elementary boson). These differences have been interpreted in the
context of effective Lagrangians for non-standard interactions [55-57], yielding constraints
on new physics at the TeV level (see P Roig, these proceedings).

2Ry T has also been employed in calculating the lightest pseudoscalar’s pole contribution to a, [46,47], in
agreement with Ref. [3].
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3 17— nn%._(y) decays

These decays were studied within Ry T [42, 43] including the contributions saturating the
next-to-leading (NLO) order chiral low-energy constants (LECs).2 Here, we go [40] one order
further in this expansion (NNLO). Refs. [60-62] analyzed these processes within a vector me-
son dominance model and put forward the importance of the p —w — 7 couplings (these arise
at chiral NNLO and thus were absent in Refs. [42,43]) on the Ggy(s). Our work [40] (see
also [63] and Z. H. Guo, these proceedings) wanted to verify the importance of the p —w—m
vertices on Ggy(s) and, further, to estimate an uncertainty for the original Ry T computa-
tion [42,43] (and for ours, at the next chiral order), which is mandatory to assess the ete™
vs. T data discrepancy in the two-pion channels, and its impact on a!IVBLO,
The matrix element for the process with a real photon reads [64]

T= CGFdeEM(K)*{Fvl_l(q)'}’v(l—)/5)(MT +P_k)Yuu(P)+(V,uv_A,u,v)ﬁ(q)Yv(1_YS)H(P)} > (6)

where F,, = (po—p_),f.(s)/(2p-k).* The Vyy—A,,, term can be split into structure-independent
(SI) and dependent (SD) parts:

— uY uv Y A%
VHY = Vo +Vep s A*Y =Agy, (7)

with the SI pieces fulfilling low-energy theorems [67,68]. The evaluation of the SD part in
Ry T up to NLO in the chiral expansion [43] only depends -keeping just the lightest spin-one
resonance multiplets- on three resonance couplings (Fy, Gy, F,) and the U(3) My, masses.
All of them can be determined employing a consistent set of short-distance constraints on
the two-point Green functions, according to the operator product expansion of QCD, leading
to [44,45,69]

F
73’
with My ~ M,(770) and F ~ F, ~ 92 MeV. These were employed in Ref. [43], without
estimating any uncertainty associated to the previous high-energy restrictions or to the missing
higher-order contributions in the chiral expansion.

Including the Ry T Lagrangian which saturates the chiral LECs at NNLO [70,71] increases
the number of couplings constants (now also in the odd-intrinsic parity sector) entering
(V/A ‘S‘S to 55. Short-distance QCD constraints on both sectors [70-72] reduce them to 41
undetermined couplings,® challenging predictive power. Different phenomenological deter-
minations have bounded six of them [58,74-80]. To estimate the remaining 35, we rely on
chiral counting [81-83]. For the indeed most important p — w — 7 couplings we also fit the
corresponding LECs [84]. This yields results compatible with the chiral counting and allows to
reduce the error on these couplings by a half, approximately. Still, our uncertainty estimation
based on this procedure appears to be extremely conservative when we float Gaussianly all
parameters within their corresponding range (with so many of them, it is likely that a few are
close to their maxima, producing thus an unrealistically big error). Lacking a better way to
take this uncertainty into account, we report the errors obtained in this way [40]. We have
estimated the errors of Ref. [43], stemming from uncomputed higher-order chiral corrections,
by adding, at NNLO, only couplings which are predicted using short-distance QCD constraints
(this should give a lower bound on their uncertainty).

Fy,=+v2F, F,=F, Gy= M, = v2M,, (8)

3Radiative corrections for the one-meson tau decays have also been computed within Ry T [58,59].

“*For our numerical evaluations we use the dispersive f, (s) form factor from Refs. [65,66].

>These give rise to one-, two- and three-resonance mediated contributions, in both intrinsic parity sectors, to
v~ — 1~ 1%y, y decays, see Figs. 1-7 in Ref. [40]. Among these, the strength of the p — w — 7 vertices is encoded
in the K:./ couplings [71], see also Ref. [73].
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Figure 1: Ggy(s) function (see main text for details).

For different photon energy cuts, we predict [40] the di-pion invariant mass distribution,
the branching ratio and the photon energy distribution in v~ — 7~ 7%v. decays (see Figs.
10-14 and tables 2 and 3 in this reference). For definiteness, when cutting E, < 100 MeV, we
obtain a branching ratio of (1.940.3)-1072, while this is (9.573-2)-10~* for Ref. [43] input. We
emphasize the importance of measuring these observables at Belle-II. This will immediately
shrink the errors of af™VB© using tau data and increase the new physics reach of other tests
using them (see P Roig, these proceedings).

