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Abstract

A new technique towards finding asymptotic normalization coefficients in the complex-
ranged Gaussian basis is presented. It is shown that a diagonalisation procedure for the
total Hamiltonian matrix in the given basis results in approximation for a radial part of
the bound state wave function from the origin up to the far asymptotic distances, which
allows to extract ANCs rather accurately. The method is illustrated by calculations of
single-particle ANCs for nuclei bound states in cases of non-local nucleon-nucleus in-
teractions, in particular, phenomenological global potentials with the Perey-Buck’s non-
locality.

Copyright D. A. Sailaubek and O. A. Rubtsova.
This work is licensed under the Creative Commons
Attribution 4.0 International License.
Published by the SciPost Foundation.

Received 29-10-2019
Accepted 22-11-2019
Published 27-02-2020

Check for
updates

doi:10.21468/SciPostPhysProc.3.043

1 Introduction

The complex-range Gaussian basis (CRGB) has been demonstrated to give a convenient rep-
resentation for bound-state [1] and scattering [2] calculations. The distinctive features of the
basis follow from its definition, i.e. the basis functions are constructed from the conventional
real-valued Gaussians with additional oscillating factors which makes them suitable for ap-
proximation of wave functions of highly excited bound states and continuum states as well.
At the same time, they can be considered as a combination of Gaussians with complex scale
parameters which allows to use all the advantages of the Gaussian expansion approaches.

Recently, this basis has been successfully applied for calculation of scattering amplitudes for
charged particles within the Coulomb wave-packet formalism [2]. Here we examine the CRGB
in evaluation of asymptotic normalization coefficients (ANCs) which represent an important
information for a description of nuclear reactions, e.g. for calculation of the radiative capture
cross-sections in nuclear astrophysics.

Below we briefly describe the method of calculation and compare results for single particle
ANCs for mirror nuclei found with local and non-local nucleon-nucleus interactions.
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2 Calculation method

2.1 Complex-range Gaussian basis

The functions of the CRGB are constructed from a set of Gaussians with complex scale param-
eters:

ψnl(r) = r l e−(1+i b)αnr2
, n= 1,2, . . . , K , (1)

where b and αn are chosen arbitrarily, in general. By using a combination of the above complex
scale Gaussian with its complex conjugated, one can introduce the real-valued basis functions
in the form:

φnl(r)≡ Nnl
1
2

�

ψ∗nl(r) +ψnl(r)
�

= Nnl r
l e−αnr2

cos(bαnr2), (2)

where Nnl are normalization factors.

In our practical calculations, we use the fixed value of the parameter b =
π

4
and the

Tchebyshev grid for the parameters αn:

αn = α0

�

tan
�

2n− 1
4K

π

��t

, b = 1, . . . , K , (3)

where α0 is the scale parameter and t defines density of the grid. The detailed study of the
optimal parameter set for the CRGB can be found in our recent paper [2].

2.2 Single-particle ANCs for local potentials

Below we will adopt the above basis for calculation of single particle ANCs for ground states
of nuclei. The nucleon-nucleus potentials are taken in the conventional Woods-Saxon form:

VNA(r) = V0 f0(r) + Vso(~l · ~s)
ħh2

m2
πc2

d
rdr

fso(r), (4)

where fα(r) =
�

1+ exp
�

r−Rα
a

��−1
, Rα = rαA1/3 and Coulomb interaction has a form of charged

sphere at short distances:

VC(r) =











z1z2e2

2

�

3−
r2

R2
C

�

if r < RC ,

z1z2e2

r
if r ≥ RC .

(5)

ANC is usually defined as the limit of the ratio of the bound state wave function (the
reduced radial part) to the Whittaker function W−ηbs ,l+1/2(2kbsr) [3]:

ul(r)≈ blW−ηbs ,l+1/2(2kbsr) r →∞, kbs =

√

√2mεbs

ħh2 , (6)

where ηbs is the Coulomb parameter, kbs is the wave number corresponding to the binding
energy εbs and m is the reduced mass.

In the approach, the bound state wave function is expanded over the CRGB functions (2):

ul(r) = r
K
∑

n=1

Cnφnl(r). (7)
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Then, the coefficients Cn are found from the generalized eigenvalue problem for the Hamilto-
nian H matrix:

det |Hnn′ − EInn′ |= 0, (8)

where Hnn′ = 〈φnl |H0+VC +VNA|φn′ l〉, H0 is the kinetic energy operator, and Inn′ = 〈φnl |φn′ l〉
is the overlap matrix. After solving the problem (8), the corresponding ANC is found directly
from the eq. (6) at some distance rm.

