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Abstract

We review the τ data-driven computation of Euclidean windows for the hadronic vacuum
polarization contribution to the muon anomalous magnetic moment (aµ), which agree
with the lattice results, making the difference of the e+e− data-driven methods with them
more intriguing. This conundrum needs to be solved by next year, when the final FNAL
aµ measurement will be published, in order to extract firm conclusions on possible new
physics effects.
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1 Introduction

The first two publications from the FNAL Muon g-2 Collaboration [1,2], together with the BNL
final result [3] yield the current experimental world average

aexp
µ = 116592059(22)× 10−11 , (1)

with an impressive accuracy of 0.19ppm.
Although there is intense work, within the Muon g-2 Theory Initiative, to update the cor-

responding SM prediction, its recommended value is still the one in the White Paper [4]

aSM
µ = 116591810(43)× 10−11 , (2)

which is based on Refs. [5–39] (see also, e.g. [40–84]). The 5.1σ deviation between Eqs. (1)
and (2) needs to be taken cautiously, as sketched below.
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The BMW collaboration [85] achieved a very precise lattice QCD evaluation of the hadronic
vacuum polarization contribution (HVP) which dominates the error of the SM prediction, and
challenged the WP number four years ago. According to this result, the discrepancy with re-
spect to Eq. (1) would be reduced to 1.5σ. There is not yet another lattice QCD computation
of similar accuracy which can be compared with the BMW number. Since Ref. [67], it has
become standard to compare data-driven and lattice QCD evaluations of aHVP

µ in three differ-
ent windows in Euclidean time, which we pioneered using τ decay input in Ref. [60] (see
also [74]), on which this contribution is fundamentally based. Remarkably, in the so-called
intermediate window (to be introduced and discussed below), τ-based evaluations [60, 74]
and the Mainz CLS [65], ETMC [66] and RBC/UKQCD [61] collaborations agree closely with
BMW [85], with competing precision.

At the beginning of 2023, the CMD-3 Collaboration [86,87] released their measurement of
σ(e+e−→ π+π−), which disagreed substantially with previous data [88–93,95–100] though
was in line with the BMW result. aHVP

µ based on CMD-3 alone would yield agreement between
the SM prediction and Eq. (1) within one sigma.

In this puzzling situation we insist [41, 60] on the value of data-driven determinations
of aHVP

µ using τ input for the dominant di-pion channel, giving ∼ 73(85)% of the whole
value(uncertainty). An additional independent determination of aHVP

µ will come soon from
the space-like measurement in MUonE [101, 102] and will help to settle this question. After
the end of the FNAL muon g-2 experiment, the J-PARC one will start operating, with the added
value of being affected by completely different systematics [103]. The community hopes that
this effort will further strength aexp

µ and increase its precision, motivating to continue the im-
provement of aSM

µ beyond 2025.

2 aHVP
µ in the SM

The e+e− data-driven evaluation of the leading order HVP contribution to the muon g-2 is
computed from

aHVP, LO
µ =

1
4π3

∫ ∞

sthr

ds K(s)σ0
e+e−→hadrons(γ)(s) , (3)

which uses the measurement of the bare hadronic cross-section (specified by the upper-index
0). We note that both the 1/s behaviour of the cross-section (away from resonance peaks)
and the K(s) kernel enhance the low-energy contributions, making the precise evaluation of
the π+π− cut critical. Currently, the discrepancy between the BaBar [98] and KLOE [97]
results has been very much aggravated by the CMD-3 data [86], jeopardizing this data-driven
evaluation at the level of precision currently needed.

In this context, it is worth to resurrect the corresponding evaluation using τ data, that was
once very useful in combination with the e+e− measurements to improve the accuracy of the
SM prediction [104], and has been used fruitfully since then [105–118].

This requires isospin-breaking (IB) corrections to relate the measured di-pion τ decay spec-
trum to the needed bare cross-section

σ0
ππ(γ) =

�

Kσ(s)
KΓ (s)

dΓππ(γ)
ds

�

RIB(s)
SEW

, (4)

where the first factor includes kinematic dependencies and global constants and SEW corre-
sponds to the universal short-distance radiative correction (see its updated value in [60]).
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Figure 1: The ππ(γ) contribution to aHVP, LO
µ around the ρ peak, obtained from the

e+e−→ π+π−(γ) cross section (top) and di-pion τ decays (bottom).