The Ggy(s) function is defined via

_ 3/2
dr(t~ - n°v.(y)) GalVual*M3Spw s\ 4m? 2s
I =1 ;847':3 £ )P 1=2m ) (1~ Sn 145 | Gau(s). (9)

T

In Fig. 1 the solid line shows the Gy (s) function neglecting the structure-dependent part (only
SI), the dashed and dotted lines are the NLO Ggy,(s) function (with either the constraints (8),
or with the ones applying to two- and three-point Green functions, respectively). The blue
shaded region is the full NNLO contribution, including (overestimated) uncertainties.®

4 Isospin-breaking corrections for the 7-based evaluation of

aHVE LO
u

The effect of each IB correction can be computed using

AgiveLo — 1 o dsK(s)K‘T(s) dr(t~ - 7~ n°v:(y)) (Rig(s) 1), (10)
w 4m3 |, Kr(s) ds SEn

and is summarized in table 1. Di-pion tau decay data from ALEPH [85], Belle [86], CLEO [87]
and OPAL [88] was used.

As a test of these radiative corrections, the branching ratio (3) of di-pion tau decays can
be estimated from the measured o(e*e” — n* 7~ (y)), by means of

Mm?
Bt~ > n v (y)) =Bt~ —>e v, VT(Y))J dso(ete” = ntn (y))N(s) Sew (g1
4m2 RIB(S)

5The GgM(s) function was introduced in Ref. [42], and corresponds to the leading contribution in a low-energy
photon expansion [67].
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Table 1: Different IB contributions to aEVE L0 obtained using tau data. For the form

factors (FF) effect we follow the two approaches proposed in Refs. [43] ( [50]) (see
Ref. [40] for details).

Source Aa}fVP’LO(xlou)

Sew ~103.1

PS —74.5

FSR —45.6+4.6

FF +40.9+£48.9 (+77.6 £24.0)
EM —15.957,

Total | —107.173% (-70.47%5]
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005 | VLA AP 1 O I X w\/\w
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Figure 2: Comparison between the different data sets from BaBar (left) and KLOE
(right) with our prediction using tau data and IB.

2
where N (s) = 212“2‘”];35 (1 — ﬁ) (1 + %) . Using BaBar ete™ — n* 7 (y) data [89] and the

required IB corrections, we get

Bt~ = nv. (1)) = (24.68 £ 0.15)%, (24.701028) o, (12)

where the first (second) result includes NLO (NNLO) chiral contributions to GEM(S).7 NNLO
results agree at the one o level with the ALEPH [85] and Belle [86] measurements:
(25.24 £ 0.39)% and (25.47 = 0.13)%, respectively (a 40 tension appears at NLO with re-
spect to ALEPH). A comparison between the BaBar [89] and KLOE [90] e*e~ — n* n~(y) data
and the prediction obtained from v~ — n~n%v_(y) including IB corrections is seen in Fig. 2.
We are only showing it for the difference between the charged and neutral di-pion vector form
factor called ‘FF1’ in Ref. [40]. Results for ‘FF2’ are very similar (although the comparison is
slightly worse). Our prediction is in better agreement with BaBar data. The dashed and solid
lines represent the contributions at NLO using (8) or its generalization, respectively. The dot-
ted line is the SI contribution. The red line depicts the envelope of Ggy(s) at NNLO, with un
overestimated uncertainty. The blue dotdashed line is the NNLO prediction using only those
couplings which are determined by asymptotic QCD.
Accounting for all di-pion tau decay data [85-88], we get

10" x a;"* 10 = 519.6 £ 2.8 ccrrars’y 1 s atNLO, (13)
and
10" x a;"* 10 = 514.6 £ 2.8 cerrar 8 39r5 At NNLO. (14)

’Contributions to the uncertainty are given in Ref. [40]. At NLO, errors are dominated by statistical uncertainty
of BaBar data and by the error on I+ —T0. At NNLO, these are overcome by the (asymmetric) error on Ggy(s).
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Figure 3: SM prediction [3], BMW value [39] and our results [40] compared to the

a, measurements [1,2].

When these results are supplemented with the four-pion tau decay measurements and with
eTe” data for the other channels and energies higher than the tau mass [8], we find the overall
contribution

100 x @ffVB 1Ok = 7057439, atNLO, (15)
and
10'0 x ¢fVB 1Ok e = 700,778, at NNLO. (16)

When all other (QED, EW and subleading hadronic) contributions are added, the 4.20 deficit
of the SM prediction with respect to the FNAL+BNL average is reduced to

Aa, =a® — a;h =(12.5+6.0)x 107°,  arNLO, (17)
and
Aa, =(17.5"58)x1071°,  atNNLO, (18)

2.1 and 2.30 deviations, respectively. Our results [40] are compared to the BNL [2] and FNAL
[1] measurements, and to the White Paper SM prediction [3] and the BMW lattice result [39]
in Fig. 3.

5 Conclusion

There is a global effort towards improving the Standard Model predictions of the hadronic
contributions to a,,. Specifically, there are dedicated studies to ameliorate lattice evaluations,
dispersive data-driven computations, measurements of hadronic e*e™ cross-section and 7 de-
cays, and related Monte Carlos.