2.3 Account of the Perey-Buck type nonlocality

The evident advantage of the suggested way of calculation is that the same procedure can be
used for non-local form of nucleon-nucleus interaction. Consider the same potential as (4)
with the Perey-Buck type non-locality [4]:

U(r, r′) = V0 f0

�

1
2
|r+ r′|

�

exp

�

−
�

r− r′

β

�2�

π
3
2β3

. (9)

We follow below the usual approximation when the variable p = 1
2 |r+r′| for the Woods–Saxon

shape is replaced with variable 1
2(r + r ′). In such a case, the usual partial wave expansion is

employed and the matrix elements of the potential (9) in the CRGB can be found as integrals:

Unn′ = 〈φnl |U |φn′ l〉=
∫ ∞

0

∫ ∞

0

r2drdr ′φnl(r)gl(r, r ′)φn′ l , (10)

where

gl(r, r ′) =
2i lz
p
πβ

jl(−iz)exp

�

−
r2 + r ′2

β2

�

V0 f0(p), (11)

and z = 2r r ′

β2 , p = r+r ′
2 . These matrix elements are calculated numerically.

3 Results
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Figure 1: The proton ground state 1p1/2 wave function for p+12C (a) and its ratio
to the Whittaker function (b) obtained using CRGB with K = 10 (dashed curves), 20
(dash-dotted curves), 30 (dotted curves), 40 (solid curves).

Consider at first the reaction 12C(p, γ)13N, where we assume that the proton is captured
by 12C in the 1p1/2 orbital to form the ground state of 13N. In Fig. 1 the wave function of this

043.3

https://scipost.org
https://scipost.org/SciPostPhysProc.3.043


SciPost Phys. Proc. 3, 043 (2020)

state and its ratio to the Whittaker function found in CRGB with different basis dimensions
K are shown. Here the values α0 = 0.1 fm−2 and t = 3 for the grid (3) have been used. As
is seen from Fig. 1a, this ratio approaches a constant value at rm > 5 fm with increasing the
basis dimension. The basis with K = 30 is quite enough to get an accurate result.

In Fig. 2, we present bound state wave functions found with local and non-local interac-
tions for the same system p+12C. For this calculation, we use the value of the non-locality
parameter β = 0.85 fm. Being compared to the local equivalent case, the nonlocality reduces
the amplitude of the wave function and slightly shifts its tail to farer distances in full agreement
with the so-called Perey effect [5]. Thus, this effect should lead to an increase of the corre-
sponding ANC since the wave function is always normalized to unity. This result is clearly seen
in Fig. 2b.
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Figure 2: The proton ground state 1p1/2 wave function for p+12C (a) and its ratio
to the Whittaker function (b) obtained using local (solid curves) and the Perey-Buck
potential (dashed curves).

Finally, we have calculated ANCs for three pairs of mirror nuclei 8Li-8B, 12B-12N and 13C-
13N by using local and non-local nucleon-nucleus potentials. It should be mentioned that the
symmetry relations between ANCs for such mirror pairs has been established [6] for a case of
local interactions.

Table 1 summarizes local and non-local potential parameters and single-particle ANCs cal-
culated using CRGB for three pairs of mirror nuclei. The results for local potentials show good
agreement with results of other methods [3]. Here we see again that account of non-locality
leads to increasing of the corresponding ANCs in comparison with local potential cases.

4 Conclusion

In this study we have shown that the expansion of bound state wave functions in the CRGB al-
lows to reproduce their asymptotics rather accurately including cases when long-range Coulomb
interaction is taken into account.

The suggested method for calculation of ANCs treats non-local interactions without any
additional difficulty.

The obtained ANCs in a case of non-local nucleon-nucleus interactions occur to be greater
than those for the local potentials for the same systems. This result is fully consistent with the
Perey effect [5] and previous calculations for non-local potentials (see e.g. [7]).

The method developed can be generalized directly to calculation of ANCs for few-body
systems by using the few-body complex ranged Gaussian basis.
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Table 1: Central potential depth (V0, MeV), binding energy (εbs, MeV) and single-
particle ANC (bl , fm−1/2) for radiative proton/neutron capture reactions (the unit of
Vso is MeV, those of r0 = rc = rso and a0 = aso are fm). Local potential parameters
are taken from ref. [3].

Reaction Group V0 Vso r0 a0 εbs bl
7Be(p, γ)8B local -41.26 -9.8 1.25 0.52 0.15 0.70

nonlocal -45.80 -9.8 1.25 0.52 0.14 0.77
7Li(n, γ)8Li local -43.56 -10 1.195 0.65 2.03 0.76

nonlocal -48.21 -10 1.195 0.65 2.03 0.82
11C(p, γ)12N local -40.72 -10 1.25 0.65 0.63 1.50

nonlocal -44.29 -10 1.25 0.65 0.60 1.63
11B(n, γ)12B local -34.33 -10 1.25 0.65 3.39 1.35

nonlocal -37.42 -10 1.25 0.65 3.37 1.46
12C(p, γ)13N local -41.65 -10 1.25 0.65 1.94 2.05

nonlocal -45.48 -10 1.25 0.65 1.94 2.28
12C(n, γ)13C local -41.35 -7 1.236 0.62 4.95 1.85

nonlocal -45.46 -7 1.236 0.62 4.95 2.08
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