The most difficult corrections to evaluate are inside RIB(s) [106,112]

RIB(s) =
FSR(s)
GEM(s)

β3
π+π−

(s)

β3
π−π0(s)

�

�

�

�

FV (s)
f+(s)

�

�

�

�

2

, (5)

where the easy part (for the needed precision) corresponds to the phase-space correction com-
ing from the ratio of β functions and the final state radiative correction, FSR. It is much more
difficult to quantify the long-distance process-dependent electromagnetic corrections entering
the GEM(s) [106] and the difference between the neutral (FV ) and charged ( f+) di-pion form
factors.

The SEW contribution gives ∆aµ = −119.6×10−11, consistent with earlier determinations
and with a negligible error. The PS correction induces ∆aµ = −74.5× 10−11, as in previous
works. The FSR correction yields ∆aµ = +45.5(4.6)× 10−11, in accord with [112].

We evaluate [41] the structure-dependent IB corrections using Chiral Perturbation Theory
[119–121] extended with Resonance fields and accounting for short-distance QCD constraints
[122–126], using a large-NC expansion [127].

We find that IB in the form factors induces the shift +40.9(48.9) × 10−11 or
+77.6(24.0) × 10−11, depending on the input that we use. These results agree with ear-
lier evaluations [106, 112], all with sizable uncertainties. For the GEM effect, we obtain
(−15.9+5.7

−16.0)× 10−11, which agrees with Refs. [106,112].
Fig. 1 shows the ππ contribution to aHVP, LO

µ around the ρ peak, found using either
σ(e+e− → hadrons) (top, with average -without the CMD-3 point- in yellow) or the
τ− → π−π0ντ spectrum (bottom, with mean in green that agrees with CMD-3). Tau data
yields a ∼ 10× 10−10 larger value.

In our recent paper [60] we translate these results into the window quantities introduced
in Ref. [14], as used in [67]. The corresponding weights in Euclidean time or energy (the
latter reproduced here as Fig. 2) are shown in Fig. 1 of [67]. It is important to clarify that
the names can be misleading, as the intermediate window (of simply ’the window’) receives
significant contributions from both low and high energies. Similarly, the short-distance win-
dow is still mildly sensitive to hadronization, and the tail of the long-distance window enters
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Figure 2: Normalized weights of the short-distance (SD), intermediate (win, also
int) and long-distance (LD) windows in

p
s [67].
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Figure 3: Window quantities (SD top, int medium, and LD bottom) for the 2π con-
tribution below 1.0GeV to aHVP

µ according to our reference results. The blue band
displays the mean from τ data, with the e+e− result from [67].

the perturbative regime. This observation needs to be taken into account when interpreting
results in the different windows, with respect to the expected theory uncertainty. It is also
crucial that the contributions of these windows to aHVP

µ scale as ∼ 1 : 10 : 25, respectively, so
that the relative accuracy needed varies substantially between them.

Our main results for the three different window contributions to aHVP
µ are plotted in Fig. 3,

where the consistency among the different τ measurements is evident. In the SD and int
windows, e+e− (from Ref. [67]) and τ data-based values are at odds.
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Figure 4: Comparison of the total intermediate window contribution to aHVP, LO
µ

according to lattice QCD, e+e− and τ data-driven evaluations. The blue band
corresponds to the weighted average of the lattice results excluding RBC/UKQCD
2018 [14] and ETMC 2021 [52] (superseded by refs. [61] and [66], respectively).

Our τ-based ππ contribution to aHVP, LO
µ is supplemented with that from the remaining

modes in order to compare it directly with the full evaluations. For this we considered two
approaches, as explained in detail in Ref. [60], and took the difference between them as the
uncertainty associated to this procedure. In this way, we found the results shown in Fig. 4.
There is a clear trend of τ-based evaluations agreeing with the lattice results, while the e+e−

ones differ markedly with both.

3 Conclusion

We have reviewed our τ-based evaluation of the dominant di-pion contribution to aHVP, LO
µ

[41, 60] (see also [128]). Interestingly, it agrees nicely with the lattice QCD computations in
the so-called intermediate window (as well as in the other ones), with the e+e−-based results
differing clearly with both. In light of these findings and the CMD-3 data (which is compatible
with the lattice and τ-based results), the consistency of the different e+e−→ π−π− data seem
puzzling, and further work appears needed to clarify this situation. This would be extremely
important for interpreting the final FNAL measurement of aµ, concluding on possible new
physics contributions through its comparison with the SM prediction, which is not clear enough
at the moment.
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