The measurement of several observables in 7~ — 7~ n%v_y decays will reduce drastically
the model-dependent errors of the isospin-breaking corrections needed to use tau input in
aEVR L0 Our computation of these improves agreement (also in spectra) between the mea-
surements of e*e~ and tau di-pion channels.

Our tau-based evaluation yields Aq, = affp — ag‘ = (12.5+ 6.0) x 1071°, at NLO, and
Aa, = (17.575%8) x 1071° at NNLO, corresponding to 2.1 and 2.30 deviations, respectively.

032.6


https://scipost.org
https://scipost.org/SciPostPhysProc.16.032

SC|| SciPost Phys. Proc. 16, 032 (2025)

Acknowledgments

The authors thank the organizing committees for the very nice TAU2021 Workshop.

Funding information The authors acknowledge Conacyt (México) and Catedras Marcos
Moshinsky (Fundaciéon Marcos Moshinsky) for financial support.

References

[1] B. Abi et al., Measurement of the positive muon anomalous magnetic moment to 0.46 ppm,
Phys. Rev. Lett. 126, 141801 (2021), doi:10.1103/PhysRevLett.126.141801.

[2] G.W. Bennett et al., Final report of the E821 muon anomalous magnetic moment measure-
ment at BNL, Phys. Rev. D 73, 072003 (2006), doi:10.1103/PhysRevD.73.072003.

[3] T. Aoyama et al., The anomalous magnetic moment of the muon in the Standard Model,
Phys. Rep. 887, 1 (2020), doi:10.1016/j.physrep.2020.07.006.

[4] M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, Reevaluation of the hadronic vac-
uum polarisation contributions to the Standard Model predictions of the muon g—2
and a(mé) using newest hadronic cross-section data, Eur. Phys. J. C 77, 827 (2017),
doi:10.1140/epjc/s10052-017-5161-6.

[5] A. Keshavarzi, D. Nomura and T. Teubner, Muon g—2 and a(mé): A new data-based
analysis, Phys. Rev. D 97, 114025 (2018), doi:10.1103/PhysRevD.97.114025.

[6] G. Colangelo, M. Hoferichter and P Stoffer, Two-pion contribution to hadronic vacuum
polarization, J. High Energy Phys. 02, 006 (2019), doi:10.1007/JHEP02(2019)006.

[7] M. Hoferichter, B.-L. Hoid and B. Kubis, Three-pion contribution to hadronic vacuum po-
larization, J. High Energy Phys. 08, 137 (2019), doi:10.1007/JHEP08(2019)137.

[8] M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, A new evaluation of the hadronic vacuum
polarisation contributions to the muon anomalous magnetic moment and to a(mg), Eur.
Phys. J. C 80, 241 (2020), doi:10.1140/epjc/s10052-020-7792-2.

[9] A. Keshavarzi, D. Nomura and T Teubner, g—2 of charged leptons, a(mg),
and the hyperfine splitting of muonium, Phys. Rev. D 101, 014029 (2020),
doi:10.1103/PhysRevD.101.014029.

[10] A.Kurz, T. Liu, P Marquard and M. Steinhauser, Hadronic contribution to the muon anoma-
lous magnetic moment to next-to-next-to-leading order, Phys. Lett. B 734, 144 (2014),
doi:10.1016/j.physletb.2014.05.043.

[11] B. Chakraborty et al., Strong-isospin-breaking correction to the muon anomalous magnetic
moment from lattice QCD at the physical point, Phys. Rev. Lett. 120, 152001 (2018),
doi:10.1103/PhysRevLett.120.152001.

[12] S. Borsanyi et al., Hadronic vacuum polarization contribution to the anomalous mag-
netic moments of leptons from first principles, Phys. Rev. Lett. 121, 022002 (2018),
doi:10.1103/PhysRevLett.121.022002.

[13] T. Blum et al., Calculation of the hadronic vacuum polarization contribution to
the muon anomalous magnetic moment, Phys. Rev. Lett. 121, 022003 (2018),
doi:10.1103/PhysRevLett.121.022003.

032.7


https://scipost.org
https://scipost.org/SciPostPhysProc.16.032
https://doi.org/10.1103/PhysRevLett.126.141801
https://doi.org/10.1103/PhysRevD.73.072003
https://doi.org/10.1016/j.physrep.2020.07.006
https://doi.org/10.1140/epjc/s10052-017-5161-6
https://doi.org/10.1103/PhysRevD.97.114025
https://doi.org/10.1007/JHEP02(2019)006
https://doi.org/10.1007/JHEP08(2019)137
https://doi.org/10.1140/epjc/s10052-020-7792-2
https://doi.org/10.1103/PhysRevD.101.014029
https://doi.org/10.1016/j.physletb.2014.05.043
https://doi.org/10.1103/PhysRevLett.120.152001
https://doi.org/10.1103/PhysRevLett.121.022002
https://doi.org/10.1103/PhysRevLett.121.022003

SC|| SciPost Phys. Proc. 16, 032 (2025)

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

D. Giusti, V. Lubicz, G. Martinelli, E Sanfilippo and S. Simula, Electromagnetic and strong
isospin-breaking corrections to the muon g—2 from lattice QCD+QED, Phys. Rev. D 99,
114502 (2019), doi:10.1103/PhysRevD.99.114502.

