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The magic of top quarks
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Abstract

In recent years, there has been increasing collaboration between the fields of quan-
tum computing and high energy physics, including using LHC processes such as top
(anti-)quark pair production to perform high energy tests of quantum entanglement.
In this proceeding, I will review another interesting property from quantum computing
(“magic”), that is needed to make quantum computers with genuine computational ad-
vantage over their classical counterparts. How to make and enhance magic in general
quantum systems is an open question, such that new insights are always useful. To this
end, we will show that the LHC naturally produces magic top quarks, providing a novel
playground for further study in this area.
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1 Introduction

In recent years, an increasing number of people have looked at using high energy colliders to
test fundamental properties of quantum mechanics. Perhaps the most well-known quantum
concept is that of entanglement, which clearly distinguishes quantum behaviour from classical,
as encoded e.g. via Bell inequalities [1]. A particularly useful system for studying entangle-
ment at the Large Hadron Collider is that of top (anti-)top pair production, examined in this
context in e.g. refs. [2-7] (see also ref. [8], and ref. [9] for a critical appraisal of such mea-
surements). Entanglement is, however, not the only special property of quantum states. Lots
of other things are studied in either Quantum Computation or Information theory, for a variety
of interesting reasons. Might these also be useful for high energy physics? In this proceeding,
we examine one such property — magic — and argue that the LHC indeed offers an interesting
situation for studying it. To introduce magic, let us first briefly review aspects of quantum
computing.
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2 A bit of quantum computing

In quantum computers, classical bits (with values {0,1}) are replaced with qubits, namely
normalised quantum states

) =al0)+BI1), |al*+IB*=1, (1)

where |0) and |1) are orthogonal basis states, and a, 5 complex coefficients. The canonical ex-
ample of a single qubit system is a spin-1/2 particle, in which case |0) and |1) may represent the
two linearly independent spin states. Multi-qubit systems can then be described using a basis
comprised of tensor products of single-qubit states. Quantum computers take (multi-)qubits,
and subject them to unitary transformations, where unitarity corresponds to conservation of
probability in quantum theory. Each transformation acts on a given number of qubits, and is
known as a quantum gate. These are the equivalent of logic gates in classical computing, and
the quantum versions have fancy names such as Hadamard, phase, CNOT and Pauli. Precise
details may be found e.g. in ref. [10], or ref. [11] in the context of this proceeding.

3 Could it be magic?

Quantum computers are expected to vastly outperform their classical counterparts, which is
naively due to the two quantum properties of superposition and entanglement. However, it
turns out that this is not quite true, and to see why, we need the concept of a stabiliser state.
These are multiqubit states that give a simple spectrum for a restricted set of operators known
as Pauli strings:

P.=P1®8P®...0Py, P,c{o® oo 1@} 2

In words: a Pauli string acting on n qubits operates on the a™ qubit with a Pauli matrix, or an
identity matrix. There are then 4" such strings for n qubits. Stabiliser states are such that the
set of expectation values of all Pauli strings have 2" values which are +1, and the rest zero.
This is in contrast to a general state, which will have a wide variation of expectation values of
each Pauli string. We can make these stabiliser states by acting on the state |0) ® [0) ® ... ®|0)
with the particular set of quantum gates listed above.

To the uninitiated, the above definition will be utterly opaque. But it becomes important
due to something known as the Gottesman-Knill theorem [12]. Roughly speaking, this states
that for any quantum computer containing stabiliser states only, there is a classical computer
that is just as efficient! Stabiliser states can include certain maximally entangled states. Thus,
something other than entanglement is needed for efficient quantum computing.

The “something else” has been called magic in the literature, and from the above comments
basically measures “non-stabiliserness” of a quantum state. Different definitions of magic exist
in the literature, and we will here use the Stabiliser Rényi Entropies of ref. [13]:

2q
M= b)), o=y e ®

n
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In these formulae, g > 2 is an integer, and {; represents a weighted sum over the Pauli spec-
trum values raised to a power. We can think of the set of values {M,} as providing moments of
the Pauli spectrum, and this definition turns out to have the following desirable properties: (i)
the magic is additive when combining quantum systems; (ii) it vanishes for stabiliser states.
In what follows, we will focus on g = 2 (i.e. the Second Stabiliser Rényi Entropy), given this is
already sufficient to quantify non-zero magic. We now have everything we need to investigate
magic at the LHC!
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4 Are top quarks magic?

Given its previous success in probing entanglement, we can look at top pair production as a
potential playground for exploring magic. The Standard Model tells us that the most general
configuration of top-antitop spins in pair production at the LHC is a mixed state (i.e. a su-
perposition of so-called pure states). Such states can be described using the density matrix
formalism, and the spin density matrix for a top-antitop pair in partonic channel I has the
general form

pINAII4+Z(BI-I+O'I-®12+BI_12®O'i)+ZCijO'i®O'J‘, (4)
i i,j

where I, is an n-dimensional identity matrix. The quantities {A ,Bli,éij} are called Fano
coefficients, and are respectively related to the total cross-section, polarisation of the (anti-)
top, and spin correlations. Each coefficient depends upon the invariant mass and scattering
angle of the top particles, as well as the basis chosen to relate the spin directions (1,2, 3) to
three directions in physical space. A common choice is the helicity basis [14], in which one
chooses an orthogonal coordinate system aligned with the top quark direction. Defining the
normalised Fano coefficients via

B+ ol
Ii—B_ I—& (5)
LT A b A1

the magic of a top quark pair is given by

1+ 2B+ B+ (¢
1+ 2 (B2 + (B)2] +Zi,j(c{j)2) '

My(p") = —log, ( (6)

Figure 1 shows the magic, as calculated in the SM, for both the qq and gg initial states. We
see that the magic is concentrated away from extreme kinematic limits (e.g. threshold / high
energy), which is not surprising: it is known that the top quark final state becomes separable
and / or maximally entangled in these regions. These happen to be stabiliser states, and thus
the magic vanishes. Note also that the magic can be non-zero where entanglement vanishes,
which does not contradict the fact that both entanglement and magic are needed for quantum
computational advantage: the latter is a statement about algorithms or circuits, which must
necessarily contain both entangled and magic states in some intermediate step(s). A given
intermediate state, however, does not need to be both entangled and magic.

Results for the magic are also shown for proton-proton initial states in ref. [11]. Combining
partonic channels or averaging over angles typically increases magic, due to having a more
mixed state, whose Pauli spectrum becomes more complex as a result.

5 Conclusion

How to produce and enhance magic in arbitrary quantum systems remains an open research
question. We have shown that top quarks provide a system in which magic can be pro-
duced, and highly effectively studied using event selection. This may provide insights into
how to make other magic systems. Optimistically, one might hope that studying magic could
strengthen the already active dialogue between Quantum Computing / collider physics. Fur-
ther work to investigate these questions is ongoing.
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Figure 1: The magic of a mixed top-antitop final state in: (a) the gG channel; (b) the
gg channel.
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