E. Shintani et al., Hadronic vacuum polarization contribution to the muon g —2 with 2 + 1
flavor lattice QCD on a larger than (10 fm)* lattice at the physical point, Phys. Rev. D 100,
034517 (2019), doi:10.1103/PhysRevD.100.034517.

C. T. H. Davies et al., Hadronic-vacuum-polarization contribution to the muon’s anoma-
lous magnetic moment from four-flavor lattice QCD, Phys. Rev. D 101, 034512 (2020),
doi:10.1103/PhysRevD.101.034512.

A. Gérardin, M. Ce, G. von Hippel, B. Horz, H. B. Meyer, D. Mohler, K. Ottnad, J. Wil-
helm and H. Wittig, Leading hadronic contribution to (g—2), from lattice QCD with
N; =2+ 1 flavours of O(a) improved Wilson quarks, Phys. Rev. D 100, 014510 (2019),
doi:10.1103/PhysRevD.100.014510.

C. Aubin, T. Blum, C. Tu, M. Golterman, C. Jung and S. Peris, Light quark vacuum polar-
ization at the physical point and contribution to the muon g — 2, Phys. Rev. D 101, 014503
(2020), d0i:10.1103/PhysRevD.101.014503.

D. Giusti and S. Simula, Lepton anomalous magnetic moments in Lattice QCD+QED, Proc.
Sci. 363, 104 (2019), do0i:10.22323/1.363.0104.

K. Melnikov and A. Vainshtein, Hadronic light-by-light scattering contribution to the
muon anomalous magnetic moment reexamined, Phys. Rev. D 70, 113006 (2004),
doi:10.1103/PhysRevD.70.113006.

P Masjuan and P Sanchez-Puertas, Pseudoscalar-pole contribution to the (g, —2): A ratio-
nal approach, Phys. Rev. D 95, 054026 (2017), doi:10.1103 /PhysRevD.95.054026.

G. Colangelo, M. Hoferichter, M. Procura and P. Stoffer, Dispersion relation for hadronic
light-by-light scattering: Two-pion contributions, J. High Energy Phys. 04, 161 (2017),
doi:10.1007/JHEP04(2017)161.

M. Hoferichter, B.-L. Hoid, B. Kubis, S. Leupold and S. P Schneider, Dispersion relation
for hadronic light-by-light scattering: Pion pole, J. High Energy Phys. 10, 141 (2018),
doi:10.1007/JHEP10(2018)141.

A. Gérardin, H. B. Meyer and A. Nyffeler, Lattice calculation of the pion transi-
tion form factor wit Ny =2+1 Wilson quarks, Phys. Rev. D 100, 034520 (2019),
doi:10.1103/PhysRevD.100.034520.

J. Bijnens, N. Hermansson-Truedsson and A. Rodriguez-Sanchez, Short-distance con-
straints for the HLbL contribution to the muon anomalous magnetic moment, Phys. Lett. B
798, 134994 (2019), doi:10.1016/j.physletb.2019.134994.

G. Colangelo, E Hagelstein, M. Hoferichter, L. Laub and P Stoffer, Longitudinal short-
distance constraints for the hadronic light-by-light contribution to (g —2),, with large-N,
Regge models, J. High Energy Phys. 03, 101 (2020), doi:10.1007 /JHEP03(2020)101.

V. Pauk and M. Vanderhaeghen, Single meson contributions to the muon’s anomalous mag-
netic moment, Eur. Phys. J. C 74, 3008 (2014), do0i:10.1140/epjc/s10052-014-3008-y.

I. Danilkin and M. Vanderhaeghen, Light-by-light scattering sum rules in light of new data,
Phys. Rev. D 95, 014019 (2017), doi:10.1103/PhysRevD.95.014019.

032.8


https://scipost.org
https://scipost.org/SciPostPhysProc.16.032
https://doi.org/10.1103/PhysRevD.99.114502
https://doi.org/10.1103/PhysRevD.100.034517
https://doi.org/10.1103/PhysRevD.101.034512
https://doi.org/10.1103/PhysRevD.100.014510
https://doi.org/10.1103/PhysRevD.101.014503
https://doi.org/10.22323/1.363.0104
https://doi.org/10.1103/PhysRevD.70.113006
https://doi.org/10.1103/PhysRevD.95.054026
https://doi.org/10.1007/JHEP04(2017)161
https://doi.org/10.1007/JHEP10(2018)141
https://doi.org/10.1103/PhysRevD.100.034520
https://doi.org/10.1016/j.physletb.2019.134994
https://doi.org/10.1007/JHEP03(2020)101
https://doi.org/10.1140/epjc/s10052-014-3008-y
https://doi.org/10.1103/PhysRevD.95.014019

SC|| SciPost Phys. Proc. 16, 032 (2025)

[29] E Jegerlehner, The anomalous magnetic moment of the muon, Springer, Cham, Switzer-
land, ISBN 9783319635750 (2017), doi:10.1007/978-3-319-63577-4.

[30] M. Knecht, S. Narison, A. Rabemananjara and D. Rabetiarivony, Scalar meson contri-
butions to a, from hadronic light-by-light scattering, Phys. Lett. B 787, 111 (2018),
doi:10.1016/j.physletb.2018.10.048.

[31] G. Eichmann, C. S. Fischer and R. Williams, Kaon-box contribution to the
anomalous magnetic moment of the muon, Phys. Rev. D 101, 054015 (2020),
doi:10.1103/PhysRevD.101.054015.

[32] P Roig and P Sanchez-Puertas, Axial-vector exchange contribution to the hadronic light-by-
light piece of the muon anomalous magnetic moment, Phys. Rev. D 101, 074019 (2020),
doi:10.1103/PhysRevD.101.074019.

[33] G. Colangelo, M. Hoferichter, A. Nyffeler, M. Passera and P Stoffer, Remarks on
higher-order hadronic corrections to the muon g—2, Phys. Lett. B 735, 90 (2014),
doi:10.1016/j.physletb.2014.06.012.

[34] T. Blum, N. Christ, M. Hayakawa, T. Izubuchi, L. Jin, C. Jung and C. Lehner, Hadronic
light-by-light scattering contribution to the muon anomalous magnetic moment from lattice
QCD, Phys. Rev. Lett. 124, 132002 (2020), doi:10.1103/PhysRevLett.124.132002.

[35] T Aoyama, M. Hayakawa, T Kinoshita and M. Nio, Complete tenth-order
QED contribution to the muon g—2, Phys. Rev. Lett. 109, 111808 (2012),
doi:10.1103/PhysRevLett.109.111808.

[36] T. Aoyama, T. Kinoshita and M. Nio, Theory of the anomalous magnetic moment of the
electron, Atoms 7, 28 (2019), doi:10.3390/atoms7010028.

[37] A. Czarnecki, W. J. Marciano and A. Vainshtein, Refinements in electroweak contri-
butions to the muon anomalous magnetic moment, Phys. Rev. D 67, 073006 (2003),
doi:10.1103/PhysRevD.67.073006.

[38] C. Gnendiger, D. Stockinger and H. Stockinger-Kim, The electroweak contributions to
(§—2), after the Higgs-boson mass measurement, Phys. Rev. D 88, 053005 (2013),
doi:10.1103/PhysRevD.88.053005.

[39] S.Borsanyi et al., Leading hadronic contribution to the muon magnetic moment from lattice
QCD, Nature 593, 51 (2021), doi:10.1038/s41586-021-03418-1.

[40] J. A. Miranda and P Roig, New T-based evaluation of the hadronic contribution to the
vacuum polarization piece of the muon anomalous magnetic moment, Phys. Rev. D 102,
114017 (2020), doi:10.1103/PhysRevD.102.114017.

[41] A. Miranda, Isospin-breaking corrections to T — mnv, decays and the muon g —2, Proc.
Sci. 385, 043 (2021), do0i:10.22323/1.385.0043.

[42] V. Cirigliano, G. Ecker and H. Neufeld, Isospin violation and the magnetic moment of the
muon, Phys. Lett. B 513, 361 (2001), doi:10.1016/S0370-2693(01)00764-X.

[43] V. Cirigliano, G. Ecker and H. Neufeld, Radiative T decay and the magnetic moment of the
muon, J. High Energy Phys. 08, 002 (2002), doi:10.1088/1126-6708/2002/08/002.

[44] G. Ecker, J. Gasser, A. Pich and E. De Rafael, The role of resonances in chiral perturbation
theory, Nucl. Phys. B 321, 311 (1989), doi:10.1016/0550-3213(89)90346-5.

032.9


https://scipost.org
https://scipost.org/SciPostPhysProc.16.032
https://doi.org/10.1007/978-3-319-63577-4
https://doi.org/10.1016/j.physletb.2018.10.048
https://doi.org/10.1103/PhysRevD.101.054015
https://doi.org/10.1103/PhysRevD.101.074019
https://doi.org/10.1016/j.physletb.2014.06.012
https://doi.org/10.1103/PhysRevLett.124.132002
https://doi.org/10.1103/PhysRevLett.109.111808
https://doi.org/10.3390/atoms7010028
https://doi.org/10.1103/PhysRevD.67.073006
https://doi.org/10.1103/PhysRevD.88.053005
https://doi.org/10.1038/s41586-021-03418-1
https://doi.org/10.1103/PhysRevD.102.114017
https://doi.org/10.22323/1.385.0043
https://doi.org/10.1016/S0370-2693(01)00764-X
https://doi.org/10.1088/1126-6708/2002/08/002
https://doi.org/10.1016/0550-3213(89)90346-5

SC|| SciPost Phys. Proc. 16, 032 (2025)

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. De Rafael, Chiral Lagrangians for massive

spin-1 fields, Phys. Lett. B 223, 425 (1989), d0i:10.1016/0370-2693(89)91627-4.

P Roig, A. Guevara and G. L. Castro, VV'P form factors in resonance chiral theory and the
1t —n —n’ light-by-light contribution to the muon g — 2, Phys. Rev. D 89, 073016 (2014),
doi:10.1103/PhysRevD.89.073016.

A. Guevara, P Roig and J. J. Sanz-Cillero, Pseudoscalar pole light-by-light contributions
to the muon (g—2) in resonance chiral theory, J. High Energy Phys. 06, 160 (2018),
doi:10.1007/JHEP06(2018)160.

R. Alemany, M. Davier and A. Hocker, Improved determination of the hadronic contribution
to the muon (g—2) and to a(Mﬁ) using new data from hadronic T decays, Eur. Phys. J. C
2, 123 (1998), doi:10.1007/s100520050127.

M. Davier, S. Eidelman, A. Hocker and Z. Zhang, Confronting spectral functions from e*e™
annihilation and T decays: Consequences for the muon magnetic moment, Eur. Phys. J. C
27, 497 (2003), doi:10.1140/epjc/s2003-01136-2.

M. Davier, A. Hoecker, G. L. Castro, B. Malaescu, X. H. Mo, G. T. Sdnchez, P Wang, C.
Z. Yuan and Z. Zhang, The discrepancy between T and e*e™ spectral functions revisited
and the consequences for the muon magnetic anomaly, Eur. Phys. J. C 66, 127 (2010),
doi:10.1140/epjc/s10052-009-1219-4.

M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, Reevaluation of the hadronic con-
tributions to the muon g — 2 and to a(Mg), Eur. Phys. J. C 71, 1515 (2011),
doi:10.1140/epjc/s10052-010-1515-z.

M. Benayoun, P David, L. DelBuono and E Jegerlehner, Upgraded breaking of the HLS
model: A full solution to the T"ete™ and ¢ decay issues and its consequences on g — 2 VMD
estimates, Eur. Phys. J. C 72, 1848 (2012), doi:10.1140/epjc/s10052-011-1848-2.

M. Davier, A. Hocker, B. Malaescu, C. Z. Yuan and Z. Zhang, Update of the ALEPH
non-strange spectral functions from hadronic T decays, Eur. Phys. J. C 74, 2803 (2014),
doi:10.1140/epjc/s10052-014-2803-9.

E Jegerlehner and R. Szafron, p® —y mixing in the neutral channel pion form factor F2(s)
and its role in comparing et — e~ with T spectral functions, Eur. Phys. J. C 71, 1632
(2011), doi:10.1140/epjc/s10052-011-1632-3.

J. A. Miranda and P. Roig, Effective-field theory analysis of the T~ — n—n%v,. decays, J.
High Energy Phys. 11, 038 (2018), doi:10.1007/JHEP11(2018)038.

[56] V. Cirigliano, A. Falkowski, M. Gonzalez-Alonso and A. Rodriguez-Sanchez, Hadronic

[57]

[58]

T decays as new physics probes in the LHC era, Phys. Rev. Lett. 122, 221801 (2019),
doi:10.1103/PhysRevLett.122.221801.

S. Gonzalez-Solis, A. Miranda, J. Rendén and P Roig, Exclusive hadronic tau
decays as probes of non-SM interactions, Phys. Lett. B 804, 135371 (2020),
doi:10.1016/j.physletb.2020.135371.

Z.-H. Guo and P. Roig, One-meson radiative tau decays, Phys. Rev. D 82, 113016 (2010),
doi:10.1103/PhysRevD.82.113016.

032.10


https://scipost.org
https://scipost.org/SciPostPhysProc.16.032
https://doi.org/10.1016/0370-2693(89)91627-4
https://doi.org/10.1103/PhysRevD.89.073016
https://doi.org/10.1007/JHEP06(2018)160
https://doi.org/10.1007/s100520050127
https://doi.org/10.1140/epjc/s2003-01136-2
https://doi.org/10.1140/epjc/s10052-009-1219-4
https://doi.org/10.1140/epjc/s10052-010-1515-z
https://doi.org/10.1140/epjc/s10052-011-1848-2
https://doi.org/10.1140/epjc/s10052-014-2803-9
https://doi.org/10.1140/epjc/s10052-011-1632-3
https://doi.org/10.1007/JHEP11(2018)038
https://doi.org/10.1103/PhysRevLett.122.221801
https://doi.org/10.1016/j.physletb.2020.135371
https://doi.org/10.1103/PhysRevD.82.113016

SC|| SciPost Phys. Proc. 16, 032 (2025)

[59] M. A. Arroyo-Urefia, G. Herndndez-Tomé, G. Lopez-Castro, P Roig and I. Rosell, Radiative
corrections to T — m(K)v.[y]: A reliable new physics test, Phys. Rev. D 104, L091502
(2021), do0i:10.1103/PhysRevD.104.L091502.

[60] A.Flores-Tlalpa, G. L. Castro and G. T. Sdnchez, Radiative two-pion decay of the tau lepton,
Phys. Rev. D 72, 113003 (2005), doi:10.1103/PhysRevD.72.113003.

[61] FE Flores-Baez, A. Flores-Tlalpa, G. L. Castro and G. T. Sanchez, Long distance ra-
diative corrections to the decay t~ — m n’v., Phys. Rev. D 74, 071301 (2006),
doi:10.1103/PhysRevD.74.071301.

[62] A. Flores-Tlalpa, E Flores-Baéz, G. L. Castro and G. T. Sdnchez, Model-dependent radia-
tive corrections to T~ — m~ 1’y revisited, Nucl. Phys. B - Proc. Suppl. 169, 250 (2007),
doi:10.1016/j.nuclphysbps.2007.03.011.

[63] J.L.G. Santiago, G. L. Castro and P Roig, Lepton-pair production in dipion T lepton decays,
Phys. Rev. D 103, 014027 (2021), doi:10.1103/PhysRevD.103.014027.

[64] J. Bijnens, G. Ecker and J. Gasser, Radiative semileptonic kaon decays, Nucl. Phys. B 396,
81 (1993), d0i:10.1016/0550-3213(93)90259-R.

[65] D. G. Dumm and P Roig, Dispersive representation of the pion vector form factor in
T — nrv, decays, Eur. Phys. J. C 73, 2528 (2013), doi:10.1140/epjc/s10052-013-2528-
1.

[66] S. Gonzalez-Solis and P Roig, A dispersive analysis of the pion vector form factor and
T~ — K Kgv, decay, Eur. Phys. J. C 79, 436 (2019), doi:10.1140/epjc/s10052-019-
6943-9.

[67] E E.Low, Bremsstrahlung of very low-energy quanta in elementary particle collisions, Phys.
Rev. 110, 974 (1958), doi:10.1103/PhysRev.110.974.

[68] T. H. Burnett and N. M. Kroll, Extension of the low soft-photon theorem, Phys. Rev. Lett.
20, 86 (1968), doi:10.1103/PhysRevLett.20.86.

[69] S. Weinberg, Precise relations between the spectra of vector and axial-vector mesons, Phys.
Rev. Lett. 18, 507 (1967), doi:10.1103 /PhysRevLett.18.507.

[70] V. Cirigliano, G. Ecker, M. Eidemiiller, R. Kaiser, A. Pich and J. Portolés, Towards a
consistent estimate of the chiral low-energy constants, Nucl. Phys. B 753, 139 (2006),
doi:10.1016/j.nuclphysb.2006.07.010.

[71] K. Kampf and J. Novotny, Resonance saturation in the odd-intrinsic parity sector of low-
energy QCD, Phys. Rev. D 84, 014036 (2011), doi:10.1103/PhysRevD.84.014036.

[72] P Roig and J. J. S. Cillero, Consistent high-energy constraints in the anomalous QCD sector,
Phys. Lett. B 733, 158 (2014), doi:10.1016/j.physletb.2014.04.034.

[73] P D. Ruiz-Femenia, A. Pich and J. Portolés, Odd-intrinsic-parity processes within the reso-
nance effective theory of QCD, J. High Energy Phys. 07, 003 (2003), doi:10.1088/1126-
6708/2003/07/003.

[74] D. G. Dumm, P Roig, A. Pich and J. Portolés, Hadron structure in T — KKmv, decays,
Phys. Rev. D 81, 034031 (2010), doi:10.1103/PhysRevD.81.034031.

[75] D.G.Dumm, P Roig, A. Pich and J. Portolés, T — mmm v, decays and the a;(1260) off-shell
width revisited, Phys. Lett. B 685, 158 (2010), doi:10.1016/j.physletb.2010.01.059.

032.11


https://scipost.org
https://scipost.org/SciPostPhysProc.16.032
https://doi.org/10.1103/PhysRevD.104.L091502
https://doi.org/10.1103/PhysRevD.72.113003
https://doi.org/10.1103/PhysRevD.74.071301
https://doi.org/10.1016/j.nuclphysbps.2007.03.011
https://doi.org/10.1103/PhysRevD.103.014027
https://doi.org/10.1016/0550-3213(93)90259-R
https://doi.org/10.1140/epjc/s10052-013-2528-1
https://doi.org/10.1140/epjc/s10052-013-2528-1
https://doi.org/10.1140/epjc/s10052-019-6943-9
https://doi.org/10.1140/epjc/s10052-019-6943-9
https://doi.org/10.1103/PhysRev.110.974
https://doi.org/10.1103/PhysRevLett.20.86
https://doi.org/10.1103/PhysRevLett.18.507
https://doi.org/10.1016/j.nuclphysb.2006.07.010
https://doi.org/10.1103/PhysRevD.84.014036
https://doi.org/10.1016/j.physletb.2014.04.034
https://doi.org/10.1088/1126-6708/2003/07/003
https://doi.org/10.1088/1126-6708/2003/07/003
https://doi.org/10.1103/PhysRevD.81.034031
https://doi.org/10.1016/j.physletb.2010.01.059

SC|| SciPost Phys. Proc. 16, 032 (2025)

[76] D.G.Dumm and P Roig, Resonance chiral Lagrangian analysis of T~ — n(/)n_no v, Phys.
Rev. D 86, 076009 (2012), d0i:10.1103/PhysRevD.86.076009.

[77] Y.-H. Chen, Z.-H. Guo and H.-Q. Zheng, Study of n — fr)/ mixing from radiative decay pro-
cesses, Phys. Rev. D 85, 054018 (2012), doi:10.1103/PhysRevD.85.054018.

[78] L. Y. Dai, J. Portolés and O. Shekhovtsova, Three pseudoscalar meson production in e*e™
annihilation, Phys. Rev. D 88, 056001 (2013), doi:10.1103/PhysRevD.88.056001.

[79] P Roig, A. Guevara and G. L. Castro, Weak radiative pion vertexin T~ — 1t~ v £~ decays,
Phys. Rev. D 88, 033007 (2013), doi:10.1103/PhysRevD.88.033007.

[80] Y.-H. Chen, Z.-H. Guo and H.-Q. Zheng, Radiative transition processes of light
vector resonances in a chiral framework, Phys. Rev. D 90, 034013 (2014),
doi:10.1103/PhysRevD.90.034013.

[81] S. Weinberg, Phenomenological Lagrangians, Phys. A: Stat. Mech. Appl. 96, 327 (1979),
doi:10.1016/0378-4371(79)90223-1.

[82] J. Gasser and H. Leutwyler, Chiral perturbation theory to one loop, Ann. Phys. 158, 142
(1984), doi:10.1016/0003-4916(84)90242-2.

[83] J. Gasser and H. Leutwyler, Chiral perturbation theory: Expansions in the mass of the
strange quark, Nucl. Phys. B 250, 465 (1985), d0i:10.1016/0550-3213(85)90492-4.

[84] S.-Z. Jiang, Z.-L. Wei, Q.-S. Chen and Q. Wang, Computation of the O(p°)
order low-energy constants: An update, Phys. Rev. D 92, 025014 (2015),
doi:10.1103/PhysRevD.92.025014.

[85] S. Schael et al., Branching ratios and spectral functions of T decays: Fi-
nal ALEPH measurements and physics implications, Phys. Rep. 421, 191 (2005),
doi:10.1016/j.physrep.2005.06.007.

[86] M. Fujikawa et al., High-statistics study of the 7~ — n°n%v_ decay, Phys. Rev. D 78,
072006 (2008), doi:10.1103/PhysRevD.78.072006.

[87] S.Anderson et al., Hadronic structure in the decay v~ — n~n°v_, Phys. Rev. D 61, 112002
(2000), do0i:10.1103/PhysRevD.61.112002.

[88] K. Ackerstaff et al., Measurement of the strong coupling constant a, and the vector and
axial-vector spectral functions in hadronic tau decays, Eur. Phys. J. C 7, 571 (1999),
doi:10.1007/s100529901061.

[89] J. P Lees, et al., Precise measurement of the ete” — mtn(y) cross section with
the initial-state radiation method at BABAR, Phys. Rev. D 86, 032013 (2012),
doi:10.1103/PhysRevD.86.032013.

[90] A. Anastasi et al., Combination of KLOE o(e*e” — n* n y(y)) measurements and deter-
mination of af"f in the energy range 0.10 < 0.95 GeV?, J. High Energy Phys. 03, 173
(2018), do0i:10.1007/JHEP03(2018)173.

032.12


https://scipost.org
https://scipost.org/SciPostPhysProc.16.032
https://doi.org/10.1103/PhysRevD.86.076009
https://doi.org/10.1103/PhysRevD.85.054018
https://doi.org/10.1103/PhysRevD.88.056001
https://doi.org/10.1103/PhysRevD.88.033007
https://doi.org/10.1103/PhysRevD.90.034013
https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1016/0003-4916(84)90242-2
https://doi.org/10.1016/0550-3213(85)90492-4
https://doi.org/10.1103/PhysRevD.92.025014
https://doi.org/10.1016/j.physrep.2005.06.007
https://doi.org/10.1103/PhysRevD.78.072006
https://doi.org/10.1103/PhysRevD.61.112002
https://doi.org/10.1007/s100529901061
https://doi.org/10.1103/PhysRevD.86.032013
https://doi.org/10.1007/JHEP03(2018)173

	Introduction
	Hadronic vacuum polarization
	bold0mu mumu –0()–0()2005/06/28 ver: 1.3 subfig package–0()–0()–0()–0() decays
	Isospin-breaking corrections for the bold0mu mumu 2005/06/28 ver: 1.3 subfig package-based evaluation of aHVP, LO
	Conclusion
	References

